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We present a novel algebraic framework for computing hadron properties directly within the contact
interaction model. Utilizing Fierz transformations, the method recasts the Bethe-Salpeter dynamics into
equations for a minimal set of projected amplitudes for bound-state static properties and form factors,
bypassing the conventional need for the meson wave function. This approach is fully demonstrated for the
vector meson, enabling the direct extraction of its decay constants, form factors, and the parton distribution
functions. The formalism provides a more efficient and unified pathway to hadron observables, with
potential for extension to baryons and more sophisticated interactions.
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I. INTRODUCTION

Understanding the structure and properties of hadrons
from the first principles of quantum chromodynamics
(QCD) remains a central challenge in nuclear and particle
physics [1]. In the nonperturbative regime, frameworks
such as that of the Dyson-Schwinger equations (DSEs)
[2–7] have proven fruitful. The contact interaction (CI)
model, first systematically introduced in the DSEs context
in Ref. [8] and subsequently developed in Refs. [9–30],
serving as a tractable infrared approximation, is widely
adopted within DSE studies both for pedagogical purposes
and for quantitative hadronic calculations using a sym-
metry-preserving regularization scheme [22].
The conventional paradigm in DSE studies follows a

well-established sequence [2,27,31–33]: a symmetry-
preserving truncation, such as the rainbow-ladder (RL)
approximation, is first employed to derive the quark
propagator; subsequently, the bound-state Bethe-Salpeter
or Faddeev equations are solved to obtain wave functions;
finally, these wave functions are used to compute observ-
able quantities such as decay constants and form factors
within the symmetry preserving framework.
Although robust, this multistep procedure requires the

intermediate determination of wave functions, which are
not themselves direct physical observables. In this work,
we propose and demonstrate an alternative, streamlined
paradigm that circumvents this conventional sequence.

By making judicious use of Fierz transformations, we
derive closed algebraic equations that directly govern the
projected amplitudes for physical quantities—bypassing
the explicit calculation of bound-state wave functions
altogether. This approach offers a more efficient and
conceptually direct pathway from the model interaction
to measurable hadronic properties.
To illustrate the efficacy and simplicity of this new

scheme, we present a detailed calculation for the vector
meson as a benchmark case [20,27]. The procedure,
however, is general and can be readily applied to other
meson systems as well as baryons. Beyond computational
efficiency, this algebraic reformulation offers a novel and
unified perspective on the hadron structure, directly linking
model interactions to a broad class of observables without
intermediary wave functions.
The remainder of this paper is organized as follows. In

Sec. II, we present the general formalism: starting from the
Fierz-transformed contact interaction, we derive the homo-
geneous and inhomogeneous algebraic equations that
directly govern the projected amplitudes for bound-state
properties and form factors, respectively. Section III applies
this formalism specifically to the vector meson, detailing
the tensor structures of its projected amplitudes and the
complete basis of form factors. The corresponding numeri-
cal results are also presented and discussed in this section.
Finally, Sec. IV summarizes our findings and outlines
future perspectives. Useful algebraic details are compiled in
the Appendixes.

II. EQUATIONS FOR PHYSICAL OBSERVABLES

In this section, we derive the closed-form equations
satisfied directly by the projected amplitudes of physical
observables within the CI model. This is achieved by
applying Fierz transformations to the standard Bethe-
Salpeter equation (BSE), followed by appropriate Dirac
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projections, thereby eliminating the need to first solve for
the full Bethe-Salpeter amplitudes (BSAs).
The starting point is the Fierz reordering identity:

γijα γklα − ξΓ̃ij
j Γ̃kl

j ¼ Caa0 Λa
il Λa0

kj; ð1Þ

where the second interaction channel [represents the
anomalous magnetic moment effect [20] ] is defined by
Γ̃j ¼ fI4; γ5; iσαβ=

ffiffiffi
6

p g with a strength parameter ξ. The
coefficient matrix is Caa0 ¼ diagf1;−1;−1=2;−1=2;
−ξ=3g, and the Dirac basis is fΛag ¼ ΛfS;P;V;A;Tg

ðμaνaÞ ¼
fI; γ5; γμa ; γ5γμa ; σμaνag. Herein we use the shorthand a,
b, c to denote indices running over the set fS; P; V; A; Tg
and suppress the possible Lorentz indices for brevity.
Repeated indices imply summation.

A. Homogeneous equation: Masses and decay constants

To derive the closed-form equations, we start from the
meson BSE in the CI model:

ΓHðQÞ ¼ −DG

Z
q
γα χHðq;QÞγα

−DGξ

Z
q
Γ̃j χHðq;QÞΓ̃j; ð2Þ

where
R
q ¼

R d4q
ð2πÞ4, DG ¼ 4=ð3m2

GÞ, ΓHðQÞ is the Bethe-

Salpeter amplitude of meson type H, and the corres-
ponding Bethe-Salpeter wave function is χHðq;QÞ ¼
SðqþÞΓHðQÞSðq−Þ with X� ¼ X �Q=2. The quark propa-
gator satisfies the corresponding DSE1

S−1ðpÞ ¼ i=pþmþDG

Z
q
γα SðqÞγα; ð3Þ

and it can be parametrized as S−1ðpÞ ¼ i=pþM; we apply
the symmetry preserving regularization scheme proposed
in [22] and relevant parameters therein, which are presented
in Table I.
Applying the Fierz identity Eq. (1) transforms the BSE

into an algebraic form:

ΓHðQÞ ¼ ΛaDaa0 gHa0 ðQÞ; ð4Þ

where Daa0 ≡ −DGCaa0 . Here, we have introduced the key
projected amplitudes gHa ðQÞ, defined as

gHa ðQÞ ¼ tr
Z
q
Λa χHðq;QÞ; ð5Þ

with tr denoting the Dirac trace. These amplitudes carry the
remaining color and flavor indices but encapsulate the
essential dynamical information. Equation (4) shows that
the full BSA in the CI model is completely determined
by a finite set of these projected amplitudes.2

To obtain an equation governing gHa ðQÞ, we multiply
both sides of the original BSE by the projection operator
Sðp−ÞΛbSðpþÞ, take the Dirac trace, and integrate over the
relative quark momentum p. This procedure yields

gHb ðQÞ ¼ ΠbaðQÞDaa0 gHa0 ðQÞ; ð6Þ

where the kernel is

ΠbaðQÞ ¼ tr
Z
p
Sðp−ÞΛbSðpþÞΛa: ð7Þ

Equation (6) is a homogeneous equation for the projected
amplitudes. It can be recast as an eigenvalue problem,

λðQ2ÞgHb ðQÞ ¼ ΠbaðQÞDaa0gHa0 ðQÞ; ð8Þ

with the physical bound-state mass mH identified by the
condition λðQ2 ¼ −m2

HÞ ¼ 1.
The canonical normalization condition for the BSA can

also be expressed solely in terms of gHa ðQÞ. Starting from
the standard normalization condition [31,34], and using
Eq. (4), one finds

1 ¼ ∂ ln λðQ2Þ
∂Q2

Daa0Tr½ḡHa ð−QÞgHa0 ðQÞ�Q2¼−m2
H

¼ ∂ ln λðQ2Þ
∂Q2

Tr½ḡHa ð−QÞΠ−1
abðQÞgHb ðQÞ�Q2¼−m2

H
; ð9Þ

where Tr denotes color and flavor traces, and ḡHa ð−QÞ is
the charge-conjugate amplitude, related to gHa ðQÞ via
χ̄Hðq;−QÞ ¼ CχTHð−q;−QÞC−1 in Eq. (5). The first row
is a simple formula that could be applied in the CI model,
while the second row presents the normalization in the

TABLE I. Constituent quark mass and static properties of
the ρ meson, mass units in GeV. The magnetic and quadrupole
moments are defined as μρ ≡ GMð0Þ and Qρ ≡ GQð0Þ. In the
CI framework, the chosen parameters are mG ¼ 0.132 GeV,
τir ¼ 1=0.24 GeV−1, τuv ¼ 1=0.905 GeV−1, and m¼ 0.007 GeV.

ξ M Mρ fρ f⊥ρ μρ Qρ

0 0.368 0.929 0.183 0.189 2.084 −0.837
0.151 0.368 0.879 0.182 0.225 2.220 −0.629

1The quark propagator is actually a diagonal matrix in flavor
space denoted by S ¼ diagfSu; Sd;…g. For brevity we focus
on the two lightest quarks and work in the isospin limit:
SuðpÞ ¼ SdðpÞ≡ SðpÞ.

2For the general momentum-dependent interaction model the
number of projected amplitudes is infinite.
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hadronic level since all partonic information is integrated
out and is not limited for CI.

B. Inhomogeneous equation: Form factors
and transition amplitudes

For processes involving an external current, we consider
the generalized quark-quark correlation MHðq; P;QÞ,
where P ¼ ðPi þ PfÞ=2 and Q ¼ Pf − Pi are the average
and transferred momentum of the initial and final state
mesons, satisfying P2 ¼ −m2

H −Q2=4 and P ·Q ¼ 0 for
on-shell mesons. Its amputated version Fðq; P;QÞ satisfies
an inhomogeneous BSE [23,35]:

FHðp;P;QÞ ¼ Fih
Hðp; P;QÞ −DG

Z
q
γα MHðq; P;QÞγα

−DGξ

Z
q
Γ̃jMHðq; P;QÞΓ̃j; ð10Þ

with MHðq; P;QÞ ¼ Sðq−ÞFHðq; P;QÞSðqþÞ, and the
inhomogeneous
term Fih

Hðp;P;QÞ ¼ ΓHðPiÞSðp − PÞΓ̄Hð−PfÞ.
Following the same Fierz transformation and projection

technique, we obtain

FHðp;P;QÞ ¼ Fih
Hðp; P;QÞ þ ΛaDaa0AH

a0 ðP;QÞ; ð11Þ

where the invariant amplitudes AH
a ðP;QÞ are defined as

AH
a ðP;QÞ ¼ tr

Z
q
ΛaMHðq; P;QÞ: ð12Þ

Projecting with SðpþÞΛcSðp−Þ leads to the governing
equation for these amplitudes:

AH
c ðP;QÞ ¼ AH;ih

c ðP;QÞ þ Πcað−QÞDaa0AH
a0 ðP;QÞ: ð13Þ

The inhomogeneous term AH;ih
c ðP;QÞ is computed from

Fih
H and can be expressed by using the previously defined

amplitudes gHa :

AH;ih
c ðP;QÞ ¼ Daa0Dbb0gHa0 ðPiÞḡHb0 ð−PfÞT cabðP;QÞ; ð14Þ

where the universal triangle diagram function is

T cabðP;QÞ ¼ tr
Z
p
ΛcSðp−ÞΛaSðp − PÞΛbSðpþÞ: ð15Þ

We note that in Ref. [23], the treatment of the contact
interaction inevitably introduced self-energy terms into the
scattering amplitude. Our present approach avoids this
complication, rendering the calculation more direct and
generalizable.

C. Structure and universality
of the projected amplitudes

The formalism developed above exhibits a clear, factor-
ized structure:

(i) Two types of basis amplitudes: The dynamics of a
meson H are encoded in two sets of projected
amplitudes:

χHðq;QÞ ↔ fgHa ðQÞg; ð16Þ

MHðq; P;QÞ ↔ fAH
a ðP;QÞg; ð17Þ

governed by the homogeneous Eq. (6) and inhomo-
geneous Eq. (13), respectively. The normalization
condition Eq. (9) and the inhomogeneous term in
Eq. (13) depend solely on gHa .

(ii) Universal kernels: The functions ΠbaðQÞ and
T cabðP;QÞ are universal; they depend only on
the quark propagator and the Dirac basis, not on
the specific meson quantum numbers. All meson-
specific information is coded by the corresponding
quantum numbers and contained within the color-
flavor structure of gHa and AH

a .
(iii) Basis of observables: The sets fgHa g and fAH

a g for a
given ξ form a basis. Once the basis observables are
known, the projected amplitudes gHΓ or AH

Γ with
arbitrary project operator Γ instead of the basis
operators Λ can be expressed in terms of these basis
amplitudes:

gHΓ ðQÞ ¼ ΠΓaðQÞDaa0 gHa0 ðQÞ; ð18Þ

AH
Γ ðP;QÞ ¼ AH;ih

Γ ðP;QÞ
þ ΠΓað−QÞDaa0 AH

a0 ðP;QÞ: ð19Þ
For instance, in the RL truncation (ξ ¼ 0), the tensor
(a ¼ T) amplitudes are not basis amplitudes but can
be expressed in terms of the vector (a ¼ V) basis
amplitudes. The gravitational form factors can also be
obtained using a similar method.

(iv) Tensor structure: After factoring out color and flavor
(denoted by a tilde, e.g., g̃Ha ), the Lorentz-Dirac
structure of these amplitudes is simple. For the
homogeneous case

g̃Ha ðQÞ ¼
X
i

Ta
i ðQÞ f̃Ha;i; ð20Þ

where Ta
i ðQÞ are tensors formed from Q and the

metric/antisymmetric tensors, and f̃Ha;i are Lorentz-
invariant coefficients. The structure of ÃH

a ðP;QÞ is
analogous to a meson-a-meson vertex:

ÃH
a ðP;QÞ ¼

X
i

Ta
i ðP;QÞF̃H

a;iðQ2Þ; ð21Þ
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where Ta
i ðP;QÞ now depend on both P and Q, and

F̃H
a;iðQ2Þ are the sought-after form factors.

III. VECTOR MESON OBSERVABLES

We proceed to apply the general formalism of Sec. II to
vector mesons, a key class of hadrons characterized by
spin-1 and odd parity. Focusing on the ρ meson as a
representative case, we detail the implementation of our
approach: constructing the appropriate tensor structures,
identifying the complete basis of form factors, and
extracting physical observables such as decay constants,
electromagnetic form factors. For convenience we suppress
the explicit meson type in the projected amplitudes gaðPÞ
and AaðP;QÞ in this section.

A. Basis projected amplitudes

For a ρmeson with momentum P and polarization vector
ε, the Lorentz-Dirac structures of the homogeneous pro-
jected amplitudes, g̃aðPÞ (obtained after factoring out color
and flavor), are constrained by parity, charge conjugation,
and angular momentum. They take the following form on
the mass shell3:

g̃V ¼ εμ f̃V ; ð22Þ

g̃T ¼ ðεμ Pν − εν PμÞf̃T ; ð23Þ

where f̃V and f̃T are the independent Lorentz-invariant
amplitudes to be determined from Eq. (6). Substituting this
structure into Eq. (6) reduces it to a coupled eigenvalue
problem for the eigenvector ff̃V; f̃Tg.
The corresponding structures for the invariant ampli-

tudes ÃaðP;QÞ associated with the ρ − a − ρ transition are
more numerous. They are constructed from the available
vectors Pμ, Qμ; the polarization vectors ε, ε0�; and the
metric tensor. A complete basis can be chosen as

ÃS ¼ s F̃S;1 þ sPP F̃S;2; ð24Þ

ÃP ¼ ϵPQεε0� F̃P; ð25Þ

ÃV ¼ Pμ s F̃V;1 þ Pμ sPP F̃V;2 þ 2sμP F̃V;3; ð26Þ

ÃA ¼ ϵμPεε0� F̃A;1 þQμ ϵPQεε0� F̃A;2 þ 2sνP ϵμνPQ F̃A;3; ð27Þ

ÃT ¼ sðPμQν −QμPνÞF̃T;1 þ sPPðPμQν −QμPνÞF̃T;2

þ 2ðQμsνP −QνsμPÞF̃T;3

þ 2ðPμaνP − PνaμPÞF̃T;4 þ 2aνμF̃T;5: ð28Þ

Here, we have defined the following symmetric and
antisymmetric tensors:

sμν ¼
1

2
ðεμε0�ν þ ενε

0�
μ Þ; aμν ¼

1

2
ðεμε0�ν − ενε

0�
μ Þ; ð29Þ

s ¼ sμμ; sPP ¼ sμνPμPν; sμP ¼ sμνPν; aμP ¼ aμνPν:

ð30Þ

Upon substituting these structures into the inhomo-
geneous equation (13), the system decouples into several
subsets. Under nonzero ξ, the form factors F̃S;1, F̃S;2, F̃A;1,
F̃A;3, F̃T;4, and F̃T;5 satisfy simple, uncoupled equations. In
contrast, F̃V;i couples to F̃T;i for i ¼ 1, 2, 3, and F̃P couples
to F̃A;2, and then the axial form factor F̃A;2 exhibits a
pseudoscalar pole while the tensor form factors F̃T;f1;2;3g
exhibits a vector pole. Furthermore, the form factors F̃T;iþ2

and F̃A;1 enter the respective coupled equations for
fF̃V;i; F̃T;ig and fF̃P; F̃A;2g for i ¼ 2, 3 as inhomogeneous
driving terms.
The standard physical observables are obtained from

these invariant amplitudes after including color and flavor
factors (Nc ¼ 3). The decay constant fρ and its transverse
counterpart f⊥ρ are

mρfρ ¼ Nc f̃V; ð31Þ

f⊥ρ ¼ Nc f̃T: ð32Þ

The dimensionless electromagnetic and transition form
factors are conventionally defined as

FS;1 ¼ Nc m−1
ρ F̃S;1; FS;2 ¼ Nc mρ F̃S;2=2; ð33Þ

FP ¼ −Nc mρ F̃P; FV;1 ¼ i Nc F̃V;1=2; ð34Þ

FV;2 ¼ −i Nc m2
ρF̃V;2=4; FV;3 ¼ −i Nc F̃V;3=2; ð35Þ

FA;1 ¼ iNc F̃A;1; FA;2 ¼ iNc m2
ρ F̃A;2; ð36Þ

FA;3 ¼ iNc m2
ρ F̃A;3; FT;1 ¼ iNc mρ F̃T;1; ð37Þ

FT;2 ¼ iNc m3
ρ F̃T;2; FT;3 ¼ iNc mρ F̃T;3=2; ð38Þ

FT;4 ¼ iNc mρ F̃T;4; FT;5 ¼ iNc m−1
ρ F̃T;5: ð39Þ

The electric-monopole, magnetic-dipole, and electric-quad-
rupole form factors are associated with a set of irreducible
tensors basis [36], and their relations with the vector form
factors defined herein are

3We employ a Euclidean metric with fγμ; γνg ¼ 2δμν; γ
†
μ ¼ γμ;

γ5 ¼ γ4γ1γ2γ3 so that trðγ5γaγbγcγdÞ ¼ −4ϵabcd; and a · b ¼P
4
i aibi.
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GEðQ2Þ ¼ FV;1ðQ2Þ þ 2

3

Q2

4m2
ρ
GQðQ2Þ;

GMðQ2Þ ¼ FV;3ðQ2Þ;

GQðQ2Þ ¼ FV;1ðQ2Þ − FV;3ðQ2Þ þ FV;2ðQ2Þ
�
1þ Q2

4m2
ρ

�
:

ð40Þ
The axial vector and tensor form factors could be similarly
interpreted in analogy with the electromagnetic case.

B. Parton distribution functions

In addition to computing other form factors through
Eq. (19), the proposed framework is also able to establish
more explicit connections between the projected ampli-
tudes and quantities such as the parton distribution func-
tions (PDFs), thereby unifying the description of elastic and
inelastic hadron structure within a single formulation.
The hadronic scale PDFs of the ρ meson are accessible

through its generalized quark-quark correlation at zero
momentum transfer

ΦΓðxÞ ¼
1

2
Nc tr

Z
l
δðx; lÞΓMðl; P;Q ¼ 0Þ; ð41Þ

here P is the total momentum of ρ meson, δðx; lÞ ¼ n · l −
xn · P with n being a lightlike vector n2 ¼ 0, and Γ is a
Dirac matrix that determines different types of PDFs.
Projecting Eq. (11) with δðx; pÞSðpÞΓSðpÞ and integrating
over p, the PDF is given as follows:

N−1
c ΦΓðxÞ ¼ Φih

Γ ðxÞ þ ΠΓaðxÞDaa0Ãa0 ; ð42Þ

where

Φih
Γ ðxÞ ¼ Daa0Dbb0 g̃a0 ðPÞ ¯̃gb0 ð−PÞT ΓabðxÞ; ð43Þ

with

T ΓabðxÞ ¼
1

2
tr
Z
p
δðx; pÞΓSðpÞΛaSðp − PÞΛbSðpÞ ð44Þ

and

ΠΓaðxÞ ¼
1

2
tr
Z
p
δðx; pÞΓSðpÞΛaSðpÞ: ð45Þ

Herein we focus on two types of unpolarized PDFs, the
twist-2 fðxÞ and twist-3 eðxÞ,

fðxÞ ¼ 1

3

X
spin

ΦinðxÞ; ð46Þ

eðxÞ ¼ 1

3

X
spin

n · P
mρ

ΦIðxÞ; ð47Þ

where the polarization tensor satisfies

X
spin

ϵ�μðPÞϵνðPÞ ¼ δμν þ
PμPν

m2
ρ

: ð48Þ

Among the rich physical contents behind PDFs, it is
beneficial to draw insights from their Mellin moments

hxmie;f ¼
Z

1

0

xmeðxÞ; fðxÞdx; ð49Þ

with m ¼ f0; 1; 2;…g. After regularization, the moments
are given as follows:

hxmie;f ¼ hxmie;f0 þ θðm − 1Þhxmie;f1 þ θðm − 2Þhxmie;f2

þ hxmie;fpole: ð50Þ

The first row corresponds to the intrinsic quark contribution
Φih

Γ ðxÞ, and the step function θðxÞ ¼ 1 when x ≥ 0;
otherwise, θðxÞ ¼ 0. The second row corresponds to the
pole contribution and directly connects to the projected
amplitudes, in particular the basis form factors. It is noted
that fðxÞ does not receive any pole contribution while eðxÞ
receives pole contributions from its first two moments, i.e.,

hxmifpole ¼ 0; ð51Þ

hxmiepole ¼ δm0hx0ieS þ δm1hx1ieV: ð52Þ

The vanishing of pole contributions for fðxÞ is a conse-
quence of the CI, similar to the cases of the gravitational
mass form factor [23], since no pole that corresponds to
particles with higher spin can be produced in this model.
The scalar form factor FS;1ð0Þ and the vector form factor
FV;1ð0Þ contribute to the first and second moments of
eðxÞ, establishing connections between elastic and inelastic
processes. The explicit forms of the moments are given in
Appendix B, with which the PDFs can be reconstructed
(see, e.g., [24,37]).

C. Numerical results

Given the scope of this paper, we provide only a broad
overview of the calculations, without delving into technical
details.
The static properties obtained from the homogeneous

equation as well as the magnetic and quadrupole moments
of the ρ meson are listed in Table I. The parameter ξ ¼ 0
recovers the original RL truncation, while the choice
ξ ¼ 0.151 is fixed under present parameters to effectively
compensate the chiral anomaly loss due to the finite cutoff
effect [25,28]. As shown in Table I, the parameter ξ also
lowers the mass and enhances f⊥ρ , while fρ remains nearly
unchanged. It is noted that the results are partially different
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from that in [20] (up to a factor of
ffiffiffi
2

p
for f⊥ρ and fρ due to

definition). The reasons lie in two aspects: 1. the present
work employs a new regularization procedure that auto-
matically fulfills symmetry constraints [22], and thus some
regularized expressions are different from that in [20]; 2.
the parameter ξ is chosen to reproduce the experimental
value mρ ¼ 0.77 GeV in [20], and the same mass can be
produced with ξ ¼ 0.38 under the current regularization
procedure and parameters.

For the form factors, we choose to present them uni-
formly under ξ ¼ 0.151 because of the anomaly related
pseudoscalar form factor and axial vector form factor. The
computed scalar, pseudoscalar, vector, axial vector, and
tensor form factors, which are obtained by solving the self-
consistent, closed system of equations, are displayed in
Figs. 1 (scalar and pseudoscalar), 2 (vector/electromagnetic
and axial vector), and 3 (tensor), respectively. For clarity of
the figure, we choose not to show the timelike region but
instead describe the associate poles with corresponding form
factors in the captions of figures, which could essentially
affect the slope of the form factors at Q2 ¼ 0. While in the
ultraviolet region, the form factors demonstrate relative
stiffness, which are typical features of the CI model. Note
that the scalar form factor FS;1ðQ2Þ exhibits nonmonotonic
behavior; similar behavior is also found in the pion scalar
form factors. These features—relative stiffness in the ultra-
violet andmeson poles in the timelike region—are character-
istic of the contact interaction model and are consistent with
earlier studies of vector mesons within similar frameworks
[20,27]. The behavior underscores the model’s effective
description of low-momentum dynamics while retaining a
simple analytic structure. Finally, a few moments are
presented in Table II. The zeroth moments of fðxÞ and
eðxÞ equal FV;1ð0Þ and FS;1ð0Þ=2, respectively, consistent
with their definitions. While hx1if ¼ 0.5 is consistent with
the picture under isospin symmetry, the constituent quark and
antiquark each carries half the ρ meson total momentum.
Further investigation of these PDFs and their moments,

FIG. 1. Scalar and pseudoscalar form factors. FS;f1;2gðQ2Þ
possesses a scalar meson pole while FPðQ2Þ possesses a
pseudoscalar meson pole.

FIG. 2. Vector and axial vector form factors. FV;f1;2;3gðQ2Þ
possesses a vector meson pole while FA;f1;2;3gðQ2Þ possesses an
axial vector meson pole. The form factor FA;2ðQ2Þ possesses an
additional pseudoscalar meson pole.

FIG. 3. Tensor form factors. FT;f1;2;3gðQ2Þ possesses vector
meson poles while FT;f4;5gðQ2Þ does not possess any meson pole.

TABLE II. First few moments of the ρ meson PDFs under ξ ¼ 0 (upper) and ξ ¼ 0.151 (lower).

m 0 1 2 3 4 5 6 7

hxmif 1 0.5 0.290 0.185 0.127 0.092 0.070 0.055
hxmie 0.716 −0.018 0.066 0.025 0.005 −0.004 −0.010 −0.013

hxmif 1 0.5 0.294 0.190 0.133 0.098 0.075 0.060
hxmie 0.613 −0.100 0.008 −0.024 −0.038 −0.045 −0.048 −0.049
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such as the appearance of negative moments for eðxÞ and the
analysis of eðxÞ in terms of QCD equations of motion, is
beyond the scope of the current work and will be studied in
the future [38,39].

IV. SUMMARY AND OUTLOOK

In summary, we have developed and demonstrated a
novel, to the best of our knowledge, algebraic paradigm for
computing hadronic observables directly within the frame-
work of the CI model and the Dyson-Schwinger equations.
Moving beyond the conventional multistep procedure—
which requires sequential solutions for the quark propa-
gator, the bound-state wave function, and finally the
observables—we have systematically employed Fierz
transformations and recast the integral equations into a
closed set of algebraic equations that govern a finite
number of projected amplitudes, gHa ðPÞ and AH

a ðP;QÞ.
The core advantage of this method is that it completely

bypasses the explicit calculation of the bound-state wave
function, establishing a direct and efficient mapping
from the model interaction to physical observables.
Using the ρ meson as a detailed case study, we have
illustrated the full application of this paradigm: deriving the
specific tensor structures of the projected amplitudes,
identifying the complete set of basis form factors, and
demonstrating the extraction of physical quantities such
as decay constants (fρ, f⊥ρ ), various form factors. The
advantage of the proposed framework is further illustrated
through the calculation of ρ meson PDFs, where the
relations between the basis form factors and corresponding
PDFs are explicitly shown according to the natural decom-
positions of PDFs into intrinsic quark contributions and
pole contributions.
Finally, apart from the accessibility to study meson

systems in a CI model, this approach is also possible to
be generalized to three-body bound states and noncontact
interactions, but the generalization is not straightforward
and additional efforts are required to achieve this goal. The
former opens a promising route for the direct calculation of
baryon properties—such as nucleon masses, form factors,
and partonic distributions—within the same streamlined
framework in CI. However, the description for baryons is
much more complicated compared with that for mesons
[40,41]. The generalization to the latter is even more
difficult, as mentioned earlier in the manuscript, and one
will encounter infinitely many basis projection amplitudes
under realistic interactions due to gluon momentum
dependence. In practice, it is impossible to apply this
approach under such interactions unless reasonable approx-
imations or truncations are made.
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APPENDIX A: ΠbaðQÞ AND T cabðP;QÞ IN CI

When evaluating the function ΠbaðQÞ and T cabðP;QÞ in
CI, a proper regularization procedure is required. We use
the symmetry preserving regularization scheme proposed
in [22]. The final expressions are expressed in terms of the
so called irreducible loop integrals [42]

I−2αðsÞ≔
Z
q

1

ðq2þ sÞαþ2
→

Z
τ2ir

τ2uv

dτ
τα−1

Γðαþ 2Þ
e−τs

16π2
: ðA1Þ

The arrow denotes its form under proper time regulariza-
tion. Special care should be taken for the regularization of
chiral trace (trace that contains an odd number of γ5), and
the procedure is described in [28].
The nonzero ΠbaðQÞ is given as follows:

ΠSSðQÞ ¼ −4f1ðQ2Þ; ðA2Þ

ΠPPðQÞ ¼ 4f2ðQ2Þ; ðA3Þ

ΠPAðQÞ ¼ 4if3ðQ2ÞMQμa ; ðA4Þ

ΠVVðQÞ ¼ 8f4ðQ2ÞðQ2δμaμb −QμaQμbÞ; ðA5Þ

ΠVTðQÞ ¼ 4f3ðQ2ÞMðQμaδνaμb −Qνa δμaμbÞ; ðA6Þ

ΠAPðQÞ ¼ −4if3ðQ2ÞMQμb ; ðA7Þ

ΠAAðQÞ ¼ 8f5ðQ2Þδμaμb − 8f4ðQ2ÞQμa Qμb ; ðA8Þ

ΠTVðQÞ ¼ −4f3ðQ2ÞMðQμbδνbμa −QνbδμbμaÞ; ðA9Þ
ΠTTðQÞ ¼ 4f6ðQ2Þðδμaμb δνaνb − δμaνb δμbνaÞ

þ 8f4ðQ2ÞðQμa Qμb δνaνb þQνa Qνb δμaμbÞ
− 8f4ðQ2ÞðQμa Qνb δμbνa þQμb Qνa δμaνbÞ:

ðA10Þ
The transverse projector is δTμν ¼ QμQν − δμνQ2, where
(with ω ¼ M2 þ uūQ2 and ū ¼ 1 − u)

f1ðQ2Þ ¼
Z

1

0

I2ðωÞ − 2ωI0ðωÞdu; ðA11Þ

f2ðQ2Þ ¼
Z

1

0

I2ðωÞ − 2uūQ2I0ðωÞdu; ðA12Þ
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f3ðQ2Þ ¼
Z

1

0

I0ðωÞdu; ðA13Þ

f4ðQ2Þ ¼ −
Z

1

0

uūI0ðωÞdu; ðA14Þ

f5ðQ2Þ ¼ −
Z

1

0

ωI0ðωÞdu; ðA15Þ

f6ðQ2Þ ¼
Z

1

0

I2ðωÞ þ 2ωI0ðωÞdu: ðA16Þ

Regarding T cab, although it is not difficult to compute
the full 5 × 5 × 5 amplitudes, for a specific physical
process, one does not need to compute the complete
amplitudes. For example, consider the vector form factors
of the ρ meson under RL truncation. Since ξ ¼ 0, g̃T is no
longer basis amplitudes, one only needs to consider the two
point function ΠVV and three point function T VVV . The
equation for the vector form factors decouples from the
complete equation and reads

ÃVðP;QÞ ¼ Ãih
V ðP;QÞþΠVVð−QÞDVVÃVðP;QÞ ðA17Þ

with the driving term

Ãih
V ðP;QÞ ¼ D2

VV g̃VðPiÞ ¯̃gVð−PfÞT VVVðP;QÞ: ðA18Þ

The general form of the driving term is the same as Eq. (26)
with the replacement F̃V;i → F̃ih

V;i. The equation is further
decoupled according to the tensor structures, and one
obtains three independent equations for the scalar functions

F̃V;iðQ2Þ ¼ F̃ih
V;iðQ2Þ þ 4DGf4ðQ2ÞQ2F̃V;i; ðA19Þ

where the regularized F̃ih
V;i is

F̃ih
V;1 ¼ if̃V

2D2
G

Z
Ω

�
−2ðu1þu2− 1Þðu1þu2Þ

× ð2u1þ 2u2− 3ÞI−2ðΔÞm2
ρ

− ðu1þu2− 2Þð4u1u2Q2I−2ðΔÞ− I0ðΔÞÞ
�
; ðA20Þ

F̃ih
V;2 ¼ i ˜fV

2D2
G

Z
Ω
−32u1u2ðu1 þ u2 − 1ÞI−2ðΔÞ; ðA21Þ

F̃ih
V;3 ¼ i ˜fV

2D2
G

Z
Ω

�
ðu1 þ u2 þ 2ÞI0ðΔÞ

− 2ððu1 þ u2 − 1Þðu1 þ u2Þð2u1 þ 2u2 þ 3Þm2
ρ

þ 2u1u2ðu1 þ u2 þ 1ÞQ2ÞI−2ðΔÞ
�
; ðA22Þ

where Δ ¼ ðu1 þ u2 − 1Þðu1 þ u2Þm2
ρ þM2 þQ2u1u2

and
R
Ω ¼ R

1
0 du1

R 1−u1
0 du2.

APPENDIX B: PDF MOMENTS

The components hxmie;f0;1;2 in Eq. (50) are given as
follows: following the regularization and recalling that
n2 ¼ 0, one obtains

2N−1
c hxmie;fi ¼ D2

G

Z
1

0

duV1 · C
e;f
i · V2

T; ðB1Þ

where T denotes transpose, V1 ¼ ð ˜fV
2; ξ ˜fT ˜fV; ξ2 ˜fT

2Þ,
V2 ¼ ðI−2ðω̂Þ; I0ðω̂Þ; I2ðω̂ÞÞ, and ω̂ ¼ ωjQ2→−m2

ρ
. The

explicit forms of the coefficient matrices Ce;fi are given by

Cf0 ¼ um

0
B@

2uð2uþ 1Þu2m2
ρ ðuþ 1Þū 0

16
3
Mð3−2uÞuūm2

ρ
16Mū
3

0

32
9
uūm2

ρðūð2ū− 1Þm2
ρþ 4M2Þ 16

9
ū2m2

ρ 0

1
CA;

ðB2Þ

Cf1 ¼ mum−1

0
B@

0 1
3
uðuþ 1Þū 0

0 8
3
Muū 0

0 − 16
27
ðu − 2Þuūm2

ρ 0

1
CA; ðB3Þ

Ce2 ¼
mðm − 1Þ

2
um−2

0
B@

0 0 0

0 0 0

0 0 0

1
CA; ðB4Þ

Ce0 ¼ um

0
B@

2Mð3 − 2uÞuūmρ 0 0

16
3
ūmρðuð2u − 1Þūm2

ρ þ 2M2Þ 8
3
ð1 − 3ūÞūmρ 0

32
9
Mūmρðuð2u − 1Þm2

ρ þ 4M2Þ − 32
9
Mūmρ 0

1
CA; ðB5Þ

Ce1 ¼ mum−1

0
BB@

0 −Mū2
mρ

0

0 4
3
uð4u − 3Þūmρ − 8ū

3mρ

0 − 16
9
Mū2mρ 0

1
CCA; ðB6Þ
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Ce2 ¼
mðm − 1Þ

2
um−2

0
BBB@

0 0 − 2Mū
3m3

ρ

0 0 − 8uū
3mρ

0 0 − 64Mū
27mρ

1
CCCA: ðB7Þ

The pole contributions to the twist-3 PDF moments are

2N−1
c hx0ieS ¼

4DGF̃S;1ð0Þ
mρ

ðI2ðM2Þ − 2M2 I0ðM2ÞÞ; ðB8Þ

2N−1
c hx1ieV ¼ −

2iDGF̃V;1ð0ÞM
mρ

I2ðM2Þ: ðB9Þ
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