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We consider the algebra of observables of perturbative quantum gravity in the exterior of a stationary
black hole or the static patch of de Sitter spacetime. It was previously argued in Refs. [1–3] that the
backreaction of gravitons on the spacetime perturbs the area of the horizon at second order, which gives rise
to a nontrivial constraint on the algebra of physical observables in the subregion. The corresponding
“dressed” algebra including fluctuations of the total horizon area admits a well-defined trace and is type II.
In this paper we show that, at the same perturbative order at which the horizon area (and angular
momentum) fluctuates, gravitational backreaction also perturbs the horizon area in an angle-dependent
way. These fluctuations are encoded in horizon charges—i.e., “edge modes”—which are related to an
infinite dimensional “boost supertranslation” symmetry of the horizon. Together, these charges impose an
infinite family of nontrivial constraints on the gravitational algebra. We construct the full algebra of
observables which satisfies these constraints. We argue that the resulting algebra is type II and its trace is
shown to take a universal form. The entropy of any “semiclassical state” is the generalized entropy with an
additional edge mode contribution as well as a state-independent constant. For any black hole spacetime,
the algebra has no maximum entropy state and is type II∞. In de Sitter, the static patch is defined relative to
the worldline of a localized “observer.” We show that a consistent quantization of the static-patch algebra
requires a more realistic model of the observer, in which higher multipole moments perturb the “shape” of
the cosmological horizon. We argue that a proper account of the observer’s rotational kinetic energy and
(nongravitational) binding energy implies that the algebra is of type II1 and thereby admits a maximum
entropy state.

DOI: 10.1103/tb6y-lsfv

I. INTRODUCTION

It has been long established that one can formulate a
fully satisfactory, well-defined theory of local quantum
physics without gravity where the quantum fields propa-
gate on a fixed, background (globally hyperbolic1)

spacetime M [5–8]. In this approach, the fundamental
object to predict any local, physical phenomena in a
spacetime subregion R ⊂ M is the collection of all
(renormalized) quantum observables AðRÞ in the region.
This collection forms an algebra of observables. For an
interacting theory, the expected value of any observable in
AðRÞ can be computed perturbatively in any physical state
(see, e.g., Ref. [9] for details). It is expected that this theory
corresponds to the GN → 0 limit of a more fundamental
quantum theory of gravity wherein the spacetime metric
itself is treated in accordance with the principles of
quantum theory. Quantum field theory in curved spacetime
is expected to be applicable to a wide range of quantum
phenomena from the early Universe to the vicinity of black
holes. However, this theory will fail to give sensible
predictions for phenomena near singularities or observables
that scale inversely in GN—e.g., the big bang singularity or
the late time behavior of black hole evaporation. On these
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1In some cases (e.g., asymptotically anti–de Sitter (AdS)
spacetimes), if the spacetime is not globally hyperbolic, one
can obtain a well-posed initial value problem by imposing
appropriate boundary conditions at infinity [4].
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scales, the backreaction of quantum fields on the spacetime
geometry becomes important and one must necessarily
include quantum gravitational effects.
One runs into serious conceptual and practical issues in

directly extending the above approach to quantum gravity.
In particular, the regionR is not a priori well-defined since
it can be changed by a diffeomorphism. Even in perturba-
tion theory this means that, at a practical level, given a
region R in the “background” spacetime, one cannot
identify the location of the region in the perturbed space-
time. In other words, R is not well defined when one
considers gravitational fluctuations. To overcome this
problem, at the outset, R must be defined in a diffeo-
morphism invariant way. For some regions, this can be
straightforwardly accomplished by defining R relative to
some other invariantly defined surface such as an extremal
surface or to infinity. A simple example of the latter case is
the maximal “domain of influence”RðΓÞ of an observer—
i.e., Γ is a causal curve on M—where she can initiate and
receive results from any experiments she conducts through-
out her lifetime.2 If the observer’s experiments occur over a
finite time, then one must invariantly define the events
when she starts and stops her experiments. This is, in
general, extremely cumbersome to accomplish. However,
in the limit that the experiments occur over infinite time,3

then RðΓÞ is invariantly defined. Even in this idealistic
limit, if the spacetime contains any event horizons—e.g.,
any black holes or cosmological horizons—then RðΓÞ is a
proper subset of M . Another simple way to invariantly
define a spacetime region is if there exists a (partial)
Cauchy surface Σ bounded by an extremal surface. Then
one can invariantly define the regionRðΣÞ as the domain of
dependence of Σ. Outside of these examples, we know of
no general procedure for defining an arbitrary subregion in
an invariant way.
Given an invariantly defined subregion, R, the quan-

tization of the gravitational field in this subregion is now
well defined and the physical observables in R are those
that satisfy the gravitational constraints. Since the observ-
er’s vision is fundamentally limited by an event horizon,
one might expect that one can assign an “entropy”
associated to any “degrees of freedom” that the observer
cannot access. This expectation is perhaps best understood
in the case where R is the outer domain of communication
of a stationary black hole. If AðRÞ is the algebra of
gravitational fluctuations in R—i.e., “free gravitons” with
no backreaction—it was shown by Hawking that any
quantum state approaches a thermal state with a nonzero
temperature at asymptotically late times [10,11] and
thereby the spacetime has a finite entropy [12–14].

The appropriate entropy, in the sense that it obeys the
second law of thermodynamics [14,15], is the “generalized
entropy”

SgenðRÞ ¼ A
4GN

þ SvN:ðρωÞ; ð1:1Þ

which is the sum of the area of the black hole (in Planck
units) together with the von Neumann entropy of the
“density matrix” ρω of any quantum fields in R, as follows:

SvN:ðρωÞ ≔ −Trðρω log ρωÞ: ð1:2Þ

We have suppressed all fundamental constants except
for GN. The two terms in Eq. (1.1) are individually
divergent in the semiclassical limit. The second term
diverges due to UV correlations across the horizon which
are a universal property of any physical state in quantum
field theory. These “UV divergences” are a characteristic
feature of the algebra of observables of local quantum
field theory which is a so-called type III1 von Neumann
algebra [16–18]. These algebras have no pure states and
no notion of a trace or density matrices, so the expression
(1.2) is undefined. Nevertheless, it is expected that the
sum (1.1) is better defined when one includes the back-
reaction of quantum gravitational effects [19].
In this paper, we construct the algebra Adress:ðRÞ of

(perturbatively) backreacted quantum gravitational fluctu-
ations and consider the trace and entropy of states on this
algebra. As we will explain, Adress:ðRÞ is constructed by
imposing constraints4 onAðRÞ arising from fluctuations in
the “geometry” ofR at second order in perturbation theory.
The results of this paper build upon recent work [1–3]
which considered the constraint arising from the fluctua-
tions of a single mode: the total area of the horizon. It was
shown in these references that the resulting algebra is a
so-called type II algebra which implies that—in contrast to
the type III case—one can assign a density matrix toR and
compute a (renormalized) von Neumann entropy. For
semiclassical states, this entropy was shown to be equiv-
alent to Sgen.
While the analyses of Refs. [1–3] strongly suggest that

the entropy of an (invariantly defined) subregion becomes
better defined when one takes into account semiclassical
effects, there are a number of open questions that remain to
be addressed. In Sec. II, we show that the backreaction of
gravitons will, in general, perturb the black hole horizon in
an angle-dependent way. At precisely the same order in
perturbation theory that the total area fluctuates, there are
an infinite set of charges which encode the fluctuations of

2More precisely, RðΓÞ ¼ IþðΓÞ ∩ I−ðΓÞ.
3In perturbation theory off a fixed background spacetime, it

suffices to consider observer lifetimes which scale inversely in
GN which tends to infinity as GN → 0.

4The present work also intersects with a growing literature
concerning the role of dynamical quantum reference frames in the
algebraic formulation of quantum gauge theory and gravity; see,
e.g., Refs. [20–27].
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the shape of the black hole.5 As we will explain below,
these additional charges impose an infinite number con-
straints on the first-order gravitons.6 Given this result, it is
a priori unclear whether one can consistently quantize just
a single mode of the (second-order) gravitational field.
Furthermore, one cannot conclude from these analyses
whether (or not) the full algebra Adress:ðRÞ is type II. If the
resulting algebra is type II, then in what sense is the entropy
equivalent to Sgen? Is there a maximum entropy state? It is
clear that, at the very least, these questions must be
addressed before we can definitively conclude anything
regarding the entropy of gravitational subregions.
The central purpose of this paper is to investigate these

questions. Since many of our arguments require a consid-
erable amount of technical machinery, in the remainder of
this section, we present a sketch of these arguments
focusing primarily on the physical origin of the constraints
and the resulting properties of the algebra.
We first briefly review the arguments of Refs. [1–3]

which consider the algebra obtained from quantizing a
single gravitational mode. The backreaction of gravita-
tional perturbations changes the area of the horizon. The
black hole area is a “charge” on the horizon conjugate to a
symmetry which, if the affine time U ¼ 0 is the bifurcation
surface B and U ¼ eκu, acts on the horizon H as [30]

u ⟶ uþ c; ð1:3Þ
where c is a constant. The second-order perturbed charge
associated to this symmetry at affine timeU onH is [31,32]

δ2QU ¼ δ2AU −
Z
SU

dΩU δ2θ; ð1:4Þ

where δ2AU is the perturbed area of the constant U cross
section and δ2θ is the perturbed expansion of the horizon
which vanishes when the black hole is stationary. We note
that, on B, δ2Q0 ¼ δ2A0. The constraint arises from taking
the difference of the limit as U → �∞ which yields

δ2QL

4βGN
−
δ2QR

4βGN
¼ −F; ð1:5Þ

where δ2QL is the perturbed area in the “left wedge”L and
δ2QR is the perturbed area of the “right wedge” R. Here,
F is the flux of gravitational radiation energy propagating
into the black hole, as follows:

F ¼ −
1

2βGN

Z
∞

−∞
dU
Z
S2

dΩU δσABδσ
AB; ð1:6Þ

where δσABðU; xAÞ is the perturbed shear of H which
represents the radiation falling across the horizon. At
second order, F is generically nonvanishing and so the
area of the black hole fluctuates at this order.
Equation (1.5) imposes a nontrivial constraint on AðRÞ

in the following way: F is the “boost energy” of the first-
order gravitons and, as one might expect, thereby generates
boosts of these fields in both L and R. As noted by
Chandrasekharan, Penington andWitten (CPW), the algebra
of physical observables in R must commute with all
observables inL including δ2QL [1]. The physical observ-
ables are those that commute with δ2QR − F. However, our
original algebra AðRÞ includes only first-order gravitons
and does not include any second-order observables such as
δ2QR. Considering this constraint for a Schwarzschild-AdS
black hole, it was shown in Ref. [1] that one can solve this
constraint by quantizing δ2QR on the Hilbert space L2ðRÞ.
Due to a “matching condition” on perturbations, the
intrinsic fluctuations of δ2QR imply fluctuations of the
perturbed Arnowitt-Deser-Misner (ADM) mass.7 We denote
the algebra of dressed observables that commute with δ2QL

as Adress:ðR;RÞ where the label R denotes the fact we have
only imposed the constraint arising from the one-dimen-
sional group given by Eq. (1.3). In contrast to the
“undressed” algebra AðRÞ, it follows from a theorem of
Takesaki [33] and the thermal properties of the Hartle-
Hawking vacuum that Adress:ðR;RÞ is of the form of a
“modular crossed product” and is thereby a type II (von
Neumann) algebra. Such algebras admit a “renormalized,”
densely defined trace given by

τRðâÞ ¼ h0R;ωjeX=2âeX=2j0R;ωi ðG ¼ RÞ; ð1:7Þ

where j0R;ωi ¼ j0Ri ⊗ jωi, and jωi is the stationary
vacuum of gravitons in R—i.e., in Schwarzschild-AdS
jωi is the Hartle-Hawking state. We have that X ≔
δ2QR=4GNβ is j0Ri is the (improper) vector whose wave
function is a “δ-function” in the conjugate variable to X.
Equation (1.7) is the key step in defining density matrices
and computing entropies associated to the subregion R.
Using Eq. (1.7), the entropy of dressed gravitons in the

exterior of a Schwarzschild-AdS black hole can be com-
puted (up to a state-independent constant) and was shown
to be equivalent to the generalized entropy [1]. Since, in
perturbation theory, the fluctuations of the area are not
bounded from above, the algebra was a so-called type II∞
algebra. Subsequently, Chandrasekaran, Longo, Penington,
and Witten (CLPW) extended this analysis to the static

5It was previously proposed by one of us with R. Leigh [20,28]
that the complete physical algebra should include contributions
from gravitational charges associated with generic region pre-
serving diffeomorphisms. Moreover, it was conjectured that the
resulting dressed algebra is of type II. However, Refs. [20,28] did
not fully address the problem of invariantly defining subregions,
nor did it explicitly construct the associated trace on the algebra.

6See Ref. [29] for related work that will be appearing on the
arXiv simultaneously.

7For a Kerr-Newmann black hole, δ2QR can be matched to a
linear combination of the perturbed ADM mass, angular moment
and electromagnetic charge.
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patch of de Sitter spacetime [2]. An important difference is
that, in de Sitter space, these authors introduced a (spheri-
cally symmetric) observer whose energy is bounded from
below in order to obtain a nontrivial algebra. The entropy
is then bounded from above, in accordance with the lore
that empty de Sitter space has maximal entropy. Such an
algebra is called type II1 [34–38]. These arguments were
subsequently generalized by two of us together with S.
Leutheusser (KFLS) to arbitrary spacetimes with non-
degenerate Killing horizons—including spacetimes that
are “out of equilibrium” [3]. A similar analysis has also
been extended to inflationary cosmological spacetimes
[39,40].8 However, in all of these works, the dressed
algebra is obtained by imposing only one constraint. To
consistently quantize only one mode, one must restrict to
perturbations under which the remaining modes do not
fluctuate. Thus, the consistency of the above quantization
strongly depends on the remaining physical degrees of
freedom of the horizon at second order and the corre-
sponding constraints that have been neglected.
What constraints have been neglected? In Sec. II D, we

obtain the complete set of second-order charges on the
horizon which arise from an infinite dimensional symmetry
group of the horizon [31]. Similar to the perturbed area,
these charges encode perturbations in the geometry of the
horizon at second order. However, only a subset of these
charges impose constraints on the first-order gravitons in a
similar manner to that of Eq. (1.5). This is the case if the
“flux” of these charges is entirely due to the backreaction of
first-order gravitons—i.e., their flux is locally constructed
from only first-order perturbations. In this case, commu-
tation with the charge in L imposes a nontrivial constraint
on the (first-order) graviton algebra.
Any isometry of the background will generate a non-

trivial constraint on the graviton algebra. Thus, in addition
to the constant boosts given by Eq. (1.5), we obtain
nontrivial constraints due to the angular momentum flux
FðψÞ through the horizon where ψA is the generator of the
rotational isometry group Hisom of the background horizon
cross sections. This flux satisfies a charge-flux relation

δ2QLðψÞ
8πGN

−
δ2QRðψÞ
8πGN

¼ −FðψÞ; ð1:8Þ

which imposes a constraint analogous to Eq. (1.5). These
charges δ2QL=RðψÞ directly match onto the perturbed ADM
angular momenta of the left and right wedges. The work
of CLPW, CPW and KFLS assumes that the relevant set of
constraints at this order correspond only to the isometries of
ðR; gÞ. With this assumption, to consistently restrict to the

algebra Adress:ðR;RÞ, one must restrict to spherically
symmetric perturbations such that the angular momentum
charges do not fluctuate. For more general perturbations,
the authors speculated that the inclusion of constraints
associated to any compact group does not change the type
classification of the algebra.
In Sec. III, we construct the algebra Adress:ðR;GisomÞ

satisfying the constraints (1.5) and (1.8) associated to the
isometry group where Gisom ¼ R ×Hisom in any spacetime
with a Killing horizon. Generalizing the case of G ¼ R,
one must now allow for intrinsic fluctuations of the angular
momenta δ2QRðψÞ, and ensure that the dressed algebra
commutes with δ2QLðψÞ. Using a recent extension of
Takesaki’s theorem by one of us with S. Ali Ahmad and
S. Lin (AAKL) to include compact groups [44], we prove
that this algebra is of type II∞ with trace

τGisom
ðâÞ ¼ heGisom

;ωjeX=2âeX=2jeGisom
;ωi ðG ¼ GisomÞ:

ð1:9Þ

For Schwarzschild, jeGisom
i ¼ j0Ri ⊗ jeSOð3Þi where

jeSOð3Þi is the (improper) rotationally invariant vector in
the Hilbert space L2ðSOð3ÞÞ with δ-function wave function
with respect to the Haar measure on Hisom. For any black
hole spacetime, the algebraAdress:ðR;GisomÞ is type II∞ and,
as an example, we explicitly construct the algebra and
entropy for the exterior of a Kerr black hole in Sec. III E.
While this result confirms the above expectations for black
holes, it seems to naively give a dramatically different result
from that of CLPW in the case of de Sitter. As we explain in
Sec. III F, if the charges were treated as independent, then
bounding the energy of the observer from below merely
bounds the spectrum of X. The trace remains non-normal-
izable since the norm of the vector j0Gisom

i is infinite.
Nevertheless, in any physically realistic model of the
observer, their own spin contributes to the total gravitational
energy. Taking the spin energy of the observer into account,
we find that bounding the total energy of the observer from
below yields a normalizable trace. For a physical observer,
the isometry invariant algebra of the static patch is type II1.
As we have emphasized, the isometries do not constitute

the full set of second-order constraints. Of the full set of
“large gauge” transformations of the horizon obtained in
Ref. [31], we find, in Sec. II D, that the complete group of
symmetries that yield nontrivial constraints on the first-
order gravitons is9

8Related work has considered an application of these ideas to
general subregions [41], although the problem of invariantly
defined regions is not clearly understood in that case. General
subregions and the generalized second law for gravitational
operator algebras are further explored in Refs. [29,42,43].

9While the full group of large gauge transformations on the
horizon is DiffðS2Þ ⋉ S [31,45] where DiffðS2Þ is the set of all
smooth diffeomorphisms of the horizon cross sections, as we
explain in Sec. II D, the only subgroup of DiffðS2Þ that imposes
gravitational constraints on the first-order gravitons is the isometry
groupHisom. Furthermore, as we explain in Sec. II E,Hisom is also
the only subgroup of DiffðS2Þ which is unitarily implementable
on the Fock space of linearized gravitons.
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G ¼ Hisom ⋉ S; ð1:10Þ

where S is an infinite dimensional, Abelian group of boost
supertranslations which on the horizon act as

u → uþ fðxAÞ; ð1:11Þ

where f is an arbitrary, smooth function on the two-sphere.
These additional symmetries arise because, in addition to
the area and angular momentum, the backreaction of
gravitons will also cause fluctuations in the shape of R
at second order. To see this, we note that the corresponding
flux which generates the symmetry (1.11) on the graviton
Hilbert space is

FðfÞ ≔ −
1

2βGN

Z
∞

−∞
dU
Z
S2

dΩ fðxAÞUδσABδσ
AB:

ð1:12Þ

We note that, as with the flux given by Eq. (1.6), FðfÞ is
locally constructed from the first-order gravitons and
represents the angular distribution of gravitational radiation
energy falling across the horizon. Indeed, the flux associated
to the constant boost Fð1Þ ¼ F is simply the total energy
with no angular weighting. This flux causes the black hole
to change its shape in a nonspherically symmetric way
relative to the background, spherical cross sections. This is
encoded in nontrivial charges [32]

δ2QUðfÞ ¼ δ2AUðfÞ −
Z
SU

dΩ fðxAÞUδ2θ; ð1:13Þ

where δ2AUðfÞ is the integral of the area element on the
cross section weighted by f and we note that δ2QUð1Þ ¼
δ2QU which we considered earlier. The limits of these
charges as U → �∞ satisfy the global charge-flux relation

δ2QLðfÞ − δ2QRðfÞ ¼ −FðfÞ; ð1:14Þ

where, again, the subscript� indicates the limit atU → �∞.
Just like the constant boosts and rotations, Eq. (1.14)
imposes a constraint on the graviton algebra for each
choice of f. Thus, at the same order in perturbation theory
where the fluctuations of the area and angular momentum
of the black hole are relevant, there are an infinite set of
additional nonvanishing charges which impose nontrivial
constraints. For asymptotically flat black holes, these
charges have been conjectured to match to “supermomen-
tum charges” corresponding to analogous supertranslations
symmetries at infinity [46].
We construct the full, dressed algebra Adress:ðR;GÞ

satisfying the complete set of constraints given by
Eqs. (1.8) and (1.14). Furthermore, we show that the
subspace of states for which the higher-harmonic boost
supertranslation charges do not fluctuate consists only of

the vacuum. Consequently, the algebras AðR;RÞ or
AðR;GisomÞ cannot be realized as subalgebras of
AðR;GÞ. As such, we cannot deduce the type of the full
algebra by quantizing any finite dimensional subgroup.
Nevertheless, studying the dressed algebras obtained from
quantizing smaller groups does allow for the identification
of universal properties that can, in turn, be generalized to
the infinite dimensional case. In particular, in Sec. III B, we
obtain a “universal” form of the trace for the dressed
algebra under R ×H where H is an arbitrary, compact
group. This universal form is given by

τR×HðâÞ ¼ heR×H;ωjeX=2âeX=2jeR×H;ωi
ðG ¼ R ×Hw=H compactÞ; ð1:15Þ

where jωi should be interpreted as a quantum field state
invariant under the group R ×H, and X is the generator of
translations in the group R. The object jeR×Hi is the
(improper) “neutral” state in L2ðR ×HÞ whose wave
function is the δ function, δμR×Hðg; eR×HÞ, compatible with
the Haar measure μR×H on R ×H.
In Secs. IV and V, we consider the algebra of observables

invariant under the full, infinite dimensional group. We note
that all dressed algebras studied in this paper are of the form
of “crossed product” von Neumann algebras. As opposed to
crossed products with respect to (locally) compact groups,
the crossed product with respect to an infinite dimensional
(nonlocally compact) group is not well studied even in the
mathematical literature. Therefore, our goal in these sections
will be to identify the necessary physical and mathematical
properties so that the algebra is type II and argue that these
properties are satisfied. As we have emphasized, to obtain a
nontrivial physical algebra in perturbative quantum gravity,
one must consider the crossed product with respect to an
infinite dimensional group. We hope that the arguments of
this paper provide sufficient motivation for further math-
ematical study of these von Neumann algebras.
As we explain in Sec. IV, the major difference as

compared to the finite dimensional case is that there is no
invariant Haar measure on an infinite dimensional group.
However, a measure μG can be chosen to be quasi-invariant
under a “sufficiently large” subset of the group and con-
sequently one can obtain a well-defined action of a suffi-
ciently large set of charges δ2Qðf;ψÞ. We provide such a
construction for the case where μG is an infinite dimensional
Gaussian measure. Additionally, on this Hilbert space we
propose a construction of an improper state jeμGi associated
to the neutral element eG of the group, possessing a wave
function δμGðg; eGÞ, which is the δ function with respect the
measure μG. With this vector in hand, we argue that

τðâÞ ¼ heμG;ωjeX=2âeX=2jeμG;ωi ðG ¼ Hisom ⋉ SÞ
ð1:16Þ
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is a trace on the full dressed algebra Adress:ðR;GÞ.
Consequently, the algebra of gravitational fluctuations of
R is type II∞.
In Sec. IV C, we consider the inclusion of “test” matter

fields with gauge group GLGT which give rise to additional
constraints analogous to that of Eq. (1.8). If the gauge group
is compact, then the arguments of Sec. III B directly apply
where now H includes GLGT. However, for theories with
long-range fields (e.g., electromagnetic fields or unconfined
Yang-Mills fields) the large gauge group is, in general,
infinite dimensional and includes angle-dependent gauge
transformations on the horizon [46]. Since these fields are
generally described by an interacting quantum field theory
and the infinite dimensional groupGLGT is non-Abelian, the
arguments that lead to the construction of Eq. (1.16) cannot
be immediately generalized. We outline a set of sufficient
conditions such that the full dressed algebra is type II. While
we show that some of these properties can be straightfor-
wardly achieved by a suitable choice of measure, others
require further analysis of the large gauge invariance of
interacting theories and the properties of the neutral element
vector. Nevertheless, with these assumptions, the trace on
the dressed algebra is of the form

τðâÞ ¼ heμG;ωjeX=2âeX=2jeμG;ωi
ðG ¼ Hisom ⋉ ðS ×GLGTÞÞ: ð1:17Þ

In all cases, the existence of a trace allows for the
computation of the entropy of any well-defined quantum
state on the dressed algebra. Of particular interest are the
semiclassical states jΦ̂αi ¼ jφi ⊗ jαi. Here, jφi is a state
over the gravitons as well as any other (if present) quantum
fields in R and jαi is a state in the Hilbert space of the
group whose wave function is sharply peaked at a particular
group element. For such semiclassical states, the von
Neumann entropy of the corresponding density matrix
ρΦ̂α

is

Sv:N:ðρΦ̂α
Þ ≃ Sgen þ SðραÞ þ C; ð1:18Þ

where SðραÞ is an entropy associated to the fluctuation of
the charges. For gauge fields with compact large gauge
groups, we show that SðραÞ directly matches the edge mode
contributions to the entanglement entropy that have been
previously computed by other methods (see, e.g., Ref. [47]).
Equation (1.18) can be viewed as a generalization of these
results to perturbative quantum gravity and quantum fields
with more general gauge groups.10 Notably, in this con-
struction, it is not necessary to introduce a UV cutoff to

factorize the Hilbert space, as is frequently done in the
discussion of edge modes. The Hilbert space of the theory
remains nonfactorizable and the edge mode contribution to
the entanglement remains well defined.
In Sec. V, we revisit the algebra of observables in de

Sitter spacetime and incorporate the additional constraints
arising from boost supertranslations. As before, if the
horizon area and the higher-harmonic charges were inde-
pendent, the trace would be non-normalizable and the
algebra would be of type II∞. To see that this is not the case,
we note that the higher multipoles of the perturbed area are
sourced by the mass multipole moments of the observer.
Moreover, any physically realistic model of an observer
defining a static patch must be bound by nongravitational
forces. These finite-size effects contribute to the observer’s
total binding energy and hence to its total gravitational
energy. We argue that these contributions, together with the
spin energy identified in Sec. III F, imply that the algebra of
observables in de Sitter spacetime is of type II1 with
entropy given by Eq. (1.18).
In Sec. VI, we conclude with discussions of generaliza-

tions to generic regions bounded by extremal surfaces, and
the interpretation of the boost supertranslation charges
within the framework of AdS/CFT. While the presentation
of the main text is entirely self-contained, we have included
a sequence of Appendixes which present a parallel analysis
from a more formal perspective. In Appendix A, we
describe the construction of the dressed algebra using the
terminology and notation of the crossed product. In
Appendix B, we provide a general characterization of the
type of this algebra and a construction of its trace when it
exists by appealing to the theory of dual weights as
pioneered by Digernes and Haagerup [51–53]. This analysis
generalizes the results of Ref. [44]. In Appendix C, we
provide an alternative characterization of the dressed
algebra for the case that the group of constraints is a
Cartesian product. This provides an alternative proof of
semifiniteness, and also facilitates the analysis of type II1
subalgebras which are explored in Appendix D.
We work in natural units, c ¼ ℏ ¼ 1, however we will

not set GN to unity. We will use the notation and sign
conventions of Ref. [54]. In particular, our metric signature
is “mostly positive” and our sign convention for curvature is
such that the scalar curvature of a round sphere is positive.
Abstract �-algebras are denoted by A , while von Neumann
algebras are denoted by A. The algebra of observables
supported in a subregionR is written asA ðRÞ before weak
closure and AðRÞ after. Operators associated with classical
phase space observables are denoted by boldface versions of
their classical counterparts. For instance, the operator
associated with the smeared graviton γðwÞ is written
γðwÞ. Similarly, the quantization of the gravitational fluxes,
Fðf;ψÞ, and charges, δ2Qðf;ψÞ, are notated asFðf;ψÞ and
δ2Qðf;ψÞ, respectively. The algebra of dressed observables
supported in a regionR satisfying the constraints associated

10We note that contributions to the entanglement entropy from
edge modes related to infinite dimensional large gauge groups
have been explored in, e.g., Refs. [48–50]. It would be interesting
to draw a more direct comparison between the conclusions of
these works and the results reported here.
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with a symmetry group G is denoted by A dress:ðR; GÞ, or
Adress:ðR;GÞ when closed in a suitable weak operator
topology.

II. THE ALGEBRA OF GRAVITATIONAL
PERTURBATIONS IN A SUBREGION

In this section, we construct the dressed algebra of
gravitational perturbations in R. As outlined in the
Introduction, this algebra is constructed in four steps: in
Sec. II A, we define the subregion R in a diffeomorphism
invariant way and locate the region in both the background
and perturbed spacetime. In Sec. II B, we review the
classical phase space of first-order gravitational perturba-
tions of R, and in Sec. II C, we review its quantization. In
Sec. II D, we show that the backreaction of these gravita-
tional fluctuations perturbs the geometry of R which gives
rise to an infinite set of “second-order charges,” a subset of
which give rise to nontrivial constraints. Finally, in
Sec. II F, we construct the complete, dressed algebra of R.

A. The definition of the subregion R

In this paper, we consider a subregion R ⊆ M of a one-
parameter family11 of spacetimes ðM ; gabðλÞÞ that solve
Einstein’s equation GabðλÞ þ ΛgabðλÞ ¼ 0 for all λ. As
emphasized in the Introduction, in order for such a subregion
to be well defined, R must be defined in a diffeomorphism
invariant way. In all cases of interest, the region R can be
defined as the domain of communication of an inextendible
causal curve Γ whose affine parameter tends to infinity in
the future and the past. Here, by domain of communication,
we mean thatR ≔ I−ðΓÞ ∩ IþðΓÞ, where I�ðΓÞ refer to the
chronological future/past of the curve Γ. In this way,
we restrict attention to the spacetime accessible to those
observers who can perform any experiments or measure-
ments of the spacetime in perpetuity and do not fall into any
singularities. IfR is a proper subset ofM then the boundary
∂R ¼ HR is called the “event horizon” which can occur in a
cosmological spacetime as well as any spacetime where a
black hole is present. If the spacetime admits a conformal
boundary, then R can be equivalently defined using the
asymptotic structure. For example, for an asymptotically flat
spacetime, the region R is the black hole “exterior” and the
“black hole region” is12 M −R.
The boundary HR is a null surface [55]. Adequately

locating the region R relies upon characterizing the null
boundary HR and how it changes under perturbations in a

geometric way. To characterize this region, we will now
review and define some basic properties of general
(not necessarily stationary) null surfaces. Let H be a
smooth, null hypersurface whose null generators are the
null geodesic generators of ξa, which we do not assume to
be affinely parametrized. The surface gravity of κ measures
the failure of ξa to be affinely parametrized as follows:

ξa∇aξ
b ¼̂ κξb: ð2:1Þ

Hereafter, ¼̂ denotes equality on H. The submanifold
inherits a degenerate metric qab which satisfies qabξb ¼ 0.
If na is the corresponding affinely parametrized vector
field, then we define the second fundamental form of the
null surface relative to na as

Kab ≔
1

2
£nqab: ð2:2Þ

Additionally, it will be convenient to choose an auxiliary
null vector field la which is transverse to H ≃R × S
and is defined by affinely parametrized, geodesic trans-
port off of H (i.e., la satisfies lala ¼ 0, lana ¼ −1
and la∇alb ¼ 0). With this additional structure, we may
define the “Hájiček rotation one-form” associated to na

as follows:

wa ¼̂ − qaclb∇cnb ð2:3Þ

on H.
Since the tensors qab, Kab and wa are orthogonal to na,

we can view them as “lower dimensional objects” living on
the tangent space of the horizon cross sections S. We will
denote tensors lying in this tangent space with capital Latin
indices, i.e., the tensor fields qab, Kab and wa will be
denoted as qAB, KAB and wA. Since ξa is hypersurface
orthogonal, the second fundamental form satisfiesK½AB� ¼ 0

(i.e., the “vorticity” of the null surface vanishes) and we may
decompose it as

KAB ¼ 1

2
θqAB þ σAB; ð2:4Þ

where θ ≔ qABKAB is the expansion ofH and the trace-free
tensor σAB is known the shear. In the following, it will be
convenient to a choose coordinates ðv; xAÞ on the horizon
such that ξa ¼ ð∂=∂vÞa and xA are arbitrary coordinates on
the horizon cross sections.
The above defines the geometry of any null surface H.

However, the boundary ofR in ðM ; gabðλÞÞ is not just any
null surface. It is an event horizon and, as such, is only
teleologically defined. More precisely, using the fact that
the spacetime satisfies Einstein’s equation GabðλÞ þ
ΛgabðλÞ ¼ 0 for all λ yields the Raychauduri equation

11Formally, in gravitational perturbation theory, λ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
.

For perturbation theory on stationary black hole backgrounds, we
will additionally, fix the radius of the black hole as GN → 0.
Therefore, for such spacetimes, we will be working in the limit
of large black hole mass.

12In maximally extended, stationary spacetimes, this region
will also contain the white hole. For black holes formed from
collapse, M −R is the black hole interior.
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∂VθðλÞ ¼ −
1

2
θðλÞ2 − σABðλÞσABðλÞ ð2:5Þ

and the Damour-Navier-Stokes equation for the rotation
one-form

∂VωAðλÞ ¼ −θðλÞωAðλÞ − qBCðλÞDCσBAðλÞ −
1

2
DAθðλÞ;

ð2:6Þ

where V is the affine parameter of the null generators. Here,
DAðλÞ is the covariant derivative operator on the horizon
cross sections compatible with qABðλÞ and capital indices
are raised and lowered with this metric. These equations
give two relations for the three independent quantities θðλÞ,
ωAðλÞ and σABðλÞ that determine the geometry of the null
surface.13 The event horizon is uniquely defined as the
outermost, outgoing null surface satisfying Eqs. (2.5)
and (2.6) with compact cross sections whose expansion
θðλÞ vanishes as V → ∞. The global nature of this
definition means that it cannot be easily found for any
λ > 0. However, as we now explain, it can be straightfor-
wardly identified at “zeroth” and “first” order in λ [56].
We first identify R in the background spacetime

ðM ; gð0ÞÞ which we assume contains a bifurcate Killing
horizon H with bifurcation surface B. By assumption, the
spacetime admits a Killing vector ξa whose integral curves
are the null geodesic generators of H which satisfy
Eq. (2.1) with constant κ [12], and ξa vanishes on B.
Spacetimes with Killing horizons encompass all stationary
black hole spacetimes as well as the de Sitter cosmology.
For any black hole formed from collapse, the exterior will
rapidly settle down to an essentially stationary black hole
whose event horizon is, to an excellent approximation,
a Killing horizon [55,57–59] which can always be extended
to a global spacetime ðM ; gabð0ÞÞ with bifurcate structure
[60,61]. Any bifurcate Killing horizon globally divides the
spacetime into four regionsF ,P,R andL as depicted in
Fig. 1 [62]. The subregion ðR; gabð0ÞÞ corresponds to the
λ ¼ 0 case of the one-parameter family of invariantly
defined subregions defined above. We will denote the
union MR ≔ F ∪ R as the “physically relevant region”
which, in the black hole case, corresponds to the interior
and exterior of the black hole. This spacetime will, at the
very least, be the smallest global extension of R that we
will need. The physical relevance of the maximal global
extension depends on the spacetime of interest. The
analyses and results presented in this paper will apply
equally well if the relevant global spacetime is M or MR.

This division of ðM ; gabð0ÞÞ also naturally divides each
horizon as depicted in Fig. 1. For example, we denote the
future/past horizon of R as H�

R ≔ H ∩ I�ðRÞ and, sim-
ilarly, we define H∓

L ≔ H ∩ I�ðRÞ. Since ξa vanishes
on B, the Gaussian null coordinates introduced above are
good coordinates in a neighborhood on each component of
the horizon. It will also be convenient to, for example,
consider an affinely parametrized vector field la ¼ ð∂=∂VÞa
on Hþ

L ∪ H−
R with affine parameter V so that V ¼ 0 on B.

On each component, the affine parameter is exponentially
related to the Killing parameter. For example, on H−

R we
have that

V ¼ eκv; ð2:7Þ

where we have chosen V such that v ¼ 0 corresponds to
V ¼ 1. Thus, the coordinates ðV; xAÞ coverH− ≔ Hþ

L ∪ H−
R.

Similar statements and constructions also hold for Hþ ¼
H−

L ∪ Hþ
R with coordinates ðU; xAÞ where U is the affine

parameter of the null geodesic generators ofHþ. Finally, for a
Killing horizon, we note that expansion and shear identically
vanish. So, we have that on HR for λ ¼ 0, as follows:

θð0Þ ¼ 0; σABð0Þ ¼ 0 and

qABð0Þ ¼ qAB ðKilling horizonÞ; ð2:8Þ

whereqAB is the stationary, backgroundmetric on the horizon
cross sections. The rotation one-form wAð0Þ, however, is
generally nonvanishing—i.e., it is nonvanishing for a sta-
tionary Kerr black hole—and, by Eqs. (2.6) and (2.8), is
constant on the horizon.
We now consider linearized perturbations of the space-

time. While we have restricted attention to the vacuum
gravitational perturbations, it is entirely straightforward to

FIG. 1. Spacetime diagram depicting a bifurcate Killing hori-
zon given by the union of null surfaces H ¼ H− ∪ Hþ where
H− ¼ H−

R ∪ H−
L and Hþ ¼ Hþ

R ∪ Hþ
L with bifurcation sur-

face B. The arrows correspond to orbits of the Killing field in
a neighborhood of B. The spacetime is divided into four regions
L , R, P and F as shown.

13While there is an “evolution” equation for the shear (see, e.g.,
Eq. (9.2.33) of Ref. [54]), this equation is “sourced” by the
electric Weyl tensor CAcBdncnd on the null surface which is
unconstrained by Einstein’s equation. Therefore, this equation
should actually be viewed as a formula for the Weyl curvature on
the null surface as opposed to an equation that determines σAB.
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extend this analysis to include matter perturbations (see
Sec. IV C). More precisely, we consider a one-parameter
family of classical solutions to the full vacuum Einstein
equations gabðλÞ such that gabð0Þ is a spacetime with a
Killing horizon and

γab ≔
dgab
dλ

����
λ¼0

ð2:9Þ

is a linear perturbation which satisfies

L½γ� ≔ □gγab þ∇a∇bγ −∇c∇aγ
c
b −∇c∇bγ

c
a þ 2Λγab

¼ 0 ð2:10Þ

with γ ≔ gabγab and Λ a cosmological constant. In the
rest of this paper, we will also use the notation δgab ¼
dgab=dλjλ¼0 and δ2gab ¼ d2gab=dλ2jλ¼0. We will also use
this notation for any the variation of any function of the
metric in the remainder of this paper.
Diffeomorphism invariance of gabðλÞ implies that any

two solutions γab and γ0ab are physically equivalent if they
differ by a linearized gauge transformation,

γ0ab ¼ γab þ∇ðaχbÞ; ð2:11Þ

where χa is any vector field on M . Under such a
perturbation, the spacetime subregion will, in general, be
perturbed as well and so we must relocate the event horizon
in the perturbed spacetime. Despite the fact that the event
horizon is defined only teleologically, the vanishing of the
background expansion and shear implies, via Eq. (2.5), that
the first-order Raychaudhuri equation yields

∂Vδθ ¼ 0 ðonHþÞ: ð2:12Þ

Therefore, the necessary and sufficient condition forHþ to
remain the event horizon in the perturbed spacetime is that
the surface remains null with vanishing perturbed expan-
sion. It was shown in Ref. [56] that, using Eq. (2.11), the
gauge condition

δθ ¼ 0 ðonHþÞ ð2:13Þ

can always be imposed. We similarly impose the identical
gauge condition14 δθ ¼ 0 onH−. With these conditions, we
have succeeded in locating the subregionR in the perturbed
spacetime.

B. The classical phase space of first-order
perturbations of R

Having invariantly defined the subregion of interest, we
can now meaningfully discuss the phase space of gravita-
tional perturbations of this region. Observables correspond
to gauge invariant functions on phase space. For example,
while the perturbation γab is not invariant under the
linearized gauge transformation given by Eq. (2.11), one
can construct a gauge invariant observable by smearing

γðwÞ ¼
Z
M

ffiffiffiffiffiffi
−g

p
d4x γabðxÞwabðxÞ; ð2:14Þ

where wab is a smooth, symmetric and divergence-free
test tensor (i.e., w½ab� ¼ 0 ¼ ∇awab). The phase space of
linearized perturbations can be endowed with a symplectic
structure with conserved, symplectic product

W ðγ1; γ2Þ ¼
1

16π

Z
Σ

ffiffiffi
h

p
d3 x naPabcdef

× ½γ2;bc∇dγ1;ef − γ1;bc∇dγ2;ef�; ð2:15Þ

where

Pabcdef ≔ gaegfbgcd −
1

2
gadgbegfc

−
1

2
gabgaegfd þ 1

2
gbcgadgef: ð2:16Þ

Here, Σ is any Cauchy surface, hab is the induced metric on
Σ, and na is the unit normal. We note that, for any pair of
solutions γ1, γ2, the symplectic product is independent of
the choice of Cauchy surface. The local observable (2.14) is
also an observable on phase space

γðwÞ ¼ W ðγ; EwÞ ð2:17Þ

and generates the infinitesimal transformation γab ⟶
γab þ ðEwÞab, where ðEwÞab is the advanced minus
retarded solution of the linearized Einstein’s equation with
source wab.
The above construction yields the phase space of gravi-

tational perturbations on any globally hyperbolic spacetime.
We will now construct the phase space of gravitational
perturbations inR which is the phase space of perturbations
subject to the gauge conditions (2.13). By Eq. (2.15),
the phase space of such solutions in R is equivalent to
the space of initial data subject to our gauge conditions.
Since these gauge conditions are specified on the bifurcate
Killing horizon, it is extremely convenient to consider the
space of initial data onHþ orH−. For definiteness, we will
focus on data specified on the past horizon H−.
To identify the phase space of initial data on H−, we

consider the linearized Einstein equations on the null sur-
face. Without loss of generality, it can be shown that one can

14Reference [56] imposed an additional gauge condition on the
perturbed volume element of B and did not impose the condition
that δθ vanish onH−. The latter condition is unnecessary (see the
Remark in Ref. [63]) and the former condition (i.e., that δθ ¼ 0
on H−) together with Eq, (2.13) ensures that the location of B is
not changed in the perturbed spacetime [64].
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impose the additional gauge condition15 that γabnb ¼̂ 0 on
the horizon. In this gauge, the condition (2.13) implies that

δθ ¼ 1

2
qAB£nδqAB ¼ 0; ð2:18Þ

where δqAB is the perturbed metric on the horizon cross
sections, qAB is the background metric on the horizon cross
sections and capital indices in Eq. (2.18) are raised and
lowered with this metric. The perturbed metric δqAB subject
to Eq. (2.18) corresponds to the “free data” on the horizon
for the linearized Einstein equation. Indeed, by our gauge
conditions, the linearized Raychaudhuri’s equation is trivi-
ally satisfied and the linearized Damour-Navier-Stokes
equation yields

£nδωA ¼ DBδσBA; ð2:19Þ
where, here and in the remainder of this paper, DA is the
covariant derivative compatible with the background metric
qAB on the horizon cross sections. Using Eq. (2.18), the
linearized shear is given by

δσAB ¼ 1

2
£nδqCD: ð2:20Þ

If we specify the perturbed metric δqAB on the horizon,
subject to Eq. (2.18), δωA is determined by integrating
Eq. (2.19) with the condition that δωA vanishes in the far
future. Without loss of generality, we consider perturbations
which vanish in the asymptotic past and future since we are
considering the phase space of solutions ðEfÞab sourced by
test functions of compact support.
The symplectic form given by Eq. (2.15) with Σ ¼ H−

yields a symplectic structure on the initial data [56], as
follows:

W H−ðγ1; γ2Þ

¼ −
1

8π

Z
H−

dU dΩðδσAB1 δq2;AB − δqAB1 δσ2;ABÞ; ð2:21Þ

where we take the phase space of initial data to be
perturbations δqAB which decay as U → �∞. Using
Eq. (2.17), the smeared shear onH− can be directly related
to the local metric perturbation by

δσðsÞ ¼
Z
H−

R

dV dΩ δσABsAB ¼ −4πW H−
R
ðγ; EwÞ;

sab ¼ ðEwÞab: ð2:22Þ
By Eq. (2.17), the phase space of perturbations in R is
equivalent to the phase space of initial data on any Cauchy
surface. In general,H� will not be a Cauchy surface forR.

However, in many spacetimes (e.g., Rindler horizons in flat
spacetime [65], de Sitter spacetime, black holes in AdS,
etc.) it is essentially a Cauchy surface for determining the
evolution of solutions to the wave equation. In these cases,
smoothness of the solution and the dispersive nature of
waves on these spacetimes ensures that all solutions with
initial data of compact support will fully “fall through” the
horizon. Consequently, in these spacetimes, Eq. (2.22)
implies that

γðwÞ ¼ −
1

4π
δσðsÞ; ð2:23Þ

where sab ≔ ðEwÞabjH− .
In other spacetimes (e.g., black holes in de Sitter space,

asymptotically flat black holes, etc.), Eq. (2.23) is insuffi-
cient to fully reconstruct the local perturbation and one
must supplement with data on another Killing horizon or at
infinity. In these cases, the data can be independently
specified on each asymptotic boundary and γðwÞ is simply
a linear combination of data on each component of the
boundary of R (see Sec. III E).

C. The quantization of first-order perturbations of R

We will now review the quantization of first-order gravi-
tational perturbations γ inR [66]. In any globally hyperbolic
spacetime, the quantization algebra is an �-algebraA defined
by starting with the free algebra generated by γðwÞ, γðwÞ�
and 1 and factoring by the relations
(R.I) γðc1w1 þ c2w2Þ ¼ c1γðw1Þ þ c2γðw2Þ for any w1,

w2 and any c1; c2 ∈R
(R.II) γðLðwÞÞ ¼ 0 for all w
(R.III) γðwÞ� ¼ γðwÞ for all w
(R.IV) ½γðw1Þ; γðw2Þ� ¼ iEðw1; w2Þ1, for any w1 and w2.
(R.I) denotes the fact that γðwÞ is linear in the test tensor,
(R.II) denotes the fact that γ is Hermitian, (R.III) states that γ
satisfies the equations of motion in the distributional sense
and (R.IV) implies that γ satisfies the commutation relations
where Eabcdðy1; y2Þ is the advanced minus retarded Green’s
function on M .
To quantize the perturbations inR, we must additionally

impose our gauge conditions on the horizon. This can be
achieved using

γðwÞ ¼ −
1

4π
δσðsÞ; ð2:24Þ

where, again, sab ≔ ðEwÞabjH− to define a corresponding
“initial data” algebra on H−. A similar algebra can be
constructed on the future horizon. In spacetimes where
Eq. (2.24) does not hold, the following quantization must
be supplemented by an additional quantization of degrees
of freedom “at infinity” (see Sec. III E). Unless other-
wise stated, we will assume that Eq. (2.24) holds and so the
quantization of the bulk field observable is equivalent to the
quantization of the perturbed shear on the horizon. More

15This condition is compatible with working in a “Gaussian
null gauge” which can be imposed in the neighborhood of any
null surface.
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precisely,A ðRÞ ≅ A ðH−Þ whereA ðH−Þ is the �-algebra
of initial data δσ factored by relations equivalent to that
of (R.I) and (R.III) together with the commutation relations

½δσABðx1Þ; δσCDðx2Þ�

¼ i

�
qAðCqDÞB −

1

2
qABqCD

�
δ0ðV1; V2ÞδS2ðxA1 ; xA2 Þ1:

ð2:25Þ

Equation (2.25) holds in the distributional sense where the
x ¼ ðY; xAÞ are points on H− and δS2 is the δ-function on
the two-sphere cross sections of the horizon. We note that
there is no analog of (R.II) since we are considering
initial data.
The algebra A ðH−Þ admits a unique vacuum state16 ω

which is invariant under the action of horizon Killing
isometries. In black hole spacetimes where Eq. (2.24) holds,
ω will be referred to as the Hartle-Hawking state17 [71,72]
whereas, in cases where we must supplement Eq. (2.24)
with data elsewhere, this state will generally be referred to as
the Unruh state [73]. In either case, all such states agree
on H−. Indeed, the unique state on H− invariant under the
horizon Killing isometries is a Gaussian state with vanishing
one-point function and two-point function given by [62]

ωðδσABðx1ÞδσCDðx2ÞÞ

¼ 1

π

ðqAðCqDÞB − 1
2
qABqCDÞδS2ðxA1 ; xA2 Þ

ðU1 −U2 − i0þÞ2 : ð2:26Þ

We note that the state ω, is invariant under the isometries of
R. In particular, this includes the isometry group of
ðqAB;S2Þ. If R is the exterior of a static black hole or
the de Sitter static patch, then the cross sections are round
spheres and the isometry group SO(3). For rotating black
holes, the cross sections are oblate spheres and the isometry
group of these spheres is Uð1Þ. In addition to the rotational
isometries, the state ω is also invariant under the boost
isometry U → eκtU—i.e., u → uþ t in Killing time—
which corresponds to the action of the horizon Killing
isometry of the background. On the subalgebra A ðH−

RÞ ⊂
A ðH−Þ of observables on H−

R, we can change coordinates
to the Killing time u which yields

ωðδσABðu1; xA1 ÞδσCDðu2; xA2 ÞÞ

¼ κ2

4π

ðqAðCqDÞB − 1
2
qABqCDÞδS2ðxA1 ; xA2 Þ

sinhðκ
2
ðu1 − u2Þ − i0þÞ2 ; ð2:27Þ

where δS2 is the δ-function with respect to qAB. The state ω
can then be seen to be thermal with respect to translations
in u in the following sense. First, we can define the
translation map

αt½δσABðu; xAÞ� ≔ δσABðuþ t; xAÞ: ð2:28Þ

Then, ωðδσABðu1; xA1 Þαt½δσCDðu2; xA2 Þ�Þ can be analytically
continued as a distribution to complex t in the strip
0 < Im t < 2π=κ. It is bounded and continuous on this
strip, and satisfies the Kubo-Martin-Schwinger (KMS)
condition

ωðαtþiβ½δσABðu1; xA1 Þ�δσCDðu2; xA2 Þ
¼ ωðδσABðu2; xA2 Þαt½δσCDðu1; xA1 Þ�Þ; ð2:29Þ

where β ≔ 2π=κ. A state that obeys the above conditions is
a thermal state with inverse temperature β [74–76]. As
we will see in Sec. II D, the set of diffeomorphisms which
leave ω invariant is actually considerably larger than just the
isometries ofR. From the form of Eq. (2.29), it is clear that
ω is also invariant under a much larger group of boost
supertranslations u → uþ fðxAÞ as mentioned in the
Introduction. This fact will play a key role in the consid-
erations of this paper.
Given the vacuum state (3.67), one can construct a one-

particle Hilbert space H 1 by defining an inner product
hs1js2i ¼ ωðδσðs1Þ�δσðs2ÞÞ on the space of initial data
on H−, factoring by any degenerate elements and complet-
ing this space with respect to the norm defined by the inner

product. The full Fock representation F ≔ C ⊕ ⨁
∞

n¼1

H n

where H n is the n-fold symmetrized tensor product
of H 1. This yields the “Gelfand-Naimark-Segal (GNS)
representation” of A ðH−Þ associated to the “ground state”
which is represented by the vector jωi∈F. By construc-
tion this vector is “cyclic,” i.e., the action of the elements of
A ðH−Þ on jωi generates a dense subspace of states.18 We
also note that on the subalgebra A ðH−

RÞ, jωi is “separat-
ing” in that the only element ofA ðH−

RÞ that annihilates the
state is the zero element.
While the �-algebraA ðRÞ is sufficient for most physical

questions (e.g., the evolution of initial data, the expectation
value of any local observable, etc.), some additional
structure will be useful to discuss notions such as the
von Neumann entropy of quantum states in R. This extra
structure promotes the �-algebra to a von Neumann algebra
AðH−

R;ωÞ which is a suitable (weak) closure of A ðH−
RÞ.

This closure is obtained by taking the “double commutant”
of the original algebra. The commutant algebra A ðHRÞ016Here, we are considering a state in the algebraic sense as a

positive, linear, normalized map from the algebra to the complex
numbers.

17In Minkowski spacetime, ω is simply the Minkowski
vacuum and in de Sitter spacetime, ω is known as the Bunch-
Davies state [67–70].

18This observation allows us to define the representation of
A ðH−Þ acting on F . Given a∈A ðH−Þ=kerðωÞ we define the
vector jai≡ ajωi. Then, A ðH−Þ simply acts by left multiplica-
tion ajbi ¼ jabi.
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with respect to the GNS representation F is given by

A ðH−
RÞ0 ≔ fb∈BðFÞjba ¼ ab; ∀ a∈A ðH−

RÞg;
ð2:30Þ

where BðFÞ is the set of all bounded operators on F . The
von Neumann algebra AðH−

R;ωÞ associated the observ-
ables on H−

R is given by [77]

AðH−
R;ωÞ ≔ ½A ðH−

RÞ�00: ð2:31Þ
Similarly, we will denote AðH−;ωÞ as the von Neumann
algebra on the horizon generated by the full algebraA ðH−Þ.
Finally we note that, in spacetimes for which Eq. (2.23)
holds, we trivially have that

AðH−
RÞ ¼ AðRÞ; ð2:32Þ

where AðRÞ is the von Neumann algebra of gravitational
perturbations inR. Likewise, the commutant of this algebra
can be identified with AðRÞ0 ≃AðL Þ. Hereafter, we will
drop reference to the state ω in the von Neumann algebra.
The additional structure of von Neumann algebras

provides useful tools for their analysis and classification.
Given any state jΨi∈F and a cyclic, separating state jωi
one can (densely) define the relative Tomita operator SΨjω
which satisfies

SΨjωajωi ¼ a�jΨi: ð2:33Þ
The relative Tomita operator admits a “polar decomposi-
tion” of the form

SΨjω ¼ JΨjωΔ
1=2
Ψjω; ð2:34Þ

where ΔΨjω is a positive operator known as the “relative
modular operator” and JΨjω is an antiunitary operator
which is called the “relative modular conjugation.”
The modular operator is defined as the case where both

entries of the relative modular operator refer to the same
state (i.e., for jΨi, the modular operator is ΔΨ ≔ ΔΨjΨ). It
generates a strongly continuous, one-parameter group of
automorphisms of any von Neumann algebraA, as follows:

aðtÞ ≔ Δ−it
Ψ aΔit

Ψ ∈A ∀ a∈A; t∈R; ð2:35Þ
where aðtÞ is the one-parameter family of algebra elements
which constitute the “modular flow” of a. Since this action
is strongly continuous, there exists an unbounded (densely
defined) operator KΨ ≔ − logΔΨ. The modular operator
satisfies the direct analog of the KMS conditions now with
respect to modular flow:

ΔΨjΨi ¼ jΨi hΨjaðtÞbjΨi ¼ hΨjabðtþ iÞjΨi ð2:36Þ
for any a; b∈A. We have used the fact that hΨjabðtÞjΨi
satisfies appropriate analyticity conditions in t [see the text

above Eq. (2.29)]. For a general state, jΨi, the modular
flow (2.35) will not correspond to any local, geometric flow
in the spacetime. By contrast, as mentioned above, the state
ω is a KMS state onH−

R and so, by Eq. (2.29), the modular
flow generated by Δω on that subalgebra precisely coin-
cides with the flow generated by Killing time translations.
The von Neumann algebras considered in this paper

are “factors,” meaning they have trivial “centers” (i.e.,
A ∩ A0 ¼ C1). Von Neumann factors can be broadly clas-
sified into three categories: types I, II and III. These categories
are identified by the properties of their modular operators and
are largely distinguished by the existence (or lack thereof)
of a trace on the algebra. Such an object is a prerequisite to
defining—let alone computing—vonNeumann entropies.We
now give a brief review of this classification as it pertains to
the results and arguments of this paper. For further details we
refer the reader to Refs. [78,79].
Type I algebras are the most familiar algebras in quantum

theory. Such algebras admit irreducible Hilbert space rep-
resentations and are equivalent to the algebra of all bounded
operators on a given Hilbert space. These algebras admit a
trace—i.e., a densely defined, positive, linear functional
Trð·Þ on the algebra such that TrðabÞ ¼ TrðbaÞ ∀
a; b∈A—which, in this case, is simply the Hilbert space
trace. As such, these algebras admit pure states and density
matrices. A type I algebra on an infinite dimensional Hilbert
space is denoted as type I∞. A key example of such an
algebra is quantum field theory on a Cauchy surface (e.g., a
t ¼ 0 surface in Minkowski spacetime). One can assign a
Hilbert space to degrees of freedom on such a surface and,
unsurprisingly, the algebras on these surfaces admit pure
states and density matrices. It is important to note that
the Cauchy surface need not be complete for the algebra to
be type I. It need only sufficiently capture enough degrees
of freedom of the quantum field so that one can assign a
Hilbert space. In our case, this occurs for the algebra on the
horizon H−. Despite the fact that H− is, in general, not a
complete Cauchy surface, one can construct an irreducible
representation of AðH−Þ—namely, F—and the algebra
does admit pure states—namely, the vacuum ω.
A type III algebra, on the other hand, has almost none of

these properties. This algebra has no irreducible represen-
tations nor does it admit a trace functional. While one can
define states (e.g., positive, linear maps on the algebra)
these states cannot be pure and one cannot assign a density
operator to them. Type III algebras arise when one con-
siders algebras associated to subregions of the spacetime.
For the purposes of this paper, an important example is the
algebra AðH−

RÞ associated to (the boundary of) R. The
failure of assigning a density matrix to any state in F
restricted to AðH−

RÞ arises from the strong entanglement
across the bifurcation surface. The correlation functions of
all physical states in F diverge at short distances, as in the
vacuum state [see Eq. (3.67)]. This strong, universal,
Hadamard divergence is the obstruction to assigning a
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Hilbert space to the subregion H−
R or a density operator to

any state onAðH−
RÞ. This universal divergence also implies

that the modular operator acts as an outer automorphism on
AðH−

RÞ and cannot be split into the product of operators
affiliated with AðH−

RÞ and its commutant. We will refer to
the algebra AðH−

RÞ as a type III1 algebra.19

Finally, type II algebras have intermediate properties
between the cases of type I and III. Like type III algebras,
type II algebras do not have irreducible representations and,
as such, all states on the algebra are mixed. However, type
II algebras differ in two important ways. The first is that the
modular flow is now an inner automorphism. The second is
that one can, in fact, construct a trace which is unique up to
a multiplicative constant.20 As we will see, these two
properties are not entirely unrelated; the von Neumann
entropy is defined up to a state-independent constant and
so only entropy differences are well defined. If the algebra
admits a maximum entropy state, then the algebra is called
type II1. More technically, this means that the trace func-
tional is normalizable. However, if the entropy has no
maximum value (i.e., the trace functional is not normal-
izable), then the algebra is called type II∞. As mentioned in
the Introduction, it has recently been argued that type II
algebras are the algebras which arise in semiclassical, “local”
quantum gravity; see, e.g., Refs. [1–3,39–41,82,83]. One
purpose of this paper is to analyze this claim in the case
where the (invariantly defined) subregion is the region R.

D. The symmetries, second-order charges
and constraints of R

In Sec. II A, we found the necessary gauge conditions to
ensure that the horizonsHþ

R andH−
R remain the boundary of

R in the perturbed spacetime. The remaining gauge freedom
of the perturbation hab is hab → hab þ £χgab where χa is a
smooth class of vector fields which preserve our gauge
conditions on each horizon as well as any asymptotic
conditions on the metric. In this subsection, we will consider
the group of diffeomorphisms which preserve R. We will
then find the relevant subgroup of diffeomorphisms that
impose nontrivial “constraints” on the first-order gravita-
tional field as described in the Introduction.
Clearly, any vector field χa which vanishes on the

boundary of R preserves the region. The remaining gauge
freedom we must thereby consider are the “large diffeo-
morphisms”—i.e., those diffeomorphisms that act non-
trivially on the boundary of R but preserve our gauge
conditions. In this section, we will focus primarily on the

symmetry group associated to diffeomorphisms that are non-
trivial on the horizon since this group is universal—it will be
common to all spacetimes considered in this paper. The
remaining group of large diffeomorphisms is the “asymptotic
symmetry group” which depends on the asymptotic behavior
of the spacetime.We comment on the relationship of the large
diffeomorphisms and charges considered here to those
defined at infinity at the end of Sec. IVB.
The infinitesimal diffeomorphisms that preserve our

gauge conditions are all smooth vector fields χa which
generate asymptotic symmetries at infinity and, on the
horizons satisfy [31,56,84]

£nχa ¼̂ fna ðonHþÞ £lχa ¼̂ fla ðonH−Þ; ð2:37Þ

where f is a smooth function on H that satisfies na∇af ¼
0 ¼ la∇af ¼ 0. We recall that la ¼ ð∂=∂UÞa and na ¼
ð∂=∂VÞa are the affinely parametrized null generators ofHþ
and H−, respectively. To describe the symmetry generators
that satisfy Eq. (2.37), it is useful to extend la and na to all of
H by requiring that the vectors remain null and orthogonal to
each other (i.e., lala ¼ nana ¼ 0 and lana ¼ −1). The
coordinates ðV; xAÞ are then extended off ofHþ by holding
them constant along the orbits of la ¼ ð∂=∂UÞa. Similarly,
the coordinates ðU; xAÞ are extended off of H− by holding
them constant along the orbits of na ¼ ð∂=∂VÞa. This
defines a Gaussian null coordinate system ðU;V; xAÞ in a
neighborhood of H. In these coordinates, the diffeomor-
phisms that satisfy Eq. (2.37) are given by

χa ¼ fðxAÞξa þ YA

�
∂

∂xA

�
a
þUVqABDBfðxAÞ

�
∂

∂xA

�
a

þ…; ð2:38Þ

where YAðxBÞ is a smooth vector field on S2, ξa is the
horizon Killing field

ξa ≔ κ

�
U

�
∂

∂U

�
a
þ V

�
∂

∂V

�
a
�
; ð2:39Þ

and “…” stand for a vector field that vanishes onH together
with its first and second derivatives. The correspond-
ing diffeomorphism group is an infinite dimensional group21

whose action on H is ðU;V; xAÞ → ðŪ; V̄; x̄AÞ where

19The specific subclassification of type IIIλ algebras by
Connes [80] where 0 ≤ λ ≤ 1 will not be relevant for us since
the only factors that can occur in local quantum field theory are of
type III1 [18]. However, the introduction of stringy physics, which
is inherently nonlocal, has recently been argued to lead to type III0
von Neumann algebras [81].

20For a discussion of this fact, see Appendix D.

21Reference [31] considered the symmetry group of an
arbitrary, smooth null surface and obtained a larger group which
includes, in addition to diffeomorphisms of the form (2.38), an
infinite dimensional, Abelian group of “affine supertranslations.”
We do not include these elements here since they would move B
and therefore not preserve R. The group obtained in Ref. [56] is
slightly smaller than that generated by Eq. (2.38) since the
authors imposed an additional (unnecessary) gauge condition—
see footnote 14. Our symmetry group agrees with that of Ref. [84]
which obtained the full symmetry group for spacetimes with a
preferred “bifurcation surface.”
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Ū ¼ eκfðxAÞU; V̄ ¼ e−κfðxAÞV; x̄A ¼ x̄AðxAÞ; ð2:40Þ

consisting of arbitrary diffeomorphisms of S2 together with
angle-dependent rescalings of the affine parameters of the
null generators. These large diffeomorphisms form the group
DiffðS2Þ ⋉ S where S is the Abelian group of boost
supertranslations generated by Eq. (2.37) with YA ¼ 0.
The diffeomorphismswith f ¼ 0 and general YA are referred
to as “superrotations” which are the generators of DiffðS2Þ.
At this stage, it may be alarming that the group of large

diffeomorphisms that preserve the subregion is an infinite
dimensional group. We first recall that the purpose of this
paper is to analyze the constraints that arise in gravitational
perturbation theory. As we review below, for the finite
dimensional group of isometries—i.e., f ¼ 1 and YA ¼ ψA

is an isometry of ðqAB;S2Þ—it was shown in Refs. [1–3]
that the isometry group does generate nontrivial constraints
at second order in perturbation theory on the first-order
gravitational perturbations. The purpose of this section is to
determine (i.) the full subgroup of diffeomorphisms that
yield nontrivial constraints and (ii.) the order in perturba-
tion theory in which these constraints arise.
The constraints arise from the charges conjugate to the

large diffeomorphisms as well as their fluxes. These charges
were obtained for any null boundary in Ref. [31]. Therefore,
we can define the chargesQðf; Y; λÞ onH− in ðM ; gabðλÞÞ
for any λ and any f; YA. To determine (i.) and (ii.), the
strategy will be to consider the charge-flux relations at every
order in perturbation theory and determine which charges
impose nontrivial constraints on the first-order gravita-
tional field.
We first consider the boost supertranslationsQUðf; λÞ ≔

Qðf; 0; λÞ which, on any constant U cut SU of H−, are
given by

QUðf; λÞ ¼
Z
SU

d2x
ffiffiffiffiffiffiffiffiffi
qðλÞ

p
fðxAÞ½1 − UθðλÞ� ð2:41Þ

for any λ. This is the charge “conjugate” to the boost
supertranslations [31]. By Raychauduri’s equation [see
Eq. (2.5)], it is straightforward to show that the local flux
associated to this charge is

∂UQUðf; λÞ ¼
Z
SU

d2x
ffiffiffiffiffiffiffiffiffi
qðλÞ

p
fðxAÞU

×

�
σABðλÞσABðλÞ −

1

2
θðλÞ2

�
; ð2:42Þ

where we recall that capital indices are raised and lowered
with qABðλÞ. The desired charge-flux relation is obtained by
integrating the rhs of Eq. (2.42) over the entire horizon to
obtain [84,85]

QRðf; λÞ −QLðf; λÞ ¼ −Fðf; λÞ: ð2:43Þ

Here, R=L denotes the limit U → � and

Fðf; λÞ ≔ −
Z
H
dU d2x

ffiffiffiffiffiffiffiffiffi
qðλÞ

p
fðxAÞU

×

�
σABðλÞσABðλÞ −

1

2
θðλÞ2

�
: ð2:44Þ

We now simply evaluate the above relations at each
order in perturbation theory. At zeroth order in perturbation
theory, the horizon is stationary and so the only non-
vanishing boost supertranslation charge is the total area
which, of course, is constant, as follows:

QUðf; 0Þ ¼
Z
SU

d2x
ffiffiffi
q

p ¼ AB ∂U QUðf; 0Þ ¼ 0;

ð2:45Þ

for any f where we have normalized f such thatR
S2 fðxAÞ ¼ 1 and AB is the area of the bifurcation surface.
At first order in perturbation theory we find that, while now
the perturbed area element need not vanish,22 it still remains
constant, as follows:

δQUðfÞ ¼ δAB ∂UδQUðfÞ ¼ 0: ð2:46Þ

Here, δAB is the perturbed area of the bifurcation surface.
We obtain a nontrivial constraint at second order relating

(second-order) charges in R and L to a flux that depends
only on the first-order perturbation. Taking a second
variation of Eq. (2.41) yields [32]

δ2QUðfÞ ¼ δ2AUðfÞ −
Z
SU

dΩU δ2θ; ð2:47Þ

where dΩ ≔ d2x
ffiffiffi
q

p
. Taking a second variation of

Eqs. (2.43) and (2.44), we obtain

δ2QLðfÞ
4GNβ

−
δ2QRðfÞ
4GNβ

¼ −δ2FðfÞ

where δ2FðfÞ ≔ −
1

4GNβ

Z
H
dU dΩ fðxAÞUδσABδσ

AB:

ð2:48Þ

We note that δ2QðfÞ ∼OðGNÞ and so we have explicitly
divided by GN so that the resulting charge is finite as
GN → 0. A factor of 4β was also included to simplify later
formulas of black hole entropy. Finally, we have redefined
the second-order flux to absorb this factor where we recall
that δσAB ∼Oð ffiffiffiffiffiffiffi

GN
p Þ, so now δ2FðfÞ is also finite in the

semiclassical limit.

22For instance, one can consider a stationary perturbation to
a “nearby” Schwarzschild solution. In this case, the area and
(by the first law) the mass would change.
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Importantly, the charges δ2QL=R depend on the second-
order perturbed metric. However, the flux δ2FðfÞ depends
entirely on the first-order gravitational field. Thus, while
δ2QLðfÞ and δ2QRðfÞ are both independently defined,
second-order observables in R and L , respectively, their
difference is actually an observable on the first-order
gravitational phase space. Indeed, δ2FðfÞ is the observable
on phase space which generates boost supertranslations of
the first-order perturbations

δ2FðfÞ ¼ −
π

GNβ
W Hðγ; £χγÞ; ð2:49Þ

where χa ¼̂ fξa is a boost supertranslation. We note that,
in the classical theory, the above constraint is fairly
innocuous and is straightforward to satisfy. We will con-
sider the analogous constraint in the quantum theory. As we
shall see, satisfying this quantum constraint for the algebra
of observables in R will not be so trivial.
We now consider the charges QðYÞ associated to a

general superrotation

QUðY; λÞ ¼
Z
SU

d2x
ffiffiffiffiffiffiffiffiffi
qðλÞ

p
ωBðλÞYBðxAÞ; ð2:50Þ

and the flux of this charge is simply equal to the rhs of
Eq. (2.6). We will not need the full form of this flux and we
will simply present the relevant fluxes at each order in
perturbation theory. Proceeding as above, we now identify
the relevant set of superrotations that give rise to nontrivial
constraints on the first-order gravitational field.
At zeroth order in perturbation theory the only non-

vanishing charges are QUðψ ; 0Þ where YA ¼ ψA is an
isometry of the background metric qAB, as follows:

D ðAψBÞ ¼ 0: ð2:51Þ
These charges are simply the angular momentum of the
black hole

QUðψ ; 0Þ
8π

≔ JðψÞ ð2:52Þ

and are constant on the horizon. If the zeroth order charge is
nonvanishing in a black hole spacetime, then the black hole
is rotating in the angular direction ψA. We now consider the
first-order variation δQðYÞ which is generally nonvanish-
ing for any superrotation YA. However, it directly follows
from Eq. (2.19) as well as the fact that δqAB vanishes at
early and late affine times23 that the total flux also vanishes
at first order in perturbation theory, as follows:

δQLðYÞ − δQRðYÞ ¼ 0; ð2:53Þ

for all YA. We now consider the second-order charges. We
first consider the second-order charges δ2QðψÞ associated
to the isometries ψA of the background which, by varying
Eq. (2.6), satisfies

δ2QLðψÞ
8πGN

−
δ2QRðψÞ
8πGN

¼ −δ2FðψÞ; ð2:54Þ

where we have again introduced explicit factors of GN to
ensure that the expression is well defined in the semi-
classical limit and we have redefined the flux to include
these factors:

δ2FðψÞ ≔ 1

4πGN

Z
H−

dU dΩ δσAB£ψδqAB

¼ −
1

2GN
W Hðγ; £χγÞ; ð2:55Þ

and χa ¼̂ ψAð∂=∂xAÞa on the horizon. Therefore, for the
isometries ψA, the second-order charges δ2QðψÞ satisfy an
analogous constraint whereby the difference of charges
is determined entirely in terms of the radiative data.
Furthermore, by the rhs of Eq. (2.55), the flux is the
observable on phase space which depends locally on the
perturbed metric and generates rotations along the isom-
etry directions of the sphere.
We note that there is no analogous relation for a general

superrotation YA since the corresponding flux is not locally
constructed from only the first-order field. By taking a
second variation of Eq. (2.6), it is straightforward to show
that the flux also depends on terms that are now second order
in the metric, such as δ2σABD

AYB as well as δ2θDAYA.
While these terms vanish for YA ¼ ψA, the flux δ2FðYÞ, for
general YA, depends on the second-order perturbation.24

Consequently, the flux is not an observable defined entirely
on the phase space of first order fields. Therefore, while the
charges δ2QðYÞ will, in general, be nonvanishing on the
horizon at second order in perturbation theory, their charge-
flux relation does not impose a constraint of the kind relevant
for the considerations of this paper. These considerations do
indicate, however, that the superrotation charges will will
impose a nontrivial constraint on the gravitons at sec-
ond order.
In summary, at the same order in perturbation theory in

which one obtains nontrivial constraints for the isometries
of the background—e.g., for Schwarzschild, these relations

23The gauge invariant condition is that the integralR
dV∂VδqAB ¼ 0. This is equivalent to the initial data having no

“horizon memory” [86–89]. In the quantum theory, this condition
ensures that quantization of the radiative phase space corresponds to
states that lie in the folium of the vacuum state ω [90–93].

24We note that, for conformal Killing fields on ðqAB;S2Þ, the
term δ2σABD

AYB vanishes since δ2σAB is trace-free. While the
term δ2θ can be nonlocally expressed in terms of the first-order
perturbation via Raychauduri’s equation (2.5), it appears that the
corresponding flux cannot be expressed as an observable on phase
space—i.e., it cannot be expressed as W ðγ; £χγÞ for some χa.

GENERALIZED BLACK …. II. THE COMPLETE … PHYS. REV. D 114, 065010 (2026)

065010-15



are given by Eqs. (2.48) and (2.54) with f ¼ 1—we find
additional, nontrivial constraints for the δ2QðfÞ for all f.
The relevant symmetries that give rise to nontrivial con-
straints at second order in perturbation theory are

G ¼ Hisom ⋉ S; ð2:56Þ

where Hisom ¼ SOð3Þ;Uð1Þ is the rotational isometry
group of R.
For the remainder of this paper, we will restrict attention

to this subgroup of the full group of large diffeomorphisms.
Here, and in the remainder of this paper, we will identify
any element of G with their infinitesimal generators
ðf;ψÞ∈ g in the Lie algebra which define a vector field
through Eq. (2.38). In this regard, our analysis is restricted
to the identity connected component of the group G with
ðf;ψÞ playing the role of exponential coordinates.
Since the fluxes are only nonzero at second order in

perturbation theory and the investigations of this paper do
not go beyond second order, we will henceforth drop the δs
on the fluxes and simply refer to them as FðfÞ and FðψÞ,
respectively. We will not be adopting the same notation for
the charges since they are generically nonvanishing at
zeroth order. We conclude this subsection by noting that
since the fluxes FðfÞ and FðψÞ are well-defined observ-
ables on the first-order gravitational phase space, they
generate rotations and boost supertranslations on the first-
order observables. Namely, they generate rotations and
boost supertranslations on the gravitational phase space via
the brackets

fFðfÞ; δσðsÞg ¼ 8πδσðs0Þ fFðψÞ; δσðsÞg ¼ 8πδσðs00Þ;
ð2:57Þ

where

s0AB ¼ −UfðxAÞ∂UsAB; s00 ¼ −£ψs: ð2:58Þ

The total flux Fðf;ψÞ ¼ FðfÞ þ FðψÞ associated to a
general symmetry ðf;ψÞ is simply the sum of the individual
fluxes, and their Poisson brackets are induced by the Lie
brackets of g. If we consider two symmetries χ1 ¼ ðf1;ψ1Þ
and χ2 ¼ ðf2;ψ2Þ then the Lie bracket of their associated
vector fields define the following algebra:

½ðf1;ψ1Þ; ðf2; Y2Þ� ¼ ðf;ψÞ ð2:59Þ

f ≔ fA1DAf2 − ψA
2DAf1 ð2:60Þ

ψA ≔ ½ψ1;ψ2�A ¼ ψB
1DBψ

A
2 − ψB

2DBψ
A
1 : ð2:61Þ

E. Symmetries and unitary generators of
the quantization algebra

We now comment on the inclusion of the generators of
the group G ¼ Hisom ⋉ S into the quantization algebra of
the quantum theory. The groupG generates automorphisms
of the algebraA ðRÞ. On the Hilbert spaceF , the action of
these automorphisms is represented by unitary operators
whose infinitesimal generators we denote as FðfÞ
and FðψÞ. In the quantum theory, these operators are
densely defined self-adjoint operators whose commutation
relations with smeared fields and with themselves quantize
the brackets (2.59) and (2.57). The vacuum state ω is
invariant under G and satisfies

FðfÞjωi ¼ 0; FðψÞjωi ¼ 0 ð2:62Þ

for any f and ψ . We note that while they are well-defined
operators on the Hilbert space, these operators are not
elements of the algebra AðRÞ since they generate a
nontrivial transformation of operators in L . Indeed, it is
actually impossible to “split” FðfÞ or FðψÞ into an operator
in AðRÞ and an operator in its commutant AðL Þ. Such a
“half-sided” boost supertranslation or rotation would gen-
erate singularities at the bifurcation surface and thereby
yield infinite fluctuations in any physical quantum state.
The unitary operators eiFðfÞ and eiFðψÞ generate outer
automorphisms of AðRÞ.
The failure of this splitting for f ¼ 1 is directly related to

the fact that AðRÞ is a type III1 von Neumann algebra. The
thermality ofωwith respect to Killing time translations [see
Eqs. (2.27)–(2.29)] implies that the modular Hamiltonian
Kω associated to ω is given by

Kω ¼ βFð1Þ ðonH−Þ: ð2:63Þ

The operator Fð1Þ generates the boost isometry on all ofR
andL . However, we emphasize that, in general, Eq. (2.63)
is only guaranteed to hold on H−

R. If ω is the Hartle-
Hawking state then Eq. (2.63) will hold on all ofR. On the
other hand, if ω is the Unruh vacuum then it is thermal only
on H−

R and the modular operator will only be geometric on
the past horizon [3]. In either case, a signature property of
type III algebras is the failure of splitting the modular
Hamiltonian into an operator affiliated with AðRÞ and an
operator affiliated with the commutant AðL Þ [33].
As we have mentioned in the previous subsection, there

exists a larger group, DiffðS2Þ ⋉ S, which preserves the
gravitational phase space and acts, in the quantum theory,
as automorphisms of the algebra A ðRÞ. As explained
there, the flux associated with a general superrotation
charge cannot be written as a local integral of the first-
order gravitational field. Consequently, we were not forced
to include the full superrotation group among the con-
straints imposed on the first-order theory. Even if one
attempts to incorporate superrotations as bona fide
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operators in the quantum theory, it is straightforward to show
that the action of a generic superrotation YA is not unitarily
implementable on the Hilbert space.25 The arguments of the
previous section nevertheless indicate that the superrotation
charges give rise to nontrivial constraints relating first- and
second-order gravitational perturbations, which must be
taken into account in a complete second-order treatment.
Whether superrotations continue to be “spontaneously
broken” in the quantization of the second-order graviton
field is a question that we leave for future work.26

F. The complete dressed algebra of R

In this section, we complete the gravitational algebra
of observables in the region R by quantizing the
charges δ2QLðf;ψÞ ↦ δ2QLðf;ψÞ and δ2QRðf;ψÞ ↦
δ2QRðf;ψÞ, and imposing the charge-flux constraints
(2.48) and (2.54). How should these charges be included
into the algebra? Physically, δ2QRðf;ψÞ generates boost
supertranslations and superrotations of the observables
inR and commutes with all observables inL . The charges
δ2QLðf;ψÞ have an analogous, nontrivial action on
observables in L and commute with observables in R.
Before providing the quantization of these charges, it is

instructive to see what goes wrong if we try to implement
the above considerations purely within the undressed
algebras AðRÞ and AðL Þ. Recall that the charges satisfy

δ2QLðfÞ
4βGN

−
δ2QRðfÞ
4βGN

¼ −FðfÞ

δ2QLðψÞ
8πGN

−
δ2QRðψÞ
8πGN

¼ −FðψÞ: ð2:64Þ

If, for example, it were possible to split the flux into an
operator affiliated with AðRÞ and an operator affiliated
with the commutant AðL Þ, then we could directly define
δ2QRðfÞ and δ2QLðfÞ as generating half-sided boost
supertranslations of R on the graviton Hilbert space F .
However, as emphasized in the previous subsection, this
splitting is not possible on the algebra AðRÞ. Instead, to
achieve the above constraints we must construct a new
algebraAdress:ðR;GÞ which include gravitational charges as
independent fluctuating operators and in which quantum

field theory (QFT) observables are dressed so as to satisfy
the charge-flux constraint.
Indeed, in contrast to the fluxes, the charges are built

from the second-order gravitation field and therefore are
degrees of freedom which we have not yet quantized. The
charges form an algebra A Q which is the �-algebra
generated by δ2QRðf;ψÞ and δ2QLðf;ψÞ for all smooth
f; YA with commutation relations

½δ2QLðf1;ψ1Þ; δ2QRðf2;ψ2Þ� ¼ 0;

½δ2QL=Rðf1;ψ1Þ; δ2QL=Rðf2;ψ2Þ�
¼ δ2QL=Rð½ðf1;ψ1Þ; ðf2;ψ2Þ�Þ; ð2:65Þ

where the Lie brackets are given by Eq. (2.59). As we
review in Sec. III, if the group G is locally compact—as
would be the case if G were merely the isometry group
of ðR; gÞ—then there exists a canonical Hilbert space
H G ¼ L2ðG; dμÞ on which the algebra A Q naturally acts.
This Hilbert space consists of square-integrable, complex
functions Ψ on G with respect to the unique, invariant Haar
measure μG with inner product

hΨ1jΨ2i ¼
Z
G
dμGðgÞΨ1ðgÞΨ2ðgÞ: ð2:66Þ

On this Hilbert space δ2QR=LðgÞ generate left and
right translations of Ψ.27

However, the groups of interest in this paper are infinite
dimensional. In this case, there does not exist an invariant
Haar measure. Thus, in the infinite dimensional case, one
must take care to construct measures μG such thatH G with
inner product (2.66) admits an action of all charges of
physical interest. For example, if we take the simplest case
where G ¼ S, then we require that, at the very least, H G

admits a well-defined action of δ2QRðfÞ for all smooth f.
The construction of a suitable measure and Hilbert space is
addressed in Sec. IV.
In the remainder of this section, we will assume that we

have a suitable Hilbert space representationH G ofA Q and
so the full Hilbert space of gravitons together with the
fluctuations of the charges is

H ext ≔ F ⊗ H G: ð2:68Þ

We note that the Hilbert spaceH G also admits the action of
a “multiplication operator.” If T is an L∞ function on the

25It is straightforward to show that, for a dense set of statesψ ∈F ,
the difference hδσABðx1ÞδσCDðx1Þiψ − hδσABðx1ÞδσCDðx1Þiω ¼
SABCDðx1; x2Þ is a smooth function of x1; x2 ∈H. Since the
action of a general superrotation on jψi does not preserve the
graviton vacuum, this difference is no longer smooth and it can
be shown that the resulting state does not lie in the folium of the
vacuum.

26We note that it is possible to gauge symmetry actions which
are not unitarily implementable provided one works from a purely
algebraic perspective, e.g., without prioritizing a preferred Hilbert
space. We refer the reader to Ref. [94] for discussion of such a
construction, including some additional comments pertaining to
superrotations in perturbative quantum gravity.

27To be precise, one of the two charges must also be conjugated
by the unitary operator eiFðgÞ described in Eq. (2.72) to ensure that
the constraint is well posed. In particular, we take

ðeiδ2QLðgÞΨ̂ÞðhÞ ¼ eiFðgÞðΨ̂ðhgÞÞ;
ðeiδ2QRðgÞΨ̂ÞðhÞ ¼ Ψ̂ðg−1hÞ: ð2:67Þ
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group, we define the operator TðgÞ which acts as

ðTðgÞΨÞðhÞ ¼ TðhÞΨðhÞ: ð2:69Þ

The commutation relation between the charges and the
multiplication operator generalize the usual Heisenberg
relations:

½δ2QRðhÞ; TðgÞ� ¼ i£Vh
TðgÞ; ð2:70Þ

where here Vh is the vector field generating the group
element h in the group manifold.28

With these notions in place, we can now construct
the gravitationally dressed algebra for the region R.
This algebra, A dress:ðR; GÞ, is the unique subalgebra of
A ðRÞ ⊗ A Q which commutes with δ2QLðf;ψÞ and for
which δ2QRðf;ψÞ generates a half-sided boost super-
translation and half-sided rotations. A dress:ðR; GÞ is the
algebra generated by δ2QRðf;ψÞ together with the dressed
observables

δσðs; f ;ψÞ ≔ e−iFðf ;ψÞδσðsÞeiFðf ;ψÞ: ð2:71Þ

Here, δσðsÞ is the graviton operator on A ðH−
RÞ and eiFðf ;ψÞ

is a unitary operator onH ext in which F is interpreted as a
function on the group G which takes values in unitary
operators on the Hilbert spaceF . If we treat a state inH ext

as a function, Ψ̂, from G into the Hilbert space F we
can write

ðeiFðf ;ψÞΨ̂Þðf;ψÞ ≔ eiFðf;ψÞðΨ̂ðf;ψÞÞ: ð2:72Þ

In the last equality, each Ψ̂ðf;ψÞ is an element of F for
each f, ψ and eiFðf;ψÞ acts on these vectors. By construc-
tion, δ2QRðf;ψÞ generates boost supertranslations and
rotations on the dressed observables in R, as follows:

½δ2QRðfÞ; δσðs; f ;ψÞ� ¼ 8πiδσðs0; f ;ψÞ
½δ2QRðψÞ; δσðs; f ;ψÞ� ¼ 8πiδσðs00; f ;ψÞ; ð2:73Þ

where s0AB and s00AB are the action of boost supertransla-
tions and rotations of the test functions sAB, respectively
[see Eq. (2.58)]. Evolving this data into the bulk δσðsÞ ¼
−4πγðwÞ where sab ¼ ðEwÞab yields the dressed bulk
observable

δσðs; f ;ψÞ ¼ e−iFðf ;ψÞγðwÞeiFðf ;ψÞ ≔ γðw; f ;ψÞ: ð2:74Þ

The von Neumann algebra of observables in R is

Adress:ðR;GÞ ≔ fγðw; f ;ψÞ; δ2QRðf;ψÞg00; ð2:75Þ

where the commutant is taken in F ⊗ H G. In the
language of von Neumann algebras,Adress:ðR;GÞ is known
as the crossed product of AðRÞ with respect to the group
G ¼ Hisom ⋉ S. The algebra Adress:ðR;GÞ represents the
complete algebra of observables in R. The expectation
value of any observable can, in principle, be computed in
any state. Thus, Adress:ðR;GÞ provides a fully satisfactory,
well-defined theory of quantum physics with gravity
satisfying the second-order constraints.

G. The quantization of subgroups of G and
its relation to the full algebra

We conclude this section by proving that it is not
consistent to restrict the quantization to any finite dimen-
sional subgroup Gsub ⊂ G. To consistently restrict to any
subgroup of G, one must consider the subspace of
perturbations where the remaining charges do not fluctuate.
In order to satisfy the constraints, this implies that one must
restrict to the subspace of quantum field states which are
invariant under the remaining symmetries. In other words,
Adress:ðR;GsubÞ is a nontrivial subalgebra of Adress:ðR;GÞ
only if there exists a nontrivial subspace of states in F
invariant under G=Gsub.
For example, in Refs. [1–3], the full symmetry group

was assumed to be Gisom ¼ R ×Hisom. Then, for pertur-
bations of a Schwarzschild black hole, Adress:ðR;RÞ is a
consistent subalgebra of the isometry-invariant algebra
Adress:ðR;R × SOð3ÞÞ since one may restrict to the sub-
space of spherically symmetric states29 inF . As we review
in Sec. III, this restriction allowed the authors of Refs. [1–3]
to directly conclude, by a theorem of Takesaki [95], that the
algebra Adress:ðR;RÞ is of type II.
Unfortunately, as we have emphasized, the full sym-

metry group is not Gisom but the substantially larger group
G ¼ Hisom ⋉ S. Even if one “freezes” the rotation charges
δ2QðψÞ by considering only spherically symmetric or
axisymmetric perturbations, there remains the full set of
boost supertranslation charges δ2QðfÞ for all smooth,
nonconstant f. If one wanted to restrict to the algebra
Adress:ðR;RÞ, for instance, one would have to restrict to
the subspace of F invariant under the S=R. However, the
following theorem indicates that this subspace is actually
trivial.
Theorem 2.1. Let f be any smooth function on S2 whose

support is all of S2, i.e., f does not vanish identically on any
open subset of S2. Suppose that the stateΨ is a normalizable
state in F invariant under the action of the boost super-
translation u → uþ f. ThenΨ ¼ ω, where ω is the vacuum
state invariant under the full symmetry group (2.56).

28The notation £Vh
TðgÞ signifies the multiplication operator

obtained from the function which is the derivative of f in the
direction of h.

29For gravitons, this subspace is trivial because it is a spin-2
field and to obtain a nontrivial subspace one must include
additional matter perturbations.
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The proof of this theorem follows from a related
theorem regarding the uniqueness of the (supertranslation
invariant) vacuum state at null infinity [92]. The argument
of that proof uses the fact that any normalizable state F
must decay as u → −∞. However, this decay is funda-
mentally incompatible with the correlation functions of the
state being boost supertranslation invariant. More directly,
following Ref. [96], it is straightforward to construct the
(improper) eigenstates of FðfÞ in F . All such eigenstates,
except the vacuum, are “plane wave states” which are
labeled by a null momentum pμ ¼ ωð1; xApÞ where ω is a
frequency and xAp is a point on S2. Such states on the
horizon oscillate as eiωuδS2ðxA; xApÞ and are therefore non-
normalizable. Theorem 2.1 tells us that we must include
the full infinite-dimensional group of boost supertransla-
tions to obtain a nontrivial algebra. We must contend with
the constraints arising from the full, infinite dimensional
group G. The remainder of this paper will be dedicated to
understanding the properties of Adress:ðR;GsubÞ.
Of course, this does not imply that studying the algebras

Adress:ðR;GsubÞ is not extremely useful in gaining intuition
into the structure and properties of the fundamental algebra
Adress:ðR;GÞ. We will investigate the type of Adress:ðR;GÞ
by “building up” to the full, infinite dimensional group G.
We will do so by picking a subgroup Gsub ⊂ G and simply
ignoring all constraints except for those associated to Gsub.
Per Theorem 2.1, the algebras Adress:ðR;GsubÞ are not
subalgebras ofAdress:ðR;GÞ so one cannot make any direct
conclusions about the full algebra from the quantization of
any subgroup. Nevertheless, as we will see, the quantiza-
tion of these subgroups will be very useful in analyzing
some universal aspects of the full algebra.

III. THE ISOMETRY INVARIANT SUBREGION
ALGEBRA

In this section, we will consider the algebra of observables
invariant under just the isometries of ðR; gÞ. For nonex-
tremal, stationary black holes, the rigidity theorem implies
that the relevant isometry groups Gisom in four dimensions30

are R × SOð3Þ if the black hole is static or R × Uð1Þ for
rotating black holes [57,58,98]. In Sec. III A, we first ignore
the compact isometries and review the arguments of
Refs. [1–3] that Adress:ðR;RÞ is a type II algebra. In the
remainder of this section, we explain how to generalize these
arguments to include the full isometry group. To cover both
cases we will, in Sec. III B, construct an analogously defined
algebra—that we denote as Adress:ðR;R ×HÞ—invariant
under the group R ×H where H is any compact group.

In Sec. III C, we review the arguments of Ref. [44] that this
algebra is type II and provide a simple proof that it admits a
densely defined, universal trace. In Sec. III D, we obtain the
corresponding density matrices and entropy of any semi-
classical state on this algebra. While our arguments are valid
for any region R bounded by Killing horizons, to illustrate
our result, we apply our analysis to the case where R is the
exterior of a Kerr black hole in Sec. III E and the static patch
of de Sitter space in Sec. III F.

A. Adress:ðR;RÞ is a type II algebra

The case of Gsub ¼ R was considered in Refs. [1–3] and
we now briefly review the arguments and results presented
in these references. At the end of this subsection, we will
show that ignoring all of the constraints except that of ðt; 0Þ
where t is a constant, yields

Adress:ðR;RÞ ≔ fγðw; tÞ; δ2QRð1Þg00; ð3:1Þ

where δ2QRð1Þ ¼ δ2MR is equivalent to the perturbed
ADM mass of the right wedge and the dressed operator is
simply

γðw; tÞ ¼ e−iFðtÞγðwÞeiFðtÞ ð3:2Þ

on the Hilbert spaceF ⊗ L2ðRÞ. The structure and proper-
ties ofAdress:ðR;RÞwas analyzed in the case whereR is the
exterior of a Schwarzschild-AdS black hole [1], the static
patch of de Sitter [2] and, subsequently, for any subregionR
bounded by one or more Killing horizons (e.g., any black
hole in asymptotically flat or (anti–)de Sitter spacetimes) [3].
Remarkably, it was shown in these references that the
algebraAdress:ðR;RÞ is actually type II and therefore admits
a (densely defined) trace functional. Since it will play a
distinguished role in the formulas for the trace and entropy, it
will be convenient, for brevity, to define

X ≔
δ2QRð1Þ
4GNβ

: ð3:3Þ

We further note that any operator â∈Adress:ðR;RÞ can be
expressed as a AðRÞ-valued function of X—i.e., â ¼ aðXÞ
for any â∈Adress:ðR;RÞ. If we define the (improper)
eigenstates of X as

XjXi ¼ XjXi; ð3:4Þ

then the trace on the algebra is given by

τRðâÞ ¼ h0RjeX=2âeX=2j0Ri ¼
Z
R2

dXdX0

2π
eXhω; Xjâjω; X0i for any â∈Adress:ðR;RÞ; ð3:5Þ

30Our analysis can be straightforwardly extended to black holes in higher dimensions. The rigidity theorem in higher dimensions
implies that, for rotating black holes, the isometry group is R × Uð1ÞN where 1 ≤ N ≤ ⌈ d−1

2
⌉ [97].
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where j0Ri is the improper eigenstate of t with eigenvalue 0
which corresponds to the neutral element of the group.
Equation (3.5) can be shown to satisfy the properties of a
trace—i.e., τR is densely defined and satisfies τRðâ b̂Þ ¼
τRðb̂ âÞ [99]. We note that the trace is not unique since any
constant multiple of Eq. (3.5) is also a well-defined trace
on the algebra. For any state Φ̂∈F ⊗ L2ðRÞ, one can
now define a density matrix on the algebra Adress:ðR;RÞ
defined by

τRðρΦ̂âÞ ¼ hΦ̂jâjΦ̂i for any â∈Adress:ðR;RÞ: ð3:6Þ

Similarly, this density matrix inherits an ambiguity of an
(inverse) multiplicative constant which corresponds to an
additive constant ambiguity in the entropy SvNðρΦ̂Þ due to
the logarithm.
In de Sitter spacetime, the spacetime regionR is defined

relative to an observer and, as we review in Sec. III F, the
perturbed area of the horizon is bounded from above by
the observer’s energy. Since the observer has positive
energy, this means that the relevant algebra is actually
PX<0Adress:ðR;RÞPX<0 where PX<0 projects the algebra to
negative values of X. In this case the integral in Eq. (3.5) is
bounded from below and the trace can be canonically
normalized so that τð1Þ ¼ 1. As such, there exists maxi-
mum entropy state and the algebra is type II1 [2]. However,
in any spacetime with a black hole, the perturbed area of the
black hole is not bounded from above (or below). In this
case, τð1Þ ¼ ∞ and cannot be canonically normalized. The
entropy is unbounded and the algebra is type II∞ [1,3]. For
semiclassical states jΦ̂αi ¼ jφi ⊗ αðXÞ where αðXÞ is
slowly varying in X—so the conjugate time is sharply
peaked—it was shown that31

SvN:ðρΦ̂α
Þ ≃ hΦ̂αjβXjΦ̂αi − SrelðφjωÞ − SvN:ðραÞ þ logðβÞ;

ð3:7Þ

where SrelðφjωÞ is the relative entropy ρα ≔ jαðXÞj2 is
the probability distribution on L2ðRÞ and SvN:ðραÞ is the
corresponding Shannon entropy. Using an argument of
Wall to relate the relative entropy to change in the
generalized entropy [15], one can see that the SvN:ðρΦ̂α

Þ
is given by

SvN:ðρΦ̂α
Þ ≃ SgenðΦ̂αjRÞ þ SðραÞ þ C; ð3:8Þ

where SgenðΦ̂αjRÞ is the generalized entropy toOð1Þ in GN,
as follows:

SgenðΦ̂αjRÞ ≔
hQBð1Þiα

4GN
þ SvN:ðφjRÞ: ð3:9Þ

The area of the bifurcation surface at second order is
QBð1Þ ¼ AB1þ δ2QB and the second-order perturbed area
is δ2QB ≔ 4GNβX þ RH−

R
U∶δσABδσAB∶ whose expected

value is densely defined and the constant C is the (divergent)
state independent constant C ¼ −A=4GN − SvN:ðωjRÞ. We
refer the reader to, e.g., Ref. [1] or Sec. 4.4 of Ref. [3] for
further details. This result was originally established for
Schwarzschild-AdS black holes by Ref. [1] as well as the de
Sitter static patch [2] and was subsequently generalized to
arbitrary stationary black hole spacetimes in Ref. [3].

B. The algebra Adress:ðR;R ×HÞ for H compact

To analyze the type of the algebra Adress:ðR;GisomÞ and
its trace, in this section and the next we construct an algebra
Adress:ðR;R ×HÞ for any compact group H which shares
many of the mathematical properties of the isometry
invariant algebra. In the case where H ¼ SOð3Þ or U(1),
then the algebras will be equivalent. In addition to covering
both of the relevant isometry groups, our purpose in studying
this considerably more general mathematical problem is that
we will obtain, in Sec. III C, a universal form for the trace on
the algebra Adress:ðR;R ×HÞ. In addition to analyzing the
properties of the isometry invariant algebra that we are
actually interested in, these investigations will be very useful
in Sec. IV when we consider infinite dimensional groups.
We note that, for our more general mathematical problem,
the label R is meaningless since Adress:ðR;R ×HÞ is an
abstract von Neumann algebra satisfying certain properties
which we delineate below. However, we will keep the label
since it streamlines the notation of this paper and is
suggestive of the physical applications that we have in mind.
To construct Adress:ðR;R ×HÞ, we start with a type III

algebra A acting on a Hilbert space representation F . We
assume that the group R ×H admits an action as an outer
automorphism on A. If we denote the infinitesimal gen-
erators of these automorphisms as Fðt; hÞ t∈R and h∈H,
we therefore assume that the corresponding exponentiated
operators are unitaries on F and satisfy

eiFðt;hÞae−iFðt;hÞ ∈A ð3:10Þ

for all a∈A and t; h∈R ×H. It follows from the structure
of the group that

Fðt; hÞ ¼ FðtÞ þ FðhÞ and ½FðtÞ;FðhÞ� ¼ 0; ð3:11Þ

where FðtÞ and FðhÞ are the infinitesimal generators of the
outer automorphisms induced by R and H, respectively.
Additionally, we assume there exists a state jωi invariant
under the automorphisms generated by R ×H, meaning

31The exact density matrix in the slowly varying limit was
obtained in Ref. [41]. A rigorous derivation of logðρΨ̂α

Þ in this
limit as well the control of its associated errors was obtained in
Ref. [100].
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FðtÞjωi ¼ 0; and FðhÞjωi ¼ 0 ð3:12Þ

for all t; h∈R ×H. Our final condition on A is that the
modular flow with respect to the state jωi is generated
by eiFðtÞ—i.e., the modular operator of jωi on A satisfies

Δit
ω ¼ eiFðtÞ: ð3:13Þ

We note that the von Neumann algebra AðRÞ of graviton
perturbations of R satisfy these conditions for H ¼ SOð3Þ
or U(1).
We now construct a von Neumann algebra of charges

δ2QRðt; hÞ which are the infinitesimal generators of left
translations on the group. To describe this, we first recall
that there is a canonical Hilbert space representation which
implements such an action of these charges as outlined in
Sec. II F. SinceH is compact, there exists a unique, invariant
Haar measure μH on H. Given such a measure, one can
construct a Hilbert space H R×H ≅ L2ðRÞ ⊗ L2ðH; dμHÞ
where a state Ψ corresponds to a specification of a complex
wave function ψðt; hÞ on R ×H with finite norm

jjΨjj2 ¼
Z

dtdμHðhÞjψðt; hÞj2 < ∞: ð3:14Þ

Here, dt is the Lebesgue measure on R. The inner product
of two states Ψ1;Ψ2 ∈H R×H is then defined by

hΨ1jΨ2i ¼
Z

dtdμHðhÞψ1ðt; hÞψ2ðt; hÞ: ð3:15Þ

To describe the unitary action generated by32 δ2Qðt; hÞ, it
will be convenient to introduce an (improper) basis jt; hi
with the property that for any such Ψ with wave function
ψðt; hÞ, we have

ht; hjΨi ¼ ψðt; hÞ: ð3:16Þ

The states jt; hi are analogous to “position eigenstates” of
the group R ×H which are formally δ function normalized
as follows:

ht; hjt0; h0i ¼ δðt; t0ÞδHðh; h0Þ; ð3:17Þ

where δH is normalized so that
R
H dμðhÞδHðh; h0Þ ¼ 1. It

directly follows from Eq. (3.15) that these improper states
form a basis and so any proper state jΨi can be formally
expanded in this basis in the following way:

jΨi ¼
Z

dtdμHðhÞψðt; hÞjt; hi: ð3:18Þ

The unitary action of the charges δ2Qðt; hÞ ¼ tX þ δ2QðhÞ
on this basis is given by

eit
0Xjt; hi ¼ jtþ t0; hi and eiδ

2Qðh0Þjt; hi ¼ jt; h0hi
ð3:19Þ

for all t; t0 ∈R and h; h0 ∈H. This action can be straight-
forwardly extended to any normalizable element ofH R×H
by Eq. (3.18). The last additional operator that will be
useful to introduce on H R×H is a multiplication operator.
For any bounded function Tðt; hÞ on R ×H we define an
operator Tðt; hÞ whose action on our basis elements is

Tðt; hÞjt; hi ¼ Tðt; hÞjt; hi: ð3:20Þ

We now have all of the ingredients in place to define the
algebra Adress:ðR;R ×HÞ on F ⊗ H R×H. In direct anal-
ogy with the construction of the dressed algebras in the
previous section, we define the dressed von Neumann
algebra with respect to R ×H as

Adress:ðR;R ×HÞ ≔ fe−iFðt;hÞaeiFðt;hÞ; δ2Qðt; hÞg00;
ð3:21Þ

where, in the bracket, we are considering the set of all
dressed operators for any a∈A as well as the set of all
charges.

C. Adress:ðR;R ×HÞ is a type II algebra

In this section, we prove that the algebraAðR;R ×HÞ is
type II. We will accomplish this by directly constructing a
densely defined trace on this algebra. The resulting trace
will take a similar form to the trace constructed in Sec. III A
on the algebraAðR;RÞ, except now we must also take into
account the dependence on group H. It was noted in
Ref. [44] that a suitable generalization of the trace in
Eq. (3.5) is given by

τR×HðâÞ ¼ hω; 0R; eHjeX=2âeX=2jω; 0R; eHi; ð3:22Þ

where recall that X ≔ δ2Qð1Þ and jeHi is the improper
state associated to neutral element of the group H. In the
remainder of this section we show that Eq. (3.22) is a
densely defined trace on Adress:ðR;R ×HÞ.
To show this, we first collect some properties of jeHi on

the von Neumann algebra AðHÞ generated by the charges
δ2QðhÞ on L2ðH; dμHÞ. A general operator on AðHÞ is
given by

ψ̃ðδ2QÞ ¼
Z

dμðhÞψðhÞeiδ2QðhÞ; ð3:23Þ

where ψðhÞ is a normalizable wave function on L2ðH; dμHÞ
and so ψ̃ðδ2QÞ is analogous to the Fourier transform of the

32For brevity we drop the superscript R in the charges moving
forward.
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wave function. The improper state jeHi satisifes
heHjψ̃ðδ2QÞjeHi ¼ ψðeHÞ: ð3:24Þ

In this sense, the wave function of jeHi is equivalent
to δHðeH; hÞ and, as expected, is non-normalizable.
Furthermore, we note that the expected value of
ψ̃1ðδ2QÞ†ψ̃2ðδ2QÞ is simply the GNS inner product of
the corresponding functions ψ1 and ψ2, as follows:

heHjψ̃1ðδ2QÞ†ψ̃2ðδ2QÞjeHi ¼
Z
G
dμðhÞψ1ðhÞψðhÞ:

ð3:25Þ

It directly follows that jeHi is “faithful”—i.e., heHjψ̃ðδ2QÞ†×
ψ̃ðδ2QÞjeHi ¼ 0 if and only if ψ̃ðδ2QÞ ¼ 0—and
“normal” in that it is appropriately well behaved under
limits inAðHÞ. Furthermore, from Eq. (3.25), it is clear that
L2ðH; dμÞ is equivalent to the GNS representation with
respect to jeHi. Thus, jeHi is a cyclic and separating vector
for AðHÞ. With these ingredients, and the assumptions
made on the algebra in the previous subsection, it directly
follows from the “dual weight theorem” of Digernes [51]
and Haagerup [52,53] that X generates the modular auto-
morphism for the improper state jω; 0R; eHi on
Adress:ðR;R ×HÞ. In particular, these general theorems
imply that jω; 0R; eHi satisfies

hω; 0R; eHjâ b̂ jω; 0R; eHi
¼ hω; 0R; eHjb̂e−XâeXjω; 0R; eHi: ð3:26Þ

Since X ≔ δ2QRð1Þ=4GNβ is affiliated with the algebra,
Eq. (3.26) implies that the modular automorphism of
jω; 0R; eHi is an inner automorphism. The inner imple-
mentation of the modular automorphism is a necessary
and sufficient condition for the existence of a trace.
Furthermore, it directly follows from Eq. (3.26) that
Eq. (3.22) defines a trace

τR×Hðâ b̂Þ ¼ hω; 0R; eHjeX=2â b̂ eX=2jω; 0R; eHi
¼ hω; 0R; eHjðb̂eX=2Þðe−XeX=2âeXÞjω; 0R; eHi
¼ hω; 0R; eHjb̂ â eXjω; 0R; eHi
¼ τR×Hðb̂ âÞ; ð3:27Þ

where, from the first to the second line, we have invoked
the KMS condition (3.26). In the final line, we have used
the fact that the exponential of X can be commuted
through in the trace (3.22), which can be seen by
expanding j0ti in the X basis as in Eq. (3.5).
Equation (3.26) is the key property that guarantees the

existence of the trace τR×H on the algebra. Since this
property is central to the results of our paper, we now prove
Eq. (3.26) by a straightforward but lengthy calculation. We
first note that operators of the form

â ¼ e−iFðt;hÞaeiFðt;hÞeiδ2Qðt;hÞ ð3:28Þ
form an additive basis for Adress:ðR;R ×HÞ where a∈A.
Thus it suffices to prove Eq. (3.26) for operators of this
form. We now separately compute the rhs and lhs of
Eq. (3.26) for such operators and show that they are equal.
For such operators, the rhs of Eq. (3.26) is given by

rhs ¼ hω; 0R; eHje−iFðt;hÞbeiFðt;hÞeiδ2Qðt;hÞe−X

× e−iFðt;hÞaeiFðt;hÞeiδ2Qðt0;h0ÞeXjω; 0R; eHi: ð3:29Þ

Using the properties of the vector jω; 0R; eHi, we can
simplify the above expression considerably. We first recall
that Fðt; hÞjωi ¼ 0 for all t, h and that

eiFðt;hÞ ¼ eiFðtÞeiFðhÞ; eiδ
2Qðt;hÞ ¼ eiXteiδ

2QðhÞ: ð3:30Þ

Furthermore, we have that eiδ
2Qðh0ÞjeHi ¼ jh0i and the

fluxes and charges satisfy the following commutation
relations:

eiFðtÞeitXe−iFðtÞ ¼ eitðXþKωÞ;

eiFðhÞeiδ2QðhÞe−iFðhÞ ¼ eiδ
2QðhÞeiFðhhh−1Þ; ð3:31Þ

where we recall that, on the horizon, Kω ≔ βFð1Þ is the
modular Hamiltonian and we have set β ¼ 1 in the following
manipulations [see the discussion around Eq. (2.63) for an
explanation of this fact]. Using the above relations and
expanding j0Ri in terms an integral over the jXi eigenstates
as in Eq. (3.5) implies that Eq. (3.30) is equal to

¼
Z

dXdX0

2π
eiðtþt0ÞX0 hω; X; eHjbeitKωeiδ

2QðhÞeiFðhhh−1Þe−Kω

× ajω; X0; h0i; ð3:32Þ

where we have used the fact that jXi are eigenstates of X to
pull out a factor of eiðtþt0ÞX0

. To simplify the expression
further, we note that Fðhhh−1Þ acts diagonally on jh0i and
the eiδ

2QðhÞ further shifts the eigenstate. So we obtain

¼
Z

dXdX0

2π
eiðtþt0ÞX0 hω; X; eHjbeitKωe−KωeiFðh0hh0−1Þ

× ajω; X0; hh0i: ð3:33Þ

We now take the inner product hXjX0i ¼ δðX;X0Þ and
integrate over X0, as follows:

¼
Z

dX
2π

eiðt0þtÞXhω; eHjbeitKωe−KωeiFðh0hh0−1Þajω; hh0i:

ð3:34Þ

We further note that a factor of e−iFðh0hh0−1Þe−itKωeKω can be
freely added to the rhs of a since these operators act trivially
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on jωi, as follows:

¼
Z

dX
2π

eiðt0þtÞXhω; eHjbe−KωeitKωeiFðh0hh0−1Þ

× ae−iFðh0hh0−1Þe−itKωeKω jω; hh0i: ð3:35Þ

The operator e−KωeitKωeiFðh0hh0−1Þae−iFðh0hh0−1Þe−itKωeKω is
in the algebra A since, by Eq. (3.10), the unitaries
conjugating a implement algebra automorphisms. Thus,
we may use the KMS condition on this operator and b to
obtain

¼
Z

dX
2π

eiðt0þtÞXhω; eHjeitKωeiFðh0hh0−1Þ

× ae−iFðh0hh0−1Þe−itKωbjω; hh0i; ð3:36Þ

which, using again the fact that jωi is annihilated by
Fðt; hÞ, yields

¼
Z

dX
2π

eiðt0þtÞXhω; eHjae−iFðh0hh0−1Þe−itKωbjω; hh0i:

ð3:37Þ

Finally, we note that heHjhh0i ¼ δHðeH; hh0Þ which sets
hh0 ¼ eH in the above equation. Since H is a group, it also
follows that h0h ¼ eH as well. With this relation, we obtain
our final simplification of the rhs of Eq. (3.26), as follows:

rhs ¼
Z

dX
2π

eiðt0þtÞXhω; eHjae−iFðh0−1Þe−itKωbjω; hh0i:

ð3:38Þ

We now consider the lhs of Eq. (3.26) for any operator of
the form of Eq. (3.28), as follows:

lhs ¼ hω; 0R; eHje−iFðt;hÞaeiFðt;hÞeiδ2Qðt0;h0Þe−iFðt;hÞ

× beiFðt;hÞeiδ2Qðt;hÞjω; 0R; eHi: ð3:39Þ

Again expanding the expectation value with respect to j0Ri
as an integral over jXi, using the triviality of the action of
unitaries on jωi, that eiδ2QðhÞjeHi ¼ jhi, and invoking the
commutation relations (3.31) yields

¼
Z

dXdX0

2π
eitX

0 hω; X; eHjaeit0ðXþKωÞeiδ2Qðh0Þ

× eiFðhh0h−1Þbjω; X0; hi: ð3:40Þ

Using the fact that eitX acts diagonally on jXi, hXjX0i ¼
δðX;X0Þ and performing the X0 integral, we obtain

¼
Z

dX
2π

eiðtþt0ÞXhω; eHjaeit0KωeiFðhh0h−1Þjω; h0hi; ð3:41Þ

where we also used the fact that Fðhh0h−1Þ acts diagonally
on jh0hi. We note that the X integral implies that we may
interchange t0 with −t and the inner product heHjh0hi
implies that Fðhh0h−1Þ equals Fðh−1Þ and jh0hi can be
replaced with jhh0i.33 We finally obtain

lhs¼
Z

dX
2π

eiðtþt0ÞXhω; eHjae−iFðhÞe−itKωbjω;hh0i; ð3:42Þ

where we have freely commuted the two unitaries. This
agrees with the rhs computation. Thus, we have succeeded
in proving Eq. (3.26), and so τR×H satisfies the properties of
a trace.
We note that, while Eq. (3.22) is a compact expression,

one can obtain a significantly more useful expression for
the trace by noting that, sinceH is compact, the jeHi can be
expanded in terms of a “momentum” basis labeled by the
unitary irreducible representations of H (see the end of
Sec. III D). Such a representation of the trace will be useful
in determining the set of operators â with finite trace. An
explicit formula for the case whereH ¼ Uð1Þ can be found
in Sec. III E.
Remark 3.1. Projections of type II∞ algebras. As in the

case of τR, the trace of the identity τR×Hð1Þ still diverges
since it involves an integral which also diverges at large,
positive X. Thus, the algebraAdress:ðR;R ×HÞ is type II∞.
We further note that, in contrast to the case whereG ¼ R in
Sec. III A, applying the projector PX<0 to the algebra
Adress:ðR;R ×HÞ does not yield a normalizable trace.
This is simply due to the fact that the vector jeHi is
non-normalizable and τR×Hð1Þ also includes the norm of
jeHi. The projected algebra remains type II∞. This fact will
be relevant when we consider the algebra of observables
invariant under the isometries of the de Sitter static patch in
Sec. III F and again in Sec. V when we consider the
constraints arising from the larger, infinite dimensional
symmetry group. In both cases, we will find that this
infinite algebra can be projected to a physically relevant
finite subalgebra in the spirit of Ref. [2].

D. Entropy and density matrices

As in Sec. III A, the existence of a trace τR×H implies that
any state Φ̂∈F ⊗ H R×H admits an associated density
matrix ρΦ̂ affiliated to Adress:ðR;R ×HÞ which satisfies

hΦ̂jâjΦ̂i ¼ τR×HðρΦ̂âÞ; â∈Adress:ðR;R ×HÞ: ð3:43Þ

We now explicitly compute the density matrix for the class
of states

jΦ̂αi ¼ jφi ⊗ jαi; ð3:44Þ

33As we will discuss in Sec. IV, this point is slightly more
complicated in the case that H is not a compact group.

GENERALIZED BLACK …. II. THE COMPLETE … PHYS. REV. D 114, 065010 (2026)

065010-23



where jφi∈F and jαi∈H R×H. It will be useful to write
the state jαi as

jαi ≔ α̃ðX; δ2QÞj0R; eHi

α̃ðX; δ2QÞ ≔
Z

dtdμðhÞαðt; hÞeiðtXþδ2QðhÞÞ; ð3:45Þ

where αðt; hÞ is square integrable on R ×H and we have
made the dependence of the Fourier transform on the
charges X and δ2QðhÞ explicit. In Ref. [41], a general
formula for the density operator of any state of the form
of jΦ̂αi was derived for the case of G ¼ R by utilizing the
KMS condition and factorization of the modular operator in
a semifinite algebra. Following the same procedure in our
more general case, we obtain the following formula for the
density matrix:

ρΦ̂α
¼ α̃ðX; δ2QÞe−iFðhÞe−iKωte−X=2Δφjωe−X=2

× eiKωteiFðhÞα̃ðX; δ2QÞ†; ð3:46Þ

where Δφjω is the relative modular operator on A of the
states φ;ω∈F . To see that Eq. (3.46) is a suitable formula
for the density matrix, we now plug it back into the rhs of
Eq. (3.43) and show that it computes the expected value
hâiΦ̂α

. We consider the trace of the operator

τðρΦ̂α
âÞ ¼ τ

�
α̃ðX; δ2QÞe−iFðhÞe−iKωte−X=2Δφjω

× e−X=2eiKωteiFðhÞα̃ðX; δ2QÞ†â
	
: ð3:47Þ

Using cyclicity of the trace, we can rewrite this expression as

¼ τ

�
Δ1=2
φjωe

−X=2eiKωteiFðhÞα̃ðX; δ2QÞ†â α̃ðX; δ2QÞ

× e−iFðhÞe−iKωte−X=2Δ1=2
φjω

�
: ð3:48Þ

From the definition of the trace (3.22) and expanding j0Ri in
terms of an integral of jXi, we may diagonalize the factors
e−X=2 which cancel the exponential factor of eX coming
from the trace. After completing these manipulations, we
obtain

¼ hω; 0t; eHjΔ1=2
φjωe

iKωteiFðhÞα̃ðX; δ2QÞ†â α̃ðX; δ2QÞ
× e−iFðhÞe−iKωtΔ1=2

φjωjω; 0R; eHi: ð3:49Þ

Since Δ1=2
φjωjωi ¼ jφi, we have that

¼ hφ; 0t; eHjeiKωteiFðhÞα̃ðX; δ2QÞ†â α̃ðX; δ2QÞ
× e−iFðhÞe−iKωtjφ; 0R; eHi: ð3:50Þ

The unitaries eiFðhÞ and eiKωt have a trivial action on j0R; eHi
since they correspond to the neutral element of R ×H,
as follows:

¼ hφ; 0t; eHjα̃ðX; δ2QÞ†â α̃ðX; δ2QÞjφ; 0t; eHi: ð3:51Þ

Finally, using Eq. (3.45), we obtain the expected
value hΦ̂αjâjΦ̂αi.
With the trace and density matrix defined, we can now

consider the von Neumann entropy which we recall, for
type II algebras, is only defined up to a multiplicative
ambiguity. We first consider the case where jφi ¼ jωi. In
this case, the density matrix of jω̂αi ¼ jωi ⊗ jαi becomes

ρω̂α
¼ jα̃ðX; δ2QÞj2e−X; ð3:52Þ

since the states only differ in the wave function α on
H R×H. The von Neumann entropy is given by

SvNðρω̂α
Þ ≔ −τðρω̂α

log ρω̂α
Þ

¼ hβXiω̂α
þ SðραÞ þ logðβÞ; ð3:53Þ

where ρα ¼ jα̃ðX; δ2QÞj2 is the classical density matrix
on H R×H and SðραÞ is the entropy of this density matrix:

SðραÞ ≔ −τðρα log ραÞ: ð3:54Þ

In a moment, we will describe how this entropy can be
written in a more physically transparent fashion.
In the more general case where φ ≠ ω, the logarithm of

the density matrix is more complicated due to the individ-
ual terms not commuting. As we will see in the following
two subsections, a particularly interesting limit is the
semiclassical limit where the function αðt; hÞ is sharply
peaked in its variables. In this case, the logarithm of the
density matrix can be approximated as34

logðρω̂α
Þ ≈ log jα̃ðX; δ2QÞj2 þ X þ logΔφjω; ð3:55Þ

and so the von Neumann entropy is given by

SvNðρΦ̂α
Þ ≈ hβXiω̂α

− SrelðφjωÞ þ SðραÞ þ logðβÞ: ð3:56Þ

We note that the form of this expression is analogous to
Eq. (3.7) in Sec. III A where now we simply get an extra
contribution due to the fluctuation of the additional
charges. As we will see in the following subsections,
Eq. (3.56) can be directly related to the generalized entropy
mirroring the arguments of Sec. III A.
The new contribution to the entropy, SðραÞ, quantifies

the fluctuation of the charges in the group G ¼ R ×H.

34The approximation (3.55) as well as the control of its
“errors” can be proven using the methods of Ref. [100].
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The Hilbert space H R×H admits a momentum basis dual
to its position basis jt; hi. The momentum basis is spanned
by jX;R; i; ji, where here R∈H∨ is an irreducible unitary
representation of H on a Hilbert space H R, and i; j ¼
1;…; dR are representation indices labeling an orthonor-
mal basis forH R. The vector j0t; eHi admits an expansion
in this basis as

j0t; eHi ¼
Z
R×H∨

dXdμ∨HðRÞffiffiffiffiffiffi
2π

p
XdR
i;j¼1

jX;R; i; ji; ð3:57Þ

where dμ∨GðHÞ is the spectral measure on the space of
irreducible representations of H. For a compact group,
the set of irreps is discrete and the spectral measure is a
counting measure with μ∨HðRÞ ¼ dR. The density operator
ρα ¼ jα̃ðX; δ2QÞj2 can be block diagonalized in the
momentum basis as

ρα ¼
Z
R×H∨

dXdμ∨HðRÞffiffiffiffiffiffi
2π

p
XdR
i;j¼1

ραðX;R; i; jÞ

× jX;R; i; jihX;R; i; jj: ð3:58Þ

Consequently, the contribution to the generalized entropy
from this state is of the form

SðραÞ ¼ −
Z
R×H∨

dXdμ∨HðRÞffiffiffiffiffiffi
2π

p
XdR
i;j¼1

ραðX;R; i; jÞ

× log
�
ραðX;R; i; jÞ

	
: ð3:59Þ

For reference, in the case G ¼ R, the density operator for a
state jαi∈L2ðRÞ can be written in the momentum basis as

ρα ¼
Z
R

dXffiffiffiffiffiffi
2π

p jαðXÞj2jXihXj: ð3:60Þ

The von Neumann entropy of this state with respect to the
group algebra AðRÞ is simply the Shannon entropy of the
distribution ραðXÞ≡ jαðXÞj2, as follows:

SðραÞ ¼ −
Z
R

dXffiffiffiffiffiffi
2π

p jαðXÞj2 log
�
jαðXÞj2

	
: ð3:61Þ

Equation (3.59) has the same general structure, but with an
additional contribution coming from the entropy of the
density operator, ραðRÞ, in each block of the momentum
decomposition of H G.
Entropies of this type have appeared in the literature

quantifying entanglement edge modes in general gauge
theories; see, e.g., Ref. [47]. To connect more directly with
the analysis of Ref. [47], one can diagonalize ραðR; i; jÞ ↦
pαðRÞd−2R δij in each representation block, where pðRÞ is a
probability distribution over R∈G∨ and the factor of d−2R

appears to maintain normalization. Then, for a compact
groupG, the entropy of charge fluctuations can be split into
the sum of a Shannon entropy for the distribution pα and a
term which depends only on the dimension of the various
representations of G, as follows:

SðραÞ ¼ −
X
R∈G∨

pαðRÞ logpαðRÞ þ 2
X
R∈G∨

log dR: ð3:62Þ

We note that, when G is a compact but infinite group, the
second term in Eq. (3.62) is infinite due to the infinite
number of irreducible representations appearing in the sum.
This should be understood as a divergent contribution to the
entropy arising from the fact that the tracial weight on
the group algebra (e.g., the weight with vector represen-
tative jei) is not normalizable.35 This term can be absorbed
into the state independent constant which appears in the
generalized entropy (3.56).

E. Kerr black holes

While the following arguments apply to any black hole
spacetime with a Killing horizon, we now present, as an
illustrative example, the case where R is the exterior of a
stationary, Kerr black hole. The region R is an asymptoti-
cally flat, globally hyperbolic spacetime whose boundary is
the portion Hþ

R ∪ H−
R. The isometry group of the back-

ground spacetime ðR; gÞ is R ×Uð1Þ corresponding to the
two linearly independent Killing vectors. The cross sec-
tions of a Kerr black hole are oblate spheres with metric qAB
that admit only one rotational Killing vector ψA which can
be extended into the bulk as a spacelike Killing vector ψa.
The Uð1Þ isometry corresponds to the orbits of the rota-
tional Killing field ψa. It is conventional to identify R with
the orbits of the asymptotically timelike Killing field ta.
However, in our analysis it will be convenient to instead
identify R as the orbits of the horizon Killing field which is
the linear combination ξa ¼ ta þ ΩHψ

a where ΩH is the
angular velocity of the horizon, and ξa is null on the
horizon.
The algebraA ðRÞ of gravitatonal perturbations inR are

quantized in manner described in Sec. II A. However, in an
asymptotically flat spacetime, the local graviton field is not
just determined by the initial data on the horizon H− but
must be supplemented by initial data at infinity.36 The full
algebra is given by

35For compactG, the group algebra is of type I∞ since it inherits
irreducible representations from the irreps of the underlying group.
Nevertheless, the fact that the algebra is of infinite type—as can be
deduced from the non-normalizability of the trace—leads to the
divergent contribution to the entropy.

36A similar decomposition holds for any massive fields which
are sufficiently noninteracting in the asymptotic past so that they
behave as free fields at i−. In that case, one must supplement the
data on the horizon with data at i− which can be straightforwardly
quantized as explained in Ref. [92] or Appendix B of Ref. [3].
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A ðRÞ ¼ A ðH−
RÞ ⊗ A ðI −Þ: ð3:63Þ

This decomposition is outlined in Sec. VI.1 and
Appendix C of Ref. [3]. In the following, we outline the
characterization of the radiative degrees of freedom of the
gravitational field and its quantization. We refer the reader
to Refs. [91,101] for further details on classical radiation in
asymptotically flat spacetimes and Refs. [90,92] for details
on their quantization.
Classically, the initial data at infinity is described by the

“radiative data” at past infinity. In the conformally com-
pleted spacetime, we can construct a coordinate system
ðv; xAÞ at I − with null normal na ¼ ð∂=∂vÞa and xA are
coordinates on the constant-v cross sections of I −.
Choosing a null vector field la transverse to I −, these
coordinates are carried into the bulk of the spacetime by
geodesic transport. In the physical spacetime, we thereby
obtain the coordinates ðr; v; xAÞ in a neighborhood of past
null infinity where r is the affine parameter of radially
outgoing, past directed null geodesics. The initial data of
the metric perturbation are described by the radiative field
at leading order in 1=r in these coordinates. More precisely,
the radiative data are given by the angular components

γ̃ABðv; xAÞ ¼ lim
r→∞

rγABðr; v; xAÞ; ð3:64Þ

where we choose a “Bondi-type” gauge in which
qABγ̃AB ¼ 0 and qAB is the inverse of the unit sphere

metric qAB on the cross sections. The radiation propagat-
ing in from infinity is encoded in the Bondi news tensor
which, in our coordinates, is given by

δNAB ≔ ∂vγ̃AB; ð3:65Þ

where the “δ” denotes that this is the radiation for the
linearized metric perturbation. The quantization of the
radiative data proceeds in direct parallel to the quantization
of radiation on the horizon [90,92]. The algebra A ðI −Þ is
the �-algebra of initial data δNðs̃Þ factored by relations
analogous to that of (R.I) and (R.III) together with
commutation relations similar to that of Eq. (2.25), which
are given by

½δNABðx1Þ; δNCDðx2Þ�

¼ −8πi
�
qAðCqDÞB −

1

2
qABqCD

�
× δ0ðv1; v2ÞδS2ðxA1 ; xA2 Þ1: ð3:66Þ

The algebra admits a Gaussian vacuum state ωI whose two-
point function is also analogous to the vacuum state (3.67)
on the horizon

ωI ðδNABðx1ÞδNCDðx2ÞÞ

¼ −8
ðqAðCqDÞB − 1

2
qABqCDÞδS2ðxA1 ; xA2 Þ

ðv1 − v2 − i0þÞ2 : ð3:67Þ

The GNS representation of A ðI −Þ with respect to ωI

yields a Fock spaceFI . In summary, the quantization of the
radiation at null infinity proceeds in direct parallel to the
quantization of radiation on the horizon. Furthermore, the
local graviton operator is decomposed in terms of initial data
in the following way [92]:

γðwÞ ¼ δσðsÞ þ δNðs̃Þ; ð3:68Þ

where sab ≔ ðEwÞabjH− , s̃ab ¼ limr→∞ rðEwÞabjI− and the
restriction to I − denotes the projection of the indices onto
the tangent space of the cross sections of I −. Furthermore,
the global vacuum state is the Unruh state [73] given by

jωi ≅ jωH−i ⊗ jωI−i: ð3:69Þ

A key difference between the algebra A ðH−
RÞ and A ðI −Þ

is that the vacuum state is a pure state onA ðI −Þ, whereas it
is mixed on A ðH−

RÞ. Indeed, the corresponding von
Neumann algebra AðI −Þ is a type I∞ algebra and so
admits a well-defined trace and density matrices at I −.
Thus, from the point of view of the decomposition of
Eq. (3.63), the type III nature of AðRÞ ¼ AðH−

RÞ ⊗
AðI −Þ arises entirely from entanglement of quantum fields
on the horizon. This justifies our focus in the preceding
sections on the quantization of degrees of freedom at the

FIG. 2. Portion of the maximally extended Kerr geometry. The
region R denotes the black hole exterior which is bounded the
Killing horizons Hþ

R ∪ H−
R. In the conformally completed space-

time, R is also bounded by a boundary at infinity which consists
of future/past timelike infinity iþR=L, future past null infinity Iþ

R=L

and spatial infinity i0R.
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horizon, since it is these degrees of freedom that determine
the existence of a trace and of density matrices.
Let us now consider the dressed algebra of isometry-

invariant observables inR. In this case, the relevant charges
on the horizon are X and δ2QRðψÞ which can be quantized
on a Hilbert space H R×Uð1Þ as explained in Sec. III B. The
algebra of dressed observables on the horizon is given by the
analog of Eq. (3.21) for the special case of H ¼ R ×Uð1Þ,
as follows:

Adress:ðH−
R;R ×Uð1ÞÞ ¼ fδσðs; t;ψÞ;X; δ2QRðψÞg00;

ð3:70Þ

wherewe also have replacedR withH−
R since the arguments

of the previous section are strictly valid on the horizon and
must be propagated into the bulk via Eq. (3.68). It was
shown in Sec. 6.1 of Ref. [3] that the algebra of isometry-
invariant observables which satisfy the constraints (2.64) is
given by

Adress:ðR;R ×Uð1ÞÞ ≅ Adress:ðH−
R;R × Uð1ÞÞ ⊗ AðI −Þ:

ð3:71Þ

Therefore, by the considerations of the previous section, the
algebra is the product of a type II∞ algebra with a type I
algebra and so the full algebra is type II∞. A general element
of this algebra is a linear combination of operators of the
form â ⊗ ã where â∈Adress:ðR;R ×HÞ and ã∈AðI −Þ.
The trace is then given by

τðâ ⊗ ãÞ ¼ τH−ðâÞ · τI−ðãÞ; ð3:72Þ

where

τH−ðâÞ ¼ hωH− ; 0R; eUð1ÞjeX=2âeX=2jωH− ; 0R; eUð1Þi;
ð3:73Þ

and τI ðãÞ is the standard Hilbert space trace over FI .
We can obtain a more useful formula for the trace by

Fourier expanding the neutral element j0R; eUð1Þi. A gen-
eral state in H Uð1Þ can be expanded in an orthonormal
basis of periodic eigenfunctions eimϕ where m∈Z. The
Hilbert space admits the direct sum decomposition

H Uð1Þ ¼ ⨁
m
H m; ð3:74Þ

where eachH m is a one-dimensional Hilbert space of states
with angular momentum m—i.e., δ2QRð1Þjmi ¼ mjmi
with jmi∈H m. In this representation, the zero element
jeUð1Þi is given by

jeUð1Þi ¼
X∞

m¼−∞
jmi: ð3:75Þ

Similarly, Fourier transforming j0Ri in terms of an integral
over jXi yields the following expression for the trace:

τH−ðâÞ ¼
Z
R×R

dXdX0

2π
eX

×
X∞

m;m0¼−∞

hωH− ; X0; m0jâjωH− ; X;mi: ð3:76Þ

A general element â∈Adress:ðH−
R;R × Uð1ÞÞ can be

viewed as anA-valued function aðX; δ2QRÞ of the charges.
With this representation, the dressed observables act diago-
nally on the basis elements—i.e., aðX; δ2QRÞjX;mi ¼
aðX;mÞjX;mi. We therefore obtain

τH−ðâÞ ¼
Z
R×R

dX
2π

eX
X∞

m¼−∞
hωH− jaðX;mÞjωH−i: ð3:77Þ

Consequently, in addition to sufficient decay at large
negative values of X, the trace-class operators must also
decay as 1=jmj1þϵ for the sum to converge. In particular, as
we have previously noted, the trace of the identity 1 diverges
and so Adress:ðH−

R;R × Uð1ÞÞ is a type II∞ algebra. If we
consider any semiclassical state jΦ̂αi∈F ⊗ H R×Uð1Þ of
the form of Eq. (3.44) where the wave function αðt;ψÞ is
sharply peaked in both time and angle, then, in such states,
the spacetime geometry is well described by a classical
geometry even at second order. The von Neumann entropy
is given by Eq. (3.56) and, following identical manipula-
tions that led to Eq. (3.8), we obtain

SvN:ðρΦ̂α
Þ ≃ SgenðΦ̂αjRÞ þ SðραÞ þ C: ð3:78Þ

Equation (3.78) is the generalized entropy up to a term
which now involves the fluctuations of both the area X and
azimuthal superrotation δ2QðψÞ.
We conclude this subsection by discussing the relation-

ship of the quantized charges to charges defined at infinity.
While this discussion is not strictly necessary for the
quantization of the algebra or the construction of its trace
as described above, it provides a direct connection to
previous work which considered the ADM charges asso-
ciated to the isometries of a black hole [1,3]. The black hole
area X and the (azimuthal) superrotation charge δ2QðψÞ
are charges defined on the horizon. However, the corre-
sponding horizon symmetries have a canonical extension as
isometries of the background spacetime. It was shown by
two of us together with S. Leutheusser that the charges X
and δ2QðψÞ can be matched to ADM charges at spatial
infinity [3]. To see this, we first note that total perturbed
ADM mass and (azimuthal) angular momentum of the
black hole can be expressed in terms our initial data
decomposition (3.63) as
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δ2Mi0 ¼ FI ðtÞ þ δ2Mi−

δ2Ji0ðψÞ ¼ FI ðψÞ þ δ2Ji−ðψÞ; ð3:79Þ

where FI ðtÞ and FI ðψÞ are the generators of asymptotic
time translations and azimuthal rotations of the algebra
AðI −Þ and represent the total incoming energy and
(azimuthal) angular momentum of incoming gravitons
at I −. Similarly, δ2Mi− represents the perturbed incoming
mass and incoming azimuthal angular momentum δ2Ji−ðψÞ
of the black hole. We refer the reader to Sec. 6.2 of
Ref. [92] for the precise definitions of FI ðtÞ and FI ðψÞ in
terms of radiative data at null infinity and δ2Mi− and δ2Ji−
as the generators of time translations and rotations at i−. It
was argued in Ref. [3] that charges at i− match to the
charges defined on the horizon. In particular,

X ¼ δ2Mi− −ΩHδ
2Ji−ðψÞ and δ2QRðψÞ ¼ δ2Ji−ðψÞ;

ð3:80Þ

where we recall that X ¼ δ2QRð1Þ=4GNβ. The first relation
is a direct analog of the first law of black hole mechanics but
for the second-order charges at i−, and the second relation
simply states that the azimuthal superrotation charge is
equivalent to the black hole azimuthal angular momentum.
Similar formulas hold at iþ. Since the asymptotic sym-
metries are inner automorphisms of AðI −Þ, the operators
FI ðtÞ and FI ðψÞ are in the algebra and so, by Eqs. (3.79)
and (3.80), including X and δ2QRðψÞ in the algebra is
equivalent to including the ADM mass and and azimuthal
ADM angular momentum.

F. Static patch of de Sitter

We now consider the case where the background
ðM ; gÞ is de Sitter spacetime. In a closed universe, such
as de Sitter, there is no asymptotic boundary by which one
can invariantly define a subregion. Nevertheless, one can
appropriately define such a subregion R relative to an
observer in the spacetime. In order to sharply define a
subregion we take the observer to be a localized body—
i.e., confined to a worldtube—whose size R is much
smaller than the radius of curvature of the background
spacetime. The appropriate classical and quantum descrip-
tion of the observer is an issue that we will have to
contend with shortly. For now, we merely assume that the
stress-energy of the observer Tobs

ab defines an appropriate
c.m. inextendible worldline Γ and R ≔ I−ðΓÞ ∩ IþðΓÞ. So
that the observer does not affect the background geometry,
we assume that its stress-energy is Oð1Þ in powers of GN
and thus backreacts on the spacetime only at second order
in perturbation theory. In the background spacetime, we
assume that Γ is a geodesic and thereby R is the “static
patch” of de Sitter spacetime which is bounded by Killing
horizons Hþ

R ∪ H−
R. The subregion background ðR; gÞ is a

stationary spherically symmetric spacetime and so the
isometry group ðR; gÞ is R × SOð3Þ. The subgroup R
corresponds to time translations along the observer’s
worldline and the horizon Killing field ξa. The subgroup
SO(3) is the orbit of the closed, spacelike Killing fields
ψa
ðiÞ corresponding to rotations about the observer’s world-

line. On the horizon, the ψA
ðiÞ are the isometries of the

round two-sphere cross sections of the horizon.
Gravitational fluctuations of the subregion can be quan-

tized to an algebra AðRÞ ≅ AðH −
RÞ on a Fock space F ,

which is equivalent to a quantization of initial data on H −
R

as described in Sec. II A. The relevant charges on the
horizon associated to the isometries are the perturbed
horizon area X and its angular momenta δ2Qðψ ðiÞÞ. As
pointed out in Refs. [2,3], the charge X matches onto the
observer’s energy at i−. Similarly, as wewill see, the charges
δ2Qðψ ðiÞÞ match onto the observer’s angular momenta.
Therefore, the quantization of these charges on a Hilbert
space H R×SOð3Þ is really a quantization of the observer’s
degrees of freedom. In order to obtain a consistent quan-
tization of the static patch, one must, at the very least, give a
slightly more accurate model of an observer with these
additional degrees of freedom. In this subsection, we will
focus on the energy and spin of the observer necessary to
construct Adress:ðR;R × SOð3ÞÞ. In Sec. V, we will see that
one needs a much more detailed model of an observer to
construct the full dressed algebra Adress:ðR;GÞ.
As previously mentioned, an observer is a sufficiently

small body in the spacetime. One might imagine that a
good approximation for such a body would be a “point
particle” moving on a worldline Γ. However, this approxi-
mation runs into significant conceptual and practical issues.
The first is that, due to the nonlinear nature of Einstein’s
equations, point particles are not well defined as distribu-
tional sources in general relativity [102]. In our perturbative
expansion, the curvature induced by a point particle would
fail to be well defined and, in particular, produce infinite
self-force effects [103]. Physically, if one tries to compress
a body to make it into a point particle then it should
collapse into a black hole before a point particle limit can
be reached. Additionally, as we consider here, if the body
has spin then it also necessarily has finite size. For all of the
above reasons, its far more sensible to start with a body of
finite size and consider the limit where both the mass and
size of the body become small. Furthermore, if the body has
finite size then it could, in principle, also have multipole
moments which would affect the motion and energy of
the body. Taking these additional effects into account is the
main purpose of Sec. V.
The equations of motion of a small, compact, classical

body in general relativity were obtained in a series of papers
by Mathisson [104], Pappeptrou [105] and Dixon [106–108]
and we now briefly summarize their main results as it
pertains to this paper. In their approach, one considers a
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stress-energy Tobs
ab with support inside a worldtube of size R,

where R is much smaller than the radius of curvature. Even
at leading order in GN, the description and motion of the
body may differ from that of a point particle simply due to
the “finite size” effects of the body. To describe this, one
defines a c.m. world line Γ, a momentum pa and spin tensor
Sab which is antisymmetric, Sab ¼ −Sba. Neglecting higher
multipole moments, the equations of motion of the body are
given by

vb∇bpa ¼ −
1

2
RabcdvbScd vc∇cSab ¼ 2p½avb�; ð3:81Þ

where va is the four-velocity of the c.m. worldline Γ. The
mass of the body is given by m2 ¼ −papa and we addi-
tionally note that va need not be collinear with pa. Finally,
to close the equations and ensure that Γ is indeed the c.m.
worldline, one must additionally impose the supplementary
condition paSab ¼ 0 [106]. Equation (3.81) together with
this supplementary condition uniquely determines the
evolution of a spinning compact body in any spacetime.
These equations simplify drastically in maximally sym-
metric spacetimes such as de Sitter. In particular, it was
shown by Dixon [106] that Eq. (3.81) simplifies to

vb∇bpa ¼ 0; vc∇cSab ¼ 0 and

va ¼ pa=m ðde SitterÞ: ð3:82Þ

Therefore, Γ is a geodesic of the background spacetime
which we take to be va ¼ ξa at the center of the static patch.
Given the timelike Killing vector ξa and the rotational
Killing vectors ψa

ðiÞ, the conserved energy and spin of the

observer are

ε ≔
Z
Σ
d3x

ffiffiffi
h

p
naTabξb Li ≔

Z
Σ
d3x

ffiffiffi
h

p
naTabψ ðiÞb;

ð3:83Þ

which, when expressed in terms of the four-momentum and
spin of an inertial observer in de Sitter satisfying Eq. (3.82),
are given by37

ε ¼ −paξ
a and Li ¼ −

1

2
Sab∇aψ ðiÞb: ð3:84Þ

As one might expect, the angular momenta Li can be
more directly related to the spin tensor Sab of our observer.
To see this, we first note that the supplementary condition
paSab ¼ 0 implies that the spin tensor is purely spatial and
so we may denote it as Sij where i, j indices refer to spatial

components of the tensor. Choosing an orthonormal frame
on Γ given by ðva; ðeÞai Þ, we define a spin vector

Si ¼ ϵijkSjk; ð3:85Þ

where ϵijk ¼ ϵabcdvaðeÞai ; ðeÞaj ; ðeÞak . While the rotational
generators ψa

ðiÞ vanish at Γ since the worldline is chosen to

be a fixed point of the isometry, the derivatives ωðiÞab ≔
∇aψ ðiÞbjΓ are nonvanishing, antisymmetric and also “purely
spatial” in the sense that the only nonvanishing components
are ωðiÞjk. We define a set of three rotational directions as

Ωj
ðiÞ ¼ ϵjklωðiÞkl; ð3:86Þ

which therefore define the four-vectors Ωa
ðiÞ together with

the relation Ωa
ðiÞva ¼ 0. Without loss of generality, we may

choose the rotational generators ψa
ðiÞ such that Ωa

ðiÞ ¼ ðeÞai
and with this identification one can directly show that

Li ¼ Si: ð3:87Þ

By these relations, we see that the mass and spin of the
observer is precisely equivalent to the corresponding
conserved quantities on the observer’s wordline. By analo-
gous arguments as presented in the previous subsection,
these physical properties of the observer match onto
physical charges on the horizon [3], as follows:

ε ¼ −X and Li ¼ δ2QRðψ ðiÞÞ: ð3:88Þ

We now consider the dressed algebra of observables
invariant under the isometry group as described in
Sec. III B. The algebra is given by Eq. (3.21) where
H ¼ SOð3Þ and the charges correspond to the observer
degrees of freedom X ≔ −ε and δ2QRðψ ðiÞÞ ≔ Li. In this
quantization, these are treated as independent degrees of
freedom. This algebra and model of the observer was
considered in Ref. [2]. As explained in Remark 3.3, even
if we bound the spectrum of ε from below, the resulting
algebra is not type II1. Therefore, naïvely, it would appear
that the conclusions of Ref. [2] do not generalize when
one includes the constraints arising from the rotational
isometries.
However, this conclusion would be premature. The key

point is that the kinetic energy of the rotation of the observer
contributes to its total energy. As such, these degrees of
freedom are not independent and we now take this into
account. The relevant construction of the observer’s algebra
differs slightly from the construction presented in Sec. III B
and so we will present it in a sequence of steps now.38

37For a general c.m. worldline in a spacetime with timelike
and rotational Killing vectors ξa and ψa

ðiÞ, the conserved energy is
ε ¼ −paξ

a − 1
2
Sab∇aξb and Li ¼ −paψ

a
ðiÞ −

1
2
Sab∇aψ ðiÞb.

38Nevertheless, the resulting algebra is isomorphic to the
dressed algebra presented in Sec. III B—see Appendixes C
and D for a discussion.
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We first impose the rotational constraints. The algebra of
rotationally invariant observables are those observables
which commute with the operator39

δ2QLðψ ðiÞÞ ¼ Fðψ ðiÞÞ − Li; ð3:89Þ

where we have used the fact that δ2QRðψ ðiÞÞ ≔ Li and Li

generates infinitesimal rotations in H SOð3Þ. The dressed
observables that satisfy this constraint are of the form

γðw;ψðiÞÞ ≔ e−iFðψðiÞÞγðwÞeiFðψðiÞÞ: ð3:90Þ

The full von Neumann algebra of rotationally invariant
observables is

Adress:ðR; SOð3ÞÞ ≔ fγðw;ψðiÞÞ;Lig00 ð3:91Þ

on F ⊗ H SOð3Þ. We note that Adress:ðR; SOð3ÞÞ is a
type III algebra since we have not yet imposed the
Hamiltonian constraint.
To consider the Hamiltonian constraint, we first must

consider, more carefully, what we mean by a quantum
mechanical observer. We note that the description of a
quantum mechanical observer differs from that of a
classical observer in that an initially localized quantum
body will generally undergo “wave packet spreading” and
will thereby disperse at late times. Such an observer can, in
principle, see the entire spacetime and their experience will
not coincide with that of a localized, classical observer with
a well-defined static patch. This has interesting effects on
the algebra; see Ref. [109]. To obtain a well-defined static
patch, one must work in the limit where the Compton
wavelength of the body is much smaller than the size of the
cosmological horizon—i.e., a localized quantum mechani-
cal observer satisfies λC ≪ ldS. In the limit as λC → 0, we
recover the description of a localized body with a well-
defined static patch. To ensure this, we model the observer
as having a rest mass given by

m ¼ M1þ q; ð3:92Þ

where M ≫ 1=ldS and q are the Oð1Þ fluctuations (in
powers of MldS) of the rest mass. We quantize q in L2ðRÞ
with conjugate t, i.e., they satisfy ½q; t� ¼ i. Therefore, in
addition to the GN → 0 limit, we must also consider the
MldS → ∞ limit to obtain a localized observer. In par-
ticular, all physically properties of the observer are assumed
to depend smoothly on M as MldS → ∞.

With this limit in mind, we now include effects due to the
observer’s rotation. The general relationship between the
angular momentum and the rotational energy depends on
the precise details of the body. As an illustrative example,
we consider the observer to be a “rigid body.” For a such a
body, one can define a symmetric “inertia tensor” Iij which
is constant along Γ [106] such that the total energy of the
body is given by40

ε ¼ M1þ qþ 1

2
I−1ij S

iSj; ð3:93Þ

where I−1ij is the inverse of Iij. Using the fact that Si ¼ Li,
the spin of the observer is quantized in H SOð3Þ. The total
energy can be put into a positive form by considering an
orthonormal basis ðêÞiΛ (Λ ¼ 1, 2, 3) which diagonalizes
Iij with real, positive41 eigenvalues IΛ. This basis corre-
sponds to the principal axes of the body which in general
will not align with the angular velocities Ωa

ðiÞ defined

above. As such, the total energy of the observer is of
the form

ε ¼ M1þ qþ 1

2

X
Λ
ðI−1ÞΛðL · eΛÞ2: ð3:94Þ

The Hamiltonian constraint in the quantum theory is that
all physical operators in R commute with

δ2QLð1Þ
4GNβ

¼ −Fð1Þ −M1 − q −
1

2

X
Λ
ðI−1ÞΛðL · eΛÞ2

ð3:95Þ

on the Hilbert space F ⊗ H SOð3Þ ⊗ H R where we have
have used Eq. (3.88) as well as Eq. (3.94). If we define the
total rotational energy of the observer as

Hrot½Li� ≔
X
Λ
ðI−1ÞΛðL · eΛÞ2; ð3:96Þ

then the algebra of observables which satisfy the
Hamiltonian constraint is given by

Aobs
dress:ðR;R × SOð3ÞÞ

¼ fe−iðFðtÞþHrottÞγðw;ψðiÞÞeiðFðtÞþHrottÞ;

e−iðFðtÞþHrottÞLieiðFðtÞþHrottÞ; qg00: ð3:97Þ

39As discussed in CLPW, in order to obtain a nontrivial algebra
and satisfy the constraints, one must also place an observer in the
complementary static patch L [2]. In our discussion, the secon-
dary observer must also be rotating and the charges δ2QL match
onto the observer’s energy and angular momentum.

40We assume that the size of the body scales as Oð1= ffiffiffiffiffi
M

p Þ
as M becomes large. Thus, Iij is Oð1Þ and, similarly, the
rotational energy is also Oð1Þ in powers of M.

41Positivity of the eigenvalues arises from the condition that
Tobs
ab satisfies the weak energy condition.
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We have included the superscript to signify the conceptual
distinction42of the algebra Aobs

dress: from the algebra Adress.
Finally, we note that since the observer was put into the
spacetime “by hand,” we need to bound its physical
properties. In particular, as in Sec. III A, it is physically
reasonable to bound the energy ε of the observer from
below. Since Hrot is positive, this amounts to bounding
the spectrum of q from below. The physical algebra is
therefore43

Aþ;obs:
dress: ðR;R × SOð3ÞÞ ≔ Pq>0Aobs

dress:ðR;R × SOð3ÞÞPq>0

ð3:98Þ

onF ⊗ H SOð3Þ ⊗ Pq>0½H R� where Pq>0 is the projector
onto positive values of q.
The algebraAþ;obs

dress: is a type II1 algebra. To see this, we note
that we first constructed the type III algebraAdress:ðR; SOð3ÞÞ
and then imposed the Hamiltonian constraint. In the lan-
guage of the crossed product, this is equivalent to taking the
crossed product of Adress:ðR; SOð3ÞÞ with respect to the
group R where the Hamiltonian on this algebra is now

Fð1Þ þHrot½Li�: ð3:99Þ

The arguments of Sec. III B show that Fð1Þ on
Adress:ðR;SOð3ÞÞ is the modular Hamiltonian of the weight
jωi ⊗ jeSOð3Þi on F ⊗ H SOð3Þ. The dressed algebra con-
structed in Sec. III B is the crossed product with respect to
the modular Hamiltonian induced by this weight and the
trace is given by Eq. (3.22). In our case, the Hamiltonian is
modified due to the rotation of the observer. It is straight-
forward to show that Fð1Þ þHrot½Li� is the modular
Hamiltonian of the weight jωi ⊗ e−Hrot½Li�=2jeSOð3Þi. It
follows from identical arguments as presented in
Sec. III C that the trace on the physical algebra is given by

τobsR×SOð3ÞðâÞ ¼ hω; 0R; eSOð3Þje−1
2
ðqþHrotÞ

× âe−
1
2
ðqþHrotÞjω; 0R; eSOð3Þi ð3:100Þ

for any â∈Aþ;obs:
dress: ðR;R × SOð3ÞÞ. We note the direct

similarities between Eqs. (3.100) and (3.22) where
X is now replaced by the observer degrees of freedom
−q −Hrot, which acts nontrivially on the full Hilbert space
H SOð3Þ ⊗ Pq>0½H R�. To see that the algebra is type II1 we
can simply compute the trace of the projected identity
operator

τobsR×SOð3Þð1Þ ¼ hω; 0R; eSOð3Þje−1
2
ðqþHrotÞPq>01Pq>0

× e−
1
2
ðqþHrotÞjω; 0R; eSOð3Þi

¼ h0Rje−qPq>0j0RiheSOð3Þje−Hrot jeSOð3Þi:
ð3:101Þ

The first factor is finite due to the projection

h0Rje−qPq>0j0Ri ¼
Z

∞

0

dqe−q ¼ 1: ð3:102Þ

Thus, the identity is a trace-class operator if and only if
e−Hrot=2jeSOð3Þi is a normalizable state in H SOð3Þ. To
analyze this, we first consider the simple but illustrative
example of an isotropic body where I1 ¼ I2 ¼ I3 ¼ I. In
this case, the Hamiltonian simplifies to

Hrot ¼
L2

2I
ðisotropic bodyÞ: ð3:103Þ

To evaluate the norm of e−Hrot=2jeSOð3Þi we expand jeSOð3Þi
in an orthonormal basis jl; n; mi where l ¼ 0; 1;… labels
total angular momentum and n;m ¼ −l;…0…;l label
the left and right azimuthal quantum numbers—i.e.,
the improper basis satisfies hl; n; mjl0; n0; m0i ¼
δl;l0δn;n0δm;m0 . The non-normalizable neutral element in
this basis is given by

jeSOð3Þi ¼
X
l;n;m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p
δmnjl; n; mi: ð3:104Þ

It follows from the fact that L2jl; n; mi ¼
lðlþ 1Þjl; n; mi that

heSOð3Þje−Hrot jeSOð3Þi

¼
X∞
l¼0

ð2lþ 1Þe−lðlþ1Þ
2I ðisotropic bodyÞ; ð3:105Þ

which is a convergent sum. By a lengthy but straightfor-
ward calculation, one can indeed check that the state
e−Hrot=2jeSOð3Þi remains normalizable if one considers a
nonisotropic body simply due to the exponential suppres-
sion of the high angular momentum contributions in the
sum. Up until now, we have considered a rigid body, but
we note that trace (3.100) also applies equally well to a

42The algebra Aobs
dress:ðR;R × SOð3ÞÞ is, in fact, inner unitarily

equivalent to the dressed algebra constructed in Sec. III B. This
can be seen by identifying both algebras with the modular
crossed product of Adress:ðR; SOð3ÞÞ, only with respect to
different reference weights. By the Connes cocycle theorem,
these crossed product algebras are canonically isomorphic. The
reader is referred to Appendixes C and D for an in-depth
discussion of these facts.

43To get a slightly better model of the observer, it would
perhaps be more sensible to bound the spectrum ε > 0 from
below. In terms of the observer’s degrees of freedom, this would
bound the spectrum of q in terms of M and the total rotational
kinetic energy. For example, for the isotropic body, this bound
would be q > −M − lðlþ 1Þ=2I. While this bound is slightly
more nontrivial, the algebra of observables is still type II1 as
explained in footnote 42.
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nonrigid body (e.g., a fluid). In this case, the total kinetic
energy will receive additional contributions due to internal
motions. Nevertheless, the contribution due to the rota-
tional kinetic energy will be of the form44 of Hrot½Li�
and the normalizability of e−Hrot=2jeSOð3Þi remains a
necessary condition for the trace to be normalizable. It
appears likely that, for a large class of physical bodies,
Aþ;obs:

dress: ðR;R × SOð3ÞÞ is a type II1 algebra.
Following the arguments of Sec. III D, we note that X ¼

−M1 − q −Hrot. Thus, we find that, indeed, the entropy of
any semiclassical state Φ̂α is given by

SvN:ðρΦ̂α
Þ ≃ SgenðΦ̂αjRÞ þ SðραÞ þ C; ð3:106Þ

which is the generalized entropy up to a term which involves
the fluctuations of both the observer energy q and angular
momenta Li. Finally, we note that since the algebra is
type II1, there exists a maximum entropy state jΦ̂maxiwhose
density matrix on Aþ;obs:

dress: ðR;R × SOð3ÞÞ is equal to the
identity operator 1. This maximum entropy state is

jΦ̂maxi ¼ jωi ⊗ e−ðqþHrotÞ=2j0R; eSOð3Þi; ð3:107Þ

where we recall that, in de Sitter, jωi is the Bunch-
Davies state.

IV. THE FULL DRESSED SUBREGION ALGEBRA

We have demonstrated that the isometry invariant alge-
bra Adress:ðR;GisomÞ is type II. However, Adress:ðR;GisomÞ
is not a subalgebra of Adress:ðR;GÞ. In this section, we
consider the type ofAdress:ðR;GÞ. This quantization differs
in two essential respects from the analysis presented in
Sec. III. The first is that, for an infinite dimensional group,
there does not exist any translation invariant measure. The
second, related issue is that, while no translation invariant
measure can exist, there may exist measures, μ, which are
quasi-invariant under a subgroup G0 ⊂ G. Thus, the main
issue we will have to contend with in this section is the
construction of a Hilbert space H G ¼ L2ðG; μÞ with
measure μ which is suitably quasi-invariant with respect
to a “large enough” subgroup of G. To achieve this, in
Sec. IVA, we ignore the rotational subgroup and consider
only the algebra Adress:ðR;SÞ satisfying the boost super-
translation constraints. We argue that, for a large class of
suitably quasi-invariant measures, this algebra is type II. In
Sec. IV B, we combine the results of Sec. IVA and Sec. III
to argue that the full dressed subregion algebra
Adress:ðR;GÞ is type II and the entropy is equivalent to
the generalized entropy for semiclassical states.
Although our primary focus has been on gravitational

fluctuations, in Sec. IV C we show that closely analogous

considerations apply to matter fields. In particular, such fields
may give rise to constraint equations generated by an infinite-
dimensional, (possibly non-Abelian) group of “large” gauge
transformations on the horizon. Similar to the analysis of
Sec. III, we consider an algebra Adress:ðR;R ×HÞ where H
is a general, non-Abelian, nonlocally compact group and
collect a set of sufficient conditions for the algebra to be
type II.

A. Adress:ðR;SÞ is a type II algebra

In this section, we construct the algebra Adress:ðR;SÞ
invariant under the subgroup of boost supertranslations S.
This is a simpler example than the full invariant algebra
which nevertheless implicates many of the essential issues
involved in quantizing the full group G. As explained
above, the major effort in this section will be devoted to
describing a suitable Hilbert space H S which admits an
action of δ2QðfÞ for a sufficiently large set of boost
supertranslation functions f. One can construct a Hilbert
space L2ðS; γÞ given a measure γ on the space of super-
translation functions. Since S is infinite dimensional, there
exist many inequivalent choices of measure and none of
them are a priori preferred due to the nonexistence of an
invariant Haar measure. A well-studied class of measures
are Gaussian measures. The choice of a centered, Gaussian
measure is equivalent to that of an “action” on the space of
boost supertranslations, as we shall now explain.

1. The Hilbert space H S

Since it is more familiar, we first construct a suitable,
Gaussian measure by starting with a choice of action—i.e.,
a symmetric, bilinear map on S. As a concrete example,
we might consider

S½f� ≔ −
Z
S2

dΩ fD2 f; ð4:1Þ

where dΩ is the measure on the two-sphere horizon cross
sections of the background. This particular action on the
boost supertranslations was recently obtained in Euclidean
quantum gravity by considering graviton fluctuations in the
vicinity of a Killing horizon45 [110]. The arguments
presented in this section will largely be agnostic to the
choice of action and nearly all formulas will apply for any
choice of S½f�.
We note that the zero modes of the action (4.1) are the

space of constant boosts. In general, it will be useful to
restrict attention to actions with this property. Without loss
of generality, we will will assume that S½f� is chosen such
that its only zero modes are the constant translations. With

44For a nonrigid body, the inertia tensor will, in general, be
time dependent.

45Reference [110] was primarily interested in the case of
fluctuations of the static patch in de Sitter spacetime but a similar
analysis applies to any spacetime region R bounded by Killing
horizons.
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any action of this type, one may formally define a path
integral over the group S0 ≔ S=R given by

Z ≔
Z

Df e−S½f�; ð4:2Þ

where the “0” in S0 denotes that we have quotiented out by
the constant mode. Of course, mathematically speaking, the
individual symbols in the above equation are not, a priori,
well defined. For example, the normalization Z ¼
½detð−D2Þ�−1=2 is formally infinite and must be regulated.
In particular, the ζ-function regulation of Z yields
Z ¼ e−

1
2
ζ0ð0Þ. Hereafter, any determinants that appear in

the following manipulations are meant in the sense of such
a regulation. Similarly, the objects Df and e−S½f� in the
measure are not individually well defined. However, as we
will now briefly review, the measure

dγðfÞ ≔ Z−1Dfe−S½f� ð4:3Þ

is well defined on S0. The object dγðfÞ on S0 can be
rigorously defined as an infinite dimensional Gaussian
measure on a choice of σ-algebra of measurable subsets
of S [111]. Starting with a topological vector space of
smooth functions f in S0, one can choose the σ-algebra of
subsets to be generated by the “cylindrical sets” (see
Refs. [112,113]). By the Bochner-Minlos theorem (see
Sec. A.6 of Ref. [111]), a centered, Gaussian measure is
determined by specifying any positive, symmetric billinear
map Kðf1; f2Þ on the space of test functions which is to be
interpreted as the covariance of the measure. For S½f� given
by Eq. (4.1), the covariance of γ is the inverse of the
Laplacian

Kðf1; f2Þ ¼
Z
S2×S2

dΩ1 dΩ2GðxA1 ; xA2 Þf1ðxAÞf2ðxAÞ;

ð4:4Þ

where

D2GðxA1 ; xA2 Þ ¼ δS2ðxA1 ; xA2 Þ; ð4:5Þ

which is uniquely defined on S0. With this understanding,
in the remainder of this section we freely manipulate the
individual objects appearing in Eq. (4.3). As we will
explicitly check, the resulting expressions will be well
defined in the above sense. Along with the Gaussian
measure γ, the full measure on S becomes

dμ ≔ dt dγðfÞ; ð4:6Þ

where f∈S0 and dt is the Lebesgue measure on the space
R of constant boost supertranslations.
Given the measure γ, we now construct a corresponding

Hilbert space H S0
defined by the space of complex wave

functions Ψ ¼ fΨðfÞg with finite norm

jjΨjj2 ¼ Z−1
Z

Df e−S½f�ΨðfÞΨðfÞ: ð4:7Þ

The inner product of two such states Ψ1 ¼ fΨ1ðfÞg and
Ψ2 ¼ fΨ2ðfÞg is

hΨ1jΨ2i ¼ Z−1
Z

Df e−S½f�Ψ1ðfÞΨ2ðfÞ: ð4:8Þ

The full Hilbert space for the boost supertranslations is
given by

H S ≔ H R ⊗ H S0
: ð4:9Þ

As we reviewed in Sec. III A, the Hilbert space H R

admits a unitary action eiδ
2QðtÞ by the constant trans-

lations. Similarly, H S0
admits a unitary action of the

higher harmonic boost supertranslations. In contrast to the
Lebesgue measure, the Gaussian measure is not translation
invariant. Under translations f → f þ f0, the Gaussian
measure changes by the Jacobian

dγðfÞ→ Jðf; f0ÞdγðfÞ where Jðf; f0Þ ≔ e−2S½f;f0�−S½f0�;

ð4:10Þ

and, for brevity, we have introduced the notation S½f1; f2�
to be the bilinear induced from S½f�. In the case where the
action is given by Eq. (4.1), we have that

S½f1; f2� ≔ −
Z
S2

dΩ f1D2f2: ð4:11Þ

Still, the translations in the space S0 may be unitarily
implemented on H S0

as

ðeiδ2Qðf0ÞΨÞ½f� ¼ Jðf0; f − f0Þ−1=2Ψ½f − f0�; ð4:12Þ

where the presence of the Jacobian is due to the non-
invariance of the measure. As we have indicated in the
beginning of this section, not all translation operators
δ2QðfÞ are implementable on H S0

¼ L2ðS0; γÞ. This is
because a translation can shift the Gaussian measure γ to
an inequivalent measure46 γ0. In that case, the correspond-
ing Hilbert space H 0

S0
¼ L2ðS0; γ0Þ will be unitarily

inequivalent as a representation of δ2QðfÞ. From the form
of Jðf; f0Þ, it is clear that the allowed translations must,
at least, have finite action in order for the Jacobian to be
well defined. It follows from the Cameron-Martin theorem
that these operators, in fact, constitute the complete set of

46Two measures γ and γ0 are equivalent if their sets of measure
zero are equivalent.
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allowed translations [111]—i.e., the operator eiδ
2QðfÞ is a

unitary operator on H S0
if and only if f has finite action.

We will denote the set of boost supertranslations which are
unitarily implementable on the Hilbert space H S by

S ≔ ff∈SjS½f� < ∞g: ð4:13Þ

With a judicious choice of action, the space S̄ can be so
constructed as to contain all smooth boost supertranslation
functions. In this sense, the Hilbert space admits an action
of sufficiently many charge operators δ2QðfÞ. One can
equivalently view the quantization H S0

as a choice of
states in which the charges δ2QðfÞ have finite fluctuations
for all f∈ S̄.
Given the Hilbert space H S, we can now define the

group von Neumann algebra of S. In particular, this algebra
is given by

AðS; γÞ ≔ fδ2QðfÞjf∈ S̄g00; ð4:14Þ

which is closed in the weak operator topology of the Hilbert
space H S. This algebra admits a distinguished vector
jΩi ¼ f1g which corresponds to the constant wave func-
tion on S0. This state is normalized as follows:

jjΩjj2 ¼ Z−1
Z

Df e−S½f� ¼ 1; ð4:15Þ

and is a cyclic vector for the group algebra. To be precise,
the action of the unitarities eiδ

2QðfÞ generate the dense set of
states [111]

jΨfi ≔ eiδ
2QðfÞjΩi; Ψfðf0Þ ¼ Jðf; f0Þ1=2; ð4:16Þ

for all f∈ S̄. In the second equality in Eq. (4.16), we have
written the state as a wave function known as a “stochastic
exponential.” The stochastic exponentials jΨfi are known
to be dense in L2ðS0; γÞ [111]. In this sense, the unitaries
eiδ

2QðfÞ generate the entire Hilbert space. The Hilbert space
H S0

also admits a “position basis” jfi which satisfies

hfjf0i ¼ δγðf; f0Þ; ð4:17Þ

with δγðf; f0Þ the δ-function adapted to the measure γ such
that

R
S0
dγðfÞδγðf; f0Þ ¼ 1. Any stateΨ ¼ fΨðfÞg inH S0

can be formally expanded in this basis as

jΨi ¼
Z

dγðfÞΨðfÞjfi: ð4:18Þ

We note that the Hilbert space also admits a multiplication
operator. If TðfÞ is any bounded function on S0, then we
define the operator Tðf Þ in the position basis via

Tðf Þjfi ¼ TðfÞjfi: ð4:19Þ

We conclude this subsection by providing an equivalent
formulation of the Hilbert space H S0

and the group von
Neumann algebra AðR;S0Þ in terms of “infinite tensor
products.” Since the infinite tensor product of von
Neumann algebras is well studied [114], this reformulation
will be extremely useful for our analyses in the following
sections. We first note that the space S0 ≃ ×l>0;mR since
any f∈S0 can be decomposed in terms of spherical
harmonics as47

f ¼
X
lm

clmYlm: ð4:20Þ

Under this decomposition, the Gaussian measure γ can
be decomposed in terms of an infinite tensor product of
centered, one-dimensional Gaussian measures [111], as
follows:

γ ¼ ⊗
l>0;m

γlm; ð4:21Þ

where each γlm is unit normalized on R. Consequently, the
Hilbert space H S0

¼ L2ðS; dγÞ can similarly be decom-
posed as an infinite tensor product [115], as follows:

H S0
≃ ⊗

l>0;m
L2ðR; dγlmÞ: ð4:22Þ

In this representation, any vector in this Hilbert space is
defined by the specification Ψ ¼ fψlmg of a family of
wave functions ψlm for each l; m such that the product

jjΨjj ¼
Y

l>0;m

jjψ jj2lm ð4:23Þ

converges where the norms in the rhs of the above
expression are computed in each L2ðR; dγlmÞ. For exam-
ple, the distinguished vector jΩγi∈L2ðS; dγÞ introduced
above with wave function Ωγ ¼ 1 now simply corresponds
to the family of constant wave functions Ωlm ¼ 1 for
all l; m.
The von Neumann algebra AðS0; γÞ can be similarly

decomposed as an infinite tensor product of von Neumann
algebras. We will now give a brief overview of this decom-
position and we refer the reader to Ref. [114] and Appendix E
for further details. Each tensor factor in Eq. (4.22) admits a
one-dimensional translation operator Qlm. Following
Ref. [114], we consider the family of von Neumann algebras
AlmðRÞ corresponding to the group algebra of R generated
by bounded functions of these Qlm acting on L2ðR; dγlmÞ.
We then consider the infinite tensor product ⊗

l>0;m
AlmðRÞ of

47For rotating black holes, the analogous decomposition would
be with respect to spheroidal harmonics.
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such algebras which can be rigorously defined as a
C�-algebra [114]. To turn it into a von Neumann algebra,
we close the algebra by taking the double commutant in the
Hilbert space H S0

to obtain

AðS0; γÞ ≃ ½ ⊗
l>0;m

AlmðRÞ�00: ð4:24Þ

From the point of view of the infinite tensor product,
the allowed set of translations Qlm are those that decay
sufficiently fast in l such that the measure is mapped to an
equivalent infinite tensor product measure.

2. The algebra Adress:ðR;SÞ and its trace

We are now prepared to construct the dressed algebra
invariant under all boost supertranslations and an associ-
ated trace on this algebra in direct analogy to the con-
struction presented in Sec. III C. The key ingredient in that
construction was the introduction of a “neutral element”
vector for the Hilbert space. To this end, we seek an
analogous vector on H S0

. We recall that, in the Hilbert
space associated to a locally compact group, such a vector
was formally defined as a δ-function wave function on the
group. Our goal will be to identify an improper state on
H S0

satisfying these properties.
The analogous vector in H S0

is jeγi which is the
(improper) state with wave function δγð0; fÞ relative to
the measure dγðfÞ. It is straightforward to check that jeγi
has finite inner product with any state in the span of the
space of the stochastic exponentials jΨfi defined in the
previous section. As such, the vector jeγi is a well-defined
distribution on a dense set of states in H S0

. To show that
jeγi induces a semifinite, normal weight on the group von
Neumann algebra, it is useful to express this vector in terms
of the infinite tensor product defined above as

jeγi ≔ ⊗
l>0;m

jeγlmi: ð4:25Þ

Here, each jeγlmi is a vector on L2ðR; dγlmÞ whose wave
function is a δ-function centered at clm ¼ 0 with respect to
the measure dγlm. Each jeγlmi moreover induces a faithful,
semifinite, normal weight on the group algebra AlmðRÞ
which is analogous to the neutral weight described in
Sec. III C. Following the construction of Ref. [116], the
infinite tensor product (4.25) will define a semifinite,
normal weight on AðS0; γÞ provided that there exists a
projector plm on each L2ðR; dγlmÞ such that

heγlm jplmjeγlmi ¼ 1 ð4:26Þ
in an almost everywhere sense relative to the indices l; m.
In our case, each Hilbert space has a distinguished projector
plm ¼ jΩlmihΩlmj which satisfies this condition since
heγlm jΩlmi ¼ 1 for all l; m. As each jeγlmi induces a
faithful weight on AlmðRÞ, and heγlm jΩlmi ¼ 1 for each

l; m it appears likely that the weight induced by jeγi is also
faithful on the infinite tensor product. However, we have
not attempted prove this rigorously.48In the remainder of
this section, we give a formal path integral argument that
jeγi is also faithful.
We now explore the properties of the vector jeγi in the

path integral picture. Since the unitary operators eiδ
2QðfÞ

with f∈ S̄, generate AðS; γÞ it is natural to introduce the
formal expression

ψ̃ðδ2QÞ ¼
Z

dγðfÞψðfÞeiδ2QðfÞ: ð4:27Þ

As in the case of the path integral, the expression (4.27) is
not to be interpreted as a literal operator-valued integral.
Rather, it serves as a convenient shorthand for an operator
defined indirectly, via limits of bounded operators. More
precisely, ψ̃ðδ2QÞ is defined as an element of the weak
operator closure of the algebra generated by the unitaries
eiδ

2QðfÞ. Concretely, one may consider a sequence of
operators of the form

ψ̃Pðδ2QÞ ¼
Z

dγðfÞψðfÞeiδ2QðPfÞ; ð4:28Þ

where P denotes a (finite-rank) projection onto S̄. For
each P, the exponential defines a genuine unitary operator,
and hence ψ̃Pðδ2QÞ is a bounded operator on the Hilbert
space. The operator ψ̃ðδ2QÞ is defined by taking appro-
priate limits of such sequences in the weak operator
topology.
We will ignore these more subtle issues of functional

analysis and simply proceed by working formally with
Eq. (4.27). All manipulations will be justified by verifying
that the resulting expressions are well defined. For exam-
ple, the matrix elements of Eq. (4.27) with respect to the
dense set of states jΨfi are given by

hΨf1 jψ̃ðδ2QÞjΨf2i

¼ e−
1
4
S½f2−f1�Z−1

Z
S
Df0ψðf0Þe−5

4
S½f0�e−1

2
S½f2−f1;f0�: ð4:29Þ

It is straightforward to show that this integral converges49

for any ψðfÞ of the form of a stochastic exponential. Such

48If the weight induced by jeγi is not faithful, we may restrict
to the corner of AðS0; γÞ induced by the support projection on
which this weight is faithful. In the case of de Sitter spacetime
considered in Sec. V, due to the properties of the observer, the
weight will be modified to a state and, as such, will manifestly
be faithful, semifinite and normal.

49As a simple example, consider the case where ψðfÞ ¼ 1 is the
constant function on all of S. In this case, hΨf1 jψ̃ðδ2QÞjΨf2i ¼
ð5=4Þ2=3e−1

5
S½f1−f2�, which is finite for f1; f2 ∈ S̄. It is also

straightforward to check that the associated form is lower semi-
bounded, with largest lower bound inff∈ S̄e

−8S½f�.
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wave functions are dense in the full Hilbert space
H S0

¼ L2ðS0; γÞ. Furthermore, by considering the diago-
nal matrix elements, it is straightforward to show that the
map jΨi → hΨjψ̃ðδ2QÞjΨi is lower-semibounded—i.e.,
the infimum of the ratio hΨjψ̃ðδ2QÞjΨi=jjΨjj2 is finite
over the dense domain. These properties indicate that
(the closure of) Eq. (4.27) can be defined as a good
operator for ψðfÞ on a larger domain than S̄ [117]. It
would be of interest to analyze the precise convergence
properties of sequences of the operators fψ̃Pðδ2QÞg as well
as identifying the full class of functions ψðfÞ for which the
corresponding limits exist. Nevertheless, the above argu-
ments indicate that Eq. (4.27) corresponds to a well-defined
operator in AðS; γÞ for a large class of functions.
From this formal “path integral” picture, the vector jeγi

satisfies all of the properties of the neutral weight jeHi in
Sec. III, as follows:

heγjψ̃ðδ2QÞjeγi ¼ ψð0Þ ð4:30Þ

as well as

heγjψ̃ðδ2QÞ†ψ̃ðδ2QÞjeγi ¼
Z
S
dγðfÞΨðfÞψðfÞ: ð4:31Þ

By these arguments, the Hilbert space H S is the GNS
Hilbert space with respect to jeγi. Consequently, in addition
to being semifinite and normal as noted above, Eq. (4.31)
implies that it is also faithful. We will simply assume these
properties hold without restriction (see footnote 48) in the
remainder of this paper.
We now construct the dressed algebra,Adress:ðR;SÞ, and

its associated trace. With the Hilbert spaceH S defined, the
dressed algebra is given by

Adress:ðR;SÞ ≔ fδγðw; f Þ; δ2QðfÞjf∈ S̄g00; ð4:32Þ

closed in the weak operator topology of F ⊗ H S, as
described in Sec. II F. Here, δγðw; f Þ are the dressed fields
inR invariant under any boost supertranslations f such that
the projection fjl>0 to higher spherical harmonics is an
element of S̄. The trace on this algebra is given by

τSðâÞ ¼ hω; 0R; eγjeX=2âeX=2jω; 0R; eγi; ð4:33Þ

where â∈Adress and we recall that X ≔ δ2Qð1Þ=4GNβ.
The operators

â ¼ e−iFðf ÞaeiFðf Þeiδ2QðfÞ ð4:34Þ

form an additive basis for the algebra in the sense defined
above. As explained in Sec. III C, the key property that we
need to check is

hω; 0R; eγjâ b̂ jω; 0R; eγi ¼ hω; 0R; eγjb̂e−XâeXjω; 0R; eγi:
ð4:35Þ

By Eq. (3.27), this property directly implies that τS is a
trace on the dressed algebra. We first note that the following
algebraic properties used in Sec. III C remain true for the
algebra Adress:ðR;SÞ∶
(1) jωi is annihilated by FðfÞ for any f and Kω ¼ Fð1Þ

is the modular Hamiltonian of this state.
(2) eiδ

2QðfÞjeγi ¼ jfi
(3) eiKωteitXe−iKωt ¼ eitðXþKωÞ
(4) eiFðf Þeiδ2QðfÞe−iFðf Þ ¼ eiδ

2QðfÞeiFðf Þ,
where the last relation is simplified relative to Eq. (3.31)
since the group S is Abelian. Consequently, we can apply
identical manipulations of the rhs of Eq. (4.35) as we did
for the rhs of Eq. (3.26) in Sec. III C up to Eq. (3.37). These
manipulations yield

rhs ¼
Z

dX
2π

eiðt0þtÞXhω; eγjae−iFðfÞe−itKωbjω; f þ f0i:

ð4:36Þ

Similarly, the manipulations of the lhs of Eq. (4.35) are
identical to those considered in Sec. III C for the lhs of
Eq. (3.26) up to Eq. (3.41). This yields

lhs ¼
Z

dX
2π

eiðtþt0ÞXhω; eγjaeiFðf0Þeit0Kωbjω; f0 þ fi:

ð4:37Þ

Using the fact that the integral over X yields the δ function
δðtþ t0Þ and heγjf þ f0i ¼ δγð0; f þ f0Þ, we obtain

rhs ¼
Z

dX
2π

eiðt0þtÞXhωjaeiFðf0Þe−itKωbjωiδγð0; f þ f0Þ;

lhs ¼
Z

dX
2π

eiðtþt0ÞXhωjaeiFðf0Þe−itKωbjωiδγð0; f0 þ fÞ;

ð4:38Þ

where we permuted f and f0 since the group is Abelian.
Therefore, τS is a densely defined trace on Adress:ðR;SÞ.
Given this trace, it is straightforward to construct

density matrices associated to any state of the form jΦαi ¼
jφi ⊗ jαi where jφi∈F and jαi∈H S . By the same
manipulations as in Sec. III D, the density matrix is
given by

ρΨ̂α
¼ α̃ðδ2QÞe−iFðf Þe−iKωte−X=2Δφjω

× e−X=2eiKωteiFðf Þα̃ðδ2QÞ†; ð4:39Þ

where
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α̃ðδ2QÞ ≔
Z

dγðfÞαðfÞeiδ2QðfÞ: ð4:40Þ

For any semiclassical state, the von Neumann entropy is
given by

SvNðρΦ̂α
Þ ≈ hβXiω̂α

− SrelðφjωÞ þ SðραÞ þ logðβÞ: ð4:41Þ

B. The full, dressed subregion algebra
is a type II algebra

In the previous two sections, we have seperately
shown that the algebra AdressðR;SÞ satisfying the
boost supertranslation constraints as well as the algebra
AdressðR;R ×HisomÞ satisfying isometry constraints are
type II algebras. In this section, we combine these results to
show that the full dressed subregion algebra AdressðRÞ is
type II.
We first recall that the groupG is also of the form R ×H

where now H ¼ Hisom ⋉ S0. Given a measure γ on the
group of boost supertranslations, we obtain a measure on
the full group G as

dμGðf;ψÞ ≔ dtdμHðψÞdγðfÞ; ð4:42Þ

where dμHðψÞ is the invariant Haar measure on Hisom.
Following the previous section, we shall choose γ to be a
Gaussian measure on S0. The corresponding Hilbert space
H G ≔ L2ðG; dμGÞ consists of states Ψðf;ψÞ with finite
norm

jjΨjj ¼
Z

dμGðf;ψÞΨðf;ψÞΨðf;ψÞ; ð4:43Þ

where in the above expression, f∈S including the constant
mode. We recall that the measure dtdμHðψÞ is invariant
under the constant boosts and rotations. As we explained in
the previous section, the measure γðfÞ will not be invariant
under the action of higher-harmonic boost supertranslations
since any choice of S½f� is not invariant under the shift
f → f þ f0. This was the primary issue dealt with in that
section, in which we showed that one must more carefully
consider the unitary action of boost supertranslations in the
construction of the group von Neumann algebra. As we are
now including rotations and, since the boost supertransla-
tions are not rotation invariant, it appears that one might
have to repeat this analysis to account for this nontrivial
action. However, it is clear that γ can be chosen such that no
new complications arise. This follows from the fact that any
choice of action S½f� on ðqAB;S2Þ that is local and covariant
with respect to qAB will, in fact, be invariant under the
action of Hisom. An example of such an action is given by
Eq. (4.1). Under this mild restriction, the measure γ is also
rotationally invariant. The full Hilbert space is simply

H G ¼ H R ⊗ H Hisom
⊗ H S0

: ð4:44Þ

For the remainder of this section, we will assume that γ is
chosen such that its associated action is local and covariant.
We will now construct the trace, density matrices and

entropy of states on the full dressed algebra. For simplicity
we will first restrict to AdS black hole spacetimes where
Eq. (2.24) holds so that Adress:ðRÞ ≅ Adress:ðH−Þ. We treat
the case of de Sitter spacetime separately in Sec. V.
Following the arguments of Secs. III and IVA, it directly
follows that the algebra Adress:ðRÞ on F ⊗ H G is a
type II∞ algebra with trace

τðâÞ ¼ hω; 0R; eH; eγjeX=2âeX=2jω; 0R; eH; eγi ð4:45Þ

for any â∈Adress:ðRÞ where we recall that jeHi is the
neutral element of the Hisom and jeγi is the neutral element
of S0. For any state jΦ̂αi ¼ jφi ⊗ jαi where α is a wave
function on H G, the density matrix of this state on
Adress:ðRÞ is given by Eq. (3.46), where α̃ in that expression
now corresponds to the Fourier transform of the wave
function α with respect to the group G and measure μG
[see Eqs. (3.45) and (4.27)]. By nearly identical manipu-
lations as presented in Secs. III A and III D, the entropy of
any semiclassical state is given by

SvN:ðρΦ̂α
Þ ≃ SgenðΦ̂αjRÞ þ SðραÞ þ C; ð4:46Þ

where SðραÞ encodes the entropy of the fluctuations of the
charges δ2QRðf;ψÞ. In spacetimes where Eq. (2.24) does
not hold, the initial data must be further supplemented by
data at past infinity. As we reviewed in Sec. III E, for
gravitational perturbations of an asymptotically flat black
hole, one must further include a type I algebra AðI −Þ of
incoming radiation from past null infinity:

Adress:ðRÞ ≅ Adress:ðH−
RÞ ⊗ AðI −Þ

ðasymptotically flatÞ: ð4:47Þ

This type I algebra simply modifies the trace (4.45) by an
ordinary Hilbert space trace on the degrees of freedom atI −

[see, e.g., Eq. (3.72)]. Finally, as explained in Ref. [3], for
black holes in de Sitter space, the regionR is bounded by the
black hole horizonH−

R;b and the cosmological horizonH−
L;c.

Thus, the local graviton algebra AðRÞ decomposes into the
product of two algebras AðH−

R;bÞ and AðH−
R;cÞ both of

which are type III. Following the arguments of Sec. 7 of
Ref. [3], the full dressed algebra becomes

Adress:ðRÞ ≅ Adress:ðH−
R;bÞ ⊗ Adress:ðH−

L;cÞ
ðasymptotically de SitterÞ; ð4:48Þ

the product of two type II∞ algebras and therefore is type II∞.
Therefore, for any stationary black hole spacetime,
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Adress:ðRÞ is a type II∞ algebra. In all cases, the generalized
entropy continues to be given by Eq. (4.46). As indicated in
Sec. III F, the treatment of de Sitter spacetime, being a
closed universe, requires a separate analysis which we
present in Sec. V.
We conclude this section with some speculative com-

ments on the full symmetry group of R and the matching
of the charges δ2QRðf;ψÞ to other charges defined on the
boundary of R. While such a matching is not strictly
necessary for the arguments presented in this paper, the
conjectured relationship between symmetries on black
hole horizons and those at infinity have played a signifi-
cant role in discussions of edge modes in black hole
spacetimes (see, e.g., Refs. [31,46,118,119]). We therefore
take this opportunity to clarify the status of these ideas and
to comment on their relevance for the considerations of the
present work.
In an asymptotically flat spacetime, the complete sym-

metry group of R comprises the symmetries on the black
hole horizon together with the symmetries at infinity. In
four spacetime dimensions, the symmetries at null infinity
are the Bondi-Metzner-Sachs (BMS) group, which has a
similar structure to the group G ¼ Hisom ⋉ S on the black
hole horizon where Hisom is replaced by the Lorentz group
SOð1; 3Þ and S is now interpreted as the Abelian group of
supertranslations at null infinity [120]. One might expect
that the symmetry group defined at infinity is independent
of the symmetries of the horizon—i.e., one can perform
independent actions of the symmetry group onH− andI −.
However, this is not entirely the case. As we reviewed in
Sec. III E, the symmetry generators of the constant boosts
and rotations on the horizon actually match to correspond-
ing generators of time translations and rotations at infinity
[3]. The matching of their corresponding charges at i−

directly follows from Einstein’s equation and its proof
strongly uses the fact that there is a unique extension of
these symmetries off of the H− and I − as isometries in
the bulk.
In a similar manner to how the charges δ2QðfÞ corre-

spond to “angularly weighted averages” of the area, the
supertranslations at infinity generate supermomentum
charges δ2MðfÞ which correspond to angularly weighted
averages of the mass at infinity (see, e.g., Ref. [92] for a
precise definition). For gravitational perturbations of a
Schwarzschild black hole,50 a natural generalization of
the relation δ2QRð1Þ=4GNβ ¼ δ2Mi−ð1Þ is

δ2QRðfÞ
4GNβ

¼ δ2Mi−ðfÞ ð4:49Þ

for any f and there is a similar matching of perturbed
charges at iþ. Equation (4.49) is the perturbative version of
a charge matching condition that was previously conjec-
tured a decade ago by Hawking, Perry and Strominger [46]
(see also Ref. [31]). The matching of these symmetries is
similar to an analogous problem of matching the super-
momentum charges at i0. The matching of the f ¼ 1 charges
corresponds to conservation of the ADM mass [124], and
the matching of the higher harmonic charges was originally
proposed by Strominger [125]. Despite the fact that
supertranslations are not isometries of the spacetime, the
“weak-field” nature of spatial infinity drastically simplifies
Einstein’s equations, and the matching of supermomen-
tum charges at i0 can be established nonperturbatively
[126–129]. By contrast, in the presence of black holes,
timelike infinity is a “strong-field” regime, and a compa-
rable perturbative or nonperturbative analysis of Einstein’s
equations is far more difficult to carry out.51 We hope that
the role played by these charges in the quantum theory of
black holes, as highlighted in the present work, provides
additional motivation for revisiting their possible matching
in the classical theory.
We now comment on similar matching problems for

black holes in asymptotically anti–de Sitter and de Sitter
spacetimes. For black holes in de Sitter spacetime, the
natural quantity that would replace the rhs of Eq. (4.49) is
the corresponding limit of the charge δ2QðfÞ to i− along
the cosmological horizon. For f ¼ 1, one can directly
prove that the corresponding charges match [3], and such a
relation would be an obvious generalization of this result
for any f. In Sec. V, we will show that, for a test body in de
Sitter spacetime, a similar matching can be shown where
δ2QRðfÞ matches onto the “mass multipoles” of the body.
For black holes in AdS, the higher harmonic charges of
the black hole do not appear to be directly related to any
asymptotic symmetries of the spacetime. However, the
supertranslation symmetries appear to emerge in the hydro-
dynamic effective field theory of the CFT (see, e.g.,
Refs. [119,132] and Sec. VI B for further details). As in
the case of flat spacetime, it would be of interest to explore
the matching of these charges to determine the complete
symmetry group of R.
We emphasize that while the conjectured matching of the

charges detailed above affects the nature of the global
50For a Reissner-Nordstrom black hole, the proposed analog of

Eq. (4.49) presumably involves the inclusion of large gauge
charges of the electromagnetic field at i− [92]. The generalization
of Eq. (4.49) to Kerr is far less clear since any proposed matching
should generalize Eq. (3.80). This may involve proposed ex-
tensions of the BMS group to include superrotations’ (or “super-
Lorentz”) charges at I [121,122]. However, such extensions
introduce new complications in both the classical [123] and the
quantum theory (see Sec. II E).

51In d > 4 dimensions, gravitational perturbations decay
sufficiently fast that one can reduce the BMS group at infinity
to the finite dimensional Poincaré group [130]. Nevertheless, one
can still define angular weighted averages of the mass which, in
contrast to the situation in four dimensions are not related to any
asymptotic symmetries [101,131]. If Eq. (4.49) holds in d ¼ 4, it
is conceivable that these quantities may similarly match to the
higher-dimensional version of δ2QRðfÞ at timelike infinity.
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symmetry group ofR, their validity (or lack thereof) do not
affect the arguments presented in this paper. As in the case
of the matching of δ2QRð1Þ, the matching of the higher
harmonic charges do not affect the type of the algebra
Adress:ðRÞ. These arguments affect only the relationship
between the charges δ2QRðfÞ and other charges defined on
the boundary of R.

C. The dressed algebra with matter fields

Thus far we have focused on quantum gravitational
perturbations of any spacetime with a bifurcate Killing
horizon where we obtained constraints on the first-order
gravitational field arising from the group G ¼ Hisom ⋉ S.
In this section, we explore the effects of additional matter
fields. The edge modes of general gauge theories (e.g.,
electromagnetic or Yang-Mills fields) have long been
known to be related to an infinite dimensional group of
large gauge transformations on the boundary. Additionally,
they have played a significant role in recent computations
of entanglement entropy of subregions in gauge theory
[20–24,28,48–50,133–145]. In Sec. IV C 1, we outline how
these edge modes arise in our context. This motivates a
further extension of our analysis to consider the crossed
product with respect to infinite dimensional, non-Abelian
groups. In Sec. IV C 2, we consider this much more general
problem and obtain some sufficient conditions under which
the dressed algebra remains type II.

1. Large gauge transformations and matter fields

We assume these matter fields do not significantly
backreact on the spacetime—i.e., their stress energy is
Oð1Þ in powers of GN. In this case, the additional quantum
fields propagate on the background spacetime and satisfy
decoupled equations from that of the gravitons. The full
Hilbert space is simply a tensor product Hilbert space

Fmatt ⊗ Fgrav; ð4:50Þ
whereFgrav is the Fock space of gravitons andFmatt is the
Hilbert space of any matter fields we wish to consider.
Similarly, the undressed von Neumann algebra is

AmattðRÞ ⊗ AgravðRÞ; ð4:51Þ
whereAmattðRÞ is the type III algebra of matter fields inR.
The gravitational constraints in the presence of matter are
of the form of Eqs. (2.48) and (2.54) where now the flux
FðfÞ receives an additional contribution due to the angular
distribution of the infalling matter—i.e., in Eq. (2.44) we
replace σABσAB → σABσAB þ 8πTUU—and, similarly, the
flux FðψÞ receives an additional contribution due to the inte-
grated flux of TUAψ

A of matter angular momentum across
the horizon. Thus, in the quantum theory, the gravitational
constraints receive contributions due to the energy and
angular momentum of the matter, and so the matter fields

must be gravitationally dressed in an identical manner to the
dressing of the gravitons considered in this paper.
The key difference that arises in the quantization of the

theory with matter is that if the regionR contains any gauge
fields then these fields will introduce additional constraints
arising from large gauge transformations of the matter fields.
As noted by CLPW, these constraints are of a form similar to
that of Eqs. (2.48) and (2.54), and therefore predicate the
inclusion of new charges which generate the large gauge
transformations resulting in a crossed product algebra. As
pointed out by several authors [20,28,48–50,133,134,140],
gauge theories defined in subregions generally admit an
infinite dimensional group of large gauge transformations,
and so will generally give rise to an infinite set of constraints.
As a simple but illustrative example, suppose that our

matter is electromagnetically charged, in which case we
must account for gauge transformations of the form

Aa → Aa þ∇aϑ ð4:52Þ

together with gauge transformations of any charged matter
fields. To consider the group of large gauge transforma-
tions in R, we first note that, in an analogous manner to
conditions imposed in Sec. II, we are free to impose the
condition that AanajH ¼ 0 where na is the null normal to
the horizon. The corresponding group of large gauge
transformations is then simply the group of gauge trans-
formations where

ϑjH ¼ ϑðxAÞ ð4:53Þ

is nonvanishing on the horizon and satisfies any additional
asymptotic conditions at infinity. We note that, in asymp-
totically flat spacetimes, one obtains a similar group of
large gauge transformations at infinity and, it was con-
jectured in Ref. [46] that the symmetries we consider on
the horizon match onto the symmetries at infinity.52 As in
the rest of this paper, our results will be independent of the
precise asymptotic behavior of the spacetime and so wewill
simply focus on the group GLGT of large gauge trans-
formations on the horizon.
The large gauge transformations on the horizon generate

charges which, on any cut SU of the horizon, are given by [46]

QUðϑÞ ¼
Z
SU

dΩErðU; xAÞϑðxAÞ: ð4:54Þ

Integrating Maxwell’s equation along the horizon yields the
charge-flux relation

QLðϑÞ −QRðϑÞ ¼ −FðϑÞ; ð4:55Þ

52As in the previous section, the matching of the global gauge
ϑ ¼ 1 can be trivially proven by the conservation of total electric
charge.
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FðϑÞ ≔ −
Z
H−

dU dΩ ϑðxAÞ½jUðU; xAÞ þDAEAðU; xAÞ�:

ð4:56Þ
The first term is the angular distribution of charge-current
jU ¼ janajH crossing the horizon and is analogous to the
angular distribution of gravitationalwave energy-flux entering
intoEq. (2.48). The second term is sometimes referred to as the
“soft” contribution to the flux whereEA ¼ −∂UAA is the pull-
back of the electric field Ea ¼ Fabnb to the horizon

53 and so
the second term depends only on the “zero frequency” part of
AA on the horizon. At null infinity, one obtains a very similar
charge-flux relation for the infinite set of angle-dependent
large gauge charges at infinity [91].
The key point is that the flux FðϑÞ generates large gauge

transformations on the phase space and thereby yields an
infinite set of nontrivial constraints. We note that, in
particular, for ϑ ¼ 1, the second term in Fð1Þ vanishes
and Eq. (4.55) is simply the constraint of global charge
conservation. In the quantum theory, to construct the full
dressed algebra of R, the physical observables must
commute with QLðϑÞ ¼ QRðϑÞ − FðϑÞ. This constraint
is analogous to the constraints we have considered in this
paper and can be solved by QRðϑÞ on L2ðGLGT; μÞ where
μ is a Gaussian measure. The construction of dressed
operators proceeds in an identical manner.
However, there are a couple of caveats in directly

extending the arguments of our paper to more general gauge
theories. The first is that, in general, the large gauge group is
an infinite dimensional non-Abelian group. For any Yang-
Mills field, the angle-dependent large gauge transformations
are now Lie algebra valued and the corresponding charges
satisfy charge-flux relations similar to that of Eq. (4.56)
where the current flux is replaced by the flux of gluons
(see Refs. [91,92] for similar formulas at null infinity). Thus,
in an unconfined phase, one will obtain constraint equations
for this infinite dimensional, non-Abelian group. The rel-
evant group of symmetries that impose nontrivial constraints
on the matter fields and gravitons is

G ¼ Hisom ⋉ ðS ×GLGTÞ; ð4:57Þ

where, in general, GLGT is a non-Abelian, infinite dimen-
sional group. As we explain in the following section, the

analysis of these groups is far more complicated than in the
case of the Abelian group that we have considered thus far.
The second caveat is that, as opposed to the free gravitons

considered in the majority of this paper, the algebra
AmattðRÞ is, in general, an interacting quantum field theory
on a curved spacetime. In the case of a free theory of scalars,
photons or gravitons, one can explicitly check the invariance
of the vacuum under the large gauge transformations
considered in this paper as well as the action of FðϑÞ as
a self-adjoint operator on the Hilbert space. These properties
are far less straightforward to check in an interacting theory.
We note the analogous flux operators at infinity are well-
defined, self-adjoint operators [92] so the key property
one must check is that this is also the case on black hole
horizons. While we think it is very likely that these
symmetries are not broken in the quantum theory, we
know of no proof of this statement in a general interacting
quantum theory. Such a proof is outside of the scope of this
paper. In the remainder of this section, we will simply
assume that these properties remain when one considers an
interacting theory [see Condition (A.I) of Sec. IV C 2].
In summary, from the above discussion we have learned

that the inclusion of general matter fields in R can
introduce an additional, infinite set of constraints arising
from a (possibly non-Abelian) infinite dimensional large
gauge group. With these applications in mind, in the
following section we consider the crossed product with
respect to a non-Abelian, infinite dimensional group.

2. The algebra Adress:ðR;R × HÞ
for H nonlocally compact

In this section, we consider the crossed product with
respect to an infinite-dimensional, non-Abelian group. Our
strategy is to follow an approach analogous to that used in
the infinite-dimensional Abelian case studied in Sec. IVA.
We formulate a set of sufficient conditions, (A.I)–(A.IV)
below, which appropriately generalize the arguments of
Sec. IVA. Under these conditions, we show that the resulting
dressed algebra is of type II. As we will see, in the general
non-Abelian setting, verifying some of these conditions
requires a more detailed understanding of interacting quan-
tum field theories and infinite-dimensional measures.
Nevertheless, we hope that the results of this section provide
a useful framework for future investigations.
To generalize our analysis, we first recall the basic

properties of the dressed algebra that were essential for our
construction of the trace in Sec. IVA. These properties
were (i.) the boost supertranslations were unitarily imple-
mentable on the Hilbert space of gravitons, (ii.) the
existence of a dense subspace S̄ ⊂ S of boost super-
translations for which the charges δ2QðfÞwere self-adjoint
operators on L2ðS; γÞ, and (iii.) the existence of a neutral
element jeγi which induces a faithful, normal, semifinite
weight on the group von Neumann algebra AðS; γÞ. We
note that even for the theory of free gravitons, properties

53Since we are considering initial data on H−, we may choose
initial data such that AA decays as U → �∞ so that the second
term in Eq. (4.56) identically vanishes. We note that second term
can be nonvanishing on the future horizon [46,88,89,146] or at
future null infinity [91,92,96,147] and, in either case, can give
rise to IR divergences associated with the emission of an infinite
number of soft quanta. The resulting quanta states lie in inequi-
valent sectors labeled by the value of the soft flux. To accom-
modate these sectors, one must also enlarge the von Neumann
algebra in the manner described in Ref. [148].
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(ii.) and (iii.) are highly nontrivial and depend on the choice
of measure on the group.
In this section, we consider an analogous problem where

now the group is non-Abelian. To isolate the appropriate
generalization of properties (i.)–(iii.), we consider a similar
mathematical problem to the one considered in Sec. III B,
where we considered the algebra of observables
Adress:ðR;R ×HÞ invariant under the group R ×H. The
major difference is that we will now allow H to be an
arbitrary nonlocally compact group. We note that the large
gauge group given by Eq. (4.57) is of this form where
H ¼ Hisom ⋉ ðS0 ×GLGTÞ, which is an infinite dimen-
sional group and so is nonlocally compact. We now define
this algebra as well as conditions (A.I)–(A.III) which
generalize properties (i.)–(iii.) in the Abelian case.
We denote the algebra invariant under R ×H as

Adress:ðR;R ×HÞ which is constructed from a type III
algebra AðRÞ ⊂ BðFÞ and a group von Neumann algebra
which we denote asAðR ×H; γHÞ. We will assume that the
algebra AðRÞ has analogous properties as the one defined
in Sec. III B.
(A.I) The group R ×H acts on the algebra AðRÞ by

outer automorphisms. This action is strongly
continuous on the folium F and is implemented
by the unitary operators eiFðt;hÞ. The generator
Fð1Þ coincides with the modular Hamiltonian of a
cyclic and separating state jωi∈F and the gen-
erators FðhÞ for h∈H annihilate this state.

The major difference is in the construction of the group
von Neumann algebra AðR ×H; γHÞ which is defined
relative to a choice of infinite dimensional measure γH
on H. The full measure on R ×H is given by

dμR×H ¼ dt dγH: ð4:58Þ

While the general arguments of this section do not directly
depend on whether or not γH is a Gaussian measure, we
note that if it was a Gaussian measure then γH could be
defined by specifying an action on the group H. Given any
measure, we can construct a Hilbert space H H defined as
the space of complex wave functions Ψ ¼ fΨðhÞg with
finite norm

jjΨjj2 ≔
Z

dγHðhÞΨðhÞΨðhÞ; ð4:59Þ

and the inner product of two such states Ψ ¼ fΨ1ðhÞg and
Ψ ¼ fΨ2ðhÞg is given by

hΨ1jΨ2i ≔
Z

dγHðhÞΨ1ðhÞΨ2ðhÞ: ð4:60Þ

The full Hilbert space is

H R×H ≔ H R ⊗ H H: ð4:61Þ

The Hilbert space H H contains a basis of improper
states jhi which satisfy

hhjh0i ¼ δγHðh; h0Þ; ð4:62Þ

where δγH is the δ-function adapted to the measure γH.
A general vector on H H can be formally decomposed as

jΨi ¼
Z

dγHðhÞΨðhÞjhi; ð4:63Þ

and, for any bounded function, TðhÞ on H we can define a
multiplication operator

TðhÞjhi ¼ TðhÞjhi: ð4:64Þ

With these ingredients, we can now embark upon the
task of defining the group von Neumann algebraAðH; γHÞ.
The full group algebra will be given by

AðR ×H; γHÞ ¼ AðR; dtÞ ⊗ AðH; γHÞ; ð4:65Þ

where AðR; dtÞ is simply the algebra generated by eiXt on
H R where X ¼ δ2Qð1Þ=4GNβ. The relevant properties of
the algebra AðH; γHÞ depend crucially on the choice of
measure γH. Following the discussion in the previous
section, we will now consider the appropriate generaliza-
tion of properties (ii.) and (iii.). To generalize property (ii.),
the key issue we have to deal with is the unitary action of
left translations on the Hilbert space H H. Since H is, in
general, infinite dimensional, the measure γH cannot be
invariant under all translations in H. The best one can hope
for is that γH is quasi-invariant under a large enough
subgroup H ⊂ H. In other words, for such translations
h̄∈H, the measure transforms as

dγHðh̄hÞ ¼ Jðh̄; hÞdγHðhÞ; ð4:66Þ

where Jðh̄; hÞ is the Jacobian of the measure under a left
translation and h∈H. The space H̄ is the set of elements h̄
such that the Jacobian Jðh̄; hÞ is well defined. We note that
even if γH was a Gaussian measure defined with respect to
an action S½h�, the space H̄ will generally not be the space
of “finite action” elements. This property was special to the
previous section where the group action was simply a shift
of the Gaussian measure. For generalH, the transformation
will be nonlinear and so H̄ must be characterized on a case-
by-case basis. Therefore, we assume that
(A.II) There exists a measure γH on H which is quasi-

invariant with respect to left translations by a large
enough subgroup H̄ ⊂ H.

By large enough, we mean that the set of translations is big
enough to include all physical charges in which one is
interested. For example, in the case where GLGT ⊂ H, a
reasonable condition is that H̄ includes, at least, all smooth
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large gauge transformations. With this assumption, the left
translations are unitarily implementable with the following
action:

ðeiδ2Qðh̄ÞΨÞ½h� ¼ Jðh̄; h̄−1hÞ−1=2Ψ½h̄h�; ð4:67Þ

for any Ψ∈H H. The resulting group von Neumann
algebra is then defined as

AðH; γHÞ ≔ fδ2Qðh̄Þjh̄∈ H̄g00: ð4:68Þ

Moving toward our next assumption, we may again
define an (improper) neutral element vector jeγHiwith wave
function δγHðeH; hÞ with respect to γH where eH is the
neutral element of the group H. Following the previous
section, the key assumption we will make of this vector is
(A.III) The weight induced by jeγHi is faithful, semifinite

and normal on AðH; γHÞ.
For an arbitrary infinite dimensional measure, this property
is highly nontrivial and we know of no general argument
for the existence of a vector of this kind. In the following
section, we outline an argument for the particular case
of H ¼ GLGT.
With these ingredients, we now consider the dressed

algebra Adress:ðR;R ×HÞ. The dressed algebra is given by
the analog of Eq. (3.21) whereH is nonlocally compact and
the algebra is defined on the Hilbert space F ⊗ H R×H
with respect to the infinite dimensional measure γH. We
refer the reader to Appendix A for a general construction of
the dressed algebra for arbitrary nonlocally compact groups
admitting quasi-invariant measures.

3. The trace, entropy and density matrices

Assuming (A.I)–(A.III), we now consider the construction
of the trace on the dressed algebra. With these assumptions,
an obvious generalization of the trace given by Eqs. (3.22)
and (4.33) to the case where the group is R ×H is

τR×HðâÞ ¼ hω; 0R; eγH jeX=2âeX=2jω; 0R; eγHi: ð4:69Þ

We now investigate the conditions under which Eq. (4.69) is
a trace on the algebra. As in Secs. III C and IVA 2, the key
identity that we need to prove is

hω; 0R; eγH jâ b̂ jω; 0R; eγHi
¼ hω; 0R; eγH jb̂e−XâeXjω; 0R; eγHi: ð4:70Þ

Since the operators

â ¼ e−iFðt;hÞaeiFðt;hÞeiδ2Qðt;hÞ; ð4:71Þ

with a∈A form an additive basis for the dressed algebra in
the sense defined above, we may check this property directly
on such elements. We first note that (A.I)–(A.III) imply that

the algebra satisfies the algebraic properties (1)–(3) of
Sec. IVA 2. Property (4) is modified due to the fact that
the group is non-Abelian. The algebra satisfies

eiFðt;hÞeiδ2QðhÞe−iFðt;hÞ ¼ eiδ
2QðhÞeiFðhhh−1Þ; ð4:72Þ

which is the same property that we used in the locally
compact case (see Sec. III C). With these identities, the
manipulations of the rhs precisely mirror the manipulations
performed in Sec. III C. The rhs yields

rhs ¼
Z

dX
2π

eiðt0þtÞXhω; eγH jae−iFðh
0hh0−1Þe−itKωbjω; hh0i;

ð4:73Þ

where we recall that Kω ≔ Fð1Þ is the modular Hamiltonian
of the state ω onA. Similarly, identical manipulations of the
lhs yield

lhs ¼
Z

dX
2π

eiðtþt0ÞXhω; eγH jaeiFðhh
0h−1Þeit0Kωbjω; h0hi:

ð4:74Þ

As in the previous section, we use the fact that the integral
over X yields a δðtþ t0Þ and the fact that

heHjhh0i ¼ δγHðh−1; h0Þ heHjh0hi ¼ δγHðh0−1; hÞ ð4:75Þ

to obtain

rhs ¼
Z

dX
2π

eiðt0þtÞXhωjae−iFðh0−1ÞÞe−itKωbjωiδγHðh−1; h0Þ;

ð4:76Þ

L:H:S ¼
Z

dX
2π

eiðt0þtÞXhωjae−iFðh0−1Þ

× e−itKωbjωiδγHðh0−1; hÞ: ð4:77Þ

However, since the measure is not the Haar measure and the
group is neither Abelian nor compact, the δ-functions in the
above two expressions are not necessarily equal. These
distributions can be related by an “inversion.” Let i∶H → H
be the inverse map which, for any function TðhÞ onH acts as

T ∘ iðhÞ ¼ Tðh−1Þ: ð4:78Þ

We note that the measure γHðhÞ is not necessarily inversion
invariant. If the measure is quasi-invariant under inversion
then, by definition, the measure will transform as

dγHðh−1Þ ¼ IðhÞdγHðhÞ; ð4:79Þ

where IðhÞ is the Jacobian of the measure under inversion.
Integrating the δ-function in Eq. (4.76) against any test
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functions ψ1 and ψ2 yieldsZ
dγHðhÞ

Z
dγHðh0ÞδγHðh−1; h0Þψ1ðhÞψ2ðh0Þ

¼
Z

dγHðhÞψ1ðhÞψ2ðh−1Þ: ð4:80Þ

Similarly, integrating the δ-function in Eq. (4.77) against any
pair of test functions yieldsZ

dγHðhÞ
Z

dγHðh0ÞδγHðh0−1; hÞψ1ðhÞψ2ðh0Þ

¼
Z

dγHðh0Þψ1ðh0−1Þψ2ðh0Þ: ð4:81Þ

Relabeling h0 → h−1, we obtain

¼
Z

dγHðh−1Þψ1ðhÞψ2ðh−1Þ

¼
Z

dγHðhÞIðhÞψ1ðhÞψ2ðh−1Þ: ð4:82Þ

Thus, we find that

δγHðh0−1; hÞ ¼ IðhÞδγHðh−1; h0Þ: ð4:83Þ

For the rhs and lhs of Eq. (4.70) to be equal in the non-
Abelian case, we require that IðhÞ ¼ 1. In other words, we
additionally assume that
(A.IV) If H is non-Abelian, the measure γH is invariant

under inversion, i.e., γH ∘ iðhÞ ¼ γHðhÞ.
We note that (A.III) and (A.IV) imply that jeγHi is a tracial
weight on the group algebra AðR ×H; γHÞ.
Given assumptions (A.I)–(A.IV), we therefore conclude

that Eq. (4.69) indeed defines a trace on the algebra
Adress:ðR;R ×HÞ. Given this trace, we may now construct
the corresponding density matrices and entropy for any
semiclassical state. By precisely the same arguments as in
Secs. III D and IVA 2, the density matrix for any state of
the form jΦ̂αi ¼ jφi ⊗ jαi is given by

ρΦ̂α
¼ α̃ðX; δ2QÞe−iFðhÞe−iKωte−X=2Δφjω

× e−X=2eiKωteiFðhÞα̃ðX; δ2QÞ†; ð4:84Þ

where jαi∈H R×H and α̃ðX; δ2QÞ is given by Eq. (3.45)
with the measure dμðhÞ now replaced by dγHðhÞ in that
definition. For any semiclassical state, α̃ is a slowly varying
function of its arguments and the von Neumann entropy is
given by

SvNðρΦ̂α
Þ ≈ hβXiω̂α

− SrelðφjωÞ þ SðραÞ þ logðβÞ: ð4:85Þ

The entropy of charge variations SðραÞ can be seen to
include the well-documented contribution of entanglement

edge modes which appear in the study of general gauge
theories defined on local subregions.
We conclude this section by considering whether the

above assumptions plausibly hold for the case where H ¼
Hisom ⋉ ðS0 × GLGTÞ and GLGT. As discussed at the end
of Sec. IV C 1, (A.I) depends on properties of the vacuum
in the interacting theory and we will simply assume it is
satisfied for the algebra AðRÞ in R. To consider the
remaining assumptions (A.II)–(A.IV), we note that if GLGT
is compact54 or an infinite dimensional Abelian group, then
the arguments of Secs. III C and IVA apply. Therefore, we
will restrict attention to the case where GLGT is an infinite
dimensional, non-Abelian group. In this case, (A.IV) can
straightforwardly be achieved in the following way: we first
choose a Haar measure μHðhÞ on the group Hisom. On the
group S0 ×GLGT we may choose an action

S½f; ϑ� ¼ S½f� þ S½ϑ�; ð4:86Þ

where S½f� is a symmetric, billinear on S0 and S½ϑ� and
is a symmetric, bilinear on GLGT. Furthermore, we choose
both actions to be rotationally invariant. As explained in
Sec. IVA 1, this defines a centered, rotationally invariant,
Gaussian measure γðf; ϑÞ. Since S0 ×GLGT is the identity
connected sector of the group, we identify its elements with
its Lie algebra elements via the exponential map. As such,
the action of inversion is simply

γ ∘ iðf; ϑÞ ¼ γð−f;−ϑÞ; ð4:87Þ

and since γ is a centered, Gaussian measure it is inversion
invariant. Since μH is the Haar measure on Hisom, the full
measure

dγH ¼ dμHðψÞdγðf; ϑÞ ð4:88Þ

is also inversion invariant. To consider (A.II), we note that
the measure is not invariant under left translations of GLGT
since the action S½ϑ� will not be invariant under the group
action. The measure transforms by a Jacobian

dγðf; ϑÞ → Jðϑ; ϑ0Þdγðf; ϑÞ; ð4:89Þ

and the subgroup ḠLGT ⊂ GLGT for which the Jacobian
Jðϑ; ϑ0Þ is well defined is the subgroup which implements
a unitary action on the Hilbert space. This space is difficult
to characterize in general even if γH is a Gaussian
measure. In the Abelian case, the group action on the
measure was to simply “shift” the Gaussian. These shifts
are well-studied transformations of infinite dimensional

54If H was compact, then it admits left invariant Haar measure
which is also always right invariant. A bi-invariant measure is
clearly invariant under inversion since an inversion can be obtained
by a composition of left and right translations, g ↦ g−1gg−1.
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Gaussian measures [111] and the relevant subgroup that
generate unitary actions on the Hilbert space are simply
the space of elements with finite action. The group action
by a general element of ḠLGT will not be a simple shift of
the Gaussian if the group is non-Abelian and so the set of
group elements where the Jacobian Jðϑ; ϑ0Þ is well defined
will not be as straightforward to characterize. In the theory
of Gaussian measures, the transformation (4.89) is known
as a “nonlinear transformation” and a precise characteri-
zation of ḠLGT requires a more complete analysis of the
unitary maps associated to such transformations [149].
Nevertheless, while the precise specification of ḠLGT is
difficult in general, it is clear that the action S½ϑ� can be
chosen such that ḠLGT contains, at the very least, all
smooth large gauge transformations. Thus, it would appear
that we can satisfy (A.II) as well.
The last condition is (A.III), which concerns the properties

of the neutral weight. If γH is a Gaussian measure then,
following Sec. IVA 1, we can expand the measure in terms
of spherical harmonics. The Hilbert space H H can written
as an infinite tensor product of finite-dimensional Hilbert
spaces in a similar manner to Eq. (4.22). We can thereby
equivalently construct the weight jeγHi as an infinite tensor
product of faithful, semifinite normal weights. By identical
arguments as below Eq. (4.26), jeγHi can be shown to be
semifinite and normal. As in the infinite dimensional
Abelian case, the faithfulness of jeγHi is more difficult to
check. However by analogous path integral-style manipu-
lations as presented in Sec. IVA 1, it can be shown that it
satisfies the analog of Eq. (4.31). By these arguments, jeγHi
is also faithful. In total, these arguments suggest that the
algebra including the large gauge constraints is also type II∞.

V. A TYPE II1 ALGEBRA FOR DE SITTER

A notable result of CLPW is that the de Sitter algebra
they obtain admits a normalized state of maximal entropy:
it is a type II1 algebra [2], rather than a type II∞ algebra,
which has no maximum entropy state. This lends support to
the idea the there are no states with greater entropy than
empty de Sitter space and that the entropy is given by the
area of the cosmological horizon in Planck units [34–38].
In the notation of this paper, the algebra they considered
was AðR;RÞ which includes just the spherically symmet-
ric, second-order perturbed area δ2Qð1Þ. This charge
matched onto (minus) the energy of the observer.
Therefore, imposing the physical condition that the energy
of the observer be bounded from below bounds the area
from above, yielding a type II1 algebra. However, graviton
fluctuations of the static patch perturb the horizon in a
nonspherically symmetric way. As we will explain, these
perturbations “turn on” an infinite set of charges which
match onto other physical properties of the observer. A
central question is whether the type II1 property survives
upon incorporating the full set of charges. In this section,

we present an argument that a more complete, physical
model of the observer yields a type II1 algebra.

A. An observer in de Sitter space

We first recall that in Sec. III F, we considered a model of
an observer as a sufficiently small body in de Sitter space
moving on a worldline Γ. As explained in that section, the
observer cannot be pointlike and a consistent description of
the observer as well as its corresponding algebra must
account for finite size effects of the body. At the level of the
algebra, graviton fluctuations perturb the total area of the
horizon as well as the angular momenta δ2Qðψ ðiÞÞ where
ψa
ðiÞ are the rotational isometries of the static patch. These

charges match onto the energy and spin of the body and
therefore a consistent description of the static patch must,
at the very least, incorporate the finite size effects of a
spinning observer. If the observer has finite size then it will,
in principle, have multipole moments. In this section, we
will take these degrees of freedom of the observer into
account and explain how they are related to the higher
harmonic boost supertranslations.
We first focus on the boost supertranslation charges

which, as we will now explain, are related to the mass
multipole moments of the observer. Wewill, for now, neglect
the contributions due to the “spin multipoles” of the body.
The classical description of the motion of a small body in a
general curved spacetime was obtained by Dixon [106–108].
A pointlike body follows a geodesic of the background
spacetime. The finite size corrections to the body will in
general cause a deviation from geodesic motion. We saw this
explicitly in Eq. (3.81) when we took into account the effects
of spin. Similarly, the lth multipole moment of the body
couples to the gradients ∇a1…∇al−1Rbcde of the Riemann
tensor [see, e.g., Eqs. (1.33) and (1.34) of Ref. [108] ].
However, in any maximally symmetric spacetime the cur-
vature is covariantly constant and, as such, these “force
terms” are identically zero. The c.m. motion of the body is
again described by

vb∇bpa ¼ 0; and va ¼ pa=m ðde SitterÞ; ð5:1Þ

where we recall that we are neglecting contributions from
the spin of the body. Thus, the center of mass worldline Γ of
our classical observer is a geodesic of the background
spacetime. For any small body in a general curved
spacetime, Dixon obtained covariant definitions for the
multipole moments of such a body as spatial integrals of the
stress-energy tensor [108]. These definitions simplify
significantly for an observer at the “center” of the de
Sitter static patch R.
To compare to Dixon’s definitions, it will be convenient

to endow the observer with an orthonormal frame ðva; eaðiÞÞ
along Γ, where va is the unit tangent to Γ and the spatial
frame vectors satisfy vb∇beaðiÞ ¼ 0. This frame defines
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a system of Fermi normal coordinates as follows Ref. [150].
Along Γ, let τ denote proper time, so that va ¼ ð∂=∂τÞa.
At each point on Γ, consider the spacelike geodesics that
emanate orthogonally from Γ with initial tangent
Xa ¼ xieaðiÞðτÞ. The spatial coordinates xi label these geo-

desics and coincide with the components of the initial
tangent vector in the transported spatial frame. Finally, we
extend the proper-time coordinate τ off of Γ by declaring it
to be constant along these orthogonal spacelike geodesics,
Xa∇aτ ¼ 0. Together, ðτ; xiÞ define a Fermi normal coor-
dinate system in a neighborhood of Γ.
For our inertial observer in the center of the static patch,

it is straightforward to show that the coordinates ðτ; xiÞ can
be extended to all of R. Indeed, the coordinate τ coincides
with the static Killing time and the Killing field is
ξμ ¼ ð∂=∂τÞμ. The surfaces Στ are the static slices which
foliate R. Additionally, since the spacetime is spherically
symmetric about the observer’s worldline, it is convenient

to define coordinates R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δijXiXj

q
as the proper length

along spacelike geodesics. By spherical symmetry, surfaces
of constant R are two-spheres on which we define angular
coordinates xA. In these coordinates ðτ; R; xAÞ, we define
the multipoles55 of the observer as

Mμν
lm ¼

Z
Στ

ffiffiffi
h

p
d3xRlTμνYlmðxAÞ; ð5:2Þ

where Tμν are the components of the stress tensor in Fermi
normal coordinates, h is the determinant of the induced
metric hij on Στ and

ffiffiffi
h

p
d3x is the volume element on Στ.

To relate these quantities to the mass multipoles, we define

qlm ≔ Mμν
lmξμnν; ð5:3Þ

where ξμ is the timelike Killing field inR and nμ is the unit
normal to Στ.
The quantity q00 ¼ ε is the energy of the observer which,

if the stress-energy of the observer enters Einstein’s
equation at second order in perturbation theory, perturbs
the area of the bifurcation surface δ2ABð1Þ. Since the body
is a stationary perturbation of the spacetime, there are no
incoming gravitons and by Raychaudhuri’s equation [see,
e.g., Eqs. (2.48) and (2.49)] the observer’s energy matches
onto the perturbed charge δ2QRð1Þ. The quantity q1m
encodes the spatial momentum of the body relative to a
static observer and therefore vanishes for a classical,
stationary body with definite momentum. The quantities
qlm for l > 1 encode the mass multipoles of the observer.
It was recently shown that a stationary multipole moment in
de Sitter spacetime will change the shape of the horizon in

an angle-dependent way [151,152]. More precisely, if the
energy of the observer enters at second order in Einstein’s
equation, then the static mass multipole qlm perturb the
l; m spherical harmonic of the bifurcation surface area
δ2ABðYlmÞwhich by Raychaudhuri’s equation, implies that

δ2QRðYlmÞ
4GNβ

¼ −qlm: ð5:4Þ

In the quantum theory, we wish to obtain an algebra of
observables of the static patch. The charges δ2QRðYlmÞ are
physical operators which match onto the multipole moments
of the observer. If we attempt to neglect these charges by, for
example, setting higher multipole moments to vanish, then
the constraint implies that the physical states are the graviton
states in F invariant under the action of FðYlmÞ. However,
by Theorem 2.1, there are no states, besides the vacuum, that
are invariant under the action of all of the horizon boost
supertranslations. Similarly, there are no operators that are
invariant under all supertranslations except the identity.
Thus we must, at the very least, include the multipole
moment fluctuations of the observer in the quantum theory
to obtain a nontrivial algebra.
To obtain such an algebra, we now consider the

description of a quantum mechanical observer. As dis-
cussed in Sec. III F, a quantum mechanical system will
generally disperse and will not have a well-defined static
patch. To obtain a quantum mechanical observer with a
similar experience as that of a classical observer, we
consider the limit where the observer’s rest mass is given
by M1þ q, where MldS ≫ 1 and q are Oð1Þ fluctuations
of the observer’s energy in powers of M. All physical
quantities of the observer similarly must scale in powers of
M. For example, we take the three-velocity vi ∼Oð1=MÞ
relative to the frame of Γ to scale inversely in M so that
the trajectory of the quantum body is equivalent to Γ in the
limit. We note that, by Eq. (5.1), this implies that the
relative momentum of the body has Oð1Þ fluctuations and,
consequently, the l ¼ 1 charge fluctuates as q1m ∼Oð1Þ.
Similarly, we assume that all multipole moments fluctuate
as qlm ∼Oð1Þ so they also contribute nontrivially in the
limit as MldS ≫ 1. These charge fluctuations can straight-
forwardly quantized on H S as described in Sec. IVA 1.
Likewise, one can construct the corresponding dressed
algebraAdress:ðR;SÞ. However, if the perturbations qlm are
independent, the multipole moments qlm do not directly
perturb the total area of the black hole. In this sense, the
qlm’s appear to be zero modes. They can fluctuate freely
without any suppression from decreasing the horizon area.
In this case,the algebra is type II∞ and there would be no
maximum entropy state.
The situation is reminiscent of the considerations of

Sec. III F where, if we assumed that the energy and angular
momentum of the body were independent, then the algebra
was type II∞. As we explained in that section, for any

55The quantities Mμν
lm are related to the multipole moments

Ii1…ilμν defined by Dixon by Ii1…ilμν ¼Pl
m¼−l Y

ðlmÞi1…ilMμν
lm

where YðlmÞi1…il correspond to spin-l tensor spherical harmonics.
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physical model of the observer the energy and angular
momentum are not independent. The angular momentum of
the observer contributes to its energy which is thereby
suppressed at large values of the angular momentum. With
this in mind, we must again ask the question: what is a good
model of an observer?
An observer is a compact object in the spacetime. In order

for the observer to be compact, it must be held together by
some binding energy. This binding energy cannot be due to
gravity because, as GN → 0, the object would become
unbound. Thus any object, e.g., a star or a galaxy, whose
binding energy is dominated by gravitational effects is not a
good semiclassical observer. Therefore, a reasonable
observer, e.g., an atom or nanoparticle, must involve some
binding energy due to other forces56—e.g., electromagnetic,
nuclear forces. This is important because the gravitational
binding isOðGNÞ and so will not be relevant at leading order
in perturbation theory. A generic observer will have a mass
distribution supported on all multipole moments. Due to the
nongravitational forces that support the observer, it takes a
finite amount energy to change their multipole structure—
e.g., it costs energy for the observer to, say, stretch out her
arms. The precise dependence of the energy on the multipole
moments depends on the details of the observer. We can
obtain a simple model as follows: consider an observer
whose state is at a local minimum of its total energy. When
expanding about this minimum, the energy is quadratic in
the displacement. For small displacement changes, the
multipole moments are linear in the displacement and so
the energy of the body is given by

ε ¼ M1þHrot þ qþ 1

2

X
l>0;m

clmq2lm; ð5:5Þ

where the clm are model-dependent coefficients that depend
on the response of the body andHrot is the rotational energy
of the body (see Sec. III F). Crucially, all terms on the rhs are
of OðG0

NÞ.

B. The algebra of observables in de Sitter

The construction of the physical algebra proceeds as in
Sec. III F. We first consider the constraints for all boost
supertranslations f∈S0. For f∈S0, we denote the corre-
sponding multipole charge as

qðfÞ ≔
X
l>0;m

clmqlm where f ¼
X
l>0;m

clmYlm: ð5:6Þ

All physical observables must commute with

δ2QLðfÞ ¼ FðfÞ þ qðfÞ ð5:7Þ

for f∈S0. Along with qðfÞ, the observables commuting
with this constraint are of the form

γðw; f Þ ¼ e−iFðf ÞγðwÞeiFðf Þ: ð5:8Þ

We denote the algebra invariant under the higher harmonic
boost supertranslations as Adress:ðR;S0Þ. As explained in
Sec. IVA 1, this algebra is defined with respect to choice of
measure γ, and may equivalently be regarded as an infinite
tensor product of one-dimensional group von Neumann
algebra AlmðRÞ. For the purposes of the present discus-
sion, the latter point of view will be most useful.
We may additionally impose the rotational constraints

arising from the group SO(3) as explained in Sec. III F to
obtain the dressed algebraAdress:ðR; SOð3Þ ⋉ S0Þ. All that
remains is to impose the Hamiltonian constraint that all
physical operators must commute with

Fð1Þ þ qþHrot þHBE; ð5:9Þ

where

HBE ≔
1

2

X
lm

Hlm; Hlm ≔ clmq2lm ð5:10Þ

is the binding energy of the observer. This yields the algebra
Aobs

dress:ðR;GÞ which, as in Sec. III F, is the crossed product
of Adress:ðR; SOð3Þ ⋉ S0Þ by the automorphism generated
on this algebra by the operator Fð1Þ þHrot þHBE. This
operator is the modular Hamiltonian of the vector

jωi ⊗ e−
1
2
Hrot jeSOð3Þi ⊗ e−

1
2

P
l>0;m

ðHlmþlogZlmÞjeγi: ð5:11Þ

As defined in Sec. IVA 2, the vector jeγi is the (improper)
neutral-element state on the group algebra AðS0; γÞ. The
constants Zlm are defined by the relation

Zlm ≔ heγlm je−Hlm jeγlmi: ð5:12Þ

Provided Zlm < ∞ for each l; m the vector

e−
1
2

P
l>0;m

H̃lm jeγi ð5:13Þ

has finite norm and defines a proper state on the group
algebra.57 For brevity, we have defined H̃lm ≔ Hlm þ
logZlm1. Consequently, the algebra

Aobs:;þ
dress: ðR;GÞ ¼ Pq>0Aobs

dress:ðR;GÞPq>0 ð5:14Þ

admits the trace

56We thank Edward Witten for clarifying this point. 57See Appendix E for a more detailed construction of this state.
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τobsðâÞ ¼ hω; 0t; eSOð3Þ; eγje−
1
2
ðqþHrotþ

P
l>0;m

H̃lmÞ

× âe−
1
2
ðqþHrotþ

P
l>0;m

H̃lmÞjω; 0t; eSOð3Þ; eγi;
ð5:15Þ

for any â∈Aobs:;þ
dress: ðR;GÞ. If the observer is well approxi-

mated as a rigidly rotating body with multipole moments
satisfying Eq. (5.5), then it follows from the above dis-
cussion as well as the discussion in Sec. III F that the trace
τobsð1Þ is finite and the algebra is type II1. For a more general
body, the dependence on the multipole fluctuations may
be more complicated. Nevertheless, it appears likely that the

norm of e−
1
2
ðHrotþ

P
lm

H̃lmÞjeSOð3Þ; eγi is finite so that the

algebraAobs:;þ
dress: ðR;GÞ is type II1 for a large class of physical

observers in de Sitter. In all such cases, the observer algebra
admits a maximum entropy state given by

jΦ̂maxi ¼ jωi⊗ e−
1
2
ðqþHrotþ

P
lm

H̃lmÞj0R; eSOð3Þ; eγi: ð5:16Þ

We conclude this section by briefly commenting on the
relation to the Euclidean approach to the entropy of de Sitter
space, which was where it was first discovered [153]. The
Euclidean sphere is the dominant solution to Einstein’s
equations with positive cosmological constant in Euclidean
signature. Following Ref. [2], we can augment the path
integral to include an action for the observer, now including
the energy contributions from higher charges. Taking the
(unstable) saddle where the worldline is great circle geo-
desic, the path integral gives a factor of Tre−βðHBEþHrotþqÞ,
where this is the type I trace over the Hilbert space of the
charges. This is just a number. The Hartle-Hawking state
can be constructed by cutting the sphere path integral in
half (see Fig. 3). This gives, up to the previously mentioned
divergent factors, the same tracial state discussed above.

VI. DISCUSSION

In this paper, we have constructed the complete algebra of
observables subject to all constraints on the first-order
graviton field in the region R bounded by any Killing
horizon. From the full, infinite dimensional group of horizon
symmetries, we found that the subgroup G ¼ Hisom ⋉ S
imposes a nontrivial set of constraints entirely on the
graviton field. In addition to the isometries Hisom × R, this

group includes an infinite dimensional, Abelian group of
boost supertranslations. We have shown that, for any black
hole spacetime, the full algebra of observables satisfying
these constraints is type II∞. In de Sitter spacetime, we
argued that the spin-energy and binding energy of the
observer renders the algebra type II1. In the remainder of
this section, we will comment on some extensions of the
present work.

A. Generic extremal surfaces in open spacetimes

The exterior regions of Killing horizons are, of course,
just one of many examples of spacetime subregions that we
would like to understand in quantum gravity. What then is
the algebra of observables and entropy in perturbative
quantum gravity associated to a more generic subregion,
R, and what are the relevant symmetries? As emphasized in
the Introduction, it is difficult to even define what one means
by a subregion once we allow spacetime to fluctuate, even
perturbatively. The two cases that we know of that are
universally well defined are (i) the region causally acces-
sible to a worldline observer and (ii) a region bounded by an
extremal surface. Case (i) is well defined because it
manifestly makes no reference on the metric, only the
existence of an observer that has its endpoints chosen at
infinity. Case (ii) is well defined in perturbative quantum
gravity because the “location” of extremal surfaces is robust
to perturbations. Note that the exterior of Killing horizons
are special cases that are simultaneously (i) and (ii).
Focusing for the moment on case (ii), we review the

proposal of Ref. [40] for the construction of gravitational
algebra that incorporates the homogeneous boost mode
about generic extremal surfaces. See also Ref. [41] for
related discussion. We first focus on regions bounded by
extremal surfaces that extend all the way out to spatial
infinity, and hence are in an open spacetime. We then
consider the causal complements of these regions which
may have bounded size. At present, we do not understand
how to consider generic subregions bounded by extremal
surfaces in closed spacetimes using the technology of this
paper, though these can be analyzed in the algebraic context
using no-boundary state technology developed in Ref. [154].
In Ref. [40], it was noted that because the surface is

extremal, one can consider a one-parameter family of
spacetimes, labeled by a relative boost parameter T0

between the interior and exterior of the extremal surface,
and that all such spacetimes satisfy the constraint equa-
tions. Denoting the Hilbert space of fluctuations about each
background by H T, one may construct the direct integral
Hilbert space

H ¼
Z

⊕
dT0H T0

: ð6:1Þ

The physical algebra acting on this Hilbert space was then
argued to take the form of a crossed product, namely

FIG. 3. Sphere path integral with a worldline observer follow-
ing geodesic γ. Cutting the path integral along the dotted line
prepares the Hartle-Hawking state with two antipodal, entangled
observers.
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generated by the QFT algebra acting on each H T0
in the

obvious way along with an operator i∂T0
, given by the

perturbed area operator on the horizon over 4G plus the one-
sided modular Hamiltonian for some state. The divergences
at the boundary of the region for these two operators cancel
one another. Rather than taking the modular Hamiltonian for
some state, we simply consider the one-sided flux

FR ¼ −
Z

∞

0

dU
Z
S
d2x

ffiffiffiffiffiffi
qU

p
U

�
δσABδσ

AB −
1

2
δθ2
�
; ð6:2Þ

whereU ¼ 0 is the codimension-two boundary ofR andU
is an affine parameter on the null boundary. This one-sided
flux has the same effect of removing the divergence as the
one-sided modular Hamiltonian and is more straightfor-
ward to generalize. It is now clear, following the results of
this paper, that we should also consider angle-dependent
boosts of the extremal surface as well as the diffeomor-
phism of the surface. We do not include diffeomorphisms
that move the position of the extremal surface. This
comprises the physical (in our context) subgroup of the
so-called corner symmetry group [134–142]. Taking a
boost that smoothly depends on the angles also leads to
new solution to Einstein’s equations [155]. To each of these
solutions, we can associate a Hilbert space of quantum
fields on the background H f and a Hilbert space can be
written as a direct integral

H ¼
Z

⊕
dγðfÞH f: ð6:3Þ

We then consider the operator on this Hilbert space which is
the sum of the perturbed angle dependent area operators
and angle-dependent one-sided flux operators

FRðfÞ ¼ −
Z

∞

0

dU
Z
S
d2x

ffiffiffiffiffiffi
qU

p
fðxAÞU

×

�
δσABδσ

AB −
1

2
δθ2
�
: ð6:4Þ

These combinations are well-defined operators on the
Hilbert space and are the analogs to the charges at infinity
defined in Sec. II D. Together with the quantum field theory
operators, this is the full gravitational algebra associated to
the subregion bounded by an extremal surface. The von
Neumann entropy is given by the generalized entropy of the
subregion that includes a fluctuation term associated to the
additional charges, which may be interpreted as the
entanglement edge modes.
It was important in the construction so far to have R be

semi-infinite, because if theU integral in the one-sided flux
was cut off at some finite value, there could be additional
divergences introduced at these points. In order to consider
the algebra associated to genuinely finite regions in open
universes, we can first construct the algebra as above for the

causal complement, and subsequently take the commutant.
The construction and properties of these local subregion
algebras will be explored in forthcoming work
In case (i), when the boundary of the causal diamond

is not an extremal surface, the symmetries of the
subregion are obscure. While similar symmetry groups
have been considered for general causal diamonds [84],
these will not generically describe the same region as the
one defined by an infinitely extended observer. Indeed,
the only universal large diffeomorphism to gauge appears
to be the time translation symmetry along the observer’s
worldline, as was done in the background-independent
proposal of Ref. [156].

B. AdS/CFT

The focus of this work has been on a large class of
gravitational charges that generate symmetries of horizons.
These charges led to an algebra with an entropy that had a
contribution from fluctuations of these charges, which have
the same form as entanglement from edge modes that appear
in gauge theory. In the case of black holes in AdS, the horizon
charges should have an interpretation in the dual CFT at the
asymptotic boundary. For definiteness, consider an asymp-
totically AdS4 Schwarzschild black hole, with asymptotic
boundary S2 ×R where the CFT lives. The homogeneous
charge that generates an angle-independent boost on the
horizon corresponds to the Hamiltonian of the CFT,

δ2HCFT ¼
Z
S2
dΩ δ2TCFT

ab ðxÞnatb; ð6:5Þ

where na is the timelike normal to S2, ta is the asymptotic
timelike Killing field and the perturbation of the CFT stress
tensor, TCFT

ab , is about the thermal state at the Hawking
temperature. The natural extension of this correspondence to
angle-dependent boosts is angle-dependent time translations
of the boundary, generated by

δ2HCFTðfÞ ¼
Z
S2
dΩ fðxAÞδ2TCFT

ab ðxAÞnatb: ð6:6Þ

From the perspective of the CFT, these may appear to be
strange charges. Interestingly, a larger class58 of symmetries
of black hole horizons were considered in Ref. [119] and
given a CFT interpretation in terms of gauge symmetries of
the hydrodynamic effective field theory. The matching of
symmetry transformations of the horizon and the effective
field theory arose frommapping coordinates on the horizon to
the boundary via null geodesics. Indeed, during the com-
pletion of this work, we learned of an upcoming paper [132]
that clarifies this by analyzing the connection of these
hydrodynamic modes of the boundary effective field theory

58These included diffeomorphisms that move the location of
the horizon, which were not relevant for our discussion.
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to entanglement edge modes that have a similar form to the
type II entropy.
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APPENDIX A: CROSSED PRODUCTS AND
THEIR OPERATOR VALUED WEIGHTS

In this Appendix, we provide an alternative construction
of the crossed product of a von Neumann algebra by a
nonlocally compact group admitting a quasi-invariant
measure. This analysis runs parallel to the discussion of
Secs. III B and IV C.
LetA ⊂ BðH Þ be a von Neumann algebra acted upon by

a group automorphism α∶G → AutðAÞ, with G a (possibly
nonlocally compact) group admitting a quasi-invariant
measure ν. A measure on G is (left) quasi-invariant if there
exists a cocycle J∶ G0 ×G → R such that59

dνðghÞ ¼ Jðg; hÞdνðhÞ;
Jðgh; kÞ ¼ Jðg; hkÞJðh; kÞ; g; h∈G0; k∈G: ðA1Þ

We may assume for simplicity that the automorphism α is
unitarily implemented in H by the unitary representation
U∶G → UðH Þ; however, we emphasize that this is not a
prerequisite for the definition of the crossed product.
Using the measure νwe define a Hilbert space L2ðG; dνÞ

consisting of square integrable functions on G with respect
to the measure ν. On the Hilbert space L2ðG; dνÞ, we can

define a unitary representation lν∶ G0 → UðL2ðG; dνÞÞ
where here G0 ⊂ G is the dense subset of group elements
for which the measure ν is quasi-invariant. Explicitly,

ðlνðgÞfÞðhÞ ¼ Jðg; g−1hÞ−1=2fðg−1hÞ: ðA2Þ

The group algebra of G with respect to the measure ν is
defined to be the weak closure of this representa-
tion: AðG; νÞ≡ lνðG0Þ00.
The crossed product ofA by G with respect to the action

α is a von Neumann subalgebra of bounded operators on
the extended Hilbert spaceH ⊗ L2ðG; dνÞ. It is generated
by lνðgÞ for g∈G0 and παðxÞ for x∈A, where

ðπαðxÞψÞðgÞ≡ αg−1ðxÞðψðgÞÞ; ψ ∈H ⊗ L2ðG; dνÞ:
ðA3Þ

That is,

A ×α;ν G≡ fπαðxÞ;lνðgÞjx∈A; g∈G0g00: ðA4Þ

If α is unitarily implemented on the Hilbert space H , we
can write παðxÞ ¼ V†xV, where the unitary operator V acts
on ψ ∈H ⊗ L2ðG; dνÞ as ðVψÞðgÞ ¼ UðgÞðψðgÞÞ.
To match with the approach of the main text, we can

write lðgÞ ¼ eiQðgÞ, UðgÞ ¼ eiFðgÞ, and V ¼ eiFðgÞ. Here,
QðgÞ can be thought of as charges, FðgÞ as fluxes, and fðgÞ
is a multiplication operator. The representation lν is
obtained from l by premultiplying with the appropriate
Jacobian of the measure ν as described in Eq. (A2), and we
can use the notation lνðgÞ ¼ eiQνðgÞ. A dense set of
(possibly unnormalizable) vectors in the Hilbert space
H ⊗ L2ðG; dνÞ is given by jx; giν where x∈A, and
g∈G0. Here, jx; giν ¼ πðxÞjω; giν with jωi the cyclic-
separating vector representative of some faithful state
ω∈PðAÞ. The action of the various operators appearing
in the crossed product are given by

eiQνðgÞjx; hiν ¼ jx; ghiν;
eiFðgÞjx; hiν ¼ jαgðxÞ; hiν;
eiFðgÞjx; hiν ¼ jαhðxÞ; hiν;
πðyÞjx; hiν ¼ jyx; hiν;
παðyÞjx; hiν ¼ jαh−1ðyÞx; hiν: ðA5Þ

As we have addressed in the main text, for analyzing the
type of the crossed product algebra, it is useful to construct
a densely defined neutral weight on the group algebra. We
will now propose a construction of such a weight, though
we emphasize that the existence of such a weight is not
necessary for the algebraA ×α;ν G to be well defined. In the
next Appendix, we will state a theorem which describes the

59One can interpret Jðg; hÞ as the Radon-Nikodym derivative
of the pushforward of ν under left translation by g and ν itself.
The second equality follows immediately from the chain rule for
Radon-Nikodym derivatives.
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sufficient conditions which must be satisfied by this weight
to ensure that the algebra A ×α;ν G is semifinite.
A general element in AðG; νÞ is given by the weak limit

of a sequences of sums

ψ̃ðlνÞ ¼
X
g∈G0

ψðgÞlνðgÞ: ðA6Þ

By the density of G0, the map60 ψ∶ G0 → C can be ex-
tended to a map on all of G which we also denote by ψ. We
can then define a positive, linear functional

eνðψ̃ðlÞ†ψ̃ðlÞÞ≡
Z
G
dνðgÞψðgÞψðgÞ: ðA7Þ

Depending upon various properties of the measure ν, eν
may define a weight on the algebra AðG; νÞ. In the event
that it is moreover faithful, semifinite, and normal, one may
regard L2ðG; dνÞ as a GNS representation for AðG; νÞ with
respect to this weight. For example, this will always be the
case wheneverG is a locally compact group. Consequently,
we can take this Hilbert space to be densely generated by
the improper states jgiν ≡ lνðgÞjeνi, where jeνi is the
vector representative of eν. We can then formally write a
general element of the group algebra as

ψ̃ðlνÞ ¼
Z
G
dνðgÞψðgÞlνðgÞ; ðA8Þ

with the understanding that ψ̃ðlνÞjeνi≡ jψiν by the
process of extending the function ψ appearing in Eq. (A6).
Given a von Neumann algebraM ⊂ BðHÞ, we say that a

possibly unbounded operator O is affiliated with M if it
commutes with all unitary operators in M0. We denote the
set of operators affiliated with M by M̂. Given an inclusion
of von Neumann algebras N ⊂ M, we can define an
extension of the notion of a weight called an operator
valued weight. An operator valued weight is a map
T∶ Mþ → N̂þ which is additive and positively homo-
geneous with respect to Nþ, as follows:

Tðm1 þm2Þ ¼ Tðm1Þ þ Tðm2Þ;
Tðn�mnÞ ¼ n�TðmÞn; ∀m1; m2 ∈Mþ; n∈Nþ:

ðA9Þ

Clearly, an ordinary weight can be regarded as an operator
valued weight from M to the subalgebra of complex num-
bers. We denote by Mþ

T the set of all elements m∈Mþ

which map to elements of N̂þ with finite operator norm.
The domain of T is then defined to be the linear span of
these elements, which we denote by MT. An operator

valued weight is called semifinite if its domain is ultra-
weakly dense, faithful if TðmÞ ¼ 0 ⇔ m ¼ 0 and normal
if T is lower semicontinuous in the ultraweak operator
topology. We will denote the set of all faithful, semifinite,
normal operator valued weights from M to N by PðM;NÞ.
An operator valued weight which is unital, Tð1Þ ¼ 1, is
called a conditional expectation.
Given a faithful, semifinite, normal weight ω on N and

a faithful, semifinite, normal operator valued weight
T∶ MT → N̂, we can define a faithful, semifinite, normal
weight ωT ≡ ω ∘T on M. Denoting the inclusion of N into
M by i∶N ↪ M, the modular automorphisms of ω and ωT
obey the relation

σωT
t ∘ iðnÞ ¼ i ∘ σωt ðnÞ: ðA10Þ

In fact, Falcone and Takesaki showed that the existence
of a weight ωT satisfying the above relation is a necessary
and sufficient condition for the existence of an operator
valued weight. Thus, if there exist weights ω̃∈PðMÞ and
ω∈PðNÞ such that

σω̃t ∘ i ¼ i ∘ σωt ; ∀ t∈R; ðA11Þ

then there will exist an operator valued weight T ∈PðM;NÞ
such that ω̃ ¼ ω ∘T.
Generalizing Eq. (A6), we can write a general operator in

the crossed product as the weak limit of a sequence of sums
of the form

ãðlÞ ¼
X
g∈G0

lνðgÞπαðaðgÞÞ: ðA12Þ

Again, by the density of G0, we can extend the map
a∶ G0 → A to a map on all of G which we continue to
denote by a. We can then define a positive, linear map from
A ×α;ν G to A, as follows:

Tνðâ†âÞ≡
Z
G
dνðgÞaðgÞ�aðgÞ: ðA13Þ

It can be seen to satisfy the homogeneity property of
operator valued weights by direct computation. First,

âπαðxÞ ¼
X
g∈G0

lνðgÞπαðaðgÞxÞ: ðA14Þ

Then, we can easily write

Tν

�
παðxÞ†â†âπαðxÞ

	
¼ Tν

�
ðâπαðxÞÞ†ðâπαðxÞÞ

	
¼
Z
G
dνðgÞx�aðgÞ�aðgÞx ¼ x�Tνðâ†âÞx: ðA15Þ60This map should be Cauchy continuous for the extension to

be unique.
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In the event that eν is a weight, Tν defines an opera-
tor valued weight. If eν is moreover faithful, semifinite,
and/or normal, Tν will likewise be faithful, semifinite,
and/or normal.
In this case, we can use the operator valued weight Tν to

extend any weight φ onA to a weight φ ∘Tν onA ×α;ν G. If
φ has vector representative jφi in the Hilbert spaceH , the
dual weight φ̃ will have vector representative jφ̃i ¼ jφ; eνi
in H ⊗ L2ðG; dνÞ. In the case that G is locally compact,
we can move through the above discussion with ν ¼ μ the
unique left invariant Haar measure. In this case, the vector
jeμi≡ jei is the neutral element of the group and Tν ≡ T is
Haagerup’s standard operator valued weight [52,53].

APPENDIX B: TRACE FOR CROSSED
PRODUCTS BY GENERAL GROUPS

In this Appendix, we state a set of sufficient conditions
for the crossed product algebra A ×α;ν G to be semifinite.
This analysis runs parallel to Secs. III C and IVA 2 in the
main text.
Theorem B.1. Semifiniteness. Let A be a von Neumann

algebra acted upon by a group G via the automorphism
α∶G → AutðAÞ. We do not require the group G to be
locally compact, only that it admits a left quasi-invariant
measure ν which is also quasi-invariant under inversion
with module function (e.g., Jacobian under inversion)
δν∶ G → C. The following is a sufficient condition for
the crossed product A ×α;ν G to be semifinite:
(1) The positive, linear functional eν defines a faithful,

semifinite, normal weight on the group alge-
bra AðG; νÞ,

(2) There exists a faithful, semifinite, normal weight ω
on A and an embedding η∶R ↪ G such that
(a) The automorphism α ∘ η∶R → AutðAÞ is KMS

with respect to ω,
(b) The weight ω is quasi-invariant under the action

of α, e.g., ω ∘ αg ¼ δνðgÞ−1ω for all g∈G0.
This theorem can be proven by direct construction of a

trace on A ×α;ν G:

τðâÞ ¼ ω ∘Tνðlν ∘ ηði=2Þâlν ∘ ηði=2ÞÞ: ðB1Þ

In the case that G ¼ R ×H with R, the modular auto-
morphism group of ω we can write

τðâÞ ¼ hω; 0t; eνH jeX=2âeX=2jω; 0t; eνHi; ðB2Þ

where νH is a quasi-invariant measure on H and
lν ∘ ηðtÞ ¼ e−itX. When H is locally compact, we can take
ν ¼ μ, the unique left invariant Haar measure.
By hypothesis (1), the positive, linear map Tν defines a

faithful, semifinite, normal operator valued weight. The
weight defined in Eq. (B1) is therefore faithful, semifinite,
and normal because ω and Tν are. To determine its modular

automorphism, it suffices to consider the modular flow of
the generating elements παðxÞ and lνðgÞ. By the Falcone-
Takesaki theorem, the modular automorphism of the dual
weight on operators from A is the same as the modular
automorphism of the weight ω, as follows:

σω ∘Tν
t ðπαðxÞÞ ¼ πα ∘ σωt ðxÞ: ðB3Þ

By hypothesis ð2aÞ, σωt ¼ αηðtÞ. The automorphism α is
unitarily implemented by lνðgÞ in the crossed product,
πα ∘ αgðxÞ ¼ lνðgÞπαðxÞlνðg−1Þ. Thus, we can write

σω ∘Tν
t ðπαðxÞÞ ¼ lν ∘ ηðtÞπαðxÞlν ∘ ηð−tÞ: ðB4Þ

In general, the modular automorphism of the dual weight
applied to lνðgÞ is given by

σω ∘Tν
t ðlνðgÞÞ ¼ σων

t ðlνðgÞÞπαðuω ∘ αgjω
t Þ: ðB5Þ

The first term can be derived by considering the KMS
condition for products lνðgÞlνðhÞ and the second for
products lνðgÞπαðxÞ ¼ πα ∘ αgðxÞlνðgÞ. Applying hypoth-
esis ð2bÞ, we find

σω ∘Tν
t ðlνðgÞÞ ¼ lνðgÞ; ðB6Þ

where the modular flow of eν has canceled with the Connes’
cocycle comparing the weight ω ∘ αg with ω. Hypotheses
ð2aÞ and ð2bÞ together imply that ηðRÞ is a central sub-
group of G, e.g., ηðtÞgηð−tÞ ¼ g for all g∈G [44]. Thus,
we can write

σω ∘Tν
t ðlνðgÞÞ ¼ lν ∘ ηðtÞlνðgÞlν ∘ ηð−tÞ: ðB7Þ

We have therefore demonstrated that the hypotheses of
our theorem imply that the modular flow of the weight
ω ∘Tν is given by

σω ∘Tν
t ðâÞ ¼ lν ∘ ηðtÞâlν ∘ ηð−tÞ; ðB8Þ

for all operators â in the algebraA ×α;ν G. For the Cartesian
product case, in the notation of the main text, we have

σω ∘Tν
t ðâÞ ¼ e−itXâeitX: ðB9Þ

In fact, Eq. (B8) already implies that A ×α;ν G is semi-
finite since we have constructed a faithful, semifinite, normal
weight with inner unitarily implemented modular flow. But
we can also complete our proof that Eq. (B1) defines a trace
by a simple application of the KMS condition:
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τðâ b̂Þ ¼ω∘Tνðlν ∘ηði=2Þâ b̂lν ∘ηði=2ÞÞ
¼ω∘Tνðb̂lν ∘ηði=2Þσω∘Tν

−i ðlν ∘ηði=2ÞâÞÞ
¼ω∘Tνðb̂lν ∘ηði=2Þlν ∘ηð−iÞlν ∘ηði=2Þâlν ∘ηðiÞÞ
¼ω∘Tνðb̂ âlν ∘ηðiÞÞ
¼ω∘Tνðlν ∘ηði=2Þb̂ âlν ∘ηði=2ÞÞ
¼ τðb̂ âÞ: ðB10Þ

Let φ̂f be the state on A ×α;ν G which is induced from
the vector jφi ⊗ jfi∈H ⊗ L2ðG; dνÞ. The density oper-
ator of this state with respect to the above trace is given by

ρφ̂f
¼ V†f̃ðU ⊗ lνÞlν ∘ ηð−i=2Þ
× Δφjωlν ∘ ηð−i=2Þf̃ðU ⊗ lνÞ†V; ðB11Þ

where

f̃ðU ⊗ lνÞ ¼
Z
G
dνðgÞ fðgÞUðgÞ ⊗ lνðgÞ: ðB12Þ

Using charge notation and in the Cartesian product case,

ρφ̃f
¼ f̃ðQνÞe−iFðgÞe−X=2Δφjωe−X=2eiFðgÞf̃ðQνÞ†; ðB13Þ

where

f̃ðQÞ≡
Z
G
dνðgÞfðgÞeiQðgÞ; ðB14Þ

with lνðgÞ ¼ eiQνðgÞ. Whenever lνðgÞ or QνðgÞ appear
in an integral, we must apply the extension procedure
described in Appendix A.

APPENDIX C: SEMIFINITENESS FOR
CARTESIAN PRODUCT GROUPS

In this Appendix, we demonstrate that, under the
assumptions stated in Appendix B in the case where
G ¼ R ×H, we have the isomorphism A ×α ðH ×RÞ≃
ðA ×αH HÞ ×σωH R. For simplicity, we will concentrate on
the case that H is locally compact, but a generalization to
the nonlocally compact case is straightforward (provided
the existence of a suitable quasi-invariant measure).
This analysis can be used to establish the isomorphism
between the algebra Adress:ðR;R × SOð3ÞÞ and
Aobs

dress:ðR;R × SOð3ÞÞ described in the main text.
Establishing our claim is a simple exercise in matching

the generators of the algebra A ×α ðH × RÞ and
ðA ×αH HÞ ×σωH R. Let A ⊂ BðH Þ be a type III von
Neumann algebra with faithful, semifinite, normal weight
ω acted upon by an automorphism α∶R ×H → AutðAÞ.
Moreover, let us assume that α satisfies the assumptions of
our theorem, e.g.,

αðt;eÞðxÞ ¼ σωt ðxÞ; ω ∘ αðt;hÞ ¼ ω; ∀ t∈R; h∈H:

ðC1Þ

Note that αðt;hÞ ¼ αðt;eÞ ∘ αð0;hÞ ¼ αð0;hÞ ∘ αðt;eÞ. We shall
denote the restriction of α to H by αHh ≡ αð0;hÞ.
From our discussion above, the algebra A ×α G is gene-

rated by the representations πG∶ A → BðH ⊗ L2ðGÞÞ and
lG∶ G → BðH ⊗ L2ðGÞÞ, as follows:

�
πGðxÞξG

	
ðt; hÞ≡ αð−t;h−1ÞðxÞ

�
ξGðt; hÞ

	
;�

lGðs; kÞξG
	
ðt; hÞ≡ ξGð−sþ t; k−1hÞ: ðC2Þ

Here, we have used the notation ξG ∈L2ðGÞ to signify that
the vector ξG is a H -valued function on G.
Likewise, the algebra A ×αH H is generated by the

representations πH∶ A → BðH ⊗ L2ðHÞÞ and lH∶ H →
BðH ⊗ L2ðHÞÞ, as follows:

�
πHðxÞξH

	
ðhÞ≡ αð0;h−1ÞðxÞ

�
ξHðhÞ

	
;�

lHðkÞξHðhÞ
	
≡ ξHðk−1hÞ: ðC3Þ

We have used the notation ξH to signify that ξH is a
H -valued function on H. As we have discussed, the dual
weight theorem constructs a faithful, semifinite, normal
weight ωH on A ×αH H with vector representative jω; eHi.
The assumptions (C1) imply that the modular automor-
phism of this weight acts on the generators of the algebra as

σωH
t ðπHðxÞÞ ¼ πH ∘ σωt ðxÞ;

σωH
t ðlHðhÞÞ ¼ lHðhÞ: ðC4Þ

Using Eq. (C4), let us form the algebra ðA×αH HÞ×σωH R.
It is the algebra generated by the representations πR∶ A ×αH

H → BðH ⊗ L2ðHÞ ⊗ L2ðRÞÞ and lR∶ R → BðH ⊗
L2ðHÞ ⊗ L2ðRÞÞ. Note that we have an isomorphism of
Hilbert spacesH ⊗ L2ðHÞ ⊗ L2ðRÞ ≃H ⊗ L2ðH ×RÞ.
Of course, the operators in A ×αH H are themselves gen-
erated by πHðxÞ and lHðhÞ. Thus, using the usual formulas,
we find that the algebra ðA ×αH HÞ ×σωH R has three kinds
of generators:

ðπRðπHðxÞÞξGÞðt; hÞ ¼ σωH
−t ðπHðxÞÞðξGðt; ·ÞÞðhÞ

¼ αð−t;h−1ÞðxÞðξGðt; hÞÞ
¼ ðπGðxÞξGÞðt; hÞ; ðC5Þ

ðπRðlHðkÞÞξGÞðt; hÞ ¼ σωH
−t ðlHðkÞÞðξGðt; ·ÞÞðhÞ

¼ ξGðt; k−1hÞ
¼ ðλGð0; kÞξGÞðt; hÞ; ðC6Þ
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ðlRðsÞξGÞðt; hÞ ¼ ξGð−sþ t; hÞ
¼ ðlGðs; eÞξGÞðt; hÞ: ðC7Þ

In summary, we see that

πR ∘ πHðxÞ ¼ πGðxÞ;
πR ∘lHðhÞlRðtÞ ¼ lRðtÞπR ∘lHðhÞ ¼ lGðt; hÞ; ðC8Þ

and thus we conclude

ðA ×αH HÞ ×σωH R

≡ fπR ∘ πHðxÞ; πR ∘lHðhÞlRðtÞjx∈A; ðt; hÞ∈Gg00
¼ fπGðxÞ;lGðt; hÞjx∈A; ðt; hÞ∈Gg00 ¼ A ×α G; ðC9Þ

as desired.

APPENDIX D: FINITE SUBFACTORS FOR
GENERAL TYPE II∞ ALGEBRAS

In this Appendix, we consider the existence of type II1
subalgebras of A ×α;ν G in the event that this algebra is
semifinite. This analysis runs parallel to Secs. III F and V in
the main text.
Let A be a type II∞ factor. Takesaki’s structure theorem

for type III von Neumann algebras establishes that there will
exist a type III von Neumann algebra B such that A ¼
B ×σ R, e.g., A is the modular crossed product of B [95].
This can also be understood by appealing to Landstad’s
top down construction of the crossed product [157]. In
particular, B is the invariant subalgebra of A under an
automorphism θ∶R → AutðAÞ which is Pontryagin dual
to σ∶R → AutðBÞ.61 In the case we are primarily inter-
ested in, A ¼ A ×α;ν ðH ×RÞ, and B ¼ A ×αH;νH H; see
Appendix C.
On a related note, Pedersen and Takesaki have shown

that a von Neumann algebra C is semifinite (e.g., admits a
faithful, semifinite, normal, tracial weight) if and only if the
modular automorphism of any faithful, semifinite, normal
weight on C is innerly implemented [159]. That is, for each
w∈PðCÞ there exists a one-parameter family of unitary
operators Uw

t ∈C such that

σwt ðxÞ ¼ Uw
t xUw

−t; ∀ x∈C: ðD1Þ

By Stone’s theorem, there exists a positive self adjoint
operator hw, affiliated with C, which generates this unitary
group, i.e., Uw

t ¼ hitw. Using this fact, and appealing to
Connes’ cocycle theorem [160], Pedersen and Takesaki
further demonstrated that, starting from any w∈PðCÞ, we
can construct a tracial weight τw ∈PðCÞ given by

τwðxÞ≡ wðh−1=2w xh−1=2w Þ: ðD2Þ

The fact that this weight is faithful, semifinite, and normal
follows from the faithful, semifinite, normal qualities of the
original weight w. The fact that it is tracial follows from
Eq. (D1) and the KMS condition.
Returning to our analysis of the algebra A, the dual

weight theorem tells us that—given any ψ ∈PðBÞ—there
exists a canonically defined weight ψ̃ ∈PðAÞ, as discussed
in Appendix A. If B ⊂ BðK Þ, and ψ has vector represen-
tative jψi, then A ⊂ BðK ⊗ L2ðRÞÞ and the dual weight is
given by

ψ̃ðaÞ ¼ hψ ; 0jajψ ; 0i: ðD3Þ

If we take A ¼ B ×σψ R, generated by dressed operators
from B and the translations lψðtÞ ¼ e−itXψ , then we can
also show that

σψ̃t ðaÞ ¼ e−itXψaeitXψ : ðD4Þ

Here, we have carefully labeled the representation lψ and
the generator Xψ to emphasize their dependence on the
choice of reference weight ψ . Invoking the Pedersen-
Takesaki construction, we conclude that the algebraA admits
a faithful, semifinite, normal, tracial weight, as follows:

τψ̃ ðaÞ ¼ hψ ; 0jeXψ=2aeXψ=2jψ ; 0i

¼
Z
R×R

dxψdx0ψ
2π

exψ hω; xψ jajω; x0ψi: ðD5Þ

The choice of reference weight has no bearing on the
overall structure of the modular crossed product. However,
as we shall now demonstrate, it plays an important role in
the interpretation of finite subalgebras therein. Consider the
algebras B ×σψ R and B ×σφ R where ψ ;φ∈PðBÞ are two
distinct faithful, semifinite, normal weights on B. Both
algebras act on K ⊗ L2ðRÞ. The algebra B ×σψ R is
generated by the dressed representation

ðπψ ðbÞξÞðtÞ≡ σψ−tðbÞðξðtÞÞ ðD6Þ

and lψ∶ R → UðK ⊗ L2ðRÞÞ such that

πψ ∘ σψt ðbÞ ¼ lψðtÞπψ ðbÞlψð−tÞ: ðD7Þ

We can always write lψðtÞ≡ e−itXψ for some operator Xψ.
At the same time, the algebra B ×σφ R is generated by the
dressed representation

ðπφðbÞξÞðtÞ≡ σφ−tðbÞðξðtÞÞ ðD8Þ

and lφ∶ R → UðK ⊗ L2ðRÞÞ such that
61See also Refs. [21,22,158] for a discussion in the physical

context of gravitational algebras.
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πφ ∘ σφt ðbÞ ¼ lφðtÞπφðbÞlφð−tÞ: ðD9Þ

Likewise, we can write lφðtÞ ¼ e−itXφ .
The modular automorphisms of ψ and φ are related by

the cocycle derivative as

σφt ðbÞ ¼ uφjψt σψt ðbÞuφjψ−t : ðD10Þ

Using this fact, we can relate the dressed representations:

ðπφðbÞξÞðtÞ ¼ σφ−tðbÞðξðtÞÞ
¼ uφjψ−t σ

ψ
−tðbÞuφjψt ðξðtÞÞ

¼ ðU−1
φjψπψ ðbÞUφjψξÞðtÞ; ðD11Þ

where here

ðUφjψξÞðtÞ≡ uφjψt ðξðtÞÞ ðD12Þ

is a unitary operator on K ⊗ L2ðRÞ. At the same time, if
we take lφðtÞ ¼ U−1

φjψlψðtÞUφjψ , then we find that lφðtÞ
and πφðbÞ satisfy the desired algebraic relation. We there-
fore conclude that B ×σφ R ¼ U−1

φjψðB ×σψ RÞUφjψ , and

thus these algebras are isomorphic. Crucially, this also
tells us that the modular “time translation” generators are
unitarily equivalent, as follows:

Xφ ¼ U−1
φjωXωUφjω; ðD13Þ

but distinct.
The (equivalent) algebras B ×σψ R and B ×σφ R both

have natural traces which can be obtained by the Pedersen-
Takesaki construction (D2). In particular,

τψ̃ðaÞ ¼ hψ ; 0jeXψ=2aeXψ=2jψ ; 0i;
τφ̃ðaÞ ¼ hφ; 0jeXφ=2aeXφ=2jφ; 0i: ðD14Þ

To make a proper comparison between these traces, let us
write them exclusively in terms of the generator Xφ by
using Eq. (D13). Then we find

τψ̃ ðaÞ ¼ hψ ; 0jeXφ=2UφjψaU−1
φjψe

Xφ=2jψ ; 0i; ðD15Þ

where we have concluded Uφjψ jψ ; 0i ¼ jψ ; 0i by direct
computation. In fact, it is not hard to show that Eq. (D15)
exactly reproduces τφ̃, as follows

62:

U−1
φjψe

Xφ=2jψ ; 0i ¼ U−1
φjψ jψ ;−i=2i ¼ uφjψ−i=2jψ ;−i=2i

¼ jφ;−i=2i ¼ eXφ=2jφ; 0i; ðD17Þ

and thus

τψ̃ðaÞ ¼ hψ ; 0jeXφ=2UφjψaU−1
φjψe

Xφ=2jψ ; 0i
¼ hφ; 0jeXφ=2aeXφ=2jφ; 0i ¼ τφ̃ðaÞ: ðD18Þ

Equation (D18) again tells us that the choice of reference
weight ψ or φ has no bearing on the structure of the overall
crossed product algebra. Henceforward we will simply
denote the trace by τ.
We now arrive at the important point. Suppose that ψ is

an unnormalizable weight and φ is a normalizable state
with φð1Þ ¼ Nφ < ∞. Let Pψ

− and Pφ
− denote the projection

on K ⊗ L2ðRÞ onto the negative part of the spectrum of
Xψ and Xφ, respectively. Then, we can easily compute:

τðPψ
−Þ ¼ hψ jψi

Z
R−

dxψ
2π

exψ ;

τðPφ
−Þ ¼ hφjφi

Z
R−

dxφ
2π

exφ < ∞: ðD19Þ

The trace of Pψ
− remains infinite due to the non-

normalizability of jψi, but the trace of Pφ
− is finite!

We therefore conclude that the algebra Pψ
−APψ

− remains
type II∞, while the algebra Pφ

−APφ
− is type II1.

The upshot is the following: although by Eq. (D13) the
eigenvalues of Xφ and Xψ agree, the projections onto the
positive part of their spectra are sensitive to their eigen-
vectors. It is possible to arrive at a type II1 subalgebra by
bounding the spectrum of the generator of time translations
in the modular crossed product, provided the associated
weight is normalizable. Mathematically, we can always just
choose to bound the generator of modular translations for a
state. From a physical perspective, however, the bound on
X is only justified if this operator can be interpreted as
generating genuine time translations. We must, therefore,
determine physically to which weight to reference
our bound.
In the case B ¼ A is the algebra of quantum fields (e.g.,

in the absence of an additional constraint group), the
modular crossed product comes about by implementing
the Hamiltonian constraint. That is, the algebra of observ-
ables must commute with X þHQFT, viewed as an operator
on H ⊗ L2ðRÞ. By the commutation theorem [161], the
algebra of observables commuting with this operator defines
a crossed productA ×α R, where αtðaÞ ¼ e−itHQFTaeitHQFT .
The realization that this algebra is a modular crossed
product arises from observation that there exists a state,
ω∈PðAÞ, whose modular flow is equivalent to time
evolution: σωt ¼ αt. In the algebra A ×α R, the automor-
phism α is implemented unitarily by eitX, and thus X ¼ Xω

62It is worth noting that Eq. (D17) allows us to deduce the
Connes’ cocycle derivative between dual weights, as follows:

uφ̃jψ̃t ¼ eitXφUφjψe−itXφ : ðD16Þ
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acquires an interpretation as the generator of time trans-
lations in the crossed product. In this regard, bounding the
spectrum of Xω constitutes a bound on the true physical
energy when the modular Hamiltonian of ω is the generator
of time translations on the algebra before implementing the
Hamiltonian constraint.
Now, let us move to the case B ¼ A ×αH;νH H, with

the overall gauge invariant algebra being the modular
crossed product of B. In this case, the Hamiltonian
constraint will generically require that the physical
algebra commute with an operator X þHQFT þHH

acting on H ⊗ L2ðH; dνHÞ ⊗ L2ðRÞ. Here, HQFT

remains the generator of time translations on the QFT
algebra, but now there is possibly an additional contribu-
tion from HH, the generator of time translations on
the operators lνHðhÞ. Taking ω∈PðAÞ to be the state on
the QFT algebra whose modular flow (on A) agrees with
the time evolution generated by HQFT, the classical-
quantum state jωi ⊗ e−HH=2jeνHiwill have a modular flow
(onA ×αH;νH H) agreeing with the automorphism generated
by HQFT þHH. Thus, it is physically natural to bound
the operator X ¼ Xφ associated with the weight φ whose
vector representative is jφi ¼ jωi ⊗ e−HH=2jeνHi. If the
vector e−HH=2jeνHi is normalizable, then bounding Xφ will
indeed land on a finite subalgebra. This was the case in
Secs. III F and V in which jφi is the state of a compact
observer moving along its worldtube in the static patch of a
de Sitter spacetime.

APPENDIX E: THE INFINITE TENSOR
PRODUCT AND ITS STATES

In Sec. IV, we employ the notion of an infinite tensor
product algebra to conclude that the neutral weight for the
boost supertranslation group is well defined, normal and
semifinite. In Sec. V, we use the infinite tensor product to
establish the existence of a physically motivated type II1
subalgebra of the gravitational algebra of an observer in the
de Sitter static patch. In this Appendix, we introduce some
aspects of this construction. For a more complete intro-
duction, we refer the reader to Ref. [114].
An inductive sequence of C� algebras is a sequence

of C� algebras, fAngn∈N, along with a sequence of
�-homomorphisms fπn∶ An → Anþ1gn∈N. For each
n;m∈N, we define

πnþm;n ≡ πnþm−1 ∘ πnþm−2 ∘… ∘ πnþ1 ∘ πn∶An → Anþm:

ðE1Þ

By construction, πl;m ∘ πm;n ¼ πl;n provided l > m > n.
Treating each An as disjoint, we can define the set

X ≡ ⨆
∞

n¼1

An: ðE2Þ

Given any a∈An and b∈Am, we then introduce the
equivalence relation

a ∼ b ⇔ ∃Ns:t:πl;nðaÞ ¼ πl;mðbÞ ∀ l > N: ðE3Þ

We will denote by ½a�≡ π∞;nðaÞ the equivalence class of
a∈X under the relation ∼. Using this equivalence relation,
we can define the set A∞ ≡ X=∼. This set can be made into
an involutive algebra by endowing it with the following
operations:

λ½a�≡ ½λa�; ½a� þ ½b�≡ ½πl;nðaÞ þ πl;mðbÞ�;
½a�½b�≡ ½πl;nðaÞπl;mðbÞ�; ½a�� ≡ ½a��: ðE4Þ

In this way, the assignment a∈An ↦ π∞;nðaÞ∈A∞ can be
viewed as a homomorphism.
If the set π−1∞;nð0Þ is closed for sufficiently large n, the

inductive sequence fAn; πngn∈N is called proper. Each
algebra An is embedded homomorphically into A∞ with
image Ān ≃ An=π−1∞;nð0Þ. Thus, for a proper inductive
sequence of C� algebras, the algebra Ān becomes a C�
algebra for sufficiently large n. In this way, the C� norm
of An can be used to induce a C� norm on A∞, giving it the
structure of a pre-C� algebra. Closing A∞ in the topology
induced by this norm results in a C� algebra, A, which is
called the inductive limit of the sequence fAn; πng. We will
sometimes use the standard notation A≡ Limn→∞fAn; πng
to denote the inductive limit.
A standard example of an inductive limit is the infinite

tensor product of C� algebras. Let fAngn∈N be a sequence
of unital C� algebras and denote by

Ān ≡ A1 ⊗ A2 ⊗ … ⊗ An ðE5Þ

the n-fold finite C� tensor product. There is a natural
isomorphism between Ān and Ānþ1 in terms of the
projection πnðaÞ≡ a ⊗ 1Anþ1

. As each πn is injective,
the inductive sequence fĀn; πngn∈N is proper. The induc-
tive limit of this sequence is the infinite tensor product
which we denote by

Limn→∞Ān ¼ ⊗
∞

n¼1
An: ðE6Þ

Now, suppose that fMngn∈N is a sequence of von

Neumann algebras. Let ⊗
∞

n¼1
Mn be the C�-infinite tensor

product of these algebras. Given a collection fωngn∈N

where each ωn is a state on Mn, we obtain a state ω≡
⊗
∞

n¼1
ωn on the infinite tensor product, which is defined by

the condition that

GENERALIZED BLACK …. II. THE COMPLETE … PHYS. REV. D 114, 065010 (2026)

065010-55



ωðx1 ⊗ x2 ⊗ … ⊗ xN ⊗ 1 ⊗ 1 ⊗ …Þ ¼
YN
n¼1

ωnðxnÞ:

ðE7Þ

Performing the GNS construction relative to the state ω, we

obtain a Hilbert space representation of ⊗
∞

n¼1
Mn, which we

may use to close this C� algebra to a von Neumann algebra,
M, which we call the von Neumann infinite tensor product
of fMngn∈N with respect to the state ω.
The case that is of interest to us involves decomposing

the group algebra of S0 as an infinite tensor product. This
follows from the observation that the space of functions on
S2 can be decomposed into a basis of spherical harmonics
labeled by l; m. In this regard, the group S0 is equivalent to
the infinite Cartesian product of the group R, one for each
l; m. More rigorously, in the language described above, the
group C� algebra of S0 is a C� infinite tensor product of
group algebras AðRÞ: A≡ ⊗

l>0;m
AðRÞ.

To promote A to a von Neumann algebra, we must
introduce a preferred state. Each AðRÞ is represented
standardly on the Hilbert space L2ðR; dtl;mÞ. Thus, per
the construction above, we can obtain a state on A by
specifying a collection of normalized vectors jψl;mi ∈
L2ðR; dtl;mÞ. To reproduce our construction from
Sec. IVA 1, we can choose each of these vectors to be a
Gaussian wave packet jΩl;mi. More to the point, we may
regard each AðRÞ as acting on the Hilbert space
L2ðR; dγl;mÞ where γl;m is a Gaussian measure for each
l; m. Then, jΩl;mi is the state in L2ðR; dγl;mÞ with wave
function 1 with respect to the chosen measure, as in
Eq. (4.15). Let ωl;m be the state on AðRÞ induced by
the vector jΩl;mi. Then,ω≡ ⊗

l>0;m
ωl;m can be interpreted as

the state induced by the infinite Gaussian measure, γ, on S0

obtained as the product of the individual Gaussian measure
γl;m for each l; m. The group von Neumann algebraAðS0Þ
is isomorphic to the weak closure of ⊗

l>0;m
AðRÞ in the GNS

representation induced by this state, which can be identified
with the Hilbert space L2ðS0; dγÞ.
At the same time, we can also introduce the improper

state jeγl;mi for each l; m, which gives rise to the neutral
weight with respect to the chosen measure. The weight
induced by jeγl;mi on the algebra AðRÞ is faithful, semi-
finite and normal. Moreover, the overlap heγl;m jΩl;mi ¼ 1.
Thus, invoking the construction introduced in Ref. [116],

the infinite tensor product

jeγi≡ ⊗
l>1;m

jeγl;mi; ðE8Þ

induces a semifinite, normal weight on the group von
Neumann algebra AðS0Þ.
For each l; m, let Hl;m be a positive, self-adjoint

operator on L2ðR; dγl;mÞ such that

Zl;m ≡ heγl;m je−Hl;m jeγl;mi < ∞; ðE9Þ

and that the state induced by the normalized vector
jψl;mi≡ e−ðHl;mþlogZl;mÞ=2jeγl;mi belongs to the folium of
the state induced by jΩl;mi. Let us use the notation
ψl;mð·Þ≡ hψl;mj · jψl;mi for the state on the algebra
AðRÞ induced by the vector jψl;mi. Then, by construction,
ψ ≡ ⊗

l>0;m
ψl;m is a state on the von Neumann infinite tensor

product AðS0Þ. This state is defined by the property that,
for any finite N and fxl;mj1 ⩽ l ⩽ N; jmj ⩽ lg∈AðRÞ,

ψ

 
⊗

1⩽l⩽N
jmj⩽l

xl;m ⊗ 1 ⊗ 1 ⊗ …

!

¼ ⊗
1⩽l⩽N
jmj⩽l

heγl;m je
−1
2

P
1⩽l⩽Njmj⩽l

ðHl;mþlogZl;mÞ
 

⊗
1⩽l⩽N
jmj⩽l

xl;m

!

× e
−1
2

P
1⩽l⩽Njmj⩽l

ðHl;mþlogZl;mÞ
⊗

1⩽l⩽N
jmj⩽l

jeγl;mi: ðE10Þ

In this sense, we may write

jψi ¼ lim
N→∞

 
e
−1
2

P
1⩽l⩽Njmj⩽l

ðHl;mþlogZl;mÞ
⊗

1⩽l⩽N
jmj⩽l

eγl;mi
!

≡ e−K=2jeγi: ðE11Þ

Here,

K ≡ lim
N→∞

X
1⩽l⩽N
jmj⩽l

ðHl;m þ logZl;mÞ; ðE12Þ

and jeγi is as defined in Eq. (E8). By construction, jψi
belongs to the folium of ω and its modular Hamiltonian is
given by K.
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le propagateur δ1ðx; yÞ du champ scalaire dans l’univers de
de Sitter, Ann. Inst. Henri Poincare, A 25, 67 (1976).

[68] N. A. Chernikov and E. A. Tagirov, Quantum theory of
scalar fields in de Sitter space-time, Ann. Inst. Henri
Poincare, A 9, 109 (1968).

[69] T. S. Bunch and P. C. W. Davies, Quantum field theory in
de Sitter space: Renormalization by point splitting, Proc.
R. Soc. A 360, 117 (1978).

[70] P. C. Davies, Scalar production in Schwarzschild and
Rindler metrics, J. Phys. A 8 (1975) 609.

[71] J. B. Hartle and S. W. Hawking, Path integral derivation of
black hole radiance, Phys. Rev. D 13, 2188 (1976).

[72] W. Israel, Thermo field dynamics of black holes, Phys.
Lett. 57A, 107 (1976).

[73] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev.
D 14, 870 (1976).

[74] R. Kubo, Statistical mechanical theory of irreversible
processes. 1. General theory and simple applications in
magnetic and conduction problems, J. Phys. Soc. Jpn. 12,
570 (1957).

[75] P. C. Martin and J. Schwinger, Theory of many-particle
systems. I, Phys. Rev. 115, 1342 (1959).

[76] R. Haag, N. M. Hugenholtz, and M. Winnink, On the
Equilibrium states in quantum statistical mechanics, Com-
mun. Math. Phys. 5, 215 (1967).

[77] J. v. Neumann, Beweis des ergodensatzes und des
h-theorems in der Neuen mechanik, Z. Phys. 57, 30 (1929).

[78] E. Witten, APS medal for exceptional achievement in
research: Invited article on entanglement properties of
quantum field theory, Rev. Mod. Phys. 90, 045003 (2018).

[79] J. Sorce, Notes on the type classification of von Neumann
algebras, Rev. Math. Phys. 36, 2430002 (2024).

[80] A. Connes, Une classification des facteurs de type III
(1973), http://eudml.org/doc/81916.

[81] A. Herderschee and J. Kudler-Flam, Stringy algebras,
stretched horizons, and quantum-connected wormholes,
arXiv:2510.01556.

[82] G. Penington and E. Witten, Algebras and states in super-
JT gravity, arXiv:2412.15549.

[83] S. Ali Ahmad and R. Jefferson, Crossed product algebras
and generalized entropy for subregions, SciPost Phys.
Core 7, 020 (2024).

[84] V. Chandrasekaran and K. Prabhu, Symmetries, charges
and conservation laws at causal diamonds in general
relativity, J. High Energy Phys. 10 (2019) 229.

[85] R. M. Wald and A. Zoupas, A General definition of
’conserved quantities’ in general relativity and other
theories of gravity, Phys. Rev. D 61, 084027 (2000).

[86] L. Donnay, G. Giribet, H. A. González, and A. Puhm,
Black hole memory effect, Phys. Rev. D 98, 124016
(2018).

[87] A. A. Rahman and R. M. Wald, Black Hole Memory, Phys.
Rev. D 101, 124010 (2020).

[88] D. L. Danielson, G. Satishchandran, and R. M. Wald,
Black holes decohere quantum superpositions, Int. J.
Mod. Phys. D 31, 2241003 (2022).

KLINGER, KUDLER-FLAM, and SATISHCHANDRAN PHYS. REV. D 114, 065010 (2026)

065010-58

https://doi.org/10.1103/PhysRevD.111.045006
https://doi.org/10.1103/PhysRevD.111.045006
https://doi.org/10.1103/PhysRevD.97.124029
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1088/0264-9381/31/21/214003
https://doi.org/10.1007/JHEP09(2024)032
https://doi.org/10.1007/JHEP09(2024)032
https://doi.org/10.1007/JHEP02(2025)182
https://doi.org/10.21468/SciPostPhys.20.1.013
https://doi.org/10.7146/math.scand.a-11768
https://doi.org/10.7146/math.scand.a-11769
https://doi.org/10.1007/BF01877517
https://doi.org/10.1007/BF01877517
https://doi.org/10.1007/s00220-012-1638-1
https://doi.org/10.1007/s002200050662
https://doi.org/10.1007/s002200050662
https://arXiv.org/abs/0902.1173
https://doi.org/10.1007/s00220-010-1072-1
https://doi.org/10.1007/s00220-010-1072-1
https://doi.org/10.1088/0264-9381/9/12/008
https://doi.org/10.1088/0264-9381/9/12/008
https://doi.org/10.1088/0264-9381/13/3/017
https://doi.org/10.1088/0264-9381/13/3/017
https://doi.org/10.1016/0370-1573(91)90015-E
https://doi.org/10.1103/PhysRevD.96.104014
https://doi.org/10.1103/PhysRevD.96.104014
https://doi.org/10.1007/s00220-015-2446-1
https://doi.org/10.1103/PhysRevD.29.1047
https://doi.org/10.1103/PhysRevD.29.1047
https://doi.org/10.1142/S0129055X13300033
https://doi.org/10.1142/S0129055X13300033
https://doi.org/10.1098/rspa.1978.0060
https://doi.org/10.1098/rspa.1978.0060
https://doi.org/10.1088/0305-4470/8/4/022
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1016/0375-9601(76)90178-X
https://doi.org/10.1016/0375-9601(76)90178-X
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1103/PhysRev.115.1342
https://doi.org/10.1007/BF01646342
https://doi.org/10.1007/BF01646342
https://doi.org/10.1007/BF01339852
https://doi.org/10.1103/RevModPhys.90.045003
https://doi.org/10.1142/S0129055X24300024
http://eudml.org/doc/81916
http://eudml.org/doc/81916
https://arXiv.org/abs/2510.01556
https://arXiv.org/abs/2412.15549
https://doi.org/10.21468/SciPostPhysCore.7.2.020
https://doi.org/10.21468/SciPostPhysCore.7.2.020
https://doi.org/10.1007/JHEP10(2019)229
https://doi.org/10.1103/PhysRevD.61.084027
https://doi.org/10.1103/PhysRevD.98.124016
https://doi.org/10.1103/PhysRevD.98.124016
https://doi.org/10.1103/PhysRevD.101.124010
https://doi.org/10.1103/PhysRevD.101.124010
https://doi.org/10.1142/S0218271822410036
https://doi.org/10.1142/S0218271822410036


[89] D. L. Danielson, G. Satishchandran, and R. M. Wald,
Killing horizons decohere quantum superpositions, Phys.
Rev. D 108, 025007 (2023).

[90] A. Ashtekar, Asymptotic quantization of the gravitational
field, Phys. Rev. Lett. 46, 573 (1981).

[91] A. Strominger, Lectures on the Infrared Structure of
Gravity and Gauge Theory (Princeton University Press,
Princeton, NJ, 2018).

[92] K. Prabhu, G. Satishchandran, and R. M. Wald, Infrared
finite scattering theory in quantum field theory and
quantum gravity, Phys. Rev. D 106, 066005 (2022).

[93] J. Kudler-Flam, K. Prabhu, and G. Satishchandran, Vacua
and infrared radiation in de Sitter quantum field theory,
arXiv:2503.19957.

[94] M. Klinger, A theory of backgrounds and background
independence, arXiv:2512.05043.

[95] M. Takesaki, Duality for crossed products and the structure
of von Neumann algebras of type III, Acta Math. 131, 249
(1973).

[96] K. Prabhu and G. Satishchandran, Infrared finite scattering
theory: Amplitudes and soft theorems, Phys. Rev. D 110,
085022 (2024).

[97] S. Hollands, A. Ishibashi, and R. M. Wald, A Higher
dimensional stationary rotating black hole must be ax-
isymmetric, Commun. Math. Phys. 271, 699 (2007).

[98] S.W. Hawking and G. F. R. Ellis, The Large Scale Struc-
ture of Space-Time, Cambridge Monographs on Math-
ematical Physics (Cambridge University Press, Cambridge,
England, 2023).

[99] E. Witten, Gravity and the crossed product, J. High Energy
Phys. 10 (2022) 008.

[100] J. Kudler-Flam, S. Leutheusser, A. A. Rahman, G.
Satishchandran, and A. J. Speranza, Covariant regulator
for entanglement entropy: Proofs of the Bekenstein bound
and the quantum null energy condition, Phys. Rev. D 111,
105001 (2025).

[101] G. Satishchandran and R. M. Wald, Asymptotic behavior
of massless fields and the memory effect, Phys. Rev. D 99,
084007 (2019).

[102] R. P. Geroch and J. H. Traschen, Strings and other dis-
tributional sources in general relativity, Conf. Proc. C
861214, 138 (1986).

[103] S. E. Gralla and R. M. Wald, Derivation of gravitational
self-force, Fundam. Theor. Phys. 162, 263 (2011).

[104] M. Mathisson, Neue mechanik materieller systemes, Acta
Phys. Pol. 6, 163 (1937).

[105] A. Papapetrou, Spinning test particles in general relativity.
1., Proc. R. Soc. A 209, 248 (1951).

[106] W. G. Dixon, Dynamics of extended bodies in general
relativity. I. Momentum and angular momentum, Proc. R.
Soc. A 314, 499 (1970), https://www.jstor.org/stable/
2416466.

[107] W. G. Dixon, Dynamics of extended bodies in general
relativity. II. Moments of the charge-current vector, Proc.
Roy. Soc. A 319, 509 (1970).

[108] W. G. Dixon, Dynamics of extended bodies in general
relativity III. Equations of motion, Phil. Trans. R. Soc. A
277, 59 (1974).

[109] D. K. Kolchmeyer and H. Liu, Chaos and the Emergence
of the Cosmological Horizon, arXiv:2411.08090.

[110] Y. T. A. Law, De Sitter horizon edge partition functions,
Phys. Rev. D 113, 086005 (2026).

[111] V. I. Bogachev, Gaussian Measures, vol. 62 ofMathemati-
cal Surveys and Monographs (American Mathematical
Society, Providence, 1998).

[112] J. Glimm and A. M. Jaffe, Quantum Physics. A Functional
Integral Point of View (Springer-Verlag, New York, 1987).

[113] I. M. Gel’fand, M. I. Graev, and N. Ya. Vilenkin, Integral
Geometry and Representation Theory, vol. 5 ofGeneralized
Functions (Academic Press, New York, London, 1966).

[114] M. Takesaki, Theory of Operator Algebras III, vol. 127 of
Encyclopaedia of Mathematical Sciences (Springer, Ber-
lin, Heidelberg, 2003).

[115] J. von Neumann, On infinite direct products, Compos.
Math. 6, 1 (1939), http://eudml.org/doc/88704.

[116] B. E. Blackadar, Infinite tensor products of C*-algebras,
Pac. J. Math. 72, 313 (1977).

[117] K. Schmüdgen, Unbounded Self-Adjoint Operators on
Hilbert Space, vol. 265 of Graduate Texts in Mathematics
(Springer Scienceþ Business Media, Dordrecht, Heidel-
berg, New York, London, 2012).

[118] É. É. Flanagan and D. A. Nichols, Conserved charges of
the extended Bondi-Metzner-Sachs algebra, Phys. Rev. D
95, 044002 (2017).

[119] M. Knysh, H. Liu, and N. Pinzani-Fokeeva, New horizon
symmetries, hydrodynamics, and quantum chaos, J. High
Energy Phys. 09 (2024) 162.

[120] R. Sachs, Asymptotic symmetries in gravitational theory,
Phys. Rev. 128, 2851 (1962).

[121] G. Barnich and C. Troessaert, BMS charge algebra, J. High
Energy Phys. 12 (2011) 105.

[122] M. Campiglia and A. Laddha, New symmetries for the
Gravitational S-matrix, J. High Energy Phys. 04 (2015)
076.

[123] G. Compère, S. E. Gralla, and H. Wei, An asymptotic
framework for gravitational scattering, Classical Quantum
Gravity 40, 205018 (2023).

[124] A. Ashtekar and A. Magnon-Ashtekar, Energy-momentum
in general relativity, Phys. Rev. Lett. 43, 181 (1979).

[125] A. Strominger, On BMS invariance of gravitational scat-
tering, J. High Energy Phys. 07 (2014) 152.

[126] M. Herberthson and M. Ludvigsen, A relationship between
future and past null infinity, Gen. Relativ. Gravit. 24, 1185
(1992).

[127] C. Troessaert, The BMS4 algebra at spatial infinity,
Classical Quantum Gravity 35, 074003 (2018).

[128] M. Magdy and J. A. V. Kroon, Asymptotic charges for
spin-1 and spin-2 fields at the critical sets of null infinity,
J. Math. Phys. (N.Y.) 63 (2022) 052502.

[129] K. Prabhu, Conservation of asymptotic charges from past
to future null infinity: Supermomentum in general rela-
tivity, J. High Energy Phys. 03 (2019) 148.

[130] S. Hollands, A. Ishibashi, and R. M. Wald, BMS
supertranslations and memory in four and higher
dimensions, Classical Quantum Gravity 34, 155005
(2017).

[131] M. Pate, A.-M. Raclariu, and A. Strominger, Gravitational
memory in higher dimensions, J. High Energy Phys. 06
(2018) 138.

[132] H. Liu and M. Srivastava (to be published).

GENERALIZED BLACK …. II. THE COMPLETE … PHYS. REV. D 114, 065010 (2026)

065010-59

https://doi.org/10.1103/PhysRevD.108.025007
https://doi.org/10.1103/PhysRevD.108.025007
https://doi.org/10.1103/PhysRevLett.46.573
https://doi.org/10.1103/PhysRevD.106.066005
https://arXiv.org/abs/2503.19957
https://arXiv.org/abs/2512.05043
https://doi.org/10.1007/BF02392041
https://doi.org/10.1007/BF02392041
https://doi.org/10.1103/PhysRevD.110.085022
https://doi.org/10.1103/PhysRevD.110.085022
https://doi.org/10.1007/s00220-007-0216-4
https://doi.org/10.1007/JHEP10(2022)008
https://doi.org/10.1007/JHEP10(2022)008
https://doi.org/10.1103/PhysRevD.111.105001
https://doi.org/10.1103/PhysRevD.111.105001
https://doi.org/10.1103/PhysRevD.99.084007
https://doi.org/10.1103/PhysRevD.99.084007
https://doi.org/10.1103/PhysRevD.36.1017
https://doi.org/10.1103/PhysRevD.36.1017
https://doi.org/10.1007/978-90-481-3015-3_9
https://doi.org/10.1098/rspa.1951.0200
https://www.jstor.org/stable/2416466
https://www.jstor.org/stable/2416466
https://www.jstor.org/stable/2416466
https://www.jstor.org/stable/2416466
https://doi.org/10.1098/rspa.1970.0191
https://doi.org/10.1098/rspa.1970.0191
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1098/rsta.1974.0046
https://arXiv.org/abs/2411.08090
https://doi.org/10.1103/cm6p-9r4n
http://eudml.org/doc/88704
http://eudml.org/doc/88704
https://doi.org/10.2140/pjm.1977.72.313
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1007/JHEP09(2024)162
https://doi.org/10.1007/JHEP09(2024)162
https://doi.org/10.1103/PhysRev.128.2851
https://doi.org/10.1007/JHEP12(2011)105
https://doi.org/10.1007/JHEP12(2011)105
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1088/1361-6382/acf5c1
https://doi.org/10.1088/1361-6382/acf5c1
https://doi.org/10.1103/PhysRevLett.43.181
https://doi.org/10.1007/JHEP07(2014)152
https://doi.org/10.1007/BF00756992
https://doi.org/10.1007/BF00756992
https://doi.org/10.1088/1361-6382/aaae22
https://doi.org/10.1063/5.0081834
https://doi.org/10.1007/JHEP03(2019)148
https://doi.org/10.1088/1361-6382/aa777a
https://doi.org/10.1088/1361-6382/aa777a
https://doi.org/10.1007/JHEP06(2018)138
https://doi.org/10.1007/JHEP06(2018)138


[133] W. Donnelly, Decomposition of entanglement entropy in
lattice gauge theory, Phys. Rev. D 85, 085004 (2012).

[134] W. Donnelly and L. Freidel, Local subsystems in gauge
theory and gravity, J. High Energy Phys. 09 (2016) 102.

[135] L. Freidel, M. Geiller, and D. Pranzetti, Edge modes of
gravity. Part I. Corner potentials and charges, J. High
Energy Phys. 11 (2020) 026.

[136] L. Freidel, R. Oliveri, D. Pranzetti, and S. Speziale,
Extended corner symmetry, charge bracket and Einstein’s
equations, J. High Energy Phys. 09 (2021) 083.

[137] L. Ciambelli and R. G. Leigh, Isolated surfaces and
symmetries of gravity, Phys. Rev. D 104, 046005 (2021).

[138] L. Ciambelli, R. G. Leigh, and P.-C. Pai, Embeddings and
integrable charges for extended corner symmetry, Phys.
Rev. Lett. 128 (2022).

[139] L. Ciambelli, From asymptotic symmetries to the
corner proposal, Proc. Sci. Modave2022 (2023) 002.
[arXiv:2212.13644].

[140] M. S. Klinger, R. G. Leigh, and P.-C. Pai, Extended phase
space in general gauge theories, Nucl. Phys. B998, 116404
(2024).

[141] L. Freidel, M. Geiller, and W. Wieland, Corner Symmetry
and Quantum Geometry (Springer, Singapore, 2024),
pp. 1–36.

[142] L. Ciambelli, L. Freidel, and R. G. Leigh, Quantum null
geometry and gravity, J. High Energy Phys. 12 (2024) 028.

[143] W. Donnelly, L. Freidel, S. F. Moosavian, and A. J.
Speranza, Matrix quantization of gravitational edge modes,
J. High Energy Phys. 05 (2027) 163.

[144] A. J. Speranza, Local phase space and edge modes for
diffeomorphism-invariant theories, J. High Energy Phys.
02 (2018) 021.

[145] M. Geiller and P. Jai-akson, Extended actions, dynamics of
edge modes, and entanglement entropy, J. High Energy
Phys. 09 (2020) 134.

[146] G. Satishchandran, Black Holes, Entanglement and
Decoherence, in 24th International Conference on Gen-
eral Relativity and Gravitation (GR24) and 16th Edoardo
Amaldi Conference on Gravitational (Amaldi16) Waves
(2025).

[147] A. Ashtekar, Asymptotic Quantization: Based On 1984
Naples Lectures, Monographs and Textbooks in Physical
Science (Bibliopolis, Naples, 1987).

[148] D. L. Danielson and G. Satishchandran, Horizons and soft
quantum information, arXiv:2512.20754.

[149] R. Ramer, On nonlinear transformations of gaussian
measures, J. Funct. Anal. 19, 179 (1974).

[150] F. K. Manasse and C.W. Misner, Fermi normal coordinates
and some basic concepts in differential geometry, J. Math.
Phys. (N.Y.) 4, 735 (1963).

[151] W. Fischler and S. Racz, Plato meets de Sitter, or de Sitter’s
allegory of the cave, arXiv:2405.08080.

[152] W. Fischler, H. Krishna, and S. Racz, There is more to the
de Sitter horizon than just the area, J. High Energy Phys.
07 (2025) 103.

[153] G. W. Gibbons, S. W. Hawking, and M. J. Perry, Path
integrals and the indefiniteness of the gravitational action,
Nucl. Phys. B138, 141 (1978).

[154] A. Blommaert, J. Kudler-Flam, and E. Y. Urbach, Absolute
entropy and the observer’s no-boundary state, arXiv:2505.
14771.

[155] V. Chandrasekaran and E. E. Flanagan, Horizon phase
spaces in general relativity, J. High Energy Phys. 07 (2024)
017.

[156] E. Witten, A background-independent algebra in quantum
gravity, J. High Energy Phys. 03 (2024) 077.

[157] M. B. Landstad, Duality theory for covariant systems,
Trans. Am. Math. Soc. 248, 223 (1979), https://www
.jstor.org/stable/1998969.

[158] S. Ali Ahmad and M. S. Klinger, Extensions from within,
arXiv:2503.02944.

[159] G. K. Pedersen and M. Takesaki, The radon-nikodym
theorem for von Neumann algebras, Acta Math. 130, 53
(1973).

[160] A. Connes, On the spatial theory of von Neumann
algebras, J. Funct. Anal. 35, 153 (1980).

[161] A. van Daele, Continuous Crossed Products and Type III
Von Neumann Algebras, vol. 31 of London Mathematical
Society Lecture Note Series (Cambridge University Press,
Cambridge, England, 1978).

KLINGER, KUDLER-FLAM, and SATISHCHANDRAN PHYS. REV. D 114, 065010 (2026)

065010-60

https://doi.org/10.1103/PhysRevD.85.085004
https://doi.org/10.1007/JHEP09(2016)102
https://doi.org/10.1007/JHEP11(2020)026
https://doi.org/10.1007/JHEP11(2020)026
https://doi.org/10.1007/JHEP09(2021)083
https://doi.org/10.1103/PhysRevD.104.046005
https://doi.org/10.1103/PhysRevLett.128.171302
https://doi.org/10.1103/PhysRevLett.128.171302
https://arXiv.org/abs/2212.13644
https://doi.org/10.1016/j.nuclphysb.2023.116404
https://doi.org/10.1016/j.nuclphysb.2023.116404
https://doi.org/10.1007/JHEP12(2024)028
https://doi.org/10.1007/JHEP05(2023)163
https://doi.org/10.1007/JHEP02(2018)021
https://doi.org/10.1007/JHEP02(2018)021
https://doi.org/10.1007/JHEP09(2020)134
https://doi.org/10.1007/JHEP09(2020)134
https://arXiv.org/abs/2512.20754
https://doi.org/10.1016/0022-1236(74)90017-2
https://doi.org/10.1063/1.1724316
https://doi.org/10.1063/1.1724316
https://arXiv.org/abs/2405.08080
https://doi.org/10.1007/JHEP07(2025)103
https://doi.org/10.1007/JHEP07(2025)103
https://doi.org/10.1016/0550-3213(78)90161-X
https://arXiv.org/abs/2505.14771
https://arXiv.org/abs/2505.14771
https://doi.org/10.1007/JHEP07(2024)017
https://doi.org/10.1007/JHEP07(2024)017
https://doi.org/10.1007/JHEP03(2024)077
https://www.jstor.org/stable/1998969
https://www.jstor.org/stable/1998969
https://www.jstor.org/stable/1998969
https://arXiv.org/abs/2503.02944
https://doi.org/10.1007/BF02392262
https://doi.org/10.1007/BF02392262
https://doi.org/10.1016/0022-1236(80)90002-6

	Generalized black hole entropy is von Neumann entropy. II. The complete symmetry group and edge modes
	I. INTRODUCTION
	II. THE ALGEBRA OF GRAVITATIONAL PERTURBATIONS IN A SUBREGION
	A. The definition of the subregion &Rscr;
	B. The classical phase space of first-order perturbations of &Rscr;
	C. The quantization of first-order perturbations of &Rscr;
	D. The symmetries, second-order charges and constraints of &Rscr;
	E. Symmetries and unitary generators of the quantization algebra
	F. The complete dressed algebra of &Rscr;
	G. The quantization of subgroups of G and its relation to the full algebra

	III. THE ISOMETRY INVARIANT SUBREGION ALGEBRA
	A. Adress.(&Rscr;;R) is a type II algebra
	B. The algebra Adress.(&Rscr;;R&times;H) for H compact
	C. Adress.(&Rscr;;R&times;H) is a type II algebra
	D. Entropy and density matrices
	E. Kerr black holes
	F. Static patch of de Sitter

	IV. THE FULL DRESSED SUBREGION ALGEBRA
	A. Adress.(&Rscr;;S) is a type II algebra
	1. The Hilbert space &Hscr;S
	2. The algebra Adress.(&Rscr;;S) and its trace

	B. The full, dressed subregion algebra is a type II algebra
	C. The dressed algebra with matter fields
	1. Large gauge transformations and matter fields
	2. The algebra Adress.(&Rscr;,R&times;H) for H nonlocally compact
	3. The trace, entropy and density matrices


	V. A TYPE II1 ALGEBRA FOR DE SITTER
	A. An observer in de Sitter space
	B. The algebra of observables in de Sitter

	VI. DISCUSSION
	A. Generic extremal surfaces in open spacetimes
	B. AdS/CFT

	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CROSSED PRODUCTS AND THEIR OPERATOR VALUED WEIGHTS
	APPENDIX B: TRACE FOR CROSSED PRODUCTS BY GENERAL GROUPS
	APPENDIX C: SEMIFINITENESS FOR CARTESIAN PRODUCT GROUPS
	APPENDIX D: FINITE SUBFACTORS FOR GENERAL TYPE II&infin; ALGEBRAS
	APPENDIX E: THE INFINITE TENSOR PRODUCT AND ITS STATES
	References


