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Generalized parton distribution functions (GPDs) are off-diagonal light-cone matrix elements that
encode the internal structure of hadrons in terms of quark and gluon degrees of freedom. In this work, we
present the first nonperturbative study of quasi-GPDs in the massive Schwinger model, quantum
electrodynamics in 1 4 1 dimensions (QED,), within the Hamiltonian formulation of lattice field theory.
Quasidistributions are spatial correlation functions of boosted states, which approach the relevant light-
cone distributions in the luminal limit. Using tensor networks, we prepare the first excited state in the
strongly coupled regime and boost it to close to the light-cone on lattices of up to 400 lattice sites. We
compute both quasiparton distribution functions and, for the first time, quasi-GPDs, and study their
convergence for increasingly boosted states. In addition, we perform analytic calculations of GPDs in the
two-particle Fock-space approximation and in the Reggeized limit, providing qualitative benchmarks for
the tensor network results. Our analysis establishes computational benchmarks for accessing partonic
observables in low-dimensional gauge theories, offering a starting point for future extensions to higher

dimensions, non-Abelian theories, and quantum simulations.
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I. INTRODUCTION

The internal structure of protons, neutrons, and heavier
nuclei is encoded in light-cone distributions, which play a
central role in describing high-energy scattering processes
in quantum chromodynamics (QCD). These functions
characterize how the momentum and spin of a hadron
are distributed among its elementary quark and gluon
constituents, which can be studied at high-energy collider
experiments. When QCD factorization holds, the cross
section of a hard scattering process can be expressed as a
perturbatively calculable coefficient function convolved
with the relevant parton distributions or fragmentation
functions, as in the case of Drell-Yan and jet production
[1]. Precise determinations of light-cone distribution
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functions are therefore critical not only for advancing
our understanding of QCD, but also for connecting theory
to measurements at experimental facilities. Current efforts
include analyses of semi-inclusive processes at Jefferson
Lab and, in the near future, at the Electron-Ion Collider
(EIC) [2.,3].

Parton distribution functions (PDFs) are defined on the
light front and are intrinsically nonperturbative, which makes
them inaccessible to traditional Euclidean lattice formula-
tions beyond their lowest moments. This limitation was
overcome by Ji’s proposal in Ref. [4], which introduced
quasi-parton distributions. In this framework, the leading-
twist light-front correlators are replaced by equal-time
correlators evaluated for hadronic states boosted to large
momenta. These quasidistributions can then be matched
perturbatively to their light-cone counterparts [5—11].

Quasiparton distribution matrix elements computed on a
finite Euclidean lattice have been shown to match, to all
orders in perturbation theory, the results obtained through
Lehmann-Symanzik-Zimmermann (L.SZ) reduction in con-
tinuum Minkowski QCD [12]. Variants of this approach have
also been formulated, including pseudodistributions [13,14]
and lattice cross sections [15]. In recent years, several lattice
QCD collaborations have implemented these ideas and
succeeded in numerically extracting light-cone parton
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distributions. Furthermore, two-dimensional model studies
provide nonperturbative support for the approach [16].

The present work extends our previous investigations of
partonic structure in QED, using the Hamiltonian formu-
lation and exact diagonalization techniques. In particular, in
Ref. [17], we computed the quasiparton distribution func-
tions (qPDFs) for the lightest #” meson, examining the
transition from strong to weak coupling and comparing
boosted spatial distributions to light-front results. In
Ref. [18], we introduced and computed quasifragmentation
functions using an equal-time, spatially boosted formu-
lation. Building on these studies, we now turn to gener-
alized parton distributions (GPDs).

GPDs provide more detailed information about the par-
tonic structure of hadrons. They are central to the 3D hadron
tomography program that is being developed at the future
EIC. In contrast to PDFs, which only describe the longi-
tudinal momentum distribution of quarks and gluons, GPDs
capture the correlations between the longitudinal parton
momentum and their transverse spatial position. They
provide for a three-dimensional image of hadron structure.

Formally, GPDs are defined as off-diagonal matrix
elements of leading-twist operators, and can be studied
for both unpolarized and polarized hadronic targets. We
note that in 1+ 1 dimensions, there is no transverse
dimension. However, the 1 + 1-dimensional version of
GPDs can still be defined in terms of the longitudinal
momentum fraction and the skewness induced by the
momentum transfer. 2D GPDs interpolate between the
partonic description (small skewness) and the form factor
description (large skewness) of two-dimensional hadrons.

Quasi-GPDs (qGPDs) are currently being investigated
through lattice QCD simulations [19—-24], phenomenological
modeling [25-31], and dual gravity approaches [32-38],
each contributing complementary insights into their non-
perturbative structure. For completeness, we note the recent
analysis of GPDs in the context of two-dimensional QCD in
the large-N,. limit [39], following early work in [40].

In this work, we present the first nonperturbative study of
qGPDs in the massive Schwinger model, quantum electro-
dynamics in 1+ 1 dimensions (QED,), using the
Hamiltonian formulation of lattice field theory [41,42].
Space is discretized on a lattice, while time remains a
continuous variable. In 1 4 1 dimensions with open boun-
dary conditions, the U(1) gauge field can be eliminated via
Gauss’s law, and the fermion fields can be mapped to spin
degrees of freedom through a Jordan-Wigner transforma-
tion [43]. This yields a spin-lattice Hamiltonian with
asymmetric long-range interactions [44—46].

Our goals are to quantify the practical computational cost
of simulating nonperturbative hadronic correlation func-
tions, explore extrapolations to the continuum and infinite
volume, establish benchmark results for future quantum
simulations, and provide a starting point for extensions to
higher-dimensional and non-Abelian gauge theories. The

analysis presented here is in line with and extends recent
model studies of PDFs in 1 + 1 dimensions [17,47-52]. In
the context of quantum simulations, partonic observables
were considered in [53-59]. Simulating quantum field
theories in the light-front formulation was explored in [60].

Ultimately, quantum simulations are expected to over-
come the limitations of classical methods, particularly for
problems involving real-time dynamics in fundamental
nuclear and particle physics [61]. A critical step in this
direction was presented in Ref. [62], where a polynomially
scaling sampling algorithm was presented for scattering
processes in ¢* scalar field theory, a result expected to be
beyond the reach of classical computations. Instead of
targeting calculations of the full scattering process, in this
work, we focus on low-energy, nonperturbative quantities
such as PDFs and GPDs that can be isolated from
perturbative dynamics at high energies within QCD fac-
torization. While this approach does not provide a universal
description of the full scattering process, it identifies key
nonperturbative functions relevant to experiments, offering
a potentially more near-term avenue toward demonstrations
of quantum utility in fundamental physics.

Here, we perform classical computations using matrix
product states (MPS) [63—65]. This approach is particularly
well-suited for gapped Hamiltonians in 1 4 1 dimensions.
Ground and excited states can be prepared efficiently using
the density matrix renormalization group (DMRG) [66,67]
algorithm, and unitary evolution can be performed with the
time-dependent variational principle (TDVP) [68]. Previous
studies have employed tensor networks and quantum sim-
ulations to investigate ground-state properties and real-time
dynamics of wave packets in the Schwinger model [69-83],
and the emergence of an out-of-equilibrium fluid phase in the
transition from strong to weak coupling [84].

The purpose of this work is to focus on PDFs and GPDs,
which are defined in terms of single-particle states with
definite momentum. Specifically, we prepare the first
excited state of the Schwinger model in the strongly
coupled regime and boost it to finite momentum. The
properties of this boosted state are benchmarked against the
relativistic dispersion relation, where we find good agree-
ment with the expected result in the continuum. With MPS,
we reach system sizes of up to 400 staggered lattice sites
(corresponding to 200 physical sites), enabling detailed
studies of quasi-PDFs and, for the first time, quasi-GPDs.
We analyze their convergence with the boost parameter as
the correlation functions approach the light-cone limit. In
addition, we complement these results with analytic cal-
culations of GPDs in the two-particle Fock-space approxi-
mation, which serve as a qualitative comparison for the
tensor network calculations.

The outline of the paper is as follows: In Sec. II, we
briefly review the general features of the strong and weak
coupling regime of the massive Schwinger model. In
Sec. III, we first recall the light-front equation for the
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lowest meson state in the lowest Fock state approximation,
and its solutions. We then define the light-front form of the
GPD for the Schwinger model, and discuss its kinematical
structure and analytical properties. In Sec. IV, the boosted
form of the gGPD is discussed for arbitrary velocities. We
show that in the luminal case, the GPD is fully recovered at
the nonperturbative level. In Sec. V, we present the
discretized form of the Schwinger model Hamiltonian
and boost operator. Using these results, in Sec. VI, we
briefly discuss the tensor network method used to simulate
QED, after the Jordan-Wigner transformation. We then
present numerical results for gPDFs and qGPD for both a
heavy and light mass system. We conclude in Sec. VII. In
the Appendixes, we briefly recall the Poincaré algebra used
in the main text, and summarize the spin mapping of QED,
on a 1D spatial lattice with open boundary conditions. In
addition, we briefly comment on the structure of quantum
algorithms to simulate qGPDs.

II. THE MASSIVE SCHWINGER MODEL

The massive Schwinger model, QED, with fermions, is
described by [85,86]

1 oF
S= [ &x|(-F +—
/ x<4 wt o

with the covariant derivative P/ = 4+ igA. The bare
fermion mass is m, and the coupling g has mass dimension.
At strong coupling with m/g < 0.3, the spectrum is
composed of light mesons and baryons, with a C-even
vacuum independent of 6

+wm—mw) )

m2 = m2 4 m2 = & MWho 2)

n ”_ f2 ’

with f = 1/+v/4x, the n meson decay constant [50]. The
vacuum chiral condensate is finite in the chiral limit with
(py)o = —4-mg [87,88], where y; = 0.577 is the Euler
constant. Hence

1
m 2
”:<1+2675m) %l—l—e”ﬂ. (3)
mg mg mg

At weak coupling with m/g = 0.3, the spectrum is com-
posed of heavy mesons, with doubly degenerate C-even
and C-odd vacua at & = z. The lowest 5 state continuously
asymptotes to 2m, as expected for a weakly coupled
Coulomb bound state. Note that at weak coupling (3)
we have e’z =~ 1.78 which is close to 2, hence allowing a
smooth and continuous transition in the eta mass from weak
to strong coupling.l

'We verified this behavior numerically in previous work. See
Fig. 2 of [17].

In timelike axial gauge A = 0, the Hamiltonian reads
1 EoO
H = / dx <2E2 +— W (iy*D* + m)l//) (4)

with the electric field E = —d°A*. Here, /x plays the role
of an external electric flux. The Gauss law constraint is
fixed by the charged fermions

0.E =g’ (5)

Our conventions for the gamma matrices are

(%)

The lattice version of the Hamiltonian in Eq. (4) follows
from the original staggered fermion formulation in [89]. Its
mapping to spin degrees of freedom will be given in
Sec. V below.

III. GPDS

The light-front Hamiltonian of QED, is very similar to
that of QCD,, apart from the U(1) anomaly. In the massless
case, QED, is exactly solvable and contains a single
massive bosonic excitation with mass mg. In contrast,
the massive theory is not exactly solvable with a spectrum
consisting of multiparticle states.

A. Light-front wave functions

In the 2-particle Fock approximation, massless QED,
exhibits a ground state and a tower of spurious states that
disappear in the continuum when higher Fock states
contributions are included [90]. By contrast, massive
QED; in the 2-particle Fock-space approximation exhibits
a ground state and a tower of genuine multimeson states.
Numerical studies indicate that the ground state is domi-
nated by the two-particle Fock component, whereas the first
excited state already receives a substantial four-particle
contribution (a meson-meson bound state) in the strong
coupling limit [91].

With this in mind, the light-front wave functions ¢,({) in
the 2-particle Fock-space approximation follow from a
Bethe-Salpeter-type derivation. More specifically, the light-
front wave functions solve [17,90]

m2

M) = [ ) + sl

! ¢n(y) B ¢n(x)
- m%PPA dy —(x )

with xP the momentum fraction of the parton. Here, PP is
short for the principal part. Equation (7) is the 't Hooft
equation [92], modulo the U(1) anomaly contribution (first

(7)
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term on the right-hand side). For further discussion of the
’t Hooft equation, see [93-95]. The longitudinal kinetic
contribution (second term on the right-hand side) is
singular at the end points x = 0, 1, forcing the light-front
wave function to vanish at the edges. Note that the
2-particle Fock-contribution is the leading contribution
in the limit of a large number of colors in QCD,.

In the massless limit with m — 0, the spectrum is given
by a single massive boson with squared mass M§ — m%. In
the massive limit with m > myg, the solution is peaked
around x = % with M, = 2m. In general, Eq. (7) admits a
tower of excited states for finite m/mg since the PP part in
(7) is strictly confining. The lowest state parton distribution
function is of the form

qy(x) = lgbo(x) . (8)

Since the # meson is flavor neutral, the fermion and
antifermion distribution functions are identical.

The integral equation (7) is a relative of the ’t Hooft
equation and can be solved numerically. For that, we use a
direct discretization in terms of a matrix eigenvalue
equation as for the 't Hooft equation [96]. The solutions
follow numerically by expanding in a complete basis. We
solved the eigenvalue problem in [17]. See Appendix B in
Ref. [17], Appendix A in Ref. [18], and Ref. [91] for more
details. In Fig. 1 (solid curves), we show typical solutions
in the strong and weak coupling regimes. We will refer to
these solutions as “exact solution” even though the sol-
utions are approximated, in the sense that we cut the
expansion in the Jacobi basis at a finite number of Jacobi
polynomials. The coefficients of higher Jacobi polynomials
are rapidly suppressed.

For the ground state in the strong coupling regime and
for comparison, we can use a normalized polynomial ansatz
with enforced end point boundary conditions. We have

2.0

1.5¢

21.0r

0.5

0.0 ; .
0.0 0.2 0.4

FIG. 1. Solution to (7) for f=0.1\/3/x (blue), = +3/x
(red), # = 10+/3/x (black) using 13 Jacobi polynomials. See [17]
for more details. The dashed lines are (9) plotted for the same
values.

(1 -x)P
B(2f+ 1,26+ 1))

do(x) = ) 9)

where B(a,b) is Euler beta function. The end-point
exponent f is fixed by the small-x analysis of (7)
m% —m? = zBcot(nB). In Fig. 1 (dashed curves), we
compare the variational ansatz (9) to the numerically exact
results. As evident from the figure, the variational ansatz
works well in the strong coupling limit, i.e., at small . The
explicit form of the ansatz will prove useful for some of the

analytical results to be developed below.

B. Light-front GPDs

In two dimensions, the light-front GPD for the # meson
in QED, is the off-diagonal matrix element of the analogue
of the leading twist-2 quark operator in 4 dimensions,
given by

Hr(x,&,1)
/+oodz_
= —e
o 2T

A . e . A
P+—lg|—|T'|——,— — ||P=—=),
<(reap(-5)rl 5 5] (5)le-2)

where [x,y], = ¢ JI4A9) i the Wilson line on the
light front and I" is a Dirac operator.

ixPtz~

1. Kinematics

Here, we denote the momenta of the initial and final #
meson as p;, p, with mass m, = M,. We introduce the
following notation:

n

pu_ PLt P s PP
2 PT + P
_4EM3

t=(py—p1) =24%= (11)

1-&7
where & is the skewness and ¢ the momentum transfer.
In addition, we have I' = y* = y° + ¢!, > = %!, with
¥’ = ¢° and y' = is?. Both the in- and out-meson states are
on-shell (P+ A/2)? =mj. Note that in 2 dimensions
wyty = Wy Ty y, as the axial-vector is dual to the vector,
and kinematically P = P*. In addition, there is no trans-
verse momentum in 2 dimensions. The skewness is tied to
the momentum transfer through the mass-shell condition

t 1

As a result, we will drop ¢ in our notation from here on.

(12)
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The full GPD splits into a sum of the Dokshitzer—
Gribov—Lipatov—Altarelli-Parisi (DGLAP) or x > ¢ (par-
ton distribution regime) plus the Efremov-Radyushkin-
Brodsky-Lepage (ERBL) or x < ¢ (form factor regime)
contributions, which we write as

HF(X7 'f’ [> =

While the tensor network analysis presented below, using
the Kogut-Susskind formulation of QED,, will be the main
part of our numerical analysis, we now proceed in this
section by analyzing both regions numerically and ana-
lytically using a semiclassical ansatz.

Ho(x.&0)+ Ho(x.&0).  (13)

2. DGLAP region: x > &

Here, we provide a Fock-space derivation of the light-
front GPD in the DGLAP region corresponding to x > &.
For that, we set z© =0 and ' = ™ in the bilocal matrix
element in (10). The good component is y, in

Tt =gyty - 2yl (14)

with the mode expansion

‘I/+<%> A f/kziﬂ\/zlk—Jr[ (k)e ' +dt (ke +i%x-]

(15)
For the in/out states, we use the 2-Fock approximation

Udx_¢po(x_) bt

|p1> = \/17—)( (x_pif)dT«l —x—)Pr)|0>’
(Pl = { |j/ xjgiﬁ2§§f_ (1= x)p$)b(x. p3).
(16)

with b'd" creating a quark-antiquark pair in a boosted 5
meson. Inserting the bilocal operator from (10) leads to the
diagonal contraction b"h (number preserving) as the only
contribution. The z ™~ integral gives the phase delta, enforcing

kt — k=t

xp+:%_>xi:)€ﬂ:§

T (17)

Using the canonical anticommutators and the spectator
antiquark overlap, all plus-momentum factors cancel except

for the Jacobian
1 _ +
1=c_ P2 (18)
1+¢ )2

leading to the following result for the GPD in the DGLAP
regime:

-¢
+¢

H.(x,&.1) = Po(x_)ho(x). (19)

The prefactor 1/1 T originates from converting the longi-

tudinal fraction x defined with respect to P* in (10) to the
fractions x_ and x, defined with respect to p; (in state) and
p5 (out state) as in (16).

3. ERBL region: x < &

In light-front time-ordered perturbation theory at
xT =0, pair creation by the good current J* is absent.
However, in the ERBL regime 0 < x < £, the contribution
does not arise from instantaneous pair creation, but rather
from the crossed-channel (lowest t-channel) meson pole. In
two dimensions, bosonization implies that the gauge-
invariant quark bilinear couples to the physical massive
boson, generating a pole at 1 = M§ ~ m; with a residue
proportional to the distribution amplitude

(OlpTy|n) (nlyTyw|0) (x
t— M} +i0 °<E>‘ (20

H_(x,&1) x —

More specifically, within the lowest pole approximation,
we find

Ro(&)eo (?)
H_(x,¢(t) = ————. 21

b == T (21)
The (normalized to 1) distribution amplitude ¢, which is
distinct from ¢ by the normalization, readily follows from

the ansatz (9)

(1 -z)f

S ESNESIA (22)

@o(z) =

with the lowest pole residue R

Ro(£) = M5v/1-&. (23)

Since
1 +3&
t— M3 =—-M3 1_;; : (24)
we have
1= 1= X\ x\/
H<°”5t)l%ﬁ+—Lﬂ—%1>1+352<E> <1_E)'

(25)

Note that the more standard normalization of the distribu-
tion amplitude to fy = 1/v4x (the 2D decay constant)
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05 | 0.50 t 0.4 |
o o 025 f S 02}
X e e A X e e e X e e
= T 0.25 | 1= 02 f

—0.5 1 —0.50 —0.4

10 | —0.75 1 —0.6

~1.0 —05 00 05 10 1.0 —05 00 05 10 1.0 —05 00 05 10
x xT

H(z, §)

-0.5

0.0 0.5

x

—1.0 —0.5 1.0 —1.0

FIG. 2.

0.10
0.05
0.00
—0.05 |
—0.10
O‘.O 015 1.0 -1.0 —6.5 0‘.0 0‘.5 1.0
x x

Single pole GPD (26) for different values of the skewness &, as indicated in each panel, with f = 0.4 and M, = 1. The red

vertical lines delineating the DGLAP and ERBL regions are located at x = +¢£.

should be followed by a rescaling of the residue
Ro — Ro/fy, and would cancel out in the lowest pole
contribution. This ensures the form factor sum rule of the
GPD, as discussed below.

The final form of the lowest state and unpolarized 7
meson GPD is

H>(X,f,[), X>'£’
H(x,& 1) = H_(x,&1), 0<x<é (206)
—H(-x,&,1), x < 0.

for the quark and anti-quark. In Fig. 2 we show the behavior
of the GPD (26) in the single pole approximation, for
increasing values of the skewness £ = 0.0, 0.2, 0.4, 0.6,
0.8, 0.95, with the index f = 0.4 (weak coupling) and a
meson mass My =1 in units of mg. In the 2-Fock
approximation, the cusp at the null value of the GPD is
clearly visible at x = £, with a nonvanishing ERBL
contribution from the single pole exchange in the ¢ channel.

4. Properties

In general, unpolarized GPDs in QCD obey generic
relations, which can be extended to the 2D case. Time
reversal and Hermiticity imply

H(x,& 1) = H*(x, &, 1) = H(x, =&, 1), (27)
which make the spin-0 GPD real and even in skewness &.
The GDP satisfies polynomiality, which translates to the
fact that its nth Mellin moment is a polynomial of degree
£", which is a consequence of Lorentz symmetry [97].

In the DGLAP or PDF regime with £ < x < 1, the GDP
satisfies the positivity constraint (Cauchy-Schwarz inequal-
ity) [98]

H(x.8)] < (1 “f)iq(x_)q(xm%, (28)

1+¢

with the n PDF in (8). In the 2-Fock space approximation
and real light-front wave functions, the inequality saturates
for (19). The inclusion of higher Fock components weakens
saturation.

5. Continuity and cusp at x =&

Near the matching point x = £, the two analytic forms
join continuously but with discontinuous slopes. From (19)
and (25), we find the near-boundary expansions

x\#
H_(x,&1)~Cp (1_E> : (29)
_ V1-e o1&
and
H. (x.§.1) » Cg(x = &), (31)
28V 1=
CR(fE,ﬁ)=(l<fzt>2ﬁ 1+§[B(2ﬂ+1,2ﬁ+1)]‘1. (32)
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So H is continuous and vanishes at x =&, but with
discontinuous derivatives (cusp) for S < I, which are
given by

pCy x\ A1
oH . ~——=(1-= , 33
) @
O H. ~ fCr(x = &) (34)

6. Reggeized ERBL regime

In the ERBL regime, beyond the lowest pole, the crossed
channel in 2D is a tower of meson states {1,} with

- Rn n -
N

n=0

. z=le(0.1). (35)

e | =

For large n, the light-front bound-state equation (7) is
semiclassical. A WKB quantization of the longitudinal
motion produces an about linear squared-mass spectrum

M2 ~M? + A(n+6), n>1, (36)
with slope 4 > 0 and offset § determined by the short-
distance end-point index f of the light-front wave function
(and the anomaly term). Both 4, M, will be fixed below.

The ERBL residues vary slowly with n. Their analytic
continuation in the complex j plane is

Ru(&) — B(.E).  ou(z) — o(z:)).  (37)

with f(j, &) and ¢(z; j) regular in a half-plane containing
the positive real axis, and matching p(n,&) =R, (&),
@(z;n) = @,(z) at integer j = n. With this in mind and
using (36), we can reorganize (35) as

o~ P de(zn)
H_(x,¢t) =
<® &) ;MiJr/l(nJré) oy
I~ So(zin)
=) T (38)
A ; n—a(t)
where we introduced the Reggeized trajectory
t— M?
a(t) = 7 5. (39)

The discrete and asymptotic sum can be unwound using the
Sommerfeld-Watson transform with neutral signature

i":ﬂ(n, $)p(z;n)

g n—a
y (e
_ /C g cot(x)) P )l ) f)_(pf D o)

where C is the Bromwich contour.

For 0<¢& <1, the analytic factor f(j,&) « (1 —
&) (2=)/2 damps the integrand for Rej < 0, so that the
contour C is closed to the left. The deformation crosses the
Regge pole at j = a(t), where the residue gives the leading
contribution. All other singularities lie farther left in the j
plane and are thus subleading at large energy or small &.
Hence, the leading Regge term reads

HEE (3, 6,1) = = plan), (s a(r)) cotlma(s)) - (41)

modulo subleading cuts/poles.

In 2D, the ERBL z shape remains controlled by the end-
point index f of the valence light-front wave function. We
take

o(z:)) = B<Zﬂ(1 —2f (42)

f+1,0+1)

independently of j at leading WKB order, and parametrize
the analytic residue as

2-j

B &) = Bo(1 - &)=, (43)

which implements a positive signature (no alternating
residues) and ensures damping for Rej < 0. The analytic
continuation reduces to the first physical pole at j =1
(since a(M3}) = 1), reproducing the lowest-state limit and
controlling the leading Regge behavior through the moving
trajectory a(z).

Inserting (42) and (43) into (41) yields the Reggeized
ERBL result

HES(x..0) = 2 fol1 = €)F

(a3

X COt(ﬂa(l)) m s

(44)

for 0 < x < & The choice S(a) = cot(za) is a signature-
blind real combination. It has simple poles at all integer
a = J (rather than selecting only even or odd J). If, instead,
one wishes to enforce explicit signature projection, we can
use the replacements

1
S, (a)= +5cot— (evenlJ),
S_(a) = —%tan%a (0dd J). (45)
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FIG. 3. Reggeized WKB GPD for the same parameter choices as in Fig. 2.
To fix the overall normalization f, and the WKB slope 4, 2pp 1 i D) = ¢(0)
we match (44) to the lowest-pole result (25) at t — M%. s _1 ¢ (= §)2
Near the ground-state pole, we have 2
~ mgagqﬁ(éj) +—mip) + ... (47)

a(t) = 1+ d (Mg)(1 = M) + -
1 1

reot(za(t)) = WM%)W

+e o (46)

with o (M3) = 1/2 for the linear trajectory (36). Thus (44)
reduces to

po/1T-8 /-3

Hliegge X, ga t)— )
( ) t—-M; B(+1.p+1)

t—»M(Z)

which must match the single pole form with residue
Ro(€) = M3\/1 =&, hence fy = M} and A = 1/a (M3).
With this matching, the full Reggeized ERBL contribution is
completely specified by the trajectory a(7) (slope &) and the
end-point index f.

To fix the Regge parameters, we note that the confining
integral in (7) acts as a nonlocal kernel. While this PP
kernel originates from the confining Coulomb law in 2D,
we will use the harmonic approximation detailed in
Appendix A for a WKB estimate. Indeed, for slowly
varying ¢(¢), the harmonic approximation gives’

*“Harmonic” here refers to the quadratic truncation of the
nonlocal kernel around ¢ = 0. Higher derivatives of ¢ and
boundary effects generate subleading corrections and do not
define a full local Hamiltonian.

6

We use this quadratic approximation only to estimate the
semiclassical level spacing. Treating the quadratic piece as
the local potential in a Schrodinger-like WKB estimate with
frequency w =~ zmg/+/3 yields an approximately linear
spectrum M2 ~ M3 + 2zm?%n up to corrections from higher
gradients and the anomaly term. Consequently, the Regge
slope in (36) is A ~2zxm% with & (1) = 1/A~1/(2zm}),
and M, = M,.

In Fig. 3, we show the behavior of the GPD (26)
following from the Reggeized WKB approximation (44),
for increasing skewness & = 0.0, 0.2, 0.4, 0.6, 0.8, 0.95,
with the index f = 0.4 (weak coupling) and a meson mass
My =1 in units of mg. In the WKB approximation, the
ERBL region is depleted after Reggeization, with a cusp at
x = £¢£, which is in contrast to the single pole approxi-
mation discussed earlier. The Reggeized results in Fig. 3 for
the anomalous # in QED, at strong coupling are very
similar to the light pion results in QCD, [40], building on
the results developed earlier in [99]. This shows that the
longitudinal features of QED, and QCD, are similar across
x = &, with the duality between form factors and parton
densities upheld. Recall that the results in QCD, are based
on the exact and leading large-N,. contributions, while
those developed here in QED, rely on the 2-Fock space
approximation (DGLAP region) and the Reggeized limit
(ERBL region), with the lowest state fixed by the U(1)
anomaly.
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7. Form factors

The transition matrix elements of the local current J*
evaluated between meson states gives the form factors

(m, P'lTT(0)[n, P) = (P™" + PT)F (1)

=2P* an( ) (48)

Since in 2D, we have Pt = PY kinematically, the form
factor in (48) holds for J° as well by covariance. In the
2-body Fock-space approximation, we have

0=\ ). @)

Since J* is the good current, there is no pair-creation
contribution at x™ = 0. All the dynamics are in the light-
front wave functions ¢,,, which include anomaly effects via

(7). The diagonal or elastic form factor F (1) = Fy(t) for
the lowest state obeys the sum rule
1
/ dxH(x,& 1) = F(1) (50)
-1

where both the quark and antiquark GPDs are added. Using
the GPD results for the DGLAP region, we have

Foult) = | [{ 21 - 207
1
d 2 _ £ 1— 214
[ st -1 -7
TRV Y g2y
xB(+ 1,26+ 1)
><2F1</}/}—|—13ﬁ+2%> (51)

with normalization 1/A? = B(2f + 1,24 + 1). The hyper-
geometric function in (51) is obtained after integration over
the DGLAP kinematics. For that, it is useful to redefine the
integration variable x = & 4 (1 — &)u with u € [0, 1], so that

dx=(1=8du, 1—x=(1-¢&(1-u), and x*-¢& =
(1 =&ul2E+ (1 —&)u). The remaining integral is of
Euler type

1
/ duu®" (1 —u)= (1 + ku) ™
0
= B(a,c—a)2F1<Cl, b, C; _k)v (52)

with a=p+1, c=3+2, b=-p, k= (1-¢)/(28),
giving (51).

For the ERBL region, we have

Foclt) = [“axt_ (1)

A A e S
ﬂ+1 p+1)
The last integral can be done using
Rt Y LI (.
Lo sgrrsrn <) “sgiiprn
(54)
which results in
M2 1= 2\3/2
Fyo(t)=25" Vicge=U=)17, (55)

M2 —1 1 438

The net quark form factor is F,(t) = F,.(t) + F, -(1).
For a neutral meson such as the 7, one combines the quark
and the antiquark charges as

F() = e, A LdxH(nE0) + e /_ (:dx(—H(x, £1)
—e / " dH(x, £ 1) = 0, (56)
-1

which vanishes, since the GPD is x odd.
For completeness, we note that the Reggeized form
factor follows from integrating (44) over x € (0, &),

= t
t—4M%

(57)

Foe(r) = /0 dxHSEE (x £, 1)

aM3

= %ﬂo cot(za(t)) <4M(2)—t

after using the 2D on-shell condition. As t - —oo [fixed
a(t)], (57) asymptotes to

FR22(1) ~ cot(ma(1)) 1|, (58)

with manifest Regge behavior.” Note that the single pole
limit follows from ¢ — M3 with sin za ~ o/ (M3)(t — M3)
and 1 =1/«

3The shift in the exponent arises because the ERBL form factor
is a kinematically reduced matrix element, not a full invariant
amplitude.
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2
Mo e

2
M2 -1

(59)

where ¢ is given in terms of f, see Eq. (12). The
electromagnetic form factor of a C-even meson vanishes,
since the vector current is C odd. Note that if instead the
probe is a C-even current such as the gravitational current
or a flavor nonsinglet vector current, which does not
enforce H(—x) = —H(x), then a neutral target can have
F(0) =0 but F(¢) #0 for ¢ # 0.

IV. QUASI-GPDS

To quantify the partonic content of the lowest meson 7 in
massive QED,, we follow Ji’s quasidistribution framework
[4] for boosted states. This formulation enables a controlled
study of the continuum limit with tensor networks and
allows us to investigate the convergence of quasidistribu-
tions as the boost approaches the light cone.

We begin by introducing the rapidities of the meson
states, which can be expressed in terms of the skewness.
For a symmetric light-front momentum splitting between
the incoming and outgoing states in the definition of the
GPD, we have

+

A
pi, =P F—

=P F ), (60)

The rapidities of the in- and outgoing states follow as

(P12> <P12>
X12 ——ln =In ,
2 \ri ny

where we used the on-shell conditions P1+,2 Pir= m% The
rapidity difference between the in and out states is

B +¢
M 1<1—5>

For the equal-time frame appropriate for the qGPD, the on-
shell conditions are

(61)

(62)

Pir= P(1F¢) = Y(Ul,z)mqﬂl.z,

P?‘z = (P122 + m,%)% =y(vi2)m (63)

Here, P corresponds to the luminal limit v;, — 1. The
rapidities follow from (63) and are given by

1 14+ v,

)(1,2—5111(1_1}]‘2)
L (A PP F O 4 P F
2 \(m2 4+ PP(1F &R P(1 F &)

+ + P*(1
:m( (1F¢) \/Z F &) )

(64)
n
or equivalently
X1 = sinh_l <7P(1 — §)> s
my
P(1
x> = sinh™! <ﬂ> (65)
my

In this case, the squared momentum transfer is related to the
skewness through
—42Phy

)= 5= (L= @)P+ (] + (1 + )P

(66)

which reduces to (11) in the large-P limit. The partonic
gGPD of a boosted # meson is defined as

“+00 dZ . . _
Hr(x,&,v) = / 5, ¢ nlem (0, —2)

x =z, +2]sTw (0, +2)e” ). (67)
Here, I', = y° (unpolarized), I', = y' (polarized), I', = 1
(scalar) and ", = y° (axial). The Wilson line [x, y] is taken
along the spatial direction. The boosting of the operator

FIG. 4. Boosting the spatial two-point operator insertion of the
quasi-PDF or GPD in Eq. (67), which asymptotically approaches
the light cone.
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insertion asymptotically toward the light cone is depicted in
Fig. 4. For convenience, we define the nonlocal and bilinear
qGPD operator

Or(-z,2) = (0, —2)[-z, +z]sT,w (0, +z).  (68)

The relation between the quasi-GPD in Eq. (67) and the
light-front GPD follows from the boost properties of the
fermion fields generated by K. If we define

Xl,zzsz%’ Ay =In <1f§> (69)
then
e KOt K = o~ FK (o= ITKOLeTK) e~ FK  (70)
The common boost transforms the fields as
e~ My (x)e = S(7)w(A™"x) (71)
with S(7) = exp(4y°) in 1+ 1 dimensions. For x; z =
(0, F z) the boosted end points satisfy x;,xz — 0 as

¥ — oo, while the separation remains finite in x~. The
operator, therefore, approaches a light-front bilocal,

Or(=2.2) »w(0.4/2)[-4/2.4/2] . Ty (0.-2/2)  (72)

with A = 2ze* and I'; p o y for the vector channel. The
external boosts generate the off-forward momenta |p,) =
e K|py and (p,| = (n]e=*>X. Since a boost of rapidity y

gives p* = m,e?,
p?r = mrlg)?_Al/z’ pzr = mr]e)‘(JrA;(/Z_ (73)
Hence
+ _ 5t A
P2ZP_gh =g, (74)
p; +pf 2

showing that Ay fixes the skewness while the common
boost y — oo generates the large longitudinal momentum.
In this limit Eq. (67) reduces to the standard light-front
GPD H(x,¢,t).

In Appendix B, we discuss the symmetries of the matrix
element. The GPD is obtained from (67) in the large-
momentum limit. By analogy with the 4D case, we can also
define T, = y° 4 vy! with

1
V= tanhi (){1 +}(2) (75)

V. THE SCHWINGER MODEL ON A SPATIAL
LATTICE

We discretize the Schwinger model using a lattice of
length L = Na, where a is the lattice spacing and N the
number of staggered fermion sites. The fermion field ¢, is
placed on each site n =0, ..., N — 1. The sites are con-
nected by gauge links U, ., = e~/

A. Hamiltonian

The staggered lattice Hamiltonian for & = 0 is then given
by

1 =2 .
%Z §0n+llUn+l n®Pn — wj;lUn,n«H(anrl)
n=0

N-1 N-2
a
+m (=) ghp, += > E2. 76
’;( Voo, + ; (76)
In the compact U(1) formulation, we can identify the gauge
link with an angular variable 6, = —agA;, and the electric
field by its canonically conjugate orbital momentum,

En = gLn?
[0s Lin] = i3 (77)

This implies that the electric fluxes in an open chain are
quantized, L, =0, +1, ....

In the Kogut-Susskind Hamiltonian formulation, the
staggered fermions are mapped onto spatial lattice sites
by assigning the upper component to even sites and the
lower component to odd sites (or vice versa),

1 e n 1 n:.even
__<w()>__<<p ) (78)

\/5 Yo (n) \/E Pn+1:0dd
with 0 < n < N — 1. The staggered lattice Hamiltonian can

be mapped on a spin Hamiltonian using a Jordan-Wigner
transformation [41-43,89]

w(0,z = na)

0u =3 1T1Z,X,

m<n

oh =5 [Tz X, +iv,). (79)

m<n

—iY,),

This leads to the following result for the discretized
Hamiltonian:

I\)

1 & .
72(( n+1 + iYnJrl)e_lH" (Xn - lYn) + HC)

n=

[H]_
8a

0
N-1 2 N-2

+%§%(— )'Z, ——+ag ZL (80)

n=
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where L, is the local electric flux field operator

Ln:L0+iM. (81)

m=0

The constant —Nm/2 in Eq. (80) normalizes the ground-
state energy to zero at strong coupling. The angular variable
0, = —agA; can be eliminated by the unitary redefinition
of the spin matrices

( II e"9m>— X, —iY,), (82)

1
5 (Xn -
O<m<n

which does not affect the commutation rules modulo the
left end point. This freedom is traced back to the leftover
residual and time-independent gauge transformation of the
spatial vector field in the temporal (Weyl) gauge. The final
form of the Hamiltonian is

B. Boost and momentum

Next, we consider the momentum and boost operators,
starting from the continuum stress-energy tensor 7+*. The
Hamiltonian in Eq. (4) is obtained from

H= /dxlTOO(xO,xl). (84)
Analogously, the boost operator is
K= /a’xl(xoTO1 — x!709), (85)
On the x° = 0 surface, this reduces to
K= —/dxlxlTOO, (86)

which is the form that we use in this work. After
discretization, following the same steps used for the
Hamiltonian, we obtain

N-2

1 i
— _ t2a n——+1 xP'(y
- <Q(;(z(§,)()) -

| (ntes(en)

N-1

K=-a) (n—(N-1)/2)T;

n=0

1/1 m
OO__ _ — n
T, =5 <4—(K,,—|—Kn_1)> + 3 (-)"zZ,+1)

+;<a§ (L2 + L2 )).

Here, the kinetic terms are K, = X, X, +Y,,Y, and,
with open boundary conditions, K_j = Ky_; =L_; =
Ly_; = 0. The use of the lattice operator T, as opposed
to the terms in the lattice Hamiltonian (83), ensures that the
quasi-GPD maintains relevant symmetries, as discussed in
Appendix B.

We now turn to the momentum operator P. The total
momentum involves a lattice translation by 2a between
even-even or odd-odd sites [84]. The continuum expression
is given by

D,
P:/dxle :/dXI/IT(O x)—
i

A lattice discretization analogous to the Hamiltonian and
boost gives

(87)

w(0,x). (88)

N-2
pP=> T (89)
n=0
—i . .
Tgl = Sa ((Xn+2 + lYn+2)Zn+1 (Xn - lYn) - H'C')
1
(Yn+2Zn+an - Xn+QZn+l Yn)' (90)

"~ 4a

C. Quasi-GPDs

Now we turn to the lattice discretized version of the
quasi-GPD introduced above. It can be written in terms of
the following discrete Fourier transform:

1 N-2 N
x 5)( - Z l2a (n=5+1) xP! (;( (n 5)() (91)
T =024

For the choice I = y°, and using staggered fermions, we
obtain

10 (€, x))>

(92)

o, (:,;mﬂ,
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where the sum runs over the physical lattice sites. The
momentum of the boosted # meson is given by
P'(y) = m,sinh(y), see Eq. (95). Here, |n(y)) and
|Q(y)) are the boosted 7 state and ground state, respec-
tively. The rapidities y; and y, are given in Eq. (65).

The relevant operator insertions can be mapped to spin
degrees of freedom using the Jordan-Wigner transforma-
tion in Eq. (79). Forn+i>N—-n+i—1,

n—4-1_+
2 ON_pti-1

n—+i
X < H Zm)”;;ri' (93)
m=N—-n+i—1

For the case where n +i < N —n + i — 1, the bounds on
the product of Z are swapped. The quasi-PDF, denoted
qy(x, x), can be obtained from this formula by taking & = 0,
where (65) reduces to y,,(& = 0.y) = 1.

(P;rv_nJri_ 1Pnti = (_ 1)

VI. TENSOR NETWORK RESULTS

In this section, we present tensor network calculations
for the state preparation, the relativistic energy-momentum
dispersion relation, the qPDF, and the qGPD, each for two
different masses: m/g = 0.2 and m/g = 1. We use a spatial
lattice with 400 fermion sites, corresponding to 200
physical sites, a lattice spacing of a = 0.075, and a
coupling of g = 0.5. For the qPDF and qGPD, we take
I" = %, and drop the subscript from here on. All reported
tensor network calculations utilized software from the
ITensor ecosystem [100,101] in Jutia [102].

A. State preparation

The calculations presented in the following sections
require the preparation of the vacuum state |Q) and the
excited state |57), which are prepared in good approximation
with quantum-number conserving MPS and the DMRG
algorithm. The vacuum state is prepared by minimizing the
expectation value of the lattice Hamiltonian (83) within the
charge zero sector of the Hilbert space. The # state, the first
charge-zero excited state, is prepared similarly, but a term
A{Q|y)[? is added to the minimized target function, for a
heuristically chosen weight 4. A weight of A = 10 is used
to ensure a small overlap between the prepared states
|(Qln)| ~ 10715, The DMRG algorithm is used for ~50
sweeps for sequential singular value cutoffs of
1073,10719, 107!, which converges to an MPS with a
maximal bond dimension ~500. Note that this bond
dimension is not uniform across the lattice, and the
maximal bond is reached only near the center of the
system. The mass gap, m,, for the light and heavy mass
systems is 0.4747 and 1.2265, respectively. In the former
case 6m* = m} — (2mg)* > (2ms)?, indicating that this
system is in the strongly coupled nonperturbative regime.
Instead, the heavy-mass system is in the weakly coupled

TABLE 1. The variances of the lattice Hamiltonian for the
vacuum and 7 states for the considered mass parameters divided
by the calculated mass gap of the  state.

oE, /m, m/g=0.2 m/g=1.0
|Q) 2.531 x 1074 2.198 x 104
) 3.749 x 1074 2,133 x 107*

regime. The variances of the lattice Hamiltonian (83),
SE,, = ((y|H?|y) — (w|H|w)?)'/?, for both states and for
each system’s mass parameter are listed in Table I, and
serve as a measure of how close the prepared states are to
true eigenstates of the Hamiltonian. The variances are
orders of magnitude smaller than the mass gap and,
therefore, the prepared states are very tightly centered
around the exact eigenstates, with very little contribution
from other charge-zero states in the Hilbert space. We note
that, in practice, the smallest variances achievable will scale
as O(N). This is because the energy expectation will also
scale as O(N) and (H?) ~ O(N?). The difference between
two large quantities can only be as small as the floating-
point precision. Therefore, floating point errors will scale
as O(N) and will limit the lower bound of the achievable
variance.

B. Relativistic dispersion relations

In (1 + 1)-dimensional continuum field theory, the
energy and momentum operators are obtained from the
stress—energy tensor via

/dxlTOﬂ(o,x‘) = (H,P), (94)

and transform covariantly under Lorentz boosts generated
by U(y) = exp(—iyK). For a boosted # state, the normal-
ordered expectation values satisfy

(nUGr) :H: U (x)[n) = m, cosh(y).
(nUG):P:U" () ln) = m, sinh(y), (95)

which implies the standard dispersion relation (:H:)? =
(:P:)? + m,% On the lattice, Lorentz symmetry is broken,
and this relation is recovered only approximately in the
continuum and infinite-volume limits.

To validate the boosting procedure used in the qGPD and
gPDF calculations, we benchmark the lattice results against
the continuum dispersion in Eq. (95). The MPS states |€2)
and |n) are unitarily evolved using the TDVP algorithm for
several rapidities with a second-order Trotter scheme using
a cutoff for singular values of 5 x 1078, These dispersion
relations are presented in Fig. 5. While both curves agree
well up to some finite value of y, we generally find a
somewhat worse agreement for the momentum than the
energy of the boosted state. This can be attributed to the
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o5 m/g=0.2 o5 m/g=1.0
e (77(X)| = 2 I (X)) /12, e (77(X)| - 2 I (X)) /112,
20+ cosh(x) 20+ cosh(x)
=15¢
£
SR
5t
i % 1 2 3 4
X
=0.2 =1.0
95 - m/g o5 - m/g
o0 | (=0l P ln(x))/m, / o0 | (=10l P [n(x))/m,
sinh () / sinh(x)
§ 15} | ﬁsm(amﬁ sinh(x)) § 15} | ﬁsin(amn sinh(x))
~10¢ ~10t ==
o1 o1
% 1 3 i % 1 3 1

2
X

FIG. 5.

=N+

The (unitless) energy and momentum dispersion relations as a function of rapidity y with a Trotter step dy = 0.05, where

[n(x)) = e™*|n). The top and bottom rows are the energy and momentum dispersions, respectively, while the left and right columns
correspond to the dispersions for m/g = 0.2 and m/g = 1.0, respectively. The lattice energy expectation value is compared to the
continuum result. The lattice momentum expectation value is compared with the continuum result as well as the lattice dispersion

relation for an infinite spatial lattice,

Lsin(aP(y)).

initial states being prepared to be close to eigenstates of H
while there does not exist a simultaneous diagonal basis for
H and P. Therefore, initially, the momentum already has
some variance. Since the momentum dispersion performs
worse, we use it to determine the maximal value of y that is
considered in the calculation of the qPDF and qGPD. The
larger mass system strays from the continuum dispersion at
lower y. For the qPDF, we choose a maximum rapidity of
x = 3.2 for the lighter mass and y = 2.8 for the larger mass
systems such that the fractional error is <0.05. These cutoff
rapidities correspond to v = 0.9967 and v =~ 0.9926 for the
light and heavy mass systems, respectively. The calcula-
tions of the matrix elements for the quasi-PDFs and quasi-
GPDs, with a given bra and ket vector, are deterministic and
are precise within floating point precision. Controlled
approximations are only made at the level of the state
preparation and the unitary evolution of the states.

C. Quasi-PDFs

The quasi-PDF arises as the £ = 0 limit of the quasi-GPD
in Eq. (91). Figure 6 shows the resulting quasi-PDFs as
functions of the momentum fraction x and the boost rapidity
- The curves are normalized such that [} dxq(x, ymax) = 1.

A detailed discussion of normalization from the tensor-
network calculation is given below. Although the lattice
dispersion relation breaks down at sufficiently large y, the
quasi-PDFs converge well before this point.

Convergence is reached when d,q,(x,y) ~ 0 over the
entire domain of x. However, we often quantify conver-
gence over the entire domain with a single measure. The
partial derivative of the qPDF with respect to y can be
understood as a tangent vector, v(y), to the gPDF in the y
direction. Therefore, a natural choice of a measure quanti-
fying the convergence is

52(7) = V@I = / oy, (v (6)

which is the square norm of the tangent vector. Using this
measure, we calculated the convergence numerically using
finite differences d,q,(x.x) =~ (q,(x.x) —q,(x.x=6x))/x.
where Jdy is the Trotter step size used in the boost evolution.
Enough points in x were used for the numerical integrals to
converge within the reported precision. This is done for the
cases of the light and heavy masses at the largest rapidity
considered in Fig. 6, y = 2.8 and 3.2 respectively.
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FIG. 6. Tensor network calculation of qPDFs for a light mass system (left column) and a heavy mass system (right column). Top row:
Convergence of the qPDF to the light cone for different values of the boost rapidity. Bottom row: 3D surface plots of the qPDFs in terms

of the momentum fraction x and the boost rapidity y.

The measure of convergence for the PDFs at the cutoff
rapidities are 6g*(ymax) = 1.91 x 107 and 6¢*(¥max) =
2.64 x 1073 for the light and heavy mass systems, respec-
tively, indicating the qPDFs are well converged.

Both systems display the expected qualitative structure.
The gPDF is antisymmetric in x with the particle distri-
bution being the function in the region x > 0 while the
antiparticle distribution is the function in the region x < 0,
with an additional factor of —1. For both systems, the
distributions are peaked at |x| = 0.5, and the support is
mostly in the physical region |x| < 1, with small lattice-
induced tails outside. The heavy-mass system is more
tightly confined within the physical domain.

TABLE II. The gPDF normalizations and momentum sum
integrals before normalizing the quasi-PDFs, as well as the
average momentum fraction x for the normalized distributions.

m/g=02 m/g=1.0
> Jiai(x) O7) 4.6785 2.0185
S [ xq;(x) 98) 24717 0.9979
(x 0.5273 0.4965

Light-front PDFs satisfy the following normalization and
momentum sum rules [103], which we use to quantify the
amount of the quasidistribution that lies outside the region
lx] < 1:

©7)

ZAI dxq;(x) =2

(98)

ledqui(x) =1.

These integrals using the distributions (before normalizing)
are computed numerically with finite sums taken with enough
sample points to converge within the presented precision. We
also compute the average momentum fraction x for the
distributions  (x) = >"; [ xq;(x)/ [, ¢;(x). This average
should be exactly (x) =1 in the infinite volume and con-
tinuum limits since there are only two quarks in the system.
The results for the integrals and the normalized average x are
listed in Table II. The heavy-mass system, which exhibits
better localization within the physical kinematic region,
satisfies the light-front sum rules more accurately.
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D. Quasi-GPDs

The qGPDs for both mass values, computed from
Egs. (91) and (93), are shown in Fig. 7 for fixed rapidity
x. For the light and heavy mass systems, we use y = 3.0
and y = 2.6, respectively, ensuring that the calculation does
not rely on boosted states that deviate significantly from the

H(x, & x = 3.0)

H(z, & x = 3.0)

2.6)

H(z, & x

continuum dispersion relation. In the continuum, we expect
GPDs to be depleted outside the DGLAP region,
xe[-1,=¢] U [& 1]. On the lattice, this support is not
imposed by construction. Nevertheless, the numerically
obtained qGPDs are predominantly confined to this physi-
cal region, with only small residual tails extending into the

FIG. 7. Tensor network calculations of the qGPD for the case of a light mass system (left column) and a heavy mass system (right
column). Top row: The qGPDs as a function of x for different values of the skewness &, as indicated in the figure. The dashed vertical
lines show the kinematic boundary |x| = £ Middle row: Heat maps of the qGPD as a function of x, £, where the dashed line indicates the
kinematic boundaries |x| = &£. Bottom row: 3D surface plots of the qGPDs. The qPDF, indicated by the black line, is obtained in the

limit & = 0.
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ERBL regime and beyond |x| > 1. The lattice results also
reproduce the expected qualitative behavior: as £ — 1, the
distributions broaden and decrease in magnitude, consistent
with the structure of light-front GPDs. We additionally
observe a flattening of the qGPDs within the ERBL region.
This behavior is qualitatively compatible with the
Reggeized picture discussed in Fig. 3, although a sharp
cusp is not visible at our current lattice spacing and
rapidities. Systematic improvements, such as reducing
the lattice spacing, increasing the system size, and access-
ing larger boosts, should lead to closer agreement with the
continuum light-front GPDs and sharpen these features.

VII. CONCLUSIONS

In this work, we carried out the first nonperturbative
computation of quasigeneralized parton distributions
(quasi-GPDs) in the massive Schwinger model, using
tensor networks within the Hamiltonian formulation of
lattice field theory. By preparing the first excited mesonic
state and boosting it to finite momentum, we were able to
evaluate spatial correlation functions that interpolate con-
tinuously to their light-front counterparts in the luminal
limit. This approach enables a controlled study of partonic
observables in a fully nonperturbative setting, providing a
valuable benchmark for the development of ab initio
methods aimed at extracting parton physics from first
principles.

The MPS formalism proved suitable for constructing and
evolving low-lying states of QED, in the strongly coupled
regime. We showed that good results can be obtained on
lattices of up to 400 sites and that the extracted quasidis-
tributions exhibit stable convergence with increasing
momentum boost. Our numerical findings confirm the
consistency of the boosted dispersion relation and provide
quantitative evidence that quasi-GPDs reproduce light-
front GPDs in the appropriate limit. In addition, analytic
results derived from the two-body Fock-space approxima-
tion and the Reggeized WKB analysis offered qualitative
insight into the observed behavior, especially the depletion
of the ERBL region and the emergence of a cusp structure
at x = +£.

The combination of tensor-network simulation and
analytic modeling thus yields a coherent picture of gener-
alized parton dynamics in two-dimensional QED. The fair
agreement between numerical and analytical trends vali-
dates the use of low-dimensional gauge theories as testing
grounds for nonperturbative methods that are pertinent to
QCD. Our analysis establishes a set of computational
benchmarks that can guide both classical and quantum
simulations targeting hadronic observables, including
quasi-PDFs and quasi-GPDs.

Future extensions of this work will focus on several
directions. On the theoretical side, including higher Fock
components and refining the continuum extrapolation will
allow for improved resolution of small-x and large-skewness

behavior. From a computational standpoint, the tensor-net-
work framework can be generalized to simulate higher-
dimensional and non-Abelian gauge theories, offering a path
toward realistic studies of QCD. Finally, implementing these
methods on near-term quantum devices could provide an
avenue for demonstrating quantum utility in the calculation
of real-time, nonperturbative observables in gauge field
theories.

Overall, the present study illustrates that tensor-network
simulations of QED, can capture the essential features of
generalized parton structure and offer a tractable, system-
atically improvable framework for exploring hadronic
observables beyond perturbation theory.

ACKNOWLEDGMENTS

We would like to thank David Kaplan, Nobuo Sato and
Zhite Yu for helpful discussions. This work is supported by
the Office of Science, Office of Nuclear Physics, U.S.
Department of Energy under Grants No. DE-FG02-97ER-
41014 (UW Nuclear Theory, S. G.), No. DE-FG-88ER40388
(SBU Nuclear Theory) and No. DE-SC0025881. This work
is also supported by the U.S. Department of Energy, Office of
Science, National Quantum Information Science Research
Centers, Co-design Center for Quantum Advantage (C2QA)
under Contract No. DE-SC0012704 (S. G.). This work was
supported in part by the U.S. Department of Energy, Office of
Science, Office of Nuclear Physics, Inqubator for Quantum
Simulation (IQuS) under Award Number DOE (NP) Award
No. DE-SC0020970 (S. G.). This work is in part supported
by the Quark-Gluon Tomography (QGT) Topical
Collaboration, with Award No. DE-SC0023646. S. G. was
supported in part by a Feodor Lynen Research fellowship of
the Alexander von Humboldt Foundation. This research used
resources of the National Energy Research Scientific
Computing Center (NERSC), a DOE Office of Science
User Facility using NERSC Award No. NP-
ERCAP0033891. The authors would like to thank Stony
Brook Research Computing and Cyberinfrastructure, and the
Institute for Advanced Computational Science at Stony
Brook University for access to the SeaWulf computing
system, made possible by grants from the National
Science Foundation (No. 1531492 and Major Research
Instrumentation Award No. 2215987), with matching funds
from Empire State Development’s Division of Science,
Technology and Innovation (NYSTAR) program (Contract
No. C210148).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

074509-17



GRIENINGER, MONTGOMERY, RINGER, and ZAHED

PHYS. REV. D 113, 074509 (2026)

APPENDIX A: HARMONIC APPROXIMATION
OF THE PP KERNEL

Consider the confining PP kernel

Ki#l(£) =PP/1d§/M

L o 0 50D

(A1)

For slowly varying ¢, we can use the gradient expansion in
the kernel

() =) + (& =)' ()

L+

. (42)

to develop a harmonic approximation valid for our WKB
estimate. The odd terms vanish under the PP integral,
leaving

KA =300 [ =@, (o)

so the local limit is
Kl#)(&) = a2(0). (A4)

To estimate the harmonic correction on the finite interval,
we use the Chebyshev expansion

() = a,T()

n>0

(AS)

with T, () = cos(n arccos (). The kernel acts diagonally,

PP/I Tn(C,) B Tn(z:) _ :

’ T
. (éd _ é«)Z dC - EnzTn(C> +eee (A6)

To regulate the divergent an sums, we introduce the
Abel regulator

@(r,0) = Zan(—l)WZJ rcos(nf), O<r<l1, (A7)
n>0
and represent the PP kernel as
2
K. (6) == (rd,)®(r.6) + R, (6), (A8)

where R, contains the nondiagonal remainder. The physi-
cal kernel is obtained by taking the Abel limit » — 1~ after
cancellation of divergent pieces.

To evaluate the curvature correction, we carry out a
small-angle expansion using 6§ = 5 + 6 (/6] < 1), and use

cos(2m) = (=1)"(1 =2m?&* + - - -), (A9)

with cos((2m + 1)0) = O(6), so that

Dl =5 Y (2mPay, (=)™, (AL0)
m>0
ﬂ.2
D)p = =58 _(@m)*ay,(=1)"rP". (ALl

m>1

The remainder R, produces a +Z &> 3" (2m)*a,, term that

cancels the divergent diagonal piece and leaves only n’-
weighted sums

[Dr + Rr]62 =-n?5 {Z(2m)2a2m (—l)m,lm

m>1
+Z(2m+1)2a2m+l(_1)mrzm+1 . (A12)
m>0
The Abel-regularized sums in (A12) are
Seven(r) = Z(Zm)z(_l)mlﬁm’
m>1
Sodd(r) = Z(2m + 1)2(_1)"11"2'"+1, (A13)
m>0

Although Seyenoqa(r) = 0 as r — 17, their Abel integrals
are finite:

Idr 72 ldr 72
ATSeven(r)__ﬁ’ ATSodd(r)__g'

The sum of these contributions gives the universal constant

(A14)

2 -z (A15)

This constant multiplies the even projection of ¢ at { = 0,
since

$(0) =D ar, (1),

m>0

Za2m+l (_l)m =0,

m>0

(A16)
reflecting T5,,(0) = (—=1)™ and T,,,.;(0) = 0, hence

2
lim [D, +R,];» = %5245(0). (A17)

The use of the Abel sums without the explicit coefficients
a,, 1s justified for smooth ¢(¢) in the harmonic approxi-
mation or small ¢, since the Chebyshev coefficients a,
decrease rapidly with n. In the narrow band of large-n
modes dominating the PP kernel, they can be approximated
by their slowly varying average ay=~¢(0). The Abel
regulator isolates the universal, UV-dominated part of
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the spectral sum, which depends only on the kernel
structure (the >~ (=1)"n?r" factors), but not on the detailed
envelope of a,. Hence the average

Zan(—l) n2pt ~ aOZ(—l)”nzrn

n

(A18)

is justified as a, varies slowly compared with the oscil-
latory kernel. In a way, this is analogous to extracting a
local counterterm coefficient in field theory, where the
divergent factor is universal and multiplies the smooth
field ¢(0).

With this in mind, using 6> = ¢? + O(¢*) and restoring
the gradient term (A4), the PP kernel near { = O takes the
local form

KIA)E) = 200 + = 20(0) + O 2. (A19)

after the substitution ¢(0) — ¢({) modulo higher gra-
dients. Equation (A19) shows that the nonlocal confining
interaction acts as a harmonic potential %2 £? near the origin,
with the universal curvature z°/6 originating from the

Abel-summed even/odd spectral constants {(2)/4
and 3¢(2)/4.

APPENDIX B: DISCRETE SYMMETRIES
OF 2D GPDS

For the continuum Dirac fields and their currents in 2D,
the discrete C, P, T transformations can be summarized as
follows:

SN T ~_ 1 G -
Q) C:y— Cyl, C_y'].ﬂHT]ﬂ’.]SH—i_JS'
(i) P:x—>—x,y =%, 0 0 jl > ),
(ii) 7:t— —t, w = YOy
Note that under charge conjugation g is even, since the
interaction term is invariant

~g7' A, = (+9) (") (=A,) = —9j"A,.  (BI)
One can show that H,K,Op are 7 -even for
I'=1,7°9,7° + vy'. With this in mind, we now discuss
the general properties of GPDs under Hermiticity and time-
reversal-parity 7 p = 7 P for a spinless meson state in 2D.
Recall that in 2D 7 = y°K (antiunitary) and P = y°
(unitary). We note that the arguments in the following
apply both to 2D GPDs on the light cone and qGPDs
involving a spatial gauge link.

(1) Hermiticity:
The conjugation of the z-dependent kernel in the

qGPD gives

Hi(z7,&.1) = (pa|p (=27 )Ty (z7)|p1)*
= (pilp( )Ty (=27)|p2)
= Hr(-z".=¢.1), (B2)
or after the Fourier transform
Hi(x, & 1) = Hp(x, =&, 1). (B3)

(2) Time-reversal-parity:
Time-reversal-parity symmetry applied to the z
kernel of the qGPD, gives

Hr(z7 1) = (pa| T p"T pp (=2 )Ty (27) | p1)*

= (plp(=2 )Ty (z7)|p2)

= Hp(z7, ¢, 1), (B4)
or after the Fourier transform

Hl"(x7§v t) :Hl—'(x’ _57 t)‘ (BS)

The reality of the qGPD follows from the combined
identities.

APPENDIX C: QUANTUM ALGORITHM FOR
QUASI-PDFS AND QUASI-GPDS

In this section, we describe quantum algorithms to
evaluate both quasi-PDFs and quasi-GPDs. As discussed,
for example, in Ref. [47], PDFs can be accessed with
quantum computers using the Hadamard test, since they
reduce to expectation values of Pauli strings evaluated on
the boosted state. We denote the boosted excited state as
In(x)) = e*¥|n). The operators O(z) relevant for the quasi-
PDF calculations can be decomposed in terms of Pauli
strings P;€{I,X,Y,Z}®" as

= Za,»Pi,
i

(C1)

with coefficients a; € R. The real space PDF on the lattice,
g,(z.n), given by the summand of (92) for & = 0, then
takes the form

Pjln(x)). (C2)

Zaiaj<’7()()|Pi

which can be evaluated term by term using the Hadamard
test. This is achieved by introducing an ancillary qubit
initialized in the |0) state. We execute the following
quantum circuit:
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where the lower wire represents the set of qubits prepared
in the boosted state. Conditional applications of Pauli
strings are followed by the measurement of the ancilla
in the computational basis. The measurement statistics
yield the real part of the desired correlation function

P(|0)) = P([1)) = Re[{n()[P:P;ln(x))).

The left-hand side denotes the difference in probabilities of
measuring the ancilla in the state |0) and |1). Analogously,
the imaginary part of the correlation function is obtained by
including an additional phase S gate for the ancilla qubit
just after the first Hadamard gate.

The quasi-GPD is an off-diagonal matrix element that
can be written in the form

(n0)|U" (8,)PiP;U(81)In(x))

where U(6) = ¢ denotes the unitary boost operator, and
812 =x1/2(&.x) —x. These matrix elements can be

(C4)

(C5)

measured using the following quantum circuit

where we use the shorthand notation U/, = U(,).
Similar to the PDF, the difference in probabilities for the
outcomes of the ancilla qubit gives the real part of the
quasi-GPD matrix element

P(10)) = P(I1))

= Re[(n(x)|U"(8,) PiP;U(8))In(x))].  (CT)
The imaginary part of the quasi-GPD can be obtained by
inserting an additional phase gate ST. The implementation
of the circuit shown in (C6) requires the conditional
application of the unitaries U, ,, rather than only condi-
tional Pauli strings. Compared to the PDF case, this leads to
a larger number of single- and two-qubit gates when
decomposed into elementary operations. We leave a more
quantitative assessment for future work.
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