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Study of pole trajectory within a bare state in the coupled channel model
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We investigate two-particle scattering and two-particle scattering with a bare basis state using Hamiltonian
effective field theory. We analyze the distribution of two-body scattering poles in the momentum and energy
planes under relativistic conditions. Compared to the nonrelativistic case, there are significant differences in
the distribution of bound state poles and resonance poles in the relativistic case, primarily due to the square
root term in the relativistic formula. By considering pure two-particle scattering, we examine the relationship
between the form factor and the number of poles. Additionally, we clearly elucidate the effects of attractive
and repulsive interactions on the bound state poles and resonance poles. More importantly, we extend our
model by including a bare state and explore the poles originating from the bare state or coupled channels
through the trajectories of pole positions, as well as the compositeness of bound states.
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I. INTRODUCTION

Understanding the nonperturbative aspects of quantum
chromodynamics (QCD), such as confinement and chiral
symmetry, relies heavily on the investigation of hadron
resonance spectra and decay widths. Bound states and
resonances are fundamental to the study of hadron states.
These states often couple strongly with continuum states,
complicating the analysis of such systems. Extracting
resonance parameters from reaction data remains a critical
task in hadron physics [1]. Techniques such as dispersion
relations, K-matrix methods, and dynamical models are
employed to analytically continue partial-wave amplitudes
into the complex energy plane, enabling precise determi-
nation of resonance parameters [1]. The identification of
resonance poles and their residues is essential for these
analyses. Determining pole positions plays a pivotal role
in both theoretical and experimental studies, as it helps
distinguish among bound states, virtual states, and reso-
nances. Moreover, understanding pole structures is crucial
for elucidating the properties of certain atomic nuclei [2,3].
The scattering 7" matrix serves as a key tool for accurately
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determining pole positions. A significant challenge in
scattering theory is understanding the influence of poles
on multiple Riemann sheets on observable scattering
phenomena. Numerous studies have addressed this issue,
providing valuable insights [4-21].

As we know, the properties of the nonrelativistic two-
body scattering and multibody scattering are very well
studied. In scattering theory, the scattering 7' matrix can be
defined on complex momentum k plane and energy E
plane. Due to the double-valued properties of the quadratic
relation between k and E, ie., k = [2mE|'/?¢%:/, the
scattering 7 matrix will be a single-valued function in
momentum k but a double-valued function in energy E,
which can be seen in Fig. 1. The complex E plane can be
divided into two Riemann sheets. The physical sheet (first
sheet) is defined by the range of the phase 0 < ¢z < 27 and
the unphysical sheet (second sheet) by 2z < ¢y < 4.

On the different Riemann sheet, one can find singular-
ities of the S matrix that correspond to bound state,
resonance, and virtual state. A bound state can be found
in the positive imaginary axis of the complex k plane that
means the state appears at a real axis below the threshold on
the first Riemann sheet of the E plane. A virtual state is
defined by a singularity in the negative imaginary axis of
the complex k plane and the corresponding definition is
below the threshold on the real axis on the second sheet
of the complex E plane. On the second Riemann sheet of
the E plane, a pole on the lower half plane and the real part
of the pole above threshold is associated with resonance. In
general, a resonance has a nonzero imaginary part and has
an accompanied pole called a conjugate pole, which exists
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FIG. 1. (a), (c) The complex momentum k plane and its
corresponding complex energy E plane, which has (b) a physical
sheet and (d) an unphysical sheet in nonrelativistic two-body
scattering. The solid squares (circles) represent the bound state
(resonance) poles.

on the upper half of the second Riemann sheet. Because
resonance is a unstable particle, it can form and decay
during the collision.

In the context of relativistic dynamics, where the energy-

momentum relation takes the form E = \/m? + k*+

\/m3 + k?, the properties of bound states and resonances
exhibit distinct characteristics compared to the nonrelativ-
istic case, as illustrated in Fig. 2. While bound state poles
[solid squares in Fig. 2(a)] remain located on the real axis
of the momentum imaginary plane, similar to the non-
relativistic scenario, their corresponding positions on the
energy plane differ significantly, as shown in Fig. 2(b).
Furthermore, a comparison of Figs. 1(c), 1(d), 2(c),
and 2(d) reveals that although the seventh region of
the momentum plane is identical in both nonrelativistic
[Fig. 1(c)] and relativistic [Fig. 2(c)] cases, the seventh
region of the energy plane differs. This indicates that the
relativistic framework encompasses a broader resonance
region than its nonrelativistic counterpart. Consequently,
poles appearing in the seventh region are not purely real, as
in bound states, but possess imaginary components, resem-
bling resonances, and may emerge below the threshold.
While a physical explanation for this phenomenon remains
to be fully elucidated, the mathematical structure of the
relativistic energy-momentum relation, involving square
roots, naturally accommodates such states.

The above analysis indicates that the existence of
relativistic kinetic energy terms may lead to the appearance
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FIG. 2. (a), (c) The complex momentum k plane and its
corresponding complex energy E plane, which has (b) a physical
sheet and (d) an unphysical sheet in relativistic two-body
scattering. The solid squares (circles) represent the bound state
(resonance) poles.

of states with both real and nonzero imaginary parts, similar
to resonances, but below the threshold. In addition, there
are other reasons that can lead to resonances below the
threshold. People usually believe that if the state below the
threshold can further decay, the existence of a resonance at
the threshold appears very natural, as the resonance can
undergo decay. However, in addition to this, there are also
some discussions on the existence of resonances under
threshold conditions. For example, in Ref. [9], the authors
point out that if the interaction is energy dependent, a state
with nonzero imaginary parts can appear below the elastic
threshold. In Ref. [22], by researching the pole trajectories
of resonances, the authors found that the S-wave reso-
nances can lead to poles whose real parts are below
threshold, but the imaginary part does not vanish. The
authors point out that although this is different from the
commonly believed phenomenon of resonance states on
the real axis below thresholds, it is a real existence.
Furthermore, in Ref. [23], based on the baryon chiral
perturbation theory (BChPT) theory, the authors found that
under weak attractive interactions, a ‘“crazy resonance”
with nonzero imaginary parts below threshold will appear.

The Hamiltonian effective field theory (HEFT) is a
powerful theoretical tool to study resonance positions,
partial decay widths, and scattering phase shifts, which
are related to experimental observation. It can easily handle
scattering problems and incorporate the contribution of
bare states into the system. On the other hand, HEFT also
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can build a bridge between finite volume and infinite
volume for the multiple channels system, which is
equivalent with the famous Liischer’s formula [24-26]
up to exponential suppressed correction. In the HEFT
model, phase shift and inelasticities are derived by
solving the Lippmann-Schwinger (LS) equation by
using the interaction part of the Hamiltonian as the
integral equation kernel. The pole positions of the state
are easily obtained through the T matrix [27]. The
spectrum of energy eigenstates can be obtained by
solving the Hamiltonian eigen-equation. By considering
the single bare basis state, the model successfully
explained the A — zN scattering [17,28], N*(1440) — zN
scattering [16,27], A(1405) — KN scattering [29], and
N*(1535) — zN scattering [30].

Although multiple articles have conducted a series of
research using the HEFT model, people are not particularly
clear about the patterns of states that appear in these
calculations. In Ref. [31], the authors used a two bare
states and one channel system investigating the effects of a
second bare basis state in both infinite-volume and finite
volume systems to study A*, N*(1535) and N*(1650).
However, there has been a lack of systematic investigation
into the role of bare states in generating physical poles (i.e.,
bound states, resonant states, and virtual states), even in the
case of a single bare state coupled to a single channel. So in
this work, we will study the one bare state and one channel
system. We mainly focus on the study of the variation of
poles related to hadron states in the model with the
variation of parameters. We will systematically discuss
the variation patterns of resonances and bound states that
appear in the model, as well as their relationship with the
parameters. We will analyze two modes, the first one which
is named c-c mode, in which only two-body interactions are
considered. The second one is named b-cc mode, in this
case, not only the two-body interactions but also a bare
basis state influence are included. The interactions between
these basis states are parametrized by separable potentials.

The paper is arranged as follows. The theoretical
formalism of HEFT is given in Sec. II. We discuss the
relationship between the number of pole position and the
form factor in Sec. III. The numerical calculation results
and discussions of the pole law, pole trajectory of c-c mode
and b-cc mode, and composition distributions are shown in
Sec. IV. In Sec. V, we discuss the relationship between
compositeness of the bound states and its binding energy.
In the end, we give the summary in Sec. VI.

II. THE BRIEF INTRODUCTION TO
COUPLED-CHANNEL FORMALISM

In HEFT [16,27,30-33], the basis states include
two-particle noninteracted states, |a(k)) with the three-
momentum k in the center-mass frame, and single particle
states named bare states, |B). Here the interactions between
these basis states are parametrized by separable potentials.

The Hamiltonian of the HEFT framework is constructed as
H=H,+ Hj, (1)

where H is the noninteracting Hamiltonian, expressed as
Hy = ;IB>mB<BI +Z/d3kla(k)>wa(k)<a(k)l, (2)
and H; is the interacting part, shown as
7= / B |BYGE (k) (alle)| + Hoe.}
B a

+ P | Eral)V ok k) BUE)]. (3)
3 [ ox [ ety

Here, GZ (k) is for the bare vertex between the bare state
and the two-body system, while V4(k.k’) is for the
potential between two-body systems.

By calculating the T matrix based on this Hamiltonian
after partial wave, the pole positions related to resonances,
bound states, or virtual states can be investigated. It is
worthy to mention that here we only consider pure s- and
p-wave interaction, and for simplification we omit the label
of the partial wave and reverent factor is absorbed into the
potential. The coupled-channel scattering equations can be
expressed as

Tos(k.K'sE) =V 5(k,K';E)

Vo (k.q;E)T,5(q. K E)
d 2 Y Y , 4
+zy:/ 1 E-w,(q)+ie “)

where y indicates the channel in our model, and
w,(k) = \/m%M + k> + \/miN +k*. m,, and m, are the
masses of states M and N in the channel y. It should be
pointed out that, in our calculation, we do not calculate
based on specific hadron states, but rather select an
arbitrary numerical value to complete the calculation, in
order to minimize the dependency of the model and make
the calculation more universal. So we use M and N to
represent the states we considered. The coupled-channel
potential V is expressed as

B B(1/
Vap(k K3 E) = Vay(k, K) + Z%ﬁfj;k) (5)
where,
5
GB (k) = g8 ———u(k), 6
(k) = g3 o (k) (6)
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for S-wave and
gn
Ghyy (k) = =ME ———— u(k) (7)

for P-wave interaction, respectively.
The full T matrix can be divided into two parts,
Top(k, K's E) = t4p(k, k' E) + Thir (k, K, E). (8)
The first term is the pure two-body rescattering contribu-
tion, #,4(k,k’; E), here named as background T matrix,
while the second term includes the contribution of bare
contribution, Tf;/‘;’e(k, k'; E), named as resonance T matrix.

A. Background T-matrix

The t,45(k, k'; E) is related to the dynamically generated

poles, which is determined by two-body interaction,
given by
ta/i(k’ kl;E) = (1/7’(k k/)
Var (k. q)Ty5(q. K E)
+ / dgg* — L .9
Z E-w,(q)+ ie

Here, since we mainly discuss the nature of pole rather
than the potential form, we assume that the interaction is
parametrized by a separable potential as follows,

Vap(k, k) = vapf o (K)fp(K'). (10)

Then the ¢ matrix can be expressed as taﬁ(k, kK E) =

folk)is(E)f5(K'), where
5
JH) = = ulh (1)
for the S-wave, and
1 k
f(k) —m_Mmu(k) (12)

for the P-wave interaction, respectively. The 7,4(E) is
solved from the following algebra equation,

E)—vaﬂ—i—Z/

The form factor function u(k) = (1 Jr/k\—zz)‘z is used to
remove ultraviolet divergences in integration with a regu-
lator parameter A. It is a smooth regulator to remove
contributions from large momentum [31,32]. It is worth
mentioning that here on the right side of the equal sign,
1,5(E) has nothing about integration, thus it is just an

P,

algebra equation, and we can obtain a analytical solution.
In this work, we only conducted qualitative research, so we
chose a typical value of A = 0.8 GeV. Then the poles of
this background 7" matrix can be obtained by

2
—Ua/;/dqqz fﬁ(‘J)

0 = det {5,,ﬂ W}. (14)

B. Resonance T-matrix

The resonance T-matrix is originated from the bare
states, but also related to the background amplitude. It
can be expressed as follows,

1Ok K3 E) = G8 (ks E)Apy (E)GE (K E), (15)
where G (k; E) and G (k; E) can be recognized as the dress

coupling function from bare state to two-body system and
vice versa, respectively,

BUGE) =GB+ fulk)in(E)g},(E),  (16)
GB(k;E) = GB +ngy falk).  (17)

Here, we introduce new variables, g7 (E) and g7 (E), for
the simplification as follows,

7,8 = [ g LD g
#,8) = [ aa OO i)

Furthermore, the A(E) is a propagator matrix concerning
different bare states, and is expressed as,

Agp (E) = 65 (E — mp) — Zpp (E), (20)
where ¥; p(E) represents the matrix of all one-loop
self-energy interactions between bare states. It will be
expressed as,

Zpp (E) = Zpp (E) + T (E). (21)
The X35 (E) represents the vertex of the loop just from the

interaction between bare states and the two-body system,
and it reads,

'*(q)
S (E j{jjf T @)
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In addition, the X  (E) associates with the interactions

between two-particle states, which will include the back-
ground term. The explicit form is as follows,

S (E) = Y 7 o(EVigg(E)gf 4 (E). (23)
ap

In this term, there will be two types of the pole. One is
from the term of GZ(k; E) and G(k; E), stemming from
the pole position of background amplitude, #(k,k'; E).
However, we should note that such pole will be exactly
canceled with that in the background amplitude, in other
words, once the bare state is involved, the pole from the
background amplitude will be absorbed or shifted [19,31].
The other pole is from the term A(E), which is the true pole
position of the full amplitude, and can be solved from the
following equation,

0 = det{0pp (E — mp) — Zpp (E)}. (24)

C. Normalization and probabilities

For bare state |B) and coupled channel states |a(k)),
the eigenvalue equation of the Hamiltonian system can be
written as

Hola(k)) = (Eq,, (k) + Eq, (k) |a(k)), — (25)
Ho|B) = mg|B). (26)

For a bound state B, the eigenvalue equation of the
Hamiltonian is defined as

H|B) = Ez|B). (27)

B) = 1 | SealB) + 3 [ Rakalati)|. 29

where Z is normalization constant, cz and a,(k) are the
bare state and |a(k)) components of the bound state B,
respectively, and Ej is the mass of the bound state. In this
paper, our aim is to find the nature of pole position related
to bare states, thus, to simplify this model, we only consider
one bare state and one two-body coupled channel. Then the
expression of the bound state reads,

IB) :# [|B> + / kzdka(k)|k>} (29)

It is clear that the value of Z and a(k) can be determined
from the model parameters. Then the possibilities to have
the B in the wave function of the B can be calculated by the
formula

_ dEpp(E)
dE

zZ=1 (30)

E=Ej;

III. THE NUMBER OF POLE POSITION
VS THE FORM FACTOR

In this section, let us first discuss the relationship
between the form factor and the pole position. Typically,
the number of the poles of the 7" matrix in the complex
plane of energy indeed rely on the form of the form factor
through our investigation.

To clarify this point, here we remove the bare state
contribution and only focus on the single coupled-channel
indicated by a. As shown in Eq. (14), the pole position of E
is satisfied,

_ fiq)
1= vaa/dqqzm. (31)

Obviously, the pole position of E is determined by coupling
constant v, and the form factor f,(qg) in the current model.
As a simple example, we choose a simple form factor as

2

N RN

(32)

We can show the number of pole position relies on the value
of n. Nevertheless the w,(g) is chosen as nonrelativistic

K2 K2
2mg,, 2m,

form w, (k) = mg, +m,, + or in relativistic

am

form w, (k) = \/ K> 4+ m2 + \/ k* 4+ mZ . The calculation

results show that if choosing n = 1, 2, 3, etc., the number
of poles will be 1, 2, 3, etc. Furthermore, it can be proven
that if n = 1/2, 3/2, 5/2, etc., the corresponding number
of poles is 1, 2, 3, etc. Indeed, it can be proven
analytically in the nonrelativistic case. For example,
when we take n = 1 in Eq. (32), we can explicitly obtain
the integration as follows,

12(q)
/ N anlq) e

2;:1'\/ﬁ\/’;z +k—1

(kg + 1) ’

(33)

Mgy, My,

where y = ko = V2u(E — mg, —my, ). With

A (Mgyy 4y,
this expression, we can easily calculate the pole
positions, for example, when we assume m; = 1 GeV,
m, =1 GeV,A =1 GeV, and v = —1, abound state pole
E =2-0.597 GeV will be obtained.

If we set n = 2, the integration can also be analytically
calculated as

falq)
/dqqu —w,(q) + ie

i <k8 + 5Kk — 161'\/,7\/";3 + 15K3 — 5)
= . (34
4(k3 +1)* (34)

056021-5



WEI HAO, JIA-JUN WU, and JIN-LIN FU

PHYS. REV. D 112, 056021 (2025)

In this case, we will find two pole positions, for example,
if we take the same value as that in n = 1 case, the
pole positions will be £ =2 —0.745 —2.105i GeV and
E =2 —-0.058 GeV. Then when we increase the value of
n, the number of pole position will increase. It is due to this
that the power of k; will increase by enlarge n, and the
higher powers of polynomial equations usually produce
more solutions.

For the case of relativity, although analytical solutions
cannot be obtained, numerical results indicate that similar
patterns are still maintained.

It is important to mention that not all of the poles solved
from the 7 matrix have physical meanings, since most of
them are just from the model itself. Usually, people choose
poles that are close to the threshold or have imaginary part
values within a reasonable range, such as pole values with a
width within a few hundred MeV, which are considered
meaningful. Of course, it requires physical screening of the
poles to be more convincing. Based on this consideration,
we attempt to screen multiple poles by analyzing the phase
shift of physical observations.

We take a relativistic case as an example. Our approach
is as follows. Firstly, we choose n = 3 in Eq. (32) and same
values of masses of two particles and A as before, but using
w,(k) = \/ K +m? + \/ k* + m? . Then three poles will
be obtained 1.98433 GeV, 1.14228 — 2.36899i GeV, and
2.22393 — 1.26388i GeV. Furthermore, the phase shift
trajectory can also be obtained as shown in Fig. 3 (also
shown in Fig. 4) within the black dashed line. The shaded
areas in the figures indicate that there may be a certain
range of phase shift.

Secondly, we use the form factor with n =2 and
n=1 to fit this phase shift, the fitting results are

199432 and p = —1.1683, as well as

falk) = (1.0328+1.698847)
- and v = —0.18356. Meanwhile

_ 008
falk) = (0.40655 1 1.89014%)

Y ]
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FIG. 3. Result of fitting the phase shift of n = 3 (black dashed

line) in the case of n = 2 (cyan solid line).
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FIG. 4. Result of fitting the phase shift of n = 3 (black dashed
line) in the case of n = 1 (green solid line).

the phase shifts for the two cases are shown in Fig. 3 with a
cyan solid line, and in Fig. 4 with a green solid line. Then
we can obtain the poles in the two cases; there will be two
poles 1.98336 GeV and 1.79308 — 1.39633; GeV in the
n = 2 case, while just one pole at 1.97886 GeV is found in
the n =1 case. This indicates that the pole positions
controlled by the phase shift in this range are just around
1.98 GeV; it is a good bound state pole, and other poles are
all model dependent and should be neglected.

This example reminds us that when doing phase shift
fitting, we need to pay attention to some poles that may be
caused by form factors and may not have physical
significance. Necessary analysis and screening are impor-
tant to exclude some poles. Of course, we only used a very
simple form factor as an example for discussion here.
As the form factor becomes more complex, the situation of
poles will also become more diverse.

IV. THE POLE TRAJECTORIES VS THE
COUPLING CONSTANTS

In this section, we will discuss the pole trajectories of
the coupling constants within the theoretical framework of
Sec. II. It is important to study the pole trajectories for
understanding the origin of the poles. In our model, we have
two possible sources to generate the poles. One is from the
bare state, and the other is from the bound state of the two-
body system. It is interesting to show the trajectory of the
pole from these two types of sources. To make the discussion
clearly, we firstly just consider a pure one two-body channel
without bare state, named the c-c model, while the second
one includes the bare state, named the b-c model.

A. In the c-c model

The poles of the c-c model come from the background
T matrix, which represents the pure two-body interaction

056021-6
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without the contribution of the bare state. As usual, such a
bound state is recognized as a hadronic molecular state, for
example, a deuteron is the bound state of the proton and
neutron. In order to make the conclusion general, we do not
choose specific physical states to study the interaction
between two bodies, but rather choose two arbitrary
masses for my, and my. We take m;, = 0.2 GeV and
my = 0.8 GeV. With these masses, the T-matrix poles can
be obtained.

Firstly, as discussed in Sec. II, our form factors are
shown in Egs. (11), (12) for the S wave and P wave,
respectively. This form factor corresponds to the case of
n = 2 as discussed in the previous section, where there will
be two pole solutions for each interaction.

Here we provide an example. For the S-wave interaction,
pole trajectories are obtained as shown in Fig. 5. For the
attractive interaction, the bound state poles appears below
the threshold (blue solid line). Furthermore, as the attrac-
tion interaction increases, the poles become deeper and are
far away from the threshold. It is consistent with people’s
understanding: the more attractive, the deeper the bound
state. When the coefficient of the potential v,, > —0.0225,
we will find the bound state will disappear and the virtual
state will be generated in the second Riemann sheet. Since
in our case, the form factor is shown in Eq. (11), an
additional pole of momentum g is at im,,, which will lead
to the integration in Eq. (31) infinite at E = \/m3%, — m3, =
0.69 GeV in the second Riemann sheet. Therefore, the
virtual state will always exist when v,, < 0. As for the
repulsive S-wave interaction, i.e., v,, > 0, the resonance
poles will start from below threshold to above threshold as
shown in Fig. 5. Finally, it is worth mentioning that the
trajectory of this pole is discontinuous at v,, = 0. This can
be easily understood because, to satisfy the condition of
Eq. (11), even if they are on the same Riemann sheet, as v,,,
changes from 0~ to 0%, the corresponding integral tran-
sitions from —oo to +o0. Consequently, the positions of the
poles will not remain the same.

00F T 7 0.10
-0.1¢ ] 0.05
S oot :
(‘B 0.2 0
~ -03¢} 1 .
= / 005 y-value
= U ] -0.10
=0} -0.15
-06¢}
. " . . -0.20
0.0 05 1.0 1.5 2.0
Re(E) (GeV)
FIG. 5. Pole positions with S-wave interaction strength.

The blue line represents the threshold position. Here we set
my = 0.2 GeV, my = 0.8 GeV.

06

- ] 04
0z
! v-value

-02

|~ -04

SUSSI—— Y

Re(E) (GeV)

FIG. 6. Pole positions with P-wave interaction strength. The
blue line represents the threshold position. Here we set
my = 0.2 GeV, my = 0.8 GeV.

For the P-wave interaction, the trajectories of pole
positions changing with interaction strength are shown
in Fig. 6. It shows that the trajectory of the poles is
relatively natural, as the attractive strength increases, the
poles gradually shift from the resonance pole to the bound
state pole. As the strength further increases, the bound state
will move away from the threshold, becoming a deeper
bound state. In this case, we noticed a very strange
phenomenon that the resonance state poles appear below
the threshold when the interaction strength is relatively
small. As we mentioned in the introduction, this is due to
the relativistic effect in the ,(g) changing the possible
distribution regions of the solution. It corresponds to the
pole appearing in the k-plane seventh region of Fig. 2(c).
When the range of rotation angle @ is selected in the k-plane
seventh region, the pole can appear, and this pole corre-
sponds to the E plane [Fig. 2(d)], which is the seventh
region below the threshold, then leads to the existence of
the poles below threshold.

The case of the resonance poles appearing below the
threshold is clearly not in line with people’s usual under-
standing that the resonances only appear above the thresh-
old without secondary decay. This issue seems to be less
discussed at the meson level, but there are some discussions
at the nuclear level [34,35]. In Ref. [34], the authors studied
the trajectory of nuclear resonance states under the rela-
tivistic interaction model. In higher-order Padé approxi-
mation, the 3Pynn resonances trajectory calculated using
the method of analytic continuation in the coupling con-
stant under approximation is very similar to the situation
we encountered here. The paper also shows that when the
Padé order is small, such as Padém], the resonance poles
represented by the curve will not appear below the thresh-
old. But when the Padé order is large enough, such as
Padél-3), the resonance poles represented by the curve will
appear below the threshold.

Furthermore, for repulsive P-wave interactions, there are
no bound states, which is in line with our understanding.
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The motion of the poles indicates that as the repulsive
interaction strength increase, the resonance poles will be
far away from threshold and the imaginary parts of the
generated resonances will gradually decrease, similar to
that in the S-wave case.

B. In the b-c model

In this subsection, we concentrate the study on the effects
of introducing a bare state to the Hamiltonian. Similar to the
previous section, in order to make the conclusion general,
we did not choose a specific physical mass, but instead used
an arbitrary bare state mass value. We choose the mass
of the bare state to be m B, = 1.3 GeV, which is above the
threshold, and mg, = 0.7 GeV below the threshold.

As we know, the interaction strength of the a — @ and
B — a are determined by parameters v = v,, and g = ¢& in
the model, as shown in Egs. (10), (6), and (7), respectively.
In order to more clearly distinguish the differences in the
effects they bring, we observe by changing the value of g
under different values of v.

Firstly, we consider the S-wave interactions with a bare
state above the threshold. The G and f functions are
defined in Egs. (6) and (11), respectively. As shown in
Fig. 7, the pole trajectories are shown clearly. We find one
pole trajectory always begins with a bare state, which is
obvious, because the bare state will be a real physical
pole once there is no interaction between the bare state
and the coupled channels, i.e., g = 0. Thus, we can see
that regardless of whether v is attractive or repulsive, a
trajectory of singularities always originates from a bare
state. This also indicates that when a bare state exists, as
long as there is an interaction between the bare state and the
coupled channel, there will always be a physical singularity
closely linked to the bare state.

When » > 0 shows the repulsive potential, the bound
state that forms actually originates from the existence of the

bare state, which provides an attractive potential for the
two particles. This potential can cancel out the repulsive
potential brought by », hence forming a bound state.
Unfortunately, this situation does not yet have a clear
physical correspondence as we know. We suggest looking
for cases where two particles are repulsive and there is a
bare state predicted by traditional quark models near the
threshold. If the attractive potential from the bare state is
not strong enough, a resonance state above the threshold
will form, which appears between the two vertical red and
blue lines in Fig. 7. This has good physical correspondence;
many resonance states, such as the ¥ meson and the o
meson, are examples of this case. Meanwhile, when v is
repulsive, the trajectory of singularities along the dotted
line is evidently far from the physical region being
discussed, which we have found actually originates from
the form factor of the model and can thus be ignored.
Next, we consider the case where v is an attractive
potential. In this case, the trajectory originating from the
bare state becomes a resonance as ¢ increases, and a bound
state or a virtual state is produced beneath the threshold.
Here, even if the attractive potential v from the two-body
coupled channel is not strong enough, increasing g provides
additional attractive potential, allowing a bound state to
form. In the literature [36], the explanation for X(3872)
reflects such a scenario, and a high-mass y.(2P) state is
also predicted. If the potential of the two-body coupled
channel is already sufficient to form a bound state, the bare
state will increase the binding energy of this bound state
further. Actually, D%;(2317) can be understood through this
framework [37]. It suggests that part of its deep binding
energy over 40 MeV should come from contributions of the
bare state, and we predict that above the bare state mass for
this quantum number, there should be a broad resonance
state with predominant decay to DK. When the v becomes
a repulsive potential, the bare state will generate a bound

0 oop me——— — ey ——
I 3
i
-02
: v=-0.09 v=-0.06 v=-0.03 v=0
g-value T ] ”_‘”\/‘ T TN T T ‘
-0.1
s ;
o T ' ‘ v=0.03] - v=0.06 v=0.09
o 2 3 0 2 3 0 2 3 I T R 3
Re(E) GeV
FIG. 7. S-wave interaction poles as the coupling of the (above threshold) bare state to M N scattering states. The blue line represents

the threshold position, and the red line represents the bare state mass position.
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FIG. 8. S-wave interaction poles as the coupling of the (below threshold) bare state to MN scattering states. The blue line represents

the threshold position, and the red line represents the bare state mass position.

state or a resonance for the large and small g. Another
resonance state arising from v is located relatively far from
the threshold. Given that the model itself is only effective in
the vicinity of the threshold, the systematic uncertainty
associated with this resonance state is significantly large
and can be approximately neglected.

Secondly, let us consider the bare state below the
threshold. As shown in Fig. 8, the situations of different
values of v are rather different. If the potential v between
the coupled channels provides a very strong attractive
potential, it generates a bound state deeper than the bare
state. Then since the effective potential generated through
the bare state remains attractive below the bare state mass,
the bound state produced by » will become even more
deeply bound. Simultaneously, the mass of the physical
state corresponding to the bare state will be pushed higher,
potentially turning into a virtual state or a resonance. This is
precisely the result demonstrated in Fig. 8 for v = —0.2.
When the attractive potential of v decreases, i.e., v = —0.1,
the bound state produced by v lies above the bare state
mass. In this case, the effective potential involving the bare
state becomes repulsive above the bare state mass, causing
the bound state generated by » to become shallower,
potentially turning into a virtual state or a resonance. If
v further decreases and even becomes a repulsive potential,
the bare state continues to exist as a bound state, while the
other state may transform into a virtual state or a resonance.
Such a virtual state or a resonance could be out of the
current model, and can be approximately neglected.

Thirdly, let us discuss the pole in the P-wave interaction
with a bare state above the threshold. Now correspondingly,
the G and f function is defined in Egs. (7) and (12),
respectively. For the repulsive potential case for v, the
situation is very similar to that in the S wave, the bare state
will generate a bound state or a resonance dependent on the
coupling strength, while another resonance with large width

is also in the second Riemann sheet, as shown in the
second line of Fig. 9. However, for the attractive », when
the v is not large enough, the pole trajectories are similar
to that for repulsive v. We guess that the p meson, the K*
meson, and the A(1232) baryon are examples of this case.
The pole trajectory from the bare state will become a
resonance state only when the attractive interaction of v is
large enough, while the bound state is related to the
potential v. Typically, when » only can generate a virtual
pole or a resonance pole as shown in Fig. 6, two
resonances between the threshold of the coupled channel
and the bare mass will be generated simultaneously as
shown by » = —0.1 ~ 0 in Fig. 9.

At last, for the bare state below the threshold of the
coupled channel in P wave, we show the results in Fig. 10.
We will find the bare state will generate a bound state there
and there is no additional resonance for » > 0. When v is a
attractive integration, the bare state also promises a bound
state, but another bound state or a virtual pole or a
resonance pole will be generated dependent on the values
of v and g.

In summary, we have found that if a bare state exists, a
physical state will always emerge in its vicinity. Depending
on the relationship between the bare mass and the thresh-
old, as well as the strength of the interaction, this physical
state can manifest as either a bound state or a resonance.
Additionally, when the attractive interaction between
coupled channels is sufficiently strong, another pole may
emerge near the threshold. The properties of this pole
are largely determined by the strength of the interaction.
Notably, due to the fact that the interaction potential
contributed by the s channel of the bare state is repulsive
at energies above the bare mass and attractive below it, the
relative magnitudes of the bare mass and the threshold
directly influence the position and nature of the pole
generated by the coupled channels.
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FIG. 9. P-wave interaction poles as the coupling of the (above threshold) bare state to M N scattering states. The blue line represents

the threshold position, and the red line represents the bare state mass position.
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FIG. 10. P-wave interaction poles as the coupling of the (below threshold) bare state to MN scattering states. The blue line represents
the threshold position, and the red line represents the bare state mass position.

V. THE COMPOSITENESS OF THE BOUND
STATES VS THE BINDING ENERGY
IN S AND P WAVE

In this section, let us discuss the compositeness of the
bound state generated including the bare state. As discussed
in the previous section, we find the bound state could be
mainly from the attractive potential between coupled
channels or just because of the bare state. Thus, it is
interesting to investigate the 1/Z of such a bound state. We
know that the compositeness of a state can be determined
by analyzing the wave functions of each component of the
bound state. Here, we calculated the relationship between
the bound state components, 1/Z, (i.e., one minus the
compositeness) and the binding energy for both S-wave and
P-wave cases. Specifically, it means the possibility of the

bare state B component in the dressed state B, i.e., the value
of 1/Z defined in Eq. (29).

The 1/Z represented in Fig. 11 corresponds to the cases
of S-wave interaction and the bare state mass is larger than
threshold. The results show that whatever the value of v, the
proportion of bare state components will drop to zero when
the binding energy is close to zero. It indicates that for the
S-wave bound state, when v is an attractive potential or
even a weak repulsive potential, and the bare mass is above
the threshold, the compositeness always becomes 1 when it
is a shallow bound state. For X(3872), it is just this case,
thus the compositeness of X(3872) is always close to 1,
which conclusion is consistent with that in Ref. [38].

However, when v is a repulsive potential, it can be
seen that the minimum 1/Z value at the threshold is not
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always 0, especially when v is large, as shown in Fig. 11
with v = 0.06 and 0.09. By analyzing Eq. (30), we know
that if we want 1/Z to be zero, the X(E) value at the
threshold needs to be a cusp to ensure that its derivative
is infinite. By plotting the distribution of Re[Z(E)] at
v =0.01 and » = 0.09 as shown in Figs. 12 and 13, the
curves for Re[Z(E)] show a clear cusp and a flat behavior at
the threshold for » = 0.01 and v = 0.09, respectively, as
shown the solid lines in Figs. 12 and 13. This results in that
1/Z is very close to 0 for v = 0.01, with a larger value for
1/Z instead of 0 for v = 0.09.

Next, we consider the case that the bare state mass is
below threshold in § wave. The results are shown in
Fig. 14. It shows an interesting phenomenon that when
the bound state is close to the bare state, 1/Z will be close
to 1 while it close to O when binding energy is close to 0.
Even for v = —0.2, the shallow bound state is originated
from the bare state as shown in Fig. 8, but 1/Z is close to 0

L
Re[E] (GeV)

FIG. 12. Variation law of the real part Xz(E) (dashed line),
*L(E) (dot-dashed line), and £(E) (solid line) with binding
energy E. Here we set g = 0.3, v = 0.01. The vertical axis is the
real part of the Z3(E), ZL(E), and Z(E).

a9 o
Re(E) GeV

1/Z defined in Eq. (28) of the bound states in S-wave interaction when the bare state mass is greater than the threshold.

for binding energy close to 0. It indicates that even for the
physical state, which has as its main components the
coupled channel, i.e., compositeness close to 1, the bare
state still plays an important role, especially for the shallow
bound state.

At last, the P-wave cases with bare state mass larger and
smaller than threshold are shown in Figs. 15 and 16,
respectively. In this case, even the bound state is close to the
threshold; we find the compositeness will not go to 1, since
there is momentum dependence in the form factor in the f
function, which results in the absence of an extremum at the
threshold. Then, the compositeness (1 — 1/Z) will not be 0
at the threshold as shown in Eq. (30). Here we want to point
out that for the P wave and S wave with the relativistic
dispersion relationship, the loop function is ultraviolet
divergence if there is no form factor to suppress the high
momentum part. Thus, the £(E) would suffer the uncer-
tainties of the form factor, the form of which actually is an

0.0 0.5 1.0

1.5 2.0
Rel[E] (GeV)
FIG. 13. Variation law of the real part Xz(E) (dashed line),

TL(E) (dot-dashed line) and £(E) (solid line) with binding
energy E. Here we set g = 0.3, v = 0.09. The vertical axis is the
real part of the X3 (E), ZL(E), and Z(E).
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FIG. 14. 1/Z of the bound states in S-wave interaction when the bare state mass is smaller than the threshold.
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FIG. 15. 1/Z of the bound states in P-wave interaction when the bare state mass is greater than the threshold.
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FIG. 16. 1/Z of the bound states in P-wave interaction when the bare state mass is smaller than the threshold.

assumption. In this work, we just choose one form of the  system containing a bare state and coupled channels. We
form factor as a toy model to make the rough analysis, and  suggest to make several different forms of form factor to
to demonstrate the complexity of compositeness in a  confirm such uncertainties.
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VI. SUMMARY

In this work, we investigate a system incorporating a
bare state and coupled channels under the assumption of a
separable potential. We solve the LS equation and system-
atically analyze the poles of the two-body scattering
amplitude as well as the compositeness of the correspond-
ing bound states, exploring their dependence on relevant
parameters. Firstly, we qualitatively calculated the relation-
ship between momentum and energy in two body scatter-
ing. We observed that compared with nonrelativistic cases,
there is a significant difference in the distribution of
resonance state poles and bound state poles, and the
distribution of energy momentum on different Riemann
sheets is also different. The complexity in relativistic
situations arises from the existence of the square root in
relativistic formulas by influencing the regional distribution
of the momentum sheet and energy sheet.

We then highlight that the form factor of the interaction
influences the number of singularities in the scattering
amplitude. Specifically, under the approximation of non-
relativistic dispersion relations, the loop integral can be
computed analytically. The higher the power of momentum
in the denominator of the form factor, the higher the
maximum degree of the polynomial in the energy function
for the resulting loop integral, leading to multiple poles.
However, since general effective models are only valid near
the threshold energy region, only a few of these poles are
determined by the scattering amplitude near the threshold,
while the others, located farther from the threshold, are
strongly dependent on the specific form of the form factor.
Consequently, the number of physically meaningful poles
is significantly limited. Therefore, in the subsequent dis-
cussion, we primarily focus on the poles near the threshold.

On this basis, we investigated the properties of two-body
scattering using the HEFT model and examined the impact
of introducing a bare state on the two-body scattering
states. By adjusting the coupling strength, we thoroughly

studied the trajectories of the poles as they vary with the
interaction strength. Although the attractive or repulsive
interaction between the two coupled channels in reality
may present more complex scenarios that require further
discussion in the future, regardless, our results demonstrate
that the presence of a bare state can influence the distri-
bution of two-body scattering poles, thereby altering their
properties. This indicates that when studying a two-body
system, the influence of nearby coupled states cannot be
simply ignored.

Furthermore, we calculated the proportion of the bare
state component in the dressed state poles by analyzing the
wave function, thereby quantifying the extent to which the
bare state affects the bound state poles. For the attractive
interaction (v < Q) between the coupled channel and
S-wave case, the results reveal that the closer the pole is
to the threshold, the smaller the bare state component
becomes, whereas the farther it is from the threshold, the
larger the bare state component is. However, for the
repulsive potential, it is possible that the shallow bound
state still has nonzero bare state components, which is
related to the form factor.
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