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We compute hΦ̂2iren as well as the energy fluxes hT̂uuiren and hT̂vviren (where u and v are the standard

Eddington-Finkelstein coordinates) associated with a quantum massless real scalar field Φ̂, with a general
curvature coupling constant ξ, near the inner horizon (IH) of a Kerr black hole, along the axis of rotation.
The quantum field is in the Unruh state, corresponding to an evaporating black hole. We renormalize these
quantities by the state-subtraction method. We drop the assumption of minimal coupling to the curvature,
thereby generalizing the results of [1] for the fluxes at the IH. This requires understanding the asymptotic

behavior of hΦ̂2iren near the IH. State subtraction allows us to push the computation of hΦ̂2iren along the
axis of rotation in the Kerr interior in [2] deeper into the near-IH region, exposing their final asymptotic

behavior on approaching the IH. For hΦ̂2iren (a ξ-independent quantity in the Kerr case), we find that the
approach to its finite asymptotic IH value is given, per l-mode, by a ringdown phase (namely exponentially
damped oscillations), followed by an inverse-power tail, both in the tortoise coordinate r� (which diverges
at the IH). Interestingly, in the regime where the ringing dominates, the ringing’s complex frequencies are
(numerically) found to match twice the well-known classical quasinormal-mode frequencies in Kerr, and
the inverse-power tails are found to be r−2l−3� (resembling Price’s law in the classical black hole exterior,
upon replacement t → r�). In particular, the sum over l behaves as r−3� (with a prefactor obtained here
analytically for the first time), resembling the known behavior of classical (axially symmetric) scalar
perturbations on approaching the IH [3]. These results allow computing the flux components hT̂uuiren and
hT̂vviren for general ξ at the IH vicinity. We find that the limiting IH values of hT̂uuiren and hT̂vviren are
independent of the coupling constant ξ. When translated to the Kruskal coordinate V (regular and vanishing
at the Cauchy horizon), it implies that the prefactor C characterizing the divergence of the renormalized
quantum stress-energy tensor appearing in hT̂VViren ≃ CV−2, is independent of the coupling to curvature in
the case of polar Kerr.
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I. INTRODUCTION

In the absence of a viable theory of quantum gravity, in
which both matter fields and the gravitational field are

quantized, the semiclassical formulation of general rela-
tivity seeks to provide insights into the backreaction of
quantum fields onto a classical spacetime. In this frame-
work, the classical (vacuum) Einstein equation is replaced
by its semiclassical counterpart,

Gμν ¼ 8πhT̂μνiΨren; ð1:1Þ

where Gμν is the Einstein tensor and hT̂μνiΨren is the
renormalized expectation value of the stress-energy tensor
(SET) in a chosen state jΨi (the renormalized stress-energy
tensor, RSET). In the standard quantum field theory in
curved spacetimes approach, Eq. (1.1) is typically
implemented iteratively; one initially fixes a classical
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background metric, computes the RSET on that geometry,
and then incorporates its backreation on the metric a pos-
teriori; in principle, this process should then be repeated
iteratively.
However, even the first-order computation of hT̂μνiΨren

(on a fixed zeroth-order background geometry) is concep-
tually and technically subtle: the RSET is formally diver-
gent (as is any other in-coincidence observable nonlinear in
the field operator) and must be renormalized—a particu-
larly challenging task on four-dimensional black-hole (BH)
backgrounds. A widely accepted local and covariant
renormalization prescription is Hadamard point-splitting
(e.g., [4,5]), in which renormalized quadratic field observ-
ables are obtained by splitting the field square into two
separated points x and x0, subtracting the Hadamard
parametrix hðx; x0Þ, acting with covariant derivatives (if
relevant) at the two points, and finally taking the coinci-
dence limit x0 → x. The Hadamard parametrix hðx; x0Þ
captures the universal short-distance singularity structure
of any physical (Hadamard) state and is determined
covariantly by local geometric data along the geodesic
connecting x and x0. Accordingly, a basic ingredient for
implementing point splitting is the Hadamard (sym-
metrized) two-point function (HTPF) defined by the
expectation value of the anticommutator of a scalar field
operator Φ̂ in some quantum state jΨi,

GΨðx; x0Þ≡ hΨjfΦ̂ðxÞ; Φ̂ðx0ÞgjΨi
≡ hΦ̂ðxÞΦ̂ðx0Þ þ Φ̂ðx0ÞΦ̂ðxÞiΨ: ð1:2Þ

The most elementary nonlinear observable is hΦ̂2i
(referred to as the field square or vacuum polarization),
obtained from the renormalized coincident-point limit of
(half) the HTPF. Specifically, the renormalized field square
is given by

hΦ̂2ðxÞiΨren ≡ lim
x0→x

�
1

2
GΨðx; x0Þ − hðx; x0Þ

�
: ð1:3Þ

A related observable, which is of interest for the current
work, is

h∇yΦ̂∇yΦ̂ðxÞiΨren ≡ lim
x0→x

∇y∇0
y

�
1

2
GΨðx; x0Þ − hðx; x0Þ

�
;

ð1:4Þ

where y∈ fu; vg and ∇ (∇0) is the covariant derivative
acting on x (x0).1 To avoid clutter, we henceforth drop

the subscript “ren” and write hX̂iΨ for the renormalized
expectation value of an observable X̂ in a state jΨi. When
the state is not relevant or clear from context, we also omit
the superscript Ψ.
A central motivation for studying Eq. (1.1) comes from

BH horizons, where quantum effects can accumulate and
become physically significant. A celebrated example is BH
evaporation via the emission of Hawking radiation [6],
which involves a negative quantum influx across the event
horizon (EH) [7], which in turn induces a slow drift of the
BH parameters along the EH. For the Cauchy horizon (CH)
of a charged or rotating BH,2 quantum effects can be even
more consequential; various key components of the RSET
have been found to diverge (when expressed in coordinates
regular at the CH)3 [1,2,14–21], suggesting that quantum
effects may dramatically modify the classical spacetime
picture. (See also earlier analytical indications of a diver-
gence in quantum observables at the CH [22–25]. However,
these works did not include an explicit computation of the
relevant semiclassical quantities, and the issue therefore
remains unresolved). The IH is therefore a particularly rich
arena for studying the backreaction of quantum sources in
the right-hand side of Eq. (1.1) onto the geometry in the
left-hand side; see Ref. [26] for a numerical exploration of
near-IH backreaction in the spherical evaporating case, and
Ref. [27] for an analytical treatment of the nonevaporating
case, also in spherical symmetry.
Although the RSET is the central quantity appearing

directly in Eq. (1.1), the simpler quantity hΦ̂2i also offers
information on quantum effects inside BHs (for example, it
is directly related to the trace of the RSET, see Ref. [14]).
Studies of hΦ̂2i in BH interiors go back to Ref. [28], which
computed this quantity in the interior of a Schwarzschild
BH in the Hartle-Hawking (HH) state jHi (describing a BH
in equilibrium with a bath of thermal radiation [29]),
renormalizing via the t-splitting point-splitting technique
of DeWitt [30] and Christensen [31]. Decades later,
Ref. [32] computed hΦ̂2i in the Schwarzschild interior
in both the HH state and the physically-relevant Unruh state
jUi (corresponding to an evaporating BH [7]) using a

1Further finite renormalization freedom exists in the prescrip-
tion defined by Eqs. (1.3)–(1.4). The ambiguity consists of local
curvature terms (depending only on the spacetime geometry in a
neighborhood of x) [4]. However, in the case of interest, all such
ambiguities vanish.

2In the physically realistic scenario of gravitational collapse, it
is only the ingoing section of the IH (denoted CHR in Fig. 1)
which maintains the role of a CH, and it is therefore this section
that we focus on here.

3On a fixed background, quantum energy-momentum fluxes at
the CH typically diverge as V−2, where V is a Kruskal-type
coordinate that is regular and vanishes at the CH. This blow-up is
stronger than the corresponding divergence of classical pertur-
bations, which are known to generate only a weak [8,9]
singularity at the CH (see Refs. [10–13] in the asymptotically
flat case). For backreaction, however, one must account for the
fact that in the Unruh state the BH is evaporating—an effect
encoded already at the EH. A consistent treatment must therefore
evolve Eq. (1.1) from the EH toward the CH, and this may alter
the naive fixed-background expectation of a strong singularity at
this order.
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variant of pragmatic mode-sum regularization (PMR).
First introduced in Ref. [33], PMR is a point-splitting
renormalization scheme requiring only the presence of one
Killing field in the background, and in Ref. [32] the point
split is taken in θ, relying on spherical symmetry. In a later
study [14], restricted to a real scalar field in Reissner-
Nordström (RN), some of the present authors together
with collaborators computed hΦ̂2i throughout the region
between the horizons, with special emphasis on the near-IH
regime, both in the HH and in the Unruh state, again using
the θ-splitting variant of PMR. The analysis in Ref. [14]
exposed irregular behavior near the IH, revealing, after a
few quickly decaying oscillations, inverse-power tails as
one approaches the IH (r−3� for Unruh and r−2� for HH,
where r� is the tortoise coordinate which asymptotes to ∞
at the IH). This naturally raises the question of whether
analogous behavior persists at the Kerr IH (where the HH
state does not exist for bosonic fields [25,34], but the Unruh
state does [35])—an issue that, as we explain below, has
been difficult to resolve with existing point-splitting com-
putations. This possibility was briefly noted in Sec. IV.B
and Footnote 27 of Ref. [2], where it was reported that a
state subtraction analysis suggests hΦ̂2iUren approaches a
finite polar-IH value through an r−3� tail, as in RN. The
detailed analysis leading to this conclusion, among others,
is presented in the present work. Hereafter, ðt; r; θ;φÞ are
the standard Boyer-Linquist coordinates in Kerr spacetime.
While they have enabled significant progress to be made

through concrete computations, Hadamard point-splitting
methods are inherently numerically demanding and, in
practice, can become ill-defined when the splitting direc-
tion becomes null. In Kerr, this obstructs certain natural
variants (e.g., φ-splitting at the pole θ ¼ 0, or t-splitting on
the ergosurface, which includes the polar horizons). These
difficulties have motivated alternative regularization strat-
egies. A particularly useful one is to consider differences of
expectation values between two (Hadamard) states; we
shall refer to this approach as state subtraction.
Recent years have seen substantial progress on quantum

effects near the IH of charged [14–16,18–20] and rotating
[1,2,17,21] BHs. In RN, most IH analyses of hΦ̂2i and the
RSET (with the key components being the so-called fluxes
hT̂vvi and hT̂uui, where v and u are the usual Eddington-
Finkelstein coordinates) employ the PMR point-splitting
method (with the exception of [19] using state subtraction);
in RN-de Sitter the available works rely on state subtraction
for the RSET (and the renormalized field current hĵvi).
In Kerr-de Sitter, to our knowledge, the only existing
work [17] employs state subtraction to regularize hT̂vvi
(and hT̂vφ−

i). For Kerr BHs, which are the focus of this
paper, an early work [1] used both state subtraction and the
t-splitting variant of PMR to regularize the IH quantum
fluxes, finding excellent agreement between the two
methods, and a subsequent study [21] extended the

state-subtraction analysis across a broader parameter range.
More recently, an extensive t-splitting study [2] investi-
gated the quantum fluxes and hΦ̂2i throughout the Kerr
interior along the axis of rotation, with particular focus on
the near-IH domain (focusing on two specific spin-to-mass
ratios, a=M ¼ 0.8, 0.9). However, the aforementioned
technical difficulty of approaching the polar IH with
t-splitting restricted the computation to r − r− ≳ 10−5M,
where r− is the r value of the IH. While this range was
sufficient to extract the limiting values of the fluxes at the
IH (and verify their agreement with previous [1] state-
subtraction results), it was insufficient to resolve the true
asymptotic behavior of hΦ̂2i.
The first achievement of the present paper is to close this

gap. Using the aforementioned method of state subtraction,
we compute4 the Unruh-state field square hΦ̂2i (up to a
residual smooth function of the coordinate r) at the very close
vicinity of the Kerr IH along the axis of rotation. This allows
us to expose the near-IH asymptotics of hΦ̂2i, previously
inaccessible in Kerr; we find that its final approach to the
(polar) IH limiting value is governed by inverse-power tails
scaling as r−2l−3� (per multipolar lmode). We also derive the
leading inverse-power tail analytically. This behavior is
reminiscent of the classical late-time decay of scalar fields
in BH exteriors, originally found by Price [36] (in
Schwarzschild’s exterior) and later extended to BH interiors
near the IH (see Ref. [37] for RN and Ref. [3] for polar Kerr).
We therefore refer to the corresponding inverse-power behav-
ior in r� as a Price-like tail. As we shall see, the leading tail is
only exposed at extraordinarily small separations from the IH
(r − r− ∼ 10−45M for a=M ¼ 0.8). This, together with the
inapplicability of the θ-splitting PMR variant in Kerr, helps
explain why earlier point-splitting computations near the
polar Kerr IH could not resolve the true asymptotic behavior
of hΦ̂2i, and it highlights the practical advantage of state
subtraction in this setting. This method allows us to calculate,
for the first time, the exact (numerical) value of hΦ̂2i in the
Unruh state on the polar Kerr IH (for a=M ¼ 0.8).
Moreover, in the near-IH domain preceding the tails we

observe a phase of quasinormal-mode (QNM) ringdown in
the tortoise coordinate r�. The complex ringing frequencies
extracted numerically agree with twice the well-known
QNM frequencies for scalar perturbations in Kerr. Taken
together, the appearance of both QNM ringing and Price-
like tails indicates that two characteristic features of
classical BH perturbation theory also manifest themselves
in the r�-dependence of the quantum observable hΦ̂2i
inside the BH as one approaches the IH.

4Our state-subtraction regularization employs a comparison
state jUi tailored to the IH vicinity, which was introduced
originally in Ref. [1]. Although jUi has not been formally proven
to be Hadamard, existing evidence suggests that it is, and we
adopt this as a working assumption.
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A second achievement of the current work is the
generalization of previous IH RSET studies, which mainly
focused on minimally coupled scalar fields (i.e., with
coupling constant ξ ¼ 0), to arbitrary nonminimal cou-
pling. This broader class includes, in particular, conformal
coupling (ξ ¼ 1=6 for our case), which makes contact with
other conformal fields such as the physically important
electromagnetic field. For minimally-coupled scalar fields,
the classical SET is simpler [the last term in Eq. (4.1) below
is absent]. Allowing for a general coupling constant ξ
introduces additional terms (notably those involving sec-
ond derivatives of hΦ̂2i), so that the near-IH behavior of
hΦ̂2i becomes the key missing ingredient for extending IH
flux computations beyond ξ ¼ 0. Using our novel near-IH
results for hΦ̂2i, we extend the Unruh-state IH-fluxes
analysis to general ξ and find, in particular, that the leading
divergence of the polar IH fluxes (in coordinates regular at
the IH) is in fact independent of ξ. In addition, we
characterize the subleading ξ-dependent piece.
The paper is structured as follows. In Sec. II we

introduce the Kerr geometry and review canonical quan-
tization of a real scalar field in the Unruh state. Using state
subtraction, we derive an expression for hΦ̂2ðxÞi valid
throughout the spacetime (details of the comparison-state
HTPF are given in Appendix A). In Sec. III we evaluate the
mode sum numerically at the pole and near the IH,
revealing a Price-like tail and a preceding QNM ringdown.
These features are discussed in Secs. III A and III B,
respectively. We additionally derive the leading inverse-
power analytically; the analysis and requisite ingredients
are provided in Appendixes C–D. In Sec. III C we compare
(and combine) our state-subtraction results for hΦ̂2i with
those obtained via t-splitting in Ref. [2]. In Sec. IV we
discuss implications for the IH stress-energy fluxes hT̂vviU
and hT̂uuiU for a scalar field with general coupling ξ. We
conclude in Sec. V with a discussion and summary.
Throughout, we use units c ¼ G ¼ 1 and signature
ð−þþþÞ. All figures and numerical results correspond
to the spin parameter a ¼ 0.8M unless explicitly stated
otherwise; qualitative features are expected to persist for
generic spin values.

II. SETUP

We consider a real scalar field propagating in a Kerr BH
spacetime, with metric given in Boyer-Lindquist coordi-
nates by

ds2 ¼ −
�
1 −

2Mr
ρ2

�
dt2 þ ρ2

Δ
dr2 þ ρ2dθ2

þ
�
r2 þ a2 þ 2Mra2

ρ2
sin2θ

�
sin2θdφ2

−
4Mra
ρ2

sin2θdφdt; ð2:1Þ

where ρ2 ≡ r2 þ a2 cos2 θ and Δ≡ r2 − 2Mrþ a2.M and
J ≡ aM correspond to the mass and angular momentum of
the BH, respectively. For subextremal BHs, which we shall
exclusively consider here, the angular momentum per unit
mass satisfies jaj < M. The Penrose diagram for the
analytic extension of Kerr spacetime is depicted in
Fig. 1. The blocks I, II, and III are defined as

I¼Rt×ðrþ;∞Þ×S2θ;φ; II¼Rt×ðr−;rþÞ×S2θ;φ;

III¼Rt×ð−∞;r−Þ×S2θ;φ: ð2:2Þ

The function Δ has two roots r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
,

corresponding to the inner (r−) and outer (rþ) horizon.
In Kerr, the IH coincides with the Cauchy horizon (CH).
While these two zeros of Δ are coordinate singularities, the
zero of ρ is a true curvature (ring) singularity. This ring
singularity sits at fr ¼ 0g ∩ fθ ¼ π=2g, i.e., for any θ
value other than π=2, the singularity at r ¼ 0 is absent and
region III in the Penrose diagram in Fig. 1 can be naturally
(and analytically) extended to negative r values. In contrast
to the spherically symmetric case, not only the coordinate t
(and r�, see below) diverges at the horizons, but also the
azimuthal coordinate φ. To each horizon at r ¼ r� one may

FIG. 1. Partial Penrose diagram for the subextremal Kerr BH.
Region I denotes the exterior region (where r > rþ) and II the
interior of the BH (where r− < r < rþ). Region III is another
asymptotically flat region (for θ ≠ π=2) extending to negative r
values, and is relevant for the construction of the comparison state
(in Appendix A). The wiggled line stands for the ring singularity
at ρ2 ¼ 0 (corresponding to r ¼ 0, θ ¼ π=2). The ranges of the
Eddington-Finkelstein coordinates u and v are indicated each by
an arrow that points from −∞ to þ∞. The green line denoted Σ
indicates a Cauchy hypersurface in the region I ∪ II, and the
(future) domain of dependence of Σ corresponds to the light-
shaded green region.
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associate a surface gravity κ� ≡ ðrþ − r−Þ=2ðr2� þ a2Þ, an
angular velocity Ω� ≡ a=ð2Mr�Þ and an azimuthal
coordinate φ� ≡ φ −Ω�t that remains regular upon
approaching the respective horizon. We also introduce
the tortoise coordinate, defined through the relation
dr=dr� ¼ Δ=ðr2 þ a2Þ [up to an integration constant,
which we fix like in Ref. [38], see Eq. (2.5) therein—
we write the explicit form in Eq. (D7)], and the standard
Eddington-Finkelstein coordinates,

u ¼ t − r�; v ¼ tþ r� ðregion IÞ; ð2:3Þ

u ¼ −tþ r�; v ¼ tþ r� ðregion IIÞ; ð2:4Þ

u ¼ −tþ r�; v ¼ −ðtþ r�Þ ðregion IIIÞ; ð2:5Þ

which are always future-pointing in our convention. We
note that although these coordinates are not generally null
throughout the Kerr spacetime, they are null along the pole
(and on the horizons for any polar angle). In order to extend
the metric analytically across the EH (HR in Fig. 1), one
introduces the Kruskal coordinate U≡ ∓ κ−1þ expð∓ κþuÞ
(upper sign for r > rþ, lower sign for r < rþ). Similarly,
for analyticity across the ingoing inner horizon (CHR in
Fig. 1), one introduces the Kruskal coordinate V≡ ∓
κ−1− expð∓ κ−vÞ (upper sign for r > r−, lower sign for
r < r−).
On this background metric we consider a free massless

scalar field Φ with a general coupling to the curvature ξ.
The field is subject to the classical massless Klein-Gordon
(KG) equation,

∇a∇aΦ ¼ 0; ð2:6Þ

where the covariant derivative is taken with respect to the
metric (2.1).5 In view of the symmetries of the background,
it is customary to use the ansatz

ΦΛ
ωlmðxÞ¼N Λ

ωlm
ψΛ
ωlmðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þa2

p e−iωteimφSωlmðθÞ; Λ∈fI;II;IIIg;

ð2:7Þ

(indexed by the frequency ω∈R, the multipolar number
l∈Z≥0 and the azimuthal numberm∈N≤jlj) in which case
the wave equation (2.6) separates into coupled radial and
angular equations [39]. The radial solution ψΛ

ωlmðrÞ solves
the radial equation,

∂
2
r�ψ

Λ
ωlmðrÞ ¼ −VωlmðrÞψΛ

ωlmðrÞ Λ∈ fI; II; IIIg; ð2:8aÞ

Vωlm ≡ K2
ωmðrÞ − λlmðaωÞΔ

ðr2 þ a2Þ2 −G2ðrÞ − dGðrÞ
dr�

; ð2:8bÞ

KωlmðrÞ≡ ðr2 þ a2Þω − am;

λlmðaωÞ≡ ElmðaωÞ − 2amωþ a2ω2;

GðrÞ≡ rΔ
ðr2 þ a2Þ2 ; ð2:8cÞ

and see Eq. (2.16) in [38] for the explicit form of the
angular equation [which incorporates the spheroidal eigen-
value ElmðaωÞ appearing in Eq. (2.8c)]. The latter has
(real) solutions SωlmðθÞ, the so called spheroidal wave
functions [40], which are implemented in Mathematica
[41]. We shall use the notation

Zω
lmðθ;φÞ≡ ð2πÞ−1

2eimφSωlmðθÞ: ð2:9Þ

In (2.7), the prefactor N Λ
ωlm is a suitable normalization

constant to be chosen so that the modes are appropriately
normalized [42]. The large-r� asymptotics of the effective
potential (2.8b) as a function of the radial coordinate are

Vωlm¼

8><>:
ω2
−þOðe−2κ−r� Þ r→ r− ðr�→∞Þ

ω2þþOðe2κþr� Þ r→ rþ ðr�→−∞Þ
ω2þOðr−2� Þ r→∞ ðr�→∞Þ

; ð2:10Þ

where ω� ≡ ω −mΩ�. In particular, the radial solution
becomes free in all three asymptotic r� regimes.
In and up radial solutions to (2.8a) can be defined in both

the exterior (region I; r > rþ) and interior (region II;
r− < r < rþ) regions, which later serve to construct
the Eddington-Finkelstein family of mode-solutions to
the wave equation (2.6). The construction is well-docu-
mented in the literature, see e.g., Sec. III in Ref. [38]. The
exterior in and up radial solutions and corresponding
scattering coefficients (τinωlm, τupωlm, ρinωlm and ρupωlm) are
defined according to the following asymptotic behaviors in
region I,

ψ in-I
ωlmðrÞ ≃

�
τinωlme

−iωþr� r� → −∞
e−iωr� þ ρinωlme

iωr� r� → ∞
; ð2:11Þ

ψup-I
ωlmðrÞ ≃

�
eiωþr� þ ρupωlme

−iωþr� r� → −∞
τupωlme

iωr� r� → ∞
; ð2:12Þ

and similarly for the interior in and up radial solutions and
corresponding scattering coefficients (Aωlm and Bωlm) in
region II,6

5Note that the coupling constant ξ, which would have entered
the equation through the product ξR, is absent from Eq. (2.6) due
to the vanishing Ricci scalar of the background.

6In the language of Ref. [38], ψ in−II
ωlm corresponds to ψ int

ωlm [as
defined in Eq. (3.16) therein].
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ψ in−II
ωlmðrÞ ≃

�
e−iωþr� r� → −∞
Aωlmeþiω−r� þ Bωlme−iω−r� r� → ∞

:

ð2:13Þ

The up-II variant is obtained by complex conjugation.
Throughout this paper, we use the term free approxi-

mation/variant to denote that we are approximating the
radial solution by a free solution (where applicable). We
will do so particularly in the vicinity of the IH, where we
will implement the second row of Eq. (2.13) for the form of
ψ in−II
ωlm (and similarly its complex conjugate for ψup−II

ωlm ).
When we do not rely on such an approximation, i.e., when
we employ the numerically obtained full radial solution to
Eq. (2.8a), we will use the terminology of full variant.
One can derive the following Wronskian relations

relating the absolute values of the various scattering
coefficients

jρinωlmj2 þ
ωþ
ω

jτinωlmj2 ¼ 1; ð2:14aÞ

jρupωlmj2 þ
ω

ωþ
jτupωlmj2 ¼ 1; ð2:14bÞ

jBωlmj2 − jAωlmj2 ¼
ωþ
ω−

: ð2:14cÞ

In particular, it follows that for ωωþ < 0 the absolute value
of the reflection coefficient ρin=upωlm may exceed 1. That is,
there exist m ≠ 0 modes (within the so-called superradiant
band) that are not only reflected by the potential outside the
BH, but also amplified, therefore extracting energy
(and angular momentum) from the BH. This is the
renowned phenomenon of superradiance [43,44].
In this work, however, we focus on the axis of rotation,
where only m ¼ 0 modes contribute and the potentially-
amplifying factors [multiplying the exterior transmission
coefficient in Eq. (2.14)] reduce to 1. In other words, at the
pole of Kerr there are no superradiance effects, which
simplifies the analysis and the underlying physics in that
setting.
The Unruh vacuum (which is the state central to the

present work), however, is defined in terms of a family of
modes that does not decompose in the numerically-
favorable form of Eq. (2.7); the in and up Unruh modes,
which we shall denote by Hin

ωlm and Hup

ω̂bl m̂. (A detailed

description of these modes is given in Sec. III C in
Ref. [38]. Here we merely provide a short review.) The
Unruh modes are solutions to the classical wave equation
Eq. (2.6), defined by their initial data on the null Cauchy
hypersurface HL ∪ H− ∪ I−,

Hin
ωlm ≃

Zω
lmðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πωðr2 þ a2Þ
p �

e−iωv I−

0 HL ∪ H− ; ð2:15aÞ

Hup

ω̂bl m̂ ≃
Ybl m̂ðθ;φþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πω̂ðr2 þ a2Þ

p �
0 I−

e−iω̂U HL ∪ H− ; ð2:15bÞ

only for ω > 0 and ω̂ > 0, respectively. Note that following
the notation of Ref. [38] we labeled the up Unruh modes
with frequency ω̂, in order to distinguish it from the Killing
frequency ω. Indeed, while the in Unruh modes are
decomposable in the usual sense of Eq. (2.7), the
Kruskal-based up-modes will not yield fully-separable
field equations. Hence, it is sufficient (and simplifies
computations) to consider their angular dependence to
be given by the spherical harmonics, indexed by bl and
m̂, which have the additional benefit of being frequency-
independent,

Yblm̂ðθ;φþÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2blþ1Þðbl−m̂Þ!

4πðblþm̂Þ!

s
Pm̂bl ðcosθÞeim̂φþ ; ð2:16Þ

with Pm̂bl ðcos θÞ the usual associated Legendre polynomials.

Moreover, it is useful to rewrite the up-Unruh mode
solutions in terms of the up Eddington-Finkelstein modes
[which additionally separate as (2.7)]; this is done by
decomposing the Unruh up initial conditions (see Secs. V
and VI in Ref. [38] for a detailed discussion).
Finally, to define the Unruh state, the quantum field

operator Φ̂ is expanded in terms of Unruh-mode solutions
as

Φ̂ðxÞ ¼
X
l;m

Z
∞

0

dωðHin
ωlmâ

in
ωlm þHin �

ωlmâ
in †
ωlmÞ

þ
X
bl m̂

Z
∞

0

dω̂
�
Hup

ω̂bl m̂âupω̂bl m̂ þHup �
ω̂bl m̂âup †

ω̂bl m̂�:
ð2:17Þ

The operators âinωlm, â
in †
ωlm and âup

ω̂bl m̂, âup †

ω̂bl m̂ are the standard

annihilation and creation operators for the in and upmodes,
respectively, satisfying the usual canonical commutation
relations (as reviewed in, e.g., Sec. IVA in [38]).
The Unruh state jUi is defined as the vacuum state of the

construction, namely the state for which

âinωlmjUi ¼ 0 for all ω > 0;l; m; ð2:18Þ

âup
ω̂bl m̂jUi ¼ 0 for all ω̂ > 0; bl; m̂: ð2:19Þ

III. POLAR RENORMALIZED hΦ̂2i
We are interested in computing the renormalized field

square hΦ̂2i in the Unruh state in the interior region of a
Kerr BH, focusing on the IH vicinity. The bare (i.e., prior to
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normalization) field square is defined as (half) the coincid-
ing-point limit of the HTPF (1.2). The HTPF is a local
quantity, quadratic in the field operator, so its coincidence
limit is well-known to be ill-defined. The difference
between the HTPFs in two Hadamard states, however, is
smooth even in the coincidence limit [45]. This motivates
the use of the state-subtraction method mentioned in the
introduction; we renormalize by subtracting the HTPF
of a “comparison” state jCi, and only then take the
coincidence limit. Namely, as follows from (1.3), the
(state-independent) Hadamard parametrix drops out and
we are left with

hΦ̂2ðxÞiU−C ≡ lim
x0→x

ðGUðx; x0Þ − GCðx; x0ÞÞ; ð3:1Þ

where GUðx; x0Þ and GCðx; x0Þ are the HTPFs in the Unruh
state and in the comparison state, respectively. For our

purpose here—namely, capturing the asymptotic behavior
of hΦ̂2iU in the IH vicinity—a suitable choice for jCi is the
so-called jUi state, introduced by some of us in [1]. In
practice, as standard, we implement the state-subtraction
prescription mode by mode (as we did in our previous work
on quantum fluxes at the IH of a Kerr BH [1]). This requires
mode-sum expressions for the HTPFs of the Unruh state
and of the jUi state inside Kerr, written in terms of
numerically-amenable Eddington-Finkelstein modes [i.e.,
modes that are decomposable according to Eq. (2.7)]. The
corresponding construction for the Unruh state was per-
formed in Ref. [38], and the analogous construction for the
jUi state is provided in Appendix A.
In the near-IH regime [where the radial solution becomes

free, see Eq. (2.13)], we find [by subtracting (A36) from
Eq. (6.37) in Ref. [38], and taking the coinciding point limit
of the difference]

hΦ̂2ðxÞiU−U ≃
ℏ

r2− þ a2
X
l;m

Z
∞

0

dω
½SωlmðθÞ�2

8π2

�
ω−1þ Eupð0Þ

ωlm þ ω−1Einð0Þ
ωlm þ 2ℜ

�ðω−1þ Eupð1Þ
ωlm þ ω−1Einð1Þ

ωlmÞe2iω−r�
	

− ω−1jτoutωlmj2 − ω−1
− coth

�
πω−

κ−

�

1þ jρdown

ωlm
j2� − 2ω−1

− csch

�
πω−

κ−

�
ℜ
�
ρdown
ωlm

e2iω−r�
	�

r → r−: ð3:2Þ

The underlined coefficients τdownωlm and ρdown
ωlm

correspond to the scattering problem of the comparison state (U) modes in
region III and are defined explicitly in the Appendix [see Eq. (A15)]. We introduce the abbreviations

Eupð0Þ
ωlm ¼ coth

�
πωþ
κþ

�
ðjBωlmj2 þ jAωlmj2Þð1þ jρupωlmj2Þ þ 4csch

�
πωþ
κþ

�
ℜfρupωlmAωlmBωlmg;

Eupð1Þ
ωlm ¼ coth

�
πωþ
κþ

�
AωlmB�

ωlmð1þ jρupωlmj2Þ þ csch

�
πωþ
κþ

�
ðρup�ωlmðB�

ωlmÞ2 þ ρupωlmðAωlmÞ2Þ;

Einð0Þ
ωlm ¼ jτinωlmj2ðjAωlmj2 þ jBωlmj2Þ; Einð1Þ

ωlm ¼ jτinωlmj2AωlmB�
ωlm: ð3:3Þ

In this paper we exclusively focus on evaluation of the mode sum along the axis of rotation, i.e., θ ¼ 0. In this case, the
spheroidal harmonics obey Sωlmðθ ¼ 0Þ ∝ δm0, meaning that only them ¼ 0modes contribute (no superradiant effects) and,
in particular, ωþ ¼ ω ¼ ω−, which simplifies the evaluation of the mode sum above. Henceforth, all equations should be
understood as holding only at the pole. In certain central equations, we indicate this explicitly by adding (θ ¼ 0) for
emphasis. The integrand in Eq. (3.2) naturally splits into an r�-independent and an r�-dependent part, and we compute both
of them in this section. The r�-independent part of hΦ̂2iU−U in the IH vicinity can be evaluated directly numerically (see
Appendix B 1 for details) and yields a constant, which we denote by c−, i.e.,

c− ≡ ℏ
r2− þ a2

X
l

Z
∞

0

dω
½Sωl0ðθ ¼ 0Þ�2

8π2ω

�
Eupð0Þ
ωl0 þ Einð0Þ

ωl0 − jτoutωl0j2 − coth

�
πω−

κ−

�
ð1þ jρdown

ωl0 j2Þ
�
; ð3:4Þ

where Eupð0Þ
ωl0 and Einð0Þ

ωl0 are given in Eq. (3.3). In our case (of a=M ¼ 0.8),

c− ¼ −0.003857694ℏM−2: ð3:5Þ
We then write the remaining r�-dependent contribution (at the polar IH vicinity) as

hΦ̂2ðxÞiU−U ≃ c− þ ℏ
r2− þ a2

X∞
l¼0

Z
∞

0

dω
½Sωl0ðθ ¼ 0Þ�2

8π2
ℜðEωl0e2iωr� Þ r → r−; ð3:6Þ
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where the r�-independent prefactor Eωl0 is obtained from
(the θ ¼ 0 version of) Eqs. (3.2)–(3.3) and depends on the
m ¼ 0 scattering coefficients in regions I, II and III, i.e.,

Eωl0 ≡ 2

ω

�
Eupð1Þ
ωl0 þ Einð1Þ

ωl0 − csch

�
πω

κ−

�
ρdown
ωl0

�
; ð3:7Þ

where Eupð1Þ
ωl0 and Einð1Þ

ωl0 are again given in Eq. (3.3).
Accordingly, we define the r�-dependent part of
hΦ̂2ðxÞiU−U in the IH vicinity by

δhΦ̂2ðxÞiU−U ≡ hΦ̂2ðxÞiU−U − c−: ð3:8Þ

Note that, due to the nontrivial oscillatory dependence of
the integrand in (3.6) on r�, it is not a priori clear that the
mode sum for δhΦ̂2iU−U (and thus for hΦ̂2iUren) converges to
a finite limit as the IH is approached (r� → ∞). In what
follows, we address this issue; we show that the limit is
indeed finite, and we expose the intricate behavior of the
field square as the IH is approached. It is important to note
that, while this (irregular) behavior is exposed in the

difference jUi − jUi, it originates entirely from the Unruh
state [since the jUi state is specifically constructed to be
regular (Hadamard) across CHR; see discussion to follow
in Sec. III C]. Consequently, the renormalized field square
in this state is smooth in r at r ¼ r−. The Unruh state, in
contrast, has been shown to be regular (Hadamard) up to,
but not including, the IH [35]. Accordingly, the renormal-
ized field square in the Unruh state is expected to be smooth
for any r < r−, but not necessarily at r ¼ r− itself.

A. Price-like tail

Sufficiently close to the IH, hΦ̂2iU−U is given by
Eq. (3.6), where the r�-dependence only enters through
the oscillatory term ∝ e2iωr� . Before turning to numerics for
the integral term, we note that the large-r� behavior of the ω
integral is controlled by the small-ω expansion of the
prefactor multiplying exp ð2iωr�Þ [proportional to Eωl0;
see Eq. (3.6)]. Indeed, after adding a small positive
imaginary part to r� to regulate the integral (and taking
it to zero at the end), one has [41]

Z
∞

0

dωωne2iωr� ¼ n!
ð−2ir�Þnþ1

; for integer n ≥ 0; ð3:9aÞ
Z

∞

0

dωωn lnðωMÞe2iωr� ¼ n!
ð−2ir�Þnþ1

�
iπ
2
− γ þHn − lnð2r�=MÞ

�
; for integer n ≥ 0; ð3:9bÞ

where γ is the Euler-Mascheroni constant andHn is the n-th
harmonic number. Given Eqs. (3.6) and (3.9a), the asymp-
totic tails generated by nonlogarithmic terms in the small-ω
expansion of Eωl0 are determined by either the real or the
imaginary part of the relevant expansion coefficient, with
only one of them contributing at a given order. By contrast,
Eq. (3.9b) implies that logarithmic terms generate tails
receiving contributions from both the real and imaginary
parts of the same coefficient.7 We carried out this analysis
analytically for the l ¼ 0 mode (which will dominate at
sufficiently large r�, see below) and found (i) that this mode
has leading inverse-power tail ∝ r−3� (with a prefactor
obtained here analytically for the first time), and (ii) that

there are no r� lnðr�=MÞ terms at this order. Namely,

δhΦ̂2
l¼0iU−U ¼ c0r−3� þ oðr−4� Þ; ð3:10Þ

where δhΦ̂2
l¼0iU−U is the l ¼ 0 contribution to δhΦ̂2iU−U

[defined in Eq. (3.8)], and c0 is analytically found to be

c0 ¼ −ℏM4
11κ−

3π2ðr2− þ a2Þ : ð3:11Þ

Details of the computation can be found in Appendix C and
in [47]; Appendix D describes the derivation of the
necessary small-ω expansions of the various scattering
coefficients. The analytical result in Eq. (3.11) is plotted
against the numerics in Fig. 9 in Appendix C for two values
of a=M. As shown in [38] (see in particular Eqs. (B49)–
(B50) therein), in the IH limit r� → ∞, the mode-sum
expressions for the bare fluxes hT̂uuibare and hT̂vvibare (in
the minimal coupling case) become independent of r; in
particular, the oscillatory contributions ∝ e�2iω−r� (origi-
nating from terms quadratic in the radial functions and their
derivatives) drop out. As evident from Eq. (3.2), this
simplification does not occur for hΦ̂2i (nor, for example,
for hT̂uvi or hT̂θθi); the mode sum contains a rapidly-

7In Eq. (3.2) (and everywhere throughout this paper), the
comparison state contribution is specific to the jUi state.
However, it is also possible to renormalize hΦ̂2i using other
classes of comparison states—an analysis of a different family of
comparison states which serves this purpose is currently in
preparation [46]. For each of these comparison states, the
small-ω behavior of the analog of ρdown

ωlm
(the related reflection

coefficient in region III) depends on the comparison state,
therefore so does the integrand function. However, all the
irregular features at the IH, including the inverse-power tails
and the QNM ringing, are independent of the comparison state (as
long as it is Hadamard at the IH).
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oscillatory dependence on r�. Accordingly, in order to
evaluate the r�-dependent piece of the mode sum (3.6), we
perform the computation for a sequence of finite, increas-
ingly large values of r�, and only then infer the asymptotic
behavior as r� → ∞. The mode-sum computation involves
both an l sum and an ω integral, with an integrand that
decays exponentially in both l and ω.
We find it more insightful to display the results corre-

sponding to first integrating over ω for fixed l, and to
display the individual l contributions before performing
the l sum, see Fig. 2. The results portrayed in this figure
show, for every l, exponentially decaying oscillations
followed by an inverse-power tail of the form r−2l−3� ,
clearly reminiscent of late-time Price tails [36] (which arise
in the context of classical perturbations, upon the sub-
stitution t → r�). As evident from the figure, the magnitude
of these tails decreases with l, and the transient regime
where the ringdown dominates before giving away to the
final asymptotic tail increases with l (hence, only the
l ¼ 0, 1, 2 tails are exposed here). The tails, rescaled by
their respective inverse powers, are presented in Fig. 3. This
figure allows to corroborate the tails (via the approach to a
plateau at large r�, normalized to 1) as well as to appreciate
the quality of the asymptotic tail behavior. Deviations from
the plateau at large r� are expected to arise due to numerical
artifacts, which can be understood as follows. The inte-
grand oscillates with a characteristic wavelength which
shrinks like 1=r�. Then, to reliably resolve these oscilla-
tions numerically [e.g., by sampling Oð10Þ points per
oscillation], the scattering coefficients must be computed
on an ω-grid with a spacing of dω ¼ Oð1=ð10r�ÞÞ. This
becomes increasingly challenging at very large r� values.

The numerical strategy as to how to overcome this is
presented in Appendix B. This limitation is essentially
l-independent, but it is more pronounced for larger l
because the plotted quantities are multiplied by larger
powers of r�, which amplifies any residual error.
Moreover, exposing the l ¼ 2 and higher tails is intrinsi-
cally more challenging because it requires higher precision
in the scattering coefficients (see vertical scale in Fig. 2).

B. QNM ringdown

In the pretail regime, we observe exponentially decaying
oscillations (as visible in Fig. 2), whose amplitudes are
exponentially suppressed with increasing l.
Remarkably, for all the l values we computed (l ≤ 7),

the (complex) frequencies of these oscillations were
numerically found to match8 twice the known fundamental
(n ¼ 0) polar (m ¼ 0) QNM frequencies for scalar pertur-
bations in Kerr (which can be found e.g., in [48]). This
observation is illustrated for l ≤ 3 in Fig. 4, i.e., the
observed behavior of δhΦ̂2

liU−U (at θ ¼ 0) in the ringdown
r�-regime (i.e., sufficiently near the IH but still before the
leading asymptotic tail) is well-described by

≈ℜfAl exp ð−2iωQNM
n¼0;l;m¼0r�Þg; ð3:12Þ

FIG. 2. Near-IH individual l contributions to δhΦ̂2iU−U [defined in Eq. (3.8)]. Each curve shows a transient ringdown followed by an
inverse-power tail. The points correspond to numerically computed values, and the tails are accompanied by their respective powers,
displayed in dashed black lines. As detailed in Sec.. III B below, the ringdown is fitted with the fundamental (n ¼ 0), m ¼ 0 QNMs
according to Eq. (3.12). Colorful solid lines correspond to the fitted exponentially decaying envelope.

8Note that in Fig. 2, the artificial ringing observed for l ¼ 7
(and less notably for l ¼ 2) is a sampling artifact associated with
the discrete spacing Δr�=M ¼ 1=2. The real part of the “physi-
cal” QNM frequency is, for l ¼ 7, ℜfωQNM

070 g ≈ 1.151=M,
yielding a period of about 4M in r�.
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FIG. 3. Individual l contributions to δhΦ̂2iU−U divided by their respective inverse power tails ðr�=MÞ−nl with nl ¼ 2lþ 3,
illustrating the approach to a constant at large r� (which is normalized here to 1).

FIG. 4. Zoomed-in view of the ringdown phase in the individual l contributions δhΦ̂2
liU−U for l ¼ 0, 1, 2, 3. In each plot the points are

numerically computed and the solid curve displays a fit according to Eq. (3.12), namely Al exp ð−2iωQNM
n¼0;l;m¼0r�Þ, with numerically-

determined complex amplitudes Al. In particular, as is well-known for QNM frequencies, as l increases in the eikonal limit (see, e.g.,
[49]) the oscillation frequency grows linearly, while the decay rate approaches a known constant.
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where ωQNM
n¼0;l;m¼0 denotes the fundamental m ¼ 0 scalar

QNM frequency and Al represents the numerically-fitted
complex amplitude. We refer to Appendix B for details on
the accuracy of this result.

C. Comparison to t-splitting results

In the subsections above we have computed hΦ̂2iU−U,
the difference between hΦ̂2i in the Unruh state and in the
comparison state jUi, and we have found that this quantity
consists, up to regular terms, of a superposition of QNM
ringings and Price-like tails, both in r�. Two key questions
arise; (1) how does the choice of comparison state influence
the results, and (2) are the observed ringing and tail features
inherent to the (physically relevant) Unruh state? These two
questions are intimately related; their resolution relies on
the regularity of the comparison state. Indeed, the (only)
motivation for constructing a comparison state for our
purpose is that it will be Hadamard across CHR,
see the Penrose diagram in Fig. 1. This Hadamard
property implies that, near the IH, expectation values are
smooth functions of any coordinate regular across the
IH (e.g., r). Considering the near-IH asymptotics of
r� ≃ ð−2κ−Þ−1 ln jðr − r−Þ=Mj, we find that neither the
ringdown in Eq. (3.12) nor the inverse-power tails are
smooth functions of r. Therefore, since by construction the
comparison state cannot introduce nonsmooth behavior (in
r), we conclude that the ringing and tails are features of the
Unruh state.9 Then, to summarize our findings, the
(regularized) individual-l contribution to the
Unruh-state field square near the IH admits the asymptotic
form,

hΦ̂2
liU ≃ const:þ clr−2l−3� þℜ

�
Ale

−2iωQNM
0l0 r�

	þ ð…Þ
ðr → r−Þ; ð3:13Þ

where cl is a real constant [with c0 given analytically in
Eq. (3.11)], Al was introduced in Eq. (3.12), and (…) is
expected to include overtones as well as higher-order
inverse-power tails in r� (such tails may also be accom-
panied by logarithmic factors of lnðr�=MÞ; see, e.g.,
Ref. [50], where analogous lnðt=MÞ factors arise in the
late-time behavior outside the EH).
For fixed l, the ringing dominates the irregular behavior

only over a finite range of r�, and not asymptotically
(similar to what happens to the classical field outside the
BH as a function of t instead of r�), see Fig. 2. The ringing
is therefore an intermediate-domain phenomenon, which,

particularly for low l, does not include many cycles. As
such, its numerical investigation does not allow us to
exactly determine the leading complex frequency.
However, fitting the oscillations within the domain where
they constitute the dominant behavior, we find good
agreement with the known fundamental quasinormal
frequencies for scalar perturbations in Kerr; see
Appendix B for numerical details. The sum over l of
the individual hΦ̂2

liU contributions is dominated by the
l ¼ 0 mode (because of the r−2l−3� asymptotic behavior),
as shown in Figs. 2 and 6(a). Concretely, defining
hΦ̂2iU− as the polar limiting value of hΦ̂2iU at the IH, we
find

hΦ̂2iU ¼ hΦ̂2iU− þ c0r−3� þ oðr−4� Þ ðr → r−Þ; ð3:14Þ

where c0 is given in (3.11). Notably, this final tail is
exposed only extremely close to the IH, at r� ≈ 60M
(corresponding to r − r− ∼ 10−40M for a ¼ 0.8M), as seen
in Fig. 2.
Determination of the constant term in Eq. (3.13) cannot

be done within our state-subtraction method, since it would
require knowledge of the near-IH regular behavior of the
comparison state jUi itself. Fortunately, some of us have
recently studied hΦ̂2i in the Unruh state in the interior
region of Kerr along the axis of rotation using more direct
renormalization techniques. Specifically, in Ref. [2] hΦ̂2iU
was computed throughout (except for on and asymptoti-
cally near the IH) the polar Kerr BH interior using a point-
splitting regularization scheme—namely, the t-splitting
variant of PMR [33,51,52], extended to the Kerr interior
in [2]. However, such a splitting direction becomes null on
approaching the polar IH, making the numerical imple-
mentation of the method challenging in that regime. In
addition to the general difficulty associated with the
t-splitting direction becoming null near the polar IH,
extracting the limiting value of hΦ̂2i is further complicated
by the nontrivial, nonmonotonic behavior investigated here.
For these reasons, we find that the near-IH behavior of
observables like hΦ̂2i is most efficiently explored by
supplementing the point-splitting approach with other
methods, as we do here. In the following, we describe
how to combine the results obtained for hΦ̂2iU in Ref. [2]
(through t-splitting) and the novel results for hΦ̂2iU−U
obtained here (through state-subtraction) to isolate the
regular contribution of the comparison state, and ultimately
extract the limiting polar IH value hΦ̂2iU− [as defined
in Eq. (3.14)].
In the closest approach to the IH for which point-splitting

results are available (see Fig. 17 in Ref. [2] for a=M ¼ 0.8),
our state-subtraction results (for hΦ̂2iU−U) are expected to
agree with the point-splitting results (for hΦ̂2iU) up to
regular contributions (coming from the comparison state).
In order to recover such (regular) contribution from the

9This claim is further supported by the fact that we repeated the
numerical analysis with several different comparison states used
as regulators, and in each case obtained identical results up to
regular terms [i.e., same values of Al and cl, as defined in (3.13)].
A detailed account of these additional computations is beyond the
scope of the current paper.
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comparison state, we subtract the numerical state-subtrac-
tion results from the t-splitting results [both plotted in
Fig. 5(a)], i.e., (retaining the “ren” subscript for clarity),

hΦ̂2iUren ¼ hΦ̂2iUren|fflfflffl{zfflfflffl}
t-splitting

− ðhΦ̂2iUren − hΦ̂2iUrenÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
state−subtraction

¼ hΦ̂2iUren − hΦ̂2iU−U; ð3:15Þ

where hΦ̂2iU−U was directly obtained via Eq. (3.6). The
above difference (between the t-splitting and state-sub-
traction results in the available overlap domain) is plotted in

Fig. 5(b). As expected, hΦ̂2iUren in the IH vicinity is
numerically found to be regular, and in the r-regime
considered it is dominated by the linear term in a series

expansion in ðr − r−Þ=M; see Fig. 5(b).=, i.e., hΦ̂2iUren in
the IH vicinity is well-described by

hΦ̂2iUrenðrÞ ≃ hΦ̂2iU− þ a1
r − r−
M

þO
��

r − r−
M

�
2
�
;

r → r−; ð3:16Þ

for numerically fitted parameters hΦ̂2iU− (corresponding to

the asymptotic polar IH value of hΦ̂2iUren) and a1, both given
in Fig. 5(b). Lastly, hΦ̂2iUðrÞ in the IH vicinity may be
extracted by adding the novel state-subtraction results for
hΦ̂2iU−U to Eq. (3.16). This procedure is better than simply
fitting the t-splitting data for hΦ̂2iUren directly because it is

easier to fit data for the smooth-in-rhΦ̂2iUren rather than data
for the nonsmooth-in-rhΦ̂2iUren.
Altogether, by combining the t-splitting results of

Ref. [2] for hΦ̂2iU with our state-subtraction results for
hΦ̂2iU−U, we were able to: (i) Determine the constant hΦ̂2iU−
appearing in Eq. (3.14) (this completes Table I in Ref. [2]
for the case a ¼ 0.8M); (ii) Extend the hΦ̂2iU results of
Ref. [2] deep into the near-IH regime (see Fig. 7 and its
caption; blue crosses correspond to t-splitting results
from [2], while the orange and green pluses denote our
new results); and (iii) Demonstrate excellent agreement
between the t-splitting and state-subtraction methods in the
overlap region (see the inset in Fig. 7), thereby providing
validation for both approaches.
Explicitly, we find the limiting polar IH value of hΦ̂2iU,

as defined in Eq. (3.14), to be (for a=M ¼ 0.8)

hΦ̂2iU− ¼ −0.01035ℏM−2: ð3:17Þ
(This can be compared with the analogous result in RN for
Q=M ¼ 0.8 given in Ref. [14], hΦ̂2iU− ¼ −0.07258ℏM−2.)
Finally, it is insightful to rewrite our main result in

Eddington-Finkelstein coordinates (2.4). Along a u ¼ u0
ray approaching CHR, hΦ̂2iU behaves asymptotically like,

hΦ̂2ðu0;vÞiU¼hΦ̂2iU−þαv−3þoðv−4Þ ðθ¼0Þ; ð3:18Þ
for some real constant α. We expect the subleading correc-
tions in Eq. (3.18) to include a QNM ringdown, as specified
per l-mode in (3.13). Interestingly, the leading-order tail
(i.e., v−3) in Eq. (3.18) is also known to govern the

FIG. 5. Comparison between t-splitting results for hΦ̂2iU from Ref. [2] and our state-subtraction results for hΦ̂2iU−U [obtained using
Eq. (3.6) with (3.5)], as functions of ðr − r−Þ=M in their overlap r-domain. The left panel shows both quantities, while the right panel

shows their difference [which corresponds via Eq. (3.15) to hΦ̂2iUren]. (a) State-subtraction results for near-IH hΦ̂2iU−U (orange points)
along with t-splitting results from Ref. [2] for near-IH hΦ̂2iU (blue crosses) in their overlap domain. The state-subtraction results in the
displayed r-regime were computed using the full radial solution [rather than the free approximation; see paragraph below Eq. (2.13)].
(b) Results for near-IH hΦ̂2iU− obtained according to Eq. (3.15). Blue points correspond to numerically implementing the full variant—
plotted in panel (a)—in the state-subtraction contribution to Eq. (3.15), whereas orange points correspond to implementing the free
variant. The solid lines show linear fits in ðr − r−Þ=M, consistent with the expected regular behavior of the comparison state near the IH.
The difference between the free and full variants manifests as an additional linear deviation in ðr − r−Þ=M that vanishes in the IH limit.
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FIG. 6. Further features of hΦ̂2iU at the innermost near-IH regime (here, r� ≈ 20M corresponds to r − r− ∼ 10−13M and r� ≈ 90M
corresponds to r − r− ∼ 10−60M). The left panel illustrates the dominance of the l ¼ 0 mode in the innermost near-IH regime; the
ringdown of this mode is, in turn, responsible for the extrema seen in the right panel. (a) hΦ̂2iU, defined as the difference between hΦ̂2iU
and its asymptotic value at the IH, denoted hΦ̂2iU− and given in Eq. (3.17), i.e., hΦ̂2iU ≡ hΦ̂2iU− hΦ̂2iU− . The l ¼ 0, l ¼ 1 and “total”
(summed up to l ¼ 7) contributions are shown separately in blue, green, and orange, respectively. The points and crosses are
numerically computed, whereas the solid lines are interpolated. The orange crosses are seen to nearly coincide with the blue points,
illustrating the dominance of the l ¼ 0 mode in the sum over l. (b) hΦ̂2iU in the innermost near-IH regime. The maximum and
minimum, marked “2” and “3”, correspond to those labeled in Fig. 7. The orange crosses are numerically computed and the solid line is
interpolated.

FIG. 7. hΦ̂2iU throughout the (polar) interior of the Kerr BH. The blue crosses denote the t-splitting results from Ref. [2] (see Figs. 15
and 17 therein), which extend to the left displaying the EH asymptotics. The orange pluses correspond to our novel results [obtained

through the state-subtraction method, consequently using Eq. (3.15) to recover hΦ̂2iUren and adding (3.16) to hΦ̂2iU−U at the final stage]
and extend towards the right displaying the IH asymptotics. The three arrows correspond to the maxima/minima of the oscillations,
predominantly due to the l ¼ 0 mode, see Fig. 6(b). The inset figure further demonstrates the agreement between the t-splitting results
and the state-subtraction results [with its two different variants displayed, see paragraph after Eq. (2.13)].
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asymptotic behavior of classical scalar-field modes at the
early portion of the CH in Kerr, see Eqs. (93) and (11) in
Ref. [3] (and note l0 ¼ 0 and n0 ¼ 3 in our case). Here, the
relevant modes are the m ¼ 0 axially symmetric modes,
which are the only modes contributing at the pole.

IV. STRESS-ENERGY FLUXES

The (classical) SETof themasslessKG fieldwith curvature
coupling ξ in a vacuum spacetime can be written as

Tab¼∇aΦ∇bΦ−
1

2
gabð∇cΦ∇cΦ−2ξ∇c∇cΦ2Þ−ξ∇a∇bΦ2

¼∇aΦ∇bΦ−
�
1

4
−ξ

�
gab∇c∇cΦ2−ξ∇a∇bΦ2: ð4:1Þ

In the second equality, we used the fact that ∇aΦ∇aΦ ¼
1
2
∇a∇aΦ2 for solutions to Eq. (2.6). In this paper we focus on

the axis of rotation (θ ¼ 0) in Kerr, where (in double-null
coordinates) both guu and gvv vanish identically. Recalling the
notation y∈ fu; vg, we may therefore write,

Tyy ¼ ∇yΦ∇yΦ − ξ∇y∇yΦ2 ðKerr; θ ¼ 0Þ: ð4:2Þ
Like Φ2, the classical stress-energy tensor is local and
quadratic in the field, hence it requires renormalization in
the quantum theory. Then (with the subscript “ren” sup-
pressed to conform with our notation throughout the paper),

hT̂yyiU¼h∇yΦ̂∇yΦ̂iU−ξ∇y∇yhΦ̂2iU ðθ¼0Þ: ð4:3Þ

The first term on the right-hand side, denoted below by
hT̂yyiU;ξ¼0, corresponds to the minimally coupled (ξ ¼ 0)
fluxes and has been recently analyzed and computed at the IH
[1] and throughout the interior of Kerr BHs [2] by some of us.
One achievement of the current paper is to extend the
aforementioned minimal-coupling results for the polar IH
fluxes to arbitrary ξ. For this purpose, theonly additional input
missing is the near-IH asymptotic behavior of hΦ̂2i [entering
through the∝ ξ term in Eq. (4.3)]. In Secs. III A and III B we
found that, in the vicinity of the IH, this behavior consists of a
superposition of QNM ringings followed by an r−3� tail;
see Eq. (3.14).
In the following, we derive an expression for the polar

fluxes valid for generic r values, taking the IH limit only
later. Taking Eq. (4.3) as our starting point,

hT̂yyiU ¼ hT̂yyiU;ξ¼0 − ξ∇y∇yhΦ̂2iU
¼ hT̂yyiU;ξ¼0 − ξð∂2y − Γμ

yy∂μÞhΦ̂2iU
¼ hT̂yyiU;ξ¼0 − ξð∂2y − Γy

yy∂y − Γȳ
yy∂ȳÞhΦ̂2iU; ð4:4Þ

where the Christoffel symbols Γμ
ρν are evaluated at θ ¼ 0,

and where ȳ denotes the “complementary” null coordinate
of y; that is, ȳ ¼ v if y ¼ u, and ȳ ¼ u if y ¼ v. We used

the fact that hΦ̂2iU cannot depend on φ (due to axial
symmetry), and we assumed its θ-dependence to be regular.
In particular, axial symmetry implies that near the pole, the
dependence on θ can only appear through even powers of θ,
so that ∂θhΦ̂2iUjθ¼0 ¼ 0. Moreover, using Γȳ

yy ¼ 0 and
Γy
yy ¼ 1

2
guv∂r�guv at the pole, one obtains

hT̂yyiU ¼ hT̂yyiU;ξ¼0 − ξ

�
1

4
∂
2
r� −

1

2

Mðr2 − a2Þ
ðr2 þ a2Þ2 ∂r�

�
hΦ̂2iU:

ð4:5Þ

Evaluating the expression above in the IH vicinity, using
Eq. (3.14), we find

hT̂yyiU ¼ hT̂yyiU;ξ¼0 − ξ

�
1

4
∂
2
r� þ

κ−
2
∂r�

�
hΦ̂2iU

¼ hT̂yyiU;ξ¼0 þ 3ξκ−
2

c0r−4� þ oðr−5� Þ ðθ ¼ 0Þ;
ð4:6Þ

with the constant c0 given in Eq. (3.11). We conclude that
the polar IH fluxes hTuuiU and hTvviU (obtained by taking
the limit r� → ∞ in the above) are independent of the
coupling to the curvature ξ. In particular, the polar IH
flux results of [1], computed for a minimally coupled
scalar field, in fact apply for arbitrary ξ. The ξ-dependent
approach to the IH value is governed by an r−4� inverse-
power tail. Translating to the Kruskal coordinate V
(regular and vanishing at CHR), we find that the leading
divergence hTVViU ∼ CV−2 is likewise independent of the
coupling to curvature (including the coefficient C). Our
analysis also points to a potential divergence of the near-IH
polar trace (however, a detailed analysis of the trace
requires going off-pole and is postponed to a later
paper [53]).

V. DISCUSSION

This paper was motivated by the computation of the
quantum energy fluxes hT̂uuiU and hT̂vviU (which are
expected to drive near-IH backreaction [15]) for a real
massless scalar field in the Unruh state at the IH of a Kerr
BH along the axis of rotation, extending the minimally
coupled (ξ ¼ 0) results of [1] to arbitrary curvature cou-
pling ξ. A key ingredient in this computation is the near-IH
asymptotic behavior of hΦ̂2iU, which we investigate in
detail using the state-subtraction method.
Our numerical analysis reveals that hΦ̂2iU approaches a

finite IH limit in a distinctive two-stage manner; for each l-
mode, the approach is marked by a ringdown followed by
an inverse-power tail, both in the tortoise coordinate r� [see
Eq. (3.13) and Figs. 2–4]. Two analogies with the well-
known classical behavior of fields outside the BH can be
drawn. First, the complex ringing frequencies are
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numerically found to match twice10 the well-known
classical fundamental QNM frequencies for classical scalar
perturbations in Kerr (available, e.g., in [48]); see
Eq. (3.12). Second, the inverse-power tails exhibit Price-
like behavior r−2l−3� , resembling the late-time decay of
classical fields in the BH exteriors. Our results for hΦ̂2iU
also resemble previous results in RN, obtained in [14],
where hΦ̂2iU approaches its asymptotic value via an r−3� tail
preceded by oscillations in r� (however, the frequencies of
these oscillations, as well as the individual l contributions
to the tails, were not investigated in that work).
Remarkably, in both the present polar Kerr analysis as
well as the RN one, the inverse-power-law behavior is
exposed only extremely close to the IH: in Kerr (and for
a=M ¼ 0.8) the leading l ¼ 0 tail becomes visible only at
r� ≈ 70M, corresponding to r − r− ∼ 10−45M, whereas in
RN (and for Q=M ¼ 0.8) the summed (over l) inverse-
power tail becomes visible only at r� ≈ 400M, correspond-
ing to r − r− ∼ 10−175M (see Fig. 3 of [14]). In addition, we
derive here the leading inverse-power tail analytically—
both the exponent and its prefactor [given in Eq. (3.11)].
The above investigation of the near-IH polar behavior of

hΦ̂2iU, itself a ξ-independent quantity, was crucial [through
Eq. (4.3)] for uncovering the behavior of the fluxes hT̂uuiU
and hT̂vviU for general coupling ξ ≠ 0; both their asymp-
totic IH values, as well as their behavior on approaching
these values. Our results generalize those of the previous
study [1] in that they (i) allow for generic coupling to
curvature ξ (at the pole), and (ii) extend application of the
state-subtraction method used in both works from the IH to
its close vicinity. Our analysis reveals that the limiting IH
values of both flux components remain unaltered, and
hence so does the corresponding divergence when
expressed in a regular (Kruskal) coordinate at CHR.
That is, the prefactor C appearing in hT̂VViU ≈ CV−2 is
independent of the coupling to curvature ξ. Moreover, our
results indicate that for nonminimal coupling, the leading ξ-
dependent divergence on approaching the IH is softened by
a logarithmic factor, i.e., ∼c0V−2 ln jκ−Vj−4, with the
prefactor c0 given analytically in Eq. (3.11). While our

analysis (including the above statements) is on a fixed Kerr
background, the results for hT̂uuiU and hT̂vviU provide key
input for a future backreaction analysis through the semi-
classical Einstein equation (1.1). Our results were obtained
by applying the state-subtraction method in the close IH
vicinity,11 employing a comparison state (denoted jUi)
introduced in [1]. Since the comparison state is regular
across CHR (as supported by our numerics, see Fig. 5(b);
see also Footnote), the irregular features in the state
difference jUi − jUi on approaching the IH must originate
from the Unruh state.
Moreover, since hT̂vviU ¼ 0 at CHR from regularity of

jUi, state-subtraction also suffices to uncover the asymp-
totic value of hT̂vviU at CHR (and hence also the coefficient
of the divergence of hT̂VViU). However, since regularity
does not fix hΦ̂2iU at CHR, it is (only) when combining the
state-subtraction results with the t-splitting results that we
can uncover the asymptotic value of hΦ̂2iU [see Eq. (3.17)].
Moreover, combining both methods yields hΦ̂2iU through-
out the entire interior region, as illustrated in Fig. 7.
A closely related issue is that the Kerr IH is particularly

challenging to probe with standard point-splitting methods:
as one approaches the polar IH, natural splitting directions
become null and the numerical implementation becomes
ill-defined, preventing access to the extremely close IH
vicinity. This practical obstruction is precisely what makes
state subtraction effective here, allowing us to reach the
deep near-IH regime where the QNM ringdown and Price-
like tails are exposed.
It would be natural and desirable to extend this analysis

away from the pole, where m ≠ 0 modes (and associated
superradiant effects) enter the computation. As preliminary
analysis already suggests, this may significantly modify the
behavior of hΦ̂2iU and, correspondingly, the general-ξ
fluxes. An additional appealing prospect for future research
would be the analytical derivation of both the ringing and
the inverse-power-law asymptotic behavior (obtained here
numerically), which would offer a more complete under-
standing of the near-IH dynamics of spinning BHs.
Furthermore, as mentioned in the Introduction, extend-

ing our results to arbitrary curvature coupling allows us to
draw immediate conclusions for a conformally coupled
scalar field (ξ ¼ 1=6). This is of particular interest in view
of the physically important electromagnetic field, which is
conformally invariant in four spacetime dimensions.
Extending the present analysis from the scalar to the

10The factor of 2 appears when the ringing is expressed in
terms of the coordinate r�; when expressed in terms of the
coordinate v (along a u ¼ const: ray) the ringing frequency
corresponds to the classical, fundamental QNM frequency ωQNM,
i.e., one schematically has the behavior ∼ expð−iωQNMvÞ. In fact,
one may indeed expect such a QNM ringdown for (m ¼ 0, axially
symmetric) classical field modes at the IH by the following
argument. Quasinormal modes are defined by the boundary
condition that they be purely ingoing at the EH [54], i.e.,
∼ expð−iωQNMvÞ there. An incoming wave from past null infinity
therefore rings down on the EH with this profile; then, propa-
gating this data through the interior [according to Eq. (2.8),
following the asymptotic behaviors given in Eq. (2.13)], one
expects the same ∼ expð−iωQNMvÞ ringing behavior to persist as
the IH is approached.

11While state-subtraction was previously used directly at the
IH [1], as well as compared against t-splitting results there, to the
best of our knowledge this is the first work where the state-
subtraction method was extended to the vicinity of the IH. In
particular, this extension required new numerical input that was
not required exactly at the IH, that is, the reflection coefficient
related to the jUi state, ρdown

ωl0
[as defined in Eq. (A15)].
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electromagnetic case is therefore a natural and promising
direction for future work.
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APPENDIX A: THE jUi TWO-POINT FUNCTION

In this Appendix we derive the mode-sum expression for
the HTPF associated with the comparison state jUi (origi-
nally introduced in [1]). We remark, however, that the
Hadamard property of the jUi state remains an (empirically
motivated) assumption; see Footnote 4. The derivation of
the jUi-state HTPF mode sum closely follows the analo-
gous derivation of the Unruh-state HTPF mode sum,
carried out in Ref. [38]. We begin the analysis in region
III (see Fig. 1), which is an asymptotically flat region that
plays the role of the jUi-state analog of region I (see
Ref. [1] for more details). We then continue to region II, the
BH interior, where (by explicitly performing a point-split in
θ and t, and combining with the known Unruh-state
counterpart) we derive Eqs. (3.2)–(3.3) for the mode-
sum difference used in the main text.

1. Region III

The scattering problem in region III (extending to
r → −∞) is mathematically well-posed, as the effective
potential (2.8b) remains well behaved in the limit r → 0
(indeed, it approaches a constant and can be extended
smoothly to negative r values). The presence of a singu-
larity and closed timelike curves (and, consequently, the
absence of well-defined Cauchy evolution) in region III
does not interfere with the evolution of the individual
Eddington-like modes, which still separate as (2.7), are
modewise specified by their final data on CHþ ∪ Īþ (see
Fig. 1) and satisfy a well-posed scattering problem. Then,
the derivation of the jUi mode-sum expression for the

HTPF proceeds similarly to that of the Unruh state, which
is given in detail in [38].
First, we expand the field operator in terms of out and

down modes goutωlm and gdown
ω̂bl m̂; these are solutions to

Eq. (2.6), defined by their final data

goutωlm ≃
Z−ω
lð−mÞðθ;φÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πωðr2 þ a2Þ

p �
0; CHL ∪ CHþ

e−iωu; Īþ ; ðA1Þ

gdown
ω̂bl m̂ ≃

Ybl m̂ðθ;φ−Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πω̂ðr2 þ a2Þ

p �
e−iω̂V; CHL ∪ CHþ

0; Īþ ; ðA2Þ

for ω; ω̂ > 0 [this is analogous to the in and up Unruh
modes defined implicitly through Eq. (2.15), with the only
difference that we redefined the labels for the angular
functions so that the outmodes will still separate as (2.7)].12

In terms of the above modes, we write the field operator
(in regions II and III) as

Φ̂ðxÞ ¼
X
l;m

Z
∞

0

dω
�
goutωlmðxÞĉoutωlm þ gout�ωlmðxÞĉout†ωlm

�
þ
X
bl;m̂

Z
∞

0

dω̂
�
gdown
ω̂bl m̂ðxÞĉdownω̂bl m̂ þ gdown�

ω̂bl m̂ ðxÞĉdown†
ω̂bl m̂ �

:

ðA3Þ

Here, ĉout†ωlm, ĉ
down†
ω̂bl m̂ and ĉoutωlm, ĉ

down

ω̂bl m̂ are the standard creation

and annihilation operators satisfying the canonical com-
mutation relations (see, e.g., Sec. IV.A in Ref. [38]). The
jUi state is defined as the vacuum state of this construction
(i.e., the state annihilated by all ĉdown

ω̂bl m̂ and ĉoutωlm operators).

Using the canonical commutation relations, the HTPF can
be rewritten (for spacetime points x and x0) as

GUðx; x0Þ≡ hfΦðxÞ;Φðx0ÞgiU
≡GU;outðx; x0Þ þ GU;downðx; x0Þ; ðA4Þ

with

GU;outðx; x0Þ ¼ ℏ
X
l;m

Z
∞

0

dωfgoutωlmðxÞ; gout�ωlmðx0Þg; ðA5aÞ

12As mentioned, region III in the Penrose diagram in Fig. 1 is
not globally hyperbolic, so (strictly speaking) the standard
definition of the KG inner product does not apply for the modes
given by the final data [(A1) and (A2)]. However, with the
standard extension of the KG inner product to the union of null
hypersurfaces Īþ ∪ CHþ ∪ CHL (see, e.g., [55]), these down and
out modes are chosen to be normalized with a positive norm for
positive ω and ω̂, correspondingly. Consequently, these modes
form a complete KG-orthonormal set of solutions to the wave
equation when restricted to the null boundary.
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GU;downðx; x0Þ ¼ ℏ
X
bl;m̂

Z
∞

0

dω̂
n
gdown
ω̂bl m̂ðxÞ; gdown�ω̂bl m̂ ðx0Þ

o
:

ðA5bÞ

As usual, it is advantageous to work with Eddington-type
modes, i.e., modes that separate as (2.7). We may define
Eddington-out type modes in region III by

foutωlm ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πjωjðr2 þ a2Þ

p e−iωtZω
lmðθ;φÞψout

ωlmðrÞ; ðA6Þ

with the radial solution obeying

ψout
ωlmðrÞ ≃

(
eiωr� þ ρout

ωlme
−iωr� r� → −∞

τoutωlme
iω−r� r� → ∞;

ðA7Þ

where the coordinate r� asymptotes to þ∞ at the IH and to
−∞ at negative radial infinity (r → −∞). The scattering
problem of these modes is schematically depicted in Fig. 8.
The scattering coefficients satisfy the Wronskian relation,

jρout
ωlm

j2 þ ω−

ω
jτoutωlmj2 ¼ 1: ðA8Þ

For future reference, we explicitly write the asymptotic
behavior for these modes at CHR,

foutωlmjCHR ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πjωjðr2 þ a2Þ

p Zω
lmðθ;φ−Þτoutωlme

iω−u ðA9Þ

and at Īþ

foutωlmjĪþ ¼ ð−1Þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πjωjðr2 þ a2Þ

p ðZ−ω
lð−mÞðθ;φÞe−iωuÞ�; ðA10Þ

where in Eq. (A10) we used the property that Zω�
lmðθ;φÞ ¼

ð−1ÞmZ−ω
lð−mÞðθ;φÞ to facilitate comparison with Eq. (A2).

Then, by comparing Eqs. (A2) and (A10), we find

goutωlmjĪþ ¼ ð−1Þmfout�ωlmjĪþ : ðA11Þ

In addition, both goutωlm and foutωlm vanish on CHþ and satisfy
the wave equation (2.6), and hence the above relation is
satisfied throughout region III. Thus, goutωlm are of Eddington
type [i.e., decompose according to (2.7)].
Unlike the goutωlm modes, the gdown

ω̂bl m̂ modes do not

decompose as Eq. (2.7). To proceed, we express each such
mode (A2) as a sum of two other mode solutions, which we
denote gdown;L

ω̂bl m̂ and gdown;þ
ω̂bl m̂ , initially supported on CHL and

CHþ, respectively, and both vanishing at Īþ, i.e., these
solutions obey the asymptotic relations,

gdown;L
ω̂ l̂ m̂

≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πω̂ðr2 þ a2Þ
p Yl̂ m̂ðθ;φ−Þ

8<:
e−iω̂V CHL

0 CHþ

0 Īþ
;

gdown;þ
ω̂ l̂ m̂

≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πω̂ðr2 þ a2Þ
p Yl̂ m̂ðθ;φ−Þ

8><>:
0 CHL

e−iω̂V CHþ

0 Īþ
;

ðA12Þ

and the following holds:

gdown
ω̂bl m̂ ¼ gdown;L

ω̂bl m̂ þ gdown;þ
ω̂bl m̂ : ðA13Þ

In the following, we reexpress the Kruskal-based down
modes gdown

ω̂bl m̂ in terms of Eddington-type downmodes fdownωlm

in region III, which separate as Eq. (2.7), i.e.,

fdownωlm ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πjω−jðr2 þ a2Þ

p Zω
lmðθ;φÞe−iωtψdown

ωlm ðrÞ;

ðA14Þ

with the radial solution ψdown
ωlm ðrÞ obeying the asymptotic

behavior,

FIG. 8. Scattering problem of the out Eddington-type modes
foutωlm [in red, defined through Eq. (A6)–(A7)] and down Ed-
dington-type modes fdownωlm [in blue, defined through Eq. (A14)–
(A15)] in region III. Likewise, in region II we depict the fRωlm
modes [in green, defined through Eq. (A26)–(A27)] and the fLωlm
modes [in orange, defined through Eq. (A26)–(A28)].
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ψdown
ωlm ðrÞ ≃

�
τdownωlm e−iωr� ; r� → −∞
e−iω−r� þ ρdown

ωlm eiω−r� ; r� → ∞:
ðA15Þ

The scattering problem for the Eddington modes in region
III is schematically depicted in Fig. 8. We explicitly give
the asymptotic behavior for the down modes [which can be
derived by using Eqs. (A14)–(A15), along with (2.3)]

fdownωlm ≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πjω−jðr2−þa2Þ
p Zω

lmðθ;φ−Þ
�
eiω−v CHþ

ρdown
ωlm

eiω−u CHR:

ðA16Þ

The scattering coefficients ρdown
ωlm

and τdownωlm are defined
with respect to the above asymptotic behavior and satisfy
the Wronskian relation,

jρdown
ωlm

j2 þ ω

ω−
jτdownωlm j2 ¼ 1: ðA17Þ

Furthermore, the down and out scattering coefficients are
related by

τdownωlm ¼ ω−

ω
τoutωlm;

ρout�
ωlm

ρdown
ωlm

¼ −
τout�ωlm

τoutωlm
: ðA18Þ

In accordance with the analogous derivation for the Unruh

state in Ref. [38], we will use the notation Fð−Þ
ω−lm

≡
Fωðω−;mÞlm for indexed quantities Fωlm, where
ωðω−; mÞ≡ ω− þmΩ−. We will also use J to collectively
denote lm. We start by rewriting the Kruskal-based initial
data in terms of Eddington-based data; we aim for
expansion coefficients that relate the angular and ðt; r�Þ
initial functions of the two mode families, i.e., coefficients
denoted αþω̂ω−

and Cω−
ĴJ

that obey

e−iω̂V ¼ 1

2π

Z
R
dω−α

þ
ω̂ω−

eiω−v;

YĴðθ;φ−Þ ¼
X
J

Cω−
ĴJ
Zωðω−;mÞ
J ðθ;φ−Þ: ðA19Þ

Applying an inverse Fourier transform one may write
αþω̂ω−

¼ R
R dve−iω−ve−iω̂VðvÞ. Inserting the expression for

VðvÞ which is valid in region III [given in the text below
Eq. (2.4)] one finds,13

αþω̂ω−
¼ 1

κ−

�
ω̂

κ−

�
iω−κ−
e
−πω−
2κ− Γ

�
−iω−

κ−

�
: ðA20Þ

The coefficients Cω−
ĴJ

relating the orthonormal functions on
the two-sphere are defined by Eq. (5.2) in [38] (with the
replacement ωþ → ω−, φþ → φ−) and satisfy the com-
pleteness relation given in Eq. (5.17) therein. It follows that

the gdown;þ
ω̂bl m̂ modes and the (separable) fdownð−Þω−J

modes are

related on CHþ by

ffiffiffiffî
ω

p
gdown;þ
ω̂ Ĵ

jCHþ

¼ 1

2π

X
J

Z
R
dω−

ffiffiffiffiffiffiffiffiffi
jω−j

p
Cω−
ĴJ
αþω̂ω−

fdownð−Þω−J
jCHþ : ðA21Þ

Both the down, + Kruskal modes gdown;þ
ω̂bl m̂ and the

Eddington-type down modes fdownωlm vanish on Īþ and
satisfy the same wave equation, hence the decomposition
in Eq. (A21) is satisfied not only at CHþ but everywhere
throughout region III. Inserting this as well as Eq. (A11)
into the expression for the HTPF in region III [given in
Eq. (A5)], and using

Z
∞

0

dω̂
ω̂

αþω̂ω−
ðαþω̂ω0

−
Þ� ¼ 4π2

ω−

1

e2πω−=κ− − 1
δðω− − ω0

−Þ;

ðA22Þ

as well as the completeness relation in (5.17) therein, one
arrives at the result

GUðx; x0Þ ¼ ℏ
X
J

Z
R
dω−signðω−Þ

1

e
2πω−
κ− − 1

ffdownð−Þω−J
ðxÞ; fdownð−Þ�ω−J

ðx0Þg þ ℏ
X
J

Z
∞

0

dωffoutωJ ðxÞ; fout�ωJ ðx0Þg; ðA23Þ

which is valid for x, x0 in region III. The first integral can be “folded” (using the symmetries of the modes, i.e.,

fdownð−Þð−ω−Þlð−mÞ ¼ ð−1Þmfdownð−Þ�ω−lm
) around ω− ¼ 0 to yield,14

13This integral can be carried out as in Eq. (3.3) in Ref. [56]. Our αþω̂ω−
may be obtained from αpastωω̃ , given in Eq. (3.3) therein and

defined above it, upon substituting κþ → κ−, ω → −ω̂ and ω̃ → ω−.
14It should be noted that the folding procedure mixes the contributions of pairs of �jmj modes.
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GUðx; x0Þ ¼ ℏ
X
J

Z
∞

0

dω− coth

�
πω−

κ−

�
ffdownð−Þω−J

ðxÞ; fdownð−Þ�ω−J
ðx0Þg þ ℏ

X
J

Z
∞

0

dωffoutωJ ðxÞ; fout�ωJ ðx0Þg: ðA24Þ

Finally, returning to the standard ω-indexed notation, we may write the above as

GUðx; x0Þ ¼ ℏ
X
l;m

Z
∞

0

dω− coth

�
πω−

κ−

�
ffdownωlm ðxÞ; fdown�ωlm ðx0Þg þ ℏ

X
l;m

Z
∞

0

dωffoutωlmðxÞ; fout�ωlmðx0Þg: ðA25Þ

It is worth comparing this expression with the known
expression for the HTPF in the Unruh state in the BH
exterior (region I), see e.g., Eq. (5.29) in Ref. [38]. As
expected, the expressions are identical under the replace-
ments finωlm ↦ foutωlm, fupωlm ↦ fdownωlm , ωþ ↦ ω− and
κþ ↦ κ−.

2. Region II

We now consider the HTPF (A4) in the case that x, x0 are
in region II, aiming at an expression in terms of the
Eddington-type modes which are computationally advanta-
geous. For this purpose, we will first define the Eddington-
type modes in region II; left modes fLωlm emerging from
CHL, and right modes fRωlm emerging from CHR, as
depicted in Fig. 8. Both families of modes separate as
Eq. (2.7) (in what follows, we denote their respective radial
solutions by ψL

ωlm and ψR
ωlm),

fR=L
ωlm≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πjω−jðr2þa2Þ
p e−iωtZω

lmðθ;φÞψR=L
ωlmðrÞ: ðA26Þ

The L-modes are defined by their final data,

fLωlm ≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πjω−jðr2 þ a2Þ
p Zω

lmðθ;φ−Þ
�
e−iω−v CHL

0 CHR
;

ðA27Þ

(in particular, ψL
ωlm ≃ e−iω−r� at r → r−). TheR-modes are

defined through the final data

fRωlm ≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πjω−jðr2 þ a2Þ
p Zω

lmðθ;φ−Þ
�
0 CHL

eiω−u CHR

ðA28Þ

(in particular, ψR
ωlm ≃ eþiω−r� at r → r−). The prefactor of

the modes is chosen such that the KG inner product of fΛωlm
and fΛ

0
ω0l0m0 , where Λ;Λ0 take the values L, R, is

signðω−ÞδΛΛ0δll0δmm0δðω − ω0Þ. Since the radial equation
is real, we can write ψR

ωlm ¼ ψL�
ωlm and express everything

in terms of a single radial solution. Using Eq. (A13), we
rewrite the down contribution to the HTPFGU;downðx; x0Þ in
region II as

GU;downðx; x0Þ ¼ ℏ
X
l̂;m̂

Z
∞

0

dω̂
�n

gdown;L
ω̂bl m̂ ðxÞ; gdown;L�

ω̂bl m̂ ðx0Þ
o
þ
n
gdown;L
ω̂bl m̂ ðxÞ; gdown;þ�

ω̂bl m̂ ðx0Þ
o

þ
n
gdown;þ
ω̂bl m̂ ðxÞ; gdown;L�

ω̂bl m̂ ðx0Þ
o
þ
n
gdown;þ
ω̂bl m̂ ðxÞ; gdown;þ�

ω̂bl m̂ ðx0Þ
o�

: ðA29Þ

Comparing Eqs. (A16) and (A28), as well as Eqs. (A9) and
(A28), we note that on CHR

fdownωlm jCHR ¼ ρdown
ωlm

fRωlmjCHR ;

foutωlmjCHR ¼
ffiffiffiffiffiffiffiffiffi
jω−j
jωj

s
τoutωlmf

R
ωlmjCHR ; ðA30Þ

and by similar arguments as above, these relations actually
hold everywhere in region II. Our next goal is to find the
coefficients relating the down-L Kruskal-type modes
gdown;L
ω̂bl m̂ and the left Eddington-type modes fLωlm in region

II. Namely, we want to fix the coefficients αLω̂ω−
and Cω−

ĴJ
in

the expansion,

ffiffiffiffî
ω

p
gdown;L
ω̂ Ĵ

ðxÞ ¼ 1

2π

X
J

Z
R
dω−

ffiffiffiffiffiffiffiffiffi
jω−j

p
Cω−
ĴJ
αLω̂ω−

fLð−Þω−J
ðxÞ:

ðA31Þ

Re-expressing the initial Kruskal data e−iω̂V in terms of the
Eddington-type data e−iω−v and performing an inverse
Fourier transform (like we did in region III), we find
[the resulting expression is that in Eq. (6.10) in Ref. [38]
upon replacing κþ → κ−, ω̂ → −ω̂ and ωþ → ω−]

αLω̂ω−
¼ αþω̂ω−

eπω−=κ− ; ðA32Þ
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with αþω̂ω−
given in Eq. (A20) and angular coefficients Cω−

ĴJ
unchanged. Using Eq. (A30), we additionally have

ffiffiffiffi
ω̂

p
gdown;þ
ω̂bl m̂ ðxÞ ¼ 1

2π

X
J

Z
R
dω−

ffiffiffiffiffiffiffiffiffi
jω−j

p
Cω−
ĴJ
αþω̂ω−

ρdownð−Þω−lm
fRð−Þ
ω−lm

ðxÞ;
ffiffiffiffi
ω

p
goutωlmðxÞ ¼ ð−1Þm

ffiffiffiffiffiffiffiffiffi
jω−j

p
τoutð−Þ�ω−lm

fRð−Þ�
ω−lm

ðxÞ; ðA33Þ

in region II. These expressions, along with Eq. (A31) may be inserted in Eqs. (A5a), (A29), and using the same strategy
used in region III, we obtain the result

GUðx; x0Þ ¼ ℏ
X
J

Z
R
dω−signðω−Þ

1

1 − e
−2πω−
κ−

ffLð−Þω−J
ðxÞ; fLð−Þ�ω−J

ðx0Þg

þ ℏ
X
J

Z
R
dω−signðω−Þ

1

e
πω−
κ− − e

−πω−
κ−

2ℜðρdownð−Þ�ω−J
ffLð−Þω−J

ðxÞ; fRð−Þ�
ω−J

ðx0ÞgÞ

þ ℏ
X
J

Z
R
dω−signðω−Þ

1

e
2πω−
κ− − 1

jρdownð−Þω−J
j2ffRð−Þ

ω−J
ðxÞ; fRð−Þ�

ω−J
ðx0Þg

þ ℏ
X
J

Z
∞

0

dω
jω−j
ω

jτoutð−Þω−J
j2ffRð−Þ

ω−J
ðxÞ; fRð−Þ�

ω−J
ðx0Þg; ðA34Þ

where we can already identify the hyperbolic cosecant in the second line. Folding the first three integrals and dropping the
(−) notation at the final stage yields the result,

GUðx; x0Þ ¼ ℏ
X
J

Z
∞

0

dω− coth

�
πω−

κ−

�
ðffLωJðxÞ; fL�ωJðx0Þg þ jρdown

ωJ
j2ffRωJðxÞ; fR�

ωJ ðx0ÞgÞ

þ ℏ
X
J

Z
∞

0

dω−2csch

�
πω−

κ−

�
ℜðρdown

ωJ
ffL�ωJðxÞ; fRωJðx0ÞgÞ

þ ℏ
X
J

Z
∞

0

dω
jω−j
ω

jτoutωJ j2ffRωJðxÞ; fR�
ωJ ðx0Þg: ðA35Þ

In particular, it follows that the Unruh HTPF in region II [given explicitly in Eq. (6.37) in Ref. [38] ] and the jUi-state HTPF
in region II are related by the simple mapping ωþ ↦ ω−, κþ ↦ κ−, ρ

up
ωlm ↦ ρdown

ωlm , τinωlm ↦ τoutωlm and fR=Lωlm ↦ fR=L
ωlm (with

the fR=Lωlm functions defined in the reference).
As long as the points are separated (and not connected by a null geodesic) the HTPFs in the two states jUi and jUi are

finite and individually well-defined. The coinciding point limit of their difference is also well-defined, as the difference of
two HTPFs is smooth. In Ref. [2], which developed t-splitting methods applicable inside a Kerr BH along the axis, an
intermediate split in θ was required in addition to the split in t. Accordingly, here we consider two distinct points x and x0,
separated by Δt and Δθ, i.e., x ¼ ðt; r; θ;φÞ and x0 ¼ ðtþ Δt; r; θ þ Δθ;φÞ. In this case

GUðx; x0Þ ¼ ℏ
8π2ðr2 þ a2Þ

X
lm

Z
∞

0

dω−

ω−

�
coth

�
πω−

κ−

�
ðjψR

ωlmðrÞj2 þ jρdown
ωlm

j2jψR
ωlmðrÞj2Þ

þ 2csch
�
πω−

κ−

�
ℜðρdown

ωlm
ψR
ωlmðrÞ2Þ

�
SωlmðθÞSωlmðθ þ ΔθÞ cosðωΔtÞ

þ ℏ
8π2ðr2 þ a2Þ

X
lm

Z
∞

0

dω
ω

jτoutωlmj2jψR
ωlmðrÞj2SωlmðθÞSωlmðθ þ ΔθÞ cosðωΔtÞ; ðA36Þ

and a similar expression holds for GUðx; x0Þ, derived from Eq. (6.37) in Ref. [38]. In deriving these forms for GUðx; x0Þ and
GUðx; x0Þ, we used the following result.15 Given a function EmðωÞ with the property Eð−mÞð−ωÞ ¼ EmðωÞ, we may write

15In the original Ref. [38], only the ωþ case was discussed, but the arguments exposed there trivially extend to the ω− case.
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P
l
m¼−l

R∞
0 dω�EmðωÞ ¼

P
l
m¼−l

R∞
0 dωEmðωÞ. Finally,

inserting the asymptotic IH behavior ψR
ωlm ≃ eiω−r� (and

correspondingly for the radial solutions entering the HTPF
in the Unruh state) and taking the limit x0 → x (i.e., Δt → 0

and Δθ → 0) in the HTPF difference GU−Uðx; x0Þ yields
Eqs. (3.2)–(3.3) in the main text.

APPENDIX B: NUMERICAL METHODS

1. Computation of ρupωl0, Aωl0, Bωl0, ρdownωl0
, and Sωl0

The numerical ingredients necessary to evaluate the
mode sum (3.2)–(3.3) at the pole (θ ¼ 0) are the exterior
scattering reflection coefficient ρupωl0, the interior scattering
coefficients Aωl0, Bωl0, the spheroidal harmonics Sωl0 and
the reflection scattering coefficient associated with the
comparison jUi state, ρdown

ωl0
.16 We obtained all ingredients,

with the exception of ρdown
ωl0 , as detailed in Appendix C,

Sec. I in Ref. [2]. The jUi reflection coefficient ρdown
ωl0

was
obtained by numerically solving the related radial equation
in Mathematica [41], within a precision of 10−17 for l ¼ 0

and l ¼ 1, and 10−20 for l ¼ 2. Higher precision is
required for larger l in order to resolve the inverse-power
tails (see vertical scale in Fig. 2). For l > 2, our ρdown

ωl0 has a
precision of 17 significant figures. We did not attempt to
increase the precision for any l > 2, and therefore did not
expose the tails in these higher-l cases. Regarding the
ringing in Fig. 4, the numerically obtained ringing frequen-
cies are found to match the l ¼ 0 to l ¼ 3 fundamental
m ¼ 0 mode frequencies to a (relative) precision of 2% for
l ¼ 0, 0.1% for l ¼ 1, and 0.02% for l ¼ 2 and l ¼ 3.
The ringing frequencies can only be determined exactly if
the ringing itself extends to infinity (in r�), which is not the
case here, due to the presence of the tails. However, the
agreement with the classical QNM frequencies extends to
the accuracy to which we were able to numerically
determine the ringing frequencies.
For the figures throughout the paper, the accuracy of all

points is such that the error would not be visible on the
scale presented.

2. Strongly-oscillating integrand

The mode-sum expression for hΦ2iU−U in the (polar) IH
vicinity, given through Eqs. (3.8) and (3.6), has an
integrand function which oscillates like expð2iωr�Þ. At
large r� (corresponding to the close vicinity of the IH) the
integrand hence oscillates very rapidly (the wavelength of
the oscillations in ω being ∼r−1� ). In order to adequately
resolve the integrand, we proceed as follows. We compute

the envelope of the oscillations [see Eq. (3.6)] at an initial
spacing dωi, which is determined by the spacing of the
scattering coefficients and which ranges from dωi ¼
ð400MÞ−1 to ð200MÞ−1 in our analysis. The envelope is
well-behaved and decays exponentially at large ω. We then
interpolated this envelope and refined it by sampling the
interpolating function at a refined dωref spacing of our
choice [a typical value dωref ¼ ð1000MÞ−1 was sufficient
to produce the figures in this document]. The refined
integrand is then trivially multiplied by the oscillating
(discrete) exponential function exp ð2iωrefr�Þ, allowing one
to resolve the oscillations and accurately evaluate the
integral. In doing so, we considered ωmax ranging from
10M−1 to 15M−1. The (absolute) error associated with ωmax

isOð10−20Þ, which is negligible with respect to other errors
present in the analysis. The lmax error, apparent in
quantities involving the sum over l, like (3.17), induces
an errorOð10−11Þ, which is smaller than the finite dω error,
being Oð10−9Þ in the same quantity. Hence, the state-
subtraction results in Secs. III A and III B, such as
c− appearing in Eq. (3.5), carry absolute error Oð10−9Þ
(corresponding to 0.001% relative precision). When the
state-subtraction results are combined with the near-IH
t-splitting results in Ref. [2], the limited precision of the
latter analysis [which is of order Oð10−5Þ] constitutes the
limiting factor. Therefore, quantities in Sec. III C [e.g.,
Eq. (3.17)] carry larger absolute error, of order ∼Oð10−5Þ
(corresponding to 0.5% relative precision).

APPENDIX C: ANALYTIC DERIVATION OF THE
LEADING INVERSE-POWER TAIL IN hΦ̂2iU ON

APPROACHING THE POLAR IH

In this Appendix, we follow the approach outlined below
Eq. (3.9) and employ the small-frequency expansions of the
various scattering coefficients entering the mode sum in
(3.6)–(3.7) to analytically derive the leading inverse-power
tail for the l ¼ 0 mode contribution to hΦ̂2iU. Specifically,
the analysis below establishes (i) the leading inverse-power
for this mode (found to be r−3� ), (ii) the associated prefactor
c0, defined in Eq. (3.10) and given explicitly in Eq. (3.11),
and (iii) the absence of r� lnðr�=MÞ terms at this order. As
discussed in Sec. III C, the tail in hΦ̂2iU−U entirely
originates from hΦ̂2iU. Hence, like elsewhere in the manu-
script, we can focus on hΦ̂2iU−U in the present tail
analysis.17

16Note that Eqs. (3.2) and (3.3) (evaluated at the pole) also
involve the transmission coefficients τinωl0 and τoutωl0, but only
through their absolute values, which are related to the corre-
sponding reflection coefficients listed above through the
Wronskian relations (2.14), (A8), and (A18).

17The analytical analysis presented in this Appendix is specific
for using the jUi state as regulator. However, the result for c0 can
be checked to hold for a different class of states for which the
analog of the scattering coefficient ρdown

ω00
has a small-ω expansion

of the type
P∞

n¼0 ρnðiωMÞn, with real coefficients ρ
n
. It is,

however, the jUi state that we use in this work, and hence we
shall not elaborate further on such other computations. See also
Footnote 7.
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In the following, we give the small-ω expansion of ρupω00, defined in Eq. (2.12) [we take lnðzÞ to denote the principal
branch, so that lnð−iÞ ¼ −iπ=2]:

ρupω00 ¼ ρ0 þ ρ1ðiωMÞ þ ρ2ðiωMÞ2 þ ðiωMÞ3ðρ3 þ ρ̃3 lnð−iωMÞÞ þ ðiωMÞ4ðρ4 þ ρ̃4 lnð−iωMÞÞ þ oððωMÞ5Þ; ðC1Þ

with real dimensionless coefficients ρi, i∈ f0; 4g and ρ̃i,
i∈ f3; 4g. Numerical evidence indicates, however, that the
relatively simple structure in Eq. (C1) breaks down already
at next order oððωMÞ5Þ.
One can show that the interior scattering coefficients

Aω00 and Bω00, defined via Eq. (2.13), admit the series
expansions,

Aω00 ¼
X∞
n¼0

AnðiωMÞn; Bω00 ¼
X∞
n¼0

BnðiωMÞn; ðC2Þ

for real An and Bn, for all n ≥ 0. In fact, the form of this
simple power-series expansion can be shown to hold for
any l ≥ 0, m ¼ 0. In doing so, one needs to justify (i) the
absence of log terms [unlike the scattering coefficients in
the exterior, see Eq. (C1)], and (ii) the reality of the
prefactors in the expansion. Statement (i) follows since
Aωl0 and Bωl0 are coefficients for the scattering between
two regular points of the radial differential equation (2.8)
(corresponding to the horizons). Regarding (ii), the reality
of the coefficients in the expansion follows from the
symmetry A�

−ωl0 ¼ Aωl0, for ω∈R, (and likewise for
Bωl0), which is induced by the radial operator in
Eq. (2.8) (with m ¼ 0), together with the initial data
in Eq. (2.13).
In the following, we include the explicit coefficients

which are necessary to compute the l ¼ 0 leading tail. For
ρupω00, only the coefficients

ρ0 ¼ −1; ðC3aÞ

ρ1 ¼ −2
rþ
M

; ðC3bÞ

ρ2 ¼ 2

�
a2

M2
− 4

rþ
M

�
; ðC3cÞ

ρ̃3 ¼ −16
rþ
M

; ðC3dÞ

ρ̃4 ¼ −
16

3

�
23

rþ
M

− 6
a2

M2

�
; ðC3eÞ

explicitly appear.18 For the interior scattering coefficients,
the relevant coefficients are

A0 ¼
1

2

� ffiffiffiffiffiffi
κþ
κ−

r
−

ffiffiffiffiffiffi
κ−
κþ

r �
; B0 ¼

1

2

� ffiffiffiffiffiffi
κþ
κ−

r
þ

ffiffiffiffiffiffi
κ−
κþ

r �
;

ðC4aÞ

A1 ¼ −B1 ¼
5

3
A0: ðC4bÞ

Using the expansion coefficients in Eqs. (C3)–(C4), the
integrand in Eq. (3.6) [and as specified in Eqs. (3.3)–(3.7)]

FIG. 9. Numerical results (blue points) for δhΦ2
l¼0iU−U multiplied by ðr�=MÞ3 as a function of r�=M, shown for r�=M > 50, for

a=M ¼ 0.8 (left) and a=M ¼ 0.9 (right). The oscillations on the left of both panels correspond to the QNM ringdown, discussed in detail
in Sec. III B. The dashed red line indicates the analytical asymptotic value c0 [given explicitly in Eq. (3.11)]. The numerical results
converge to the analytical prediction on approaching the IH (r�=M → ∞).

18We note that the coefficient ρ̃4 appears in (C3) (and so is
relevant for the calculation of c0) whereas the lower order
coefficient ρ3 does not. This is due to the reality of these
coefficients combined with the specific way in which ρupωlm
appears in the integrand in Eq. (3.6) together with the integrals
in (3.9).
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can be expanded in a small-frequency series.19 The mode
integral can then be computed term by term using the
integral relations (3.9b), and taking into account the parity
of the prefactors, the result in (3.11) follows. The derivation
can be found in Ref. [47]. The analytical result is plotted
against the numerics in Fig. 9 for a=M ¼ 0.8, 0.9. In both
cases, the numerically obtained prefactor matches the
analytical prediction (3.11) to 0.1% relative precision
(consistent with the error limitations of the numerics).

APPENDIX D: SMALL-FREQUENCY
EXPANSIONS OF SCATTERING COEFFICIENTS

In this appendix we briefly describe how we analytically
calculated the small-frequency expansions of the interior
scattering coefficients Aωl0 and Bωl0, defined via
Eq. (2.13), and the exterior coefficient ρupω00, defined in
Eq. (2.12). In order to obtain these expansions, we used the
so-called MST method for the radial Teukolsky equation
for generic integer spin s ¼ 0;�1;�2 [see Eq. (4.9) in
[57] ]. The MST method is reviewed in Ref. [58] for radial
solutions and scattering in the exterior of Kerr and we
readily extended to the interior (for the interior, see also
Ref. [59], with which we have slight disagreements for
s ≠ 0, which we note below).
The MST method essentially yields double-ended infin-

ite-series representations for the scattering coefficients and
the radial solutions. The MST infinite series are naturally
adapted to providing small-frequency expansions up to
arbitrary order. While Ref. [58] (and references therein as
well as Ref. [59]) provide MST, infinite-series representa-
tions for the scattering coefficients (and radial solutions),
their actual small-frequency expansions are obtained by
carefully expanding the summands for small Mω and
truncating the infinite series at the appropriate order. In
the case of the scalar field, Ref. [50] derived the explicit
small-frequency expansions of the exterior scattering coef-
ficients (with a normalization of the radial solution different
from the one in this paper) as well as of various quantities
which are necessary for calculating the expansions of the
interior coefficients. Thus, to obtain the explicit expansion
for ρupω00, we use the expansions of the exterior coefficients
given in [50] and adapt them to our normalization here; in
its turn, to obtain the explicit expansions for Aωl0 and Bωl0,

we use the infinite-series representations which we derive
together with the expansions of the building blocks given in
[50]. Below we give the explicit MST series representations
for ρupωlm, Aωlm, and Bωlm and provide their explicit small-
frequency expansions for m ¼ 0; for l ¼ 0 in the case of
ρupωlm and for generic l in the case of Aωlm and Bωlm.
Before doing so, it is useful to provide a dictionary

between the notation used in Ref. [58] and that used in this
Appendix. The MST expansions in [58] are described in
terms of variables,

q≡ a
M

; ϵ≡ 2Mω; κ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

q
; ðD1Þ

x≡ ωðrþ − rÞ
ϵκ

; τ≡ ϵ −mq
κ

; ϵ� ≡ ϵ� τ

2
: ðD2Þ

These MST variables connect to variables we have defined
in this paper, such as

ω�≡ω−mΩ�; Ω�≡ a
2Mr�

; κ�≡rþ−r−
4Mr�

; ðD3Þ

via

ϵ�¼� 2Mr�
rþ−r−

ω�¼� ω�
2κ�

; 2Mκ¼ rþ−r−¼4Mr�κ�;

x¼ rþ−r
rþ−r−

: ðD4Þ

We also note that Refs. [58,59] make a different choice for
the integration constant for the tortoise coordinate r�
defined via dr�

dr ¼ ðr2þa2Þ
Δ . We shall denote by rST� the tortoise

coordinate used in Refs. [58,59]. Specifically, they choose

rST� ¼ rþ 2M
rþ − r−

�
rþ ln

���� r − rþ
rþ þ r−

���� − r− ln

���� r − r−
rþ þ r−

�����;

ðD5Þ
whereas in this paper we use [see Eq. (2.5) in Ref. [38] ]

r� ¼ rþ 2M
rþ − r−

�
rþ ln

���� r − rþ
rþ − r−

���� − r− ln

���� r − r−
rþ − r−

�����:
ðD7Þ

The two definitions differ by a constant,

δr� ≡ rST� − r� ¼ 2M log κ; ðD8Þ
which may lead to a different phase in the definition of
scattering coefficients.
We next consider two solutions to the radial Teukolsky

equation, Eq. (4.9) in [57], for generic integer spin
s ¼ 0;�1;�2 and at the end we specialize to s ¼ 0. For
s ¼ 0, the first solution will define the interior scattering
coefficients Aωlm and Bωlm, and the second solution the
exterior coefficient ρupωlm.

19The small-frequency expansion for ρupω00, and the present
analogies between the U and U state (discussed in Appendix A)
together suggest an expansion for the scattering coefficient ρdown

ω00
with the same structure as that in Eq. (C1), i.e., real expansion
coefficients when expanded in iωM, and lnð−iωMÞ terms at third
and fourth order. Under this assumption (which we verified
numerically), it can then be shown [47] that the l ¼ 0 tail
prefactor is independent of the specific values of the expansion
coefficients of ρdown

ω00
. Note, however, that the expansion to linear

order ρdown
ω00

¼ −1þ ð2r−=MÞðiωMÞ þOððωMÞ2Þ, plays an im-
portant role in establishing continuity (and in particular integra-
bility) of the integrand factor in Eq. (3.7) at small frequencies.
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1. Ingoing radial solution

The first solution to the general-spin radial Teukolsky equation that we consider is readily defined in the interior and the
exterior of the black hole and is that given by [see Eq. (116) in [58] after placing an absolute value around (−x), and
Eq. (A8) in [59] ]

Rin
lm ¼ eiϵκxj − xj−s−iϵþð1 − xÞiϵ−pν

inðxÞ;

pν
in ≡

X∞
n¼−∞

anpnþνðxÞ;

pnþνðxÞ≡ 2F1ðnþ νþ 1 − iτ;−n − ν − iτ; 1 − s − 2iϵþ; xÞ: ðD9Þ

The coefficients aνn satisfy a three-term recurrence relation [see Eq. (123) in Ref. [58] ],

ανnanþ1 þ βνnan þ γνnan−1 ¼ 0; ðD10Þ

where

ανn ≡ iϵκðnþ νþ 1þ sþ iϵÞðnþ νþ 1þ s − iϵÞðnþ νþ 1þ iτÞ
ðnþ νþ 1Þð2nþ 2νþ 3Þ ;

βνn ≡ −sλlmω − sðsþ 1Þ þ ðnþ νÞðnþ νþ 1Þ þ ϵ2 þ ϵðϵ −mqÞ þ ϵðϵ −mqÞðs2 þ ϵ2Þ
ðnþ νÞðnþ νþ 1Þ ;

γνn ≡ −
iϵκðnþ ν − sþ iϵÞðnþ ν − s − iϵÞðnþ ν − iτÞ

ðnþ νÞð2nþ 2ν − 1Þ ; ðD11Þ

with the normalization aν0 ¼ 1, and where sλlmω is the eigenvalue of the general-spin angular Teukolsky equation
[Eq. (4.10) in [57]; it is s¼0λlmω ¼ λlmðaωÞ]. In its turn, the so-called renormalized angular momentum parameter ν satisfies
an implicit equation in terms of infinite continued fractions [see Eq. (133) in Ref. [58] ],

RnLn−1 ¼ 1; ðD12Þ

for an arbitrary choice of n∈Z, where

Rn ¼ −
γνn

βνn −
ανnγ

ν
nþ1

βνnþ1
−
αν
nþ1

γν
nþ2

βν
nþ2

−…

; Ln ¼ −
ανn

βνn −
ανn−1γ

ν
n

βνn−1−
αν
n−2γ

ν
n−1

βν
n−2−…

: ðD13Þ

The radial Teukolsky solution (D9) satisfies the following boundary conditions:

Rin
lmðr;ωÞ ∼

8>><>>:
Btra
− Δ−se−iω−rST� þ Bref

− eþiω−rST� ; r → r−;

BtraΔ−se−iωþrST� ; r → rþ;

r−2s−1Brefeiωr
ST� þ r−1Bince−iωr

ST� ; r → ∞;

ðD14Þ

where the exterior coefficients Btra, Binc, and Bref are given by, respectively, Eqs. (167), (168), and (169) in [58]. By taking
the asymptotics of Eq. (D9) as r → r− and comparing with (D14), we readily find the following representations for the
interior coefficients:

Btra
− ¼ ð−1Þsð2κMÞ2seiðκϵ−ϕÞΓð1 − s − 2iϵþÞΓðsþ 2iϵ−Þ

X∞
n¼−∞

an
Γð−ν − n − iτÞΓð1þ νþ n − iτÞ ;

Bref
− ¼ eiðκϵþϕÞΓð1 − s − 2iϵþÞΓð−s − 2iϵ−Þ

X∞
n¼−∞

an
Γð−ν − n − s − iϵÞΓð1þ νþ n − s − iϵÞ ; ðD15Þ
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where

ϕ≡ ϵ−κ

�
1þ 2 ln κ

1 − κ

�
: ðD16Þ

The expressions in (D15) agree with Eqs. (A14) and (A15)
in [59] except for the following: (i) Eqs. (A14) and (A15) in
[59] contain factors Hð�sÞ [where HðsÞ is equal to 1 for
s ≥ 0 and to 0 otherwise]; (ii) Our Btra

− in (D15) contains an
extra factor ð−1Þs with respect to Btrans

int (which corresponds
to Btra

− here) in Eq. (A15) in [59]. We note, however, that
these discrepancies do not affect the case s ¼ 0 of relevance
in this paper.
It is convenient to define a new solution which is also

purely ingoing into the event horizon but with transmission
coefficient equal to one,

R̂in
lm ≡ Rin

lm

Btra : ðD17Þ

Consequently, from (D14), it satisfies the following boun-
dary conditions:

R̂in
lmðr;ωÞ ∼

�
B̂tra
− Δ−se−iω−rST� þ B̂ref

− eþiω−rST� ; r → r−;

Δ−se−iωþrST� ; r → rþ;

ðD18Þ

where B̂tra=ref
− ≡ Btra=ref

− =Btra. By combining the expressions
for Btra=ref

− in (D15) and for Btra in Eq. (167) in [58], we
obtain the following infinite series representations for the
interior coefficients:

B̂tra
− ¼ ð−1Þsκ−2imκ=qΓð1 − s − 2iϵþÞΓðsþ 2iϵ−Þ

P∞
n¼−∞

an
Γð−n−ν−iτÞΓð1þnþν−iτÞP∞

n¼−∞ an
;

B̂ref
− ¼ ð2MκÞ−2seiκðϵ−τþ2 lnðκÞðϵκ−τÞ=q2ÞΓð1 − s − 2iϵþÞΓð−s − 2iϵ−Þ

P∞
n¼−∞

an
Γð−n−ν−s−iϵÞΓð1þnþν−s−iϵÞP∞

n¼−∞ an
: ðD19Þ

We now define a new radial function

sψ
in
ωlmðrÞ≡ Δs=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

r2þ þ a2

s
R̂in
lmðr;ωÞ: ðD20Þ

It follows from (D18) that its asymptotics are

sψ
in
ωlmðrÞ ∼

�
sBST

ωlmΔ−s=2e−iω−rST� þ sAST
ωlmΔs=2eþiω−rST� ; r → r−;

Δ−s=2e−iωþrST� ; r → rþ;
ðD21Þ

where

sAST
ωlm ≡

ffiffiffiffiffi
r−
rþ

r
B̂ref
− ; sBST

ωlm ≡
ffiffiffiffiffi
r−
rþ

r
B̂tra
− : ðD22Þ

For s ¼ 0, the new radial function sψ
in
ωlm in Eq. (D20)

satisfies Eq. (2.8a), which is satisfied by ψΛ
ωlm (for generic

integer s, sψ in
ωlm satisfies Eq. (5.2) in [57]). The asymptotics

for s¼0ψ
in
ωlm in Eq. (D21) are similar to those for ψ in−II

ωlm in
(2.13), except that the former are in terms of rST�
whereas the latter are in terms of our r�, with the difference
between the tortoise coordinates is given in Eq. (D8).
Thus, finally, our interior coefficients defined in (2.13) are
given by

Aωlm ¼ eiðωþþω−Þδr�
0AST

ωlm ¼ κ2iðϵ−m=qÞ
0AST

ωlm;

Bωlm ¼ eiðωþ−ω−Þδr�
0BST

ωlm ¼ κ2imκ=q
0BST

ωlm: ðD23Þ

We are finally in a position to obtain the small-ϵ
expansions of Aωlm and Bωlm by combining20

Eqs. (D23), (D22), and (D19) and expanding them for
small ϵ using the expansions for an and ν provided in
Appendix B in [50] [and their higher-order extensions and
generalizations for general l, including Eqs. (3.6) and (3.7)
therein]. We give here the expansion for the case of interest
in this paper, namely l ¼ m ¼ 0,

Aω00 ¼ −
κ

q
−
5iκϵ
6q

þ ðπ2 − 2κ2Þϵ2
6κq

−
iϵ3ðκ2ð72q2 þ 1489Þ − 150π2 þ 1080ψ ð2Þð1ÞÞ

1080κq

þOðϵ4Þ; ðD24Þ

20Note that the prefactor of 0B
ST
ωlm in Eq. (D23) cancels out

with the first factor in Eq. (D19) for B̂tra
− .
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Bω00 ¼
1

q
þ 5iκϵ

6q
−
ð2q2 þ π2 − 2Þϵ2

6q
þ iϵ3ð18κ4 þ ð1471 − 150π2Þκ2 þ 1080ψ ð2Þð1ÞÞ

1080κq
þOðϵ4Þ; ðD25Þ

where ψ ðnÞðzÞ is the nth derivative of the digamma function ψðzÞ.
For completeness, we also give the expansions for generic l > 0 and m ¼ 0,

ð−1Þl q
κ
Aωl0 ¼ −1þ iϵ

2

�
16l3 þ 9l2 − 19lþ 5

8l3 þ 12l2 − 2l − 3
− 4Hl

�
þ ϵ2

�
8l3 − 3l2 − 17lþ 8

16l3 þ 24l2 − 4l − 6

−
ð16l3 þ 9l2 − 19lþ 5Þðψ ð0Þðlþ 1Þ þ γÞ

ð2l − 1Þð2lþ 1Þð2lþ 3Þ þ 2ðψ ð0Þðlþ 1Þ þ γÞ2 þ π2

6 − 6q2

�
þOðϵ3Þ; ðD26Þ

ð−1ÞlqBωl0 ¼ 1 −
iϵ
2κ

�
κ2ð16l3 þ 9l2 − 19lþ 5Þ
ð2l − 1Þð2lþ 1Þð2lþ 3Þ − 4Hl

�
þ ϵ2

κ2

�
−

ð8l3 − 3l2 − 17lþ 8Þκ4
2ð2l − 1Þð2lþ 1Þð2lþ 3Þ

þ ð16l3 þ 9l2 − 19lþ 5Þκ2ðψ ð0Þðlþ 1Þ þ γÞ
ð2l − 1Þð2lþ 1Þð2lþ 3Þ − 2ðψ ð0Þðlþ 1Þ þ γÞ2 − 1

6
π2κ2

�
þOðϵ3Þ; ðD27Þ

where Hl is lth harmonic number. We note, in particular,
that the expansion coefficients are real when expressed in a
series in iϵ [or equivalently iω; see the discussion below
Eq. (C2)].

2. Upgoing radial solution

The second solution to the general-spin radial Teukolsky
equation that we consider is only introduced in the exterior
of the black hole and so is contained in Ref. [58]. Its MST
series representation is given in Eqs. (159) and (153) in [58]
and it satisfies the boundary conditions,

Rup
lmðr;ωÞ ∼

�
CrefΔ−se−iωr

ST� þ Cinceiωr
ST� ; r → rþ;

Ctrar−1−2seiωr
ST� ; r → ∞;

ðD28Þ

for some upgoing, exterior scattering coefficients
Cinc=ref=tra. Similarly to the steps (D20) and (D17) for the
ingoing solution, we define

sψ
up
ωlmðrÞ≡ Δs=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

r2þ þ a2

s
Rup
lmðr;ωÞ
Cinc ; ðD29Þ

which readily satisfies the following boundary conditions:

sψ
up
ωlmðrÞ ∼

(
sρ

up;ST
ωlm Δ−s=2e−iωr

ST� þ Δs=2eiωr
ST� ; r → rþ;

sτ
up;ST
ωlm r−seiωr

ST� ; r → ∞;

ðD30Þ

where

sρ
up;ST
ωlm ≡ Cref

Cinc ; sτ
up;ST
ωlm ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2þ þ a2
p Ctra

Cinc : ðD31Þ

It is useful to relate the scattering coefficients of the
upgoing solution here to those of the ingoing solution in
the previous subsection via the following Wronskian
relation,

sρ
up;ST
ωlm ¼ −

BtraBref�

Btra�Binc : ðD32Þ

For s ¼ 0, sψ
up
ωlm in Eq. (D29) also satisfies Eq. (2.8a) [and

Eq. (5.2) in [57] for generic integer s] and its asymptotics in
Eq. (D30) are similar to those for ψup-I

ωlm in (2.12), except
that the former are in terms of rST� while the latter are in
terms of our r�. Thus, our exterior coefficients defined in
(2.12) are given by

ρupωlm¼e−2iωþδr�
sρ

up;ST
ωlm ; τupωlm¼eimΩþδr�

sτ
up;ST
ωlm : ðD33Þ

An expression for the upgoing reflection coefficient
ρupωlm may be obtained by combining Eqs. (D33) and
(D32) together with Eqs. (167), (168), and (169) in [58]
for, respectively, Btra, Binc, and Bref . The resulting expres-
sion for ρupωlm can then be expanded for small ϵ using the
expansions for an and ν provided in Appendix B in [50]. In
fact, in the case of l ¼ m ¼ 0, the expansions for Btra, Binc,
and Bref are already provided in Eqs. (6.7)–(6.10) in [50].
Inserting these directly into Eqs. (D33) and (D32) yields,
for ReðωÞ ≥ 0,
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ρupω00 ¼ −1 − iðκ þ 1Þϵþ 1

2
ðκ þ 1Þðκ þ 3Þϵ2 þ ϵ3

18κ2
ðκ þ 1Þð3iκ4 þ 27iκ3 þ 18πκ2 þ 36iγκ2

− 33iκ2 þ 36iκ2 logð2κÞ − 11iπ2κ − 36iζð3Þ þ 36iκ2 logðϵÞÞ þ oðϵ3Þ; ðD34Þ

where ζðnÞ is the Riemann zeta function.

[1] N. Zilberman, M. Casals, A. Ori, and A. C. Ottewill,
Quantum fluxes at the inner horizon of a spinning black
hole, Phys. Rev. Lett. 129, 261102 (2022).

[2] N. Zilberman, M. Casals, A. Levi, A. Ori, and A. C.
Ottewill, Computation of hΦ2i and quantum fluxes at the
polar interior of a spinning black hole, Phys. Rev. D 111,
124054 (2025).

[3] A. Ori, Evolution of scalar field perturbations inside a Kerr
black hole, Phys. Rev. D 58, 084016 (1998).

[4] R. M. Wald, Quantum Field Theory in Curved Spacetime
and Black Hole Thermodynamics (University of Chicago
Press, Chicago, 1994).

[5] R. M. Wald, Trace anomaly of a conformally invariant
quantum field in curved spacetime, Phys. Rev. D 17,
1477 (1978).

[6] S. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975).

[7] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev.
D 14, 870 (1976).

[8] F. J. Tipler, Singularities in conformally flat spacetimes,
Phys. Lett. A 64, 8 (1977).

[9] A. Ori, Strength of curvature singularities, Phys. Rev. D 61,
064016 (2000).

[10] A. Ori, Structure of the singularity inside a realistic rotating
black hole, Phys. Rev. Lett. 68, 2117 (1992).

[11] M. Dafermos and J. Luk, The interior of dynamical vacuum
black holes I: The C0-stability of the Kerr Cauchy horizon,
Ann. Math. 202, 309 (2025).

[12] S. Gurriaran, Non-linear instability of the Kerr Cauchy
horizon near iþ, arXiv:2603.17911.

[13] J. Luk and S.-J. Oh, The formation of a weak null singularity
in the interior of generic rotating black holes,
arXiv:2604.04877.

[14] A. Lanir, A. Ori, N. Zilberman, O. Sela, A. Maline, and A.
Levi, Analysis of quantum effects inside spherical charged
black holes, Phys. Rev. D 99, 061502 (2019).

[15] N. Zilberman, A. Levi, and A. Ori, Quantum fluxes at the
inner horizon of a spherical charged black hole, Phys. Rev.
Lett. 124, 171302 (2020).

[16] S. Hollands, C. Klein, and J. Zahn, Quantum stress tensor at
the Cauchy horizon of the Reissner–Nordström–de Sitter
spacetime, Phys. Rev. D 102, 085004 (2020).

[17] C. Klein, M. Soltani, M. Casals, and S. Hollands, Infinite
quantum twisting at the Cauchy horizon of rotating black
holes, Phys. Rev. Lett. 132, 121501 (2024).

[18] C. Klein, J. Zahn, and S. Hollands, Quantum (Dis)Charge of
Black Hole Interiors, Phys. Rev. Lett. 127, 231301 (2021).

[19] M. Alberti and J. Zahn, Quantum effects in near-extremal
charged black hole spacetimes, Phys. Rev. D 111, 104061
(2025).

[20] C. Klein and J. Zahn, Renormalized charged scalar current
in the Reissner-Nordström-de Sitter spacetime, Phys. Rev. D
104, 025009 (2021).

[21] T. McMaken, Backreaction from quantum fluxes at the Kerr
inner horizon, Phys. Rev. D 110, 045019 (2024).

[22] W. A. Hiscock, Stress energy tensor near a charged, rotating,
evaporating black hole, Phys. Rev. D 15, 3054 (1977).

[23] N. Birrell and P. Davies, On falling through a black hole into
another universe, Nature (London) 272, 35 (1978).

[24] W. A. Hiscock, Quantum-mechanical instability of the Kerr-
Newman black-hole interior, Phys. Rev. D 21, 2057 (1980).

[25] A. C. Ottewill and E. Winstanley, The renormalized stress
tensor in Kerr space-time: General results, Phys. Rev. D 62,
084018 (2000).

[26] G. Arad, Numerical investigation of the interior geometry of
semiclassical evaporating spherical charged black holes
(2025).

[27] N. Zilberman and A. Ori, Semiclassical backreaction inside
a non-evaporating four-dimensional spherical charged black
hole (to be published).

[28] P. Candelas and B. P. Jensen, The Feynman Green function
inside a Schwarzschild black hole, Phys. Rev. D 33, 1596
(1986).

[29] J. B. Hartle and S. W. Hawking, Path-integral derivation of
black-hole radiance, Phys. Rev. D 13, 2188 (1976).

[30] B. S. DeWitt, Quantum field theory in curved spacetime,
Phys. Rep. 19, 295 (1975).

[31] S. M. Christensen, Vacuum expectation value of the stress
tensor in an arbitrary curved background: The covariant
point separation method, Phys. Rev. D 14, 2490 (1976).

[32] A. Lanir, A. Levi, and A. Ori, Mode-sum renormalization of
hΦ2i for a quantum scalar field inside a Schwarzschild black
hole, Phys. Rev. D 98, 084017 (2018).

[33] A. Levi and A. Ori, Pragmatic mode-sum regularization
method for semiclassical black-hole spacetimes, Phys. Rev.
D 91, 104028 (2015).

[34] B. S. Kay and R. M. Wald, Theorems on the uniqueness and
thermal properties of stationary, nonsingular, quasifree
states on spacetimes with a bifurcate killing horizon, Phys.
Rep. 207, 49 (1991).

QUANTUM FLUXES AND hϕ̂2i … PHYS. REV. D 114, 064039 (2026)

064039-27

https://doi.org/10.1103/PhysRevLett.129.261102
https://doi.org/10.1103/6p4y-p29k
https://doi.org/10.1103/6p4y-p29k
https://doi.org/10.1103/PhysRevD.58.084016
https://doi.org/10.1103/PhysRevD.17.1477
https://doi.org/10.1103/PhysRevD.17.1477
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1016/0375-9601(77)90508-4
https://doi.org/10.1103/PhysRevD.61.064016
https://doi.org/10.1103/PhysRevD.61.064016
https://doi.org/10.1103/PhysRevLett.68.2117
https://doi.org/10.4007/annals.2025.202.2.1
https://arXiv.org/abs/2603.17911
https://arXiv.org/abs/2604.04877
https://doi.org/10.1103/PhysRevD.99.061502
https://doi.org/10.1103/PhysRevLett.124.171302
https://doi.org/10.1103/PhysRevLett.124.171302
https://doi.org/10.1103/PhysRevD.102.085004
https://doi.org/10.1103/PhysRevLett.132.121501
https://doi.org/10.1103/PhysRevLett.127.231301
https://doi.org/10.1103/PhysRevD.111.104061
https://doi.org/10.1103/PhysRevD.111.104061
https://doi.org/10.1103/PhysRevD.104.025009
https://doi.org/10.1103/PhysRevD.104.025009
https://doi.org/10.1103/PhysRevD.110.045019
https://doi.org/10.1103/PhysRevD.15.3054
https://doi.org/10.1038/272035a0
https://doi.org/10.1103/PhysRevD.21.2057
https://doi.org/10.1103/PhysRevD.62.084018
https://doi.org/10.1103/PhysRevD.62.084018
https://doi.org/10.1103/PhysRevD.33.1596
https://doi.org/10.1103/PhysRevD.33.1596
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1016/0370-1573(75)90051-4
https://doi.org/10.1103/PhysRevD.14.2490
https://doi.org/10.1103/PhysRevD.98.084017
https://doi.org/10.1103/PhysRevD.91.104028
https://doi.org/10.1103/PhysRevD.91.104028
https://doi.org/10.1016/0370-1573(91)90015-E
https://doi.org/10.1016/0370-1573(91)90015-E


[35] D. Häfner and C. K. M. Klein, The Unruh state for bosonic
Teukolsky fields on subextreme Kerr spacetimes,
arXiv:2602.09796.

[36] R. H. Price, Nonspherical perturbations of relativistic gravi-
tational collapse. 1. Scalar and gravitational perturbations,
Phys. Rev. D 5, 2419 (1972).

[37] A. Ori, Evolution of perturbations inside a charged black
hole: Linear scalar field, Phys. Rev. D 55, 4860 (1997).

[38] N. Zilberman, M. Casals, A. Ori, and A. C. Ottewill, Two-
point function of a quantum scalar field in the interior region
of a Kerr black hole, Phys. Rev. D 106, 125011 (2022).

[39] S. A. Teukolsky, Rotating black holes: Separable wave
equations for gravitational and electromagnetic perturba-
tions, Phys. Rev. Lett. 29, 1114 (1972).

[40] E. Berti, V. Cardoso, and M. Casals, Eigenvalues and
eigenfunctions of spin-weighted spheroidal harmonics in
four and higher dimensions, Phys. Rev. D 73, 024013 (2006).

[41] Wolfram Research, Inc., Mathematica, Version 14.1 (2024).
[42] C. Iuliano and J. Zahn, Canonical quantization of Teukolsky

fields on Kerr backgrounds, Phys. Rev. D 108, 125017
(2023).

[43] A. Starobinskii, Amplification of waves during reflection
from a rotating black hole, Zh. Eksp. Teor. Fiz. 64, 48
(1973).

[44] Y. B. Zeldovich, Generation of waves by a rotating body,
Sov. J. Exp. Theor. Phys. Lett. 14, 180 (1971).

[45] S. Hollands and R. M. Wald, Local Wick polynomials and
time ordered products of quantum fields in curved space-
time, Commun. Math. Phys. 223, 289 (2001).

[46] M. Alberti and A. Ori (to be published).
[47] M. Alberti and N. Zilberman, Supplement on the analytical

derivation of the leading inverse-power tail, Zenodo (2026),
10.5281/zenodo.20808262.

[48] E. Berti, Ringdown, https://pages.jh.edu/eberti2/ringdown/.
[49] S. R. Dolan, The quasinormal mode spectrum of a Kerr

black hole in the Eikonal limit, Phys. Rev. D 82, 104003
(2010).

[50] M. Casals, C. Kavanagh, and A. C. Ottewill, High-order
late-time tail in a Kerr spacetime, Phys. Rev. D 94, 124053
(2016).

[51] A. Levi and A. Ori, Mode-sum regularization of hϕ2i
in the angular-splitting method, Phys. Rev. D 94, 044054
(2016).

[52] A. Levi and A. Ori, Versatile method for renormalized
stress-energy computation in black-hole spacetimes, Phys.
Rev. Lett. 117, 231101 (2016).

[53] M. Alberti, N. Zilberman, and A. Ori (to be published).
[54] E. Berti, V. Cardoso, and A. O. Starinets, Quasinormal

modes of black holes and black branes, Classical Quantum
Gravity 26, 163001 (2009).

[55] V. P. Frolov and I. D. Novikov, Black Hole Physics. Basic
Concepts and New Developments (Kluwer Academic Pub-
lishers, Dordrecht/Boston/London, 1998).

[56] A. Lanir, A. Levi, A. Ori, and O. Sela, Two-point function of
a quantum scalar field in the interior region of a Reissner-
Nordstrom black hole, Phys. Rev. D 97, 024033 (2018).

[57] S. A. Teukolsky, Perturbations of a rotating black hole. 1.
Fundamental equations for gravitational, electromagnetic
and neutrino-field perturbations, Astrophys. J. 185, 635
(1973).

[58] M. Sasaki and H. Tagoshi, Analytic black hole perturbation
approach to gravitational radiation, Living Rev. Relativity 6,
6 (2003).

[59] T. McMaken and A. J. S. Hamilton, Hawking radiation
inside a rotating black hole, Phys. Rev. D 109, 065023
(2024).

ALBERTI, ZILBERMAN, CASALS, and OTTEWILL PHYS. REV. D 114, 064039 (2026)

064039-28

https://arXiv.org/abs/2602.09796
https://doi.org/10.1103/PhysRevD.5.2419
https://doi.org/10.1103/PhysRevD.55.4860
https://doi.org/10.1103/PhysRevD.106.125011
https://doi.org/10.1103/PhysRevLett.29.1114
https://doi.org/10.1103/PhysRevD.73.024013
https://doi.org/10.1103/PhysRevD.108.125017
https://doi.org/10.1103/PhysRevD.108.125017
https://doi.org/10.1007/s002200100540
https://doi.org/10.5281/zenodo.20808262
https://pages.jh.edu/eberti2/ringdown/
https://pages.jh.edu/eberti2/ringdown/
https://pages.jh.edu/eberti2/ringdown/
https://doi.org/10.1103/PhysRevD.82.104003
https://doi.org/10.1103/PhysRevD.82.104003
https://doi.org/10.1103/PhysRevD.94.124053
https://doi.org/10.1103/PhysRevD.94.124053
https://doi.org/10.1103/PhysRevD.94.044054
https://doi.org/10.1103/PhysRevD.94.044054
https://doi.org/10.1103/PhysRevLett.117.231101
https://doi.org/10.1103/PhysRevLett.117.231101
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1103/PhysRevD.97.024033
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444
https://doi.org/10.12942/lrr-2003-6
https://doi.org/10.12942/lrr-2003-6
https://doi.org/10.1103/PhysRevD.109.065023
https://doi.org/10.1103/PhysRevD.109.065023

	Quantum fluxes and &lang;&Phi;^2&rang; for a nonminimally coupled scalar field: Ringdown and tail on approaching the polar Kerr inner horizon
	I. INTRODUCTION
	II. SETUP
	III. POLAR RENORMALIZED &lang;&Phi;^2&rang;
	A. Price-like tail
	B. QNM ringdown
	C. Comparison to t-splitting results

	IV. STRESS-ENERGY FLUXES
	V. DISCUSSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: THE |U&UnderBar;&rang; TWO-POINT FUNCTION
	1. Region III
	2. Region II

	APPENDIX B: NUMERICAL METHODS
	1. Computation of &rho;&omega;&ell;0up, A&omega;&ell;0, B&omega;&ell;0, &rho;&UnderBar;&omega;&ell;0down, and S&ell;0&omega;
	2. Strongly-oscillating integrand

	APPENDIX C: ANALYTIC DERIVATION OF THE LEADING INVERSE-POWER TAIL IN &lang;&Phi;^2&rang;U ON APPROACHING THE POLAR IH
	APPENDIX D: SMALL-FREQUENCY EXPANSIONS OF SCATTERING COEFFICIENTS
	1. Ingoing radial solution
	2. Upgoing radial solution

	References


