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We apply the variational Monte Carlo method based on neural network quantum states, using a neural
autoregressive flow architecture as our ansatz, to determine the ground state wave function of the bosonic
SUðNÞ Yang-Mills-type two-matrix model at strong coupling. Previous literature hinted at the inaccuracy
of such an approach at strong coupling. In this work, the accuracy of the results is tested using lattice
Monte Carlo simulations: we benchmark the expectation value of the energy of the ground state for
system sizes N that are beyond brute-force exact diagonalization methods. We observe that the variational
method with neural network states reproduces the right ground state energy when the width of the
network employed in this work is sufficiently large. We confirm that the correct result is obtained for
N ¼ 2 and 3, while obtaining a precise value for N ¼ 4 requires more resources than the amount
available for this work.
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I. INTRODUCTION

Yang-Mills theory and matrix models with gauge group
SUðNÞ, where N ¼ 2; 3; 4;…, have been playing promi-
nent roles in theoretical physics. Applications include the
systematic understanding of strong dynamics based on the
’t Hooft expansion [1] and the nonperturbative study of
quantum gravity in the framework of holographic duality
[2,3]. Numerical techniques are valuable tools for the study
of those theories, due to their nonperturbative nature.
Traditionally, Markov chain Monte Carlo (MCMC) meth-
ods have been applied successfully to the class of problems
accessible via the Euclidean path integral, such as thermo-
dynamics or the spectrum of low-energy excitations. See,
e.g., Refs. [4–6] for SUðNÞ Yang-Mills theory and the D0-
brane matrix model, respectively.
Despite its immense success in numerical nonperturba-

tive physics, the Euclidean path integral falls short in

addressing many important issues. For example, while
we can obtain the information from the canonical
ensemble, it is not straightforward to access individual
quantum states. Furthermore, even among the problems
accessible via the Euclidean path integral, some impor-
tant problems cannot be studied via MCMC because
of the sign problem. A particularly well-known example
is quantum chromodynamics (QCD)—which is SU(3)
Yang-Mills coupled to quarks—at finite baryon density
[7]. Therefore, it is important to develop alternative
methods.
In this paper, we consider the variational Monte Carlo

(VMC) method based on neural network quantum states
(NNQS) [8]. The NNQS are quantum states expressed by
parametrized neural networks and are among the most
expressive ansatz for the wave functions of quantum many-
body systems [9]. Among many possible candidates, we
consider the one along the line of the proposal in Ref. [10],
leaving other possibilities for future studies. As the simplest
large-N gauge theory, we consider the SUðNÞ two-matrix
model, which is obtained by the dimensional reduction of
(1þ 2)-dimensional SUðNÞ Yang-Mills theory to (1þ 0)
dimensions, and its mass deformation. Let us denote an
NNQS by jψθi, where θ represents the parameters of the
neural network. By tuning the parameters appropriately,
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the energy Eθ ≡ hψθjĤjψθi can be minimized (here Ĥ is
the Hamiltonian operator of the quantum system). Such a
state which minimizes the energy is a candidate for the
ground state, in a variational sense. Additionally, one has
to check if the ground state can be efficiently expressed
by a particular neural network under consideration, and if
the correct minimum rather than a local minimum is
obtained. Of particular importance is if technical issues
arise as the coupling and/or the matrix size N increase, for
example due to changing both Ĥ and the wave function of
the ground state. In previous works [10–12], some signs
of discrepancies between Eθ and the true ground state
energy at strong coupling were observed. To understand
the situation better, we use lattice Monte Carlo simu-
lations to determine the ground state energy at strong
coupling so that we can cross-check the ground state
energies obtained from the VMC method. For the simpler
case of N ¼ 2 it is possible to perform the exact
diagonalization of a truncated Hamiltonian at large
enough truncation level (such that the ground state energy
is independent of it) and to obtain an accurate value for
the ground state energy. This is out of reach for matrix
models with N ¼ 3 or larger, where only very low
truncation levels could be numerically explored due to
the exponentially large Hilbert space required, and that is
why we resort to lattice Monte Carlo simulations based
on stochastic sampling methods.
The Hamiltonian of the two-matrix model studied in this

paper is

Ĥ ¼ Tr

�
1

2
P̂2
I þ

m2

2
X̂2
I −

g2

4
½X̂I; X̂J�2

�
; ð1Þ

where I and J runs from 1 to 2, and

P̂I ¼
XN2−1

a¼1

P̂a
I τa; X̂I ¼

XN2−1

a¼1

X̂a
I τa: ð2Þ

Here, τa are the generators of SUðNÞ normalized as
TrðτaτbÞ ¼ δab. The canonical commutation relation is

½X̂Ia; P̂Jb� ¼ iδIJδab: ð3Þ

The Hamiltonian and the canonical commutation relation
are invariant under the SUðNÞ transformation X̂I;ij →
ðΩX̂IΩ−1Þij, P̂I;ij → ðΩP̂IΩ−1Þij. Typically, the physical
states are restricted to singlets under this SUðNÞ trans-
formation (gauge singlets). We denote the Hilbert space
spanned by gauge singlets by Hinv. We can also consider a
bigger, extended Hilbert space Hext that contains gauge
nonsinglets. Corresponding to the gauge singlet constraint,
states in the extendedHilbert space connected by the SUðNÞ
transformation should be identified; this is the so-called

gauge redundancy. Because operators X̂I and P̂I are not
SUðNÞ invariant, they are defined on Hext.
The study of this two-matrix model can be a good

starting point for various generalizations:
(i) The D0-brane matrix model [2,3,13] is obtained

by increasing the number of matrices and by
adding fermions. This model gives a nonperturba-
tive formulation of type-IIA superstring theory and
M-theory. The nature of the ground state will be
crucial for the understanding of holographic emer-
gent geometry [14,15]1;

(ii) By using unitary variables instead of Hermitian
variables, the Eguchi-Kawai model [16] is ob-
tained. In the large-N limit, the Eguchi-Kawai
model is equivalent to the infinite-volume lattice
gauge theory through the large-N volume reduc-
tion correspondence;

(iii) It is also possible to add spatial volume instead of
going to the large-N limit and study finite-N Yang-
Mills theory in nonzero spatial dimensions. Note
that Yang-Mills theory and QCD can be embedded
into matrix models via the orbifold lattice construc-
tion [17–19], hence the same simulation techniques
can be used.

This paper is organized as follows. In Sec. II, we
discuss the block neural autoregressive flow (BNAF)
ansatz for our simulations. Section III discusses the
parameter choices and results of these simulations. In
Sec. IV, we perform lattice Markov chain Monte Carlo
(MCMC) simulations to compare with these results. In
Section V, comparing the values obtained from variational
Monte Carlo and lattice MCMC, we conclude that the
former gives the correct ground state energy when the
width of the neural network is sufficiently large.
Section VI contains a brief conclusion. Some additional
details are deferred to the Appendix.

II. VARIATIONAL MONTE CARLO WITH
NEURAL NETWORK QUANTUM STATE

In this section, we explain the VMC method with NNQS
for the ground state wave function. The architecture we use
is the same as the one used in Refs. [11,12], which is a
simplified version of the one used in Ref. [10].

A. Variational Monte Carlo

First, let us explain the VMC method without specifying
the details of the NNQS jψθi. The wave function of
the two-matrix model under consideration is the function
of 2ðN2 − 1Þ real numbers Xα

I , where I ¼ 1; 2 and
α ¼ 1; 2;…; N2 − 1. The NNQS is expressed as a function
ψθðXÞ ¼ hXjjψθi∈C parametrized by θ, representing the

1For the description of emergent geometry, Hext is more
convenient than Hinv.
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amplitudes for a given vector of variables X. Therefore,
jψθðXÞj2 is the probability distribution of X∈R2ðN2−1Þ. For
a given NNQS, the energy Eθ is obtained by

Eθ ¼ hψθjĤjψθi ¼
Z

dXjψθðXÞj2 ·
hXjĤjψθi
ψθðXÞ

: ð4Þ

The energy Eθ is obtained by taking the average of

ϵθðXÞ≡ hXjĤjψθi
ψθðXÞ with the probability distribution jψθðXÞj2.

Symbolically,

Eθ ¼ EX∼jψθðXÞj2 ½ϵθðXÞ�: ð5Þ

We minimize Eθ to find a candidate for the ground state
wave function. For that purpose, we use the gradient
descent method. Namely, we calculate the gradient ∇θEθ

with the method explained shortly, and update θ as

θ → θ0 ¼ θ − β∇θEθ; ð6Þ

where β is the learning rate.
The wave function obtained in this way is not necessarily

SUðNÞ-invariant. The ground state wave function is
SUðNÞ-invariant [20], and for N ¼ 2 and N ¼ 3 it was
observed numerically that the SUðNÞ-invariant wave

function consistent with the ground state is obtained [11]
indeed up to moderately large couplings. However, as we
will see later, at larger N, states not invariant under SUðNÞ
may be obtained during the variational procedure. To
avoid this, we add a soft constraint term C

P
a Ĝ

2
a to the

Hamiltonian

Ĥ0 ¼ Ĥ þ C
X
a

Ĝ2
a: ð7Þ

Here, Ĝa ¼ i
P

I;b;c fabcX̂
b
I P̂

c
I are the generators of the

SUðNÞ gauge transformation, where fabc is the structure
constant of SUðNÞ algebra. By choosing C appropriately
and minimizing E0

θ ¼ hψθjĤ0jψθi, we can obtain the
SUðNÞ-invariant ground state.
This method is called variational Monte Carlo because of

the way the energy and its derivatives are calculated. The
point is that the NNQS is chosen in such a way that X can
easily be generated with the probability jψθðXÞj2, and
hence the Monte Carlo integration with this probability
weight can be conducted. Then, Eθ can be estimated by
taking the average of ϵθðXÞ due to (5). The gradient ∇θEθ

can also be calculated via Monte Carlo, by using the
following relation:

∇θEθ ¼
Z

dXð∇θjψθðXÞj2Þ · ϵθðXÞ þ
Z

dXjψθðXÞj2 · ð∇θϵθðXÞÞ

¼
Z

dXjψθðXÞj2 ·
ð∇θjψθðXÞj2Þ
jψθðXÞj2

· ϵθðXÞ þ
Z

dXjψθðXÞj2 · ð∇θϵθðXÞÞ

¼ EX∼jψθðXÞj2 ½ð∇θ log jψθðXÞj2ÞϵθðXÞ� þ EX∼jψθðXÞj2 ½∇θϵθðXÞ�: ð8Þ

1. Reweighting method

A convenient trick in numerical computation is reweight-
ing from another probability distribution, say pηðXÞ. We
can rewrite (5) in a trivial manner, as

Eθ ¼ EX∼pηðXÞ

�
ϵθðXÞ · jψθðXÞj2

pηðXÞ
�
: ð9Þ

This way of calculating Eθ is called reweighting because
the probability distribution jψθðXÞj2 is obtained from
another probability distribution pηðXÞ by multiplying a
reweighting factor jψθðXÞj2=pηðXÞ. The gradient∇θEθ can
also be evaluated by reweighting.
Although the reweighting can work for any probability

distribution pηðXÞ in principle, in practice it is good to
choose pηðXÞ in such a way that the reweighting factor is

close to 1.2 For example, one can take pηðXÞ close to
jψθðXÞj2 by minimizing the Kullback-Leibler (KL) diver-
gence between the two distributions

DKLðpηjj jψθj2Þ ¼ EX∼pηðXÞ

�
log

pηðXÞ
jψθðXÞj2

�
: ð10Þ

Therefore, in the reweighting case, one can repeat the
update of θ by (6) and that of η via η → η −
β0∇ηDKLðpηjj jψθj2Þ to minimize Eθ and DKLðpηjj jψθj2Þ
simultaneously.

2Otherwise we have so-called overlap problem. More pre-
cisely, to calculate EX∼jψθðXÞj2 ½FðXÞ� ¼ EX∼pηðXÞ½FðXÞ·jψθðXÞj2

pηðXÞ � ef-
ficiently, it is desirable to take pηðXÞ such that FðXÞ·jψθðXÞj2

pηðXÞ does
not fluctuate much when X is sampled according to pηðXÞ.

VARIATIONAL MONTE CARLO WITH NEURAL NETWORK … PHYS. REV. D 112, 046010 (2025)

046010-3



B. Neural network architecture

In this section, we will first explain the architecture of the
neural networks we are using. Let us split the wave function
into an absolute value and a phase as

ψðXÞ ¼ jψðXÞj · eiφðXÞ: ð11Þ

We introduce neural networks for jψðXÞj and φðXÞ
separately. We note that φðXÞ is not important for this
paper as the phase in the ground state can be assumed to be
constant; therefore, we will neglect φðXÞ in the following
for simplicity.
Because jψθðXÞj2 gives the probability distribution, we

want to take it in a form convenient for the Monte Carlo
integral in the VMC algorithm, i.e., a form that it is easy to
sample from. We use a neural network for this purpose,
adopting the block neural autoregressive flow (BNAF)
architecture [21]. We will only sketch the main ideas here
and refer to Ref. [21] for details. Its fundamental idea is to
prepare a normalizing flow with an easy to compute
logarithm of the absolute determinant of the Jacobian. A
(neural) normalizing flow works by taking a simple
distribution p0ðz⃗Þ for z⃗∈Rd with d ¼ 2ðN2 − 1Þ in our
case (say a multivariate Gaussian distribution) and defining
a one-to-one map (bijective transformation)

x⃗ ¼ f⃗θðz⃗Þ ð12Þ

by using a neural network, where xi ¼ Xi
1 and xN2−1þi ¼

Xi
2 for i ¼ 1;…; N2 − 1. Then, because

p0ðz⃗Þdz⃗ ¼ p0ðz⃗Þj det ∂z⃗f⃗θj−1dx⃗; ð13Þ

we can relate the map f⃗θ and the wave function ψθ as

jψθðx⃗Þj2 ¼ p0ðz⃗Þj det ∂z⃗f⃗θj−1: ð14Þ

The derivative ∂

∂x⃗ can also be written in terms of z⃗.
Therefore, once a map fθ∶ z⃗ → x⃗ is given, we can calculate
Eθ and ∇θEθ. In the same manner, we can introduce a map
gη∶ z⃗ → x⃗ to define pηðXÞ and use the reweighting method.
To define fθ and gη, we use an autoregressive model

from which it is easy to collect samples. The starting point
is to use the chain rule of conditional probability and
express the joint probability as a product of conditional
probabilities as

pðXÞ ¼ p1ðx1Þ
Y2ðN2−1Þ

i¼2

pij<iðxijx<iÞ; ð15Þ

where x<i refers to fx1;…; xi−1g. In an autoregressive
model, first x1 is obtained from z1, then x2 is obtained from
x1 and z2 (equivalently, from z1 and z2), and then x3 is

obtained from x1, x2 and z3 (equivalently, from z1, z2, and
z3), …, and finally, xd is obtained from x1;…; xd−1 and zd.
A schematic picture of the neural network we use in this
work is shown in Fig. 1. An important feature is that the
weights connecting zl and x1;…; xl−1 are masked. This
autoregressive nature simplifies the computations because
the Jacobian matrix ∂z⃗f⃗θ is lower-triangular. Specifically,
the Jacobian is written as

det ∂z⃗f⃗θ ¼
Yd
i¼1

∂fi
∂zi

: ð16Þ

Therefore, the cost for computing the Jacobian is of order d,
rather than a naive scaling d3. Furthermore, the inverse of a
matrix ∂z⃗f⃗θ, which is needed to write ∂x⃗ in terms of z⃗, can
be calculated efficiently.
The number of neurons in each layer is denoted by

α1;…; αn. The activation function is

fiðaiÞ ∝ SinhððArcsinhðaiÞ þ siÞ × expðtiÞÞ ð17Þ

where i labels a neuron, ai is its input obtained via a linear
map from the lower layer, and si as well as eti are real
parameters called skewness and tailweight.
As a default choice, we take p0ðz⃗Þ to be the Gaussian

distribution, as in standard normalizing flows. Later in this
paper, we will see that the Student-t distribution can
improve the performance of the architecture in some cases.
The parameters θ that we vary to minimize the energy are

the coefficients of the linear maps between the layers, as
well as parameters of the activation functions that are
applied after each intermediate layer.

FIG. 1. Architecture of a BNAF network depicted for d ¼ 2,
n ¼ 2, α1 ¼ α2 ¼ 2. The bottom layer corresponds to the input
variables. Forwarding to the next layer is done via linear maps
where links, both solid and dashed, indicate an allowed depend-
ency. We observe that the output x1 depends only on z1, whereas
x2 depends both on z1 and z2. Dashed lines indicate a dependency
across “blocks” (neurons inside a block are connected by solid
lines). The network is allowed to have an arbitrary number of
intermediate layers with an arbitrary number of neurons each.
There is one block for each input-output pair ðzi; xiÞ.

NORBERT BODENDORFER et al. PHYS. REV. D 112, 046010 (2025)

046010-4



III. GROUND STATE VIA VARIATIONAL
MONTE CARLO WITH NEURAL
NETWORK QUANTUM STATE

A. Physical parameter choices

The Hamiltonian (1) has two parameters at fixed N: the
coupling λ ¼ g2N and the mass m. Up to the rescaling of
the variables, only the ratio λ=m2 enters physical quantities.
We consider three sets of parameters ðλ; mÞ:

(i) λ ¼ 0, m ¼ 1:
Vanishing λ at finite mass implies that the matrix

degrees of freedom decouple and we are left with
2ðN2 − 1Þ uncoupled harmonic oscillators at unit
mass. We use it as a sanity check because of its
simple analytic solution.

(ii) λ ¼ 1, m ¼ 0:
Finite λ at vanishing mass corresponds to the

strong coupling regime of the model. This coincides
with the bosonic part of the D0-brane matrix model
where the number of matrices is increased from 2
to 9.

(iii) λ ¼ 1, m ¼ 1:
Finite λ at finite mass corresponds to the inter-

mediate coupling regime. We study this parameter
choice to check how the model interpolates between
the two extreme cases above.

For applications in holography, one is usually interested
in studying the large-N extrapolation of the model.
Therefore, we increase N in the simulations enough to
obtain a clear picture of the scaling of the results with N.
This will allow us to determine the usefulness of our
method to study holography.

B. Potential sources of errors

1. Hyperparameters

The hyperparameters determining our network structure
are the width and the number of hidden layers (depth) in
the BNAF architecture. We encode the network structure
in a list α ¼ ½α1; α2;…; αn� corresponding to n hidden
layers, where αi are natural numbers. αi corresponds to the
number of hidden units in a single block at layer i of the
BNAF network structure [21], so there are 2ðN2 − 1Þαi
hidden units at layer i. A preliminary study we conducted
in the early stages of this work showed that the results do
not depend significantly on the number of hidden layers,
at αi ≲ 10. Therefore, we focused the case of only one
hidden layer (i.e., take n ¼ 1) and studied wide range
of α.3

2. Control parameters

We expect that the ground state is SUðNÞ-invariant and
rotational invariant. To confirm these, we monitored control
parameters (G≡P

a G
2
a and the angular momentum R)

during simulations and confirmed they become close to
zero, identifying a symmetric wave function.
Practically, to achieve the SUðNÞ invariance with a good

precision, we needed to choose a parameter C for the gauge
penalty term C

P
a Ĝ

2
a appropriately. For α ¼ 2, we studied

several values of N up to N ¼ 11. It turned out that for
N ≤ 8, C ¼ 1 works fine, while we need to increase C to
about 10 above N ¼ 8. We also studied a wide range of α
for N ¼ 2, 3, 4. There, C ¼ 1 was enough. The amount of
breaking of the gauge-singlet constraint will be shown in
Sec. III D, for α ¼ 2 and 3 ≤ N ≤ 11. The rotational
invariance followed without introducing a penalty term.

C. Simulation code

We use the Python code already employed in Refs. [11,12]
and added a minor extension to allow us to work with
multiple intermediate layers. We refer to the GitHub
repository [22] for accessing to the code. The code runs
on a single Nvidia GPU for all the simulation parameters
we employ.

D. Simulation results

In this section, we show the results of our VMC
simulations. First we perform a few sanity checks in
Secs. III D 1 and III D 2. In Sec. III D 2, we study a small
fixed width (specifically, α ¼ 2) and observe the disagree-
ment with lattice simulations. As shown in Secs. III D 3
and III D 4, this disagreement is resolved by taking the
width sufficiently large.

1. Gaussian model: λ= 0, m = 1

We start by comparing the case λ ¼ 0, m ¼ 1 to the
analytic solution where the ground state energy
E ¼ ðN2 − 1Þ, i.e. the summed energy of 2ðN2 − 1Þ
uncoupled harmonic oscillators in the ground state with
the ground state energy 1

2
. Table I shows the expected

agreement for several values of N.
The observed agreement is not surprising at all because

z⃗ → x⃗ is simply the identity map.

TABLE I. λ ¼ 0, m ¼ 1, α ¼ 2 measurements and analytic
results for various N.

N H: analytic solution H∶ measurement

3 8 8.01(3)
4 15 15.02(5)
6 35 35.1(3)
11 120 121.3(6)

3As we will see, to reproduce the ground-state energy
precisely, we need to take α very large. With more than one
layers, smaller width may be enough to achieve the same
precision.
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2. Large N at small α

Next, we studied the interacting case λ ¼ 1 both at m ¼
0 and m ¼ 1 in the large N limit at small α ¼ 2. The
reasoning was to keep computational costs low (hence
small α) while trying to increase N as much as possible.
Specifically, we studied N ¼ 3, 4, 6, 8, 10, and 11. We
observed anN-dependence consistent with ’t Hooft scaling.
Specifically, by using a fit ansatz quadratic in 1=N2

E
N2

¼ ε0 þ
ε1
N2

þ ε2
N4

ð18Þ

we obtained

ε0 ¼ 0.7645ð16Þ
ε1 ¼ −1.26ð10Þ
ε2 ¼ 3.48ð87Þ ð19Þ

for λ ¼ 1, m ¼ 0, and

ε0 ¼ 1.241ð10Þ
ε1 ¼ −3.2ð10Þ
ε2 ¼ 13.2ð91Þ ð20Þ

for λ ¼ 1, m ¼ 1. See the top panels in Fig. 2, in which a
linear fit is shown as well. As we can see the bottom panels
in Fig. 2, the amount of the violation of gauge-singlet

constraint characterized by G=N2 is much smaller than 1
and well under control. We also observed that R is
consistent with zero, as expected for the ground state.
However, the values of E=N2 in the large-N limit (ε0 above)
are larger than the Monte Carlo simulations discussed in
Sec. IV [0.7039(11) and 1.1654(11) for m ¼ 0 and m ¼ 1,
respectively] beyond the error bars. Below, we will argue
that this disagreement is due to finite-α corrections.

3. Large α at N = 2

To obtain an understanding of the influence of α, we
performed simulations for λ ¼ 1, m ¼ 0 at various α for
N ¼ 2. Since N ¼ 2 is quite small, we were able to easily
increase α to large values. Results are shown in Fig. 3. An
important observation here is a sudden drop of the
estimated ground state energy at α≳ 10. Large values
of α are necessary to obtain the correct result and the
approximately constant results at α < 10 cannot be trusted
to extrapolate to α ¼ ∞. We note that this limit is akin to a
continuum limit in lattice gauge theory, as it allows us to
approximate the wave function arbitrarily well.
As a consequence, we are faced with a problem: quite

large α may be required to obtain a sufficient approxima-
tion to the ground state energy, while simultaneously
increasing N and α to large values is expensive in terms
of computational cost.
To gain more insights into what is going on,

we investigate the form of the wave function. For
N ¼ 2, there are six variables. We define Ψðx1Þ by

FIG. 2. [Top] E=N2 vs 1=N2 for λ ¼ 1, m ¼ 0 (top, left) and λ ¼ 1, m ¼ 1 (top, right). Linear and quadratic fit with respect to 1=N2

are shown. [Bottom] G=N2 vs 1=N2 for λ ¼ 1, m ¼ 0 (bottom, left) and λ ¼ 1, m ¼ 1 (bottom, right). The error bars for the data points
are the standard deviation of the observables during the last 10 training epochs.
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FIG. 3. Large α extrapolation of E=N2 for N ¼ 2, λ ¼ 1, m ¼ 0 with single hidden layer. We observe that there is a dependence on α
whose trend becomes approximately linear only for α > 10. The point at α−1 ¼ 0 is the linear extrapolation marked with the green line,
which is 0.5280(14). This is consistent with the correct value of the ground state energy obtained by exact diagonalization
(E=N2 ¼ 0.5277), which is shown by the horizontal line. The error bars for the data points are the standard deviation of the observables
during the last 10 training epochs.

FIG. 4. We plot the wave function encoded by the neural network for λ ¼ 1,m ¼ 0, N ¼ 2 for several α (lineþ dot). Furthermore, we
plot a standard Gaussian and three examples of a Student’s t distribution with various degrees of freedom (lines without dots). The
plotted quantity is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− log ðΨðx1Þ=Ψð0ÞÞ

p
, where we traced over all degrees of freedom but x1. The purpose of this scaling is to visualize

the deviation of the wave function in a single argument from a Gaussian, which looks like an absolute value (modulo constant scaling)
when plotting the above quantity. We observe that as α increases, the “tail” of the wave function becomes “fatter,” i.e., it has larger values
at the extremes. This effect increases as α increases, i.e., as the estimated ground state energy drops. We observe that a Student’s t
distribution with about 22 degrees of freedom appears to be a good fit for the large α limit, certainly better than a Gaussian.
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integrating out five of them and kept only x1,
i.e., Ψðx1Þ≡

R ðQ6
i¼2 dxiÞψðx1; x2;…; x6Þ. In Fig. 4,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− log ðΨðx1Þ=Ψð0ÞÞ
p

is shown. If Ψðx1Þ were
Gaussian, then this would be proportional to jx1j. We
observe that the wave function encoded in the large-α
neural network has a fatter tail than a standard Gaussian and
looks similar to a Student’s t distribution at about 22 degrees
of freedom. Slow convergence to a fatter tail suggest that
many fitting parameters are used to adjust the behavior at
the tail part. As a consequence, it may be useful to change
p0ðz⃗Þ from Gaussian to the Student’s t distribution to

achieve faster convergence to the correct ground state wave
function. We study this issue in the next subsection.

4. N = 3 and N = 4: Going to large
α using Student’s t distribution

In this subsection, we discuss the results of simulations
conducted using the Student’s t distribution as p0ðz⃗Þ. The t
distribution is notably effective for datasets with signifi-
cantly heavier tails than those typically modeled by the
normal distribution. This section explores the effectiveness
of this choice on our BNAF architecture. A concise review

FIG. 5. E=N2 vs degrees of freedom of t distribution for N ¼ 3, λ ¼ 1, m ¼ 0, α ¼ 15. The error bars for the data points are the
standard deviation of the observables during the last 10 training epochs.

FIG. 6. E=N2 vs 1=α for different distribution ansatz atN ¼ 3, λ ¼ 1,m ¼ 0, one hidden layer. At sufficiently large α, the ground state
energy is consistent with the one obtained through the lattice simulation, E=N2 ¼ 0.6272ð14Þ, shown by the horizontal line and error
band (see Sec. IV B 2). The error bars for the data points are the standard deviation of the observables during the last 10 training epochs.
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of the Student’s t distribution is available in the Appendix
for further reference.
Our simulation process began by examining various

degrees of freedom within the t distribution to observe how
they influence the variational energies. The results dis-
played in Fig. 5 indicate that the normalized energy values
are minimized around 18 to 24 degrees of freedom.
Following an in-depth analysis where we examined the
relationship between control parameters and degrees of
freedom, we identified 22 degrees of freedom as the most
effective setting.
We conducted a set of simulations with parameters

N ¼ 3, λ ¼ 1,m ¼ 0 using three distinct ansatz: the normal
distribution, and t distributions with 22 and 108 degrees of

freedom. The comparative results are visually represented
in Fig. 6, where a decline in energy at higher alpha values is
apparent, particularly with the t distribution at 22 degrees of
freedom. These findings are quantitatively supported by the
data in Table II, where the t distribution with 22 degrees of
freedom consistently outperforms the other ansatz at higher
alpha levels.
Additionally, we extended our analysis to include

simulations for N ¼ 4, keeping λ ¼ 1 and m ¼ 0 constant.
The results, illustrated in Fig. 7 for both N ¼ 3 and N ¼ 4,
demonstrate a reduction in energy as α increases.
We conclude that obtaining the large-α limit beyondN ¼

3 is computationally more expensive. Our results for N ¼ 4
are only partially satisfactory, and we did not attempt larger
N. Even though Student’s t distribution helps to achieve
convergence, rather large α is necessary at large N to get a
precise estimate of the ground state energy.

IV. LATTICE MONTE CARLO
FOR CROSS-CHECK

In this section, we describe the method used to obtain the
lattice results, which are employed to cross-check the
findings from the variational Monte Carlo method dis-
cussed in Sec. III D. The advantage of lattice Monte Carlo
is that we are guaranteed to obtain the correct value of the
ground state energy up to statistical and extrapolation errors
that can be estimated systematically.
The simulation code can be found at [23].

A. Simulation setup

We use the Euclidean path integral to describe the finite-
temperature theory. The action is given by

TABLE II. E=N2 at N ¼ 3, λ ¼ 1, m ¼ 0 is shown for t
distribution ansatz with 22 and 108 degrees of freedom, and
normal distribution ansatz. True ground state energy obtained
from lattice simulation is 0.6272(14).

α t dist. (22 d.o.f.) t dist. (108 d.o.f.) Normal dist.

2 0.6670(24) 0.6664(30) 0.6668(26)
3 0.6647(25) 0.6672(25) 0.6668(23)
4 0.6627(21) 0.6661(19) 0.6662(34)
6 0.6637(21) 0.6649(25) 0.6661(20)
8 0.6624(17) 0.6634(26) 0.6643(27)
10 0.6602(23) 0.6633(31) 0.6642(38)
15 0.6557(20) 0.6593(37) 0.6598(37)
20 0.6519(30) 0.6555(22) 0.6590(33)
30 0.6423(21) 0.6490(27) 0.6511(32)
40 0.6395(25) 0.6402(30) 0.6433(38)
50 0.6381(33) 0.6385(21) 0.6393(36)
60 0.6357(32) 0.6369(34) 0.6388(46)

FIG. 7. E=N2 vs 1=α at λ ¼ 1,m ¼ 0, one hidden layer, for Student’s t distribution ansatz with 22 degrees of freedom.We also showed
the value obtained through the lattice simulation by the horizontal line and error band. For (a) N ¼ 3, we showed the extrapolation
1=α ¼ 0. The extrapolated value 0.6278(13) is consistent with the lattice result, 0.6272(14). For (b)N ¼ 4, we can see a steady approach
to the lattice result E=N2 ¼ 0.6604ð09Þ as α increases, although we need to study larger values of α to confirm a perfect agreement. See
Sec. IV B 2 for details of lattice simulations. The error bars for the data points are the standard deviation of the observables during the
last 10 training epochs.
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S ¼ N
Z

β

0

dtTr

�
1

2
ðDtXIÞ2 þ

m2

2
X2
I −

λ

4
½XI; XJ�2

�
; ð21Þ

where λ ¼ g2N. The circumference of the temporal circle,
β, is the inverse temperature β ¼ 1=T of the system. The
matrices XI are traceless Hermitian. DtXI is the covariant
derivative, DtXI ¼ ∂tXI − i½At; XI�, where At is the gauge
field. This model has the confinement/deconfinement phase
transition at critical temperature Tc which depends on m2

and λ. It is convenient to use the ’t Hooft expansion

EðTÞ¼
X∞
g¼0

N2−gεgðTÞ¼N2ε0ðTÞþ ε1ðTÞþ
ε2ðTÞ
N2

þ��� ;

ð22Þ

where ε0 is independent of temperature in the confined
phase, i.e., ε0ðTÞ is constant at T < Tc.
The lattice regularization used for this work [11] is the

tree-level improved action. Essentially the same regulari-
zation was used in Ref. [24]. The explicit form is

Slattice ¼ Na
Xnt
t¼1

Tr
�
1

2
ðDtXÞ2I;t þ

m2

2
X2
I;t −

λ

4
½XI;t; XJ;t�2

�
;

ð23Þ

where nt is the number of lattice sites. The lattice spacing
a and temperature T ¼ β−1 are related by β ¼ ant. The
covariant derivative Dt is given by

ðDtXÞI;t ¼
1

a

�
−
1

2
UtUtþaXI;tþ2aU

†
tþaU

†
t

þ 2UtXI;tþaU
†
t −

3

2
XI;t

�
: ð24Þ

The periodic boundary condition XI;ntþ1 ¼ XI;1 is imposed.

In lattice Monte Carlo simulations, a sequence of
lattice configurations fXð1Þ; Uð1Þg → fXð2Þ; Uð2Þg → � � � →
fXðkÞ; UðkÞg → � � � is generated in such a way that their
probability distribution converges to 1

Z e
−Slattice½X;U�, where

the normalization factor Z is the partition function. For
more details, see Ref. [11]. At fixed N, it is necessary to
take the continuum limit a → 0 and zero-temperature limit
T ¼ 1

ant
→ 0, which requires simulations with large lattice

size nt. If we focus on the large-N limit, we can avoid this
problem because ε0ðTÞ is constant at T < Tc and hence we
do not have to take the zero-temperature limit.

B. Simulation results

1. Large-N limit

The large-N limit of ε0 ≡ E
N2 is independent of temper-

ature in the confined phase. This can be understood as a
special version of the Eguchi-Kawai equivalence [16].
Therefore, we can use moderately high temperatures to
estimate the ground state energy. Specifically, we use T ¼
0.8 for m2 ¼ 0; λ ¼ 1 and T ¼ 1 for m2 ¼ 1; λ ¼ 1. This is
a convenient property for numerical simulations because, if
temperature is not low, we can control the discretization
effect associated with a finite lattice spacing more easily.
To confirm that we are indeed studying the confined

phase, we use the Polyakov loop. In the confined phase, the
Polyakov loop P defined by P ¼ 1

N TrðU1U2 � � �UntÞ
should vanish. Specifically, at each fixed nt, the expectation
value of its absolute value hjPji should scale as 1

N at
sufficiently large N. In Fig. 8, we plot hjPji for several
values of nt by taking the horizontal axis to be 1=N. We can
see that hjPji vanishes proportionally to 1=N and that hjPji
is nearly independent of nt. This shows that for each fixed
number of lattice points, we are in the confined sector in the
large N limit. By using an ansatz hjPji ¼ p0ðntÞ þ p1ðntÞ

N at
each nt, the values obtained for p0ðntÞ and p1ðntÞ are given
in Table III which are consistent with zero.

FIG. 8. Large N extrapolations of hjPji at fixed nt for λ ¼ 1 and (a) m ¼ 0, (b) m ¼ 1, using fit parameters given in Table IV.
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Next, let us estimate the large-N, continuum value of the
energy ε0. The ’t Hooft expansion (22) is applicable at each
fixed nt. Assuming that the coefficients admit the expan-
sion with respect to 1

nt
, we use the following ansatz

1

N2
EðT;ntÞ¼

X∞
g¼0

X∞
h¼0

εg;h
N2gnht

¼ ε0;0ðTÞþ
ε1;0ðTÞ
N2

þ ε0;1ðTÞ
nt

þ ε1;1ðTÞ
N2nt

þ�� � :

ð25Þ

We fit the above ansatz, truncated to linear order in 1=N2

and 1=nt, with 2D extrapolation using simulation results
summarized in Table IV. The values we obtained are

ε0;0 ¼ 0.7039ð11Þ
ε1;0 ¼ 1.06ð31Þ
ε0;1 ¼ −0.848ð23Þ
ε1;1 ¼ 15.9ð65Þ ð26Þ

for m2 ¼ 0; λ ¼ 1; T ¼ 0.8, and

ε0;0 ¼ 1.1654ð11Þ
ε1;0 ¼ 1.26ð33Þ
ε0;1 ¼ −1.061ð24Þ
ε1;1 ¼ −18.4ð70Þ ð27Þ

for m2 ¼ 1; λ ¼ 1; T ¼ 1. The values of ε0;0 do not agree
with the VMC results in Sec. III D 2.
In Fig. 9, we plot E=N2 vs 1=N2 at fixed values of lattice

sizes nt, along with the continuum limit obtained using the
ansatz in (25).
In Fig. 10, we plot the continuum, large-N extrapolation

of energy comparing the plots obtained after considering all
values of N and nt with those obtained from Oð1=N4Þ fit,
removing N ¼ 8 or removing nt ¼ 16. While the large-N
value is within error bars in all these cases, the continuum
extrapolation obtained after removing nt ¼ 16 values is not
always contained within the error bars, indicating a small nt

effect. To analyze this further, we study the small N effect
in Table V by taking the large N limit of energy after
removing various values of N. To study the small nt effect,
we remove the values at nt ¼ 16 and then take the large-N
limit of energy after removing various values of N
summarizing the results in Table VI. The difference is
not big and hence does not resolve the mismatch with the
VMC results.

2. N = 3 and N = 4

We compute the energy for the bosonic two-matrix
model for N ¼ 3 and N ¼ 4, to compare with the values
obtained in Sec. III D 4. We report the results for strong
coupling (m2 ¼ 0 and λ ¼ 1) in the continuum limit. We
studied temperatures between 0.05 ≤ T ≤ 0.4 and lattice
sizes nt ranging from 16 to 256. The lattice spacing is given
by a ¼ 1=ðTntÞ. At each temperature T, the energy EðTÞ is
obtained by taking the continuum limit, a → 0. In such a
low-temperature region we consider, temperature depend-
ence is expected to be exponentially small with respect to
the inverse temperature, i.e., EðTÞ ≃ EðT ¼ 0Þ þ c · e−c

0=T ,
with order one constants c and c0. In practice, we do not see
T-dependence below a certain temperature. Indeed, as we
can see from Fig. 11, the energies at different temperatures

TABLE III. Linear extrapolations of Polyakov loop expectation
values in 1=N, at each fixed nt, from HMC lattice simulations.

m2 ¼ 0; λ ¼ 1; T ¼ 0.8 m2 ¼ 1; λ ¼ 1; T ¼ 1

nt p0ðntÞ p1ðntÞ nt p0ðntÞ p1ðntÞ
16 −0.00112ð72Þ 1.598(15) 16 0.00091(75) 1.306(15)
20 0.00030(80) 1.575(15) 20 0.000004(586) 1.308(13)
24 −0.00063ð75Þ 1.573(15) 24 0.00045(76) 1.300(14)
32 0.00050(82) 1.539(16) 32 −0.00003ð63Þ 1.328(14)
48 −0.00211ð92Þ 1.590(18) 48 −0.00046ð88Þ 1.317(19)

TABLE IV. The summary of lattice simulation results at each N
and nt.

m2 ¼ 0; λ ¼ 1; T ¼ 0.8 m2 ¼ 1; λ ¼ 1; T ¼ 1

N nt E=N2 hjPji N nt E=N2 hjPji
8 16 0.6834(29) 0.1998(23) 8 16 1.1010(31) 0.1649(17)

20 0.6888(30) 0.1959(21) 20 1.1127(33) 0.1608(17)
24 0.6907(32) 0.1965(22) 24 1.1271(34) 0.1625(16)
32 0.7043(38) 0.1933(21) 32 1.1441(33) 0.1646(17)

12 16 0.6662(15) 0.1311(10) 12 16 1.1017(21) 0.1097(11)
20 0.6751(16) 0.1321(11) 20 1.1152(20) 0.1104(11)
24 0.6823(15) 0.1310(09) 24 1.1283(22) 0.1083(11)
32 0.6893(17) 0.1284(11) 32 1.1361(23) 0.1113(11)
48 0.6978(22) 0.1307(09) 48 1.1519(32) 0.1084(12)

16 16 0.6598(09) 0.09897(65) 16 16 1.1022(17) 0.08213(97)
20 0.6679(10) 0.09868(66) 20 1.1124(11) 0.08163(61)
24 0.6731(11) 0.09644(79) 24 1.1227(19) 0.08276(93)
32 0.6831(14) 0.09691(78) 32 1.1327(21) 0.08337(92)
48 0.6910(20) 0.09678(84) 48 1.1471(16) 0.08235(61)

24 16 0.6539(10) 0.06575(72) 24 16 1.0993(12) 0.05482(65)
20 0.6648(12) 0.06591(75) 20 1.1125(08) 0.05522(43)
24 0.6716(12) 0.06613(72) 24 1.1232(13) 0.05470(62)
32 0.6810(16) 0.06448(71) 32 1.1344(16) 0.05549(65)
48 0.6913(17) 0.06392(67) 48 1.1454(12) 0.05411(48)

32 16 0.6532(06) 0.04876(38) 32 16 1.0997(09) 0.04202(47)
20 0.6632(07) 0.04946(47) 20 1.1119(05) 0.04049(31)
24 0.6698(06) 0.04834(43) 24 1.1221(10) 0.04088(50)
32 0.6784(08) 0.04865(49) 32 1.1329(07) 0.04137(33)
48 0.6886(12) 0.04772(51) 48 1.1438(11) 0.04079(44)
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line up as a function of lattice spacing a [11] at T ≤ 0.2.
Therefore, we use the data points at T ≤ 0.2 simultaneously
to take the continuum limit, neglecting the dependence on
T. We use the polynomial ansatz,

Eja>0 ¼ Eja¼0 þ
Xnp
i¼1

ciai ð28Þ

where np is the degree of the polynomial and ci are fitting
parameters. To study the systematic effects of the

extrapolation to the continuum limit, we cut the data at
different values of the maximum lattice spacing amax,
similarly to what was done in Ref. [11]. At each cut, we
use only those data points that correspond to a < amax. We
also fit the functions using different degrees of polynomial
np with the ansatz in Eq. (28). We repeat this fit for values
of amax ∈ ½0.4; 1.25�. The plot of the continuum extrapola-
tion of the energy for different values of amax is shown in
Fig. 12. We summarize the values for some value of amax in
Table VII. The fit is rather stable at np ≥ 3 and near
amax ¼ 0.4. Therefore, we take the values at np ¼ 3 and

FIG. 9. Large N extrapolations of E=N2 at fixed nt and in the continuum limit for λ ¼ 1 and (a) m ¼ 0, (b) m ¼ 1.

FIG. 10. Large N extrapolations of E=N2 with linear ansatz, quadratic ansatz and removing certain values for λ ¼ 1 and (a) m ¼ 0,
(b) m ¼ 1.

TABLE V. LargeN values of E=N2 at λ ¼ 1, after removing various values ofN, with nt ¼ 16. Form2 ¼ 0 the temperature is T ¼ 0.8
while for m2 ¼ 1 it is T ¼ 1. Terms up to linear order in 1=N2 and 1=nt are included in the fits.

All N N ≠ 8 N ≠ 12 N ≠ 16 N ≠ 24 N ≠ 32

m2 ¼ 0 0.7039(11) 0.7038(12) 0.7043(11) 0.7043(10) 0.7029(12) 0.7053(22)
m2 ¼ 1 1.1654(11) 1.1657(12) 1.1655(11) 1.1655(11) 1.1648(14) 1.1661(19)
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amax ¼ 0.4 as our lattice estimate

E
N2

����
T¼0

¼
�
0.6272ð14Þ ðN ¼ 3Þ
0.6604ð09Þ ðN ¼ 4Þ ð29Þ

In Fig. 13, E=N2 at T ¼ 0 for N ¼ 2, 3, 4, and ∞ are
plotted against 1=N2. All data points line up on a straight
line up to small corrections of order 1=N4, consistently with
the ’t Hooft scaling.

V. COMPARISON BETWEEN VARIATIONAL
MONTE CARLO AND LATTICE MONTE CARLO

As for the large-N limit, we recall that we obtained the
continuum (effectively zero temperature) value E=N2 ¼
0.7039ð11Þ for the ground state energy in the large-N limit
form ¼ 0, λ ¼ 1 as well as E=N2 ¼ 1.1654ð11Þ form ¼ 1,
λ ¼ 1, from lattice Monte Carlo simulations. We use these
values to check the performance of the variational
Monte Carlo method based on NNQS.
Let us focus on the more interesting case m ¼ 0 first, in

which most simulation time was invested from the neural

TABLE VI. Large N values of E=N2 at λ ¼ 1, after removing various values of N, without nt ¼ 16. For m2 ¼ 0 the temperature is
T ¼ 0.8 while for m2 ¼ 1 it is T ¼ 1. Terms up to linear order in 1=N2 and 1=nt are included in the fits.

All N N ≠ 8 N ≠ 12 N ≠ 16 N ≠ 24 N ≠ 32

m2 ¼ 0 0.7047(16) 0.7050(17) 0.7049(15) 0.7048(14) 0.7037(18) 0.7060(30)
m2 ¼ 1 1.1656(12) 1.1662(14) 1.1655(01) 1.1657(13) 1.1653(15) 1.1658(22)

FIG. 11. E=N2 vs a at T ¼ 0.05, 0.1, and 0.2 for strong coupling i.e., λ ¼ 1 and m2 ¼ 0 for (a) N ¼ 3 and (b) N ¼ 4.

FIG. 12. Results of systematic fitting using different data portions with polynomials of different order np with λ ¼ 1 and m2 ¼ 0 for
(a) N ¼ 3 and (b) N ¼ 4. amax on the horizontal axis is the cutoff value such that only data points with a ¼ 1

Tnt
≤ amax are considered for

the energy fit.
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network perspective. As mentioned in Sec. III D 2, for a
small width (α ¼ 2) we observed that the scaling of the
energy at large N is consistent with the ’t Hooft scaling and
an extrapolation to N ¼ ∞ provided us with 0.7645(16).
This is clearly larger than the lattice value 0.7039(11) and
inconsistent within errors, but so far we also neglected the
corrections associated with the use of a small value of α
(specifically, α ¼ 2). For N ¼ 2 and N ¼ 3, we confirmed
that the estimated energy goes down when larger values of
α are used; see Figs. 3 and 6. For larger N, we expect
similar corrections that push down the estimated energy,
although this was unfortunately so far out of computa-
tional reach.

The case m ¼ 1 similarly appears to be consistent
between the two approaches. A detailed large-α limit
was not studied here, but the ground state energies are
closer together and will likely match for a detailed
computation at large α. Since this case is closer to the
Gaussian limit, we also expect it to be easier.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we applied the variational Monte Carlo
method with neural network quantum state to the bosonic
two-matrix model. The architecture we use in this paper is
the same as the one used in Ref. [11], which is a simplified
version of the one used in Ref. [10]. We estimated the
ground state wave function and ground state energy via
VMC and compared the ground state energy with that
obtained from lattice Monte Carlo simulation to test the
validity of the variational method. For matrix size N ¼ 2
and 3, we confirmed the validity of the variational method
by taking the width of the neural network α sufficiently
large while fixing the depth. It was observed that, to obtain
complete agreement, good control over the large-α limit is
needed. This may be challenging for N > 3.
A possible way forward is to use a different probability

distribution p0ðz⃗Þ that is closer to the actual wave function.
Guessing such a probability distribution requires detailed
knowledge about the ground state wave function that may
be obtained using other approaches. Another possibility is
to use deeper network at larger α; in this paper we fixed α
when we studied deeper networks. Last but not least, an
approach that invest more computational resources is also
possible, albeit perhaps less exciting.
Overall, we find the VMC approach very promising. We

hope to report further development in the near future,
adding more matrices, going to larger N, or adding
fermions.

TABLE VII. Results of systematic fitting with using different data portions with polynomials of different order np with λ ¼ 1 and
m2 ¼ 0.

N amax No. data points np ¼ 1 np ¼ 2 np ¼ 3 np ¼ 4 np ¼ 5

3 0.4 19 0.6062(03) 0.6221(07) 0.6272(14) 0.6297(24) 0.6335(42)
0.4955 21 0.5995(03) 0.6193(05) 0.6252(10) 0.6284(17) 0.6307(29)
0.5911 22 0.5975(03) 0.6180(05) 0.6240(08) 0.6271(13) 0.6291(20)
0.7822 24 0.5880(02) 0.6134(04) 0.6231(07) 0.6258(11) 0.6286(17)
0.8778 25 0.5790(02) 0.6085(03) 0.6194(05) 0.6251(08) 0.6267(13)
1.0689 26 0.5717(02) 0.6044(03) 0.6174(04) 0.6226(06) 0.6264(10)
1.26 27 0.5629(02) 0.5985(03) 0.6138(04) 0.6212(06) 0.6245(08)

4 0.4 19 0.6390(02) 0.6568(05) 0.6604(09) 0.6618(15) 0.6620(25)
0.4955 21 0.6309(02) 0.6536(04) 0.6598(06) 0.6609(11) 0.6622(18)
0.5911 22 0.6275(02) 0.6515(03) 0.6587(05) 0.6609(08) 0.6611(13)
0.7822 24 0.6157(02) 0.6465(03) 0.6575(04) 0.6604(07) 0.6612(11)
0.8778 25 0.6066(01) 0.6401(02) 0.6535(03) 0.6596(05) 0.6609(08)
1.0689 26 0.5944(01) 0.6351(02) 0.6507(03) 0.6575(04) 0.6607(06)
1.26 27 0.5830(01) 0.6275(02) 0.6460(02) 0.6551(04) 0.6597(05)

FIG. 13. E=N2 at T ¼ 0 for N ¼ 2, 3, 4, and ∞ vs 1=N2. [See
(26) and (29).] The linear fit in 1

N2 is obtained by using only
N ¼ 3; 4;∞ while the quadratic fit in 1

N2 uses all the points. We
can see that N ¼ 2 value is not lined with the linear fit but is
aligned with the others when we take Oð1=N4Þ terms into
account.
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APPENDIX: STUDENT’S T DISTRIBUTION

The Student’s t distribution is a fundamental distribution
in statistics, particularly useful for inference in scenarios
with small sample sizes or unknown population variance.
Its development is credited to William Sealy Gosset, who
published under the pseudonym “Student” [26].
The probability density function (pdf) for the generalized

Student’s t distribution, characterized by ν degrees of

freedom, scale parameter σ, and location parameter μ, is
described as follows [27]

gðxjν; μ; σÞ ¼ 1ffiffiffiffiffi
πν

p Γðνþ1
2
Þ

Γðν
2
Þσ

�
1þ 1

ν

�
x − μ

σ

�
2
�
−νþ1

2

; ðA1Þ

where ν > 0, σ > 0, x is a real number, and Γ represents the
Gamma function. The pdf is similar to the normal dis-
tribution but with heavier tails, indicating a higher like-
lihood of extreme values. The parameter ν, or degrees of
freedom, influences the heaviness of these tails. The
variance of the t distribution is given by νσ2

ν−2 for ν > 2,
and is not defined for ν ≤ 2 [28].
At one degree of freedom, the Student’s t distribution

simplifies to the Cauchy distribution, known for its fat tails
and indefinite moments. As ν approaches infinity, it
converges to the normal distribution, with its heavy tails
becoming less evident [29]. Despite some similarities to the
normal distribution, the Student’s t distribution differs
significantly in kurtosis, with positive excess kurtosis
indicating heavier tails than the normal distribution. This
characteristic makes it more suitable for cases with
unknown population variance [30].
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