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Collisional flavor instabilities, driven by differing neutrino and antineutrino reaction rates, are expected
to occur in dense astrophysical environments like supernovae and neutron star mergers, but have yet to be
incorporated in large-scale simulations. We derive analytical expressions for the asymptotic state resulting
from a homogeneous and isotropic instability, and apply these predictions to two representative conditions
from a neutron star merger simulation. We emphasize the importance of using a collision term that allows
for both damping of flavor coherence and relaxation back to the classical steady state. When this classical
configuration is collisional unstable, the resulting asymptotic state reflects a compromise between classical
relaxation and flavor conversion, defining a “quantum” equilibrium with nonzero coherence. This analysis
highlights the possibility of a tradeoff between classical and quantum effects, an important feature with
regard to the inclusion of flavor oscillation physics into global simulations.
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I. INTRODUCTION

In our current era of multimessenger astronomy, signifi-
cant efforts are underway to model dense astrophysical
objects such as core-collapse supernovae (CCSNe) or
binary neutron star mergers (NSMs), with large-scale
simulations incorporating a wide range of physics, includ-
ing (magneto)hydrodynamics, general relativity, or the
nuclear equation of state (see [1–6] and references therein).
A key ingredient in all simulations is neutrino transport [7–
10], yet to date neutrino oscillations are not systematically
taken into account. Over the last two/three decades,
however, various flavor transformation mechanisms have
been identified, which are expected to occur in these
environments and may have important consequences on
the dynamics (see, e.g., [11–18] for reviews).
A direct approach, solving the “quantum” version of

Boltzmann’s equation describing neutrino transport with
flavor mixing—the quantum kinetic equation (QKE)—is
made unfeasible by the vast differences of length scales and
timescales involved. Nevertheless, to assess the potential
consequences of neutrino flavor oscillations, simplified
models have been used in CCSNe [19–22], postmerger
accretion disks [23–25], and recently, a full NSM simu-
lation [26]. Other techniques, designed to mitigate the

computational cost of a full multiangle QKE treatment,
include an attenuation of the QKE Hamiltonian [27–32], or
the use of angular moments of the neutrino density matrix
[33–39]. A convenient approach that can be embedded in
classical simulations consists in designing a subgrid model
of flavor transformation [40], which requires one to
determine the state reached by the system post-flavor
conversion. This has been heavily studied for fast flavor
instabilities (FFIs), establishing that the final quasisteady
state is characterized by some cancellation of the angular
crossing between (anti)neutrino distributions, which can be
predicted in various ways [41–49]. Such prescriptions have
recently been used in global simulations of a postmerger
disk [50] and CCSNe [51].
A similar analytical prediction of the flavor conversion

outcome remains, so far, unrealized for “collisional” flavor
instabilities (CFIs), first evidenced in [52]. CFIs take place as
neutrino self-interactions combine with different neutrino/
antineutrino reaction rates to amplify flavor coherence,
contrary to the standard expectation that collisions damp
flavor coherence. Linear stability analysis [53–57] for a
homogeneous and isotropic background has shown the
existence of different collisional-unstable modes, with res-
onancelike and nonresonancelike regimes. The occurrence
of CFIs has been investigated in actual environments,
namely CCSNe [28,58–62] and NSMs [36,53,63]. How-
ever, most studies consider a simplified collision term which
only acts on flavor coherence. This still leads to a rich
phenomenology, notably with multienergy neutrino gases,
from flavor equipartition to flavor swaps [54,55,64–66].
Including the flavor-diagonal parts of the collision term is
nevertheless important, as they lead for instance to a flavor
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swap in the resonancelike case [67], instead of flavor
equipartition.
This paper is structured as follows. In Sec. II, we present

our model of neutrino evolution, which includes both
classical relaxation and coherence damping components
of the collision term. We also present the associated linear
stability results, with details in Appendix A. In Sec. III, we
numerically solve the evolution equations for configurations
taken from a classical NSM simulation (see Appendix B for
a convergence study), and derive analytical predictions of the
asymptotic state that agree with the nonlinear outcome of
collisional flavor conversion. These results show significant
differences with earlier studies that use different implemen-
tations of the collision term, which is examined in Sec. IV.
We summarize our findings and discuss the limitations and
prospects of this study in Sec. V.
Throughout this paper, we use natural units in

which ℏ ¼ c ¼ kB ¼ 1.

II. QUANTUM KINETIC EQUATIONS

A. Model and assumptions

For simplicity and in order to make a more direct
connection with some global simulations that evolve three
neutrino species (νe; ν̄e, and νx ¼ νμ; ντ; ν̄μ; ν̄τ) in energy-
integrated schemes, we study a two-flavor, single-energy
system. Focusing on situations where collisions play an
important role on the dynamics, we also restrict ourselves
to isotropic neutrino distributions. We thus seek to describe
the evolution of the density matrix or, equivalently for
isotropic distributions, the number density moment N. It is
a 2 × 2 matrix in flavor space, where the diagonal elements
(Nee; Nxx) generalize classical number densities, and the
off-diagonal component Nex ∈C encodes flavor coherence.
Furthermore, we consider for simplicity a homogeneous

system, motivated by the results of [56] which show a
relative dominance of the homogeneous mode of CFI.
Under these assumptions, the evolution of N is given by the
QKEs [68,69],

dN
dt

¼ −i½H;N� þ 1

2

��
κe 0

0 κx

�
; NðclÞ − N

�
;

dN̄
dt

¼ −i½H̄; N̄� þ 1

2

��
κ̄e 0

0 κ̄x

�
; N̄ðclÞ − N̄

�
: ð1Þ

In this equation, the HamiltonianH is the sum of a vacuum,
matter mean-field and self-interaction mean-field terms,
namely, H ¼ Hvac þHmat þHνν for neutrinos and H̄ ¼
−Hvac þHmat þHνν for antineutrinos.1 The vacuum
Hamiltonian reads in the flavor basis

Hvac ¼
ω

2

�−c2θ s2θ
s2θ c2θ

�
; ð2Þ

where ω≡ Δm2=2Eν with Eν the common neutrino energy,
and we use the compact notation c2θ ¼ cosð2θÞ and
s2θ ¼ sinð2θÞ, with θ the mixing angle. In this work, we
take Δm2 ¼ 7.5 × 10−5 eV2 and sin2ðθÞ ¼ 0.307 (values
corresponding to Δm2

21 and θ12 in the 3-flavor case [71]).
The matter term reads, also in the flavor basis,

Hmat ¼
ffiffiffi
2

p
GFne

�
1 0

0 0

�
≡ λ

�
1 0

0 0

�
; ð3Þ

where ne is the difference of electron and positron number
densities, which we express more conveniently as a
function of the matter density (ρ) and the electron fraction
(Ye) through ne ¼ Yeρ=mu, withmu ≃ 1.661 × 10−24 g the
atomic mass unit. Finally, the self-interaction term
is Hνν ¼

ffiffiffi
2

p
GFðN − N̄Þ.

The last terms in Eq. (1) are an approximate description of
collisions, using a “relaxation-time” approximation. The
quantities NðclÞ, N̄ðclÞ are flavor-diagonal and describe the
classical steady state of the system. The timescales associated
to this relaxation are given by the opacities κe, κ̄e, and κx ¼
κ̄x (we assume, consistently with many large-scale simu-
lations, identical evolutions for νx and ν̄x). For νe and ν̄e, this
corresponds to emission/absorption processes, with absorp-

tion opacity κe and associated emissivity κeN
ðclÞ
ee (likewise for

ν̄e), but the treatment of heavy-lepton flavor (anti)neutrinos is
more subtle. Indeed, it was shown in [61] that a system in
beta- and pair-equilibrium is stable to CFIs. In an actual
system that is unstable to CFI, the heavy-lepton flavor
neutrinos νx deviate from this thermal equilibrium as they

are not perfectly trapped. The classical steady-state NðclÞ
xx is

thus the result of a competition between emission/absorption
and advection. An effective homogeneous description of the
system can be done in a relaxation-time approximation,
assuming the same form of a collisionlike term as for
electron flavor (anti)neutrinos but with an effectively reduced
emissivity (see Sec. III A for an actual example), which leads
to the form (1) of the evolution equation. In the following, we
conflate “collisions” with “classical steady-state relaxation,”
bearing in mind that this remains a limitation of our
homogeneous description. We note that this description
would also apply to a perfectly homogeneous and isotropic
system with a nonstandard classical equilibrium. Finally,
since we consider isotropic neutrino distributions, the scat-
tering processes can be discarded.
We will assume that initially, the system is in the classical

steady-state Nðt ¼ 0Þ ¼ NðclÞ ≡ diagðNðclÞ
ee ; NðclÞ

xx Þ, and like-
wise for antineutrinos. This assumption allows us to focus on
the competing effects of flavor conversion and classical
relaxation. If the initial configuration was not a classical
steady-state, the diagonal components would evolve on the

1Some studies (e.g., [35,36,38,39,67,69,70]) adopt a trans-
posed convention for the antineutrino density matrix, which
corresponds to the change N̄ → N̄�.
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collisional timescale while flavor coherence grows, but
accounting for these effects would notably require to
describe the advection of νx. We thus focus on an idealized
situation that allows for an analytical treatment, and provides
guidance for future studies on larger spatial scales.

B. Linear regime

We first establish the main features of the CFI in the
linear regime, where jNexj ≪ 1. Following [54], we write
the ex components of the QKEs as

i
d
dt

�
Nex

N̄ex

�
≃

ωs2θ
2

ffiffiffi
2

p
GF

�−g
ḡ

�
þ Λ

�
Nex

N̄ex

�
; ð4Þ

where

Λ ¼
�−ωc2θ þ λ − ḡ − iΓ g

−ḡ ωc2θ þ λþ g − iΓ̄

�
; ð5Þ

with the compact notations g≡ ffiffiffi
2

p
GFðNee − NxxÞ and

ḡ≡ ffiffiffi
2

p
GFðN̄ee − N̄xxÞ, and the average collision rates Γ≡

ðκe þ κxÞ=2 and Γ̄≡ ðκ̄e þ κ̄xÞ=2. The solution of Eq. (4) is�
NexðtÞ
N̄exðtÞ

�
¼ Q0 þQþe−iΩþt þQ−e−iΩ−t; ð6Þ

where Q� are the “plus” and “minus” eigenmodes of Λ,
associated with the eigenvalues Ω�, and Q0 is set by the
initial condition Nexðt ¼ 0Þ ¼ N̄exðt ¼ 0Þ ¼ 0. The imagi-
nary parts ofΩ�, which correspond to the growth rate of the
instability if they are positive, and associated eigenvectors
are (see Appendix A for details)

ImðΩ−Þ ¼
Γ̄ ḡ−Γg
g − ḡ

; Q− ∝
�
g

ḡ

�
; ð7aÞ

ImðΩþÞ ¼
Γḡ − Γ̄g
g − ḡ

; Qþ ∝
�
1

1

�
: ð7bÞ

We assumed that we are outside the resonancelike regime,
which is the case in the examples studied below. The
above derivation is valid for the initial configuration where

Nex ≃ 0 and Naa ¼ NðclÞ
aa . Specifically, Eq. (7) with

g ¼ gðclÞ indicates whether this initial configuration is
(un)stable. More generally, the linear stability results (7)
are applicable at all times where jNexðtÞj ≪ 1, where they
give in particular the instantaneous instability growth rate.

III. EVOLUTION AND ASYMPTOTIC STATE

A. NSM examples

We consider two configurations obtained from a general
relativistic simulation of the merger of two neutron stars
with component masses of 1.3M⊙ and 1.4M⊙ [72],

specifically, from the 7 ms postmerger snapshot shown
on Fig. 1 (see [48] for a discussion of FFIs in this snapshot).
These points (“Point A” and “Point B”) are chosen to
illustrate two cases where a different branch of the CFI is
unstable, namely, the minus (plus) mode for Point A (B).
We detail the relevant parameters in Table I. The opacities
appearing in Eq. (1) are the absorption opacities obtained
from NuLib [73] assuming the SFHo equation of state (like
in the NSM simulation the data is extracted from). As
discussed before, we assume that the values Naa, N̄aa in

Table I correspond to the classical steady-state2 NðclÞ
aa , N̄

ðclÞ
aa ,

which is our initial condition.

B. Numerical results

We solve the QKEs (1) with the explicit Runge-Kutta
method of order 5(4) implemented in the function
SOLVE_IVP of SciPy [74]. Because of the large difference
of timescales involved, we avoid issues of numerical
convergence by multiplying the Hamiltonian H by an
attenuation factor η ¼ 10−3, but we show in Appendix B
that the results are unaffected as long as η > 10−4 (see
Fig. 5). We plot the evolution ofN and N̄ on Fig. 2 for Point
A (left) and B (right), along with the evolution of the
growth rate of each mode, as obtained from Eq. (7), at each
time step of the calculation. The maximum value of
jNexj=Tr½N� is 0.05 (0.2) for Point A (B), which justifies
to use these linear stability analysis formulas to assess the
stability of each instantaneous configuration. We note that
the vacuum term, which is subdominant, seeds the insta-
bility but plays no significant role otherwise, such that
Nxx ≃ N̄xx at all times.
For Point A, the first 100 μs correspond to the growth of

the unstable minus mode (exponential growth of jNexj and
jN̄exj, see middle panel), which leads to flavor conversion

FIG. 1. Poloidal slice from the 7 ms postmerger snapshot of the
“M1-NuLib” NSM simulation in [72]. The dashed line is the
contour of νe flux factor equal to 0.1.

2This classical state is not a genuine chemical equilibrium (for
which Nxx would be between Nee and N̄ee), but we effectively
describe the escape of νx through the value NðclÞ

xx < NðclÞ
ee ; N̄ðclÞ

ee .
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νe; ν̄e → νx. After the instability saturates, the densities of
νe and ν̄e are repopulated very close to their classical
equilibrium values, and oscillations have resulted in a net
increase of Nxx. At the end of this first phase, Nxx ≃ Nee.
As can be seen in the bottom panel, this configuration is
stable, consistent with Eq. (7a) with g ≃ 0. However, on a

timescale ∝ κ−1x , Nxx is drawn back toward NðclÞ
xx , which

brings the system into the unstable domain; the off-
diagonal components grow again, and subsequent flavor

conversion occurs, albeit with a smaller amplitude. After
several cycles, the system converges toward a “quantum”

equilibrium, where in particular Nxx ≠ NðclÞ
xx and flavor

coherence is nonzero [with jNexj=TrðNÞ at the percent
level]. For Point B, the conclusions are identical, reversing
the roles of νe and ν̄e, and the minus/plus modes. The
difference of instability branches between A and B is
visible in the evolutions of Nex and N̄ex, whose different
behavior is consistent with the difference between Q− and
Qþ [see Eq. (7)].

C. Prediction of the asymptotic state

Our goal is to analytically predict the values taken by N
and N̄ for t → ∞, which we will denote with a superscript
(∞). More specifically, in the spirit of designing a semi-
classical subgrid model which provides a prescription for
the evolution of the classical neutrino distributions
(so without treating flavor coherence, even though it is
crucially nonzero in the final state), we want to predict the
asymptotic values of the flavor-diagonal components Naa

and N̄aa. As indicated by the numerical results of Fig. 2,
this asymptotic state is characterized by (i) constant flavor-
diagonal number densities, and (ii) a configuration lying at
the edge of collisional instability. Interestingly, a similar

FIG. 2. Evolution of the number density flavor on-diagonal (top panels) and off-diagonal (middle panels) components for Point A
(left) and Point B (right). The asymptotic state predictions (see text) are shown in dashed lines. The bottom panels show the
instantaneous growth/decay rate of each instability mode, as given by Eq. (7) with gðtÞ and ḡðtÞ.

TABLE I. Conditions at points A and B identified on Fig. 1.
The flux factors are smaller than 0.1 for all species and are
neglected in this study.

Point A Point B

Neeðcm−3Þ 1.04 × 1034 5.10 × 1033

N̄eeðcm−3Þ 1.26 × 1034 4.49 × 1033

Nxx ¼ N̄xxðcm−3Þ 7.10 × 1033 1.23 × 1033

ρðg · cm−3Þ 2.92 × 1011 2.50 × 1011

Ye 0.298 0.231
hEνi (MeV) 35.7 34.6
κeðs−1Þ 7.63 × 105 2.78 × 105

κ̄eðs−1Þ 2.11 × 105 5.95 × 104

κx ¼ κ̄xðs−1Þ 2.87 × 103 5.82 × 102
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“edge of instability” configuration was obtained in [75] for
a system externally driven to a (fast) instability, and is
reminiscent of more general considerations on the equi-
librium of a neutrino system, as seen in the framework of
plasmonlike collective flavor conversions (see, e.g.,
[76–78]) or miscidynamics [65,79].
As stated above, the vacuum term contribution is

negligible for the nonlinear evolution, such that Nxx ≃
N̄xx at all times. Steady-state equations for condition (i) can
be written as TrðṄÞ ¼ 0 and Ṅee − ˙̄Nee ¼ 0, that is

κe½Nð∞Þ
ee − NðclÞ

ee � ¼ −κx½Nð∞Þ
xx − NðclÞ

xx �;
κe½Nð∞Þ

ee − NðclÞ
ee � ¼ κ̄e½N̄ð∞Þ

ee − N̄ðclÞ
ee �: ð8Þ

Condition (ii) reads differently depending on which mode
was unstable. If the system was in a “minus” instability, the
final state satisfies ImðΩð∞Þ

− Þ ¼ 0, that is

Γ½Nð∞Þ
ee − Nð∞Þ

xx � ¼ Γ̄½N̄ð∞Þ
ee − Nð∞Þ

xx �; ð9Þ

while a system entering a “plus” instability reaches the final

state determined by ImðΩð∞Þ
þ Þ ¼ 0, i.e.,

Γ½N̄ð∞Þ
ee − Nð∞Þ

xx � ¼ Γ̄½Nð∞Þ
ee − Nð∞Þ

xx �: ð10Þ

Combining the previous equations leads to the expression
for the asymptotic value of Nee,

ffiffiffi
2

p
GF½Nð∞Þ

ee − NðclÞ
ee � ¼ 1

κe

Γ̄ḡðclÞ − ΓgðclÞ

Γð 1κe þ 1
κx
Þ − Γ̄ð 1κ̄e þ 1

κx
Þ ð11Þ

for the minus instability, and

ffiffiffi
2

p
GF½Nð∞Þ

ee − NðclÞ
ee � ¼ 1

κe

ΓḡðclÞ − Γ̄gðclÞ

Γ̄ð 1κe þ 1
κx
Þ − Γð 1κ̄e þ 1

κx
Þ ð12Þ

for the plus instability. Equations (11) or (12), along with
Eq. (8), fully determine the asymptotic state of the flavor-
diagonal components of the density matrix. These predic-
tions are shown as dashed lines on Fig. 2, with a perfect
agreement with the numerical solution. Taking into account
the CFI, the classical steady-state NðclÞ is replaced by the
quantum one Nð∞Þ.
Generalizations—Recent simulations (see, e.g., [80–

84]) have shown that muons could be present and have
a significant impact on the dynamics in CCSNe or NSMs.
For such situations, we could not assume Nxx ≃ N̄xx and
would have to consider a full 4-species treatment. The
derivation of the asymptotic state is straightforward to

generalize, with ½N̄ð∞Þ
ee − Nð∞Þ

xx � → ½N̄ð∞Þ
ee − N̄ð∞Þ

xx � in
Eqs. (9) and (10) and with the additional (now independent)

equation Trð ˙̄NÞ ¼ 0, reading κ̄e½N̄ð∞Þ
ee − N̄ðclÞ

ee � ¼
−κ̄x½N̄ð∞Þ

xx − N̄ðclÞ
xx � (note that now κ̄x ≠ κx). Although such

a configuration is outside the scope of this paper and has
not been numerically studied, we postulate that these small
changes would describe the CFI asymptotic state
with νx ≠ ν̄x.
Strictly speaking, four species would not be enough and

one should consider in general configurations where
νμ ≠ ν̄μ ≠ ντ ≠ ν̄τ, which we leave for future work. We
note that the two-flavor scheme developed here could still
be useful to determine a three-flavor asymptotic state,
similarly to the method employed in [85] in the fast regime.

D. Magnitude of flavor coherence

In the previous section, we focused on the quantum
steady-state reached by the flavor on-diagonal components
of N. We now provide a more complete picture of this
asymptotic state, discussing flavor coherence. To that end,
we introduce the modulus and phase of the flavor off-
diagonal component of the density matrix, specifically,

Nex ≡ ReiS; R > 0; 0 ≤ S < 2π;

N̄ex ≡ R̄eiS̄; R̄ > 0; 0 ≤ S̄ < 2π; ð13Þ

and we define the phase difference ΔS≡ S̄ − S. The
evolution of Nex and N̄ex can thus be written

Ṙ ¼ −ΓRþ gR̄ sinðΔSÞ; ð14aÞ

RṠ ¼ ðωc2θ − λÞR − gR̄ cosðΔSÞ þ ḡR; ð14bÞ
˙̄R ¼ −Γ̄ R̄þḡR sinðΔSÞ; ð14cÞ

R̄ ˙̄S ¼ ð−ωc2θ − λÞR̄þ ḡR cosðΔSÞ − gR̄: ð14dÞ

The evolution of Nee reads, in terms of moduli and phases
of the off-diagonal components and neglecting the vacuum
term,

Ṅee ¼ −2
ffiffiffi
2

p
GFRR̄ sinðΔSÞ − κe½Nee − NðclÞ

ee �: ð15Þ

In Sec. III C, we have defined the post-CFI asymptotic state
based on the constancy of the flavor-diagonal components,
and a “threshold of instability” condition. We can revisit
this latter feature based on the following observations.
When considering the off-diagonal components, the
asymptotic state is further characterized by the constancy
of the magnitudes R, R̄ (see middle panels of Fig. 2). In
addition, the ratio R=R̄ remains determined by the unstable
eigenvector Q� throughout the evolution, which is con-
firmed in Fig. 3 for both Points A [top panel, ratio R=R̄
equal at all times to g=ḡ, consistent with Eq. (7a)] and B
[bottom panel, ratio R=R̄ ¼ 1, consistent with Eq. (7b)].
At small times, the large scatter of R=R̄ corresponds to the
system settling into the unstable mode.
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The asymptotic state thus satisfies the following set of
equations:

κe½Nð∞Þ
ee − NðclÞ

ee � ¼ −κx½Nð∞Þ
xx − NðclÞ

xx �; ð16aÞ

κe½Nð∞Þ
ee − NðclÞ

ee � ¼ κ̄e½N̄ð∞Þ
ee − N̄ðclÞ

ee �; ð16bÞ

κe½Nð∞Þ
ee − NðclÞ

ee � ¼ −2
ffiffiffi
2

p
GFRð∞ÞR̄ð∞Þ sin½ΔSð∞Þ�; ð16cÞ

ΓRð∞Þ ¼
ffiffiffi
2

p
GF½Nð∞Þ

ee − Nð∞Þ
xx �R̄ð∞Þ sin½ΔSð∞Þ�; ð16dÞ

Γ̄R̄ð∞Þ ¼
ffiffiffi
2

p
GF½N̄ð∞Þ

ee − Nð∞Þ
xx �Rð∞Þ sin½ΔSð∞Þ�; ð16eÞ

Rð∞Þ

R̄ð∞Þ ¼
(

Nð∞Þ
ee −Nð∞Þ

xx

N̄ð∞Þ
ee −Nð∞Þ

xx
ðminusmodeÞ;

1 ðplusmodeÞ:
ð16fÞ

The ratio of Eqs. (16d) and (16e), combined with Eq. (16f),
leads to the instability threshold conditions (9) (minus case)
and (10) (plus case). Finally, inserting Eq. (16d) in
Eq. (16c) leads to the prediction for the amount of flavor
coherence in the asymptotic state,

Rð∞Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

κe
κe þ κx

½Nð∞Þ
ee − NðclÞ

ee �½Nð∞Þ
ee − Nð∞Þ

xx �
r

: ð17Þ

The same expression in the antineutrino sector is obtained
via Eq. (16f). We can show that the argument of the square
root in Eq. (17) is positive, focusing for simplicity on the
relevant case κx ≪ κe; κ̄e. We then have

½Rð∞Þ
� �2 ≃ 2a�κx

ðκe − κ̄eÞ2
ImðΩ�Þ½NðclÞ

ee − N̄ðclÞ
ee �2; ð18Þ

with aþ ¼ 1 and a− ¼ κe=κ̄e, and the growth rate of the
instability is given by Eq. (7). Since by definition,
ImðΩ�Þ > 0 if there is an instability, this ensures that
the right-hand side of Eq. (18) is positive.
The prediction (17) is shown on the middle panels of

Fig. 2, in perfect agreement with the numerical solution of
the QKEs. Importantly, these final values are not vanish-
ingly small, which would have been the case with other
versions of the collision term (see Sec. IV).

E. Duration of relaxation

We can estimate the time required for the system to relax
into the long-term quasisteady state as follows. In the first
phase postsaturation, which occurs on a timescale
∝ ImðΩÞ−1 [see Eq. (7)], νx adjusts to either νe or ν̄e,
which are themselves brought back approximately to their

equilibrium values. We thus write Nð¼Þ
xx the value of Nxx at

the end of this first phase, specifically,

Nð¼Þ
xx ≃

(
NðclÞ

ee minusmode ðPoint AÞ;
N̄ðclÞ

ee plusmode ðPoint BÞ;
ð19Þ

We crudely describe the next phase of the postsaturation
period as an exponential evolution, at the rate κx, of Nxx

from Nð¼Þ
xx at t ¼ tsat toward the classical steady-state NðclÞ

xx ,

NxxðtÞ ≃ ½Nð¼Þ
xx − NðclÞ

xx �e−κxðt−tsatÞ þ NðclÞ
xx ; ð20Þ

but this classical relaxation brings the system back into an
unstable configuration (see bottom panel of Fig. 2). Flavor
coherence grows and flavor conversion fνe; ν̄eg → νx
occurs. Equation (20) describes the evolution of Nxx only
up to a point, which we take to be roughly symmetric to

Nð¼Þ
xx with respect to Nð∞Þ

xx , that is,3 2Nð∞Þ
xx − Nð¼Þ

xx . The
duration of this phase is thus4

Δt ∼
2

κx

Nð¼Þ
xx − Nð∞Þ

xx

Nð¼Þ
xx − NðclÞ

xx

; ð21Þ

FIG. 3. Conservation of the unstable eigenvector structure in
flavor coherence for the two points studied. Top: Point A,
where the minus mode is unstable. Bottom: Point B, where the
plus mode is unstable. The ratio R=R̄ follows the ratio of
components of Q�, see Eq. (7).

3We use Eq. (20) from Nð¼Þ
xx ¼ Nð∞Þ

xx þ ΔN to Nð∞Þ
xx − ΔN, the

latter being therefore equal to 2Nð∞Þ
xx − Nð¼Þ

xx .
4We approximate this portion of exponential relaxation at the

rate κx by its linear counterpart, i.e., e−κxΔt ≃ 1 − κxΔt.
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which gives Δt ≃ 180 μs for both points A and B. This
value is consistent with the duration of the first “classical
relaxation/instability” cycle in Fig. 2. The overall timescale
associated to the evolution toward Nð∞Þ corresponds to a
few of these cycles, and can thus be estimated by a few Δt.
One should note, however, that these are long timescales on
which the matter field could evolve, such that our effec-
tively homogeneous treatment (see discussion at the end of
Sec. II A) could be challenged.

IV. IMPORTANCE OF CLASSICAL RELAXATION

A key result of our study is the significant difference of
final state when one includes the on-diagonal components
of the collision term. To illustrate this, we plot on Fig. 4 the
evolution of the system for Points A (left) and B (right)
under different assumptions: solid lines for the baseline
case, dashed lines taking κx ¼ κ̄x ¼ 0 (as in, e.g., [52,64]),
and dash-dotted lines keeping only the flavor off-diagonal
collision term (as in, e.g., [66]).
For both points, if the xx entry of the collision term is

zero (whether κx ¼ 0 or whether there is only off-diagonal
damping), the final amount of flavor coherence is zero up to
a small contribution due to the vacuum term. If the on-
diagonal terms are kept for νe and ν̄e, Eq. (8) shows that the

asymptotic state is Nee ¼ NðclÞ
ee and N̄ee ¼ N̄ðclÞ

ee . For Point
A, the final value of Nxx is dictated by an approximate

flavor “equalization” with νe. If κx ¼ 0, then Nxx ≃ NðclÞ
ee ¼

Nð¼Þ
xx , consistently with the discussion in Sec. III E (since

the “true” asymptotic state Nð∞Þ
xx is pushed to t → þ∞ as

κx → 0). If there is only flavor off-diagonal damping, we
recover the usual flavor equipartition discussed in other
works (see, e.g., [54,65,66]), and N̄ee is set by the
conservation of TrðN̄Þ (since there are no on-diagonal
collision terms that can change the trace).
For Point B, the evolution in the κx ¼ 0 case is similar to

that of Point A: after the saturation of the instability,

Nxx remains stuck on Nð¼Þ
xx ¼ N̄ðclÞ

ee , and Nee and N̄ee are
back to their classical equilibrium values. The evolution in
the “off-diagonal damping only” case is more subtle. At
first, following the plus instability, there is a flavor swap
between νx and ν̄e (see the almost perfect inversion of the
dash-dotted blue and green lines) in the first 100 μs.
However, this new configuration is unstable, but for the
minus mode, while the plus mode is stable (with a negative
imaginary part). This is the reason why jNexj first
decreases, as the plus mode decays, before the newly
unstable minus mode takes over and leads to a second
instability, this time inducing the equipartition of νx and νe.

FIG. 4. Number density evolution for Point A (left) and B (right), with different treatments of the collision term: full term as in Eq. (1)
(solid lines, same as Fig. 2), νx opacity neglected κx ¼ 0 (dashed lines), and no diagonal repopulation (dash-dotted lines). Flavor
coherence is shown on the bottom panels, with only the neutrino off-diagonal component for clarity.
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With the “full” collision term, this change of unstable mode
is prevented by the fact that Nee and N̄ee remain close to
their classical equilibrium values. Interestingly, the out-
come (swap/equipartition) of the “off-diagonal damping
only” CFI is related to which mode (plus/minus) is
unstable, as noted in [66], although that work used multi-
energy distributions.
Importantly, there is no flavor equipartition when the

repopulation of νe and ν̄e is taken into account, as their
densities settle close (or exactly, if κx ¼ 0) to their classical
equilibrium values, far from the result obtained without
diagonal collision terms, in dash-dotted lines. This incom-
plete treatment misses, in the cases we look at, the net pair
production of νx through the combination of νe=ν̄e repo-
pulation and oscillations.

V. OUTLOOK

We have studied the nonlinear evolution of a neutrino/
antineutrino system encountering a collisional flavor insta-
bility, deriving analytical expressions for the quasisteady
state. Notably, we have shown that studying CFIs in a setup
where the effect of collisions is simply to damp the off-
diagonal flavor coherence leads to incorrect asymptotic
values, as it overlooks the main effect of collisions which
are to drive number densities back toward their classical
equilibrium values. On short timescales (∝ κ−1e ; κ̄−1e ), νx
adjusts to match νe or ν̄e, which are close to their classical
equilibriums, thus resulting in a net emission of heavy-
lepton flavor (anti)neutrinos. Including the classical relax-
ation toward equilibrium of νe and ν̄e prevents the flavor
equipartition observed in other works, see the difference of
solid and dashed lines with dash-dotted lines on Fig. 4.
Following the saturation of the first instability, competition
between instability of and relaxation toward the classical
steady-state leads to a “compromise” where the system lies
at the edge of collisional instability, thus defining a
“quantum” equilibrium. This asymptotic state is described
analytically by Eqs. (8)–(12) and (17), with distinctions
depending on the branch (“plus” or “minus”) of the
instability. We highlight that flavor coherence is nonzero
in this final state, contrary to what could naively be
expected from collisions. It is precisely this nonzero flavor
coherence that allows the system to sustain the difference

between classical and quantum steady-states NðclÞ
aa ≠ Nð∞Þ

aa .
This work provides the first explicit prediction of this
asymptotic state that could be used in a subgrid model of
CFIs, in spite of limitations that will need to be addressed in
the future.

First, we have considered monochromatic systems, thus
missing the phenomenology associated with the energy
dependence of collision rates (see, e.g., [66]). We have also
restricted our study to homogeneous and isotropic systems.
Although isotropy is well-justified in the regions where
CFIs will matter, inhomogeneous effects could be impor-
tant (see, e.g., [86] for a recent study in the fast regime),
especially given the large timescale of relaxation evidenced
here. Notably, we have considered an effective homo-
geneous relaxation toward the classical steady-state (espe-
cially important for the heavy-lepton flavor neutrinos),
which should be compared with larger-scale inhomo-
geneous simulations, which we leave for future work.
These limitations form as many future directions for a
more general description of CFIs in dense environments.
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APPENDIX A: LINEAR STABILITY ANALYSIS

We detail here the results of the linear stability analysis
of the system described by Eq. (1).
To make the connection with other works in the

literature, specifically [56,57,59–61,66], we introduce the
notations

G≡ gþ ḡ
2

; γ ≡ Γþ Γ̄
2

;

A≡ g − ḡ
2

; α≡ Γ − Γ̄
2

: ðA1Þ

The stability matrix in Eq. (4) can be rewritten

Λ ¼
�
A −G − iðγ þ αÞ − ωc2θ þ λ AþG

A −G AþG − iðγ − αÞ þ ωc2θ þ λ

�
: ðA2Þ
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Its eigenvalues and eigenvectors are5

Q1 ¼
�
Gþ iαω þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 2iGαω − α2ω

p
G − A

�
; Ω1 ¼ λþ A −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 2iGαω − α2ω

q
− iγ;

Q2 ¼
�
Gþ iαω −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 2iGαω − α2ω

p
G − A

�
; Ω2 ¼ λþ Aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 2iGαω − α2ω

q
− iγ; ðA3Þ

where we wrote iαω ≡ iαþ ωc2θ. Outside of the resonancelike regime, we have jGαj ≪ A2 (and also jαj ≪ G,
jωc2θj ≪ G), which allows one to simplify the expressions as

Q1≃
�
GþjAj
G−A

�
; Ω1≃λþðA− jAjÞ−Gωc2θ

jAj þ i

�
−γ−

Gα
jAj

�
;

Q2≃
�
G− jAj
G−A

�
; Ω2≃λþðAþjAjÞþGωc2θ

jAj þ i

�
−γþGα

jAj
�
: ðA4Þ

Depending on the sign of the various quantities, we
always have an eigenmode (the “minus” mode)

Q− ≃
�
Gþ A

G − A

�
¼

�
g

ḡ

�
; ðA5Þ

with eigenvalue

Ω− ≃ λ −
Gωc2θ

A
þ i

�
−γ −

Gα
A

�

¼ λ −
gþ ḡ
g − ḡ

ωc2θ þ i
Γ̄ ḡ−Γg
g − ḡ

; ðA6Þ

in agreement with Eq. (14) in [54]. The other eigenmode
(the “plus” mode) is, after multiplying the eigenvector by
ðG − AÞ−1,

Qþ ≃
�
1

1

�
; ðA7Þ

with eigenvalue

Ωþ ≃ λþ Gωc2θ
A

þ 2Aþ i
�
−γ þ Gα

A

�

¼ λþ gþ ḡ
g − ḡ

ωc2θ þ g − ḡþ i
Γḡ − Γ̄g
g − ḡ

; ðA8Þ

in agreement with Eq. (13) in [54]. The imaginary parts of
Eqs. (A6) and (A8) are given in the main text, Eq. (7).
We decide here to designate the “plus/minus” mode

depending on the expression of the eigenvector. Indeed, this
is a physical distinction (see, e.g., [18,64] for further
discussions). In the polarization vector formalism,6 the
minus mode corresponds to a collective transverse growth
of P and P̄, which are “locked” on P − P̄; in other words
their common axis of precession tilts away from ẑ. For the
plus mode, the axis of precession remains essentially ẑ, but
the aperture of the precession cones grows exponentially,
with P and P̄ “blooming” and developing large transverse
components.

APPENDIX B: ATTENUATION
OF THE HAMILTONIAN

As mentioned in Sec. III B, for computational reasons
we use an attenuated Hamiltonian, where the vacuum,
matter and self-interaction contributions in Eq. (1) are
multiplied by an attenuation factor7 η < 1. This is
necessary in practice because the matter term in particular
introduces an extremely small timescale (see Table II). In
addition, the matter term reduces the amplitude of the
eigenvectors Q� in Eq. (6), see Eq. (12) in [54] with the
expressions of Ω� given in Eqs. (A6) and (A8), thus
requiring exceedingly small error tolerances in the differ-
ential equation solver.

5Some references define shifted frequencies Ω0 ≡ Ω − 2A − λ,
such that the real parts of the eigenvalues can appear different
between various sources, while the imaginary parts remain the
same.

6We can represent the 2 × 2 matrix N ¼ 1
2
ðP0I þ P · σÞ, with

σ ¼ ðσx; σy; σzÞT the “vector” of Pauli matrices. P is the
“polarization vector”.

7This approach is slightly different from the one in, e.g.,
[28,32], where only the self-interaction Hamiltonian Hνν is
rescaled.
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We observe from Fig. 5 that using η > 10−4 does not
change the evolution and in particular the final-state
equilibrium; we are then safely in the regime where the
classical relaxation timescale is much larger than the
self-interaction (and matter) timescales. Using the nota-
tions from Appendix A, attenuating the Hamiltonian by η
corresponds to rescaling G → ηG and A → ηA. There-
fore, as long as jðηGÞαj ≪ ðηAÞ2, the instability growth
rate is given by the approximate Eq. (A4) where the
factors of η cancel out, which explains why the growth
rate is unchanged in Fig. 5. We have checked that smaller
values η < 10−6 (which break the physical ordering of
timescales) lead to a different evolution, with in particular
a smaller growth rate.
Ideally, one could circumvent this attenuation procedure

by tracking only the “slow” evolution driven by collisions
(which have secular effects on the very fast oscillations
happening on matter/self-interaction timescales), following
strategies which leverage the large timescale separation,
such as the adiabaticlike approximation in [87,88], the
coarse graining of [65] or the “slow-dynamics equations”
derived in [64].
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