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We consider the algebra of observables of perturbative quantum gravity in the exterior of a stationary
black hole or the static patch of de Sitter spacetime. It was previously argued in Refs. [1-3] that the
backreaction of gravitons on the spacetime perturbs the area of the horizon at second order, which gives rise
to a nontrivial constraint on the algebra of physical observables in the subregion. The corresponding
“dressed” algebra including fluctuations of the total horizon area admits a well-defined trace and is type IL
In this paper we show that, at the same perturbative order at which the horizon area (and angular
momentum) fluctuates, gravitational backreaction also perturbs the horizon area in an angle-dependent
way. These fluctuations are encoded in horizon charges—i.e., “edge modes”—which are related to an
infinite dimensional “boost supertranslation” symmetry of the horizon. Together, these charges impose an
infinite family of nontrivial constraints on the gravitational algebra. We construct the full algebra of
observables which satisfies these constraints. We argue that the resulting algebra is type II and its trace is
shown to take a universal form. The entropy of any “semiclassical state” is the generalized entropy with an
additional edge mode contribution as well as a state-independent constant. For any black hole spacetime,
the algebra has no maximum entropy state and is type I . In de Sitter, the static patch is defined relative to
the worldline of a localized “observer.” We show that a consistent quantization of the static-patch algebra
requires a more realistic model of the observer, in which higher multipole moments perturb the “shape” of
the cosmological horizon. We argue that a proper account of the observer’s rotational kinetic energy and
(nongravitational) binding energy implies that the algebra is of type II; and thereby admits a maximum

entropy state.
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I. INTRODUCTION

It has been long established that one can formulate a
fully satisfactory, well-defined theory of local quantum
physics without gravity where the quantum fields propa-
gate on a fixed, background (globally hyperbolic')
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'In some cases (e.g., asymptotically anti-de Sitter (AdS)
spacetimes), if the spacetime is not globally hyperbolic, one
can obtain a well-posed initial value problem by imposing
appropriate boundary conditions at infinity [4].
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spacetime .# [5-8]. In this approach, the fundamental
object to predict any local, physical phenomena in a
spacetime subregion % C .# is the collection of all
(renormalized) quantum observables (%) in the region.
This collection forms an algebra of observables. For an
interacting theory, the expected value of any observable in
A(A) can be computed perturbatively in any physical state
(see, e.g., Ref. [9] for details). It is expected that this theory
corresponds to the Gy — 0 limit of a more fundamental
quantum theory of gravity wherein the spacetime metric
itself is treated in accordance with the principles of
quantum theory. Quantum field theory in curved spacetime
is expected to be applicable to a wide range of quantum
phenomena from the early Universe to the vicinity of black
holes. However, this theory will fail to give sensible
predictions for phenomena near singularities or observables
that scale inversely in Gy—e.g., the big bang singularity or
the late time behavior of black hole evaporation. On these
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scales, the backreaction of quantum fields on the spacetime
geometry becomes important and one must necessarily
include quantum gravitational effects.

One runs into serious conceptual and practical issues in
directly extending the above approach to quantum gravity.
In particular, the region &% is not a priori well-defined since
it can be changed by a diffeomorphism. Even in perturba-
tion theory this means that, at a practical level, given a
region &% in the “background” spacetime, one cannot
identify the location of the region in the perturbed space-
time. In other words, % is not well defined when one
considers gravitational fluctuations. To overcome this
problem, at the outset, % must be defined in a diffeo-
morphism invariant way. For some regions, this can be
straightforwardly accomplished by defining % relative to
some other invariantly defined surface such as an extremal
surface or to infinity. A simple example of the latter case is
the maximal “domain of influence” Z(I") of an observer—
i.e., I is a causal curve on .#Z—where she can initiate and
receive results from any experiments she conducts through-
out her lifetime.” If the observer’s experiments occur over a
finite time, then one must invariantly define the events
when she starts and stops her experiments. This is, in
general, extremely cumbersome to accomplish. However,
in the limit that the experiments occur over infinite time,’
then Z(I') is invariantly defined. Even in this idealistic
limit, if the spacetime contains any event horizons—e.g.,
any black holes or cosmological horizons—then Z(T') is a
proper subset of .#. Another simple way to invariantly
define a spacetime region is if there exists a (partial)
Cauchy surface ~ bounded by an extremal surface. Then
one can invariantly define the region (%) as the domain of
dependence of X. Outside of these examples, we know of
no general procedure for defining an arbitrary subregion in
an invariant way.

Given an invariantly defined subregion, %, the quan-
tization of the gravitational field in this subregion is now
well defined and the physical observables in % are those
that satisfy the gravitational constraints. Since the observ-
er’s vision is fundamentally limited by an event horizon,
one might expect that one can assign an ‘“entropy”
associated to any “degrees of freedom” that the observer
cannot access. This expectation is perhaps best understood
in the case where % is the outer domain of communication
of a stationary black hole. If 2[(Z#) is the algebra of
gravitational fluctuations in Z—i.e., “free gravitons” with
no backreaction—it was shown by Hawking that any
quantum state approaches a thermal state with a nonzero
temperature at asymptotically late times [10,11] and
thereby the spacetime has a finite entropy [12-14].

*More precisely, Z(I') = I'(I') n I~(T").

In perturbation theory off a fixed background spacetime, it
suffices to consider observer lifetimes which scale inversely in
Gy which tends to infinity as Gy — 0.

The appropriate entropy, in the sense that it obeys the
second law of thermodynamics [14,15], is the “generalized
entropy”’

Sgen( %) = 2 4 Sux(pw)- (11)

4Gy

which is the sum of the area of the black hole (in Planck
units) together with the von Neumann entropy of the
“density matrix” p,, of any quantum fields in Z, as follows:

SVN‘(p(U) = _Tr(p(u logpm)' (12)
We have suppressed all fundamental constants except
for Gy. The two terms in Eq. (1.1) are individually
divergent in the semiclassical limit. The second term
diverges due to UV correlations across the horizon which
are a universal property of any physical state in quantum
field theory. These “UV divergences” are a characteristic
feature of the algebra of observables of local quantum
field theory which is a so-called type IIl; von Neumann
algebra [16-18]. These algebras have no pure states and
no notion of a trace or density matrices, so the expression
(1.2) is undefined. Nevertheless, it is expected that the
sum (1.1) is better defined when one includes the back-
reaction of quantum gravitational effects [19].

In this paper, we construct the algebra g, (#) of
(perturbatively) backreacted quantum gravitational fluctu-
ations and consider the trace and entropy of states on this
algebra. As we will explain, . (Z) is constructed by
imposing constraints’ on A () arising from fluctuations in
the “geometry” of # at second order in perturbation theory.
The results of this paper build upon recent work [1-3]
which considered the constraint arising from the fluctua-
tions of a single mode: the total area of the horizon. It was
shown in these references that the resulting algebra is a
so-called type II algebra which implies that—in contrast to
the type III case—one can assign a density matrix to % and
compute a (renormalized) von Neumann entropy. For
semiclassical states, this entropy was shown to be equiv-
alent to Syep.

While the analyses of Refs. [1-3] strongly suggest that
the entropy of an (invariantly defined) subregion becomes
better defined when one takes into account semiclassical
effects, there are a number of open questions that remain to
be addressed. In Sec. II, we show that the backreaction of
gravitons will, in general, perturb the black hole horizon in
an angle-dependent way. At precisely the same order in
perturbation theory that the total area fluctuates, there are
an infinite set of charges which encode the fluctuations of

“The present work also intersects with a growing literature
concerning the role of dynamical quantum reference frames in the
algebraic formulation of quantum gauge theory and gravity; see,
e.g., Refs. [20-27].
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the shape of the black hole.” As we will explain below,
these additional charges impose an infinite number con-
straints on the first-order glravitons.6 Given this result, it is
a priori unclear whether one can consistently quantize just
a single mode of the (second-order) gravitational field.
Furthermore, one cannot conclude from these analyses
whether (or not) the full algebra .. (Z) is type IL. If the
resulting algebra is type I, then in what sense is the entropy
equivalent to S,.,? Is there a maximum entropy state? It is
clear that, at the very least, these questions must be
addressed before we can definitively conclude anything
regarding the entropy of gravitational subregions.

The central purpose of this paper is to investigate these
questions. Since many of our arguments require a consid-
erable amount of technical machinery, in the remainder of
this section, we present a sketch of these arguments
focusing primarily on the physical origin of the constraints
and the resulting properties of the algebra.

We first briefly review the arguments of Refs. [1-3]
which consider the algebra obtained from quantizing a
single gravitational mode. The backreaction of gravita-
tional perturbations changes the area of the horizon. The
black hole area is a “charge” on the horizon conjugate to a
symmetry which, if the affine time U = 0 is the bifurcation
surface B and U = €%, acts on the horizon H as [30]
(1.3)

u— u-+c,

where c is a constant. The second-order perturbed charge
associated to this symmetry at affine time U on H is [31,32]
5FQu = Ay — / dQ U 50, (1.4)

Su
where 5°A, is the perturbed area of the constant U cross
section and 6% is the perturbed expansion of the horizon
which vanishes when the black hole is stationary. We note

that, on B, 5*°Q,, = 6*A,. The constraint arises from taking
the difference of the limit as U — oo which yields

52 QL 52 QR
4Gy 4PGy

_F, (1.5)

where 6% QU is the perturbed area in the “left wedge” . and
5*OR is the perturbed area of the “right wedge” %. Here,
F is the flux of gravitational radiation energy propagating
into the black hole, as follows:

*It was previously proposed by one of us with R. Leigh [20,28]
that the complete physical algebra should include contributions
from gravitational charges associated with generic region pre-
serving diffeomorphisms. Moreover, it was conjectured that the
resulting dressed algebra is of type II. However, Refs. [20,28] did
not fully address the problem of invariantly defining subregions,
nor did it explicitly construct the associated trace on the algebra.

%See Ref. [29] for related work that will be appearing on the
arXiv simultaneously.

1

F=-— Tau | dQU o564, (1.
2ﬂGN/_m U/gz Udorgoo™®,  (16)

where So45(U,x*) is the perturbed shear of H which
represents the radiation falling across the horizon. At
second order, F is generically nonvanishing and so the
area of the black hole fluctuates at this order.

Equation (1.5) imposes a nontrivial constraint on (%)
in the following way: F is the “boost energy” of the first-
order gravitons and, as one might expect, thereby generates
boosts of these fields in both . and %. As noted by
Chandrasekharan, Penington and Witten (CPW), the algebra
of physical observables in % must commute with all
observables in . including 6> Q" [1]. The physical observ-
ables are those that commute with 62OR — F. However, our
original algebra A(Z) includes only first-order gravitons
and does not include any second-order observables such as
5*OR. Considering this constraint for a Schwarzschild-AdS
black hole, it was shown in Ref. [1] that one can solve this
constraint by quantizing §*OR on the Hilbert space L*(R).
Due to a “matching condition” on perturbations, the
intrinsic fluctuations of §?QR imply fluctuations of the
perturbed Arnowitt-Deser-Misner (ADM) mass.” We denote
the algebra of dressed observables that commute with 6> Q"
as Wgress. (#; R) where the label R denotes the fact we have
only imposed the constraint arising from the one-dimen-
sional group given by Eq. (1.3). In contrast to the
“undressed” algebra (%), it follows from a theorem of
Takesaki [33] and the thermal properties of the Hartle-
Hawking vacuum that .. (%;R) is of the form of a
“modular crossed product” and is thereby a type II (von
Neumann) algebra. Such algebras admit a “renormalized,”
densely defined trace given by

tr(@) = (Og, |eX?ae*?|0g, 0) (G =R), (1.7)
where |Op,®) = [Og) ® |®), and |w) is the stationary
vacuum of gravitons in %—i.e., in Schwarzschild-AdS
|w) is the Hartle-Hawking state. We have that X :=
?OR/4Gyp is |Og) is the (improper) vector whose wave
function is a “d-function” in the conjugate variable to X.
Equation (1.7) is the key step in defining density matrices
and computing entropies associated to the subregion Z.

Using Eq. (1.7), the entropy of dressed gravitons in the
exterior of a Schwarzschild-AdS black hole can be com-
puted (up to a state-independent constant) and was shown
to be equivalent to the generalized entropy [1]. Since, in
perturbation theory, the fluctuations of the area are not
bounded from above, the algebra was a so-called type Il
algebra. Subsequently, Chandrasekaran, Longo, Penington,
and Witten (CLPW) extended this analysis to the static

"For a Kerr-Newmann black hole, QR can be matched to a
linear combination of the perturbed ADM mass, angular moment
and electromagnetic charge.
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patch of de Sitter spacetime [2]. An important difference is
that, in de Sitter space, these authors introduced a (spheri-
cally symmetric) observer whose energy is bounded from
below in order to obtain a nontrivial algebra. The entropy
is then bounded from above, in accordance with the lore
that empty de Sitter space has maximal entropy. Such an
algebra is called type II; [34-38]. These arguments were
subsequently generalized by two of us together with S.
Leutheusser (KFLS) to arbitrary spacetimes with non-
degenerate Killing horizons—including spacetimes that
are “out of equilibrium” [3]. A similar analysis has also
been extended to inflationary cosmological spacetimes
[39,40].8 However, in all of these works, the dressed
algebra is obtained by imposing only one constraint. To
consistently quantize only one mode, one must restrict to
perturbations under which the remaining modes do not
fluctuate. Thus, the consistency of the above quantization
strongly depends on the remaining physical degrees of
freedom of the horizon at second order and the corre-
sponding constraints that have been neglected.

What constraints have been neglected? In Sec. 11 D, we
obtain the complete set of second-order charges on the
horizon which arise from an infinite dimensional symmetry
group of the horizon [31]. Similar to the perturbed area,
these charges encode perturbations in the geometry of the
horizon at second order. However, only a subset of these
charges impose constraints on the first-order gravitons in a
similar manner to that of Eq. (1.5). This is the case if the
“flux” of these charges is entirely due to the backreaction of
first-order gravitons—i.e., their flux is locally constructed
from only first-order perturbations. In this case, commu-
tation with the charge in . imposes a nontrivial constraint
on the (first-order) graviton algebra.

Any isometry of the background will generate a non-
trivial constraint on the graviton algebra. Thus, in addition
to the constant boosts given by Eq. (1.5), we obtain
nontrivial constraints due to the angular momentum flux
F(y) through the horizon where y* is the generator of the
rotational isometry group H,y,,, of the background horizon
cross sections. This flux satisfies a charge-flux relation

& y) %) _
826y 8iGn W)

(1.8)

which imposes a constraint analogous to Eq. (1.5). These
charges 62 Q%R (y) directly match onto the perturbed ADM
angular momenta of the left and right wedges. The work
of CLPW, CPW and KFLS assumes that the relevant set of
constraints at this order correspond only to the isometries of
(Z#, g). With this assumption, to consistently restrict to the

¥Related work has considered an application of these ideas to
general subregions [41], although the problem of invariantly
defined regions is not clearly understood in that case. General
subregions and the generalized second law for gravitational
operator algebras are further explored in Refs. [29,42,43].

algebra gee (#Z;R), one must restrict to spherically
symmetric perturbations such that the angular momentum
charges do not fluctuate. For more general perturbations,
the authors speculated that the inclusion of constraints
associated to any compact group does not change the type
classification of the algebra.

In Sec. III, we construct the algebra e (Z; Gisom)
satisfying the constraints (1.5) and (1.8) associated to the
isometry group where Gj,,, = R X Hjop 10 any spacetime
with a Killing horizon. Generalizing the case of G = R,
one must now allow for intrinsic fluctuations of the angular
momenta §*OR(y), and ensure that the dressed algebra
commutes with 6?QY(y). Using a recent extension of
Takesaki’s theorem by one of us with S. Ali Ahmad and
S. Lin (AAKL) to include compact groups [44], we prove
that this algebra is of type Il with trace

C()> (G = Gisom)'
(1.9)

TGisom (&) - <eGisnm ’ Cl)|€X/2an/2|eG

isom

For Schwarzschild, |eg, )= |Or) ® |eson) Where
|€so(3)> is the (improper) rotationally invariant vector in
the Hilbert space L*(SO(3)) with -function wave function
with respect to the Haar measure on H;g,,. For any black
hole spacetime, the algebra 2 y;ess (% Gisom) 18 type I, and,
as an example, we explicitly construct the algebra and
entropy for the exterior of a Kerr black hole in Sec. IITE.
While this result confirms the above expectations for black
holes, it seems to naively give a dramatically different result
from that of CLPW in the case of de Sitter. As we explain in
Sec. IIIF, if the charges were treated as independent, then
bounding the energy of the observer from below merely
bounds the spectrum of X. The trace remains non-normal-
izable since the norm of the vector [0 _ ) is infinite.
Nevertheless, in any physically realistic model of the
observer, their own spin contributes to the total gravitational
energy. Taking the spin energy of the observer into account,
we find that bounding the total energy of the observer from
below yields a normalizable trace. For a physical observer,
the isometry invariant algebra of the static patch is type II;.

As we have emphasized, the isometries do not constitute
the full set of second-order constraints. Of the full set of
“large gauge” transformations of the horizon obtained in
Ref. [31], we find, in Sec. II D, that the complete group of
symmetries that yield nontrivial constraints on the first-
order gravitons is’

"While the full group of large gauge transformations on the
horizon is Diff (S?) X S [31,45] where Diff(S?) is the set of all
smooth diffeomorphisms of the horizon cross sections, as we
explain in Sec. II D, the only subgroup of Diff(S?) that imposes
gravitational constraints on the first-order gravitons is the isometry
group H,y,,. Furthermore, as we explain in Sec. I E, Hiy, is also
the only subgroup of Diff(S?) which is unitarily implementable
on the Fock space of linearized gravitons.

065010-4
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G = Hjsom X S, (110)
where S is an infinite dimensional, Abelian group of boost
supertranslations which on the horizon act as

u— u-+ fxt), (1.11)
where f is an arbitrary, smooth function on the two-sphere.
These additional symmetries arise because, in addition to
the area and angular momentum, the backreaction of
gravitons will also cause fluctuations in the shape of %
at second order. To see this, we note that the corresponding
flux which generates the symmetry (1.11) on the graviton
Hilbert space is

1
2pGx

F(f) = — /_ ®du /§ dQ f(x")Ub0, 505",

(1.12)

We note that, as with the flux given by Eq. (1.6), F(f) is
locally constructed from the first-order gravitons and
represents the angular distribution of gravitational radiation
energy falling across the horizon. Indeed, the flux associated
to the constant boost F(1) = F is simply the total energy
with no angular weighting. This flux causes the black hole
to change its shape in a nonspherically symmetric way
relative to the background, spherical cross sections. This is
encoded in nontrivial charges [32]

5 Qu(f) = #Au(f) - [ daftuso. (113

Sy

where 5°Ay(f) is the integral of the area element on the
cross section weighted by f and we note that 5°Qy(1) =
5% Qp which we considered earlier. The limits of these
charges as U — +oo satisfy the global charge-flux relation

FQL(f) - FQR(f) = —F(f).  (L.14)
where, again, the subscript + indicates the limit at U — +o0.
Just like the constant boosts and rotations, Eq. (1.14)
imposes a constraint on the graviton algebra for each
choice of f. Thus, at the same order in perturbation theory
where the fluctuations of the area and angular momentum
of the black hole are relevant, there are an infinite set of
additional nonvanishing charges which impose nontrivial
constraints. For asymptotically flat black holes, these
charges have been conjectured to match to “supermomen-
tum charges” corresponding to analogous supertranslations
symmetries at infinity [46].

We construct the full, dressed algebra Ay.e (Z;G)
satisfying the complete set of constraints given by
Egs. (1.8) and (1.14). Furthermore, we show that the
subspace of states for which the higher-harmonic boost
supertranslation charges do not fluctuate consists only of

the vacuum. Consequently, the algebras A(Z;R) or
W(X; Gigon) cannot be realized as subalgebras of
A(Z%;G). As such, we cannot deduce the type of the full
algebra by quantizing any finite dimensional subgroup.
Nevertheless, studying the dressed algebras obtained from
quantizing smaller groups does allow for the identification
of universal properties that can, in turn, be generalized to
the infinite dimensional case. In particular, in Sec. III B, we
obtain a “universal” form of the trace for the dressed
algebra under R x H where H is an arbitrary, compact
group. This universal form is given by

X/2

T[RXH(&) = <eR><H7a)|e é\leX/2|e[R><H’w>

(G = R x Hw/H compact), (1.15)
where |w) should be interpreted as a quantum field state
invariant under the group R x H, and X is the generator of
translations in the group R. The object |ep,y) is the
(improper) “neutral” state in L*(R x H) whose wave
function is the 6 function, 6, (g, erxy), compatible with
the Haar measure up,y on R x H.

In Secs. IV and V, we consider the algebra of observables
invariant under the full, infinite dimensional group. We note
that all dressed algebras studied in this paper are of the form
of “crossed product” von Neumann algebras. As opposed to
crossed products with respect to (locally) compact groups,
the crossed product with respect to an infinite dimensional
(nonlocally compact) group is not well studied even in the
mathematical literature. Therefore, our goal in these sections
will be to identify the necessary physical and mathematical
properties so that the algebra is type Il and argue that these
properties are satisfied. As we have emphasized, to obtain a
nontrivial physical algebra in perturbative quantum gravity,
one must consider the crossed product with respect to an
infinite dimensional group. We hope that the arguments of
this paper provide sufficient motivation for further math-
ematical study of these von Neumann algebras.

As we explain in Sec. IV, the major difference as
compared to the finite dimensional case is that there is no
invariant Haar measure on an infinite dimensional group.
However, a measure y; can be chosen to be quasi-invariant
under a ‘“‘sufficiently large” subset of the group and con-
sequently one can obtain a well-defined action of a suffi-
ciently large set of charges 5°Q(f,w). We provide such a
construction for the case where y is an infinite dimensional
Gaussian measure. Additionally, on this Hilbert space we
propose a construction of an improper state |e,, ) associated
to the neutral element e; of the group, possessing a wave
function 6, (g. e), which is the & function with respect the
measure /. With this vector in hand, we argue that

(G = Higom X S)
(1.16)

T(EI) = <ell(;’ w|eX/2&€X/2|eﬂG’ w>

065010-5
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is a trace on the full dressed algebra ye (%Z;G).
Consequently, the algebra of gravitational fluctuations of
Z is type 1.

In Sec. IV C, we consider the inclusion of “test” matter
fields with gauge group Gy gr which give rise to additional
constraints analogous to that of Eq. (1.8). If the gauge group
is compact, then the arguments of Sec. III B directly apply
where now H includes Gjgr. However, for theories with
long-range fields (e.g., electromagnetic fields or unconfined
Yang-Mills fields) the large gauge group is, in general,
infinite dimensional and includes angle-dependent gauge
transformations on the horizon [46]. Since these fields are
generally described by an interacting quantum field theory
and the infinite dimensional group Gj gt is non-Abelian, the
arguments that lead to the construction of Eq. (1.16) cannot
be immediately generalized. We outline a set of sufficient
conditions such that the full dressed algebra is type II. While
we show that some of these properties can be straightfor-
wardly achieved by a suitable choice of measure, others
require further analysis of the large gauge invariance of
interacting theories and the properties of the neutral element
vector. Nevertheless, with these assumptions, the trace on
the dressed algebra is of the form

7(a) = (eﬂG,a)\eX/zileX/2|e”G,w>

(G:Hisom X (SXGLGT))' (1'17)

In all cases, the existence of a trace allows for the
computation of the entropy of any well-defined quantum
state on the dressed algebra. Of particular interest are the
semiclassical states |®,) = |¢) ® |a). Here, |¢) is a state
over the gravitons as well as any other (if present) quantum
fields in # and |a) is a state in the Hilbert space of the
group whose wave function is sharply peaked at a particular
group element. For such semiclassical states, the von
Neumann entropy of the corresponding density matrix

Pé, 18

SV.NA(pti)a) zSgen'}_S(pnl) +C, (118)
where S(p,) is an entropy associated to the fluctuation of
the charges. For gauge fields with compact large gauge
groups, we show that S(p,) directly matches the edge mode
contributions to the entanglement entropy that have been
previously computed by other methods (see, e.g., Ref. [47]).
Equation (1.18) can be viewed as a generalization of these
results to perturbative quantum gravity and quantum fields
with more general gauge groups.10 Notably, in this con-
struction, it is not necessary to introduce a UV cutoff to

'%We note that contributions to the entanglement entropy from
edge modes related to infinite dimensional large gauge groups
have been explored in, e.g., Refs. [48-50]. It would be interesting
to draw a more direct comparison between the conclusions of
these works and the results reported here.

factorize the Hilbert space, as is frequently done in the
discussion of edge modes. The Hilbert space of the theory
remains nonfactorizable and the edge mode contribution to
the entanglement remains well defined.

In Sec. V, we revisit the algebra of observables in de
Sitter spacetime and incorporate the additional constraints
arising from boost supertranslations. As before, if the
horizon area and the higher-harmonic charges were inde-
pendent, the trace would be non-normalizable and the
algebra would be of type I, . To see that this is not the case,
we note that the higher multipoles of the perturbed area are
sourced by the mass multipole moments of the observer.
Moreover, any physically realistic model of an observer
defining a static patch must be bound by nongravitational
forces. These finite-size effects contribute to the observer’s
total binding energy and hence to its total gravitational
energy. We argue that these contributions, together with the
spin energy identified in Sec. III F, imply that the algebra of
observables in de Sitter spacetime is of type II; with
entropy given by Eq. (1.18).

In Sec. VI, we conclude with discussions of generaliza-
tions to generic regions bounded by extremal surfaces, and
the interpretation of the boost supertranslation charges
within the framework of AdS/CFT. While the presentation
of the main text is entirely self-contained, we have included
a sequence of Appendixes which present a parallel analysis
from a more formal perspective. In Appendix A, we
describe the construction of the dressed algebra using the
terminology and notation of the crossed product. In
Appendix B, we provide a general characterization of the
type of this algebra and a construction of its trace when it
exists by appealing to the theory of dual weights as
pioneered by Digernes and Haagerup [51-53]. This analysis
generalizes the results of Ref. [44]. In Appendix C, we
provide an alternative characterization of the dressed
algebra for the case that the group of constraints is a
Cartesian product. This provides an alternative proof of
semifiniteness, and also facilitates the analysis of type II;
subalgebras which are explored in Appendix D.

We work in natural units, ¢ = A = 1, however we will
not set Gy to unity. We will use the notation and sign
conventions of Ref. [54]. In particular, our metric signature
is “mostly positive’” and our sign convention for curvature is
such that the scalar curvature of a round sphere is positive.
Abstract *-algebras are denoted by <7, while von Neumann
algebras are denoted by 2. The algebra of observables
supported in a subregion % is written as <7 (%) before weak
closure and (%) after. Operators associated with classical
phase space observables are denoted by boldface versions of
their classical counterparts. For instance, the operator
associated with the smeared graviton y(w) is written
y(w). Similarly, the quantization of the gravitational fluxes,
F(f,y), and charges, 5> Q(f, ), are notated as F(f, ) and
8?Q(f,w), respectively. The algebra of dressed observables
supported in a region Z satisfying the constraints associated
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with a symmetry group G is denoted by .o s (%, G), or
Wgress.(Z; G) when closed in a suitable weak operator
topology.

II. THE ALGEBRA OF GRAVITATIONAL
PERTURBATIONS IN A SUBREGION

In this section, we construct the dressed algebra of
gravitational perturbations in Z. As outlined in the
Introduction, this algebra is constructed in four steps: in
Sec. II A, we define the subregion % in a diffeomorphism
invariant way and locate the region in both the background
and perturbed spacetime. In Sec. IIB, we review the
classical phase space of first-order gravitational perturba-
tions of Z, and in Sec. II C, we review its quantization. In
Sec. II D, we show that the backreaction of these gravita-
tional fluctuations perturbs the geometry of % which gives
rise to an infinite set of “second-order charges,” a subset of
which give rise to nontrivial constraints. Finally, in
Sec. I F, we construct the complete, dressed algebra of Z.

A. The definition of the subregion %

In this paper, we consider a subregion % C .# of a one-
parameter family'' of spacetimes (., g,,(4)) that solve
Einstein’s equation G,,(4) + Ag,,(1) =0 for all 1. As
emphasized in the Introduction, in order for such a subregion
to be well defined, % must be defined in a diffeomorphism
invariant way. In all cases of interest, the region % can be
defined as the domain of communication of an inextendible
causal curve I" whose affine parameter tends to infinity in
the future and the past. Here, by domain of communication,
we mean that Z = I~ (I') N I'* (), where I*(T") refer to the
chronological future/past of the curve I'. In this way,
we restrict attention to the spacetime accessible to those
observers who can perform any experiments or measure-
ments of the spacetime in perpetuity and do not fall into any
singularities. If Z is a proper subset of .# then the boundary
0% = Hpy is called the “event horizon” which can occur in a
cosmological spacetime as well as any spacetime where a
black hole is present. If the spacetime admits a conformal
boundary, then &% can be equivalently defined using the
asymptotic structure. For example, for an asymptotically flat
spacetime, the region Z is the black hole “exterior” and the
“black hole region” is'> .# — Z.

The boundary Hy is a null surface [55]. Adequately
locating the region &% relies upon characterizing the null
boundary Hy and how it changes under perturbations in a

"Formally, in gravitational perturbation theory, 1 = \/327Gy.
For perturbation theory on stationary black hole backgrounds, we
will additionally, fix the radius of the black hole as Gy — 0.
Therefore, for such spacetimes, we will be working in the limit
of large black hole mass.

In maximally extended, stationary spacetimes, this region
will also contain the white hole. For black holes formed from
collapse, .# — % is the black hole interior.

geometric way. To characterize this region, we will now
review and define some basic properties of general
(not necessarily stationary) null surfaces. Let H be a
smooth, null hypersurface whose null generators are the
null geodesic generators of £4, which we do not assume to
be affinely parametrized. The surface gravity of x measures
the failure of £ to be affinely parametrized as follows:

EV ED = kb, (2.1)

Hereafter, = denotes equality on H. The submanifold
inherits a degenerate metric g, which satisfies ¢,,&” = 0.
If n® is the corresponding affinely parametrized vector
field, then we define the second fundamental form of the
null surface relative to n? as

1

Kab = 5£nqab'

(2.2)
Additionally, it will be convenient to choose an auxiliary
null vector field #¢ which is transverse to H~R xS
and is defined by affinely parametrized, geodesic trans-
port off of H (ie., ¢¢ satisfies ¢, =0, £“n, = —1
and 7V ,#* = 0). With this additional structure, we may
define the “Hajicek rotation one-form” associated to n?
as follows:

Wq = - qacfbvcnb (23)
on H.

Since the tensors ¢q,,, K,, and w, are orthogonal to n¢,
we can view them as “lower dimensional objects” living on
the tangent space of the horizon cross sections S. We will
denote tensors lying in this tangent space with capital Latin
indices, i.e., the tensor fields ¢,,, K, and w, will be
denoted as g,p, Kap and wy. Since & is hypersurface
orthogonal, the second fundamental form satisfies K45 = 0
(i.e., the “vorticity” of the null surface vanishes) and we may
decompose it as

1
Kip =50qap + 04p, (2.4)

2

where 6 := g*8K 4 is the expansion of H and the trace-free
tensor o4 is known the shear. In the following, it will be
convenient to a choose coordinates (U,XA) on the horizon
such that & = (9/dv)* and x* are arbitrary coordinates on
the horizon cross sections.

The above defines the geometry of any null surface H.
However, the boundary of % in (., g,;(4)) is not just any
null surface. It is an event horizon and, as such, is only
teleologically defined. More precisely, using the fact that
the spacetime satisfies Einstein’s equation G,,(4) +
Agap (1) = 0 for all 1 yields the Raychauduri equation

065010-7



KLINGER, KUDLER-FLAM, and SATISHCHANDRAN

PHYS. REV. D 114, 065010 (2026)

1
0vO(4) = =50(2)* = o45(A)0"" (2) (2.5)
and the Damour-Navier-Stokes equation for the rotation
one-form

dyoald) = ~002)oa(D) = ") Fcosad) 5 2400).
(2.6)

where V is the affine parameter of the null generators. Here,
P4(A) is the covariant derivative operator on the horizon
cross sections compatible with ¢g45(1) and capital indices
are raised and lowered with this metric. These equations
give two relations for the three independent quantities 6(1),
w4 (4) and 6,5(4) that determine the geometry of the null
surface. ° The event horizon is uniquely defined as the
outermost, outgoing null surface satisfying Egs. (2.5)
and (2.6) with compact cross sections whose expansion
0(4) vanishes as V — co. The global nature of this
definition means that it cannot be easily found for any
A > 0. However, as we now explain, it can be straightfor-
wardly identified at “zeroth” and “first” order in A [56].
We first identify & in the background spacetime
(A, g(0)) which we assume contains a bifurcate Killing
horizon H with bifurcation surface 3. By assumption, the
spacetime admits a Killing vector & whose integral curves
are the null geodesic generators of H which satisfy
Eq. (2.1) with constant x [12], and & vanishes on 5.
Spacetimes with Killing horizons encompass all stationary
black hole spacetimes as well as the de Sitter cosmology.
For any black hole formed from collapse, the exterior will
rapidly settle down to an essentially stationary black hole
whose event horizon is, to an excellent approximation,
a Killing horizon [55,57-59] which can always be extended
to a global spacetime (.#, g,,(0)) with bifurcate structure
[60,61]. Any bifurcate Killing horizon globally divides the
spacetime into four regions .%, &, # and .Z as depicted in
Fig. 1 [62]. The subregion (%, g,,(0)) corresponds to the
A =0 case of the one-parameter family of invariantly
defined subregions defined above. We will denote the
union Ay = .% U % as the “physically relevant region”
which, in the black hole case, corresponds to the interior
and exterior of the black hole. This spacetime will, at the
very least, be the smallest global extension of Z that we
will need. The physical relevance of the maximal global
extension depends on the spacetime of interest. The
analyses and results presented in this paper will apply
equally well if the relevant global spacetime is .# or .4 .

While there is an “evolution” equation for the shear (see, e.g.,
Eq. (9.2.33) of Ref. [54]), this equation is “sourced” by the
electric Weyl tensor C4.pgnn on the null surface which is
unconstrained by Einstein’s equation. Therefore, this equation
should actually be viewed as a formula for the Weyl curvature on
the null surface as opposed to an equation that determines 6 ,p.

FIG. 1. Spacetime diagram depicting a bifurcate Killing hori-
zon given by the union of null surfaces H = H~ U H" where
H™=Hg UH[ and H™ =Hy UM, with bifurcation sur-
face B. The arrows correspond to orbits of the Killing field in
a neighborhood of B. The spacetime is divided into four regions
L. R, P and . as shown.

This division of (.#, g,;,(0)) also naturally divides each
horizon as depicted in Fig. 1. For example, we denote the
future/past horizon of # as Hg :=H N I*(Z%) and, sim-
ilarly, we define H;" :="H N I*(Z). Since & vanishes
on B, the Gaussian null coordinates introduced above are
good coordinates in a neighborhood on each component of
the horizon. It will also be convenient to, for example,
consider an affinely parametrized vector field £* = (9/0V)*
on H; U Hg with affine parameter V so that V =0 on B.
On each component, the affine parameter is exponentially
related to the Killing parameter. For example, on Hy we
have that

V=ev, (2.7)
where we have chosen V such that v = 0 corresponds to
V = 1. Thus, the coordinates (V, x*) cover H™ := H;" U Hg.
Similar statements and constructions also hold for H* =
Hi U Hyg with coordinates (U, x*) where U is the affine
parameter of the null geodesic generators of H*. Finally, for a
Killing horizon, we note that expansion and shear identically
vanish. So, we have that on Hy for 4 = 0, as follows:

O-AB(O) =0 and
(Killing horizon),

0(0) =

0,

448(0) = qap (2.8)
where g 4 is the stationary, background metric on the horizon
cross sections. The rotation one-form wy,(0), however, is
generally nonvanishing—i.e., it is nonvanishing for a sta-
tionary Kerr black hole—and, by Egs. (2.6) and (2.8), is
constant on the horizon.

We now consider linearized perturbations of the space-
time. While we have restricted attention to the vacuum
gravitational perturbations, it is entirely straightforward to
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extend this analysis to include matter perturbations (see
Sec. IV C). More precisely, we consider a one-parameter
family of classical solutions to the full vacuum Einstein
equations g,;(4) such that g,,(0) is a spacetime with a
Killing horizon and

dgab
= 2.9
Yab di 0 ( )

is a linear perturbation which satisfies

L[ﬂ = Dgyab + vavby - vcva}/cb - vcvbyca + 2A}/ab
=0 (2.10)

with y := ¢g*?y,, and A a cosmological constant. In the
rest of this paper, we will also use the notation dg,, =
dguy/dA|,—y and 8%g,, = d*g.,/dA%|,_,. We will also use
this notation for any the variation of any function of the
metric in the remainder of this paper.

Diffeomorphism invariance of g,,(4) implies that any
two solutions y,, and y/, are physically equivalent if they
differ by a linearized gauge transformation,

Yoo = Yab + V(aXn) (2.11)
where y“¢ is any vector field on .#. Under such a
perturbation, the spacetime subregion will, in general, be
perturbed as well and so we must relocate the event horizon
in the perturbed spacetime. Despite the fact that the event
horizon is defined only teleologically, the vanishing of the
background expansion and shear implies, via Eq. (2.5), that
the first-order Raychaudhuri equation yields

dy60 =0 (onH™). (2.12)
Therefore, the necessary and sufficient condition for H* to
remain the event horizon in the perturbed spacetime is that
the surface remains null with vanishing perturbed expan-
sion. It was shown in Ref. [56] that, using Eq. (2.11), the
gauge condition

80 =0 (onH™) (2.13)

can always be imposed. We similarly impose the identical
gauge condition'* 56 = 0 on H~. With these conditions, we
have succeeded in locating the subregion % in the perturbed
spacetime.

“Reference [56] imposed an additional gauge condition on the
perturbed volume element of 3 and did not impose the condition
that 66 vanish on H~. The latter condition is unnecessary (see the
Remark in Ref. [63]) and the former condition (i.e., that 60 = 0
on H™) together with Eq, (2.13) ensures that the location of 3 is
not changed in the perturbed spacetime [64].

B. The classical phase space of first-order
perturbations of %

Having invariantly defined the subregion of interest, we
can now meaningfully discuss the phase space of gravita-
tional perturbations of this region. Observables correspond
to gauge invariant functions on phase space. For example,
while the perturbation y,, is not invariant under the
linearized gauge transformation given by Eq. (2.11), one
can construct a gauge invariant observable by smearing

y(w) = /% I Y (WP (), (2.14)

where w? is a smooth, symmetric and divergence-free
test tensor (i.e., wl“?l =0 =V, w?). The phase space of
linearized perturbations can be endowed with a symplectic
structure with conserved, symplectic product

1 S
W(},h },2) - ]677:/2 \/Ed?’ xnapadeef

X [72$bcvdy1,ef - 71,bcvd72,ef]v (2.15)
where
Pabcdef = gaegfbgcd _ %gadgbegfc
1 1
_Egabgaegfd _,’_Egbcgadgef' (216)

Here, X is any Cauchy surface, 4, is the induced metric on
%, and n is the unit normal. We note that, for any pair of
solutions ¥, y,, the symplectic product is independent of
the choice of Cauchy surface. The local observable (2.14) is
also an observable on phase space

y(w) = ¥ (y. Ew) (2.17)
and generates the infinitesimal transformation y,, —
Ya» + (EW),,, wWhere (Ew),, is the advanced minus
retarded solution of the linearized Einstein’s equation with
source W,

The above construction yields the phase space of gravi-
tational perturbations on any globally hyperbolic spacetime.
We will now construct the phase space of gravitational
perturbations in % which is the phase space of perturbations
subject to the gauge conditions (2.13). By Eq. (2.15),
the phase space of such solutions in & is equivalent to
the space of initial data subject to our gauge conditions.
Since these gauge conditions are specified on the bifurcate
Killing horizon, it is extremely convenient to consider the
space of initial data on H* or ™. For definiteness, we will
focus on data specified on the past horizon H™.

To identify the phase space of initial data on H~, we
consider the linearized Einstein equations on the null sur-
face. Without loss of generality, it can be shown that one can
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impose the additional gauge condition' that Yarn? = 0 on
the horizon. In this gauge, the condition (2.13) implies that

1
00 = = qAB‘f‘n(SQAB = 07

5 (2.18)

where dq,p is the perturbed metric on the horizon cross
sections, ¢4 1s the background metric on the horizon cross
sections and capital indices in Eq. (2.18) are raised and
lowered with this metric. The perturbed metric 6¢q,5 subject
to Eq. (2.18) corresponds to the “free data” on the horizon
for the linearized Einstein equation. Indeed, by our gauge
conditions, the linearized Raychaudhuri’s equation is trivi-
ally satisfied and the linearized Damour-Navier-Stokes
equation yields

£n5a)A = 9356314, (219)

where, here and in the remainder of this paper, &, is the
covariant derivative compatible with the background metric
gap on the horizon cross sections. Using Eq. (2.18), the
linearized shear is given by

1
50—AB = _£n5qCD' (220)

2
If we specify the perturbed metric 645 on the horizon,
subject to Eq. (2.18), dw, is determined by integrating
Eq. (2.19) with the condition that dw, vanishes in the far
future. Without loss of generality, we consider perturbations
which vanish in the asymptotic past and future since we are
considering the phase space of solutions (Ef),, sourced by
test functions of compact support.
The symplectic form given by Eq. (2.15) with £ = H~
yields a symplectic structure on the initial data [56], as
follows:

WH* (}’1 ) }’2)
1

au dQ<55?35QZ.AB - 54?3552,%),
T JH-

(2.21)

where we take the phase space of initial data to be
perturbations 6q,p which decay as U — foo. Using
Eq. (2.17), the smeared shear on H~ can be directly related
to the local metric perturbation by

S6(s) = A_ dV dQ56,p5"P = —4aW 31, Ew),
R

Sab = (EW) gp- (2.22)

By Eq. (2.17), the phase space of perturbations in % is
equivalent to the phase space of initial data on any Cauchy
surface. In general, H* will not be a Cauchy surface for Z.

"This condition is compatible with working in a “Gaussian
null gauge” which can be imposed in the neighborhood of any
null surface.

However, in many spacetimes (e.g., Rindler horizons in flat
spacetime [65], de Sitter spacetime, black holes in AdS,
etc.) it is essentially a Cauchy surface for determining the
evolution of solutions to the wave equation. In these cases,
smoothness of the solution and the dispersive nature of
waves on these spacetimes ensures that all solutions with
initial data of compact support will fully “fall through” the
horizon. Consequently, in these spacetimes, Eq. (2.22)
implies that

(2.23)

where Sab = (Ew)ablH_'

In other spacetimes (e.g., black holes in de Sitter space,
asymptotically flat black holes, etc.), Eq. (2.23) is insuffi-
cient to fully reconstruct the local perturbation and one
must supplement with data on another Killing horizon or at
infinity. In these cases, the data can be independently
specified on each asymptotic boundary and y(w) is simply
a linear combination of data on each component of the
boundary of Z (see Sec. Il E).

C. The quantization of first-order perturbations of &

We will now review the quantization of first-order gravi-
tational perturbations y in % [66]. In any globally hyperbolic
spacetime, the quantization algebra is an *-algebra <7 defined
by starting with the free algebra generated by y(w), y(w)*
and 1 and factoring by the relations

RI)  y(ew; + cawa) = cry(wr) + ca7(wy) for any wy,
wy and any ¢y, ¢, €R
(R.I) y(L(w)) =0 for all w

R.ID) y(w)* =y(w) for all w

R.IV) [r(wy),y(ws)] = iE(wy, wy)1, for any w; and w;.
(R.I) denotes the fact that y(w) is linear in the test tensor,
(R.IT) denotes the fact that ¥ is Hermitian, (R.III) states that y
satisfies the equations of motion in the distributional sense
and (R.IV) implies that y satisfies the commutation relations
where E;,.q(y1,y,) is the advanced minus retarded Green’s
function on .Z.

To quantize the perturbations in &, we must additionally
impose our gauge conditions on the horizon. This can be
achieved using

: o 2.24

r(w) = —7—36(s), (2.24)
where, again, s, = (Ew),,|x- to define a corresponding
“initial data” algebra on H~. A similar algebra can be
constructed on the future horizon. In spacetimes where
Eq. (2.24) does not hold, the following quantization must
be supplemented by an additional quantization of degrees
of freedom “at infinity” (see Sec. III E). Unless other-
wise stated, we will assume that Eq. (2.24) holds and so the
quantization of the bulk field observable is equivalent to the
quantization of the perturbed shear on the horizon. More

065010-10



GENERALIZED BLACK .... II. THE COMPLETE ...

PHYS. REV. D 114, 065010 (2026)

precisely, o7 (#) = </ (H~) where </ (H™) is the *-algebra
of initial data o6 factored by relations equivalent to that
of (R.I) and (R.III) together with the commutation relations

(064 (x1), 66.cp(x2)]
_ 1
=i (f]A(CfID)B - EQAB‘]CD> &(Vy,Va)de (xf, ¥)1.
(2.25)

Equation (2.25) holds in the distributional sense where the
x = (Y, x*) are points on H~ and s> is the §-function on
the two-sphere cross sections of the horizon. We note that
there is no analog of (R.II) since we are considering
initial data.

The algebra <7 (H~) admits a unique vacuum state'® @
which is invariant under the action of horizon Killing
isometries. In black hole spacetimes where Eq. (2.24) holds,
 will be referred to as the Hartle-Hawking state'’ [71,72]
whereas, in cases where we must supplement Eq. (2.24)
with data elsewhere, this state will generally be referred to as
the Unruh state [73]. In either case, all such states agree
on H~. Indeed, the unique state on 7~ invariant under the
horizon Killing isometries is a Gaussian state with vanishing
one-point function and two-point function given by [62]

w(6645(x1)06cp(x2))
1 (4a(cqp)s — 39a89cp)ds2 (X}, X5) (2.26)
oz (U, = U, —i07)? ' '

‘We note that the state w, is invariant under the isometries of
Z. In particular, this includes the isometry group of
(qup.S?). If Z is the exterior of a static black hole or
the de Sitter static patch, then the cross sections are round
spheres and the isometry group SO(3). For rotating black
holes, the cross sections are oblate spheres and the isometry
group of these spheres is U(1). In addition to the rotational
isometries, the state @ is also invariant under the boost
isometry U — e"U—i.e., u —» u+t in Killing time—
which corresponds to the action of the horizon Killing
isometry of the background. On the subalgebra o7 (Hg) C
</ (H~) of observables on Hg, we can change coordinates
to the Killing time u# which yields

w(56AB(”1 ) x?)fSO'CD(Mz’ xé))

- K_2 (C]A(CQD)B _%QABQCD>5§2 (x’{‘,xé)
4 Slnh(g (M] — M2) - i0+)2

. (2.27)

"“Here, we are considering a state in the algebraic sense as a
positive, linear, normalized map from the algebra to the complex
numbers.

In Minkowski spacetime, @ is simply the Minkowski
vacuum and in de Sitter spacetime, @ is known as the Bunch-
Davies state [67-70].

where Jg is the o-function with respect to g, 5. The state @
can then be seen to be thermal with respect to translations
in u in the following sense. First, we can define the
translation map

@,[66 45 (1, x1)] = 66 45(u + 1, x1). (2.28)
Then, (56 45(u;, x{)a,[66¢p(uy, x5)]) can be analytically
continued as a distribution to complex ¢ in the strip
0 <Imt < 2x/k. It is bounded and continuous on this

strip, and satisfies the Kubo-Martin-Schwinger (KMS)
condition

(U(at+i/3 (66 45 (1, x/f)]&)'CD(”z» x?)

= w(86,4p(y. ), [66 cp (ur, 7)), (2.29)
where f := 27/k. A state that obeys the above conditions is
a thermal state with inverse temperature f [74-76]. As
we will see in Sec. II D, the set of diffeomorphisms which
leave w invariant is actually considerably larger than just the
isometries of Z. From the form of Eq. (2.29), it is clear that
@ 1s also invariant under a much larger group of boost
supertranslations u — u + f(x*) as mentioned in the
Introduction. This fact will play a key role in the consid-
erations of this paper.

Given the vacuum state (3.67), one can construct a one-
particle Hilbert space .7#; by defining an inner product
(s1]$2) = @(66(s1)*56(s,)) on the space of initial data
on H~, factoring by any degenerate elements and complet-
ing this space with respect to the norm defined by the inner

product. The full Fock representation .% :=C @ € 5,
n=1

where 7, is the n-fold symmetrized tensor product
of 7. This yields the “Gelfand-Naimark-Segal (GNS)
representation” of <7 (H ™) associated to the “ground state”
which is represented by the vector |w) € .%. By construc-
tion this vector is “cyclic,” i.e., the action of the elements of
/(H™) on |w) generates a dense subspace of states.'® We
also note that on the subalgebra </ (Hg), |@) is “separat-
ing” in that the only element of <7 (Hy ) that annihilates the
state is the zero element.

While the x-algebra <7 (%) is sufficient for most physical
questions (e.g., the evolution of initial data, the expectation
value of any local observable, etc.), some additional
structure will be useful to discuss notions such as the
von Neumann entropy of quantum states in . This extra
structure promotes the x-algebra to a von Neumann algebra
A(Hz, w) which is a suitable (weak) closure of .7 (Hg).
This closure is obtained by taking the “double commutant”
of the original algebra. The commutant algebra <7 (Hy)'

"8This observation allows us to define the representation of
o/ (H™) acting on .%. Given a € o/ (H~)/ker(w) we define the
vector |a) = a|w). Then, </ (H~) simply acts by left multiplica-
tion a|b) = |ab).
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with respect to the GNS representation .% is given by

A (HR) = {beB(F)|ba = ab, Y ae(Hz)},

(2.30)

where B(.%) is the set of all bounded operators on .%. The
von Neumann algebra QI(HE,Q)) associated the observ-
ables on Hy is given by [77]
A(Hg, w) = [ (Hg)]". (2.31)
Similarly, we will denote 2(H ™, w) as the von Neumann
algebra on the horizon generated by the full algebra o7 (H™).
Finally we note that, in spacetimes for which Eq. (2.23)
holds, we trivially have that
A(Hg) = A(Z), (2.32)
where 2(Z) is the von Neumann algebra of gravitational
perturbations in Z. Likewise, the commutant of this algebra
can be identified with 2A(Z)" ~ A(¥). Hereafter, we will
drop reference to the state @ in the von Neumann algebra.

The additional structure of von Neumann algebras
provides useful tools for their analysis and classification.
Given any state |¥) €.Z and a cyclic, separating state |w)
one can (densely) define the relative Tomita operator Sy,
which satisfies

Sypalw) = a*['¥). (2.33)
The relative Tomita operator admits a “polar decomposi-
tion” of the form

Sujw = JuuA (2.34)
where Ay, is a positive operator known as the “relative
modular operator” and Jy|, is an antiunitary operator
which is called the “relative modular conjugation.”

The modular operator is defined as the case where both
entries of the relative modular operator refer to the same
state (i.e., for |¥), the modular operator is Ay := Ayy). It
generates a strongly continuous, one-parameter group of
automorphisms of any von Neumann algebra 2, as follows:

a(t) =A3"aAleA Vae,

teR,  (2.35)

where a(t) is the one-parameter family of algebra elements
which constitute the “modular flow” of a. Since this action
is strongly continuous, there exists an unbounded (densely
defined) operator Ky := —logAy. The modular operator
satisfies the direct analog of the KMS conditions now with
respect to modular flow:

Ay|¥) = [¥)  (Pla()b|¥) = (Plab(t + )¥)  (2.36)
for any a, b €. We have used the fact that (¥|ab(r)|¥)
satisfies appropriate analyticity conditions in ¢ [see the text

above Eq. (2.29)]. For a general state, |¥), the modular
flow (2.35) will not correspond to any local, geometric flow
in the spacetime. By contrast, as mentioned above, the state
w is a KMS state on Hy and so, by Eq. (2.29), the modular
flow generated by A, on that subalgebra precisely coin-
cides with the flow generated by Killing time translations.

The von Neumann algebras considered in this paper
are “factors,” meaning they have trivial ‘“centers” (i.e.,
A N A" = C1). Von Neumann factors can be broadly clas-
sified into three categories: types I, I and III. These categories
are identified by the properties of their modular operators and
are largely distinguished by the existence (or lack thereof)
of a trace on the algebra. Such an object is a prerequisite to
defining—Ilet alone computing—von Neumann entropies. We
now give a brief review of this classification as it pertains to
the results and arguments of this paper. For further details we
refer the reader to Refs. [78,79].

Type I algebras are the most familiar algebras in quantum
theory. Such algebras admit irreducible Hilbert space rep-
resentations and are equivalent to the algebra of all bounded
operators on a given Hilbert space. These algebras admit a
trace—i.e., a densely defined, positive, linear functional
Tr(-) on the algebra such that Tr(ab) = Tr(ba) V
a, b € A—which, in this case, is simply the Hilbert space
trace. As such, these algebras admit pure states and density
matrices. A type I algebra on an infinite dimensional Hilbert
space is denoted as type I,. A key example of such an
algebra is quantum field theory on a Cauchy surface (e.g., a
t = 0 surface in Minkowski spacetime). One can assign a
Hilbert space to degrees of freedom on such a surface and,
unsurprisingly, the algebras on these surfaces admit pure
states and density matrices. It is important to note that
the Cauchy surface need not be complete for the algebra to
be type L. It need only sufficiently capture enough degrees
of freedom of the quantum field so that one can assign a
Hilbert space. In our case, this occurs for the algebra on the
horizon H~. Despite the fact that ™ is, in general, not a
complete Cauchy surface, one can construct an irreducible
representation of 2A(H~)—namely, .#—and the algebra
does admit pure states—namely, the vacuum .

A type III algebra, on the other hand, has almost none of
these properties. This algebra has no irreducible represen-
tations nor does it admit a trace functional. While one can
define states (e.g., positive, linear maps on the algebra)
these states cannot be pure and one cannot assign a density
operator to them. Type III algebras arise when one con-
siders algebras associated to subregions of the spacetime.
For the purposes of this paper, an important example is the
algebra 2(Hg) associated to (the boundary of) %. The
failure of assigning a density matrix to any state in .
restricted to 2(Hg) arises from the strong entanglement
across the bifurcation surface. The correlation functions of
all physical states in .% diverge at short distances, as in the
vacuum state [see Eq. (3.67)]. This strong, universal,
Hadamard divergence is the obstruction to assigning a
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Hilbert space to the subregion Hy or a density operator to
any state on 2 (Hy). This universal divergence also implies
that the modular operator acts as an outer automorphism on
A(Hz) and cannot be split into the product of operators
affiliated with 2(Hg) and its commutant. We will refer to
the algebra A(Hy) as a type III; algebra."

Finally, type II algebras have intermediate properties
between the cases of type I and III. Like type III algebras,
type Il algebras do not have irreducible representations and,
as such, all states on the algebra are mixed. However, type
IT algebras differ in two important ways. The first is that the
modular flow is now an inner automorphism. The second is
that one can, in fact, construct a trace which is unique up to
a multiplicative constant.’ As we will see, these two
properties are not entirely unrelated; the von Neumann
entropy is defined up to a state-independent constant and
so only entropy differences are well defined. If the algebra
admits a maximum entropy state, then the algebra is called
type II,. More technically, this means that the trace func-
tional is normalizable. However, if the entropy has no
maximum value (i.e., the trace functional is not normal-
izable), then the algebra is called type II,. As mentioned in
the Introduction, it has recently been argued that type II
algebras are the algebras which arise in semiclassical, “local”
quantum gravity; see, e.g., Refs. [1-3,39-41,82,83]. One
purpose of this paper is to analyze this claim in the case
where the (invariantly defined) subregion is the region Z.

D. The symmetries, second-order charges
and constraints of Z

In Sec. IT A, we found the necessary gauge conditions to
ensure that the horizons Hy and Hg remain the boundary of
Z in the perturbed spacetime. The remaining gauge freedom
of the perturbation %, is hy, — hgy, + £,9,, Where y@ is a
smooth class of vector fields which preserve our gauge
conditions on each horizon as well as any asymptotic
conditions on the metric. In this subsection, we will consider
the group of diffeomorphisms which preserve Z. We will
then find the relevant subgroup of diffeomorphisms that
impose nontrivial “constraints” on the first-order gravita-
tional field as described in the Introduction.

Clearly, any vector field y* which vanishes on the
boundary of Z preserves the region. The remaining gauge
freedom we must thereby consider are the “large diffeo-
morphisms”—i.e., those diffeomorphisms that act non-
trivially on the boundary of &% but preserve our gauge
conditions. In this section, we will focus primarily on the

“The specific subclassification of type III; algebras by
Connes [80] where 0 < A <1 will not be relevant for us since
the only factors that can occur in local quantum field theory are of
type III; [18]. However, the introduction of stringy physics, which
is inherently nonlocal, has recently been argued to lead to type III,
von Neumann algebras [81].

“For a discussion of this fact, see Appendix D.

symmetry group associated to diffeomorphisms that are non-
trivial on the horizon since this group is universal—it will be
common to all spacetimes considered in this paper. The
remaining group of large diffeomorphisms is the “asymptotic
symmetry group” which depends on the asymptotic behavior
of the spacetime. We comment on the relationship of the large
diffeomorphisms and charges considered here to those
defined at infinity at the end of Sec. IV B.

The infinitesimal diffeomorphisms that preserve our
gauge conditions are all smooth vector fields y* which
generate asymptotic symmetries at infinity and, on the
horizons satisfy [31,56,84]
£x°= fn* (onHY)  £4°= f* (onH™), (2.37)
where f is a smooth function on H that satisfies n?V,f =
0=7¢V,f =0. We recall that £* = (0/0U)* and n“ =
(0/0V)“ are the affinely parametrized null generators of H™
and H~, respectively. To describe the symmetry generators
that satisfy Eq. (2.37), it is useful to extend £ and n“ to all of
‘H by requiring that the vectors remain null and orthogonal to
each other (ie., £‘¢, = n“n, =0 and ¢£“n, = —1). The
coordinates (V, x*) are then extended off of H* by holding
them constant along the orbits of #* = (d/0U)“. Similarly,
the coordinates (U, x*) are extended off of H~ by holding
them constant along the orbits of n® = (d/0V)*. This
defines a Gaussian null coordinate system (U, V, xA) in a
neighborhood of H. In these coordinates, the diffeomor-
phisms that satisfy Eq. (2.37) are given by

0 \¢ 0 \¢
v = e+ v (2 0ver o) ()

4o (2.38)
where Y4 (x?) is a smooth vector field on S?, & is the
horizon Killing field

) )]

and “...” stand for a vector field that vanishes on H together
with its first and second derivatives. The correspond-
ing diffeomorphism group is an infinite dimensional group21
whose action on H is (U, V,x*) — (U, V,x*) where

(2.39)

*'Reference [31] considered the symmetry group of an
arbitrary, smooth null surface and obtained a larger group which
includes, in addition to diffeomorphisms of the form (2.38), an
infinite dimensional, Abelian group of “‘affine supertranslations.”
We do not include these elements here since they would move 5
and therefore not preserve %. The group obtained in Ref. [56] is
slightly smaller than that generated by Eq. (2.38) since the
authors imposed an additional (unnecessary) gauge condition—
see footnote 14. Our symmetry group agrees with that of Ref. [84]
which obtained the full symmetry group for spacetimes with a
preferred “bifurcation surface.”
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U=e/0Ny, V=e0y, 34 =34x4), (2.40)
consisting of arbitrary diffeomorphisms of S? together with
angle-dependent rescalings of the affine parameters of the
null generators. These large diffeomorphisms form the group
Diff(S?) X S where S is the Abelian group of boost
supertranslations generated by Eq. (2.37) with Y4 = 0.
The diffeomorphisms with f = 0 and general Y* are referred
to as “superrotations” which are the generators of Diff (S?).

At this stage, it may be alarming that the group of large
diffeomorphisms that preserve the subregion is an infinite
dimensional group. We first recall that the purpose of this
paper is to analyze the constraints that arise in gravitational
perturbation theory. As we review below, for the finite
dimensional group of isometries—i.e., f = 1 and Y* = y*
is an isometry of (g,p, S*)—it was shown in Refs. [1-3]
that the isometry group does generate nontrivial constraints
at second order in perturbation theory on the first-order
gravitational perturbations. The purpose of this section is to
determine (i.) the full subgroup of diffeomorphisms that
yield nontrivial constraints and (ii.) the order in perturba-
tion theory in which these constraints arise.

The constraints arise from the charges conjugate to the
large diffeomorphisms as well as their fluxes. These charges
were obtained for any null boundary in Ref. [31]. Therefore,
we can define the charges Q(f, Y; 1) on H™ in (., g,;, (1))
for any A and any f,Y4. To determine (i.) and (ii.), the
strategy will be to consider the charge-flux relations at every
order in perturbation theory and determine which charges
impose nontrivial constraints on the first-order gravita-
tional field.

We first consider the boost supertranslations Qy,(f; 1) :=
Q(f,0;4) which, on any constant U cut Sy of H~, are
given by

%@@=LfWMWWWFUWN (2.41)

for any A. This is the charge “conjugate” to the boost
supertranslations [31]. By Raychauduri’s equation [see
Eq. (2.5)], it is straightforward to show that the local flux
associated to this charge is

00 Qu(f:2) = / /g f (U

Yooy,

x [GAB(A)JAB(A)-Z (2.42)

where we recall that capital indices are raised and lowered
with g4(4). The desired charge-flux relation is obtained by
integrating the rhs of Eq. (2.42) over the entire horizon to
obtain [84,85]

OR(f14) — QX(f34) = —F(f:4). (2.43)

Here, R/L denotes the limit U — + and

Frid) == [ avd/alseu

Lowye|.

5 (2.44)

x@wwmw

We now simply evaluate the above relations at each
order in perturbation theory. At zeroth order in perturbation
theory, the horizon is stationary and so the only non-
vanishing boost supertranslation charge is the total area
which, of course, is constant, as follows:

QUUHD=§/ Prfi=Ag  ay Qulf:0) =0,

Sy
(2.45)

for any f where we have normalized f such that
Js» f(x*) = 1 and A is the area of the bifurcation surface.
At first order in perturbation theory we find that, while now
the perturbed area element need not vanish,? it still remains
constant, as follows:
6Qu(f) = 6Ag

0udQu(f) =0.  (2.46)

Here, 6Ajp is the perturbed area of the bifurcation surface.

We obtain a nontrivial constraint at second order relating
(second-order) charges in &% and .Z to a flux that depends
only on the first-order perturbation. Taking a second
variation of Eq. (2.41) yields [32]

dQU 5°0,
Sy

&Qu(f) =8Au(f) - (2.47)

where dQ := dzx\/c_I. Taking a second variation of
Egs. (2.43) and (2.44), we obtain

FOH(f) PR
4Gnp 4Gnp

= —&F(f)

where 8 F(f) = dU dQ f(x*)Ubc yg0*E.

T 4GNB I
(2.48)

We note that 5°Q(f) ~ O(Gy) and so we have explicitly
divided by Gy so that the resulting charge is finite as
Gy — 0. A factor of 44 was also included to simplify later
formulas of black hole entropy. Finally, we have redefined
the second-order flux to absorb this factor where we recall
that 5645 ~ O(1/Gy), so now & F(f) is also finite in the
semiclassical limit.

22 . . . .

For instance, one can consider a stationary perturbation to
a “nearby” Schwarzschild solution. In this case, the area and
(by the first law) the mass would change.
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Importantly, the charges 5>Q"R depend on the second-
order perturbed metric. However, the flux 6>F(f) depends
entirely on the first-order gravitational field. Thus, while
QL (f) and 8*QR(f) are both independently defined,
second-order observables in &% and .Z, respectively, their
difference is actually an observable on the first-order
gravitational phase space. Indeed, 5> F(f) is the observable
on phase space which generates boost supertranslations of
the first-order perturbations

-
Gnf

where y¢ = f£“ is a boost supertranslation. We note that,
in the classical theory, the above constraint is fairly
innocuous and is straightforward to satisfy. We will con-
sider the analogous constraint in the quantum theory. As we
shall see, satisfying this quantum constraint for the algebra
of observables in % will not be so trivial.

We now consider the charges Q(Y) associated to a
general superrotation

FE(f) = Wulr k). (249)

%szld%QW%WWW% (2.50)

and the flux of this charge is simply equal to the rhs of
Eq. (2.6). We will not need the full form of this flux and we
will simply present the relevant fluxes at each order in
perturbation theory. Proceeding as above, we now identify
the relevant set of superrotations that give rise to nontrivial
constraints on the first-order gravitational field.

At zeroth order in perturbation theory the only non-
vanishing charges are Q(y;0) where Y4 =y is an
isometry of the background metric g,p, as follows:

Dawp) = 0. (2.51)
These charges are simply the angular momentum of the
black hole

QU(W; O) = J(W)

S (2.52)

and are constant on the horizon. If the zeroth order charge is
nonvanishing in a black hole spacetime, then the black hole
is rotating in the angular direction y*. We now consider the
first-order variation 6Q(Y) which is generally nonvanish-
ing for any superrotation Y. However, it directly follows
from Eq. (2.19) as well as the fact that dg,p vanishes at
early and late affine times™ that the total flux also vanishes
at first order in perturbation theory, as follows:

“The gauge invariant condition is that the integral
J dVoySqap = 0. This is equivalent to the initial data having no
“horizon memory” [86-89]. In the quantum theory, this condition
ensures that quantization of the radiative phase space corresponds to
states that lie in the folium of the vacuum state w [90-93].

SQM(Y) =8OR (Y) =0, (2.53)
for all YA. We now consider the second-order charges. We
first consider the second-order charges 5*Q(y) associated

to the isometries y* of the background which, by varying
Eq. (2.6), satisfies

& (w) &F(yw)
Sﬂ'GN 87TGN

= _3F(y),  (2.54)

where we have again introduced explicit factors of Gy to
ensure that the expression is well defined in the semi-
classical limit and we have redefined the flux to include
these factors:

FFy) = - / AU dQ.86"P€, 60,45
— L ey
- 2GN H\Y> ){}/ )

(2.55)
and y* = w*(0/0x*)* on the horizon. Therefore, for the
isometries y*, the second-order charges 6*>Q(y) satisfy an
analogous constraint whereby the difference of charges
is determined entirely in terms of the radiative data.
Furthermore, by the rhs of Eq. (2.55), the flux is the
observable on phase space which depends locally on the
perturbed metric and generates rotations along the isom-
etry directions of the sphere.

We note that there is no analogous relation for a general
superrotation Y4 since the corresponding flux is not locally
constructed from only the first-order field. By taking a
second variation of Eq. (2.6), it is straightforward to show
that the flux also depends on terms that are now second order
in the metric, such as 6’045 2Y® as well as 5°024Y ,.
While these terms vanish for Y4 = w4, the flux §*F(Y), for
general Y4, depends on the second-order perturbation.**
Consequently, the flux is not an observable defined entirely
on the phase space of first order fields. Therefore, while the
charges 6*°Q(Y) will, in general, be nonvanishing on the
horizon at second order in perturbation theory, their charge-
flux relation does not impose a constraint of the kind relevant
for the considerations of this paper. These considerations do
indicate, however, that the superrotation charges will will
impose a nontrivial constraint on the gravitons at sec-
ond order.

In summary, at the same order in perturbation theory in
which one obtains nontrivial constraints for the isometries
of the background—e.g., for Schwarzschild, these relations

*We note that, for conformal Killing fields on (g5, S?), the
term °6,52*Y® vanishes since 86,5 is trace-free. While the
term %6 can be nonlocally expressed in terms of the first-order
perturbation via Raychauduri’s equation (2.5), it appears that the
corresponding flux cannot be expressed as an observable on phase
space—i.e., it cannot be expressed as #/(y.£,y) for some y“.
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are given by Egs. (2.48) and (2.54) with f = 1—we find
additional, nontrivial constraints for the 6>Q(f) for all f.
The relevant symmetries that give rise to nontrivial con-
straints at second order in perturbation theory are

G = Hi,, X S, (2.56)

where H,,, = SO(3),U(1) is the rotational isometry
group of Z.

For the remainder of this paper, we will restrict attention
to this subgroup of the full group of large diffeomorphisms.
Here, and in the remainder of this paper, we will identify
any element of G with their infinitesimal generators
(f,w) €g in the Lie algebra which define a vector field
through Eq. (2.38). In this regard, our analysis is restricted
to the identity connected component of the group G with
(f,w) playing the role of exponential coordinates.

Since the fluxes are only nonzero at second order in
perturbation theory and the investigations of this paper do
not go beyond second order, we will henceforth drop the s
on the fluxes and simply refer to them as F(f) and F(y),
respectively. We will not be adopting the same notation for
the charges since they are generically nonvanishing at
zeroth order. We conclude this subsection by noting that
since the fluxes F(f) and F(y) are well-defined observ-
ables on the first-order gravitational phase space, they
generate rotations and boost supertranslations on the first-
order observables. Namely, they generate rotations and
boost supertranslations on the gravitational phase space via
the brackets

{F(f).00(s)} = 8ndo(s")  {F(y).d0(s)} = 8rdo(s"),
(2.57)

where

shp = =Uf(x*)0ysap, 5" =—£,s. (2.58)
The total flux F(f,y) = F(f)+ F(y) associated to a
general symmetry (f,y) is simply the sum of the individual
fluxes, and their Poisson brackets are induced by the Lie
brackets of g. If we consider two symmetries y; = (f,y)
and y, = (f,,y») then the Lie bracket of their associated
vector fields define the following algebra:

[(flv l//l)’ (fZ? YZ)] = (f’ W) (259)
f= f]A-@AfZ - Wé-@Afl (2.60)
pt =yl =l Zpys —y3 gyt (2.61)

E. Symmetries and unitary generators of
the quantization algebra

We now comment on the inclusion of the generators of
the group G = H,y,, X S into the quantization algebra of
the quantum theory. The group G generates automorphisms
of the algebra <7 (#). On the Hilbert space .%, the action of
these automorphisms is represented by unitary operators
whose infinitesimal generators we denote as F(f)
and F(y). In the quantum theory, these operators are
densely defined self-adjoint operators whose commutation
relations with smeared fields and with themselves quantize
the brackets (2.59) and (2.57). The vacuum state w is
invariant under G and satisfies

F(f)lw) =0,  F(y)lw)=0 (2.62)
for any f and y. We note that while they are well-defined
operators on the Hilbert space, these operators are not
elements of the algebra 2A(Z#) since they generate a
nontrivial transformation of operators in .. Indeed, it is
actually impossible to “split” F(f) or F(y) into an operator
in A(#) and an operator in its commutant 2(.Z’). Such a
“half-sided” boost supertranslation or rotation would gen-
erate singularities at the bifurcation surface and thereby
yield infinite fluctuations in any physical quantum state.
The unitary operators eF/) and eF®) generate outer
automorphisms of A(Z).

The failure of this splitting for f = 1 is directly related to
the fact that 2(Z) is a type III; von Neumann algebra. The
thermality of @ with respect to Killing time translations [see
Egs. (2.27)-(2.29)] implies that the modular Hamiltonian
K, associated to w is given by

K, = pF(1) (onH™). (2.63)
The operator F(1) generates the boost isometry on all of %
and .Z. However, we emphasize that, in general, Eq. (2.63)
is only guaranteed to hold on Hy. If w is the Hartle-
Hawking state then Eq. (2.63) will hold on all of Z. On the
other hand, if @ is the Unruh vacuum then it is thermal only
on ‘Hy and the modular operator will only be geometric on
the past horizon [3]. In either case, a signature property of
type III algebras is the failure of splitting the modular
Hamiltonian into an operator affiliated with (%) and an
operator affiliated with the commutant 2(.¢) [33].

As we have mentioned in the previous subsection, there
exists a larger group, Diff(S?) X S, which preserves the
gravitational phase space and acts, in the quantum theory,
as automorphisms of the algebra .</(#). As explained
there, the flux associated with a general superrotation
charge cannot be written as a local integral of the first-
order gravitational field. Consequently, we were not forced
to include the full superrotation group among the con-
straints imposed on the first-order theory. Even if one
attempts to incorporate superrotations as bona fide
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operators in the quantum theory, it is straightforward to show
that the action of a generic superrotation Y is not unitarily
implementable on the Hilbert space.25 The arguments of the
previous section nevertheless indicate that the superrotation
charges give rise to nontrivial constraints relating first- and
second-order gravitational perturbations, which must be
taken into account in a complete second-order treatment.
Whether superrotations continue to be “spontaneously
broken” in the quantization of the second-order graviton
field is a question that we leave for future work.?®

F. The complete dressed algebra of %

In this section, we complete the gravitational algebra
of observables in the region &% by quantizing the
charges &*QF(f.w) — 8 QF(f,w) and &OR(f.y)
?QR(f,w), and imposing the charge-flux constraints
(2.48) and (2.54). How should these charges be included
into the algebra? Physically, 5?QR(f,y) generates boost
supertranslations and superrotations of the observables
in #Z and commutes with all observables in .Z. The charges
8 QY(f,w) have an analogous, nontrivial action on
observables in .¢ and commute with observables in Z.

Before providing the quantization of these charges, it is
instructive to see what goes wrong if we try to implement
the above considerations purely within the undressed
algebras A(#) and A(.Z). Recall that the charges satisfy

S ON(f) SOR(f)

WGy~ WGy 1Y)

QN (y) Q%)

827Gy 8iGn T W) (2:64)

If, for example, it were possible to split the flux into an
operator affiliated with (%) and an operator affiliated
with the commutant 2[(.%), then we could directly define
P OR(f) and 8*QN(f) as generating half-sided boost
supertranslations of % on the graviton Hilbert space 7.
However, as emphasized in the previous subsection, this
splitting is not possible on the algebra 2(Z). Instead, to
achieve the above constraints we must construct a new
algebra . (#; G) which include gravitational charges as
independent fluctuating operators and in which quantum

Btis strai ghtforward to show that, for a dense set of states y € .7,
the difference (6045 (xl)‘s”CD(xl))w — (664p(x1)00cp (X)) =
Sascp(x1,x,) is a smooth function of x;,x, €H. Since the
action of a general superrotation on |w) does not preserve the
graviton vacuum, this difference is no longer smooth and it can
be shown that the resulting state does not lie in the folium of the
vacuum.

We note that it is possible to gauge symmetry actions which
are not unitarily implementable provided one works from a purely
algebraic perspective, e.g., without prioritizing a preferred Hilbert
space. We refer the reader to Ref. [94] for discussion of such a
construction, including some additional comments pertaining to
superrotations in perturbative quantum gravity.

field theory (QFT) observables are dressed so as to satisfy
the charge-flux constraint.

Indeed, in contrast to the fluxes, the charges are built
from the second-order gravitation field and therefore are
degrees of freedom which we have not yet quantized. The
charges form an algebra 7, which is the x*-algebra
generated by 5 OR(f,y) and & Q" (f,w) for all smooth
f, Y4 with commutation relations

[52QL(f1,ll/1) 5ZQR(f2 Wz)] 0.
(6> QLR (f1,y1), 8 QYR (f2,y)]

= " QM R([(f1.w1). (f2.w2)]), (2.65)
where the Lie brackets are given by Eq. (2.59). As we
review in Sec. IIl, if the group G is locally compact—as
would be the case if G were merely the isometry group
of (#,g)—then there exists a canonical Hilbert space
H G = L*(G, du) on which the algebra <7, naturally acts.
This Hilbert space consists of square-integrable, complex
functions ¥ on G with respect to the unique, invariant Haar
measure pg with inner product

(¥, |¥,) = / () (@) (2.66)

On this Hilbert space 6*QR/(g) generate left and
right translations of N

However, the groups of interest in this paper are infinite
dimensional. In this case, there does not exist an invariant
Haar measure. Thus, in the infinite dimensional case, one
must take care to construct measures jig such that 57 g with
inner product (2.66) admits an action of all charges of
physical interest. For example, if we take the simplest case
where G = S, then we require that, at the very least, 77
admits a well-defined action of 5 QR(f) for all smooth f.
The construction of a suitable measure and Hilbert space is
addressed in Sec. IV.

In the remainder of this section, we will assume that we
have a suitable Hilbert space representation .7’ of .7, and
so the full Hilbert space of gravitons together with the
fluctuations of the charges is

oo = F Q Hg. (2.68)
We note that the Hilbert space .7¢ also admits the action of
a “multiplication operator.” If 7" is an L* function on the

*'To be precise, one of the two charges must also be conjugated
by the unitary operator ¢¥#) described in Eq. (2.72) to ensure that
the constraint is well posed. In particular, we take

() (h) = &) (¥ (hg)),
(P (h) = ¥(g™'h).

(2.67)
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group, we define the operator 7(g) which acts as
(2.69)

The commutation relation between the charges and the
multiplication operator generalize the usual Heisenberg
relations:

PO (). T(g)] = ik, T(g).  (270)
where here V, is the vector field generating the group
element / in the group manifold.”®

With these notions in place, we can now construct
the gravitationally dressed algebra for the region Z.
This algebra, o7 ... (%, G), is the unique subalgebra of
(%) ® </ which commutes with 6*Q; (f,y) and for
which 6*Qg(f,w) generates a half-sided boost super-
translation and half-sided rotations. o7 4. (#Z,G) is the
algebra generated by 6> QR (f, w) together with the dressed
observables

do(sif . w) = e FU¥) 56(s5)eTV), (2.71)

Here, 66 (s) is the graviton operator on .«7 (Hg ) and eF/¥)

is a unitary operator on .7, in which F is interpreted as a

function on the group G which takes values in unitary

operators on the Hilbert space .%. If we treat a state in 57,

as a function, ‘i‘, from G into the Hilbert space . we
can write

(FTND)(fLy) = ePUN(H(fp). (2.72)

In the last equality, each W(f,y) is an element of .% for

each f, y and eF/¥) acts on these vectors. By construc-

tion, 6*QR(f,y) generates boost supertranslations and
rotations on the dressed observables in &%, as follows:

[52QR(f). 6(s:f .w)] = 8nide(s'f . w)

[6° QR (). 60 (s:f . w)] = 8xida(s":f . w), (2.73)
where s/, and s, are the action of boost supertransla-
tions and rotations of the test functions s,p, respectively
[see Eq. (2.58)]. Evolving this data into the bulk do(s) =
—4ry(w) where s,, = (Ew),, yields the dressed bulk
observable

do(s:f.y) = e UV y(w)e™ UV = y(wif.y).  (274)

The von Neumann algebra of observables in % is

*The notation £y,T(g) signifies the multiplication operator
obtained from the function which is the derivative of f in the
direction of h.

Wress. (7 G) = {y(wif . w), QR (fw)}',  (275)
where the commutant is taken in % @ J¢g. In the
language of von Neumann algebras, 2y..ss (%; G) is known
as the crossed product of 2A(Z) with respect to the group
G = Hisom X S. The algebra Ay,.s (#; G) represents the
complete algebra of observables in &%. The expectation
value of any observable can, in principle, be computed in
any state. Thus, .. (%; G) provides a fully satisfactory,
well-defined theory of quantum physics with gravity
satisfying the second-order constraints.

G. The quantization of subgroups of G and
its relation to the full algebra

We conclude this section by proving that it is not
consistent to restrict the quantization to any finite dimen-
sional subgroup G, C G. To consistently restrict to any
subgroup of G, one must consider the subspace of
perturbations where the remaining charges do not fluctuate.
In order to satisfy the constraints, this implies that one must
restrict to the subspace of quantum field states which are
invariant under the remaining symmetries. In other words,
W gress. (%5 Ggyp) s a nontrivial subalgebra of Ay (Z; G)
only if there exists a nontrivial subspace of states in .#
invariant under G/G .

For example, in Refs. [1-3], the full symmetry group
was assumed to be G = R X Higon. Then, for pertur-
bations of a Schwarzschild black hole, 2y.ess (%;R) is a
consistent subalgebra of the isometry-invariant algebra
W gress (%3 R x SO(3)) since one may restrict to the sub-
space of spherically symmetric states™ in .Z. As we review
in Sec. III, this restriction allowed the authors of Refs. [1-3]
to directly conclude, by a theorem of Takesaki [95], that the
algebra Ay (Z;R) is of type II.

Unfortunately, as we have emphasized, the full sym-
metry group is not Gjg,, but the substantially larger group
G = H,,,, X S. Even if one “freezes” the rotation charges
5?Q(y) by considering only spherically symmetric or
axisymmetric perturbations, there remains the full set of
boost supertranslation charges 5°Q(f) for all smooth,
nonconstant f. If one wanted to restrict to the algebra
W gress.(#; R), for instance, one would have to restrict to
the subspace of .% invariant under the S/R. However, the
following theorem indicates that this subspace is actually
trivial.

Theorem 2.1. Let f be any smooth function on S? whose
support is all of S?, i.e., f does not vanish identically on any
open subset of S2. Suppose that the state ¥ is a normalizable
state in % invariant under the action of the boost super-
translation u — u + f. Then ¥ = w, where w is the vacuum
state invariant under the full symmetry group (2.56).

*For gravitons, this subspace is trivial because it is a spin-2
field and to obtain a nontrivial subspace one must include
additional matter perturbations.
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The proof of this theorem follows from a related
theorem regarding the uniqueness of the (supertranslation
invariant) vacuum state at null infinity [92]. The argument
of that proof uses the fact that any normalizable state .7
must decay as u — —oo. However, this decay is funda-
mentally incompatible with the correlation functions of the
state being boost supertranslation invariant. More directly,
following Ref. [96], it is straightforward to construct the
(improper) eigenstates of F(f) in .%. All such eigenstates,
except the vacuum, are “plane wave states” which are
labeled by a null momentum p* = w(1,x,) where o is a

frequency and x4 is a point on S?. Such states on the

horizon oscillate as e“Sg:(x*, x4) and are therefore non-
normalizable. Theorem 2.1 tells us that we must include
the full infinite-dimensional group of boost supertransla-
tions to obtain a nontrivial algebra. We must contend with
the constraints arising from the full, infinite dimensional
group G. The remainder of this paper will be dedicated to
understanding the properties of e (Z; Goup)-

Of course, this does not imply that studying the algebras
W gress. (%5 Ggup) 18 N0t extremely useful in gaining intuition
into the structure and properties of the fundamental algebra
W iress. (%5 G). We will investigate the type of Wy (Z; G)
by “building up” to the full, infinite dimensional group G.
We will do so by picking a subgroup Gy, C G and simply
ignoring all constraints except for those associated to G-
Per Theorem 2.1, the algebras Ay.s (#;Gyyp,) are not
subalgebras of U y... (%; G) so one cannot make any direct
conclusions about the full algebra from the quantization of
any subgroup. Nevertheless, as we will see, the quantiza-
tion of these subgroups will be very useful in analyzing
some universal aspects of the full algebra.

III. THE ISOMETRY INVARIANT SUBREGION
ALGEBRA

In this section, we will consider the algebra of observables
invariant under just the isometries of (%, g). For nonex-
tremal, stationary black holes, the rigidity theorem implies
that the relevant isometry groups Gi,, in four dimensions™
are R x SO(3) if the black hole is static or R x U(1) for
rotating black holes [57,58,98]. In Sec. III A, we first ignore
the compact isometries and review the arguments of
Refs. [1-3] that Ayee (Z;R) is a type II algebra. In the
remainder of this section, we explain how to generalize these
arguments to include the full isometry group. To cover both
cases we will, in Sec. III B, construct an analogously defined
algebra—that we denote as gy (#; R x H)—invariant
under the group R x H where H is any compact group.

In Sec. III C, we review the arguments of Ref. [44] that this
algebra is type Il and provide a simple proof that it admits a
densely defined, universal trace. In Sec. III D, we obtain the
corresponding density matrices and entropy of any semi-
classical state on this algebra. While our arguments are valid
for any region # bounded by Killing horizons, to illustrate
our result, we apply our analysis to the case where Z is the
exterior of a Kerr black hole in Sec. Il E and the static patch
of de Sitter space in Sec. III F.

A. Wgposs (Z;R) is a type II algebra

The case of G,;, = R was considered in Refs. [1-3] and
we now briefly review the arguments and results presented
in these references. At the end of this subsection, we will
show that ignoring all of the constraints except that of (¢, 0)
where ¢ is a constant, yields

Wy (B R) = [y (ws0), 2 QR(DY. (3.1
where 5?OR(1) = My, is equivalent to the perturbed
ADM mass of the right wedge and the dressed operator is
simply

y(wit) = e FOy(1)eif 0 (3.2)
on the Hilbert space .# @ L?(R). The structure and proper-
ties of gress. (%; R) was analyzed in the case where Z is the
exterior of a Schwarzschild-AdS black hole [1], the static
patch of de Sitter [2] and, subsequently, for any subregion %
bounded by one or more Killing horizons (e.g., any black
hole in asymptotically flat or (anti—)de Sitter spacetimes) [3].
Remarkably, it was shown in these references that the
algebra A g.ss (Z; R) is actually type II and therefore admits
a (densely defined) trace functional. Since it will play a
distinguished role in the formulas for the trace and entropy, it
will be convenient, for brevity, to define

PN

o (3.3)

We further note that any operator @ € gy (%;R) can be
expressed as a 2A(Z#)-valued function of X—i.e., a = a(X)
for any @€ UAgees (Z;R). If we define the (improper)
eigenstates of X as

X|X) = X|X), (3.4)
then the trace on the algebra is given by
|
eXw, X|a|w, X') for any @ € Wy, (75 R), (3.5)

dxXdx'
(@) = (O|e¥/2a6¥/2|0) = /
R2 27

*0ur analysis can be straightforwardly extended to black holes in higher dimensions. The rigidity theorem in higher dimensions
implies that, for rotating black holes, the isometry group is R x U(1)N where 1 < N < [%] [97].
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where |Og) is the improper eigenstate of ¢ with eigenvalue 0
which corresponds to the neutral element of the group.
Equation (3.5) can be shown to satisfy the properties of a
trace—i.e., 7 is densely defined and satisfies 7 (ab) =
tr(b @) [99]. We note that the trace is not unique since any
constant multiple of Eq. (3.5) is also a well-defined trace
on the algebra. For any state ® €.# ® L?*(R), one can
now define a density matrix on the algebra .. (%;R)
defined by

tr(ped) = (®a|d)  for any a € Wy (Z;R).  (3.6)
Similarly, this density matrix inherits an ambiguity of an
(inverse) multiplicative constant which corresponds to an
additive constant ambiguity in the entropy Syn(pg) due to
the logarithm.

In de Sitter spacetime, the spacetime region % is defined
relative to an observer and, as we review in Sec. III F, the
perturbed area of the horizon is bounded from above by
the observer’s energy. Since the observer has positive
energy, this means that the relevant algebra is actually
Py 0 yress (%2 R)Px o where Py _q projects the algebra to
negative values of X. In this case the integral in Eq. (3.5) is
bounded from below and the trace can be canonically
normalized so that (1) = 1. As such, there exists maxi-
mum entropy state and the algebra is type II; [2]. However,
in any spacetime with a black hole, the perturbed area of the
black hole is not bounded from above (or below). In this
case, T(l) = oo and cannot be canonically normalized. The
entropy is unbounded and the algebra is type I, [1,3]. For
semiclassical states |®,) = |¢) ® a(X) where a(X) is
slowly varying in X—so the conjugate time is sharply
peaked—it was shown that’'

SvN.(péa) = <ci>a|ﬂX|(i)a> - Srel(§0|w) - SvN.(pa) + log(ﬂ)’
(3.7)

where S, (@|w) is the relative entropy p, = |a(X)|* is
the probability distribution on L?(R) and S,y (p,) is the
corresponding Shannon entropy. Using an argument of
Wall to relate the relative entropy to change in the
generalized entropy [15], one can see that the S,y (Péa)

is given by

SVN. (péa) = Sgen(qA)(l

%) +8pa) +C. (3.8
where Sgen (@4 is the generalized entropy to O(1) in Gy,
as follows:

*The exact density matrix in the slowly varying limit was
obtained in Ref. [41]. A rigorous derivation of log(pq,a) in this

limit as well the control of its associated errors was obtained in
Ref. [100].

%) = % + SVN.((p

S, (O
gen( a 4GN

@) (39)

The area of the bifurcation surface at second order is
Qx(1) = Agl + 8> Q and the second-order perturbed area
is °Qp = 4G\pX + in U:66,4566"8: whose expected
value is densely defined and the constant C is the (divergent)
state independent constant C = —A/4Gy — Sy (@]4). We
refer the reader to, e.g., Ref. [1] or Sec. 4.4 of Ref. [3] for
further details. This result was originally established for
Schwarzschild-AdS black holes by Ref. [1] as well as the de
Sitter static patch [2] and was subsequently generalized to
arbitrary stationary black hole spacetimes in Ref. [3].

B. The algebra 2., (%#;R x H) for H compact

To analyze the type of the algebra s (% Gigom) and
its trace, in this section and the next we construct an algebra
W gress. (%5 R x H) for any compact group H which shares
many of the mathematical properties of the isometry
invariant algebra. In the case where H = SO(3) or U(1),
then the algebras will be equivalent. In addition to covering
both of the relevant isometry groups, our purpose in studying
this considerably more general mathematical problem is that
we will obtain, in Sec. III C, a universal form for the trace on
the algebra Ay (#; R x H). In addition to analyzing the
properties of the isometry invariant algebra that we are
actually interested in, these investigations will be very useful
in Sec. IV when we consider infinite dimensional groups.
We note that, for our more general mathematical problem,
the label % is meaningless since s (Z;R x H) is an
abstract von Neumann algebra satisfying certain properties
which we delineate below. However, we will keep the label
since it streamlines the notation of this paper and is
suggestive of the physical applications that we have in mind.

To construct g (Z; R x H), we start with a type III
algebra 2 acting on a Hilbert space representation .%. We
assume that the group R x H admits an action as an outer
automorphism on 2. If we denote the infinitesimal gen-
erators of these automorphisms as F(z,h) t€R and h € H,
we therefore assume that the corresponding exponentiated
operators are unitaries on .# and satisfy

eiF(1h) g o=iF (1h) 9 (3.10)

forallaeA and t, h € R x H. It follows from the structure
of the group that

F(t,h) =F(t)+ F(h) and [F(1),F(h)]=0, (3.11)
where F(t) and F(h) are the infinitesimal generators of the
outer automorphisms induced by R and H, respectively.
Additionally, we assume there exists a state |@) invariant
under the automorphisms generated by R x H, meaning
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F(t)|lw) =0, and F(h)|lw)=0 (3.12)
for all 1, h€R x H. Our final condition on 2 is that the
modular flow with respect to the state |w) is generated
by eF()—i.e., the modular operator of |w) on 2 satisfies

All = (1), (3.13)
We note that the von Neumann algebra 2 (%) of graviton
perturbations of % satisfy these conditions for H = SO(3)
or U(1).

We now construct a von Neumann algebra of charges
5?OR(t, h) which are the infinitesimal generators of left
translations on the group. To describe this, we first recall
that there is a canonical Hilbert space representation which
implements such an action of these charges as outlined in
Sec. I E. Since H is compact, there exists a unique, invariant
Haar measure py on H. Given such a measure, one can
construct a Hilbert space g,y = L*(R) ® L*(H, duy)
where a state ¥ corresponds to a specification of a complex
wave function (¢, h) on R x H with finite norm

191 = [ ded (W) < 0. (314)

Here, dt is the Lebesgue measure on R. The inner product
of two states ¥, V¥, € 7 p,y is then defined by

(|9, = / diduy (W Ryt h). (3.15)

To describe the unitary action generated by> 52Q(1, h), it
will be convenient to introduce an (improper) basis |7, /)
with the property that for any such ¥ with wave function
w(t, h), we have

(1, W) = (1. h). (3.16)

The states |, h) are analogous to “position eigenstates” of

the group R x H which are formally § function normalized
as follows:

(t,h

1Ry =6(t,1)5y(h, 1), (3.17)
where &y is normalized so that [, du(h)Sy(h,h') = 1. It
directly follows from Eq. (3.15) that these improper states
form a basis and so any proper state |¥) can be formally
expanded in this basis in the following way:

Py = / dtdpg (R (t. h)|t. h). (3.18)

*For brevity we drop the superscript R in the charges moving
forward.

The unitary action of the charges 6*Q(t, h) = tX + 5*Q(h)
on this basis is given by

e"X|t,h) = |t+ 7, h) and €@ 2|1 h) = |1, hh)
(3.19)

for all ¢,/ €R and h, i’ € H. This action can be straight-
forwardly extended to any normalizable element of 57,y
by Eq. (3.18). The last additional operator that will be
useful to introduce on 7R,y is a multiplication operator.
For any bounded function 7(¢, 2) on R x H we define an
operator T(t,h) whose action on our basis elements is
T(t,h)|t,h) =T(t,h)|t, h). (3.20)
We now have all of the ingredients in place to define the
algebra W yois (Z; R x H) on F @ S pyy. In direct anal-
ogy with the construction of the dressed algebras in the
previous section, we define the dressed von Neumann
algebra with respect to R x H as

Wires. (23R x H) i= {e7 TR aefth) 291, h)}",
(3.21)

where, in the bracket, we are considering the set of all
dressed operators for any a € 2 as well as the set of all
charges.

C. Wyross. (Z;R x H) is a type II algebra

In this section, we prove that the algebra 2A(%; R x H) is
type II. We will accomplish this by directly constructing a
densely defined trace on this algebra. The resulting trace
will take a similar form to the trace constructed in Sec. [II A
on the algebra 2A(Z; R), except now we must also take into
account the dependence on group H. It was noted in
Ref. [44] that a suitable generalization of the trace in
Eq. (3.5) is given by

X/2 (3.22)

Tt (8) = (0,0, ey|eX/?ae*?|w, Og, ey),
where recall that X := 5°Q(1) and |ey) is the improper
state associated to neutral element of the group H. In the
remainder of this section we show that Eq. (3.22) is a
densely defined trace on Wy (Z; R x H).

To show this, we first collect some properties of |ey) on
the von Neumann algebra 2(H) generated by the charges
8?Q(h) on L*(H,duy). A general operator on 2A(H) is
given by

#5°Q) = [ dumy(me™en,  (323)

where y(h) is a normalizable wave function on L (H, duy)
and so (6> Q) is analogous to the Fourier transform of the
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wave function. The improper state |ey) satisifes

(el (5*Q)len) = w(en).

In this sense, the wave function of |ey) is equivalent
to Sy(ey,h) and, as expected, is non-normalizable.
Furthermore, we note that the expected value of
71(62Q)",(5°Q) is simply the GNS inner product of
the corresponding functions y; and y,, as follows:

(3.24)

(el (8Q) 7 (52Q)en) = / du(hyr Ry (h).
(3.25)

Tt directly follows that ey, ) is “faithful"—i.e., (e | (6> Q)" x
7(6°Q)|ey) =0 if and only if #(5°Q) = 0—and
“normal” in that it is appropriately well behaved under
limits in 2 (H ). Furthermore, from Eq. (3.25), it is clear that
L?*(H,du) is equivalent to the GNS representation with
respect to |ey). Thus, |ey) is a cyclic and separating vector
for A(H). With these ingredients, and the assumptions
made on the algebra in the previous subsection, it directly
follows from the “dual weight theorem” of Digernes [51]
and Haagerup [52,53] that X generates the modular auto-
morphism for the improper state |w,0Og,ey) on
Wress.(Z; R x H). In particular, these general theorems
imply that |, Og, ey) satisfies

<a)70|Ra e]‘1|2Z B |CU, ORa eH>

= (o, OR,eH|lAae_X&eX|w, Or, €p)- (3.26)
Since X = 5>QR(1)/4Gy\p is affiliated with the algebra,
Eq. (3.26) implies that the modular automorphism of
|, O, ey) is an inner automorphism. The inner imple-
mentation of the modular automorphism is a necessary
and sufficient condition for the existence of a trace.
Furthermore, it directly follows from Eq. (3.26) that
Eq. (3.22) defines a trace

T (@ D) = (0,0, eyleX?ab eX?|w, 0y, ey)
= (0, O, ey |(beX/?) (e X eX/20eX) |, O, )
= (.0g. ey|ba eX|w, O, e)

= trxu(ba), (3.27)
where, from the first to the second line, we have invoked
the KMS condition (3.26). In the final line, we have used
the fact that the exponential of X can be commuted
through in the trace (3.22), which can be seen by
expanding |0,) in the X basis as in Eq. (3.5).

Equation (3.26) is the key property that guarantees the
existence of the trace 7p,y on the algebra. Since this
property is central to the results of our paper, we now prove
Eq. (3.26) by a straightforward but lengthy calculation. We
first note that operators of the form

a = e—iF(t,h)aeiF(t,h)eiﬁzg(t,h) (328)
form an additive basis for Wy (#; R x H) where a € 2.
Thus it suffices to prove Eq. (3.26) for operators of this
form. We now separately compute the rhs and lhs of
Eq. (3.26) for such operators and show that they are equal.
For such operators, the rhs of Eq. (3.26) is given by

ths = (a), Og, eH|e—iF(t.h)beiF(t,h)eiézg(t.h)e—X

% e—iF(t.h)aeiF(t,h)eiézg(t’.h’)eX|w’ Og. 3H> . (329)
Using the properties of the vector |w,Og,ey), wWe can
simplify the above expression considerably. We first recall
that F(¢, h)|w) = 0 for all ¢, h and that
oiF(th) _ ,iF(t) ,iF (h) el QUN) — Xt i) (3 30)
Furthermore, we have that ¢ 2")|e,) = |[I') and the
fluxes and charges satisfy the following commutation
relations:

eiF(0) pitX o—iF ()

— Lit(X+K,
_ iHXHK,)

oiF(h) ,i3* Qh) p=iF(h) — ,it*Q(h) ,iF (hhh™)

(3.31)
where we recall that, on the horizon, K, := fF(1) is the
modular Hamiltonian and we have set # = 1 in the following
manipulations [see the discussion around Eq. (2.63) for an
explanation of this fact]. Using the above relations and
expanding |Og) in terms an integral over the |X) eigenstates
as in Eq. (3.5) implies that Eq. (3.30) is equal to

_ /d);dX/ pi(t+)X’ (w,X, eH‘beitKwei‘SzQ(h)eiF<hl’h_l)e_Kw
V4

x alw, X', 1), (3.32)

where we have used the fact that | X) are eigenstates of X to
pull out a factor of ¢/(**)X' To simplify the expression
further, we note that F(hhh™") acts diagonally on |4’} and
the ¢2(" further shifts the eigenstate. So we obtain

_ /d};dX' pi(tH+)X’ <a),X, eH‘beilK‘”e_K”’eiF(h/hh/_l)
V3

X alw, X', hh'). (3.33)

We now take the inner product (X|X') = &(X,X’) and
integrate over X', as follows:

= /Z_X‘fi(’/”))((w, epy|be™o =Ko UM glgy i),
m

(3.34)

We further note that a factor of e~ (™) g=itK, oKoy can be
freely added to the rhs of a since these operators act trivially
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on |w), as follows:

dx
27r
—iF(WhH' ") p=itK,, K,

ei(T+0X (g, eH|be—KweitK,,,eiF(h’hh"l)

X ae

w, hh'). (3.35)

The operator e KoeiKoe ~itKo Ko g
in the algebra A since, by Eq. (3.10), the unitaries
conjugating a implement algebra automorphisms. Thus,
we may use the KMS condition on this operator and b to
obtain

/dX
= [ —e¢
2w

—iF(Whi'™)

iF (W) g o= iF (W)

4 / /-1
i(7 +t)X<w’ eH|e”K“e'F(h hh' 1)

X ae e~ Ko

, hh'), (3.36)
which, using again the fact that |w) is annihilated by
F(t, h), yields

_/dX
2w

Finally, we note that (ey|hh') = 6y (ey, hh') which sets
hh' = ey in the above equation. Since H is a group, it also
follows that /'h = ey as well. With this relation, we obtain
our final simplification of the rhs of Eq. (3.26), as follows:

i(f+0X <a), eH‘ae—iF(h/hh/—l)e_itwa|w’ hh/>.

(3.37)

X .., ey
ths = /Z—e’(’ X (@, ey|ae™ T e~iKup|a, W)
m
(3.38)

We now consider the lhs of Eq. (3.26) for any operator of
the form of Eq. (3.28), as follows:

—iF(th) ; oiF (th) ,i6* Q(f ') ,—iF (t.h)

lhs = (@, O, eyle”

X betF(t,h)elé7 Q(t,h)

)|, Og, ey). (3.39)
Again expanding the expectation value with respect to |Og)
as an integral over |X), using the triviality of the action of
unitaries on |w), that e 2" |e,) =
commutation relations (3.31) yields

|1), and invoking the

!
:/dXdX eizX’( X.e |aezt (X+K,) o is* Q1)
2
e FHI ) plgy X1 ). (3.40)

Using the fact that ¢’ acts diagonally on |X), (X|X') =
6(X,X') and performing the X’ integral, we obtain
dX J 24l ’
_ / 5 (t+t)X<a)’ eH‘aeltK iF(hh'h~ )| h/h> <341)
n

where we also used the fact that F(hi'h™") acts diagonally
on |i'h). We note that the X integral implies that we may
interchange ¢ with —7 and the inner product (ey|h'h)
implies that F(hh'h~') equals F(h') and |h’'h) can be
replaced with |kA').*> We finally obtain

dx
hs= [ ==
s /zﬂe

where we have freely commuted the two unitaries. This
agrees with the rhs computation. Thus, we have succeeded
in proving Eq. (3.26), and so 7,y satisfies the properties of
a trace.

We note that, while Eq. (3.22) is a compact expression,
one can obtain a significantly more useful expression for
the trace by noting that, since H is compact, the |ey) can be
expanded in terms of a “momentum” basis labeled by the
unitary irreducible representations of H (see the end of
Sec. III D). Such a representation of the trace will be useful
in determining the set of operators a with finite trace. An
explicit formula for the case where H = U(1) can be found
in Sec. IIIE.

Remark 3.1. Projections of type Il algebras. As in the
case of 7, the trace of the identity 7, (1) still diverges
since it involves an integral which also diverges at large,
positive X. Thus, the algebra y,eq, (%; R x H) is type Il.
We further note that, in contrast to the case where G = R in
Sec. Il A, applying the projector Py_, to the algebra
W gress. (Z; R x H) does not yield a normalizable trace.
This is simply due to the fact that the vector |ey) is
non-normalizable and 7, (1) also includes the norm of
|ex). The projected algebra remains type Il,,. This fact will
be relevant when we consider the algebra of observables
invariant under the isometries of the de Sitter static patch in
Sec. IIIF and again in Sec. V when we consider the
constraints arising from the larger, infinite dimensional
symmetry group. In both cases, we will find that this
infinite algebra can be projected to a physically relevant
finite subalgebra in the spirit of Ref. [2].

X (0, ey|ae~FM =Ko bla, hlt'), (3.42)

D. Entropy and density matrices

Asin Sec. III A, the existence of a trace 7,y implies that
any state ® €.# @ #p.y admits an associated density
matrix pg affiliated to g s (%; R x H) which satisfies
(®la|®)

ae Q[dress.(%; R x H) (343)

= T[RXH(p&)a)v

We now explicitly compute the density matrix for the class
of states

2) = lo) ® |o), (3.44)

P As we will discuss in Sec. IV, this point is slightly more
complicated in the case that H is not a compact group.
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where |@) €.% and |a) € # R,y It will be useful to write
the state |a) as

la) = a(X, &8 Q)|0g. ep)

a(X,8°Q) = [ didu(h)a(t, h)e!X+7°QM) (3 .45)

where a(z, h) is square integrable on R x H and we have
made the dependence of the Fourier transform on the
charges X and 5°Q(h) explicit. In Ref. [41], a general
formula for the density operator of any state of the form
of |®,) was derived for the case of G = R by utilizing the
KMS condition and factorization of the modular operator in
a semifinite algebra. Following the same procedure in our
more general case, we obtain the following formula for the
density matrix:

Pé, = a(X. 52 Q)e—iF(h)e—inte—X/ZAw‘we—X/Z

x eKate Pz (X, 52 Q)", (3.46)
where 4, is the relative modular operator on 2 of the
states @, w € .%. To see that Eq. (3.46) is a suitable formula
for the density matrix, we now plug it back into the rhs of
Eq. (3.43) and show that it computes the expected value
(@), . We consider the trace of the operator

T(P&;aa) = T<&(X, 5% Q)e—iF(h)e—inte—X/zA(plw
x XKAF(X £ Q) D). (347

Using cyclicity of the trace, we can rewrite this expression as
=1 (A;/ie_x/zein’eiF(h)&(X, #9)aa(X,”Q)

« e—iF(h)e—iK,,,te—X/ZA:p/i), (3.48)

From the definition of the trace (3.22) and expanding |Og) in
terms of an integral of |X), we may diagonalize the factors
eX/2 which cancel the exponential factor of eX coming
from the trace. After completing these manipulations, we
obtain

= (0,0, eyld, et PN (X, 52 Q) aa(X, 52 Q)

x e F ) e=Kutp 12 ), O, e). (3.49)
Since A%{ﬂa)) = |@), we have that
= (.0, ey|e®teFM (X, 62 Q) aa(X, Q)

x e~ W) e=iKut|gp O, epy). (3.50)

The unitaries ') and e’%+* have a trivial action on |Og, e)

since they correspond to the neutral element of R x H,
as follows:

= (.0, epla(X.6°Q) aa(X. 5 Q)

0,0, ey). (3.51)
Finally, using Eq.
value (®,|a|d,).
With the trace and density matrix defined, we can now
consider the von Neumann entropy which we recall, for
type II algebras, is only defined up to a multiplicative
ambiguity. We first consider the case where |¢) = |w). In
this case, the density matrix of |@,) = |®) ® |a) becomes

(3.45), we obtain the expected

P, = |a(X. £ Q)X (3.52)
since the states only differ in the wave function @ on
Hpyy- The von Neumann entropy is given by

Syn (P@a) = —T(P@a log /’a)a)

= (BX)s, + S(po) +10g(B).  (3.53)
where p, = |a(X,8*Q)|? is the classical density matrix
on Hpyy and S(p,) is the entropy of this density matrix:

S(pa) = _T(pa logpa) (354)
In a moment, we will describe how this entropy can be
written in a more physically transparent fashion.

In the more general case where ¢ # o, the logarithm of
the density matrix is more complicated due to the individ-
ual terms not commuting. As we will see in the following
two subsections, a particularly interesting limit is the
semiclassical limit where the function a(t, k) is sharply
peaked in its variables. In this case, the logarithm of the
density matrix can be approximated as’*

log(ps,) ~log|a(X.62Q)|* + X + logd,,,.  (3.55)
and so the von Neumann entropy is given by
SVN(IO&)(,) ~ <ﬂX>c?)a - Srcl<§0|a)> + S(pa) + IOg(ﬂ) (356)

We note that the form of this expression is analogous to
Eq. (3.7) in Sec. III A where now we simply get an extra
contribution due to the fluctuation of the additional
charges. As we will see in the following subsections,
Eq. (3.56) can be directly related to the generalized entropy
mirroring the arguments of Sec. Il A.

The new contribution to the entropy, S(p,), quantifies
the fluctuation of the charges in the group G = R x H.

*The approximation (3.55) as well as the control of its
“errors” can be proven using the methods of Ref. [100].
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The Hilbert space 7 p,y admits a momentum basis dual
to its position basis |7, 4). The momentum basis is spanned
by |X, R, i, j), where here R € H" is an irreducible unitary
representation of H on a Hilbert space 7%, and i, j =
1,...,dg are representation indices labeling an orthonor-
mal basis for 7. The vector |0,, e;;) admits an expansion
in this basis as

dXd,uH
Oen) = | Z IX.R.i.j),
where du(.(H) is the spectral measure on the space of
irreducible representations of H. For a compact group,
the set of irreps is discrete and the spectral measure is a
counting measure with yy;(R) = dg. The density operator
= |@(X,8?Q)|> can be block diagonalized in the
momentum basis as

(3.57)

dXdu),(R) & .
- = p(X(X’R’l’J)
V2 ,]ZZI

X |X,R.i.j)(X.R.i.j|.

Pa =
RxHY

(3.58)

Consequently, the contribution to the generalized entropy
from this state is of the form

S(pa) - Rt

dXdu))(R) <& .
—==" ) pa(X,R,i,})
2 ”Zzl (

x 10g< (X, R, i,j)). (3.59)
For reference, in the case G = R, the density operator for a
state |a) € L?(R) can be written in the momentum basis as

dx ,
pu= [ SelalOPIX) X

The von Neumann entropy of this state with respect to the
group algebra 2A(R) is simply the Shannon entropy of the
distribution p,(X) = |a(X)[?, as follows:

- [ r'“ )P1og|a(x)P).

Equation (3.59) has the same general structure, but with an
additional contribution coming from the entropy of the
density operator, p,(R), in each block of the momentum
decomposition of 7.

Entropies of this type have appeared in the literature
quantifying entanglement edge modes in general gauge
theories; see, e.g., Ref. [47]. To connect more directly with
the analysis of Ref. [47], one can diagonalize p,(R, i, j) >
Pa(R)dg?5;; in each representation block, where p(R) is a

probability dlStI‘lbuthIl over R € G" and the factor of dx>

(3.60)

(3.61)

appears to maintain normalization. Then, for a compact
group G, the entropy of charge fluctuations can be split into
the sum of a Shannon entropy for the distribution p, and a
term which depends only on the dimension of the various
representations of G, as follows:

Zpa )+22 IOng.

ReGY ReGY

)log pu( (3.62)

We note that, when G is a compact but infinite group, the
second term in Eq. (3.62) is infinite due to the infinite
number of irreducible representations appearing in the sum.
This should be understood as a divergent contribution to the
entropy arising from the fact that the tracial weight on
the group algebra (e.g., the weight with vector represen-
tative |e)) is not normalizable.” This term can be absorbed
into the state independent constant which appears in the
generalized entropy (3.56).

E. Kerr black holes

While the following arguments apply to any black hole
spacetime with a Killing horizon, we now present, as an
illustrative example, the case where % is the exterior of a
stationary, Kerr black hole. The region & is an asymptoti-
cally flat, globally hyperbolic spacetime whose boundary is
the portion Hy U Hg. The isometry group of the back-
ground spacetime (%, g) is R x U(1) corresponding to the
two linearly independent Killing vectors. The cross sec-
tions of a Kerr black hole are oblate spheres with metric g,
that admit only one rotational Killing vector w4 which can
be extended into the bulk as a spacelike Killing vector y“.
The U(1) isometry corresponds to the orbits of the rota-
tional Killing field w*. It is conventional to identify R with
the orbits of the asymptotically timelike Killing field 7“.
However, in our analysis it will be convenient to instead
identify R as the orbits of the horizon Killing field which is
the linear combination & = 1* + Quw® where Qy is the
angular velocity of the horizon, and & is null on the
horizon.

The algebra o7 (%) of gravitatonal perturbations in % are
quantized in manner described in Sec. Il A. However, in an
asymptotically flat spacetime, the local graviton field is not
just determined by the initial data on the horizon H~ but
must be supplemented by initial data at infinity.36 The full
algebra is given by

3For compact G, the group algebra is of type I, since it inherits
irreducible representations from the irreps of the underlying group.
Nevertheless, the fact that the algebra is of infinite type—as can be
deduced from the non-normalizability of the trace—leads to the
divergent contribution to the entropy.

A similar decomposition holds for any massive fields which
are sufficiently noninteracting in the asymptotic past so that they
behave as free fields at i~. In that case, one must supplement the
data on the horizon with data at i~ which can be straightforwardly
quantized as explained in Ref. [92] or Appendix B of Ref. [3].
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FIG. 2. Portion of the maximally extended Kerr geometry. The
region R denotes the black hole exterior which is bounded the
Killing horizons H;; U Hg. In the conformally completed space-
time, R is also bounded by a boundary at infinity which consists
of future/past timelike infinity i;{ L future past null infinity 7, l'{ L

and spatial infinity 7.

A (X)) =d(HR) @ F(I7). (3.63)
This decomposition is outlined in Sec. VI.1 and
Appendix C of Ref. [3]. In the following, we outline the
characterization of the radiative degrees of freedom of the
gravitational field and its quantization. We refer the reader
to Refs. [91,101] for further details on classical radiation in
asymptotically flat spacetimes and Refs. [90,92] for details
on their quantization.

Classically, the initial data at infinity is described by the
“radiative data” at past infinity. In the conformally com-
pleted spacetime, we can construct a coordinate system
(v,x") at .#~ with null normal n® = (d/dv)* and x* are
coordinates on the constant-v cross sections of 7.
Choosing a null vector field [“ transverse to .#~, these
coordinates are carried into the bulk of the spacetime by
geodesic transport. In the physical spacetime, we thereby
obtain the coordinates (r, v, x*) in a neighborhood of past
null infinity where r is the affine parameter of radially
outgoing, past directed null geodesics. The initial data of
the metric perturbation are described by the radiative field
at leading order in 1/r in these coordinates. More precisely,
the radiative data are given by the angular components

Fag(v, x) = lim ry g(r, v,x4), (3.64)

where we choose a “Bondi-type” gauge in which
q*B745 =0 and ¢*? is the inverse of the unit sphere

metric g, on the cross sections. The radiation propagat-
ing in from infinity is encoded in the Bondi news tensor
which, in our coordinates, is given by

ONap = 0,7B: (3.65)
where the “0” denotes that this is the radiation for the
linearized metric perturbation. The quantization of the
radiative data proceeds in direct parallel to the quantization
of radiation on the horizon [90,92]. The algebra <7 (.#~) is
the x-algebra of initial data 6N(3) factored by relations
analogous to that of (R.I) and (R.II) together with
commutation relations similar to that of Eq. (2.25), which
are given by

[6N 45(x1), SN cp(x,)]
1

= —87i (qA(CqD)B ) 61AB‘ICD>

x 8 (v, v7)8 (x4, x3)1. (3.66)
The algebra admits a Gaussian vacuum state @ , whose two-
point function is also analogous to the vacuum state (3.67)
on the horizon

@ 5 (6N 4p(x1)0Ncp(x2))

(QA(CQD)B - % qasdcp)ds (x1, X%7)

— 8
(v) — vy —i07)?

(3.67)

The GNS representation of <7 (.#~) with respect to @ ,
yields a Fock space .% . In summary, the quantization of the
radiation at null infinity proceeds in direct parallel to the
quantization of radiation on the horizon. Furthermore, the
local graviton operator is decomposed in terms of initial data
in the following way [92]:

y(w) = bo(s) + 6N(3), (3.68)
where s, == (EW) |3 Sap = lim, o r(EW) | »- and the
restriction to .#~ denotes the projection of the indices onto
the tangent space of the cross sections of .#~. Furthermore,
the global vacuum state is the Unruh state [73] given by

) 2 o) ® |0). (3.69)
A key difference between the algebra o7 (Hy) and <7 (.9 ™)
is that the vacuum state is a pure state on <7 (.# ), whereas it
is mixed on &/(Hg). Indeed, the corresponding von
Neumann algebra 2(.#~) is a type I, algebra and so
admits a well-defined trace and density matrices at .¥~.
Thus, from the point of view of the decomposition of
Eq. (3.63), the type Il nature of A(Z)=A(Hg) ®
A(#~) arises entirely from entanglement of quantum fields
on the horizon. This justifies our focus in the preceding
sections on the quantization of degrees of freedom at the
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horizon, since it is these degrees of freedom that determine
the existence of a trace and of density matrices.

Let us now consider the dressed algebra of isometry-
invariant observables in Z. In this case, the relevant charges
on the horizon are X and 5> QR (/) which can be quantized
on a Hilbert space 7,y (1) as explained in Sec. IIl B. The
algebra of dressed observables on the horizon is given by the
analog of Eq. (3.21) for the special case of H = R x U(1),
as follows:

2[dress‘(,Hl;; R x U(U) - {56(S;t’ W)’X’ 52QR(1//)}”’
(3.70)

where we also have replaced & with Hy, since the arguments
of the previous section are strictly valid on the horizon and
must be propagated into the bulk via Eq. (3.68). It was
shown in Sec. 6.1 of Ref. [3] that the algebra of isometry-
invariant observables which satisfy the constraints (2.64) is
given by

Wgress. (2R X U(1)) = Wgregs, (s R x U(1)) @ A(I7).
(3.71)

Therefore, by the considerations of the previous section, the
algebra is the product of a type Il,, algebra with a type I
algebra and so the full algebra is type II,. A general element
of this algebra is a linear combination of operators of the
form & ® @ where a € Wyegs (#Z;R x H) and a € A(I 7).
The trace is then given by

©(a @ a) = 7y (a) - 7.5-(a). (3.72)

where
X2aeX 2 |wy-, O, eyq)),
(3.73)

oy (@) = (@3-, O, eyryle

and 7 ,(a) is the standard Hilbert space trace over .# .
We can obtain a more useful formula for the trace by
Fourier expanding the neutral element |Og, e;;)). A gen-
eral state in J# ;) can be expanded in an orthonormal
basis of periodic eigenfunctions e¢”? where m € Z. The
Hilbert space admits the direct sum decomposition

%U(l) — @%m, (374)

where each /7, is a one-dimensional Hilbert space of states
with angular momentum m—i.e., 6*QR(1)|m) = m|m)
with |m) € % ,,. In this representation, the zero element
leyr)) is given by

o) = 3 Im).

m=—0o0

(3.75)

Similarly, Fourier transforming |Og) in terms of an integral
over |X) yields the following expression for the trace:

dxdx'
TH- (&) = / 72 €X
RxR T

(5]

XY (o X m|alwy- Xom). (3.76)

m,m'=—co

A general element @€y (Hg, R x U(1)) can be
viewed as an -valued function a(X, 5> QR) of the charges.
With this representation, the dressed observables act diago-
nally on the basis elements—i.e., a(X,5*QR)|X, m) =
a(X,m)|X,m). We therefore obtain

(e8]

o (8) = / DX xS (g [a(X, m) o).

war’ 2 (3.77)
Consequently, in addition to sufficient decay at large
negative values of X, the trace-class operators must also
decay as 1/|m|'*¢ for the sum to converge. In particular, as
we have previously noted, the trace of the identity 1 diverges
and s0 Wgees. (Hg, R x U(1)) is a type II, algebra. If we
consider any semiclassical state |®,) € .7 @ rxv(1) Of
the form of Eq. (3.44) where the wave function a(z,y) is
sharply peaked in both time and angle, then, in such states,
the spacetime geometry is well described by a classical
geometry even at second order. The von Neumann entropy
is given by Eq. (3.56) and, following identical manipula-
tions that led to Eq. (3.8), we obtain

SuN. (p(i)a) = Sgen((i)a‘{%’) + S(pa) +C. (378)

Equation (3.78) is the generalized entropy up to a term
which now involves the fluctuations of both the area X and
azimuthal superrotation 6*>Q ().

We conclude this subsection by discussing the relation-
ship of the quantized charges to charges defined at infinity.
While this discussion is not strictly necessary for the
quantization of the algebra or the construction of its trace
as described above, it provides a direct connection to
previous work which considered the ADM charges asso-
ciated to the isometries of a black hole [1,3]. The black hole
area X and the (azimuthal) superrotation charge 8Q ()
are charges defined on the horizon. However, the corre-
sponding horizon symmetries have a canonical extension as
isometries of the background spacetime. It was shown by
two of us together with S. Leutheusser that the charges X
and 5°Q(y) can be matched to ADM charges at spatial
infinity [3]. To see this, we first note that total perturbed
ADM mass and (azimuthal) angular momentum of the
black hole can be expressed in terms our initial data
decomposition (3.63) as
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My = F7 (1) + M-

&Jo(w) =F7 (y) + 8- (y). (3.79)
where F” (t) and F () are the generators of asymptotic
time translations and azimuthal rotations of the algebra
A(#~) and represent the total incoming energy and
(azimuthal) angular momentum of incoming gravitons
at .#~. Similarly, 5?M - represents the perturbed incoming
mass and incoming azimuthal angular momentum &°J ;- ()
of the black hole. We refer the reader to Sec. 6.2 of
Ref. [92] for the precise definitions of F(¢) and F” () in
terms of radiative data at null infinity and 5°M ;- and 8°J ;-
as the generators of time translations and rotations at i~. It
was argued in Ref. [3] that charges at i~ match to the
charges defined on the horizon. In particular,

X =My - Qi -(y) and &OR(y) = &I (y),

(3.80)

where we recall that X = 6> QR (1)/4Gy/3. The first relation
is a direct analog of the first law of black hole mechanics but
for the second-order charges at i~, and the second relation
simply states that the azimuthal superrotation charge is
equivalent to the black hole azimuthal angular momentum.
Similar formulas hold at i*. Since the asymptotic sym-
metries are inner automorphisms of 2(.#~), the operators
F”(t) and F” () are in the algebra and so, by Egs. (3.79)
and (3.80), including X and 8*QR(y) in the algebra is
equivalent to including the ADM mass and and azimuthal
ADM angular momentum.

F. Static patch of de Sitter

We now consider the case where the background
(A, g) is de Sitter spacetime. In a closed universe, such
as de Sitter, there is no asymptotic boundary by which one
can invariantly define a subregion. Nevertheless, one can
appropriately define such a subregion & relative to an
observer in the spacetime. In order to sharply define a
subregion we take the observer to be a localized body—
i.e., confined to a worldtube—whose size R is much
smaller than the radius of curvature of the background
spacetime. The appropriate classical and quantum descrip-
tion of the observer is an issue that we will have to
contend with shortly. For now, we merely assume that the
stress-energy of the observer 7°% defines an appropriate
c.m. inextendible worldline I' and % := I~ (I') n I'"(T"). So
that the observer does not affect the background geometry,
we assume that its stress-energy is O(1) in powers of Gy
and thus backreacts on the spacetime only at second order
in perturbation theory. In the background spacetime, we
assume that I' is a geodesic and thereby & is the “static
patch” of de Sitter spacetime which is bounded by Killing
horizons H;; U Hg. The subregion background (%, g) is a

stationary spherically symmetric spacetime and so the
isometry group (#,g) is R x SO(3). The subgroup R
corresponds to time translations along the observer’s
worldline and the horizon Killing field £%. The subgroup
SO(@3) is the orbit of the closed, spacelike Killing fields
W?i) corresponding to rotations about the observer’s world-

line. On the horizon, the 1//?1.) are the isometries of the
round two-sphere cross sections of the horizon.

Gravitational fluctuations of the subregion can be quan-
tized to an algebra A(Z) = A(g) on a Fock space .7,
which is equivalent to a quantization of initial data on JZ;
as described in Sec. I A. The relevant charges on the
horizon associated to the isometries are the perturbed
horizon area X and its angular momenta 6’Q(w ;). As
pointed out in Refs. [2,3], the charge X matches onto the
observer’s energy at i~. Similarly, as we will see, the charges
5°Q(w ;) match onto the observer’s angular momenta.
Therefore, the quantization of these charges on a Hilbert
space #pyso(3) 1s really a quantization of the observer’s
degrees of freedom. In order to obtain a consistent quan-
tization of the static patch, one must, at the very least, give a
slightly more accurate model of an observer with these
additional degrees of freedom. In this subsection, we will
focus on the energy and spin of the observer necessary to
construct Agees. (Z; R x SO(3)). In Sec. V, we will see that
one needs a much more detailed model of an observer to
construct the full dressed algebra s (Z; G).

As previously mentioned, an observer is a sufficiently
small body in the spacetime. One might imagine that a
good approximation for such a body would be a “point
particle” moving on a worldline I'. However, this approxi-
mation runs into significant conceptual and practical issues.
The first is that, due to the nonlinear nature of Einstein’s
equations, point particles are not well defined as distribu-
tional sources in general relativity [102]. In our perturbative
expansion, the curvature induced by a point particle would
fail to be well defined and, in particular, produce infinite
self-force effects [103]. Physically, if one tries to compress
a body to make it into a point particle then it should
collapse into a black hole before a point particle limit can
be reached. Additionally, as we consider here, if the body
has spin then it also necessarily has finite size. For all of the
above reasons, its far more sensible to start with a body of
finite size and consider the limit where both the mass and
size of the body become small. Furthermore, if the body has
finite size then it could, in principle, also have multipole
moments which would affect the motion and energy of
the body. Taking these additional effects into account is the
main purpose of Sec. V.

The equations of motion of a small, compact, classical
body in general relativity were obtained in a series of papers
by Mathisson [104], Pappeptrou [105] and Dixon [106-108]
and we now briefly summarize their main results as it
pertains to this paper. In their approach, one considers a
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stress-energy Tgl;f with support inside a worldtube of size R,
where R is much smaller than the radius of curvature. Even
at leading order in Gy, the description and motion of the
body may differ from that of a point particle simply due to
the “finite size” effects of the body. To describe this, one
defines a c.m. world line I', a momentum p“ and spin tensor
§%» which is antisymmetric, S*» = —§%¢. Neglecting higher
multipole moments, the equations of motion of the body are
given by

v’V p = —%Rahcdv”S"d vV, 8 = 2pleytl (3.81)
where v“ is the four-velocity of the c.m. worldline I'". The
mass of the body is given by m?> = —p“p, and we addi-
tionally note that v need not be collinear with p“. Finally,
to close the equations and ensure that I is indeed the c.m.
worldline, one must additionally impose the supplementary
condition p*S,, = 0 [106]. Equation (3.81) together with
this supplementary condition uniquely determines the
evolution of a spinning compact body in any spacetime.
These equations simplify drastically in maximally sym-
metric spacetimes such as de Sitter. In particular, it was
shown by Dixon [106] that Eq. (3.81) simplifies to

vV, p* =0, V.5 =0 and

v = p*/m (de Sitter). (3.82)
Therefore, I is a geodesic of the background spacetime
which we take to be v* = £ at the center of the static patch.
Given the timelike Killing vector £* and the rotational
Killing vectors z//?l.), the conserved energy and spin of the

observer are

e:=/d3x hn,T%E, L; :=/d3x hnaTabt//<l-)b,
b T
(3.83)

which, when expressed in terms of the four-momentum and
spin of an inertial observer in de Sitter satisfying Eq. (3.82),
are given by37

e=—p,£* and L; = —%S“”Val//(,»>b. (3.84)

As one might expect, the angular momenta L; can be
more directly related to the spin tensor S*” of our observer.
To see this, we first note that the supplementary condition
p*S,, = 0 implies that the spin tensor is purely spatial and
so we may denote it as S/ where i, j indices refer to spatial

For a general c.m. worldline in a spacetime with timelike
and rotational Killing vectors £ and 1//?1.>, the conserved energy is

&€= _pa'):d - %Sahva‘fb and Li = _pal//?l‘) - %Sahvu'//(i)b'

components of the tensor. Choosing an orthonormal frame
on I" given by (v%, (e)¢), we define a spin vector

S; = €S-, (3.85)

where €, = €4cq0”(€)f, (€)§, (e){. While the rotational

generators z//?l.) vanish at I since the worldline is chosen to
be a fixed point of the isometry, the derivatives w(;),; =
Vi |- are nonvanishing, antisymmetric and also “purely
spatial” in the sense that the only nonvanishing components

are w(; k. We define a set of three rotational directions as

(3.86)

Q{,»> = €jkla’(z’)k1,

which therefore define the four-vectors Q‘(ll.) together with
the relation Q‘(Zi) v, = 0. Without loss of generality, we may
choose the rotational generators /() such that Q7 = (e){
and with this identification one can directly show that

(3.87)

By these relations, we see that the mass and spin of the
observer is precisely equivalent to the corresponding
conserved quantities on the observer’s wordline. By analo-
gous arguments as presented in the previous subsection,
these physical properties of the observer match onto
physical charges on the horizon [3], as follows:

e=-X and L;=8&%(y,). (3.88)

We now consider the dressed algebra of observables
invariant under the isometry group as described in
Sec. III B. The algebra is given by Eq. (3.21) where
H = S0(3) and the charges correspond to the observer
degrees of freedom X := — and 6 QR (y(;)) := L;. In this
quantization, these are treated as independent degrees of
freedom. This algebra and model of the observer was
considered in Ref. [2]. As explained in Remark 3.3, even
if we bound the spectrum of & from below, the resulting
algebra is not type II,. Therefore, naively, it would appear
that the conclusions of Ref. [2] do not generalize when
one includes the constraints arising from the rotational
isometries.

However, this conclusion would be premature. The key
point is that the kinetic energy of the rotation of the observer
contributes to its total energy. As such, these degrees of
freedom are not independent and we now take this into
account. The relevant construction of the observer’s algebra
differs slightly from the construction presented in Sec. III B
and so we will present it in a sequence of steps now.”®

#Nevertheless, the resulting algebra is isomorphic to the
dressed algebra presented in Sec. Il B—see Appendixes C
and D for a discussion.
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We first impose the rotational constraints. The algebra of
rotationally invariant observables are those observables
which commute with the operator39

&My

@) =F(yu) - L. (3.89)

where we have used the fact that 5> QR (y;)) = L; and L;

generates infinitesimal rotations in g (3). The dressed

observables that satisfy this constraint are of the form
y(wip ) = e FW0ly(w)eFwo) . (3.90)

The full von Neumann algebra of rotationally invariant
observables is

2[dress.(‘@; SO<3)) - {7(W ]II ) L; }”

on 7 @ Hsoi). We note that gy (#;50(3)) is a
type III algebra since we have not yet imposed the
Hamiltonian constraint.

To consider the Hamiltonian constraint, we first must
consider, more carefully, what we mean by a quantum
mechanical observer. We note that the description of a
quantum mechanical observer differs from that of a
classical observer in that an initially localized quantum
body will generally undergo “wave packet spreading” and
will thereby disperse at late times. Such an observer can, in
principle, see the entire spacetime and their experience will
not coincide with that of a localized, classical observer with
a well-defined static patch. This has interesting effects on
the algebra; see Ref. [109]. To obtain a well-defined static
patch, one must work in the limit where the Compton
wavelength of the body is much smaller than the size of the
cosmological horizon—i.e., a localized quantum mechani-
cal observer satisfies Ac < ¢yg. In the limit as 4~ — 0, we
recover the description of a localized body with a well-
defined static patch. To ensure this, we model the observer
as having a rest mass given by

(3.91)

m=M1+gq, (3.92)
where M > 1/¢4s and g are the O(1) fluctuations (in
powers of M¢yg) of the rest mass. We quantize ¢ in L*(R)
with conjugate ¢, i.e., they satisfy [q,#] = i. Therefore, in
addition to the G, — 0 limit, we must also consider the
M7 s — oo limit to obtain a localized observer. In par-
ticular, all physically properties of the observer are assumed
to depend smoothly on M as M35 — oo.

I As discussed in CLPW, in order to obtain a nontrivial algebra
and satisfy the constraints, one must also place an observer in the
complementary static patch . [2]. In our discussion, the secon-
dary observer must also be rotating and the charges 5 Q" match
onto the observer’s energy and angular momentum.

With this limit in mind, we now include effects due to the
observer’s rotation. The general relationship between the
angular momentum and the rotational energy depends on
the precise details of the body. As an illustrative example,
we consider the observer to be a “rigid body.” For a such a
body, one can define a symmetric “inertia tensor” /;; which
is constant along I" [106] such that the total energy of the
body is given by™

1
e=Ml+q+31I; 1SS/, (3.93)

where 7! is the inverse of /;;. Using the fact that §' = L',
the spin of the observer is quantlzed in g0(3). The total
energy can be put into a positive form by con31der1ng an
orthonormal basis (&)} (A =1, 2, 3) which diagonalizes
I;; with real, positive41 eigenvalues /. This basis corre-
sponds to the principal axes of the body which in general
will not align with the angular velocities Q“ defined

above. As such, the total energy of the observer is of
the form

e=M1+q+= Z ML-e )2 (3.94)

The Hamiltonian constraint in the quantum theory is that
all physical operators in % commute with

52QL(1) 1
—— 2 =-F(1)-Ml—-q—- I"HML - ep)?
1 = P MI=g =3 S L)
(3.95)
on the Hilbert space ¥ ® # 503y ® # ' where we have

have used Eq. (3.88) as well as Eq. (3.94). If we define the
total rotational energy of the observer as

Hrot[Li] = Z(I_

A

DAL - ey)?, (3.96)

then the algebra of observables which satisfy the
Hamiltonian constraint is given by

A, (%R x SO(3))
O+Huod)y (v, G i(F(O)+Hod)

— {e—l

e_l(F( )+Hmlt)Ll.e +Hmlt }//

(3.97)

““We assume that the size of the body scales as O(1/v/M)
as M becomes large. Thus, [;; is O(1) and, similarly, the
rotational energy is also O(1) in powers of M.

Positivity of the eigenvalues arises from the condition that
T°b satisfies the weak energy condition.
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We have included the superscript to signify the conceptual
distinction*?of the algebra AP from the algebra g
Finally, we note that since the observer was put into the
spacetime “by hand,” we need to bound its physical
properties. In particular, as in Sec. III A, it is physically
reasonable to bound the energy € of the observer from
below. Since H,, is positive, this amounts to bounding
the spectrum of g from below. The physical algebra is
therefore™

AT (7. R x SO(3)) :=

dress.

Pq>()2[g?esss, (%’ R x SO(3))P(]>0
(3.98)

on.7 @ Hsoi) ® Pyso[#r] Where P, is the projector
onto positive values of g.
The algebra 2-°™ is a type II, algebra. To see this, we note

dress.

that we first constructed the type Il algebra 2y, (%; SO(3))
and then imposed the Hamiltonian constraint. In the lan-
guage of the crossed product, this is equivalent to taking the
crossed product of Wy (#;SO(3)) with respect to the
group R where the Hamiltonian on this algebra is now
F(l) +Hrot[Li]‘ (399)
The arguments of Sec. IIIB show that F(1) on
W jress. (%5 SO(3)) is the modular Hamiltonian of the weight
l0) ® |eso(3z)) on F @ Hso(3)- The dressed algebra con-
structed in Sec. III B is the crossed product with respect to
the modular Hamiltonian induced by this weight and the
trace is given by Eq. (3.22). In our case, the Hamiltonian is
modified due to the rotation of the observer. It is straight-
forward to show that F(1)+ H,y[L;] is the modular
Hamiltonian of the weight |w) @ e Hollil/2|egqq)). It
follows from identical arguments as presented in
Sec. III C that the trace on the physical algebra is given by

obs

TRXSO(}) (&) = <w, O[R, 830(3) |€_%(q+Hmt)

X &e_%(quH“") |a), OR, 650(3)> (3100)

“The algebra AL, (%, R x SO(3)) is, in fact, inner unitarily
equivalent to the dressed algebra constructed in Sec. III B. This
can be seen by identifying both algebras with the modular
crossed product of Wy (%2;SO(3)), only with respect to
different reference weights. By the Connes cocycle theorem,
these crossed product algebras are canonically isomorphic. The
reader is referred to Appendixes C and D for an in-depth
discussion of these facts.

To get a slightly better model of the observer, it would
perhaps be more sensible to bound the spectrum ¢ > 0 from
below. In terms of the observer’s degrees of freedom, this would
bound the spectrum of ¢ in terms of M and the total rotational
kinetic energy. For example, for the isotropic body, this bound
would be ¢ > —M — (¢ + 1)/21. While this bound is slightly
more nontrivial, the algebra of observables is still type II; as
explained in footnote 42.

for any a€ AL (%;R x SO(3)). We note the direct
similarities between Egs. (3.100) and (3.22) where
X is now replaced by the observer degrees of freedom
—q — H , which acts nontrivially on the full Hilbert space
Hs03) ® Pyso# ). To see that the algebra is type IT; we
can simply compute the trace of the projected identity

operator

Tﬁﬁbxgsm@ (1) = (. Or. eso3) |e_%(quHm‘)l"POqu7>0

1
X e_§<q+Hml) |w, 0R7 eso<3)>

= (Ogle™P,-0|0r) (eso@)|e ot lesos))-
(3.101)
The first factor is finite due to the projection
(Og|eP,.|0g) = / " dge1 = 1. (3.102)
0

Thus, the identity is a trace-class operator if and only if
e™Ho/2|egn3)) is a normalizable state in #sox). To
analyze this, we first consider the simple but illustrative
example of an isotropic body where Iy =1, =13 =1. In
this case, the Hamiltonian simplifies to

L2
Hrot =37

5 (3.103)

(isotropic body).
To evaluate the norm of e=Hrwi/ 2|€so(3)> we expand [egq3))
in an orthonormal basis ) where £ = 0, 1, ... labels
total angular momentum and n,m = —7¢,...0..., 7 label
the left and right azimuthal quantum numbers—i.e.,
the improper basis satisfies (£, n,m|¢',n',m') =
O¢ 0y Om - The non-normalizable neutral element in
this basis is given by

|eSO(3)> - Z V20 + 15mn|f’n7m>'

Z.n,m

(3.104)

It follows from the fact that L2
£(¢+1)|¢,n,m) that

)=

—-H, rot

<€so(3)|€ |€so 3)>

2+ 1)e (isotropic body),  (3.105)

Ms

=0

which is a convergent sum. By a lengthy but straightfor-
ward calculation, one can indeed check that the state
e™Hw/2|eq(3)) remains normalizable if one considers a
nonisotropic body simply due to the exponential suppres-
sion of the high angular momentum contributions in the
sum. Up until now, we have considered a rigid body, but
we note that trace (3.100) also applies equally well to a
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nonrigid body (e.g., a fluid). In this case, the total kinetic
energy will receive additional contributions due to internal
motions. Nevertheless, the contribution due to the rota-
tional kinetic energy will be of the form™ of H,.[L;]
and the normalizability of e Hw/ 2|€so(3)> remains a
necessary condition for the trace to be normalizable. It
appears likely that, for a large class of physical bodies,
AL (2, R x SO(3)) is a type II; algebra.

Following the arguments of Sec. III D, we note that X =
—M1 — q — H,;. Thus, we find that, indeed, the entropy of

any semiclassical state <i>a is given by

%) +S(pa) + C. (3.106)

SuN. (p(i)a) = Sgen(q,\)a
which is the generalized entropy up to a term which involves
the fluctuations of both the observer energy ¢ and angular
momenta L,. Finally, we note that since the algebra is
type II,, there exists a maximum entropy state |®,,,,) whose
density matrix on 2™ (2; R x SO(3)) is equal to the

dress.
identity operator 1. This maximum entropy state is

Do) = |@) ® e~ @H)/2]0g, e50(3)). (3.107)
where we recall that, in de Sitter, |®) is the Bunch-
Davies state.

IV. THE FULL DRESSED SUBREGION ALGEBRA

We have demonstrated that the isometry invariant alge-
bra Wgress. (%5 Gisom) 18 type I1. However, W yees (% Gisom)
is not a subalgebra of Ay.s (#;G). In this section, we
consider the type of y,.qs (%; G). This quantization differs
in two essential respects from the analysis presented in
Sec. III. The first is that, for an infinite dimensional group,
there does not exist any translation invariant measure. The
second, related issue is that, while no translation invariant
measure can exist, there may exist measures, ¢, which are
quasi-invariant under a subgroup Gy C G. Thus, the main
issue we will have to contend with in this section is the
construction of a Hilbert space # = L*(G;pu) with
measure yu which is suitably quasi-invariant with respect
to a “large enough” subgroup of G. To achieve this, in
Sec. IVA, we ignore the rotational subgroup and consider
only the algebra ... (#;S) satisfying the boost super-
translation constraints. We argue that, for a large class of
suitably quasi-invariant measures, this algebra is type II. In
Sec. IV B, we combine the results of Sec. IVA and Sec. 111
to argue that the full dressed subregion algebra
Wgress (%5 G) is type II and the entropy is equivalent to
the generalized entropy for semiclassical states.

Although our primary focus has been on gravitational
fluctuations, in Sec. IV C we show that closely analogous

“For a nonrigid body, the inertia tensor will, in general, be
time dependent.

considerations apply to matter fields. In particular, such fields
may give rise to constraint equations generated by an infinite-
dimensional, (possibly non-Abelian) group of “large” gauge
transformations on the horizon. Similar to the analysis of
Sec. III, we consider an algebra .. (#; R x H) where H
is a general, non-Abelian, nonlocally compact group and
collect a set of sufficient conditions for the algebra to be
type II.

A, Wyoss (%#;S) is a type II algebra

In this section, we construct the algebra e (Z;S)
invariant under the subgroup of boost supertranslations S.
This is a simpler example than the full invariant algebra
which nevertheless implicates many of the essential issues
involved in quantizing the full group G. As explained
above, the major effort in this section will be devoted to
describing a suitable Hilbert space .7’ which admits an
action of 5°Q(f) for a sufficiently large set of boost
supertranslation functions f. One can construct a Hilbert
space L?(S,y) given a measure y on the space of super-
translation functions. Since S is infinite dimensional, there
exist many inequivalent choices of measure and none of
them are a priori preferred due to the nonexistence of an
invariant Haar measure. A well-studied class of measures
are Gaussian measures. The choice of a centered, Gaussian
measure is equivalent to that of an “action” on the space of
boost supertranslations, as we shall now explain.

1. The Hilbert space 57 s

Since it is more familiar, we first construct a suitable,
Gaussian measure by starting with a choice of action—i.e.,
a symmetric, bilinear map on S. As a concrete example,
we might consider

Sif) = - [ s 7s, (4.1)

where dQ is the measure on the two-sphere horizon cross
sections of the background. This particular action on the
boost supertranslations was recently obtained in Euclidean
quantum gravity by considering graviton fluctuations in the
vicinity of a Killing horizon® [110]. The arguments
presented in this section will largely be agnostic to the
choice of action and nearly all formulas will apply for any
choice of S[f].

We note that the zero modes of the action (4.1) are the
space of constant boosts. In general, it will be useful to
restrict attention to actions with this property. Without loss
of generality, we will will assume that S[f] is chosen such
that its only zero modes are the constant translations. With

“Reference [110] was primarily interested in the case of
fluctuations of the static patch in de Sitter spacetime but a similar
analysis applies to any spacetime region % bounded by Killing
horizons.

065010-32



GENERALIZED BLACK .... II. THE COMPLETE ...

PHYS. REV. D 114, 065010 (2026)

any action of this type, one may formally define a path
integral over the group S, := S/R given by

Z:= / Df =511, (4.2)

where the “0” in S, denotes that we have quotiented out by
the constant mode. Of course, mathematically speaking, the
individual symbols in the above equation are not, a priori,
well defined. For example, the normalization Z =
[det(—2?)]~"/? is formally infinite and must be regulated.
In particular, the ({-function regulation of Z yields

Z = ¢¢'(), Hereafter, any determinants that appear in
the following manipulations are meant in the sense of such
a regulation. Similarly, the objects Df and ¢S] in the
measure are not individually well defined. However, as we
will now briefly review, the measure

dy(f) = Z'DfeSV] (4.3)
is well defined on Sy. The object dy(f) on S, can be
rigorously defined as an infinite dimensional Gaussian
measure on a choice of o-algebra of measurable subsets
of & [111]. Starting with a topological vector space of
smooth functions f in S, one can choose the c-algebra of
subsets to be generated by the “cylindrical sets” (see
Refs. [112,113]). By the Bochner-Minlos theorem (see
Sec. A.6 of Ref. [111]), a centered, Gaussian measure is
determined by specifying any positive, symmetric billinear
map K(f, f,) on the space of test functions which is to be
interpreted as the covariance of the measure. For S[f] given
by Eq. (4.1), the covariance of y is the inverse of the
Laplacian

k(o) = |

S$?x

49 %, Gx . x8) f1(x) fo(xt),
(4.4)
where

P2G(xt.x}) = 652 (x4, ). (4.5)
which is uniquely defined on S,. With this understanding,
in the remainder of this section we freely manipulate the
individual objects appearing in Eq. (4.3). As we will
explicitly check, the resulting expressions will be well
defined in the above sense. Along with the Gaussian
measure y, the full measure on S becomes
du = dr dy(f), (4.6)
where f € Sy and dt is the Lebesgue measure on the space
R of constant boost supertranslations.
Given the measure y, we now construct a corresponding
Hilbert space .77, defined by the space of complex wave

functions ¥ = {¥(f)} with finite norm

P = 2z / Df e SIER(). (A7)

The inner product of two such states ¥, = {¥,(f)} and
W = {¥2(f)} is

() = 21 / Df ST (I (). (48)

The full Hilbert space for the boost supertranslations is
given by

%S:zﬂﬂ%@%&)' (49)

As we reviewed in Sec. III A, the Hilbert space p
admits a unitary action €2 by the constant trans-
lations. Similarly, 75 admits a unitary action of the
higher harmonic boost supertranslations. In contrast to the
Lebesgue measure, the Gaussian measure is not translation
invariant. Under translations f — f + f’, the Gaussian
measure changes by the Jacobian

dy(f) = J(f.f)dy(f) where J(f,[) = e 25U 1=5U01,
(4.10)

and, for brevity, we have introduced the notation S[f, f>]
to be the bilinear induced from S[f]. In the case where the
action is given by Eq. (4.1), we have that

S fal == [ d@f P s (1)

Still, the translations in the space S; may be unitarily
implemented on s, as

("I f] = J(f f = ) PRI = £ (412)
where the presence of the Jacobian is due to the non-
invariance of the measure. As we have indicated in the
beginning of this section, not all translation operators
8*Q(f) are implementable on % s = L*(S,y). This is
because a translation can shift the Gaussian measure y to
an inequivalent measure*® y'. In that case, the correspond-
ing Hilbert space 7 = L*(So,y') will be unitarily
inequivalent as a representation of 6>Q(f). From the form
of J(f,f’), it is clear that the allowed translations must,
at least, have finite action in order for the Jacobian to be
well defined. It follows from the Cameron-Martin theorem
that these operators, in fact, constitute the complete set of

46, . . .
Two measures y and y’ are equivalent if their sets of measure
zero are equivalent.
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allowed translations [111]—i.e., the operator ¢?"2() is a
unitary operator on .7 g if and only if f has finite action.
We will denote the set of boost supertranslations which are
unitarily implementable on the Hilbert space 575 by

S = {feS|S[f] < =} (4.13)
With a judicious choice of action, the space S can be so
constructed as to contain all smooth boost supertranslation
functions. In this sense, the Hilbert space admits an action
of sufficiently many charge operators §*Q(f). One can
equivalently view the quantization g as a choice of
states in which the charges 6> Q(f) have finite fluctuations
for all f€S.

Given the Hilbert space 5, we can now define the
group von Neumann algebra of S. In particular, this algebra
is given by

A(S;y) = 1{5Q(f)If €S} (4.14)
which is closed in the weak operator topology of the Hilbert
space .7g. This algebra admits a distinguished vector

|Q) = {1} which corresponds to the constant wave func-
tion on S. This state is normalized as follows:

=z [Drei—1 @

and is a cyclic vector for the group algebra. To be precise,
the action of the unitarities ¢?"2(/) generate the dense set of
states [111]

¥)) = eP20|Q). () = J(f. 1) (416)
for all f €S. In the second equality in Eq. (4.16), we have
written the state as a wave function known as a “stochastic
exponential.” The stochastic exponentials |¥';) are known
to be dense in L?(Sy,y) [111]. In this sense, the unitaries
el generate the entire Hilbert space. The Hilbert space
s, also admits a “position basis” |f) which satisfies

I = 6,(£.1"), (4.17)

with &,(f, f') the 6-function adapted to the measure y such

that [ dy(f)8,(f.f) = 1. Any state ¥ = {'¥(f)} in #s,
can be formally expanded in this basis as

I%z/meMﬁ (4.18)

We note that the Hilbert space also admits a multiplication
operator. If 7(f) is any bounded function on S, then we
define the operator 7(f) in the position basis via

T()If) = TIS)-

We conclude this subsection by providing an equivalent
formulation of the Hilbert space .75, and the group von
Neumann algebra 2(%;S,) in terms of “infinite tensor
products.” Since the infinite tensor product of von
Neumann algebras is well studied [114], this reformulation
will be extremely useful for our analyses in the following
sections. We first note that the space Sy =~ X4 ,R since
any f€S, can be decomposed in terms of spherical
harmonics as’

(4.19)

f = Zcfm Yfm'

‘m

(4.20)

Under this decomposition, the Gaussian measure y can
be decomposed in terms of an infinite tensor product of
centered, one-dimensional Gaussian measures [111], as
follows:

>0,m
where each y,,, is unit normalized on R. Consequently, the
Hilbert space .5, = L*(S, dy) can similarly be decom-
posed as an infinite tensor product [115], as follows:

%SO ~ ® Lz(R,dyfm).

>0,m

(4.22)

In this representation, any vector in this Hilbert space is
defined by the specification ¥ = {y,,,} of a family of
wave functions v, for each £, m such that the product

1= TT Il

>0,m

(4.23)

converges where the norms in the rhs of the above
expression are computed in each L?(R, dy,,,). For exam-
ple, the distinguished vector |Q,) € L*(S,dy) introduced
above with wave function , = 1 now simply corresponds
to the family of constant wave functions Q,, =1 for
all 2, m.

The von Neumann algebra 2(Sy;y) can be similarly
decomposed as an infinite tensor product of von Neumann
algebras. We will now give a brief overview of this decom-
position and we refer the reader to Ref. [114] and Appendix E
for further details. Each tensor factor in Eq. (4.22) admits a
one-dimensional translation operator Q,,. Following
Ref. [114], we consider the family of von Neumann algebras
A,,,(R) corresponding to the group algebra of R generated
by bounded functions of these Q,, acting on L?(R, dy,,, ).
We then consider the infinite tensor product , (8()) Ay, (R) of

>U.m

“"For rotating black holes, the analogous decomposition would
be with respect to spheroidal harmonics.
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such algebras which can be rigorously defined as a
C*-algebra [114]. To turn it into a von Neumann algebra,
we close the algebra by taking the double commutant in the
Hilbert space .7, to obtain

A(Sp;7) =

[ ® A,n(R)). (4.24)
¢>0,m

From the point of view of the infinite tensor product,
the allowed set of translations Q,,, are those that decay
sufficiently fast in ¢ such that the measure is mapped to an
equivalent infinite tensor product measure.

2. The algebra N4, (%#;S) and its trace

We are now prepared to construct the dressed algebra
invariant under all boost supertranslations and an associ-
ated trace on this algebra in direct analogy to the con-
struction presented in Sec. III C. The key ingredient in that
construction was the introduction of a “neutral element”
vector for the Hilbert space. To this end, we seek an
analogous vector on 7s,. We recall that, in the Hilbert
space associated to a locally compact group, such a vector
was formally defined as a J-function wave function on the
group. Our goal will be to identify an improper state on
I s, satisfying these properties.

The analogous vector in .7 is |e,) which is the
(improper) state with wave function §,(0, f) relative to
the measure dy(f). It is straightforward to check that |e,)
has finite inner product with any state in the span of the
space of the stochastic exponentials |¥;) defined in the
previous section. As such, the vector |e,) is a well-defined
distribution on a dense set of states in .7 . To show that
le,) induces a semifinite, normal weight on the group von
Neumann algebra, it is useful to express this vector in terms
of the infinite tensor product defined above as
(4.25)

|e}/> = | yfm>

>0,m

Here, each |e,, ) is a vector on L*(R, dy,,,) whose wave
function is a d-function centered at c,,, = 0 with respect to
the measure dy,,. Each |e,, ) moreover induces a faithful,
semifinite, normal weight on the group algebra 2, (R)
which is analogous to the neutral weight described in
Sec. III C. Following the construction of Ref. [116], the
infinite tensor product (4.25) will define a semifinite,
normal weight on 2(Sy;y) provided that there exists a
projector p,,, on each L?(R, dy,,,) such that

<ey/,,,|pfm|eyfm> =1 (426)

in an almost everywhere sense relative to the indices £, m.
In our case, each Hilbert space has a distinguished projector
Pem = |Qsm)(Qp| which satisfies this condition since
|Q,,) =1 for all £,m. As each |e,, ) induces a
fm|Qfm> =1 for each

/t’m

faithful weight on ,,,(R), and (e

¢, m it appears likely that the weight induced by |e,) is also
faithful on the infinite tensor product. However, we have
not attempted prove this rigorously.481n the remainder of
this section, we give a formal path integral argument that
le,) is also faithful.

We now explore the properties of the vector |e,) in the

path integral picture. Since the unitary operators el
with f €S, generate 2(S;y) it is natural to introduce the
formal expression

#15°Q) = [ arpwineren.  (w2m)
As in the case of the path integral, the expression (4.27) is
not to be interpreted as a literal operator-valued integral.
Rather, it serves as a convenient shorthand for an operator
defined indirectly, via limits of bounded operators. More
precisely, 7(6°Q) is defined as an element of the weak
operator closure of the algebra generated by the unitaries

e, Concretely, one may consider a sequence of
operators of the form

Q) = [drpwerern.  (2s)
where P denotes a (finite-rank) projection onto S. For
each P, the exponential defines a genuine unitary operator,
and hence p(5°Q) is a bounded operator on the Hilbert
space. The operator (6>Q) is defined by taking appro-
priate limits of such sequences in the weak operator
topology.

We will ignore these more subtle issues of functional
analysis and simply proceed by working formally with
Eq. (4.27). All manipulations will be justified by verifying
that the resulting expressions are well defined. For exam-
ple, the matrix elements of Eq. (4.27) with respect to the
dense set of states |¥,) are given by

(W, [ (6°Q)|¥y,)

— =Sl z-1 /@f’ (f)e =S g=3SIf2=f1.f1]

(4.29)

It is straightforward to show that this integral converges.49
for any w(f) of the form of a stochastic exponential. Such

If the weight induced by le,) is not faithful, we may restrict
to the corner of 2A(Sy;y) induced by the support projection on
which this weight is faithful. In the case of de Sitter spacetime
considered in Sec. V, due to the properties of the observer, the
weight will be modified to a state and, as such, will manifestly
be faithful, semifinite and normal.

As a simple example, consider the case where y(f) = 1 is the
constant function on all of S. In this case, (¥ [/(5*Q)[¥,) =
(5/4)23¢ 8112 which is finite for f,f,€S. It is also
straightforward to check that the associated form is lower semi-
bounded, with largest lower bound inf re Se—ss 1,
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wave functions are dense in the full Hilbert space
Hs, = L*(Sy: 7). Furthermore, by considering the diago-
nal matrix elements, it is straightforward to show that the
map |¥) — (P|@(6*Q)|¥) is lower-semibounded—i.e.,
the infimum of the ratio (P[j7(6*°Q)|¥)/||¥||* is finite
over the dense domain. These properties indicate that
(the closure of) Eq. (4.27) can be defined as a good
operator for y(f) on a larger domain than S [117]. Tt
would be of interest to analyze the precise convergence
properties of sequences of the operators {»(6*°Q) } as well
as identifying the full class of functions y(f) for which the
corresponding limits exist. Nevertheless, the above argu-
ments indicate that Eq. (4.27) corresponds to a well-defined
operator in 2(S;y) for a large class of functions.

From this formal “path integral” picture, the vector |e,)
satisfies all of the properties of the neutral weight |ey) in
Sec. III, as follows:

(e, (5 Q)le,) = y(0) (4.30)

as well as

(e, lH(52Q) H(5°Q)e,) = [S (T P(f).  (431)

By these arguments, the Hilbert space .7g is the GNS
Hilbert space with respect to |e, ). Consequently, in addition
to being semifinite and normal as noted above, Eq. (4.31)
implies that it is also faithful. We will simply assume these
properties hold without restriction (see footnote 48) in the
remainder of this paper.

We now construct the dressed algebra, 2y,.ss (%;S), and
its associated trace. With the Hilbert space 77’5 defined, the
dressed algebra is given by

Wiress, (2 S) = {5y (wif ). 8 Q(f)If €S}, (4.32)
closed in the weak operator topology of % @ ¢, as
described in Sec. ITF. Here, &y(w;f) are the dressed fields
in & invariant under any boost supertranslations f such that
the projection f|,., to higher spherical harmonics is an
element of S. The trace on this algebra is given by

t5(a) = (0,0, ¢,|eX/?ae* |0, 0g, ¢,), (4.33)

where @ € g, and we recall that X := 5>Q(1)/4Gyp.
The operators

a = e F) geiF () gio* QU1 (4.34)

form an additive basis for the algebra in the sense defined

above. As explained in Sec. III C, the key property that we
need to check is

(w, O, e},|&l; ®,0r. e,) = (@, O, e},|lA)e_X€zeX|w, Og. ;).

(4.35)

By Eq. (3.27), this property directly implies that 75 is a
trace on the dressed algebra. We first note that the following
algebraic properties used in Sec. III C remain true for the
algebra Wyess (% S):

(1) |w) is annihilated by F(f) for any f and K, = F(1)

is the modular Hamiltonian of this state.

2) e?2Wle,) = |f)

3) Kot pitX p—iKt — ,Hit(X+K,)

(4) €iF)eid* Q) o=iF(f) = (i8*QUS) piF(f)
where the last relation is simplified relative to Eq. (3.31)
since the group & is Abelian. Consequently, we can apply
identical manipulations of the rhs of Eq. (4.35) as we did
for the rhs of Eq. (3.26) in Sec. III C up to Eq. (3.37). These
manipulations yield

rhs = /d_Xei(t’+t)X<a)’ e |ae—iF(f)e—itK,,,b
2 4

o, f+ ).
(4.36)

Similarly, the manipulations of the lhs of Eq. (4.35) are
identical to those considered in Sec. III C for the lhs of
Eq. (3.26) up to Eq. (3.41). This yields

dX . / . ! 24l
lhs = /2—6’(’+’ X(w, ey|ae’F(f>e”wa|w, 1+ 1).
b4
(4.37)

Using the fact that the integral over X yields the ¢ function
6(t+1') and (e,|f + f') = 6,(0, f + f'), we obtain

ax .., e
ths = /Ee’(t DX (w|aetV) e~ Ko blw)5, (0, f + f),

@)8,(0, '+ f),
(4.38)

lhs = /Z_Xei(H—t’)X<a)|aeiF(f’)e—ithb
T

where we permuted f and f’ since the group is Abelian.
Therefore, 75 is a densely defined trace on Ay (Z;S).

Given this trace, it is straightforward to construct
density matrices associated to any state of the form |®,) =
lp) ® |a) where |p) €. and |a) € s. By the same
manipulations as in Sec. IIID, the density matrix is
given by

Py = &(52 Q)e—iF(f) e_inte_X/zA(Ma)

x e~ X/2¢iKut oF N (32 Q)T (4.39)

where
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&(5Q) = / dr(fa(f)e®2D.  (4.40)

For any semiclassical state, the von Neumann entropy is
given by

= S (@lw) + S(pa) +log(p).  (4.41)

S\N (/’zi)a) ~ (X >(;;,,

B. The full, dressed subregion algebra
is a type II algebra

In the previous two sections, we have seperately
shown that the algebra Wy, (#,S) satisfying the
boost supertranslation constraints as well as the algebra
Wress (%, R X Higor) satisfying isometry constraints are
type Il algebras. In this section, we combine these results to
show that the full dressed subregion algebra g (%) is
type II.

We first recall that the group G is also of the form R x H
where now H = H,,,,, X Sp. Given a measure y on the
group of boost supertranslations, we obtain a measure on
the full group G as

dpc(f.w) = dtdpy (w)dy(f). (4.42)
where duy(y) is the invariant Haar measure on Higp,.
Following the previous section, we shall choose y to be a
Gaussian measure on S. The corresponding Hilbert space
M = L*(G;dug) consists of states W(f,y) with finite
norm

|| = / du(f )P )W (foy). (443)

where in the above expression, f € S including the constant
mode. We recall that the measure dtduy(y) is invariant
under the constant boosts and rotations. As we explained in
the previous section, the measure y(f) will not be invariant
under the action of higher-harmonic boost supertranslations
since any choice of S[f] is not invariant under the shift
f = f+ f. This was the primary issue dealt with in that
section, in which we showed that one must more carefully
consider the unitary action of boost supertranslations in the
construction of the group von Neumann algebra. As we are
now including rotations and, since the boost supertransla-
tions are not rotation invariant, it appears that one might
have to repeat this analysis to account for this nontrivial
action. However, it is clear that y can be chosen such that no
new complications arise. This follows from the fact that any
choice of action S[f] on (g4, S?) that is local and covariant
with respect to g, Will, in fact, be invariant under the
action of H;,,,. An example of such an action is given by
Eq. (4.1). Under this mild restriction, the measure y is also
rotationally invariant. The full Hilbert space is simply

%G:%R®%H-

o @ Hs,. (4.44)
For the remainder of this section, we will assume that y is
chosen such that its associated action is local and covariant.

We will now construct the trace, density matrices and
entropy of states on the full dressed algebra. For simplicity
we will first restrict to AdS black hole spacetimes where
Eq. (2.24) holds so that W yee, () = Wgress. (H). We treat
the case of de Sitter spacetime separately in Sec. V.
Following the arguments of Secs. III and IV A, it directly
follows that the algebra Wy (#) on F ® A is a
type I, algebra with trace

7(a) = (0,0, ey, ¢,|eX*aeX |0, 05, ey, e,)  (4.45)
for any a € Wgpess (#) where we recall that |ey) is the
neutral element of the Hjg,, and |e,) is the neutral element

of S,. For any state |®,) = |¢) ® |a) where @ is a wave
function on 7, the density matrix of this state on
W yress. (#) is given by Eq. (3.46), where @ in that expression
now corresponds to the Fourier transform of the wave
function a with respect to the group G and measure pg
[see Egs. (3.45) and (4.27)]. By nearly identical manipu-
lations as presented in Secs. III A and III D, the entropy of
any semiclassical state is given by

SuN. (p(i)") = Sgen<q)a f%’) + S(pa) +C, (446)
where S(p,) encodes the entropy of the fluctuations of the
charges 6> QR (f,w). In spacetimes where Eq. (2.24) does
not hold, the initial data must be further supplemented by
data at past infinity. As we reviewed in Sec. IIIE, for
gravitational perturbations of an asymptotically flat black
hole, one must further include a type I algebra (™) of
incoming radiation from past null infinity:

2[dress.(‘@) = 2[dress.(?—{l;) ® 2[(]_)

(asymptotically flat). (4.47)
This type I algebra simply modifies the trace (4.45) by an
ordinary Hilbert space trace on the degrees of freedom at .~
[see, e.g., Eq. (3.72)]. Finally, as explained in Ref. [3], for
black holes in de Sitter space, the region % is bounded by the
black hole horizon H}, ;, and the cosmological horizon H ..
Thus, the local graviton algebra 2 (%) decomposes into the
product of two algebras A(Hy,) and A(Hy.) both of
which are type III. Following the arguments of Sec. 7 of
Ref. [3], the full dressed algebra becomes

2[dress.(‘@) = 2[dress.(,’—([_{b) ® 2[dlress.(,’—(lj,c)

(asymptotically de Sitter), (4.48)

the product of two type Il algebras and therefore is type Il,.
Therefore, for any stationary black hole spacetime,
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W ess (Z) is atype 11, algebra. In all cases, the generalized
entropy continues to be given by Eq. (4.46). As indicated in
Sec. IIIF, the treatment of de Sitter spacetime, being a
closed universe, requires a separate analysis which we
present in Sec. V.

We conclude this section with some speculative com-
ments on the full symmetry group of & and the matching
of the charges 8> OR(f,y) to other charges defined on the
boundary of Z%. While such a matching is not strictly
necessary for the arguments presented in this paper, the
conjectured relationship between symmetries on black
hole horizons and those at infinity have played a signifi-
cant role in discussions of edge modes in black hole
spacetimes (see, e.g., Refs. [31,46,118,119]). We therefore
take this opportunity to clarify the status of these ideas and
to comment on their relevance for the considerations of the
present work.

In an asymptotically flat spacetime, the complete sym-
metry group of % comprises the symmetries on the black
hole horizon together with the symmetries at infinity. In
four spacetime dimensions, the symmetries at null infinity
are the Bondi-Metzner-Sachs (BMS) group, which has a
similar structure to the group G = Hj,, X S on the black
hole horizon where H,,, is replaced by the Lorentz group
SO(1,3) and S is now interpreted as the Abelian group of
supertranslations at null infinity [120]. One might expect
that the symmetry group defined at infinity is independent
of the symmetries of the horizon—i.e., one can perform
independent actions of the symmetry group on H~ and .#~.
However, this is not entirely the case. As we reviewed in
Sec. I E, the symmetry generators of the constant boosts
and rotations on the horizon actually match to correspond-
ing generators of time translations and rotations at infinity
[3]. The matching of their corresponding charges at i~
directly follows from FEinstein’s equation and its proof
strongly uses the fact that there is a unique extension of
these symmetries off of the H™ and .#~ as isometries in
the bulk.

In a similar manner to how the charges 6>Q(f) corre-
spond to “angularly weighted averages” of the area, the
supertranslations at infinity generate supermomentum
charges 8?M(f) which correspond to angularly weighted
averages of the mass at infinity (see, e.g., Ref. [92] for a
precise definition). For gravitational perturbations of a
Schwarzschild black hole,50 a natural generalization of
the relation 82QR(1)/4Gyp = 8*M;-(1) is

For a Reissner-Nordstrom black hole, the proposed analog of
Eq. (4.49) presumably involves the inclusion of large gauge
charges of the electromagnetic field at i~ [92]. The generalization
of Eq. (4.49) to Kerr is far less clear since any proposed matching
should generalize Eq. (3.80). This may involve proposed ex-
tensions of the BMS group to include superrotations’ (or “super-
Lorentz”) charges at .# [121,122]. However, such extensions
introduce new complications in both the classical [123] and the
quantum theory (see Sec. II E).

(4.49)

for any f and there is a similar matching of perturbed
charges at i*. Equation (4.49) is the perturbative version of
a charge matching condition that was previously conjec-
tured a decade ago by Hawking, Perry and Strominger [46]
(see also Ref. [31]). The matching of these symmetries is
similar to an analogous problem of matching the super-
momentum charges at i°. The matching of the f = 1 charges
corresponds to conservation of the ADM mass [124], and
the matching of the higher harmonic charges was originally
proposed by Strominger [125]. Despite the fact that
supertranslations are not isometries of the spacetime, the
“weak-field” nature of spatial infinity drastically simplifies
Einstein’s equations, and the matching of supermomen-
tum charges at i® can be established nonperturbatively
[126-129]. By contrast, in the presence of black holes,
timelike infinity is a “strong-field” regime, and a compa-
rable perturbative or nonperturbative analysis of Einstein’s
equations is far more difficult to carry out.”’ We hope that
the role played by these charges in the quantum theory of
black holes, as highlighted in the present work, provides
additional motivation for revisiting their possible matching
in the classical theory.

We now comment on similar matching problems for
black holes in asymptotically anti—de Sitter and de Sitter
spacetimes. For black holes in de Sitter spacetime, the
natural quantity that would replace the rhs of Eq. (4.49) is
the corresponding limit of the charge 8*Q(f) to i~ along
the cosmological horizon. For f =1, one can directly
prove that the corresponding charges match [3], and such a
relation would be an obvious generalization of this result
for any f. In Sec. V, we will show that, for a test body in de
Sitter spacetime, a similar matching can be shown where
82 QR(f) matches onto the “mass multipoles” of the body.
For black holes in AdS, the higher harmonic charges of
the black hole do not appear to be directly related to any
asymptotic symmetries of the spacetime. However, the
supertranslation symmetries appear to emerge in the hydro-
dynamic effective field theory of the CFT (see, e.g.,
Refs. [119,132] and Sec. VIB for further details). As in
the case of flat spacetime, it would be of interest to explore
the matching of these charges to determine the complete
symmetry group of Z.

We emphasize that while the conjectured matching of the
charges detailed above affects the nature of the global

In d >4 dimensions, gravitational perturbations decay
sufficiently fast that one can reduce the BMS group at infinity
to the finite dimensional Poincaré group [130]. Nevertheless, one
can still define angular weighted averages of the mass which, in
contrast to the situation in four dimensions are not related to any
asymptotic symmetries [101,131]. If Eq. (4.49) holds in d = 4, it
is conceivable that these quantities may similarly match to the
higher-dimensional version of 2 OR(f) at timelike infinity.
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symmetry group of Z, their validity (or lack thereof) do not
affect the arguments presented in this paper. As in the case
of the matching of QR (1), the matching of the higher
harmonic charges do not affect the type of the algebra
W ress. (#). These arguments affect only the relationship
between the charges 6> QR (f) and other charges defined on
the boundary of Z.

C. The dressed algebra with matter fields

Thus far we have focused on quantum gravitational
perturbations of any spacetime with a bifurcate Killing
horizon where we obtained constraints on the first-order
gravitational field arising from the group G = Hji X S.
In this section, we explore the effects of additional matter
fields. The edge modes of general gauge theories (e.g.,
electromagnetic or Yang-Mills fields) have long been
known to be related to an infinite dimensional group of
large gauge transformations on the boundary. Additionally,
they have played a significant role in recent computations
of entanglement entropy of subregions in gauge theory
[20-24,28,48-50,133—145]. In Sec. IV C 1, we outline how
these edge modes arise in our context. This motivates a
further extension of our analysis to consider the crossed
product with respect to infinite dimensional, non-Abelian
groups. In Sec. IV C 2, we consider this much more general
problem and obtain some sufficient conditions under which
the dressed algebra remains type II.

1. Large gauge transformations and matter fields

We assume these matter fields do not significantly
backreact on the spacetime—i.e., their stress energy is
O(1) in powers of Gy. In this case, the additional quantum
fields propagate on the background spacetime and satisfy
decoupled equations from that of the gravitons. The full
Hilbert space is simply a tensor product Hilbert space

ymatt ® ygran (4'50)

where 7€ is the Fock space of gravitons and .7 ™" is the
Hilbert space of any matter fields we wish to consider.
Similarly, the undressed von Neumann algebra is

A7) @ AL (), (4.51)

where 2A™"(Z) is the type III algebra of matter fields in Z.
The gravitational constraints in the presence of matter are
of the form of Egs. (2.48) and (2.54) where now the flux
F(f) receives an additional contribution due to the angular
distribution of the infalling matter—i.e., in Eq. (2.44) we
replace 686, — 648645 + 82T yy—and, similarly, the
flux F(y) receives an additional contribution due to the inte-
grated flux of T 4y” of matter angular momentum across
the horizon. Thus, in the quantum theory, the gravitational
constraints receive contributions due to the energy and
angular momentum of the matter, and so the matter fields

must be gravitationally dressed in an identical manner to the
dressing of the gravitons considered in this paper.

The key difference that arises in the quantization of the
theory with matter is that if the region & contains any gauge
fields then these fields will introduce additional constraints
arising from large gauge transformations of the matter fields.
As noted by CLPW, these constraints are of a form similar to
that of Eqgs. (2.48) and (2.54), and therefore predicate the
inclusion of new charges which generate the large gauge
transformations resulting in a crossed product algebra. As
pointed out by several authors [20,28,48-50,133,134,140],
gauge theories defined in subregions generally admit an
infinite dimensional group of large gauge transformations,
and so will generally give rise to an infinite set of constraints.

As a simple but illustrative example, suppose that our
matter is electromagnetically charged, in which case we
must account for gauge transformations of the form

A, - A,+V,9 (4.52)
together with gauge transformations of any charged matter
fields. To consider the group of large gauge transforma-
tions in &, we first note that, in an analogous manner to
conditions imposed in Sec. II, we are free to impose the
condition that A,n|,, = 0 where n“ is the null normal to
the horizon. The corresponding group of large gauge
transformations is then simply the group of gauge trans-
formations where

Iy = 9(x*) (4.53)
is nonvanishing on the horizon and satisfies any additional
asymptotic conditions at infinity. We note that, in asymp-
totically flat spacetimes, one obtains a similar group of
large gauge transformations at infinity and, it was con-
jectured in Ref. [46] that the symmetries we consider on
the horizon match onto the symmetries at infinity.”> As in
the rest of this paper, our results will be independent of the
precise asymptotic behavior of the spacetime and so we will
simply focus on the group Gygr of large gauge trans-
formations on the horizon.

The large gauge transformations on the horizon generate
charges which, on any cut S;; of the horizon, are given by [46]

Qu(9) = A AQE (U M), (454)

Integrating Maxwell’s equation along the horizon yields the
charge-flux relation

oL(9) — QR(9) = -F(9), (4.55)

2As in the previous section, the matching of the global gauge
& =1 can be trivially proven by the conservation of total electric
charge.
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F(9) = —/ dU dQ 9(x) [y (U.x*) + ZAE,(U.xY)).
(4.56)

The first term is the angular distribution of charge-current
Ju = jan“|y crossing the horizon and is analogous to the
angular distribution of gravitational wave energy-flux entering
into Eq. (2.48). The second term is sometimes referred to as the
“soft” contribution to the flux where E4, = —dyAy is the pull-
back of the electric field E, = F,n” to the horizon™ and so
the second term depends only on the “zero frequency” part of
A, on the horizon. At null infinity, one obtains a very similar
charge-flux relation for the infinite set of angle-dependent
large gauge charges at infinity [91].

The key point is that the flux F(8) generates large gauge
transformations on the phase space and thereby yields an
infinite set of nontrivial constraints. We note that, in
particular, for 9 = 1, the second term in F(1) vanishes
and Eq. (4.55) is simply the constraint of global charge
conservation. In the quantum theory, to construct the full
dressed algebra of %, the physical observables must
commute with Q(9) = OR(9) — F(9). This constraint
is analogous to the constraints we have considered in this
paper and can be solved by QR(9) on L?(Gygr; u) where
u is a Gaussian measure. The construction of dressed
operators proceeds in an identical manner.

However, there are a couple of caveats in directly
extending the arguments of our paper to more general gauge
theories. The first is that, in general, the large gauge group is
an infinite dimensional non-Abelian group. For any Yang-
Mills field, the angle-dependent large gauge transformations
are now Lie algebra valued and the corresponding charges
satisfy charge-flux relations similar to that of Eq. (4.56)
where the current flux is replaced by the flux of gluons
(see Refs. [91,92] for similar formulas at null infinity). Thus,
in an unconfined phase, one will obtain constraint equations
for this infinite dimensional, non-Abelian group. The rel-
evant group of symmetries that impose nontrivial constraints
on the matter fields and gravitons is

G= Hisom X (8 X GLGT)’ (457)
where, in general, G| gr is a non-Abelian, infinite dimen-
sional group. As we explain in the following section, the

3Since we are considering initial data on H~, we may choose
initial data such that A, decays as U — =£oo so that the second
term in Eq. (4.56) identically vanishes. We note that second term
can be nonvanishing on the future horizon [46,88,89,146] or at
future null infinity [91,92,96,147] and, in either case, can give
rise to IR divergences associated with the emission of an infinite
number of soft quanta. The resulting quanta states lie in inequi-
valent sectors labeled by the value of the soft flux. To accom-
modate these sectors, one must also enlarge the von Neumann
algebra in the manner described in Ref. [148].

analysis of these groups is far more complicated than in the
case of the Abelian group that we have considered thus far.
The second caveat is that, as opposed to the free gravitons
considered in the majority of this paper, the algebra
AMM(Z) is, in general, an interacting quantum field theory
on a curved spacetime. In the case of a free theory of scalars,
photons or gravitons, one can explicitly check the invariance
of the vacuum under the large gauge transformations
considered in this paper as well as the action of F(9) as
a self-adjoint operator on the Hilbert space. These properties
are far less straightforward to check in an interacting theory.
We note the analogous flux operators at infinity are well-
defined, self-adjoint operators [92] so the key property
one must check is that this is also the case on black hole
horizons. While we think it is very likely that these
symmetries are not broken in the quantum theory, we
know of no proof of this statement in a general interacting
quantum theory. Such a proof is outside of the scope of this
paper. In the remainder of this section, we will simply
assume that these properties remain when one considers an
interacting theory [see Condition (A.I) of Sec. IV C2].
In summary, from the above discussion we have learned
that the inclusion of general matter fields in &% can
introduce an additional, infinite set of constraints arising
from a (possibly non-Abelian) infinite dimensional large
gauge group. With these applications in mind, in the
following section we consider the crossed product with
respect to a non-Abelian, infinite dimensional group.

2. The algebra N, (%, R x H)
for H nonlocally compact

In this section, we consider the crossed product with
respect to an infinite-dimensional, non-Abelian group. Our
strategy is to follow an approach analogous to that used in
the infinite-dimensional Abelian case studied in Sec. IVA.
We formulate a set of sufficient conditions, (A.I)—(A.IV)
below, which appropriately generalize the arguments of
Sec. IV A. Under these conditions, we show that the resulting
dressed algebra is of type II. As we will see, in the general
non-Abelian setting, verifying some of these conditions
requires a more detailed understanding of interacting quan-
tum field theories and infinite-dimensional measures.
Nevertheless, we hope that the results of this section provide
a useful framework for future investigations.

To generalize our analysis, we first recall the basic
properties of the dressed algebra that were essential for our
construction of the trace in Sec. IVA. These properties
were (i.) the boost supertranslations were unitarily imple-
mentable on the Hilbert space of gravitons, (ii.) the
existence of a dense subspace S C S of boost super-
translations for which the charges 5> Q(f) were self-adjoint
operators on L?(S,y), and (iii.) the existence of a neutral
element |e7> which induces a faithful, normal, semifinite
weight on the group von Neumann algebra 2(S;y). We
note that even for the theory of free gravitons, properties
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(ii.) and (iii.) are highly nontrivial and depend on the choice

of measure on the group.

In this section, we consider an analogous problem where
now the group is non-Abelian. To isolate the appropriate
generalization of properties (i.)—(iii.), we consider a similar
mathematical problem to the one considered in Sec. III B,
where we considered the algebra of observables
W gress. (Z; R x H) invariant under the group R x H. The
major difference is that we will now allow H to be an
arbitrary nonlocally compact group. We note that the large
gauge group given by Eq. (4.57) is of this form where
H = Hisom X (Sg X G gr), which is an infinite dimen-
sional group and so is nonlocally compact. We now define
this algebra as well as conditions (A.I)-(A.III) which
generalize properties (i.)—(iii.) in the Abelian case.

We denote the algebra invariant under R x H as
Wgress (Z; R x H) which is constructed from a type III
algebra A(#) C B(.%) and a group von Neumann algebra
which we denote as (R x H;yy). We will assume that the
algebra (%) has analogous properties as the one defined
in Sec. III B.

(A)  The group R x H acts on the algebra (%) by
outer automorphisms. This action is strongly
continuous on the folium .% and is implemented
by the unitary operators ¢F(“") The generator
F(1) coincides with the modular Hamiltonian of a
cyclic and separating state |w) €.% and the gen-
erators F(h) for h € H annihilate this state.

The major difference is in the construction of the group
von Neumann algebra (R x H;yy) which is defined
relative to a choice of infinite dimensional measure yy
on H. The full measure on R x H is given by

dﬂRxH = dt d}’H (458)
While the general arguments of this section do not directly
depend on whether or not yy is a Gaussian measure, we
note that if it was a Gaussian measure then yy could be
defined by specifying an action on the group H. Given any
measure, we can construct a Hilbert space 7"y defined as
the space of complex wave functions ¥ = {¥(h)} with
finite norm

[P o= / dry(WERE(R),  (459)

and the inner product of two such states ¥ = {¥(4)} and
¥ = {¥,(h)} is given by

W) = [ drWETER).  (460)
The full Hilbert space is
%RXH = %R ® %H' (461)

The Hilbert space 7y contains a basis of improper
states |h) which satisfy

(h|W') =6, (h. 1), (4.62)
where 6, is the S-function adapted to the measure yy.
A general vector on 57’y can be formally decomposed as

%) = / dy 1y (W) ¥ ()R, (4.63)

and, for any bounded function, 7'(h) on H we can define a
multiplication operator
T(h)|h) = T(h)|h). (4.64)
With these ingredients, we can now embark upon the
task of defining the group von Neumann algebra 2L(H; yy).
The full group algebra will be given by
AR x Hyyy) = AR, dt) @ A(H; yy), (4.65)
where 2 (R, dt) is simply the algebra generated by e’*’ on
A where X = 8*Q(1)/4Gyp. The relevant properties of
the algebra 2A(H;yy) depend crucially on the choice of
measure yy. Following the discussion in the previous
section, we will now consider the appropriate generaliza-
tion of properties (ii.) and (iii.). To generalize property (ii.),
the key issue we have to deal with is the unitary action of
left translations on the Hilbert space J#y. Since H is, in
general, infinite dimensional, the measure yy cannot be
invariant under all translations in H. The best one can hope
for is that yy is quasi-invariant under a large enough
subgroup H C H. In other words, for such translations
h € H, the measure transforms as
dyy(hh) = J(h. h)dyy(h), (4.66)
where J(h, h) is the Jacobian of the measure under a left
translation and / € H. The space H is the set of elements &
such that the Jacobian J (%, h) is well defined. We note that
even if y5 was a Gaussian measure defined with respect to
an action S[h], the space H will generally not be the space
of “finite action” elements. This property was special to the
previous section where the group action was simply a shift
of the Gaussian measure. For general H, the transformation
will be nonlinear and so A must be characterized on a case-
by-case basis. Therefore, we assume that
(A.Il) There exists a measure yz on H which is quasi-
invariant with respect to left translations by a large
enough subgroup H C H.
By large enough, we mean that the set of translations is big
enough to include all physical charges in which one is
interested. For example, in the case where Gyt C H, a
reasonable condition is that A includes, at least, all smooth
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large gauge transformations. With this assumption, the left
translations are unitarily implementable with the following
action:

(e 2MW)[h] = J(h, h~'h)""2®[hh],  (4.67)
for any ¥ e .7y The resulting group von Neumann
algebra is then defined as

A(H;yy) ={5°Q(h)|heH}". (4.68)

Moving toward our next assumption, we may again
define an (improper) neutral element vector |e,, ) with wave
function 6,, (e, h) with respect to y, where ey is the
neutral element of the group H. Following the previous
section, the key assumption we will make of this vector is
(AIIT) The weight induced by |e,, ) is faithful, semifinite

and normal on A(H;yy).
For an arbitrary infinite dimensional measure, this property
is highly nontrivial and we know of no general argument
for the existence of a vector of this kind. In the following
section, we outline an argument for the particular case
of H= GLGT’

With these ingredients, we now consider the dressed
algebra Ay (Z; R x H). The dressed algebra is given by
the analog of Eq. (3.21) where H is nonlocally compact and
the algebra is defined on the Hilbert space .# ® Hp,
with respect to the infinite dimensional measure yy,. We
refer the reader to Appendix A for a general construction of
the dressed algebra for arbitrary nonlocally compact groups
admitting quasi-invariant measures.

3. The trace, entropy and density matrices

Assuming (A.I)—(A.III), we now consider the construction
of the trace on the dressed algebra. With these assumptions,
an obvious generalization of the trace given by Egs. (3.22)
and (4.33) to the case where the group is R x H is

T (@) = (0,0g. ¢, |e¥?ae* |0, 05, ¢, ). (4.69)
We now investigate the conditions under which Eq. (4.69) is

a trace on the algebra. As in Secs. [II C and IV A 2, the key
identity that we need to prove is

(W, O, e, |a b |@, O, e},H>

= (0,0g, e,, [beXaeX|w, 0. e, ). (4.70)
Since the operators
. e—iF(t,h)aeiF(t.h)eiﬁzg(r,h)’ (4‘71)

with a € 2 form an additive basis for the dressed algebra in
the sense defined above, we may check this property directly
on such elements. We first note that (A.I)-(A.IIT) imply that

the algebra satisfies the algebraic properties (1)—(3) of
Sec. IVA 2. Property (4) is modified due to the fact that
the group is non-Abelian. The algebra satisfies

oiF(th) ,i5*Q(h) ,~iF (th) — ,i5*Q(h) eiF(hhh*‘)’ (4‘72)

which is the same property that we used in the locally
compact case (see Sec. III C). With these identities, the

manipulations of the rhs precisely mirror the manipulations
performed in Sec. III C. The rhs yields

ax . , . e .
rhs = /2_el(t +Z)X<w’ eyH|ae—lF(h hh ])e—ltwa|a)’ /’ll’l/>,
T
(4.73)

where we recall that K, := F(1) is the modular Hamiltonian

w

of the state @ on 2. Similarly, identical manipulations of the
lhs yield

ax .. .., o
lhs = /2—6’(’+’>X<a), eyH|ae’F(hhh 1)e”wa|a), h'h).
y
(4.74)

As in the previous section, we use the fact that the integral
over X yields a §(¢ + ) and the fact that

(enlhl'y =8, (h"1. 1) (eg|h'h) =6, (W', h) (4.75)

to obtain

rhs = /Z_X ei(t’+z)X <w|ae—iF(h’*‘))e—ithb
T

w)5,, (b~ 1),

(4.76)

LH.S = /g_Xei(t'+t)X<w|ae_iF(h/—l)
T

x e~ Kuplw)s, (W', h). (4.77)
However, since the measure is not the Haar measure and the
group is neither Abelian nor compact, the §-functions in the
above two expressions are not necessarily equal. These
distributions can be related by an “inversion.” Let i: H — H
be the inverse map which, for any function T'(k) on H acts as
Toi(h) =T(h™). (4.78)

We note that the measure y(h) is not necessarily inversion
invariant. If the measure is quasi-invariant under inversion
then, by definition, the measure will transform as
dyu(h") = I(h)dyy(h), (4.79)

where I(h) is the Jacobian of the measure under inversion.
Integrating the o-function in Eq. (4.76) against any test
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functions y; and y, yields
/ dya(h) / dr (W), (™ WYy, (R ()
- / (W (W (7). (4.80)

Similarly, integrating the §-function in Eq. (4.77) against any
pair of test functions yields

/ dya(h) / dyia (W8, (=" Wy, (R ()

= [ a0y (o). (4.81)
Relabeling /' — h~!, we obtain

— [ a7

= [ @iy @2
Thus, we find that

8, (W', k) = I(h)s, (h™',h'). (4.83)

For the rhs and lhs of Eq. (4.70) to be equal in the non-

Abelian case, we require that /(%) = 1. In other words, we

additionally assume that

(A.IV) If H is non-Abelian, the measure yy is invariant
under inversion, i.e., yyoi(h) = yy(h).

We note that (A.III) and (A.IV) imply that |e,, ) is a tracial

weight on the group algebra 2A(R x H;ypy).

Given assumptions (A.I)-(A.IV), we therefore conclude
that Eq. (4.69) indeed defines a trace on the algebra
W gress. (Z, R x H). Given this trace, we may now construct
the corresponding density matrices and entropy for any
semiclassical state. By precisely the same arguments as in
Secs. III D and IV A 2, the density matrix for any state of

the form |®,) = |¢) ® |a) is given by

Po, = a(X’ 52 Q)e—iF(h)e—iKﬂ,te—X/ZA(p‘w

x e X2 Kt o) iy(X, 57 Q)T (4.84)
where |a) € # g,y and a(X, 5 Q) is given by Eq. (3.45)
with the measure du(h) now replaced by dyy(h) in that
definition. For any semiclassical state, & is a slowly varying
function of its arguments and the von Neumann entropy is
given by
SvN(ﬂfba) ~ <ﬂX>(2)(, - Srel(§0|w) + S(ﬂa) + 10g(ﬂ> (485)
The entropy of charge variations S(p,) can be seen to
include the well-documented contribution of entanglement

edge modes which appear in the study of general gauge
theories defined on local subregions.

We conclude this section by considering whether the
above assumptions plausibly hold for the case where H =
Hisom X (So X Grgr) and Gy gy. As discussed at the end
of Sec. IV C 1, (A.l) depends on properties of the vacuum
in the interacting theory and we will simply assume it is
satisfied for the algebra A(#) in Z%. To consider the
remaining assumptions (A.I)—(A.IV), we note that if G| g7
is compact54 or an infinite dimensional Abelian group, then
the arguments of Secs. III C and IV A apply. Therefore, we
will restrict attention to the case where Gy gt is an infinite
dimensional, non-Abelian group. In this case, (A.IV) can
straightforwardly be achieved in the following way: we first
choose a Haar measure y(h) on the group Higp,. On the
group Sy X G gr we may choose an action

S[f. 8] = S[f]+ S[9]. (4.86)
where S[f] is a symmetric, billinear on S, and S[9] and
is a symmetric, bilinear on Gy gr. Furthermore, we choose
both actions to be rotationally invariant. As explained in
Sec. IVA 1, this defines a centered, rotationally invariant,
Gaussian measure y(f,9). Since Sy x G gr is the identity
connected sector of the group, we identify its elements with
its Lie algebra elements via the exponential map. As such,
the action of inversion is simply

roi(f.9) =y(=f.-9), (4.87)
and since y is a centered, Gaussian measure it is inversion
invariant. Since uy is the Haar measure on Hi,,, the full
measure
dyn = duu(y)dy(f.9) (4.88)
is also inversion invariant. To consider (A.II), we note that
the measure is not invariant under left translations of Gy gt
since the action S[9] will not be invariant under the group
action. The measure transforms by a Jacobian
dy(f.8) = J(9,9)dy(f.9), (4.89)
and the subgroup G;gr C Gigr for which the Jacobian
J(9,9) is well defined is the subgroup which implements
a unitary action on the Hilbert space. This space is difficult
to characterize in general even if yy is a Gaussian
measure. In the Abelian case, the group action on the
measure was to simply “shift” the Gaussian. These shifts
are well-studied transformations of infinite dimensional

Sf H was compact, then it admits left invariant Haar measure
which is also always right invariant. A bi-invariant measure is
clearly invariant under inversion since an inversion can be obtained
by a composition of left and right translations, g — ¢~'gg™".
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Gaussian measures [111] and the relevant subgroup that
generate unitary actions on the Hilbert space are simply
the space of elements with finite action. The group action
by a general element of Gy g will not be a simple shift of
the Gaussian if the group is non-Abelian and so the set of
group elements where the Jacobian J(9, &) is well defined
will not be as straightforward to characterize. In the theory
of Gaussian measures, the transformation (4.89) is known
as a “nonlinear transformation” and a precise characteri-
zation of Gy gr requires a more complete analysis of the
unitary maps associated to such transformations [149].
Nevertheless, while the precise specification of Gygr is
difficult in general, it is clear that the action S[J] can be
chosen such that Gygp contains, at the very least, all
smooth large gauge transformations. Thus, it would appear
that we can satisfy (A.Il) as well.

The last condition is (A.III), which concerns the properties
of the neutral weight. If yy is a Gaussian measure then,
following Sec. IVA 1, we can expand the measure in terms
of spherical harmonics. The Hilbert space .77y can written
as an infinite tensor product of finite-dimensional Hilbert
spaces in a similar manner to Eq. (4.22). We can thereby
equivalently construct the weight |e, ) as an infinite tensor
product of faithful, semifinite normal weights. By identical
arguments as below Eq. (4.26), |e,,) can be shown to be
semifinite and normal. As in the infinite dimensional
Abelian case, the faithfulness of |e, ) is more difficult to
check. However by analogous path integral-style manipu-
lations as presented in Sec. IVA 1, it can be shown that it
satisfies the analog of Eq. (4.31). By these arguments, |e,, )
is also faithful. In total, these arguments suggest that the
algebra including the large gauge constraints is also type Il,.

V. A TYPE 11, ALGEBRA FOR DE SITTER

A notable result of CLPW is that the de Sitter algebra
they obtain admits a normalized state of maximal entropy:
it is a type II; algebra [2], rather than a type Il algebra,
which has no maximum entropy state. This lends support to
the idea the there are no states with greater entropy than
empty de Sitter space and that the entropy is given by the
area of the cosmological horizon in Planck units [34-38].
In the notation of this paper, the algebra they considered
was 2 (Z; R) which includes just the spherically symmet-
ric, second-order perturbed area 6*Q(1). This charge
matched onto (minus) the energy of the observer.
Therefore, imposing the physical condition that the energy
of the observer be bounded from below bounds the area
from above, yielding a type II; algebra. However, graviton
fluctuations of the static patch perturb the horizon in a
nonspherically symmetric way. As we will explain, these
perturbations “turn on” an infinite set of charges which
match onto other physical properties of the observer. A
central question is whether the type II; property survives
upon incorporating the full set of charges. In this section,

we present an argument that a more complete, physical
model of the observer yields a type II; algebra.

A. An observer in de Sitter space

We first recall that in Sec. III F, we considered a model of
an observer as a sufficiently small body in de Sitter space
moving on a worldline I'. As explained in that section, the
observer cannot be pointlike and a consistent description of
the observer as well as its corresponding algebra must
account for finite size effects of the body. At the level of the
algebra, graviton fluctuations perturb the total area of the
horizon as well as the angular momenta 529(t//<l-)) where
y/?l.) are the rotational isometries of the static patch. These

charges match onto the energy and spin of the body and
therefore a consistent description of the static patch must,
at the very least, incorporate the finite size effects of a
spinning observer. If the observer has finite size then it will,
in principle, have multipole moments. In this section, we
will take these degrees of freedom of the observer into
account and explain how they are related to the higher
harmonic boost supertranslations.

We first focus on the boost supertranslation charges
which, as we will now explain, are related to the mass
multipole moments of the observer. We will, for now, neglect
the contributions due to the “spin multipoles” of the body.
The classical description of the motion of a small body in a
general curved spacetime was obtained by Dixon [106—108].
A pointlike body follows a geodesic of the background
spacetime. The finite size corrections to the body will in
general cause a deviation from geodesic motion. We saw this
explicitly in Eq. (3.81) when we took into account the effects
of spin. Similarly, the Zth multipole moment of the body
couples to the gradients V, ...V, R4 of the Riemann
tensor [see, e.g., Eqs. (1.33) and (1.34) of Ref. [108]].
However, in any maximally symmetric spacetime the cur-
vature is covariantly constant and, as such, these “force
terms” are identically zero. The c.m. motion of the body is
again described by
v*’V,p* =0, and v*=p9/m  (de Sitter), (5.1
where we recall that we are neglecting contributions from
the spin of the body. Thus, the center of mass worldline I" of
our classical observer is a geodesic of the background
spacetime. For any small body in a general curved
spacetime, Dixon obtained covariant definitions for the
multipole moments of such a body as spatial integrals of the
stress-energy tensor [108]. These definitions simplify
significantly for an observer at the ‘“center” of the de
Sitter static patch Z.

To compare to Dixon’s definitions, it will be convenient
to endow the observer with an orthonormal frame (v, e{;, )
along I', where v“ is the unit tangent to I" and the spatial
frame vectors satisfy »? Vbe’(‘l.) = 0. This frame defines
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a system of Fermi normal coordinates as follows Ref. [150].
Along T, let = denote proper time, so that v* = (9/0r).
At each point on I', consider the spacelike geodesics that
emanate orthogonally from I' with initial tangent
X = x'e{; (7). The spatial coordinates x' label these geo-
desics and coincide with the components of the initial
tangent vector in the transported spatial frame. Finally, we
extend the proper-time coordinate 7 off of I" by declaring it
to be constant along these orthogonal spacelike geodesics,
XV 7 = 0. Together, (z, x') define a Fermi normal coor-
dinate system in a neighborhood of T

For our inertial observer in the center of the static patch,
it is straightforward to show that the coordinates (7, x) can
be extended to all of Z. Indeed, the coordinate 7 coincides
with the static Killing time and the Killing field is
& = (a/or)¥. The surfaces X, are the static slices which
foliate &#. Additionally, since the spacetime is spherically
symmetric about the observer’s worldline, it is convenient

to define coordinates R = ,/8;;X'X’ as the proper length

along spacelike geodesics. By spherical symmetry, surfaces
of constant R are two-spheres on which we define angular
coordinates x*. In these coordinates (z, R, xA), we define
the multipoles® of the observer as

M — /E VAERITY (), (5.2)

where T+ are the components of the stress tensor in Fermi
normal coordinates, /4 is the determinant of the induced

metric h;; on X, and Vhd®x is the volume element on X,.
To relate these quantities to the mass multipoles, we define

— MMV
qem = fmfynw

(5.3)
where & is the timelike Killing field in % and n,, is the unit
normal to X_.

The quantity gy, = ¢ is the energy of the observer which,
if the stress-energy of the observer enters Einstein’s
equation at second order in perturbation theory, perturbs
the area of the bifurcation surface 5°Az(1). Since the body
is a stationary perturbation of the spacetime, there are no
incoming gravitons and by Raychaudhuri’s equation [see,
e.g., Egs. (2.48) and (2.49)] the observer’s energy matches
onto the perturbed charge 6*QR(1). The quantity ¢,
encodes the spatial momentum of the body relative to a
static observer and therefore vanishes for a classical,
stationary body with definite momentum. The quantities
q¢n for £ > 1 encode the mass multipoles of the observer.
It was recently shown that a stationary multipole moment in
de Sitter spacetime will change the shape of the horizon in

»The quantities M’ are related to the multipole moments
Jiieny deﬁned by Dixon by Jiviepy — Zé:—f y(fm)zl.“sz};;i
where Y(@™)i--ic correspond to spin-¢ tensor spherical harmonics.

an angle-dependent way [151,152]. More precisely, if the
energy of the observer enters at second order in Einstein’s
equation, then the static mass multipole g,,, perturb the
¢, m spherical harmonic of the bifurcation surface area
8?Ag(Y z,,) which by Raychaudhuri’s equation, implies that

52QR Y -
ﬁéﬂ) = —Y4¢m- (54)

In the quantum theory, we wish to obtain an algebra of
observables of the static patch. The charges 5 QR(Y,,,) are
physical operators which match onto the multipole moments
of the observer. If we attempt to neglect these charges by, for
example, setting higher multipole moments to vanish, then
the constraint implies that the physical states are the graviton
states in .% invariant under the action of F(Y,,). However,
by Theorem 2.1, there are no states, besides the vacuum, that
are invariant under the action of all of the horizon boost
supertranslations. Similarly, there are no operators that are
invariant under all supertranslations except the identity.
Thus we must, at the very least, include the multipole
moment fluctuations of the observer in the quantum theory
to obtain a nontrivial algebra.

To obtain such an algebra, we now consider the
description of a quantum mechanical observer. As dis-
cussed in Sec. III'F, a quantum mechanical system will
generally disperse and will not have a well-defined static
patch. To obtain a quantum mechanical observer with a
similar experience as that of a classical observer, we
consider the limit where the observer’s rest mass is given
by M1 + ¢, where M£35 > 1 and g are O(1) fluctuations
of the observer’s energy in powers of M. All physical
quantities of the observer similarly must scale in powers of
M. For example, we take the three-velocity v’ ~ O(1/M)
relative to the frame of I" to scale inversely in M so that
the trajectory of the quantum body is equivalent to I" in the
limit. We note that, by Eq. (5.1), this implies that the
relative momentum of the body has O(1) fluctuations and,
consequently, the £ = 1 charge fluctuates as ¢q,, ~ O(1).
Similarly, we assume that all multipole moments fluctuate
as gz, ~ O(1) so they also contribute nontrivially in the
limit as MZ 35 > 1. These charge fluctuations can straight-
forwardly quantized on 75 as described in Sec. IVA 1.
Likewise, one can construct the corresponding dressed
algebra Ag,eqs (#; S). However, if the perturbations g, are
independent, the multipole moments ¢q,,, do not directly
perturb the total area of the black hole. In this sense, the
qsn’s appear to be zero modes. They can fluctuate freely
without any suppression from decreasing the horizon area.
In this case,the algebra is type I, and there would be no
maximum entropy state.

The situation is reminiscent of the considerations of
Sec. III F where, if we assumed that the energy and angular
momentum of the body were independent, then the algebra
was type II,. As we explained in that section, for any
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physical model of the observer the energy and angular
momentum are not independent. The angular momentum of
the observer contributes to its energy which is thereby
suppressed at large values of the angular momentum. With
this in mind, we must again ask the question: what is a good
model of an observer?

An observer is a compact object in the spacetime. In order
for the observer to be compact, it must be held together by
some binding energy. This binding energy cannot be due to
gravity because, as Gy — 0, the object would become
unbound. Thus any object, e.g., a star or a galaxy, whose
binding energy is dominated by gravitational effects is not a
good semiclassical observer. Therefore, a reasonable
observer, e.g., an atom or nanoparticle, must involve some
binding energy due to other forces*—e.g., electromagnetic,
nuclear forces. This is important because the gravitational
binding is O(Gy) and so will not be relevant at leading order
in perturbation theory. A generic observer will have a mass
distribution supported on all multipole moments. Due to the
nongravitational forces that support the observer, it takes a
finite amount energy to change their multipole structure—
e.g., it costs energy for the observer to, say, stretch out her
arms. The precise dependence of the energy on the multipole
moments depends on the details of the observer. We can
obtain a simple model as follows: consider an observer
whose state is at a local minimum of its total energy. When
expanding about this minimum, the energy is quadratic in
the displacement. For small displacement changes, the
multipole moments are linear in the displacement and so
the energy of the body is given by

1
e=M1+H,+q+5 Zcfmq%m’ (5.5)

2 >0,m

where the c,,, are model-dependent coefficients that depend
on the response of the body and H . is the rotational energy
of the body (see Sec. Il F). Crucially, all terms on the rhs are
of O(GY).

B. The algebra of observables in de Sitter

The construction of the physical algebra proceeds as in
Sec. IITF. We first consider the constraints for all boost
supertranslations f € Sy. For f € S, we denote the corre-
sponding multipole charge as

q(f) = Z Cemfem  Where f = Z cemYem. (5.6)
£>0,m £>0,m
All physical observables must commute with
5QN(f) =F(f) +4q(f) (5.7)

*We thank Edward Witten for clarifying this point.

for f€S8,. Along with g(f), the observables commuting
with this constraint are of the form

y(wif) = ey (w)e* V. (5.8)
We denote the algebra invariant under the higher harmonic
boost supertranslations as gess (%3 Sp). As explained in
Sec. IVA 1, this algebra is defined with respect to choice of
measure y, and may equivalently be regarded as an infinite
tensor product of one-dimensional group von Neumann
algebra 2,,,(R). For the purposes of the present discus-
sion, the latter point of view will be most useful.

We may additionally impose the rotational constraints
arising from the group SO(3) as explained in Sec. III F to
obtain the dressed algebra 2. (Z;SO(3) X Sp). All that
remains is to impose the Hamiltonian constraint that all
physical operators must commute with

F(1)+q+H, + Hgg. (5.9)

where
1
Hgg = E;;wa H,, = Cfmqgm (5.10)

is the binding energy of the observer. This yields the algebra
AL (#; G) which, as in Sec. 1IIF, is the crossed product
of Wgress (%, SO(3) X Sy) by the automorphism generated
on this algebra by the operator F(1) + H,, + Hgg. This
operator is the modular Hamiltonian of the vector

|a)> ® 3_%H“"|€SO(3)> ® e_%2f>0.m(Hfm+]0gzt’m>|ey>' (5‘11)
As defined in Sec. IVA 2, the vector |e,) is the (improper)
neutral-element state on the group algebra 2(S,y). The
constants Z,,, are defined by the relation

Zom = (e, leHenle,, ). (5.12)
Provided Z,,, < oo for each ¢, m the vector
e ean o) ) (5.13)

has finite norm and defines a proper state on the group

algebra.57 For brevity, we have defined H,,, := H,,, +
log Z,,,1. Consequently, the algebra

mobs.,-F (%’ G) — Pq>02[0b3 (%, G)Pq>0

dress. dress.

(5.14)

admits the trace

See Appendix E for a more detailed construction of this state.
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FIG. 3. Sphere path integral with a worldline observer follow-
ing geodesic y. Cutting the path integral along the dotted line
prepares the Hartle-Hawking state with two antipodal, entangled
observers.

TObS(&) — <w’ Ot’ €s0(3): ey\e_%<q+Hf°‘+Zf>o.mﬁ”’">

~ Ng+H H
x e O Yo |, 0r, €s0(3): €

(5.15)

for any a € AL T (%; G). If the observer is well approxi-
mated as a rigidly rotating body with multipole moments
satisfying Eq. (5.5), then it follows from the above dis-
cussion as well as the discussion in Sec. III F that the trace
7°%(1) is finite and the algebra is type II; . For a more general
body, the dependence on the multipole fluctuations may
be more complicated. Nevertheless, it appears likely that the

1 [ . .
norm of e‘f(Hm‘*meHf’")|eSO(3),ey> is finite so that the

algebra A (2; G) is type 11, for a large class of physical

observers in de Sitter. In all such cases, the observer algebra
admits a maximum entropy state given by

|qA)max> - |a)> ® 6_%(q+H"“+mei{f"’)

OR,eso(3),€},>. (516)
We conclude this section by briefly commenting on the
relation to the Euclidean approach to the entropy of de Sitter
space, which was where it was first discovered [153]. The
Euclidean sphere is the dominant solution to Einstein’s
equations with positive cosmological constant in Euclidean
signature. Following Ref. [2], we can augment the path
integral to include an action for the observer, now including
the energy contributions from higher charges. Taking the
(unstable) saddle where the worldline is great circle geo-
desic, the path integral gives a factor of Tre #(HeetHw+a),
where this is the type I trace over the Hilbert space of the
charges. This is just a number. The Hartle-Hawking state
can be constructed by cutting the sphere path integral in
half (see Fig. 3). This gives, up to the previously mentioned
divergent factors, the same tracial state discussed above.

VI. DISCUSSION

In this paper, we have constructed the complete algebra of
observables subject to all constraints on the first-order
graviton field in the region % bounded by any Killing
horizon. From the full, infinite dimensional group of horizon
symmetries, we found that the subgroup G = H,,,, X S
imposes a nontrivial set of constraints entirely on the
graviton field. In addition to the isometries H;y,, X R, this

group includes an infinite dimensional, Abelian group of
boost supertranslations. We have shown that, for any black
hole spacetime, the full algebra of observables satisfying
these constraints is type Il,,. In de Sitter spacetime, we
argued that the spin-energy and binding energy of the
observer renders the algebra type II;. In the remainder of
this section, we will comment on some extensions of the
present work.

A. Generic extremal surfaces in open spacetimes

The exterior regions of Killing horizons are, of course,
just one of many examples of spacetime subregions that we
would like to understand in quantum gravity. What then is
the algebra of observables and entropy in perturbative
quantum gravity associated to a more generic subregion,
Z, and what are the relevant symmetries? As emphasized in
the Introduction, it is difficult to even define what one means
by a subregion once we allow spacetime to fluctuate, even
perturbatively. The two cases that we know of that are
universally well defined are (i) the region causally acces-
sible to a worldline observer and (ii) a region bounded by an
extremal surface. Case (i) is well defined because it
manifestly makes no reference on the metric, only the
existence of an observer that has its endpoints chosen at
infinity. Case (ii) is well defined in perturbative quantum
gravity because the “location” of extremal surfaces is robust
to perturbations. Note that the exterior of Killing horizons
are special cases that are simultaneously (i) and (ii).

Focusing for the moment on case (ii), we review the
proposal of Ref. [40] for the construction of gravitational
algebra that incorporates the homogeneous boost mode
about generic extremal surfaces. See also Ref. [41] for
related discussion. We first focus on regions bounded by
extremal surfaces that extend all the way out to spatial
infinity, and hence are in an open spacetime. We then
consider the causal complements of these regions which
may have bounded size. At present, we do not understand
how to consider generic subregions bounded by extremal
surfaces in closed spacetimes using the technology of this
paper, though these can be analyzed in the algebraic context
using no-boundary state technology developed in Ref. [154].

In Ref. [40], it was noted that because the surface is
extremal, one can consider a one-parameter family of
spacetimes, labeled by a relative boost parameter T
between the interior and exterior of the extremal surface,
and that all such spacetimes satisfy the constraint equa-
tions. Denoting the Hilbert space of fluctuations about each
background by 7, one may construct the direct integral
Hilbert space

®
pa / ATy Ao, 6.1)

The physical algebra acting on this Hilbert space was then
argued to take the form of a crossed product, namely
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generated by the QFT algebra acting on each 77”7, in the
obvious way along with an operator idy, given by the
perturbed area operator on the horizon over 4G plus the one-
sided modular Hamiltonian for some state. The divergences
at the boundary of the region for these two operators cancel
one another. Rather than taking the modular Hamiltonian for
some state, we simply consider the one-sided flux

© 1
Fy;= —/ dU/ dZX\/qUU|:50'AB66AB —5602], (6.2)
0 s

where U = 0 is the codimension-two boundary of # and U
is an affine parameter on the null boundary. This one-sided
flux has the same effect of removing the divergence as the
one-sided modular Hamiltonian and is more straightfor-
ward to generalize. It is now clear, following the results of
this paper, that we should also consider angle-dependent
boosts of the extremal surface as well as the diffeomor-
phism of the surface. We do not include diffeomorphisms
that move the position of the extremal surface. This
comprises the physical (in our context) subgroup of the
so-called corner symmetry group [134-142]. Taking a
boost that smoothly depends on the angles also leads to
new solution to Einstein’s equations [155]. To each of these
solutions, we can associate a Hilbert space of quantum
fields on the background 7, and a Hilbert space can be
written as a direct integral

o= [Panpoe, (63)

We then consider the operator on this Hilbert space which is
the sum of the perturbed angle dependent area operators
and angle-dependent one-sided flux operators

Falf) == [T av [ @rvartu

x {55,435&3 - %592] . (6.4)

These combinations are well-defined operators on the
Hilbert space and are the analogs to the charges at infinity
defined in Sec. II D. Together with the quantum field theory
operators, this is the full gravitational algebra associated to
the subregion bounded by an extremal surface. The von
Neumann entropy is given by the generalized entropy of the
subregion that includes a fluctuation term associated to the
additional charges, which may be interpreted as the
entanglement edge modes.

It was important in the construction so far to have % be
semi-infinite, because if the U integral in the one-sided flux
was cut off at some finite value, there could be additional
divergences introduced at these points. In order to consider
the algebra associated to genuinely finite regions in open
universes, we can first construct the algebra as above for the

causal complement, and subsequently take the commutant.
The construction and properties of these local subregion
algebras will be explored in forthcoming work

In case (i), when the boundary of the causal diamond
is not an extremal surface, the symmetries of the
subregion are obscure. While similar symmetry groups
have been considered for general causal diamonds [84],
these will not generically describe the same region as the
one defined by an infinitely extended observer. Indeed,
the only universal large diffeomorphism to gauge appears
to be the time translation symmetry along the observer’s
worldline, as was done in the background-independent
proposal of Ref. [156].

B. AdS/CFT

The focus of this work has been on a large class of
gravitational charges that generate symmetries of horizons.
These charges led to an algebra with an entropy that had a
contribution from fluctuations of these charges, which have
the same form as entanglement from edge modes that appear
in gauge theory. In the case of black holes in AdS, the horizon
charges should have an interpretation in the dual CFT at the
asymptotic boundary. For definiteness, consider an asymp-
totically AdS, Schwarzschild black hole, with asymptotic
boundary S? x R where the CFT lives. The homogeneous
charge that generates an angle-independent boost on the
horizon corresponds to the Hamiltonian of the CFT,

5 Hepr — /S dQPTT (nr, (6.5)

where n¢ is the timelike normal to S?, ¢ is the asymptotic
timelike Killing field and the perturbation of the CFT stress
tensor, TSIT, is about the thermal state at the Hawking
temperature. The natural extension of this correspondence to
angle-dependent boosts is angle-dependent time translations
of the boundary, generated by

FHer(f) = l AQf(NETET (ne. (6.6)

From the perspective of the CFT, these may appear to be
strange charges. Interestingly, a larger class™ of symmetries
of black hole horizons were considered in Ref. [119] and
given a CFT interpretation in terms of gauge symmetries of
the hydrodynamic effective field theory. The matching of
symmetry transformations of the horizon and the effective
field theory arose from mapping coordinates on the horizon to
the boundary via null geodesics. Indeed, during the com-
pletion of this work, we learned of an upcoming paper [132]
that clarifies this by analyzing the connection of these
hydrodynamic modes of the boundary effective field theory

*These included diffeomorphisms that move the location of
the horizon, which were not relevant for our discussion.
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to entanglement edge modes that have a similar form to the
type II entropy.
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APPENDIX A: CROSSED PRODUCTS AND
THEIR OPERATOR VALUED WEIGHTS

In this Appendix, we provide an alternative construction
of the crossed product of a von Neumann algebra by a
nonlocally compact group admitting a quasi-invariant
measure. This analysis runs parallel to the discussion of
Secs. III B and IV C.

Let 2 C B(.#) be a von Neumann algebra acted upon by
a group automorphism a:G — Aut(2A), with G a (possibly
nonlocally compact) group admitting a quasi-invariant
measure v. A measure on G is (left) quasi-invariant if there
exists a cocycle J: Gy x G — R such that™

dv(gh) = J(g, h)dv(h),

J(gh,k) = J(g,hk)J(h, k), g.heG,, keG. (Al)
We may assume for simplicity that the automorphism « is
unitarily implemented in .7# by the unitary representation
U:G - U(); however, we emphasize that this is not a
prerequisite for the definition of the crossed product.
Using the measure v we define a Hilbert space L(G, dv)
consisting of square integrable functions on G with respect

to the measure v. On the Hilbert space L*(G, dv), we can

*One can interpret J(g, h) as the Radon-Nikodym derivative
of the pushforward of v under left translation by ¢ and v itself.
The second equality follows immediately from the chain rule for
Radon-Nikodym derivatives.

define a unitary representation ¢,: Gy — U(L*(G,dv))
where here G, C G is the dense subset of group elements
for which the measure v is quasi-invariant. Explicitly,
(@) f)(h) =JI(g.g7 ' R) 2 f(g7"h).  (A2)
The group algebra of G with respect to the measure v is
defined to be the weak closure of this representa-
tion: A(G;v) = ¢,(Gy)".
The crossed product of 2 by G with respect to the action
a is a von Neumann subalgebra of bounded operators on

the extended Hilbert space /7 ® L?(G,dv). It is generated
by £,(g) for g€ G, and z,(x) for x €A, where

et @ LYG.dv).
(A3)

That is,

A %o, G={my(x).2,(g)lxeA.g€Go}". (A4)
If « is unitarily implemented on the Hilbert space J7, we
can write 7, (x) = VTxV, where the unitary operator V acts
on y €7 ® L*(G.dv) as (Vy)(g) = U(g)(w(g)).

To match with the approach of the main text, we can
write Z(g) = €'Y, U(g) = ¢F9, and V = ¢F®). Here,
Q(g) can be thought of as charges, F(g) as fluxes, and f(g)
is a multiplication operator. The representation 7, is
obtained from £ by premultiplying with the appropriate
Jacobian of the measure v as described in Eq. (A2), and we
can use the notation 7,(g) = e/, A dense set of
(possibly unnormalizable) vectors in the Hilbert space
A ® L*(G,dv) is given by |x,g), where x€®, and
g€ Gy. Here, |x,g), = n(x)|w, g), with |@) the cyclic-
separating vector representative of some faithful state
@ € P(A). The action of the various operators appearing
in the crossed product are given by

i) |x, h
e |x, h

b= |

b= |
e x, ), = |y (x

b= |

b= |

(AS)

As we have addressed in the main text, for analyzing the
type of the crossed product algebra, it is useful to construct
a densely defined neutral weight on the group algebra. We
will now propose a construction of such a weight, though
we emphasize that the existence of such a weight is not
necessary for the algebra 2 x, , G to be well defined. In the
next Appendix, we will state a theorem which describes the
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sufficient conditions which must be satisfied by this weight
to ensure that the algebra 2 x,, G is semifinite.

A general element in 2[(G;v) is given by the weak limit
of a sequences of sums

w(2,) = > wg)t.(g)-

g€ Gy

(A6)

By the density of G, the map60 w: Gy — C can be ex-
tended to a map on all of G which we also denote by y. We
can then define a positive, linear functional

e, (W) (£)) = / g @ (g).

G

(A7)

Depending upon various properties of the measure v, e,
may define a weight on the algebra 2(G,v). In the event
that it is moreover faithful, semifinite, and normal, one may
regard L*(G, dv) as a GNS representation for 2(G;v) with
respect to this weight. For example, this will always be the
case whenever G is a locally compact group. Consequently,
we can take this Hilbert space to be densely generated by
the improper states |g), =7,(g)|e,), where |e,) is the
vector representative of e¢,. We can then formally write a
general element of the group algebra as

w(t,) = /G dv(9)w(9)¢,(9), (A8)

with the understanding that (Z,)|e,) = |w), by the
process of extending the function y appearing in Eq. (A6).

Given a von Neumann algebra M C B(H), we say that a
possibly unbounded operator O is affiliated with M if it
commutes with all unitary operators in M’. We denote the
set of operators affiliated with M by M. Given an inclusion
of von Neumann algebras N C M, we can define an
extension of the notion of a weight called an operator
valued weight. An operator valued weight is a map
T: M* — N which is additive and positively homo-
geneous with respect to N, as follows:
T(my +my) = T(m;) + T(m;),

T(n*mn) = n*T(m)n, neNT.

(A9)

Vm], mQEMJr,

Clearly, an ordinary weight can be regarded as an operator
valued weight from M to the subalgebra of complex num-
bers. We denote by M; the set of all elements m €M™
which map to elements of N* with finite operator norm.
The domain of 7 is then defined to be the linear span of
these elements, which we denote by M7. An operator

This map should be Cauchy continuous for the extension to
be unique.

valued weight is called semifinite if its domain is ultra-
weakly dense, faithful if 7(m) = 0 & m = 0 and normal
if T is lower semicontinuous in the ultraweak operator
topology. We will denote the set of all faithful, semifinite,
normal operator valued weights from M to N by P(M, N).
An operator valued weight which is unital, 7(1) =1, is
called a conditional expectation.
Given a faithful, semifinite, normal weight @ on N and
a faithful, semifinite, normal operator valued weight
T: My — N , we can define a faithful, semifinite, normal
weight wy = wo T on M. Denoting the inclusion of N into
M by i:N < M, the modular automorphisms of @ and wy
obey the relation
6;" oi(n) =ioo?(n). (A10)
In fact, Falcone and Takesaki showed that the existence
of a weight wy satisfying the above relation is a necessary
and sufficient condition for the existence of an operator
valued weight. Thus, if there exist weights @ € P(M) and
@ € P(N) such that
6?oi=ioc?, VIER, (All)
then there will exist an operator valued weight T € P(M, N)
such that ® = woT.
Generalizing Eq. (A6), we can write a general operator in
the crossed product as the weak limit of a sequence of sums
of the form

a(¢) = Y t.(g)ma(alg)).

g€ Gy

(A12)

Again, by the density of Gj, we can extend the map
a: Gy — A to a map on all of G which we continue to
denote by a. We can then define a positive, linear map from
A x,, G to A, as follows:

T, (ata) = / dfg)alg)als).  (AI3)

It can be seen to satisfy the homogeneity property of
operator valued weights by direct computation. First,

Em(,(x) = Z Z’ﬂu(g)ﬂa(a(g)x)'

g€ Gy

(Al14)

Then, we can easily write
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In the event that e, is a weight, T, defines an opera-
tor valued weight. If e, is moreover faithful, semifinite,
and/or normal, 7, will likewise be faithful, semifinite,
and/or normal.

In this case, we can use the operator valued weight 7', to
extend any weight ¢ on 2 to aweightpo T, on A x,, G. If
@ has vector representative |¢) in the Hilbert space /7, the
dual weight ¢ will have vector representative |p) = |¢, e,)
in 2 ® L*(G, dv). In the case that G is locally compact,
we can move through the above discussion with v = yu the
unique left invariant Haar measure. In this case, the vector
le,) = |e) is the neutral element of the group and 7, = T is
Haagerup’s standard operator valued weight [52,53].

APPENDIX B: TRACE FOR CROSSED
PRODUCTS BY GENERAL GROUPS

In this Appendix, we state a set of sufficient conditions
for the crossed product algebra 2 x,, G to be semifinite.
This analysis runs parallel to Secs. III C and IVA 2 in the
main text.

Theorem B.1. Semifiniteness. Let 2 be a von Neumann
algebra acted upon by a group G via the automorphism
a:G — Aut(A). We do not require the group G to be
locally compact, only that it admits a left quasi-invariant
measure v which is also quasi-invariant under inversion
with module function (e.g., Jacobian under inversion)
0,: G - C. The following is a sufficient condition for
the crossed product 2 x,, G to be semifinite:

(1) The positive, linear functional e, defines a faithful,

semifinite, normal weight on the group alge-

bra A(G;v),

(2) There exists a faithful, semifinite, normal weight @

on 2 and an embedding 7:R < G such that

(a) The automorphism aon:R — Aut(A) is KMS
with respect to w,

(b) The weight w is quasi-invariant under the action
of a, e.g., woa, = 6,(9)'w for all g€ G,.

This theorem can be proven by direct construction of a
trace on A %, , G:

©(a) = wo T, (£, on(i/2)at, o n(i/2)).

In the case that G = R x H with R, the modular auto-
morphism group of @ we can write

(B1)

7(a) = (0,0, ¢, |eX?ae*?|w,0,,¢,, ).  (B2)
where vy 1is a quasi-invariant measure on H and
Z,on(t) = e~™. When H is locally compact, we can take
v = u, the unique left invariant Haar measure.

By hypothesis (1), the positive, linear map 7', defines a
faithful, semifinite, normal operator valued weight. The
weight defined in Eq. (B1) is therefore faithful, semifinite,
and normal because @ and 7', are. To determine its modular

automorphism, it suffices to consider the modular flow of
the generating elements 7z,(x) and Z,(g). By the Falcone-
Takesaki theorem, the modular automorphism of the dual
weight on operators from 2 is the same as the modular
automorphism of the weight @, as follows:

o7 " (14(x)) = my 0 07 (x).

(B3)
By hypothesis (2a), o7 = a,(,). The automorphism «a is
unitarily implemented by ,(g) in the crossed product,
maoa,(x) = £,(9)my(x)€,(g7"). Thus, we can write

of T (mo(x) = £, 0n(O)me(x)E, on(~1).  (B4)
In general, the modular automorphism of the dual weight
applied to Z,(g) is given by

woT, w, woay|o
or " (2(9) = 0 (€(9)maur 7). (BS)
The first term can be derived by considering the KMS
condition for products #,(g)¢,(h) and the second for
products 7, (g)7,(x) = 7,0 a,(x)Z,(g). Applying hypoth-
esis (2b), we find

o " (,(9)) = £,(9), (B6)

where the modular flow of e, has canceled with the Connes’
cocycle comparing the weight woa, with w. Hypotheses
(2a) and (2b) together imply that 7#(R) is a central sub-

group of G, e.g., n(t)gn(—t) = g for all g€ G [44]. Thus,
we can write

o " (Cu(9) = Coon(t)E,(9)f, on(=1).  (BT)
We have therefore demonstrated that the hypotheses of
our theorem imply that the modular flow of the weight

woT, is given by

o "1 (a) = £, 0n(t)at, on(=1), (B8)
for all operators & in the algebra 2 X, , G. For the Cartesian
product case, in the notation of the main text, we have
o T (a) = e X pelX, (B9)
In fact, Eq. (B8) already implies that 2 x,, G is semi-
finite since we have constructed a faithful, semifinite, normal
weight with inner unitarily implemented modular flow. But
we can also complete our proof that Eq. (B1) defines a trace
by a simple application of the KMS condition:
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£,0on(i/2))

(4
waTuU;fyO’?(l/ )o”; T(f on(i/2)a))
=woT,(bt,on(i/2)¢,on(=i)¢,on(i/2)at,on(i))
—a)oT,,(@&fyo;y(l))
=woT,(£,0on(i/2)bat,on(i/2))
=z(ba) (B10)

Let 4 be the state on A X, , G which is induced from
the vector @) ® |f) € # ® L*(G, dv). The density oper-
ator of this state with respect to the above trace is given by

Pop; = VT}(U ® fv)fu Oﬂ(—i/z)

X Ayl on(=i/2)f(U® £,)'V, (B11)

where

JU®e) = / dv(9) £(9) Ulg) ® £,(0).  (B12)

Using charge notation and in the Cartesian product case,

Py, = F(Q,)e P& X2A e X2 PR F(Q,)T,  (BI3)

where

Q) = / du(9)f(9)e'20), (B14)

with 7,(g) = ¢'29. Whenever 7,(g) or Q,(g) appear
in an integral, we must apply the extension procedure
described in Appendix A.

APPENDIX C: SEMIFINITENESS FOR
CARTESIAN PRODUCT GROUPS

In this Appendix, we demonstrate that, under the
assumptions stated in Appendix B in the case where
G = R x H, we have the isomorphism 2 x, (H X R) =~
(A x,# H) x40, R. For simplicity, we will concentrate on
the case that H is locally compact, but a generalization to
the nonlocally compact case is straightforward (provided
the existence of a suitable quasi-invariant measure).
This analysis can be used to establish the isomorphism
between the algebra Ay (Z,R x SO(3)) and
AL (%2, R x SO(3)) described in the main text.

Establishing our claim is a simple exercise in matching
the generators of the algebra A x,(H xR) and
(A X H) X0y R. Let A C B(H) be a type III von
Neumann algebra with faithful, semifinite, normal weight
@ acted upon by an automorphism a:R x H — Aut(2).
Moreover, let us assume that a satisfies the assumptions of
our theorem, e.g.,

VieR,heH.
(C1)

A0 (x) = o?(x), woa ) = o,

Note that A(r.n) = QAr.e) © X0.n) = X0.h) © Ut.e)- We shall
denote the restriction of a to H by a = aq .

From our discussion above, the algebra 2 x, G is gene-
rated by the representations 7 : 2 — B(# ® L*(G)) and
£: G — B(A# & L*(G)), as follows:

(70 ) (1) = o () (&1, 1))

(£6(s. K066 ) (1.h) = Eo(=s + 1.7 h). (C2)
Here, we have used the notation &5 € L?(G) to signify that
the vector &g is a 7 -valued function on G.
Likewise, the algebra 2 x,» H is generated by the
representations 7y : A — B(jf ® L*(H)) and ¢: H
B(# ® L*(H)), as follows:

<”H(x)'§H) (h) = %o, (x) (é:H(h>>’

(£u(K)En(n) = ulkh). (c3)
We have used the notation &y to signify that &y is a
7-valued function on H. As we have discussed, the dual
weight theorem constructs a faithful, semifinite, normal
weight wy on A x » H with vector representative ).
The assumptions (C1) imply that the modular automor-
phism of this weight acts on the generators of the algebra as

0" (zy(x)) = 7y 0 07 (x),

ot (¢y(h)) = Cu(h). (C4)
Using Eq. (C4), let us form the algebra (A X ,n H) X jan R.
It is the algebra generated by the representations zg @ 20 X

H— B(# Q L>(H) ® L*(R)) and £x: R — B(# ®
L*(H) ® L*(R)). Note that we have an isomorphism of
Hilbert spaces 77 @ L*>(H) ® L*(R) ~ 7 ® L*(H x R).
Of course, the operators in 2 x,» H are themselves gen-
erated by 7 (x) and £y (h). Thus using the usual formulas,
we find that the algebra (2 x# H) X 0y R has three kinds
of generators:

(7g (p (x))E6) (1. h) = 02 (mp (x)) (€6 (1. -)) (h)
= ) () (et 1))
)

= (n6(x)éc)(t, h), (C5)
(7 (Cu(k)é) (2, h) = o (£ (k) (&g(2.-))(h)
= Eg(t.k7'h)
= (Ag(0,k)&g) (1, h), (Co)
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(Zr(8)8c) (1, h) = EG(=s + 1, h)

= (Zg(s,e)éq)(t, ). (C7)
In summary, we see that
g oy (x) = m6(x),

ag o fy(h)tr(t) = Cr(t)ag o y(h) = £6(t h), (C8)
and thus we conclude
(A X H) X poy R
= {mrony(x), ag oy (h)r(t)|x €A, (1, h) € G}
={ng(x),Cc(t,h)|xeU, (t,h) eG} =Ax,G, (C9)

as desired.

APPENDIX D: FINITE SUBFACTORS FOR
GENERAL TYPE 11, ALGEBRAS

In this Appendix, we consider the existence of type II,
subalgebras of 2 x,, G in the event that this algebra is
semifinite. This analysis runs parallel to Secs. III F and V in
the main text.

Let A be a type I, factor. Takesaki’s structure theorem
for type III von Neumann algebras establishes that there will
exist a type III von Neumann algebra B such that A =
B x, R, e.g., A is the modular crossed product of B [95].
This can also be understood by appealing to Landstad’s
top down construction of the crossed product [157]. In
particular, B is the invariant subalgebra of A under an
automorphism 6:R — Aut(A) which is Pontryagin dual
to 6:R — Aut(B).°" In the case we are primarily inter-
ested in, A=A x,, (HxR), and B =A X, u H; see
Appendix C.

On a related note, Pedersen and Takesaki have shown
that a von Neumann algebra C is semifinite (e.g., admits a
faithful, semifinite, normal, tracial weight) if and only if the
modular automorphism of any faithful, semifinite, normal
weight on C is innerly implemented [159]. That is, for each
we P(C) there exists a one-parameter family of unitary
operators U} € C such that

of(x) =UrxU", VxeC. (D1)
By Stone’s theorem, there exists a positive self adjoint
operator h,,, affiliated with C, which generates this unitary
group, i.e., UY = hil. Using this fact, and appealing to
Connes’ cocycle theorem [160], Pedersen and Takesaki
further demonstrated that, starting from any w € P(C), we
can construct a tracial weight z,, € P(C) given by

%1See also Refs. [21,22,158] for a discussion in the physical
context of gravitational algebras.

7, (x) = w(hy*xh,'?). (D2)
The fact that this weight is faithful, semifinite, and normal
follows from the faithful, semifinite, normal qualities of the
original weight w. The fact that it is tracial follows from
Eq. (D1) and the KMS condition.

Returning to our analysis of the algebra A, the dual
weight theorem tells us that—given any y € P(B)—there
exists a canonically defined weight {7 € P(A), as discussed
in Appendix A. If B C B(.¥'), and y has vector represen-
tative |y), then A C B(.# ® L*(R)) and the dual weight is
given by

#(a) = (w.0laly.0). (D3)
If we take A = B x» R, generated by dressed operators
from B and the translations £, (1) = e~"*v, then we can
also show that

o7 (a) = e""™vae™v,

(D4)
Here, we have carefully labeled the representation 7, and
the generator X, to emphasize their dependence on the
choice of reference weight . Invoking the Pedersen-
Takesaki construction, we conclude that the algebra A admits
a faithful, semifinite, normal, tracial weight, as follows:

(a) = (y, 0]eXv/>ae*+ /2|y, 0)

dx, dx!
_ vty /
= ——eYv{w, x,|alw, x|,).

\/[RXR 27 W< ’ V/| | ’ W>

Ty

(Ds)

The choice of reference weight has no bearing on the
overall structure of the modular crossed product. However,
as we shall now demonstrate, it plays an important role in
the interpretation of finite subalgebras therein. Consider the
algebras B X R and B X R where y, ¢ € P(B) are two
distinct faithful, semifinite, normal weights on B. Both
algebras act on # ® L*(R). The algebra B xR is
generated by the dressed representation

(m, (B)E)(1) = 02,() (£(1)) (D6)
and Z,,: R - U(# ® L*(R)) such that
m, 0 o/ (b) = £, (), (b)C,(~t). (D7)

We can always write £, () = e~"®v for some operator X,,.

At the same time, the algebra B x,» R is generated by the
dressed representation

(7, (D))(1) = 0Z,(b)(£(1))

and 7,: R - U(# ® L*(R)) such that

(D8)
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m,007(b) =7¢,(t)r,(b)¢,(—1). (D9)

Likewise, we can write £,,(1) = e~
The modular automorphisms of y and ¢ are related by
the cocycle derivative as

o (b) = ul ¥ (b)u”Y. (D10)

Using this fact, we can relate the dressed representations:
(7 (0)€)(1) = 6Z,(D)(&(1))
= ul o, ()t (&(1))
— (U] 2, (B)U,y ) (1),

(D11)

where here

(U £)(1) = uf (1)) (D12)
is a unitary operator on # ® L*(R). At the same time, if
we take £,(1) = U, £,(t)U,,. then we find that Z,,(1)

(/;|y/ v
and 7, (b) satisfy the desired algebraic relation. We there-

fore conclude that B X, R =U_! (B Xy R)U,,,
thus these algebras are isomorphic. Crucially, this also

tells us that the modular “time translation” generators are
unitarily equivalent, as follows:

( and
oly

X,=U,'X,U

plo*o glw (DlS)
but distinct.

The (equivalent) algebras B X, R and B X, R both
have natural traces which can be obtained by the Pedersen-
Takesaki construction (D2). In particular,

a) = (y,0|eXv/>aeXv /2|y, 0),

a) = (@,0]eXe/2aeXs/?|¢,0). (D14)
To make a proper comparison between these traces, let us
write them exclusively in terms of the generator X, by
using Eq. (D13). Then we find

(@) = (v, 0|eX“'/zUw\waU;\]v/eX“’/z‘W’ 0). (D15)
where we have concluded U, |y, 0) = [y, 0) by direct
computation. In fact, it is not hard t0 show that Eq. (D15)
exactly reproduces 7, as follows®

1t is worth noting that Eq. (D17) allows us to deduce the
Connes’ cocycle derivative between dual weights, as follows:

72 —itX,,
up " = el e, (D16)

UL eXe 2y, 0) = USb lw.—i/2) = u |y =i/2)
= lg.=i/2) = €%+%/9.0). (D17)
and thus
£0(6) = (10103, )
= (0.0 w/zaex”’ﬂ"ﬂ’@ =15(a).  (DI8)

Equation (D18) again tells us that the choice of reference
weight y or ¢ has no bearing on the structure of the overall
crossed product algebra. Henceforward we will simply
denote the trace by .

We now arrive at the important point. Suppose that y is
an unnormalizable weight and ¢ is a normalizable state
with (1) = N, < co. Let P¥ and P? denote the projection
on # ® L?*(R) onto the negative part of the spectrum of

X, and X, respectively. Then, we can easily compute:
dx
o(PY) = (yly) | STev,
R_ 2

(D19)

d
= (¢lo) Aziife < 0.

The trace of PY remains infinite due to the non-
normalizability of |y), but the trace of P? is finite!
We therefore conclude that the algebra PYAPY remains
type I, while the algebra P?AP? is type II,.

The upshot is the following: although by Eq. (D13) the
eigenvalues of X, and X,, agree, the projections onto the
positive part of their spectra are sensitive to their eigen-
vectors. It is possible to arrive at a type II; subalgebra by
bounding the spectrum of the generator of time translations
in the modular crossed product, provided the associated
weight is normalizable. Mathematically, we can always just
choose to bound the generator of modular translations for a
state. From a physical perspective, however, the bound on
X is only justified if this operator can be interpreted as
generating genuine time translations. We must, therefore,
determine physically to which weight to reference
our bound.

In the case B = 2 is the algebra of quantum fields (e.g.,
in the absence of an additional constraint group), the
modular crossed product comes about by implementing
the Hamiltonian constraint. That is, the algebra of observ-
ables must commute with X + Hqpr, viewed as an operator
on # ® L*(R). By the commutation theorem [161], the
algebra of observables commuting with this operator defines
a crossed product A x, R, where a,(a) = e~ Horr gei™Morr,
The realization that this algebra is a modular crossed
product arises from observation that there exists a state,
® € P(A), whose modular flow is equivalent to time
evolution: ¢ = @,. In the algebra A x, R, the automor-
phism « is implemented unitarily by ¢, and thus X = X,
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acquires an interpretation as the generator of time trans-
lations in the crossed product. In this regard, bounding the
spectrum of X, constitutes a bound on the true physical
energy when the modular Hamiltonian of @ is the generator
of time translations on the algebra before implementing the
Hamiltonian constraint.

Now, let us move to the case B = A x,u # H, with
the overall gauge invariant algebra being the modular
crossed product of B. In this case, the Hamiltonian
constraint will generically require that the physical
algebra commute with an operator X + Hopr + Hy
acting on ' @ L*(H,dvy) ® L*(R). Here, Hggr
remains the generator of time translations on the QFT
algebra, but now there is possibly an additional contribu-
tion from Hpy, the generator of time translations on
the operators £, (h). Taking @ € P(2) to be the state on
the QFT algebra whose modular flow (on 2) agrees with
the time evolution generated by Hqgr, the classical-
quantum state |@) ® e~"*#/%|e, ) will have a modular flow
(on A x,, ., H) agreeing with the automorphism generated
by Hqer + Hpy. Thus, it is physically natural to bound
the operator X = X, associated with the weight ¢ whose
vector representative is |p) = |@) ® e7/?|e, ). If the
vector e~"#/2|e, ) is normalizable, then bounding X, will
indeed land on a finite subalgebra. This was the case in
Secs. III'F and V in which |g) is the state of a compact
observer moving along its worldtube in the static patch of a
de Sitter spacetime.

APPENDIX E: THE INFINITE TENSOR
PRODUCT AND ITS STATES

In Sec. IV, we employ the notion of an infinite tensor
product algebra to conclude that the neutral weight for the
boost supertranslation group is well defined, normal and
semifinite. In Sec. V, we use the infinite tensor product to
establish the existence of a physically motivated type II;
subalgebra of the gravitational algebra of an observer in the
de Sitter static patch. In this Appendix, we introduce some
aspects of this construction. For a more complete intro-
duction, we refer the reader to Ref. [114].

An inductive sequence of C* algebras is a sequence
of C* algebras, {A,},cn, along with a sequence of
s-homomorphisms {z,: A, > A, },en. For each
n,meN, we define

Tntmn = Tnpm—1CBppm—-20 - O Tpy 1 O Ty :An - An+m'

(E1)

By construction, 7;,,°n,, = 7, provided [ > m > n.
Treating each A, as disjoint, we can define the set

(E2)

Given any a€A, and beA,, we then introduce the
equivalence relation

a~b<& INs.tm,(a)=m,(0>b) YI>N. (E3)
We will denote by [a] = 7, ,(a) the equivalence class of
a € X under the relation ~. Using this equivalence relation,
we can define the set A, = X/~. This set can be made into
an involutive algebra by endowing it with the following

operations:

(E4)

In this way, the assignment a €A, — 7, ,(a) € A, can be
viewed as a homomorphism.

If the set 75, (0) is closed for sufficiently large n, the
inductive sequence {A,,x,},cn is called proper. Each
algebra A,, is embedded homomorphically into A, with
image A, ~A,/n3),(0). Thus, for a proper inductive
sequence of C* algebras, the algebra A, becomes a C*
algebra for sufficiently large n. In this way, the C* norm
of A, can be used to induce a C* norm on A, giving it the
structure of a pre-C* algebra. Closing A, in the topology
induced by this norm results in a C* algebra, A, which is
called the inductive limit of the sequence {A,,, z,, }. We will
sometimes use the standard notation A = Lim,,_,{A,., 7, }
to denote the inductive limit.

A standard example of an inductive limit is the infinite
tensor product of C* algebras. Let {A,}, <y be a sequence
of unital C* algebras and denote by

A, =AQAQ...QA, (E5)
the n-fold finite C* tensor product. There is a natural
isomorphism between A, and A,,, in terms of the
projection z,(a)=a ® 14, . As each z, is injective,
the inductive sequence {A,, r,},cy is proper. The induc-
tive limit of this sequence is the infinite tensor product
which we denote by

Lim

(E6)

Now, suppose that {M,},cn is a sequence of von

Neumann algebras. Let § M, be the C*-infinite tensor
n=1

product of these algebras. Given a collection {®,},cn

where each w, is a state on M,, we obtain a state w =

[e]
® w, on the infinite tensor product, which is defined by
n=1

the condition that
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N
o @5 ® .. @y ®181® ...) = [[w.(x,)
n=1
(E7)

Performing the GNS construction relative to the state @, we

obtain a Hilbert space representation of (§1 M,,, which we
n=

may use to close this C* algebra to a von Neumann algebra,

M, which we call the von Neumann infinite tensor product

of {M,}, cn With respect to the state w.

The case that is of interest to us involves decomposing
the group algebra of S as an infinite tensor product. This
follows from the observation that the space of functions on
S? can be decomposed into a basis of spherical harmonics
labeled by #, m. In this regard, the group Sy, is equivalent to
the infinite Cartesian product of the group R, one for each
¢, m. More rigorously, in the language described above, the
group C* algebra of S; is a C* infinite tensor product of
group algebras A(R): A = 5(20) A(R).

>0,m

To promote A to a von Neumann algebra, we must
introduce a preferred state. Each (R) is represented
standardly on the Hilbert space L?(R,dt,,,). Thus, per
the construction above, we can obtain a state on A by
specifying a collection of normalized vectors |w,,,) €
L*(R,dt;,,). To reproduce our construction from
Sec. IVA 1, we can choose each of these vectors to be a
Gaussian wave packet |Q, ). More to the point, we may
regard each A(R) as acting on the Hilbert space
L*(R,dy,,,) where y,,, is a Gaussian measure for each
£,m. Then, |Q,,,) is the state in L*(R, dy,,,) with wave
function 1 with respect to the chosen measure, as in
Eq. (4.15). Let w,,, be the state on 2(R) induced by

the vector |Q ,,.). Then,w = & wy,, can be interpreted as
[1>0,m

the state induced by the infinite Gaussian measure, y, on S,
obtained as the product of the individual Gaussian measure
Ye.m for each £, m. The group von Neumann algebra 2(S)
is isomorphic to the weak closure of ® 2(R) in the GNS

¢>0,m
representation induced by this state, which can be identified
with the Hilbert space L*(S, dy).

At the same time, we can also introduce the improper
state |ey M) for each £, m, which gives rise to the neutral
weight with respect to the chosen measure. The weight
induced by |e,, ) on the algebra A(R) is faithful, semi-
finite and normal. Moreover, the overlap (e, [Q/,,) = 1.

Thus, invoking the construction introduced in Ref. [116],

the infinite tensor product

)= 8 le,,.), (E8)

£>1,

induces a semifinite, normal weight on the group von
Neumann algebra 2(S).

For each 7,m, let H,, be a positive, self-adjoint
operator on L*(R, dy,,,) such that

Zew = (ey,,|e7Mon

e, ) <oo, (E9)

}’f.m>
and that the state induced by the normalized vector
Wem) = e HentloeZen)2le, ) belongs to the folium of
the state induced by |Q,,). Let us use the notation
Wem(:) = (Wem| - lwem) for the state on the algebra
2A(R) induced by the vector |y ,). Then, by construction,

W= @ Wy, Iisastate on the von Neumann infinite tensor
£>0,m

product 2A(S,). This state is defined by the property that,
for any finite N and {x,,|l <7 < N,|m| < ¢} € A(R),

y/<]<(f8iNxf’m RIRI® >

|m|<¢
_%ZISfSN(HK.n1+IOgZK.n1)
e |m|<t ® xfm
1<e<N

m|<F

16f§N<eyf'm |

m|<¢

_%Z 1</<N (Ht’.m +10g Z[.m)

oo ® ley,,.)- (E10)
I<t<N E
Iml<#
In this sense, we may write
: _%Z 1<r<n(Hpm+10gZs )
= Im|<t
lw) = lim (6 1‘%%”1)
= e—K/2|e;,>_ (Ell)
Here,
K=lim > (Hp, +10gZ,). (E12)

and |e,) is as defined in Eq. (E8). By construction, |y)
belongs to the folium of @ and its modular Hamiltonian is
given by K.
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