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We show that, for values of the axion decay constant parametrically close to the grand unified theory
scale, the Peccei-Quinn phase transition may naturally occur during warm inflation. This results from
interactions between the Peccei-Quinn scalar field and the ambient thermal bath, which is sustained by the
inflaton field through dissipative effects. It is therefore possible for the axion field to appear as a dynamical
degree of freedom only after observable cosmic microwave background scales have become superhorizon,
thus avoiding the large-scale axion isocurvature perturbations that typically plague such models. This
nevertheless yields a nearly scale-invariant spectrum of axion isocurvature perturbations on small scales,

with a density contrast of up to a few percent, which may have a significant impact on the formation of
gravitationally bound axion structures such as miniclusters.
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I. INTRODUCTION

The QCD axion is one of the most promising dark matter
candidates, appearing naturally within the Peccei-Quinn
(PQ) solution to the strong CP problem [1-3]. In canonical
models, the axion appears as the pseudo—Nambu-Goldstone
boson associated with the spontaneous breaking of a global
U(1) PQ symmetry under which Standard Model quarks,
and possibly other fields, are charged. It has a naturally
small mass due to nonperturbative QCD instantons,
my ~ AéCD /f 4, where the axion decay constant f, corre-
sponds to the PQ symmetry-breaking scale. Astrophysical
constraints yield £, > 10% GeV, such that m, <0.1 eV. In
this low-mass range, this “invisible” axion decays into
photon pairs with a lifetime exceeding the age of the
Universe, making it a natural dark matter candidate.

The main cosmological mechanism for axion production
is, in most scenarios, the so-called misalignment mechanism,
where the axion field oscillates coherently about the mini-
mum of its instanton-induced potential, mimicking a pres-
sureless fluid. The dark matter abundance depends on the
axion field’s displacement from the minimum at the onset of
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oscillations just after the QCD phase transition, which is
proportional to the axion decay constant. If the latter is close
to the grand unification scale, 10'°~10'® GeV, as typical of,
e.g., string theory constructions and grand unified theories
(GUTs), this requires a fine-tuning of the initial misalign-
ment angle to avoid an overabundance of dark matter [4].

Even if such a fine-tuning can be attributed to anthropic
selection in the string landscape or other dynamical
mechanisms, axion models with large decay constants
are, at least within the simplest scenarios, in tension with
observational data. It is typically assumed in such models
that the PQ symmetry remains broken throughout inflation
and is not restored during the reheating process. The axion
field thus remains light during inflation and acquires
significant fluctuations on large scales that later become
cold dark matter (CDM) isocurvature modes after the onset
of field oscillations [4,5]. Such modes are uncorrelated with
the main adiabatic curvature perturbations resulting from
inflaton fluctuations and are now severely constrained by
the accurate measurements of cosmic microwave back-
ground (CMB) anisotropies made by the Planck satellite
(see [6] for a recent take on the subject). Overall, scenarios
with large axion decay constants seem to only be viable
within low-scale inflationary models, which predict values
of the tensor-to-scalar ratio well below the reach of any
CMB observations in the foreseeable future [7] (see also
[8—11] and references therein).

An interesting alternative scenario that can prevent the
generation of large axion isocurvature perturbations is
one where the spontaneous breaking of the PQ symmetry
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occurs during the inflationary phase and is not later restored
in the radiation era. This was first proposed by Linde [4] in
a model where the complex scalar field S that breaks the
global U(1) PQ symmetry is coupled to the inflaton field ¢,
with a scalar potential of the form

fa

vis.g) =415 -

)2+u¢2|5|2, (1)

in addition to the inflaton potential. Note that the mass of the
complex field receives a contribution from the inflaton. If
v > (0, the bilinear interaction acts as a stabilizer, preventing
the transition from the symmetric minimum at |S| =0

to the broken minimum at |S| = f,/1 — (¢/¢.)* until
¢ <. = \//1/_1/ f .- The inflaton field thus plays the role of
the temperature in a thermal crossover, and it may be
possible for the critical field value to be reached only after
observable CMB scales have become superhorizon during
inflation. Since the axion, corresponding to the phase of the
complex S field in this scenario, only becomes an inde-
pendent dynamical degree of freedom after the PQ phase
transition, this then prevents the growth of the troublesome
axion isocurvature perturbations on large scales. In addition,
even if large axion fluctuations arise on small scales, any
potentially associated topological defects [12] can still be
inflated away if the PQ phase transition occurs sufficiently
long before inflation ends.

In such a scenario, the coupling v, besides the requirement
of a positive sign, must be sufficiently small to ensure that the
inflaton field remains light after the PQ phase transition, with
the inflaton squared mass shifting by Amg ~vf; < H> It
cannot, however, be too small; otherwise, the critical inflaton
field value could be reached before the last 50-60 e-folds of
inflation.

Although Linde’s scenario is certainly parametrically
viable, we argue in this work that warm inflation [13] offers
an alternative possibility for the PQ phase transition to
occur during inflation. In warm inflation, the inflaton
sustains a thermal radiation bath through dissipative
effects, with a slowly evolving temperature typically just
below the GUT scale. The latter may include some of the
Standard Model fields (see, e.g., [14]) that are charged
under the PQ symmetry, thus leading to a thermal con-
tribution to the mass of the PQ scalar S. Hence, we may
naturally expect a thermal second order PQ phase transition
to occur during inflation for axion decay constants around
the GUT scale. We will explore in detail the dynamics of
such a phase transition and its impact on the spectrum of
axion isocurvature perturbations.

This work is organized as follows. Section II summarizes
the main features of warm inflation and presents the
relevant dynamical quantities for the thermal PQ phase
transition, analyzed in Sec. III. Section IV summarizes our
main results and conclusions, as well as prospects for future
developments.

II. WARM INFLATION

Warm inflation accounts for interactions between the
inflaton scalar field ¢ and other degrees of freedom, in a
nearly thermal radiation bath, during inflation [13,15-18].
The cosmological evolution of the inflaton-radiation sys-
tem is thus given by two equations for the inflaton and
radiation fluids, alongside the Friedmann equation deter-
mining the Hubble expansion rate,

$+3Hp+Yp+0;V(p) =0, (2)
pr+4Hp, = T2, (3)

o pz[) =+ Pr
H? = 32 “)

where p, = @*/2+ V() is the energy density of the
inflaton, p, = (7°/30)g,T* is the radiation energy density,
with ¢, denoting the number of relativistic degrees of
freedom, and M, = /hc/(82G) ~ 2.44 x 10'® GeV is
the reduced Planck mass. The dissipation coefficient
YT =7Y(¢,T) can generally be computed using standard
nonequilibrium quantum field theory techniques once the
interactions between the inflaton and other fields are
specified [16,17,19-24]. Among the several interesting
differences between conventional and warm inflation are
the latter’s smooth transition between the inflationary stage
and a radiation-dominated era if Y/(3H) = 1 close to
the end of inflation, and the thermal nature of inflaton
fluctuations, leading to a modified primordial curvature
power spectrum [25-28].

For concreteness, we will focus on the warm inflation
realization of [14], which constitutes the first implementa-
tion of warm inflation within an extension of the Standard
Model. This model is based on the “warm little inflaton”
scenario proposed in [29], the first to overcome the
challenges in realizing warm inflation within a simple
quantum field theory model. In the concrete scenario of
[14], the inflaton dissipates its energy through its inter-
actions with two of the right-handed neutrinos, sustaining a
thermal bath that involves the latter and the Standard Model
Higgs and lepton fields. The same interactions also gen-
erate light neutrino masses through the seesaw mechanism,
and the third right-handed neutrino may generate the
observed baryon asymmetry through thermal leptogenesis
[30] just after the end of inflation. The underlying sym-
metries also ensure that a stable inflaton remnant remains
until the present day, possibly accounting for dark matter
[31] or dark energy [32].

We note, however, that the results of the next sections
should be fairly independent of this particular choice of
scenario since (i) most of the dynamics occurs during weak
dissipation slow-roll dynamics, and (ii) the results below are
essentially contingent on a decreasing temperature during
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FIG. 1. Numerical evolution of the temperature 7 and Hubble
parameter H (solid lines) as a function of the number of e-folds NV,
in the scenario of [14] for a particular choice of model parameters
yielding a consistent warm inflation model. The dashed lines show
the corresponding analytical approximations in Egs. (5) and (6),
which deviate less than 10% from the numerical results, which is
sufficiently accurate for our purposes.

warm inflation, which is guaranteed for Y/(3H) < 1 and
€4 = (M%/2)(9,V/V)* < 1. For more general information
on warm inflation and a detailed analysis of the model’s
inflationary dynamics, we refer the reader to [14] and
references therein.

The only quantities that affect the dynamics of the PQ
scalar field are the temperature of the thermal bath T and
the Hubble expansion rate H during warm inflation. In
Fig. 1 we illustrate the evolution of these quantities during
warm inflation obtained by solving numerically the system
in Egs. (2)—(4) for a particular choice of model parameters,
corresponding to the representative example shown in
Fig. 1 of [14]. These are sufficiently well described by

N, 13/20
T(N,) =T, <1 _N_£> , (5)

H(N,) = H*<1 —i—Z)ll/s, (6)

where T, ~7.8x 10" GeV, H,~4.4 x 10> GeV, and

N! = 65. The quality of these approximations will be
sufficient for our purposes as we aim to provide an overall

description of the phase transition during warm inflation,
the above expressions yielding a typical example of how
the temperature and the Hubble parameter vary slowly
during a period of warm inflation.

ITI. PECCEI-QUINN PHASE TRANSITION

As argued above, we will assume that the complex scalar
field S that spontaneously breaks the PQ symmetry is
coupled to the particles in the radiation bath during warm
inflation through an effective coupling @, which may be the
result of interactions with different species in the thermal
plasma. The leading correction to the PQ scalar potential is
then a thermal mass correction,

2
vish=a(1se- ) +erise. o)

where T evolves during inflation according to Eq. (5) above
in our working example. Here we will assume that the
coupling between the PQ and inflaton fields is sufficiently
small to be ignored, so that the PQ transition has a purely
thermal origin, bearing in mind that there may be situations
where both the inflaton coupling and the thermal correction
contribute significantly to the PQ field’s mass.

We note that there are subleading corrections to the
scalar potential from its coupling to the thermal bath
particles and its quartic self-coupling, from both zero-
and finite-temperature effects. These include Coleman-
Weinberg terms that lead to a temperature-dependent
quartic coupling A(T), but since the temperature depend-
ence is only logarithmic and, moreover, the temperature
varies slowly during warm inflation, it is a sufficiently good
approximation to consider a fixed value for this coupling.
In addition, scalar self-interactions induce an additional
term ~23/2|SP’T (up to numerical loop factors) from the
resummation of “daisy diagrams” [33]." While this term
could play an important role, and, in fact, potentially
change the nature of the phase transition, it is suppressed
by a factor (1/a)?? relative to the leading thermal mass
term in the high-temperature regime 7' > a|S| relevant for
our discussion. Since it is technically natural to consider
a* < A < ain our setup, we may safely neglect the effects
of this term in our analysis.

The complex scalar field S may be either decomposed into

its radial and angular components, v/2S = oe’, or its real

and imaginary part, 2S5 = oy + ic;, with 6> = 6% + 67.
With the former decomposition, the action reads

1 2
S— / dx =g [5 0,00 + %aﬂeaﬂe ~ V()| (8)

'Only bosonic degrees of freedom induce this type of correction
and in our setup we will assume that only fermion fields in the
thermal bath couple to the PQ field.
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with

V() ==(c>— f2)? + %aszaz. (9)

IS

At large temperatures, the expectation value of the radial
field vanishes, (o) = 0, and the angular field 0, correspond-
ing to the axion, has no kinetic term and is hence non-
dynamical. This is a consequence of 6 being ill defined at the
U(1)-symmetric minimum. This means that above the
critical temperature, T = \/Af,/a, when the PQ symmetry
is restored, it is more appropriate to describe the complex
field in terms of its real and imaginary parts. The equation of
motion for each of these fields in a flat Friedmann-Lemaitre-
Robertson-Walker universe are then given by

. . v2GR 2
O'R+3H0R——2+mg(0)GR:0, (10)
a
Ve
67+ 3Hé, — a2’+m,%(o-)a, =0, (11)

where the PQ field’s effective mass squared is m2(c) =

A(6? — £2) + &®T?. We assume that the energy density in the

PQ field is much smaller than that of the inflaton,” Ps K Py

so that the Hubble parameter H follows from Eq. (6).
Below the critical temperature, the origin becomes a

maximum and the minima lie at ¢ = f,+/1 — (T/T.),

which asymptotes to the axion decay constant f, at late
times when 7 <« T.. The PQ phase transition will then
occur during the last 50-60 e-folds of warm inflation if the
critical temperature lies in the range 10'*~10'> GeV, which
is typical of warm inflation models and not a special feature
of our working example. This is natural for axion decay
constants parametrically close to the GUT scale, and in
Fig. 2 we show the regions in the (4, @) plane for which the
PQ transition occurs within the last ~50 e-folds of inflation,
assuming the largest observable CMB scales exit the
horizon ~60 e-folds before radiation becomes dominant.

We thus see that, if neither the self-coupling of the PQ
field, nor its effective coupling to the particles in the thermal
bath are very suppressed, a thermal PQ phase transition will
naturally occur during warm inflation for large values of the
axion decay constant f, ~ 10'*-10'® GeV. We note that in
this regime we always have f, > H/2x during inflation;
nevertheless, the PQ symmetry remains restored until the
temperature falls below the critical value, unlike in cold
inflation scenarios [6].

Since during warm inflation 7 > H, as can be seen in
the example of Fig. 1, and we are also interested in the
regime of large axion decay constant f, > H, the PQ field
effective mass will generically exceed the Hubble rate and

*This remains true throughout inflation when the initial ampli-
tude of the radial field guarantees that V(s)/V(¢) < 1.
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FIG. 2. Regions in the (4,a) plane for which the PQ phase
transition occurs during warm inflation, considering different
values of the axion decay constant f, around the GUT scale. For
each value of f,, the three colored bands given the interval in
number of e-folds of inflation where the transition occurs.

both its real and imaginary parts oscillate about the origin
with an exponentially damped amplitude for 7 > T'.. When
the temperature decreases below the critical value, a
tachyonic instability develops driving the radial field toward
the broken-symmetry minimum, about which it oscillates
thereafter. It is during the instability phase when the field
develops a nontrivial expectation value that the axion field
becomes a dynamical degree of freedom. This simple
picture is, however, incomplete, since fluctuation-dissipation
effects are crucial in determining the field value at the onset of
the instability, as we will now analyze in detail.

A. Fluctuation-dissipation effects

The coupling between the complex field and the radiation
bath generates, in addition to the thermal mass correction,
dissipative and thermal noise terms in the equations of
motion, much like the analogous effects giving rise to warm
inflation itself. The former causes the transfer of energy
from the scalar fields oz and o; to the thermal bath, while
the latter prevents the amplitude of the fields from decreas-
ing arbitrarily as a consequence of the Hubble friction. The
thermal fluctuations acting on the fields drive their evolu-
tion, much like the stochastic collisions of water molecules
with a large static pollen particle generate Brownian motion.

Since the energy density of the PQ field is much smaller
than that of the inflaton field, pg < py, we may generi-
cally neglect the radiation produced by the PQ field
through dissipative effects, with the temperature of the
thermal bath being essentially controlled by the inflaton
field as in Eq. (5).
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Adding the fluctuation-dissipation terms to the equations
of motion yields effective Langevin equations for the real
and imaginary parts of the PQ field, given by (see, e.g., [17])

&;+ (3H +T)6; + Aoi(c* — f2) + a®T?*c; = &, (12)

with i = R, I, and where I" is the dissipation coefficient
and ¢ is the stochastic thermal noise, both associated with
the coupling between the PQ field and radiation bath. Note
that the noise terms for the real and imaginary parts of the
PQ field are independent random variables, but since they
have analogous statistical properties we denote them both
by & For simplicity, we consider only a generic Yukawa
coupling between the PQ field and fermions in the
radiation bath of the form

'CYukawa = _QSZ%W;W (13)

where y; and y/; denote generic light fermions in the thermal
bath. The specific PQ charges of these fermions will not be
relevant to our study of the phase transition and will be model
dependent (see, e.g., the Kim-Shifman-Vainshtein-Zakharov
axion model [34,35]). In this case, we have a?> = ¢>?N/6,
where N is the number of fermion species. The dissipation
coefficient for a scalar field oscillating about the minimum of
its potential coincides with its finite-temperature decay width
[22], which in this case is well approximated by [36]

2 2
3a” m;

[(T) = 16z T (14)
for momentum modes below the temperature and m, =
a(T — T,) < T. Note that this is valid only while the fields are
oscillating about the symmetric minimum, (6z) = (c;) = 0,
for T > T.. Comparing this dissipation rate with the Hubble
friction yields

it (7)) () - oo

where the field mass is evaluated at o = 0. Although
fa>H, since T~T.~f, and 4, a <1, we find that
I' < H in most of the relevant parameter space.

We assume a Gaussian white noise term, which is a good
approximation for momentum modes below the temperature
of the thermal bath (see, e.g., [28,37]), with a variance given
by the fluctuation-dissipation relation (see, e.g., [16,17])

(Ek(t1)éw (1)) = 2F(T)T(2”3)3

a

S(k +Kk')o(t; —12), (16)

and (&, (7)) = 0, where the angle brackets represent a thermal
ensemble average. Again, we stress that the dynamics of o
and o; is driven by independent noise terms, but their
common decay width implies that the above fluctuation-
dissipation relation is identical for both field components.

B. Perturbation evolution

While Hubble expansion drives the PQ field toward the
minimum at the origin for 7 > T, the thermal noise
induces thermal field fluctuations with a nonzero variance
that affect the subsequent tachyonic instability. We may
then expand the fields oz and o; about the symmetric
minimum to yield the equation of motion for linear field
perturbations about the origin, in momentum space,

k2
6+ (BH +T)6, + (; + mﬁ) op =&  (17)

where for simplicity we have dropped the index i since the
equations for the mode perturbations of oy and o, are
formally identical. Our goal is to solve this equation and
evaluate the full field variance on superhorizon scales,
which will yield the typical oscillation amplitude of the
radial field at the onset of the phase transition.

As asecond order differential equation, Eq. (17) admits two
homogeneous solutions, o™ (z, k) = a;Y (1) + by Yo (1),
where a; and b, are coefficients depending on initial
conditions. An analytical approximation to these can be
found using the WKB method. In the regime where
H/H?> <1 and I'/(HT) < 1, one may write

aﬁom-(t) =exp(—=(3H +1)t/2)u (1), (18)
so that Eq. (17) becomes

k2 3H +T)?
quZ-l-(;-l-mg—%)”kﬁo’ (19)

where we changed the integration variable to the number of
e-folds, dN, = Hdt, v’ = du/dN,. Let us denote the terms
inside the brackets by f;(N,). Since H < m, and H is a
slowly varying function, u; admits a power-series solution,

1 (s
U, = exp <E E H"Sn). (20)
n=0

We may then keep only the first two terms of the series and,
reverting to the time variable (t~ H~'N,), the two inde-
pendent homogeneous solutions are

Ae—(3H+F)t/2 ¢
Ylk(t) ZWcOS (/7: dt/fk<t/)1/2> y (21)

Be-(HAT)1/2 ;
YZk(t):ef(thin ( /T dz’fk(/)l/2>, (22)

whose amplitude is also exponentially suppressed. The
inhomogeneous solution resulting from the noise term &
can be determined using Green’s function method,
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: t _ _
1.0 = [ @G, (23)
where G(1,t) is the kernel function,

Y (£)Y o (1) = Yor(D) Y (1)
W(Y 1, (7), You (7)) ’

which vanishes for 7 =t W(Y (1), Yo (¢)) is the deter-
minant of the Wronskian matrix,

@@nz[ (24)

WY 1k(2), Yor (1)) = Y1x(£)0, Y2 (1) = Yor(£)0,Y 1 (2).
(25)

The structure of (24) guarantees independence from initial
conditions, and so one can compute Y (z) and Y, (7)
numerically using random initial conditions and then plug
these into Eq. (23) to find the inhomogeneous solution.
Alternatively, one can find approximate analytical solutions
using the WKB approximation above.

Note that, by definition, the inhomogeneous solution
does not decay with expansion [36]. This can be seen by
using the decomposition (18) in Egs. (23) and (24),

. t -
(1.1 = O [T )G D). (26)
0

where the exponential factors cancel after the integration
and F(7,1) is defined as

R = [t e

W (15 (7). uzi (7))

As a result, ™" becomes the dominant contribution to the
perturbations for (3H +I")z > 1. The combined effect of
the superhorizon perturbations will then determine the
evolution of the average field 5. For this reason, we shall
denote the inhomogeneous solution simply as o (7).

C. Thermal field variance

Even if the PQ field has a nonvanishing expectation value
at the start of inflation, it will quickly be driven to the origin
by the exponentially fast expansion. There is, therefore, a
point where the contribution of the superhorizon modes to
the average real and imaginary components of the field
becomes dominant and the evolution thereafter is described
by their combined behavior, which is captured in the two-
point correlation function and field variance. With (23),
we can determine the former,

(oxttoutt)) = ['a [ aiGa.06* )
% (&P (). 8

Using the fluctuation-dissipation relation (16) and selecting
¥ = t, we obtain the equal-time correlator

<@@@w»=@w%m+kqgvnaaw

X ZFE;’)T. (29)

This can be determined analytically by using Egs. (21)
and (22). The kernel function is

. e~ GHAD(=1/2 ‘
GkO,O:z(fk(ﬁfkg)y/4snl<]{ dﬂj}(ﬂ)“2>, (30)

so that the two-point function becomes
T t 2T(1)T (¢
1/2/ d (—) 1/(2)
F@ o fild)
- t
x e'sin? (/ dt’fk(t’)1/2>, (31)
7

where §(k) is defined as

Q

{o(1)oy (1)) ~ 6(k)

(2m)°
a(t)?

5(k + k). (32)

Since we are interested in the contribution of super-
horizon modes, k < aH, and H < m,, f;(t) can be
approximated as

¥, GH+I)?

fk(t) = ?"’ mes 4 = My, (33)
such that
(Do (1)) =2 5(k) S /ldim (7)e?
R = 6 my (1) Jy ©

« (1 — cos (2 / tdﬂm,,(t’))), (34)

where we used (14) and sin?(x) = (1 —cos(2x))/2. Noting
again that H < m,, it follows that the argument of the
trigonometric function in the integral is rapidly oscillat-
ing, so that this contribution has a negligible average
value. In the limit where r,/(Hm,) < 1,

w

—~

2r) ~ T
ol TR R

(or(t)o (1)) =

(1 -, (35)

where we used (14). This has mass dimension —4, as
expected.

We can now compute the variance of the field on super-
horizon scales (the “classical” field component) by integrat-
ing over the contribution of all superhorizon modes,
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3131
@) = [ G e e

and using the result (35) we then obtain

(1= T

(o) = (27 a(1)’ my (1) / &k G7)

The comoving momentum integral in (37) is given by

/ Bk = 43—”(a(t)H)3<1 - <%>3> (38)

so that the variance (37) becomes

1 TH?
2N T
loc) = )

(1—e™), (39)
where we have neglected (ay/a)?, valid for Ht > 1, ie.,
after only a few e-folds of inflation.

For I't <1, this can be approximated as

a2

(62) ~——Ht ~ 2 N

3273 3273 e (40)

where we have used (14). The growing variance results from
the fact that the number of superhorizon modes is increasing
while their individual amplitude is not yet suppressed. This
is very similar to the variance of a light quantum field in a
de Sitter stage [38], although fluctuations are thermal in
nature.

For I't Z 1, the variance can be approximated by

1 TH?
2N T
(o) T 6n* m2’

(41)
becoming approximately constant because the growing
number of superhorizon modes cannot overcome the
decaying amplitude of each mode. This signals that the
PQ field reaches thermal equilibrium with the ambient
heat bath upon decaying significantly, as displayed by the
temperature dependence and the absence of an explicit
time dependence (i.e., the process became memoryless).
However, this is only attained for (I'/H)N, > 1, which
may require a substantial number of e-folds of inflation
before the phase transition as typically I'/H < 1.

The typical value of the field amplitude prior to the
tachyonic instability is therefore given by the square root of
the variance (39),

ZNL Z 1/25 — e Tn)1/2
= en(y) At @

meg

We note that, although this approximate expression diverges
at the critical temperature where m,(c = 0) = 0, this is only

8.x107°
7.x107°
6.x107°
.x107°
.x107°
.x107°
x107°
.x107°

0.
01 2 4 6 8 10 12 14

N,

— Numerical

— Eq.(39)

oolfa

— N W s Wt

FIG. 3. Comparison between the numerical result for the square
root of the variance (36) determined with the numerical (blue) and
the analytical approximations (39) (black) and (40) (dashed
green). The difference between the numerical and analytical
results increases as T — T, and ri,/(Hm,)~ 1. The micro-
physical parameters are f, = 1.2 x 10'> GeV, self-coupling
4 =10.01, and effective coupling to the thermal bath a = 0.2,
such that 7', is reached at N, ~ 15.

due to the approximation used in Eq. (33), while the
numerically evaluated value is finite, as can be seen in Fig. 3.

Superhorizon thermal field fluctuations thus play an
important role in the dynamics of the phase transition, since
the PQ field never becomes too localized at the symmetric
minimum and, as we will see, this will determine the
duration of the subsequent period of tachyonic instability,
i.e., how long the field takes to settle at the symmetry-
breaking minimum.

We recall that the above results are valid for both the real
and imaginary components of the PQ field, which exhibit
independent thermal fluctuations about the origin, albeit
with the same average amplitude, given that they interact in
the same way with the fields in the thermal bath. The radial
field variance is thus (6?) = (6%) + (67) = 2{(c%).

We also stress that thermal field fluctuations at fixed
comoving scale k do not freeze out upon becoming super-
horizon and are, in fact, damped by expansion. The constant
or linearly growing variance is, as mentioned above, only a
consequence of the growing number of modes that become
superhorizon as inflation proceeds. This is important since
independent fluctuations in oy and o; lead to fluctuations in
the phase 6 of the complex PQ field that later becomes the
axion. These fluctuations are, however, damped by infla-
tionary expansion until the critical temperature is reached,
so that in this scenario there are no significant 8 fluctuations
on the CMB scales that leave the horizon well before the
phase transition.

D. Tachyonic instability

Once the minimum of the scalar potential becomes
nontrivial for T < T, the dissipation coefficient is no
longer given by its finite-temperature decay width, which
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vanishes at 7. and becomes ill defined in the tachyonic
phase. However, in the latter period, the field dynamics will
mainly be driven by the negative sign of the field’s effective
squared mass, so we do not expect fluctuation-dissipation
effects to play an important role.

We will, instead, take the superhorizon rms field amplitude
computed above at the onset of the phase transition as the
initial condition for the evolution of the homogeneous field
component, discarding any subsequent fluctuation-dissipa-
tion effects. We are interested in determining, in particular,
the point at which the field starts oscillating about the
nontrivial minimum, so that the PQ symmetry is effectively
broken and the angular field € corresponding to the axion
becomes an independent dynamical degree of freedom.

The relevant equation of motion for the homogeneous
radial field component, including all superhorizon modes,
is then given by

2
6+3H¢+/153+/1f§(%—1)a:0. (43)
c
We noted above that, for 6 < (T/T.)f,, the thermal mass
contribution dominates. As (42) satisfies this condition, the
quartic term in the potential remains negligible while the
field oscillates about the origin due to the quadratic term.
For T < T, a tachyonic instability develops and the field
amplitude o grows exponentially with time. Eventually,
o becomes large enough for the quartic term to shut down
the instability: the radial field executes damped oscillations
abouto = f,\/1 — (T/T,)? thereafter. This is illustrated in
the numerical example in Fig. 4.

It is possible to obtain an approximate analytical solution
during the tachyonic regime by carrying out the following
procedure. First, we neglect the quartic contribution to
the potential. Second, taking into account that H/H? < 1,
we may change variables via ¢ = exp(—3H?/2)u,

ii + (ﬂfﬁ(i—i—l) —gHz)u:O. (44)

Third, we may also change the integration variable to the
number of e-folds, dN, = Hdt, so that

Af2 (T? 9
u//+<H2 (T_%_l —Z u~0. (45)
Finally, since T varies slowly during warm inflation, we

may expand T2 around T2 as a function of the number of
e-folds,

2

T
= 1=y (N = o), (46)

where y > 0 and N¢ denotes the e-fold at which T/T,. = 1.
Plugging 77/T2 into (45),

10¢

0.100¢

0.010¢

o/t

0.001

104

10

5 10 15 20
N,

FIG. 4. Numerical evolution of the Peccei-Quinn field’s
average amplitude during warm inflation in a representative
example with f, = 1.2 x 10> GeV, self-coupling 1 = 0.01,
and effective coupling to the thermal bath a = 0.2. The initial
amplitude of the field is ~10f,, such that V(s,)/V(¢) ~ 1073.
The field first oscillates about the origin with an exponentially
decreasing amplitude, but its amplitude cannot decrease arbi-
trarily due to its thermal fluctuations, which dominate the
amplitude from around N, ~ 10 e-folds in this example until
the critical temperature is reached around N, ~15 e-folds
(vertical red line). At this point, the tachyonic instability drives
the field away from the origin and toward the temperature-
dependent symmetry-breaking minimum, about which the field
begins oscillating at N¢ ~ 17 e-folds.

Ay f? 9
- (M- +Juso. @

Shifting the integration variable, x = N, — N¢,

d’u 9

which is simply an Airy equation with ¢ = lyf2/H?> > 0,
with solutions

u(x) = AAi {q—z/ 3 <qx + %ﬂ + BBi [q‘2/3 <qx + %)] :

(49)

where Ai(z) and Bi(z) are the Airy functions of the first and
second kind, respectively, exponentially decreasing and
exponentially increasing for x > 0. For x <0, the two
functions oscillate with varying frequency and decreasing
amplitude as x — —oo. The constants A and B are fixed by
the value of (o, ¢’) at N, ~ NS. After doing so, we can
neglect the exponentially decreasing term, yielding

9
6 ~ Be™*/’Bi {q_zﬁ <qx + Z)] ) (50)

We can now determine the e-fold number at which the
homogeneous field “catches up” with the potential minimum
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01 . . : . .
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0.4 P
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0.3
0.2
0.1
0.0 :
14.5 15.0 15.5 16.0 16.5 17.0 17.5 180
N,
FIG.5. Comparison between the evolution obtained numerically

for the homogeneous PQ field (blue) and the analytical approxi-
mation in Eq. (50) (red). The black curve shows the evolution of
the minimum of the scalar potential, f,+/1 — (T/T.)?. The
leftmost black vertical line represents 7= T, at N, ~ 15. The
blue (black) vertical (dashed) line represents the e-fold at which
the analytical (numerical) result matches with the classical sol-
ution, Eq. (51). Their relative difference is about 0.1% (see inset for
enlargement). The instability period lasts x, ~ 1.5 e-folds for the
values of Fig. 4.

fa/1=(T/T,)?, N¢ (see Fig. 5). Using (46) and (50),

far/7Xq = Be™3%/?Bi {q‘z/ 3 (qxa - %ﬂ . (51)

where x, = N¢ — N¢. This equation determines the duration
of the instability period x,,, defining how long it takes for the
radial PQ field to catch up with its new minimum. We have
also checked that this coincides approximately with the point
at which the evolution of the radial field becomes once more
adiabatic on Hubble timescales. From this we infer that x,,
exhibits an approximately logarithmic dependence on

B/f.~\/(62)/f.» with a lower field variance at the critical
point yielding a longer instability period, as expected.
Having a sufficiently accurate determination of the duration
of this instability period is essential to ascertain when
symmetry breaking effectively takes place and the axion
becomes an independent dynamical degree of freedom. In
our numerical simulations, as shown in the example in
Fig. 5, we observed generically that, at N, = N¢, the
minimum of the scalar potential lies at o/f, = O(0.1),
with the tachyonic period lasting for x, ~ 1-2 e-folds.

It is interesting to contrast this phase transition with its
equivalent during the radiation-dominated era after inflation
where a(t)  t'/? and H = 1/2t, rather than H=~ const. In
this case, the solutions of (43) in the unstable phase are given
by Bessel functions J,,(—it) and Y,,(—it), where m is a
mass parameter that can be read from the equation of motion.
Since, however, a(t) « t'/? and N, = log(a/ay) o log(t),
the elapsed time is exponential with the number of e-folds.

Therefore, the unstable solution in the radiation epoch
grows as an exponential of an exponential of N,, rapidly
catching up with the minimum of the potential at
6/fe=+/1—(T/T,)*. Asaresult, N ~ N¢ and the radial
field reaches the minimum of the potential for ¢ < f,
leading to much larger fluctuations in the phase of the field
than in warm inflation as we discuss below.

After the instability, the radial field executes damped
oscillations about the symmetry-breaking minimum, since
its mass is much larger than the Hubble friction. As,
however, m, < T, dissipation might still play a role on
the evolution of the radial field. Describing this behavior is,
however, beyond the scope of this work.

E. Axion isocurvature spectrum

The nontrivial duration of the tachyonic instability
period during warm inflation has an important conse-
quence, since the axion field is only truly “born” after the
radial field settles at the symmetry-breaking minimum. In
particular, during the instability period, which as we have
seen lasts for 1-2 e-folds, the Hubble-averaged value of
the radial field varies in a nonadiabatic way. Since this
determines the normalization of the angular kinetic term,
the dynamics of @ and ¢ is only effectively decoupled after
N4, when o/f, =+/1—(T/T,)>.

In standard scenarios, the & field will not interact
significantly with the thermal bath, but it will nevertheless
exhibit quasi—de Sitter quantum fluctuations, as generic for
any light scalar field during inflation [4],

H
O T

We stress that this is only valid after the radial field has
reached the broken-symmetry minimum, so that the diver-
gence of this expression at the critical temperature does not
really yield arbitrarily large 0 fluctuations. As mentioned
above, we find, in general, that /1 — (T/T,)? 2 0.1 in this
regime, with the largest fluctuations corresponding to
scales that become superhorizon around N¢. Since both
the Hubble parameter and the temperature are slowly
decreasing functions of the number of e-folds, 66 acquires
a small-scale dependence. This will then result in a nearly
scale-invariant spectrum of isocurvature density perturba-
tions in the dark matter, once the axion field begins
oscillating about its QCD-instanton-induced potential in
the radiation era.

In order to determine whether these perturbations are
significant, one needs to compute, for a given value of f a,3
the value of the initial misalignment angle 6; for which the
axion field accounts for the cosmological density of dark

(52)

3This yieldsa QCD axion mass m, ~6 x 107/(f,/10'2 GeV) eV
[4], with m, ~5 x 107 eV in the example above.
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matter.” For the QCD axion, this is given by [7]

fa A
Quh? =07 —%— — .
4 0 (lO12 GeV) n (53)

Using Qcpuh? = 0.12 [39] yields

f. -7/12
10 GeV) ’ (54)

0; ~0.02 <
such that 66,,,./6; x f;s/ 2 s given by the ratio of
(52) and (54) evaluated at N, = N¢. For the parameters
of the representative example above, 6;~0.02 and
00 max/0; = 0.06. Since the latter value is small, the con-
tribution of angular perturbations to the homogeneous field
amplitude 6; can be safely neglected.

We note that, in addition to the inverse dependence on
the axion decay constant given explicitly in Eq. (52),

the factor /1 — (T/T,)? also depends on f, and on the
couplings 4 and «, albeit in a nontrivial way, since these
parameters affect the duration of the instability period x,
according to (51). We have found numerically that
Spa/pa = 260/0 ~ O(1072-107") for small-scale axion
isocurvature perturbations.

We illustrate in Fig. 6 the spectrum of these perturbations
as a function of the comoving wave number and the
corresponding number of e-folds at which they become
superhorizon, with N, = 0 denoting the point at which the
CMB pivot scale exits the horizon during warm inflation.
We note that the axion field remains massless until around
the time of the QCD phase transition, when QCD instan-
tons generate its periodic potential. Hence, fluctuations in
the 0 field only generate dark matter fluctuations when the
temperature falls below ~1 GeV in the radiation-domi-
nated epoch. Fluctuations that reenter the horizon prior to
this will be smoothed out by expansion, so that our scenario
only predicts significant axion isocurvature perturbations in
a range of scales, the largest scale corresponding to the
scale that exits the horizon during inflation when symmetry
breaking effectively occurs at N, = N¢ and the smallest
scale to the one reentering the horizon at the onset of axion
field oscillations. In this range of scales, the spectrum is
nearly scale invariant, which differs significantly from the
white noise spectrum associated with PQ symmetry break-
ing after inflation (see, e.g., [40]).

This will likely affect the formation of gravitationally
bound axion structures like miniclusters and their resulting
mass spectrum in a nontrivial way, particularly since the
scenario of PQ symmetry breaking during warm inflation

*While in [14] the inflaton could account for all the dark matter,
here we consider an alternative point of view where the axion
accounts for most of the dark matter and the inflaton only to a
subdominant component, which would correspond to, e.g., lower
values of the inflaton mass compared to those considered in [14].

k(Mpc™h)
5.x1072 4.x10°  1.x10° 1.x10 1.x10Y
0.010¢
0.001
2
A o1
1075
0 10 20 30 40 50
Ne

FIG. 6. Axion density fluctuation dimensionless power spec-
trum A2 = 4(50/9;)> for the example shown in Fig. 4. The
vertical black and red lines correspond to the scale that leaves the
horizon during inflation at N¢ (when the radial PQ field reaches
the broken-symmetry minimum) and the scale that reenters the
horizon at the time of the first axion oscillations in the radiation
epoch, at T ~ 1 GeV. Perturbations on scales beyond the red line
(dashed curve) become subhorizon before the first axion oscil-
lations and are, hence, damped away.

generates axion density fluctuations on superhorizon scales,
as opposed to a phase transition occurring after inflation has
ended. A detailed analysis of axion structure formation
processes is, however, beyond the goals of this work and
will be left for a dedicated future study. Nevertheless, it is
clear that a PQ symmetry breaking occurring during warm
inflation may have a nontrivial observational impact that
may allow one to probe this hypothesis.

We must note that PQ field fluctuations on scales exiting
the horizon around 7', may be significant, since they are not
damped before the onset of the tachyonic instability,
although they cannot be described as independent axion
isocurvature fluctuations using Eq. (52). They nevertheless
lead to fluctuations in the phase of the PQ field, since its
real and imaginary parts fluctuate independently, on the
scale of the horizon when the phase transition occurs. If
significant, these fluctuations would be incompatible with
the assumption of a single initial phase 6; within the whole
observable Universe, potentially leading to an overproduc-
tion of axion dark matter.

This may be overcome if thermal fluctuations are small
compared to the classical PQ field value, o, = o*e‘%N « when
the critical temperature is reached. Using the thermal field
variance computed in Eq. (39) and the evolution of the
Hubble parameter in Eq. (6), this yields the following upper
bound on the number of e-folds of inflation at which the phase
transition occurs (after horizon crossing of CMB scales):

2 H c
Ne<12-2]1 log [ —2 ) —10g( 22 ) |.
e~ 173 [Og‘H Og(10‘2 GeV> °g<Mp>]

(55)
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While this may seem somewhat restrictive, it is nevertheless
easily compatible with the assumption that PQ symmetry
breaking occurs after all observable CMB scales exit the
horizon during warm inflation, provided that o, is sufficiently
large. Note also that, in scenarios where the PQ scalar is very
weakly coupled to the thermal bath, a < 1, the critical
temperature may be attained quite late in the inflationary
evolution.

In scenarios where thermal fluctuations come to domi-
nate over the classical expectation value above T, an
overabundant axion field may nevertheless be diluted away,
e.g., by late-time entropy production [41-43]. Moreover,
topological defects like domain walls, which may form as a
result of large fluctuations in the PQ field phase around T,
are inflated away if the PQ symmetry breaking occurs well
before the end of inflation as in the example given.

It is worth emphasizing that PQ field fluctuations are not
an intrinsic feature of warm inflation only and will have a
similar impact in the cold inflation scenario discussed by
Linde in [4]. Fluctuations would, of course, be quantum
rather than thermal in nature and suppressed but never-
theless finite for m, > H (see, e.g., [44]). Hence, also in
these scenarios there will be an upper bound on the number
of e-folds at which spontaneous symmetry breaking occurs
to avoid axion overproduction.

IV. SUMMARY AND CONCLUSIONS

In this work, we have studied a scenario where a thermal
PQ phase transition, leading to the spontaneous breaking of
the global U(1) symmetry proposed to solve the strong
CP problem, occurs during warm inflation. This shares
several similarities with the scenario proposed in [4] in cold
inflation where the PQ field is coupled to the inflaton field
itself and the U(1) PQ symmetry is broken below a critical
inflaton field value. In warm inflation, however, the
external parameter is the (slowly evolving) temperature
of the thermal bath sourced by the inflaton field through
dissipative effects. In several implementations of the PQ
mechanism, some of the Standard Model fields are charged
under the U(l) symmetry and, provided that these are
excited in the warm thermal bath (like the Higgs and lepton
fields in the concrete scenario developed in [14] that we
have chosen as our working example), the complex field
breaking the PQ symmetry naturally acquires thermal mass
corrections that restore the symmetry above a critical
temperature.

Since the temperature during warm inflation typically
varies in the range 10'*-~10"> GeV and the critical temper-
ature is parametrically close to the symmetry-breaking
scale, a thermal crossover will naturally occur during the
last 50-60 e-folds of warm inflation for values of the axion
decay constant not far from the grand unification scale. This
is arguably more natural than the cold inflation scenario of
[4], where the coupling between the PQ and the inflaton
fields must be tuned to yield a critical field value just below

or even above the Planck scale as typical of slow-roll
inflation models. Irrespective of these “naturalness” con-
siderations, warm inflation certainly offers an alternative
way to break the Peccei-Quinn symmetry during the last
50-60 e-folds of inflation, particularly after the large CMB
scales have become superhorizon.

Our analysis took into account not only the thermal
backreaction on the PQ scalar potential but also fluctuation-
dissipation effects that naturally result from the coupling
between the PQ field and the light degrees of freedom in the
thermal bath. We have shown that, although dissipative
friction is generically subleading compared to Hubble
expansion in terms of damping the field’s oscillations
about the symmetric minimum, the associated thermal
fluctuations prevent the field amplitude from becoming
arbitrarily small. It is then the variance of the radial PQ field
at the critical point that determines its subsequent evolu-
tion. We have computed this variance both numerically and
through approximate analytical methods and used it to
determine the duration of the period of tachyonic instability
driving the field to the symmetry-breaking minimum,
showing that it typically takes 1-2 e-folds of accelerated
expansion. This means that the temperature of the thermal
bath when the field reaches the minimum is already slightly
below the critical temperature, as opposed to what happens
in a postinflationary phase transition (crossover) where the
tachyonic phase occurs essentially at the critical temper-
ature, which results in large angular fluctuations as given
by Eq. (52) for T ~T,.

An important consequence of the non-negligible expan-
sion of the Universe during the tachyonic phase is the fact
that the axion field, i.e., the phase of the PQ field, only
becomes a truly dynamical independent scalar field at a
temperature slightly below the critical value. This limits the
amplitude of its quasi—de Sitter quantum fluctuations on
superhorizon scales. Moreover, if the phase transition only
occurs after the relevant CMB scales have left the horizon,
axion isocurvature perturbations are only generated on small
scales. Thermal fluctuations in the complex PQ field on
scales exiting the horizon above the critical temperature are,
in our scenario, damped by the inflationary expansion. The
generic prediction is then a nearly scale-invariant spectrum
of isocurvature perturbations in an interval of scales which
(i) leave the horizon during warm inflation after the field
reaches the nontrivial minimum (N, > N¢) and (ii) reenter
the horizon during the radiation era after the onset of axion
oscillations (7' < 1 GeV). In contrast, if a thermal PQ phase
transition only occurs after inflation, no superhorizon
fluctuations are generated and the temperature remains
essentially constant during the tachyonic instability period,
making the initial seeds for gravitationally bound structures
in axion dark matter very different in these two scenarios,
with potentially observable consequences.

The formalism that we have employed does not allow for
a rigorous description of the axion isocurvature spectrum
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for scales that leave the horizon during the period of
tachyonic instability, where radial and angular fluctuations
in the complex S field are not independent. While these
may be significant and potentially lead to axion topological
defects, they are inflated away if symmetry breaking occurs
well before the end of inflation.

Although our study was focused on the QCD axion and the
underlying PQ model, our analysis holds for other axionlike
fields. In fact, it applies to any crossoverlike phase transition
driven by a complex scalar field that is coupled to the thermal
bath during warm inflation, being the first analysis of this
kind” (to the best of our knowledge). We hope that our results
motivate further exploration of this topic.

’See also [45,46] for applications of fluctuation-dissipation
dynamics to cosmological phase transitions.
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