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We investigate the three-body DDK system with quantum numbers IðJPÞ ¼ 1
2
ð0−Þ within a coupled-

channel framework that incorporates the DDK, D�D�K, DDsη and DDsπ channels. The Dð�ÞDð�Þ

interactions are described using the one-boson-exchange model constrained by heavy-quark symmetry and
fitted to the pole positions of Xð3872Þ, Tþ

cc, and Zcð3900Þ. TheDð�ÞK interaction is from the chiral effective
field theory, motivated by the molecular interpretation of D�

s0ð2317Þ, and is further constrained by lattice-
QCD results for the DK scattering lengths. The resulting three-body problem is solved using the Gaussian
expansion method, while the complex scaling method is employed to search for possible resonant states.
We find that coupled-channel effects from D�D�K are negligible, and the DDK system supports a deeply
bound state across a wide range of parameters. Depending on the long-range behavior of the DK
interaction, an additional shallow state may emerge near the particle-dimer (D-DK) threshold. The deeply
bound state exhibits a compact three-body structure, whereas the shallow state displays characteristic
features of a three-body halo configuration. Similar results are obtained for the D�D�K system. We also
observe that the coupled-channel effects originating from the DDsη channel produce only minor
corrections to the DDK bound state and lead to a modest reduction in its binding energy. By contrast,
opening the DDsπ channel substantially alters the nature of the three-body DDK state and transforms the
bound state into a resonance. These findings may provide new insight into few-body dynamics in systems
involving charmed mesons and kaons.

DOI: 10.1103/szkn-rgth

I. INTRODUCTION

The spectroscopy of hadrons containing heavy quarks
has undergone rapid development in recent decades.
Numerous unconventional states have been observed that
cannot be easily accommodated within the conventional
quark-antiquark or three-quark classification scheme.
These states are commonly referred to as exotic hadrons.
The proposed models to interpret them include tetraquarks,
pentaquarks, hadronic molecules, etc. Their existence
provides valuable insight into the nonperturbative dynam-
ics of quantum chromodynamics (QCD), see reviews
[1–12].
One particularly important class of exotic candidates

consists of hadronic molecules formed by two or more
hadrons interacting through residual strong forces. In the

heavy-quark sector, heavy-quark spin symmetry (HQSS)
implies close dynamical connections among systems con-
taining heavy mesons such as D and D� [13–16]. The
systems composed of charmed mesons provide a natural
laboratory for exploring molecular configurations. From an
experimental perspective, many open/hidden-charm exotic
hadrons have been observed since the discovery of
Xð3872Þ by the Belle Collaboration in 2003 [17]. For
example, the charged charmoniumlike state Zcð3900Þ was
observed by the BESIII Collaboration [18] and Belle
Collaboration [19] in 2013, the doubly charmed tetraquark
state Tþ

cc was observed by the LHCb Collaboration in 2021
[20,21], and the hidden-charm pentaquark family Pcs were
reported by the LHCb Collaboration in 2015 and 2019
[22,23], refer to [1–4,6,8–12,24–30] for comprehensive
reviews.
Among the exotic hadrons observed experimentally so

far, D�
s0ð2317Þ, observed by the BABAR Collaboration [31]

and later confirmed by the CLEO [32] and Belle [33]
Collaborations is particularly interesting. The unexpectedly
low mass ofD�

s0ð2317Þ has been interpreted as the evidence
for a DK hadronic molecule [34–39]. Its heavy-spin
partner, Ds1ð2460Þ, was observed by several experimental
collaborations [32,33,40,41], and exhibits similarly
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anomalous properties of D�
s0ð2317Þ, making it a candidate

for a D�K molecular state [42–46] or a multiquark state
[47]. Furthermore, the DK interaction has also been
investigated by lattice-QCD calculations, in which the
DK scattering length and the properties of D�

s0ð2317Þ were
extracted [48–54]. These studies indicate that the DK
interaction in the isoscalar (I ¼ 0) channel is strongly
attractive. More analyses further sharpened this near-
threshold picture from coupled-channel perspec-
tives [55,56].
Motivated by the strong attraction in the DK channel,

three-body systems composed of two charmed mesons and
one kaon, such as DDK, have attracted sustained attention.
Early studies suggested that such systems may support
exotic bound states driven by the underlying two-body
dynamics. In particular, the DD�K system was found
within the Born-Oppenheimer framework to admit a
bound-state solution associated with a delocalized pion-
bond mechanism [57]. A Gaussian expansion method
analysis of the DK, DDK, and DDDK systems showed
that the strong DK attraction can generate a DDK bound
state with IðJPÞ ¼ 1

2
ð0−Þ and may even support a DDDK

four-body state [58]. Besides, within a coupled-channel
approach, including channels DDsη and DDsπ, the DDK
system was found to support a bound state [59]. Related
few-body studies further emphasized that these systems
provide a useful laboratory for understanding how effective
two-body interactions give rise to nontrivial three-body
dynamics [60]. More recently, the discussion has been
extended to nearby analog systems: the DD̄K system was
shown in the fixed-center approximation to develop a
bound or resonant structure around 4180 MeV [61]. The
lattice effective field theory study indicated that the DD�K
system remains bound even in the presence of repulsive
three-body forces [62], and subsequent analyses showed
that stronger three-body repulsion enlarges the spatial size
of the DDð�ÞK molecule, eventually leading to a configu-
ration resembling a Dð�ÞK cluster plus a distant D meson,
whereas the DDK system tends to preserve an isosceles-
triangle geometry [63]. In addition, the recently predicted
JPC ¼ 0−− D̄sDK bound state suggests that such three-
body molecules may provide further insight into the nature
of the D�

s0ð2317Þ and enrich the spectrum of exotic
multihadron states [64]. Refer to [6,65] for interesting
studies on the three-body Dð�ÞDð�ÞK-like systems.
Furthermore, BK, as the heavy-flavor partner of DK,
has also been the subject of several dedicated investigations
[45,66–69].
Despite previous investigations, the structure of the

DDK system remains incompletely understood. In particu-
lar, the role of coupled-channel dynamics involving the
D�D�K configuration and the sensitivity of the three-body
spectrum to the underlying two-body interactions require
further clarification. The strong attraction in the DK

subsystem may generate nontrivial three-body dynamics,
potentially leading to bound states or even resonances.
In this work, we perform a coupled-channel study of the

DDK system incorporating both DDK and D�D�K con-
figurations with quantum numbers IðJPÞ ¼ 1

2
ð0−Þ. The

two-body interactions are constructed using a hybrid
approach that combines the one-boson-exchange (OBE)
model for the Dð�ÞDð�Þ sector with chiral-motivated inter-
actions for the Dð�ÞK system. For the Dð�ÞK interaction, we
adopt the framework of Ref. [35]. In this model, once two
cutoff parameters and a short-range repulsive coupling are
specified, the remaining running coupling is fixed by
reproducing theD�

s0ð2317Þ pole position. To further reduce
model ambiguity, we add one more constraint from the
lattice-QCD results of the DK scattering length [48–50].
Regarding the Dð�ÞDð�Þ interaction, we adopt the results

from the OBE model, which is widely applied to systems
containing charmed mesons. In OBE model, a form factor
with momentum cutoff is generally applied to regularize the
interaction to remove the singularity at very short range but
keep the long-range structure unchanged. By varying the
cutoff, one performs different regularization to the short-
range interaction, and thus different final interactions are
obtained. Complementary lattice-QCD and coupled-chan-
nel studies of the doubly charmed sector provide useful
constraints on the near-threshold DD� dynamics [70–74].
In Refs. [75–77], a new approach was proposed to
determine theDð�ÞDð�Þ interaction, with which the coupling
constants are redetermined by fitting the experimental
information of Zcð3900Þ; Xð3872Þ, and Tþ

cc. Since with
this new approach, the interaction is determined directly
from the experimental data, but not indirectly from other
processes as the generally used OBE potential, this new
interaction is believed to less model-dependent than the
conventional one.
In the present work, the three-body Schrödinger equation

is solved using the Gaussian expansion method (GEM)
[78], which has proven highly efficient for few-body
systems. Possible resonance structures are searched for
using the complex scaling method (CSM) [79,80]. The
main goals of this work include

(i) to determine whether the DDK system supports
bound or resonant states applying the two-body
interactions constrained by the experimental data
and lattice-QCD calculations,

(ii) to analyze the internal structures of the resulting
states, and

(iii) to clarify the role of coupled-channel effects from
D�D�K, DDsη and DDsπ.

The paper is organized as follows. In Sec. II, we
introduce the two-body interactions used in the calculation.
In Sec. III, we present the three-body formalism and
numerical methods. Results are discussed in Sec. IV, and
a summary is given in Sec. V.
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II. TWO-BODY INTERACTIONS

In the present work, we use the two-body Dð�ÞK and
Dð�ÞDð�Þ interactions to rebuild the interactions for the
coupled channels DDK and D�D�K. In Fig. 1, the
schematic tree-level Feynman diagrams are presented.

A. Dð�ÞDð�Þ interaction

We derive the Dð�ÞDð�Þ interaction within the OBE
model. We start from the Lagrangians in heavy quark
effective field theory, which are constructed based on
heavy-quark symmetry (including heavy-quark flavor sym-
metry and heavy-quark spin symmetry), chiral symmetry,
and SU(2) isospin symmetry. Under heavy-quark spin
symmetry, the pseudoscalar D meson and vector D� meson
assemble into a superfield H [14,81]

H ¼ 1þ =v
2

ðP�
μγ

μ − Pγ5Þ; ð1Þ

in which P ¼ ðD0; DþÞ and P�
μ ¼ ðD�0; D�þÞ. v is the

velocity of the charmed meson D or D�, and in the heavy-
quark mass limit, mQ → ∞, the static limit vμ ¼ ð1; 0⃗Þ is
adopted.

The Lagrangian for the charmed meson read

L ¼ iβ Tr½HvμðVμ − ρμÞH̄� þ iλTr½HσμνFμνH̄�
þ gs Tr½HσH̄� þ iga Tr½Hγμγ5AμH̄�; ð2Þ

where the conjugate field is defined as

H̄ ≡ γ0H†γ0: ð3Þ
The field strength tensor of vector mesons is denoted by
Fμν ¼ ∂

μρν − ∂
νρμ − ½ρμ; ρν�, while Vμ and Aμ are the

vector and axial currents respectively, for pseudoscalar
mesons,

Vμ¼1

2
½ξ†;∂μξ�; Aμ¼1

2
fξ†;∂μξg; ξ¼ expðiP=fπÞ: ð4Þ

The vector and pseudoscalar meson matrices are respective

ρμ ¼ igVffiffiffi
2

p
" ρ0þωffiffi

2
p ρþ

ρ− −ρ0þωffiffi
2

p

#μ

;P ¼
" π0ffiffi

2
p þ ηffiffi

6
p πþ

π− − π0ffiffi
2

p þ ηffiffi
6

p

#
:

ð5Þ
Using the Lagrangians presented in Eq. (2), we derive the

scattering amplitude by evaluating the Feynman diagrams
shown in Fig. 1. The effective potential between two charmed
mesons in momentum space is then obtained via the Breit
approximation. The specific expressions are given in Table I.
The effective potential has the following general form,

VðkÞ ¼ Ccoupling ×Or;s ×Oiso: ð6Þ

However, the effective potentials associated with light
pseudoscalar meson exchange and vector meson exchange

(c)(b)(a)

FIG. 1. Tree-level Feynman diagrams used to derive
the OBE potentials: (a) DD → DD, (b) DD → D�D�,
and (c) D�D� → D�D�.

TABLE I. Effective momentum-space potentials for scattering processes DD → DD, D�D� → D�D�, and DD → D�D�.

Oiso

V Ccoupling Or;s DD D�D� DD → D�D�

VS
σ g2s − a·b

u2þk2
I I 0

VV
ρ

β2g2V
2

− a·b
u2þk2

− τ1 ·τ2
2

− τ1·τ2
2

0

VV
ω

β2g2V
2

− a·b
u2þk2

− 1
2
I − 1

2
I 0

VP
π

g2a
f2π

ðk·aÞðk·bÞ
u2þk2

0 τ1 ·τ2
2

τ1 ·τ2
2

VP
η

g2a
f2π

ðk·aÞðk·bÞ
u2þk2

0 1
6
I 1

6
I

VT
ρ 2λ2g2V ðk·aÞðk·bÞ−k2ða·bÞ

u2þk2
0 − τ1·τ2

2
− τ1 ·τ2

2

VT
ω 2λ2g2V ðk·aÞðk·bÞ−k2ða·bÞ

u2þk2
0 − 1

2
I − 1

2
I

Notes: Superscripts S and P denote the effective potentials for σ-exchange and pseudoscalar-exchange, respectively while V and T mean
the respective vector- and tensor-type potential for the vector meson exchange. Or;s and Oiso represent spin-related and isospin
operators, respectively. k ¼ p0 − p is the momentum of the exchanged light meson. For DD systems, a · b → 1, for the transition
DD → D�D� system, the substitution a → ϵ†3; b → ϵ†4 is required; and for D�D� system, the substitution a → ϵ1 × ϵ†3; b → ϵ2 × ϵ†4 is
required.
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exhibit short-range singularities, where the two charmed
mesons overlap strongly and the OBE model becomes
unreliable. To address this issue, a form factor with a
momentum cutoff is commonly introduced to regularize the
high-momentum behavior of the potential. The coordinate-
space effective potential VðrÞ is then derived via Fourier
transform:

VΛðrÞ ¼
Z

dk
ð2πÞ3 e

ik·rVðk; μÞF 2ðk2;ΛÞ; ð7Þ

where the monopole form factor adopted in the present
work is given by

F ðk2;ΛÞ ¼ Λ2 − μ2

Λ2 þ k2
: ð8Þ

By varying Λ, different regularization procedures are
applied to the short-range potential, yielding Λ-dependent
effective potentials.
In Refs. [75–77], a novel approach was employed to

determine the effective interaction between two charmed
mesons. Specifically, the coupling constants were extracted
by fitting to the experimental data for Zcð3900Þ; Xð3872Þ,
and Tþ

cc.
Following Ref. [75], we treat the scalar coupling con-

stant as the sole free parameter for the Zc channel and fix it
using the Zc pole position. This is motivated by the
expectation that the vector ρ-exchange and ω-exchange
contributions largely cancel each other, such that the σ-
exchange interaction dominates in the Zcð3900Þ system.
The vector coupling constants are determined from
Xð3872Þ and Tþ

cc. For simplicity, we introduce the follow-
ing scaling factors:

λ → λRλ; β → βRβ; gs → gsRs: ð9Þ

The baseline coupling constants and meson masses are
summarized in Table II.

B. Dð�ÞK interaction

In covariant chiral perturbation theory, the leading-order
(LO) DK interaction is dominated by the Weinberg-
Tomozawa term, which in the nonrelativistic limit can be
treated as a constant potential,

VDKðq⃗Þ ¼ −
CWðIÞ
2f2π

; ð10Þ

where CWð0Þ ¼ 2 and CWð1Þ ¼ 0, that is, the I ¼ 1
channel is noninteracting at LO. Performing a Fourier
transform on VDKðq⃗Þ and introducing a local Gaussian
regulator yields

VDKðrÞ ¼ −
CWðIÞ
2f2π

e−ðr=RcÞ2

π3=2R3
c
: ð11Þ

The next-to-leading-order (NLO) correction to the I ¼ 0
DK S-wave interaction is repulsive [83]. A repulsive core is
therefore included to improve the description of the
interaction. On this basis, the following form of VDK is
adopted [58]:

VDKðr⃗; RCÞ ¼ CSe−ðr=RsÞ2 þ CLe−ðr=RCÞ2 ; ð12Þ
where the first term accounts for the short-range repulsive
core with CS ≥ 0 and RS fixed to 0.5 fm, while the second
term provides the dominant long-range attraction.
For VD�K, the corresponding LO and NLO potentials can

be derived from the same covariant chiral Lagrangian [83]:

VLOðNLOÞðD�ðp1ÞKðp2Þ → D�ðp3ÞKðp4ÞÞ
¼ −ϵ�3 · ϵ1VLOðNLOÞðDðp1ÞKðp2Þ → Dðp3ÞKðp4ÞÞ: ð13Þ

Under the infinite heavy-quark limit, mQ → ∞, this
reduces to

VLOðNLOÞðD�ðp1ÞKðp2Þ → D�ðp3ÞKðp4ÞÞ
¼ VLOðNLOÞðDðp1ÞKðp2Þ → Dðp3ÞKðp4ÞÞ: ð14Þ

Assuming that D�
s0ð2317Þ is a DK bound state, the model

parameters can be determined by reproducing its pole
position. However, since the potential contains four param-
eters, a fit to a single pole is underconstrained. To obtain a
more robust interaction, we also compute the scattering
length by solving the Lippmann-Schwinger (LS) equation
and compare these results with lattice QCD simulations.

III. THREE-BODY FORMALISM

A. Wave function

We consider the Dð�ÞDð�ÞK system with IðJPÞ ¼ 1
2
ð0−Þ.

Since orbital excitations are difficult to treat accurately in
GEM, we restrict our analysis to S-wave configurations.
The wave function is written as

Ψ ∝ S ⊗ I ⊗ R ð15Þ

where S, I, and R are the spin, isospin, and spatial wave
functions, respectively. Their explicit forms are given in the
following subsections.

TABLE II. Baseline coupling constants and the masses of the
mesons [82]. Masses and fπ are given in units of GeV, while λ is
expressed in GeV−1.

Coupling fπ ga gV β λ gs
0.13025 0.57 5.8 0.9 0.56 0.76

Mass mD mD� mπ mη mρ mω mσ

1.867 2.009 0.137 0.548 0.775 0.783 0.600
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B. Gaussian expansion method

We employ the Gaussian expansion method (GEM)
[78,84] to solve the three-body Schrödinger equation:

ĤΨJM ¼ EΨJM; ð16Þ

where Ĥ denotes the total Hamiltonian and is given by

Ĥ ¼
X3
i¼1

p2
i

2mi
− Tc:m: þ

X
1≤i<j≤3

VðrijÞ

¼ −
ℏ2

2μr
∇2

r⃗ −
ℏ2

2μR
∇2

R⃗
þ

X
1≤i<j≤3

VðrijÞ ð17Þ

with Tc:m: being the center-of-mass (CM) energy. r⃗ and R⃗
represent the Jacobi coordinates.
In GEM, the total three-body state is expanded as

ΨJM ¼
X
α;c

Cα;cΨc
JM;αðrc;RcÞ; ð18Þ

where α ¼ fnN; lLΛ; tTg denotes all the quantum num-
bers. Here l and L are the orbital-angular momentum
quantum numbers for the two Jacoobi coordinates respec-
tively, and Λ is the total orbital momentum quantum
number. t and T denote the isospin of two-body subsystem
and the total isospin, respectively. n andN are the indices of
Gaussain basis for the two Jacobi coordinates. In the
present work, due to the numerical calculation issue, we
restrict l ¼ 0 and L ¼ 0, which will be explained in detail
later. Therefore, Λ is fixed to 0. Now, the individual basis
states are defined as

Ψc
JM;αðrc;RcÞ ¼ IcT;t ⊗ ½SJM ⊗ Φc

lL;Λ�JM: ð19Þ

Here, IcT;t and Φc
lL;Λ represent the isospin and spatial wave

functions, respectively. In our calculations, we consider
different isospin-coupling schemes for the three-body
system, where the isospin wave function is given by

Ic¼1
T;t ¼

��
D1

�
1

2

�
D2

�
1

2

��
1

K

�
1

2

��
1
2

;

Ic¼2
T;t ¼

��
D2

�
1

2

�
K

�
1

2

��
t
D1

�
1

2

��
1
2

;

Ic¼3
T;t ¼

��
D1

�
1

2

�
K

�
1

2

��
t
D2

�
1

2

��
1
2

; ð20Þ

with Xð1
2
Þ denoting the isospin of particle X is 1

2
. Due to

Bose-Einstein statistics, the isospin for the subsystem of
two identity D mesons can be only 1. In the expression, we
have already set the total isospin to T ¼ 1

2
.

Considering the spin quantum numbers: JðDÞ ¼ 0 and
JðKÞ ¼ 0, the spin part SJM of the DDK system is trivial.
For JðD�Þ ¼ 1, the spin part SJM of theD�D�K system can
be expressed as

SJM ¼ S00 ¼
1ffiffiffi
3

p j1 − 1i þ 1ffiffiffi
3

p j − 11i − 1ffiffiffi
3

p j00i; ð21Þ

where the coefficients in front of the states are Clebsch-
Gordan (CG) coefficients.
In the CMS frame, we rewrite the Schrödinger equation

in terms of Jacobi coordinates and expand the coordinate-
space wave function using two sets of Gaussian basis
functions, ϕG

nlmðrcÞ and ψG
NLMðRcÞ, corresponding two

Jacobi coordinates:

Φc
lL;Λðrc;RcÞ ¼ ½ϕG

nlmðrcÞψG
NLMðRcÞ�Λ;

ϕG
nlmðrÞ ¼ Nnlrle−νnr

2

Ylmðr̂Þ;
ψG
NLMðRÞ ¼ NNLRLe−λNR

2

YLMðR̂Þ;

Nnl ¼
�
2lþ2ð2νnÞlþ3

2ffiffiffi
π

p ð2lþ 1Þ!!
�1

2

; ð22Þ

where YLM is the spherical harmonic function. Three sets of
Jacobi coordinates are considered in our system, as two of
them illustrated in Fig. 2. It is clear that the basis involves
powers of coordinates for nonzero l and L, which intro-
duces considerable numerical challenges in the computa-
tion of matrix elements. Since the contribution from higher
partial waves is expected to be much smaller than that of the
S-wave, in this work, we only consider the ground state of
the three-body system.
To maximize the numerical accuracy, the Gaussian

parameters are chosen in geometric progression:

λN ¼ 1=R2
N; RN ¼RminAN−1 ðN ¼ 1;2;…;NmaxÞ;

νn ¼ 1=r2n; rn ¼ rminan−1 ðn¼ 1;2;…;nmaxÞ: ð23Þ

In the present work, the values of the size parameters are
taken as

FIG. 2. Two sets of Jacobi coordinates corresponding to
different spatial configurations, where blue disks indicate the
K meson and the red disk denotes theDð�Þ meson. The third set of
Jacobi coordinates, obtained by exchanging the two Dð�Þ in panel
(b), is not shown explicitly, but is included in the calculation.
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r1 ¼ 0.1 fm; rmax ¼ 10 fm; nmax ¼ 12: ð24Þ

To account for the coupled channels DDK and D�D�K,
we solve the coupled-channel Schrödinger equation:

��
−

ℏ2

2μr
∇2

r⃗ −
ℏ2

2μR
∇2

R⃗

�
δij þ Vij

�
ψ j ¼ Eψ i; ð25Þ

where the potential matrix V is given by

V ¼
�

VDDK→DDK VDDK→D�D�K

VD�D�K→DDK VD�D�K→D�D�K

�
: ð26Þ

C. Complex scaling method

The GEM provides an efficient real-space expansion for
locating bound states, but it is not directly applicable to
resonant states with complex energies. To address this, we
employ the complex scaling method (CSM). In this
approach, the Schrödinger equation is analytically contin-
ued via a coordinate rotation in the complex plane,

r → reiθ; p → pe−iθ;

ĤðθÞ ¼
X3
k¼1

p2
k

2mk
e−2iθ − Tc:m: þ

X
1≤k<l≤3

VðrkleiθÞ: ð27Þ

The complex-scaled Hamiltonian is then diagonalized
within the same Gaussian basis used in the GEM. The
resulting eigenvalue spectrum can be visualized in the
complex-energy plane: bound states appear on the negative
real axis, while resonance poles are isolated from the
rotated continuum branches. Most eigenvalues lie along
rays emanating from thresholds and correspond to scatter-
ing states.
The root-mean-square (rms) radius provides a valuable

observable for characterizing the internal structure of
hadronic bound states, and is often used to distinguish
compact multiquark configurations from extended molecu-
lar-type systems. It is defined as [85,86]

rrms
ij ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hΨIJjr2ijjΨIJi
hΨIJjΨIJi

s
: ð28Þ

IV. RESULTS AND DISCUSSION

A. Two-body DK and D�K

For concreteness, we fix RS ¼ 0.5 fm and scan the
remaining model parameters. The long-range coupling
constant CL is fixed by reproducing the pole position of
D�

s0ð2317Þ. Once this condition is satisfied, the Ds1ð2460Þ
state is reproduced approximately in the corresponding
D�K channel, as expected by the heavy-quark symmetry.

For each parameter set, we solve the Lippmann-Schwinger
(LS) equation for the two-body DK system [87–89]:

T ¼ V þ VGT; ð29Þ

whose partial-wave representation is given by

Tlðp;qÞ ¼ Vlðp;qÞþ
μ

4π3

Z
∞

0

dkk2Vlðp;kÞGðkÞTlðk;qÞ;

ð30Þ

where GðkÞ ¼ 1=ðE − k2
2μ þ iϵÞ denotes the two-body

propagator, and the partial-wave potential Vlðp; qÞ is
defined as

Vlðp; qÞ ¼ 2π

Z
1

−1
dxPlðxÞ

Z
d3rVðrÞe−iðp−qÞ·r; ð31Þ

with x ¼ p̂ · q̂ being the dot product of the momentum unit
vectors.
For the partial-wave scattering amplitude fl, scattering

theory yields [90]

flðkÞ
k

¼−
μ

8π2
Tlðk;k;EÞ¼

�
−a−1þ1

2
rk2− ik

�
−1
; ð32Þ

where E ¼ k2
2μ is the two-body energy, and a and r are the

scattering length and effective range, respectively.
We calculate the scattering length for RC ¼ 1.0–2.0 fm

and CS ¼ 0–3000 MeV, with the corresponding scattering
lengths shown in Fig. 3. We also examined the case with
RS ¼ 0.5 fm and RC ¼ 3.0 fm, which yields scattering
lengths smaller than −15 fm and is therefore not adopted
in the main analysis. As shown in Fig. 3(a), for each fixed
RC, the scattering length decreases monotonically with
increasing CS and gradually approaches an asymptotic
value. This behavior indicates that the low-energy DK
observables become less sensitive to the short-range repul-
sive core once CS is sufficiently large. By fitting these
curves, we extract the asymptotic values displayed in Fig. 3
(b). It can be further seen that the fitted asymptotic
scattering length exhibits a nonmonotonic dependence
on RC, reaching its most negative value around
RC ∼ 1.5 fm. This behavior suggests that the long-range
structure of the DK interaction plays a nontrivial role in
determining the low-energy scattering properties, which
must therefore be constrained before proceeding to the
three-body calculation.
According to recent lattice QCD simulations [50], the

predicted S-wave scattering length for the DK system at
physical meson masses is aDK ¼ −1.87 fm (central value),
while an alternative central value of aDK ¼ −1.51 fm is
also reported. The sizable discrepancy between these two
values arises from systematic error. Using the exponential
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fits described above, we extract the CS values correspond-
ing to these lattice scattering lengths, and then determine
CL by reproducing the D�

s0ð2317Þ pole. The resulting
parameter sets are listed in Table III, which will be
primarily used in our subsequent three-body calculations.

B. DDK spectrum

We now turn to the three-body DDK system with
IðJPÞ ¼ 1

2
ð0−Þ within a coupled-channel framework that

incorporates both DDK and D�D�K configurations. The
DK interaction is modeled by a two-range Gaussian
potential, whose parameters are constrained by the pole
position of D�

s0ð2317Þ and the DK scattering length from
lattice QCD calculations. Since there are three free param-
eters but only two constraint conditions from experiment
and lattice simulations, we select two representative
parameter sets based on the DK scattering length predicted
by lattice QCD.
For the Dð�ÞDð�Þ interaction within the OBE model, the

coupling constant for σ-exchange is constrained by the
Zcð3900Þ pole, whereas those for vector-meson exchange
are constrained by the poles of Xð3872Þ and Tþ

cc.

Although the near-threshold nature of Zcð3900Þ remains
under debate, many existing studies favor a virtual-state
interpretation. For instance, a refit to experimental data
using exactly unitarized amplitudes yields two possible
solutions: either a resonance or a virtual state located
30–40 MeV below threshold [91]. A three-coupled-channel
analysis identifies Zcð3900Þ as a virtual-state pole lying
80 MeV below threshold [92], and a global coupled-
channel analysis of eþe− → cc̄ processes also supports a
virtual-state solution with the pole positioned 30–40 MeV
below threshold [93]. Nevertheless, a resonance solution is
reported in Ref. [94]. It should be noted that different
investigations adopting the OBE model employed in the
present work all favor a virtual-state picture for Zcð3900Þ,
differing only in the concrete pole positions of the virtual
state. While a more sophisticated investigation encompass-
ing various pole parametrizations would be worthwhile,
carrying out such an elaborate treatment would require
modifications to our present dynamical OBE model. This
task lies beyond the scope of the present work and is
deferred to future studies. Accordingly, we treat Zcð3900Þ
as a virtual pole in our numerical calculations.
Specifically, the poles of Tþ

cc and Xð3872Þ are fixed
at −4 MeV relative to their respective thresholds, while the
pole position of Zcð3900Þ is varied over the range from −5
to −35 MeV.
The resulting three-body spectra are displayed in Fig. 4.

For both DK parameter sets, the DDK system supports
bound states over a wide range ofDD interaction strengths.
As shown in Fig. 4, the binding energies exhibit only a mild
dependence on the momentum cutoff in the range
Λ ¼ 1.1–1.3 GeV, indicating that the results are reason-
ably stable against short-range regularization of the
Dð�ÞDð�Þ interaction. This weak cutoff dependence suggests
that the existence of bound-state solutions is not a

FIG. 3. (a) shows the scattering lengths for different RC values versus coupling constant CS, and (b) shows the scattering lengths for
different coupling constants CS versus RC. Asym_a represents the asymptotic scattering lengths of different RC, the shaded region
between curves represents the allowed range of scattering lengths.

TABLE III. Scattering lengths [50] and their correspondingDK
parameters.

a (fm) RC (fm) CS (MeV) CL (MeV)

−1.87 1.00 862.3 −535.3
−1.87 1.25 304.9 −298.1
−1.87 1.50 206.3 −225.0
−1.87 1.75 404.1 −202.9
−1.87 2.00 1089.0 −197.3
−1.51 2.00 243.2 −165.8
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numerical artifact of a specific regulator choice, but rather
reflects a robust feature of the underlying two- and three-
body dynamics within the present framework.
Depending on the DK parameter choice, two scenarios

emerge. For the first scenario, which typically corresponds
to a smaller RC, only a single bound state is found. Its
binding energy lies in the range of approximately −60 to
−75 MeV relative to the three-body threshold and changes
smoothly with the input Zcð3900Þ pole position. This is
consistent with the result of [58], which is around
−70 MeV and varies slightly as using different potential
parameters. In contrast, for the second scenario with a
larger RC, two bound states emerge in most cases: a deeply
bound state and a shallow state located close to the particle-
dimer (D −DK) threshold. This demonstrates that the
long-range structure of the DK interaction plays a crucial
role in generating additional three-body solutions. We
further analyze the role of coupled-channel dynamics by
examining the probability of the D�D�K component in the
total wave function. It is found that, in all cases considered,
the D�D�K fraction is extremely small, remaining below
0.1%. This indicates that the contribution from the D�D�K
channel is negligible, and the structure of the system is
overwhelmingly dominated by the DDK component. This
justifies, a posteriori, the use of a simplified model space
when discussing the dominant structure and spatial proper-
ties of the system.

Fixing the cutoff at Λ ¼ 1.2 GeV, we adopt the DK
parameters filtered according to the scattering lengths pre-
sented in Table III. The corresponding binding energies are
plotted in Fig. 5. As shown in the figure, once the DK
interaction is constrained by the lattice-derived scattering
length ofDK, the binding energies are confined to a narrower
range. Meanwhile, the dependence on RC is pretty mild.

C. Internal structure of DDK

To clarify the internal structure of the bound states,
we analyze the root-mean-square (rms) radii shown in
Figs. 6(a) and 6(b). We find

rDD ∼ rDK ∼ 1 − 2 fm: ð33Þ
This indicates that all three constituents are within a typical
hadronic distance, with no clear separation of scales among
the interparticle distances. The wave function is therefore
dominated by genuine three-body correlations rather than a
two-body cluster structure. In particular, neither a ðDDÞ þ
K nor a ðDKÞ þD configuration is favored. We thus
identify these states as a compact three-body bound state,
whose binding is collectively generated by the interplay of
all pairwise interactions.
In Figs. 5(d)–5(f), an additional shallow bound state

emerges close to the threshold. A key feature of this state is
its large spatial extent, as illustrated in Fig. 6(c):

FIG. 4. The cutoff dependence of the DDK bound states. The open (filled) circles represent unbound (bound) states. The orange line
indicates the particle-dimer(D −DK) threshold. (a)–(c): RC ¼ 1.0 fm, CS ¼ 0, CL ¼ 320.1 MeV. (d)–(e): RC ¼ 2.0 fm,
CS ¼ 500 MeV, CL ¼ 178.4 MeV.
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rDD ∼ 5 − 9 fm; rDK ∼ 4 − 7 fm: ð34Þ

All interparticle distances are significantly larger than the
typical interaction range (∼1 fm), and importantly,

rDD ∼ rDK: ð35Þ

These features clearly distinguish the shallow bound
state from a conventional hadron. For a ðDKÞ þD

configuration, one would expect a pronounced scale
separation: rDK ≪ rDD, whereas for a ðDDÞ þ K structure,
one would expect rDD ≪ rDK . Neither pattern is observed
in our results. Instead, the comparable and large values of
all rms radii indicate that the three particles are weakly
bound and spatially extended, without forming a dominant
two-body subcluster. This is a characteristic signature of a
three-body “halo” state [95], in which the wave function
has substantial support at distances far beyond the range of

FIG. 5. The DDK bound states vary with the Zcð3900Þ virtual state pole position, given that the DK interaction is determined by
fitting the lattice-calculated scattering length of DK. The momentum cutoff for the DD interaction is fixed to Λ ¼ 1.2 GeV. Panels
(a)–(e) correspond to aDK ¼ −1.87 fm with RC ¼ 1.00; 1.25; 1.50; 1.75, and 2.00 fm, respectively; panel (f) corresponds to aDK ¼
−1.51 fm with RC ¼ 2.00 fm.

FIG. 6. The root-mean-square (rms) radii of the two-body subsystems DD and DK in the three-body DDK system, where the DK
interaction is determined by fitting the lattice-calculated scattering length of theDK system, aDK ¼ −1.87 fm. Panels (a)–(c) are defined
as follows: (a) corresponds to RC ¼ 1.00 fm; (b) shows the deep bound state for RC ¼ 2.00 fm; (c) shows the shallow bound state for
RC ¼ 2.00 fm. Moreover, open shapes denote unbound states, while filled shapes denote bound states.
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the pairwise interactions. The halo interpretation is further
supported by the trend that the spatial extension increases
as the binding energy approaches the threshold, consistent
with the expected scaling behavior

r ∝
1ffiffiffiffiffiffi
EB

p : ð36Þ

D. Coupled-channel effects from DDsη and DDsπ

So far, in our analyses theD�
s0ð2317Þ resonance has been

treated as a pure DK molecular state. Nevertheless, its
proximity to the Dsη threshold suggests the presence of
nontrivial DK-Dsη coupled-channel effects. Lattice QCD
analyses have confirmed the dominant molecular nature of
D�

s0ð2317Þ. In Ref. [96], the DK molecular component is
found to contribute approximately 70% to the internal
structure of D�

s0ð2317Þ. In Ref. [48], a full lattice QCD
calculation supports the interpretation of D�

s0ð2317Þ as a
DK molecule. A more recent investigation further shows
that the combined DK and Dsη molecular components can
reach up to 88% [97]. In addition, lattice QCD calculations
incorporating both cs̄ and DK-type operators in the
isospin-0 channel demonstrate that the DK molecular
component dominates the bound-state structure [54].
Motivated by these observations, we reconstruct the

D�
s0ð2317Þ pole within a coupled DK-Dsη framework

and systematically explore the energy spectrum of the
three-body DDK-DDsη coupled-channel system.
Furthermore, considering that D�

s0ð2317Þ is unstable and
predominantly decays into Dsπ through isospin violation,
we further incorporate the DDsπ channel into our three-
body coupled-channel calculations.
It should be noted that the interactions between charmed

mesons and Goldstone bosons are nontrivial and involve
various renormalization- and subtraction-related proce-
dures, which cannot be fully reproduced within a poten-
tial-model framework. Accordingly, we carry out a
qualitative study in the present work based on chiral
perturbation theory (ChPT) in the heavy-meson limit
combined with the on-shell approximation [97,98]. The
LO and NLO potentials read

VLOðqÞ ¼
CLO

2f2π
;

VNLOðqÞ ¼ −
2

f2π

�
2C24c24

mL

mH
þ C35c35

mL

mH

þ 2C0c0
1

mHmL
− C1c1

1

mHmL

�
: ð37Þ

Here mL and mH denote the masses of light and heavy
mesons, respectively. The constants CLO;… can be found
in [97,98]. VDsη and VDη are obtained via Fourier trans-
formation and regularized with a Gaussian regulator

gðrÞ ¼ e−ðr=R0Þ2

π3=2R3
0

: ð38Þ

The DK interaction is given in Eq. (12), and the
transition potentials VDπ, VDK→Dsη, and VDK→Dsπ are given
from the following relations,

VDK→Dsη ¼
ffiffiffi
3

p

2
VDK;

VDπ ¼ VDK;

VDK→Dsπ ¼ −
1

2
VDK: ð39Þ

We first consider the truncated channel space consisting
only of the DDK and DDsη channels, and the correspond-
ing numerical results are presented in Fig. 7.
The parameters of the DD interaction are calibrated to

reproduce the pole position of Zcð3900Þ at −5 MeV. In
contrast to the pure single-channel results, the coupled-
channel poles show only weak sensitivity to the long-range
cutoff RC. The obtained pole energies lie steadily in the
range of −60 to −75 MeV. As RC increases, a shallow
bound state emerges slightly below the dimer-particle
threshold at −45 MeV, which is qualitatively consistent
with the single-channel predictions. Meanwhile, the DDsη
component decreases gradually from approximately 5% to
2% as CS varies from 0 to 3 GeV.
We further include the DDsπ channel into our coupled-

channel framework, and the corresponding results are
shown in Fig. 8. Points 1 to 7 correspond to calculations
with CS ¼ 0–3 GeV, respectively.
Numerical calculations reveal that the bound state

obtained in the DDK-DDsη system evolves into a reso-
nance once theDDsπ channel is opened. As CS varies from
0 to 3 GeV, the DDsη component decreases from approx-
imately 5% to 2%, whereas the DDsπ component drops
from about 3% to 0.5%. We therefore conclude that the
coupled-channel effects originating from D�

s0ð2317Þ yield
only minor corrections to the DDK bound state and induce
merely a small reduction of its binding energy. In contrast,
the inclusion of the DDsπ channel substantially changes
the nature of the three-body DDK state and converts the
bound state into a resonance. This feature can be naturally
explained: the opening of the DDsπ channel provides a
dynamical decay channel for the physical state.

E. D�D�K system

We also conduct a dedicated investigation of the D�D�K
system, independent of the previously analyzed DDK
system, to comprehensively understand its bound state
characteristics and dynamic behavior. The numerical
results obtained using the parameter set listed in
Table III are presented in Figs. 9 and 10, which clearly
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illustrate the binding energy and spatial properties for the
subsystems D�D� and D�K. The bound states of the
D�D�K system exhibit a behavioral pattern very similar
to that of the DDK system: the deeply bound state lies in
the range of approximately −60 to −70 MeV, while the

shallow bound state is positioned just below the particle-
dimer (D� −D�K) threshold. Regarding the internal struc-
ture of the three-body D�D�K system, the deeply bound
state is identified as a compact three-body bound state, with
the interparticle distances rD�D� and rD�K both in the range

FIG. 7. Pole structures of the DDK-DDsη coupled-channel system and the pure DDK single-channel system. Panels (a)–(e) show the
coupled-channel poles obtained with different choices of the cutoff parameters RC and CS, while panel (f) displays the corresponding
single-channel DDK poles.

FIG. 8. Pole positions of the DDK-DDsη-DDsπ coupled-channel system computed with different values of RC and CS.
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of 1–2 fm, indicating a tight and compact spatial configu-
ration. In contrast, the shallow bound state is identified as a
three-body halo state, which is characterized by relatively
large rms radii for both rD�D� and rD�K , reflecting a loose
and extended spatial distribution.
To further verify the nature of the bound states, we

perform a detailed CSM analysis, with Fig. 11 serving as a
typical example. The CSM results clearly show that there
are no resonance poles in the complex energy plane for
either the DDK or D�D�K system. Specifically, the bound

states of both systems appear as discrete eigenvalues
located on the negative real axis of the complex energy
plane, and these eigenvalues remain invariant under the
complex rotation operation, consistent with the fundamen-
tal characteristics of genuine bound states. Meanwhile, the
continuum states of the systems rotate in the complex
energy plane as expected, which is a typical feature of
nonresonant continuum states. Additionally, no states that
remain invariant under the complex rotation operation are
found in the third and fourth quadrants of the complex

FIG. 9. The three-body D�D�K bound states versus the Zcð3900Þ virtual state pole position. The parameter settings of (a)–(f) are the
same as those in Fig. 5.

FIG. 10. The rms radii of the two-body subsystems in D�D�K system versus the Zcð3900Þ virtual-state pole position. The D�K
interaction is determined by fitting the lattice-calculated scattering length of DK, aDK ¼ −1.87 fm. Panels (a)–(c) are defined
as follows: (a) corresponds to RC ¼ 1.00 fm; (b) shows the deep bound state for RC ¼ 2.00 fm; (c) shows the shallow bound
state for RC ¼ 2.00 fm.
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energy plane, further confirming the absence of resonant
states. These results collectively demonstrate that the bound
states identified in our work are genuine three-body bound
states, rather than resonant states or numerical artifacts, and
the framework we adopted is reliable and effective for
analyzing the three-body systems.

V. SUMMARY

Although several investigations have been conducted so
far, the structure of the DDK system remains incompletely
understood. In this work, we investigate the IðJPÞ ¼ 1

2
ð0−Þ

DDK system within a coupled-channel framework that
includes the DDK, D�D�K, DDsη and DDsπ channels. In
particular, the DD interaction is constrained by the exper-
imental data associated with Zcð3900Þ, Xð3872Þ, and Tþ

cc,
while the DK interaction is fixed by the pole position of
D�

s0ð2317Þ together with DK scattering length from lattice-
QCD calculations. Within this constrained theoretical
setup, we solve the three-body problem using GEM and
searched for possible resonant states via the CSM.
We find that the DDK system supports a deeply bound

state over a broad range of parameter choices, with a typical
binding energy of approximately 70 MeV below the three-
body threshold. The binding energy of this state exhibits
only weak dependence on the momentum cutoff in the
range Λ ¼ 1.1–1.3 GeV, indicating that this state is a

robust prediction within the present framework. In contrast,
an additional shallow bound state emerges only for a subset
of the parameter space, specifically, when the DK inter-
action contains a short-range repulsive core alongside a
longer-range attractive component, and may disappear into
the continuum as the DD interaction strength is varied.
Moreover, an analogous study was applied to the D�D�K
system, in which we found that its bound-state behavior is
similar to that of the DDK system.
Analysis of the rms radii indicates that the deeply bound

state possesses a compact three-body structure, whereas the
shallow state is a candidate of a three-body halo state. This
halo state is characterized by large and comparable values
of rDð�ÞDð�Þ and rDð�ÞK, as well as the absence of a dominant
two-body subcluster. We further find that the D�D�K
admixture is negligible, implying that coupled-channel
effect fromD�D�K plays only a minor role in the formation
mechanism of these states. In addition, we observe that
coupled-channel effects arising from the DDsη channel
yield only minor corrections to the DDK bound state and
give rise to a modest reduction in its binding energy. By
contrast, opening the DDsπ channel substantially alters the
nature of the three-body DDK state and transforms the
bound state into a resonance. The current study is expected
to provide valuable information for understanding the rich
structures of the three-body DDK and D�D�K systems, as
well as for the future experimental search for such exotic

FIG. 11. Complex-energy results of DDK (upper panel) and D�D�K (lower panel) as the DK interaction is determined from the
lattice-calculated scattering length of DK, aDK ¼ −1.87 fm and RC ¼ 2.00 fm. Bound states are marked by circles.
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hadronic molecules at facilities such as BESIII, LHCb and
Belle II.
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