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We investigate Nelson-Barr (NB) solutions to the strong CP problem in which spontaneous CP violation
is transmitted to the Standard Model (SM) through mixing with a vectorlike partner of the SM quark
doublet. We show that these constructions constitute compelling and phenomenologically viable
alternatives to the more widely studied singlet-based NB models. A key result of our analysis is that
an accidental symmetry of the renormalizable theory delays the leading contributions to 6 until three loops,
naturally suppressing hadronic CP violation. We outline the main phenomenological constraints, including
future electric dipole moment experiments, as well as the main differences between these scenarios and

generic models with doublet vectorlike quarks.
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I. INTRODUCTION

The persistent absence of observable CP violation in
strong interactions remains one of the most striking puzzles
in particle physics. Among the proposed resolutions, the
Nelson-Barr (NB) mechanism [1,2] occupies a prominent
position as an axionless class of approaches. In this
paradigm, CP is imposed as a fundamental symmetry of
nature and is subsequently broken spontaneously by the
condensate of a (fundamental or composite) scalar field.
The resulting CP violation is transmitted to the Standard
Model (SM) via fermionic mediators. A Yukawa interac-
tion among the CP-violating order parameter, the SM
fermions, and heavy vectorlike mediators ensures that
physical CP-violating phases enter the Cabibbo-
Kobayashi-Maskawa (CKM) matrix at tree level, while
the QCD angle 6 is generated only radiatively. The radiative
corrections involving the couplings of the CP-violating
Higgs sector, which generically arise already at one
loop [3-5]," are model dependent but can naturally lie
well within current bounds, especially in models with a
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lThey can be postponed to two loops using a nonconventional
CP symmetry [6].
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composite CP-violating scalar [7,8]. There are, however,
additional radiative contributions to 6 that arise solely from
the minimal ingredients of these scenarios—the SM plus
the fermionic mediators [9]. These irreducible contribu-
tions remain under control provided an appropriate choice
of field content is made. Because they are unavoidable, they
offer a distinctive signature of such scenarios: NB models
necessarily predict a nonzero @, potentially within reach of
future electric dipole moment (EDM) experiments.

In this work, we investigate a class of NB models in
which CP violation is communicated via mixing between
the SM quark doublets and vectorlike quark doublets with
the same electroweak charges—a scenario referred to as
g-mediated NB models in Ref. [9]. This setup is a variant of
the popular d-mediated NB framework (see examples in
Refs. [3,4,10-15]), where the mediators are vectorlike quarks
with the quantum numbers of the SM quark singlet d. The
case of u-mediation is analogously possible. Two important
differences distinguish these scenarios from those previously
studied in the literature, motivating a dedicated analysis.
First, generic realizations of this type of mediation are
typically disfavored because they induce large two-loop
contributions to @ [16]. However, we show that minimal
renormalizable NB models with g-mediation are protected
from these large corrections by an accidental symmetry.
Second, it is well known that NB scenarios require special
scrutiny because their coupling structure is so constrained
that reproducing the CKM matrix and the observed Yukawa
hierarchy becomes highly nontrivial and must be carefully
verified. This feature marks a key difference from more
common singlet vectorlike quark (VLQ) models, which
possess a less restrictive structure to fit the SM.

Published by the American Physical Society
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Our analysis is structured as follows: in Sec. II, we
review the basic elements of Nelson-Barr models with
g-mediation and compare their flavor structure to that of
generic VLQ scenarios. Details of the precise parameter
mapping are presented in the Appendix A. In Sec. III,
we explore in detail the region of parameter space that
reproduces the flavor structure and CP violation of the SM.
This is a nontrivial task that can unfortunately only be
carried out numerically. Our analysis is partially supported
by analytical manipulations (collected in Appendixes B
and C) and partially guided by basis-independent consid-
erations (see Appendix D). Our scenarios are subject to
several constraints, the most important of which are
discussed in Sec. IV. These include perturbativity require-
ments (Sec. IVA), precision electroweak constraints
(Sec. IV B), and bounds from flavor-violating observables
(Sec. IV C). Special attention is devoted to the nonobser-
vation of hadronic CP violation. In particular, the radiative
corrections to the QCD 6 parameter are estimated in Sec. V,
as these do not decouple when the new physics scale is
increased and thus provide a robust signature of NB
scenarios with g-mediation. Our conclusions are presented
in Sec. VL.

II. DOUBLET VECTORLIKE QUARK
OF NELSON-BARR TYPE

Let us introduce a Dirac quark Q = Q; + Qp in the
representation (2, 1/6) of the electroweak SU(2), x U(1)y,
the same of the SM quark doublets ¢;; (withi = 1,2, 3 the
generation index).

A doublet vectorlike quark Q is of Nelson-Barr type
(NB-VLQ) when its Lagrangian is

- = E]iLg?dejR + qz‘Lg?jﬁ”ﬂe + qz‘L///?QQR
+ Q1.4 o0k +He., (1)

where d i and u jp are the quark singlets; ad . and Mg
are real parameters; and .9 is complex in the same
field basis with vanishing 6 angle. The former framework is
realized assuming that the fundamental theory respects CP
invariance as well as a Z, symmetry under which Q is odd,
and that CP x Z, is softly broken only by .#42.

The Lagrangian (1) depends on 1(.#Zy)+3(#")+
6(#?) +5(.#2) =15 parameters, as can be seen in the
basis in which #* = %" is diagonal and Z¢ = Oy, w,
where O, and %7 are a real orthogonal matrix and a
diagonal matrix with real positive eigenvalues, respectively.
As we will see, nontrivial correlations among the
Lagrangian parameters are necessary to reproduce the
flavor and CP-violating structure of the SM below
the mass scale of the exotic fermion. The origin of these
correlations will not be investigated here; we will simply

assume that the necessary structure is generated by some
more fundamental physics.

In order to derive the effective field theory below the
mass of the VLQ, it is convenient to change field basis.
Performing a special unitary rotation among the fields
(qir, Or), one can reexpress Eq. (1) in the form

~& = quY{Hdjg + g YijHuje + QLY/‘QdefR
+ QLY/-QMI‘NIMJ'R + QLMQQR +H.c. (2)

The explicit mapping is found to be

Y4 = (15 —wwh)1/2974, Y94 = wiad — (3a)

Y¢ = (T —ww!) 2w, yQu = yige  (3b)

M2 = (1—|w]?)"V2.x2, (3¢)
where the three-vector w is implicitly defined by
w=.#M1"My"", (4)
and has a norm in the range
0<|w <1. (5)

See Appendix A for more details. The utility of this new
basis is evidenced by the fact that in this basis, the heavy
state does not mix with the SM fermions before electro-
weak symmetry breaking, so that ¥’ ,”jd can be identified (up
to radiative corrections) as the SM Yukawas and M, as the
dominant source of VLQ mass. We will call the field basis
in Eq. (2) the “VLQ basis,” as opposed to the “Nelson-Barr
basis” of Eq. (1).

Note that a generic model for a VLQ Q can always be put
in the form (2). The key difference is that a generic model
depends on 1(M2) +3(Y") +7(Y?) +6(Y2?) +5(Y%") =
22 parameters,2 namely 12 parameters in addition to the
SM, whereas our model, which originates from Eq. (1),
only has five extra parameters, the same number as in a
singlet NB-VLQ model.

III. REPRODUCING THE SM YUKAWAS
AND THE CKM MATRIX

In this section, we discuss under which conditions the
parameters in Eq. (1) can reproduce the SM below the scale
M. As will become evident shortly, this turns out to be
possible only in the regime |w| ~ 1. In that limit, there is no
small expansion parameter one can use to parametrize CP

This can be seen by choosing, for instance, the basis in which
Y* =YY" is diagonal, Y4 = VY and one phase in Y Qu g
removed by rephasing Q;, Q.
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violation. Furthermore, the matrix 15 —ww' becomes
approximately rank-2, indicating that some correlation
among the entries in %9, %" is necessary to recover the
quark mass hierarchy. These considerations indicate that
the SM flavor structure in NB-VLQ models can be studied
reliably only via a numerical analysis. This is what we will
do next.
To start, we observe that

(15 — ww') 2T (1, — it )1/2 = ydydi,
(15 —ww*)l/zg“@”(h —wa)l/2 = yuyut, (6)

The rhs of these relations can be diagonalized via inde-
pendent rotations, as follows:

vyt = v, diag(y2)Vh,. YV = v, diag(y}) VY.
(7)

where (y,,) = (V. V¢, y;) correspond to the eigenvalues of
the up-quark Yukawas and are determined experimentally.
Analogous considerations can be made for y, . However, the
matrices V,, ,V, cannot be determined unambiguously.
Only the CKM matrix V is constrained by data, as follows:

Vi,Ve =V. (8)

We therefore see that our parameters w, %" d and & are
constrained by Eq. (6), but unfortunately cannot be fully
determined. In the following subsections, we will attempt to
extract as much information as possible from Eq. (6). In
Secs. III A and III B, we will see how the quark masses
and the CKM matrix constrain w, %4, %*. From these
results, the structure of the couplings Y224 of Eq. (2) will
follow. The latter will be discussed in Sec. III C.

A. SM Yukawas as input

The relation between the SM Y and the CP-conserving
% in both up and down sectors is given in Eq. (3):

Q12w =y, 9)
where we introduced the shorthand
Q=1-ww' (10)

The expression YY" gives the relations (6), whose mismatch
in the diagonalization matrices leads to the CKM mixing. If
we take the other Hermitian combination, we obtain

YTQW =Y'Y. (11)

The procedure to solve this relation for %/, given Y'Y and w,
was discussed in Ref. [10] for a rank-1w and in Ref. [12] for w
with rank-2 or greater. Applying that procedure to the present

scenario allows us to use the SM Yukawas as input parameters
to constrain w, %/, and %*. We summarize the procedure in
the following and relegate the details to Appendix B.

We first split the rhs of Eq. (11) as

Y'Y =Re(Y'Y) +iIm(Y'Y) = X'/2[15 +iZ]X'/?,  (12)

where X = Re(Y'Y) is positive definite and X'/? is its
square root. Note that X is real symmetric, while Im(YY)
and Z, are real antisymmetric. Therefore, Z can be para-
metrized in terms of a (pseudo) vector z = (z;) as

Zij = €ijxZ- (13)

Although there are two of these vectors, z* and z¢, one for
the up and one for the down sector, their norm turn out to be
the same (see Appendix B), as follows:

4 -7t = 2" -2t = 2, (14)

and entirely determined by w. The quantity u is a measure
of CP violation in Y*TY* Y47y 1t is related to w, as we
will see below.

Performing an orthogonal basis transformation on dj
and up will not affect the SM input in Eq. (6). We can
choose a basis where X is diagonal, as follows:

X = Re(Y'Y) = diag(x;, x5, x3). (15)

This can be achieved independently for Y* and Y“. The
eigenvalues x; scale as y?, with y; the SM Yukawas.

Now, for a given z, Eq. (12) can be solved for x; in each
sector in terms of the eigenvalues y? of YY. One can check
that x; inherit the hierarchy from y?, and we find

yi<xi<yh o ¥<xm<yi x~y3 (16)

This can be seen in the points shown in a lighter shade in
Fig. 1, where we see the possible values for /x;/y; as a
function of 1 —u for each sector. It corresponds to the
spectrum of X'/2/y;, while the gray horizontal lines show
the values of y;/y; corresponding to the spectrum of
(YY?)1/2/y;. Qualitatively, the eigenvalues of X lie
between the largest and smallest eigenvalues of YY7.
The gray vertical line in both panels shows the minimum
value of 1 — y that allows solutions for Eq. (12) in the down
sector; see Appendix C. For the up sector separately, 1 — u
can in principle reach smaller values; but these are
discarded because of Eq. (14). For definiteness, we use
running SM Yukawas at 1 TeV [17].°

*More up-to-date values can be obtained in Ref. [18], but they
do not lead to significant differences.
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Distribution of |/x;/y; against 1 — u for up (left) and down (right) sectors with i = 3, 2, 1 corresponding to green, orange, and

blue points. Points shown in a lighter shade only reproduce the eigenvalues of the SM Yukawas, while the points in a darker shade also

reproduce the CKM angles and phase. The horizontal lines show y;/y;, while the vertical line refers to (1

Our next goal is to see how these considerations can be
used to constrain %. With this in mind, we go back to the
lhs of Eq. (11) and write

Q= ]]3 - WWT = Ql + le (17)

Then the real and imaginary parts of Eq. (11) become

QTQIQ — X,

WU = X'27X'/2, (18)
These relations can next be solved for % in terms of w, x;,
and z, which in turn depend on the SM Yukawas y; (y,, or
ya,) as explained above. The solution for the real part yields

T = X'120Q"? o @ = 'P0™X'2,  (19)
where O is an orthogonal matrix determined by the vector z

(see Appendix B).
Choosing the basis where

w = (a,ib,0)T, (20)
the results of Appendix B give [12]
ab
U=——, 21
V1—-a’Vv1-b? 2

which is the advertised relation between x and w. We will
interpret this as the relation determining a given the pair
(b,p). Also, observe that nonvanishing u implies non-
vanishing ab. The parameter ¢ can be also related directly
to Y'Y; see Eq. (BS).

Let us summarize what we have achieved so far. We
started from the 14 parameters w, %, %/* and constrained
them via Eq. (6) (the 15th parameter is the mass scale .#<
and remains undetermined). In this section, we showed
how we can trade them for g, b (two unknown parameters),
the SM Yukawas y, , (six measured quantities), and the
matrices O, , (six unknown parameters in total). Of
the original 14 unknown parameters, six have thus been

_ﬂ)min in Eq (B4)

determined. Of the remaining eight, namely

b, 0,4, (22)
u is forced to be in the range shown in Fig. 1, whereas b and
0,4 are still unconstrained. In the following, we will see
how the CKM matrix can be used to constrain them.

B. The CKM as input
We rewrite the relations (6) using Eq. (19) and obtain

Q20" 0lx 0,07 *Q1? = yey

Q207 OTx40,07'2Q12 = ydydr, (23)
The unitary matrices that diagonalize them determine the
CKM matrix according to Eq. (8).

To find the physically relevant parameters, we perform a
scan in the eight-dimensional space (22) and select only
the points that lead to the correct CKM matrix. We allow a
3o variation of the CKM parameters at 1 TeV [17]. Our
numerical analysis is complemented with an analytic one,
which makes use of some flavor invariants as described in
the Appendix D.

Some viable points are shown in Fig. 1 in the plane
(1 =p./x;/y3) for both up (left panel) and down (right
panel) sectors. The pale-colored points are compatible with
the SM Yukawas, but are not necessarily capable of
reproducing the CKM matrix. The darker-colored points
instead reproduce both the SM Yukawas as well as the
CKM matrix. Note that to reproduce the CKM matrix, we
find that the parameter y must be rather close to unity,
as follows:

1.4 x 1075 < 1= < 0.03. (24)
In this regime, and writing
Y (cos0,ising,0),  0e€(0,7/2), (25)

[wl

Eq. (21) can be approximated as

015025-4
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FIG. 2. |w| as a function of 1 —yu for physical points that

reproduce the SM. The dashed lines obey |Ww|= 1/& and

W] = %, corresponding to sin@ =1 and 0.03 in Eq. (26)

approximately.
1 —|w]? 1
I-nw ZSZch' - 2s3c5(1 4+ Wwl?)’ (26)
This implies that
lw| =~ 1. (27)
We show in Fig. 2 the quantity [see Eq. (A6)]
N N — (28)

Vi=|wp?

as a function of 1 — y and see that Eq. (26) is valid to a
good approximation. Our scan only covers the domain
sinf Z 0.03.

Equation (27) is the relation we alluded to at the
beginning of Sec. IIl. It is a necessary condition to
reproduce the CKM structure, and also the technical reason
why our numerical analysis is necessary to identify in
which regime Eq. (1) reproduces the SM at low energies.

C. Hierarchies in the VLQ couplings

Having identified the relevant region of parameter space,
we can now discuss the resulting flavor structure of the
couplings Y2424 of the VLQ doublet to the SM quarks,
as defined in the VLQ basis (2).

Using the convenient notation (28) (see Appendix A) we
rewrite the relations (3) in the basis where Y* = ¥ is
diagonal:

Yo = wiyw, Y24 = wivyd, (29)
with V the CKM matrix. It is clear that if all the
components of Ww = (W, W,, w3) are of the same order,

these couplings inherit the hierarchies of the SM Yukawas.
In contrast, the overall scale of the couplings are not
determined by the SM Yukawas. It is controlled by || in
Eq. (28) which, as seen in Fig. 2, can be significantly larger
than unity for the doublet NB-VLQ (similarly to the singlet
versions [12]).

We first inspect the relative size of the components ;,
working in the basis Y* = ¥* [rather than the one we
adopted in the parametrization (20)]. We show in Fig. 3 the
ratios [w; /ws| and |Ww, /W3] as a function of |w|. We see that
within a broad variation, there is an inverted hierarchy
which roughly follows

W]z |Wal 2 |Ws| ~200:10:1. (30)

The inverted hierarchy for w; implies that the components
Y l.Q” and Y le exhibit a hierarchy less pronounced than the
corresponding Yukawa couplings of the SM. From the
rough estimate (30) indeed we expect the components of
Eq. (29) to scale as

1 1
Y‘Qu ~ W S~ S ANNA
72~ 5 (35 3077
~ W](6 x 1076, 1.5 x 107*,4 x 1073),
Y] ~ ] (34, 0.22y,,0.01y,)
~ |W|(107,6 x 107, 1074), (31)

where in the estimation for Y24 we used

TV o 0] (L AVl Vi) e V| + o Vi
“ “ 20" 200

~ |(1,0.22,0.01). (32)

Note that the hierarchies in Eq. (31) differ from the case
of singlet NB-VLQs of up or down type which roughly

Wi /ws
105 - Wz/W3
1000 - §
“ e,
3
=
Y
- 10
0.1+
FIG. 3. Ratios |w;|/|w3], i =1, 2 against the norm |w|. All

points reproduce the SM.
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[

10" 102 10% 104

1

FIG.4. |Y ,Q“| (left) and |Y, [-Qd| (right) as a function of [Ww| fori = 3,2, 1, respectively, in green, orange, and blue. The lighter green points
are excluded by the perturbativity limit (36). The dashed lines with the same color as the points show the approximate functions in
Eq. (31). The horizontal continuous (dashed) red line indicate the constraint coming from electroweak precision observables for

My =2TeV (Mg, =8 TeV); see Sec. IV B.

FIG.5. Eigenvalues %% (left) and %/¢ (right) of the CP-conserving Yukawa couplings as functions of |W|. The dashed lines correspond
to the values of the SM Yukawas at 1 TeV. The color coding is the same as in Fig. 4.

follow the hierarchies of the CKM third row or column,
respectively [11].

The qualitative hierarchy in the Yukawas is confirmed
by the more accurate numerical analysis shown in Fig. 4.

The colored dots show the actual numerical values of [Y¢"|

and |Y2“| against ||, whereas the rough estimates (31) are
shown in the dashed lines. We note that the Yukawa
couplings can actually vary over more than 1 order of

T >y

1 T(M=8 TeV).»”

-

g T(Mg=2 TeV)

107! 1
Y32

1072 10! 10?

FIG. 6. Correlation between |Y$“| and |Y2?|. The darker and
lighter green points are as explained in Fig. 4. The green dashed
line shows the estimate (31).

magnitude compared to our crude estimate (31). For
comparison, we also show in Fig. 5 the behavior of the
eigenvalues of the CP-conserving Yukawas % against ||
They are always larger than the SM values, as we also
emphasize in Sec. I[VA.

Finally, Fig. 6 reveals a strong positive correlation between

Y| and |Y2“|, and of course that |[Y2“| > [Y2“|. A similar
correlation is found between |Y2“| and |Yl-Qd|, as suggested

by the estimate (31). These features qualitatively distinguish
scenarios with NB-VLQs from generic doublet VLQs.

IV. PHENOMENOLOGICAL CONSTRAINTS

Here, we review the most relevant constraints on our
models. These include collider constraints, perturbativity
bounds, precision electroweak constraints, and flavor con-
straints. Constraints from hadronic CP violation will be
discussed in Sec. V.

First, from direct collider searches [19] the VLQ must be
heavier than

Mgy > 1.5 TeV, (33)
for a VLQ that couples only to the third SM family. This is
approximately the case for NB-VLQs. For a review on the
constraints for generic singlet VLQs, see also Ref. [20].

015025-6
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Let us next discuss the other bounds in turn.

A. Perturbativity

In order for our models to be predictable, the new
couplings must all be small to allow a perturbative
expansion. In the basis (1), the new couplings are %/,
whereas in the VLQ basis, they are Y2“9¢ Using the
relation in Eq. (3), we find that

YO <ul@d Tw < (D1~ (D52 (34)

where the first inequality follows from Schwartz inequality
and the second one from |w| < 1. We thus see that the
perturbativity constraint on %" is generally stronger.
Constraints arising from % are obviously less relevant
because the down-type Yukawas are smaller; we will
therefore restrict our attention to the up-quark sector.
From the relation (3) or (11) between 2* and Y*, we also

see that the largest eigenvalue 8 5 of & is always larger
than the largest eigenvalue y, of Y*, i.e., the top Yukawa.
This is confirmed by our numerical analysis shown in

Fig. 5. An upper bound on 7 3 can therefore represent an
important constraint for our theory, as y, is already close to
unity in the SM.

To provide a rough upper bound on 74 5, we study its RG

evolution and require that a hypothetical Landau pole be
|

AS =S — Ssu

3 2 M2 M?
= _(1y2P|-104+41og( -2 YR -6 +2log( —2) ]| ).

AT =T - Tgy

8asyMy, \  Mj,

where v = 246 GeV. The parameters S, T (for AU = 0)
are currently constrained at 95% CL to be within [24]

AS = -0.05£0.07, AT = 0.00 £ 0.06, (38)

with a correlation p = 0.92.

In our model, |AT| > |AS|. We can therefore neglect
AS. The constraints arising from AT are shown in Fig. 4
as a horizontal solid line for My =2 TeV and dashed
line for M, =8 TeV. To get a qualitative understand-
ing, we note that for Y$“ < 1.7 the Y2y?/M? contribu-

tion to AT dominates and we estimate the 2¢ bound,
as follows:

3v? m2| Y22 M 2 v? y
( ikl [—3+zlog< Q)]+<|Y§~’ |2—|Y§d|2>2),

sufficiently heavier than the scale M, of the VLQ. From

the Lagrangian (1) we see that the running of 74 3 at one
loop is governed by the same renormalization group
equations as the top Yukawa in the SM [21]. Retaining
only the dominant contributions, we have

9 4 A
167° = (%% —4g2 %5, 35
wu gt = () 4 (3)
which reveals that the f function is positive whenever
%y >4g,/3>1.3. Starting at the scale u =M, and

requiring that the Landau pole stays above 10M, one
arrives at

D4(Mg) <3, (36)

This requirement is significantly more constraining than

imposing a naive perturbativity bound 74 5 < 4x. We will
therefore adopt Eq. (36) in the following.

B. Electroweak precision observables

The vectorlike quark doublet induces loop corrections to
electroweak precision observables, which can be para-
metrized by the oblique parameters S and 7. The expres-
sions, recalling that Y 3Q“ and Y3Qd dominate over the other
Yukawa couplings, are [22,23]

(37a)

— 37b
m? 3 MZQ (37b)

MQ
— 2 >925y% ~ 102w
Tev < SIYTE| ~ 1072w, (39)

where in the last relation we used the rough approximation
(31).ForY 3Q" > 3, the Y#/M? term dominates, but that limit
is incompatible with our perturbative constraint (36). In the
interesting regime 1.7 < Y3Q“ < 3, both terms contribute
comparably. In general, for a fixed Y3Q” the corrections to
AT decouple as My > 1 TeV. This can be clearly seen
in Fig. 4 by comparing the horizontal solid gray line at
My =2 TeV with the dashed one at M, = 8 TeV. With
M, ~ 12 TeV, the constraint obtained from the 7" param-

eter becomes comparable to the perturbativity limit
of Eq. (36).

015025-7
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C. Flavor constraints

Generic models of VLQs are significantly constrained by
flavor observables. In NB-VLQ scenarios, instead, the
Yukawa couplings in Eq. (2) have naturally a hierarchical
structure, as seen in Fig. 4. As a consequence, we will argue
that flavor constraints are less relevant than the perturba-
tivity bound and the electroweak precision observables
discussed earlier.

Doublet VLQs induce the SM EFT operators
Onus Ongs Opug W?H?D), and Oy, Oy (w*H?) at tree
level [25]. We first discuss flavor violation and sub-
sequently flavor-diagonal transitions.

The operators Oy, and Op, lead to flavor-changing
Z couplings of the right-handed quarks, which induce
primarily dangerous AF =1 transitions [26,27]. The
limits coming from AF =1 transitions d; — d; and
u — c are [26]

M? .
- 32 > 662 x [Y27 Y24 ~ (1.6 x 1073|w|)2,

€

Mj > 0d" /0 39])2
Tov? > 100% x [Re(YT" Y59)| ~ (2.4 x 107 |w])*,
Mo oy yod a151)2
Tov2 > 30° x [Y59 YT ~ (9.5 x 107*w|)?,

Mp 2y, |y Qd y0d 3512
Tey? > 18° x [YT7° Y5 ~ (1.4 x 107°|w])*,
2

Mo - 392 x Y2y ~ (1.2 x 1074]|)? (40)
Tev? ™ ™ b2 ' ’

where the last approximation uses the estimate (31).
Consider, for instance, the fourth constraint, coming from
B — pp~, which leads to M, /TeV 2 1.4 x 1073|vp|. This
bound, like all the others quoted in Eq. (40), is weaker than
the rough lower limit from AT in Eq. (39).

The operators Oy, and Oy, also contribute to AF = 2
transitions through Z exchange. However, for M above
~1 TeV, such processes are dominated by direct one-
loop contributions from box diagrams [27]. Actually, for
the (sd) sector, the latter are further superseded by the
contributions from LLRR four-fermion operators at the
electroweak scale induced by one-loop RG mixing from
the tree-level-generated Op,. Flavor-violating transitions
mediated by O,y and O,y are suppressed by the SM
Yukawas and can be neglected. In summary, the most
relevant AF = 2 bounds are*

*The first, 4th and 5th bounds come from [26] while the rest
come from [28]. It seems to us that the AF = 2 bounds quoted for
the sectors (fu) and (¢c¢) for the doublet Q in Table 1 of Ref. [26]

(coupling /1,(-2) =Y iQ”) might contain a typo.

M2
T 32 > 592 x [Re(Y2U Y2)2| ~ (1.9 x 10~4|w|)*,
€
M3 0d+1,0d
Tev: 108 x [ Im(YTY59)? ~ (7.7 x 1074w|)*,
My Qd+1,0d —4( )2
ﬁ>44X|Y3 Yl |N(21X10 ‘W|) s
(&
My 0d+y0d 42
My Qus yQu 41212
ol > 67 x Y2 Y] ~ (2.5 X 10742,
(&
M2
0> 400 Im(Y PV ~ (6 % 10]), (1)
€

where the last approximations follow from Eq. (31). We
note that the most stringent constraints on Ww| are the
second and the last ones, corresponding to ex and D°
mixing, respectively. The first is stronger than Eq. (39) only
when [W| > 1.7 x 10*, which is, however, outside of the
physical range of |w|; see Fig. 2.

For completeness, we also report the constraint from
flavor-changing decays t — u;Z and t — u;H in colliders
which are comparable to low-energy constraints from
flavor observables [22]:

M2

2 AV ~ (27 x 107,
2

My

TeV?

2

Tova 2 03T X | YPYE| ~ (9 x 1072,

> 2.3 x |[Y2v2 ~ (1.1 x 1073])2,

2
TA:& >0.32 % y,[Y£Y9" ~ (4.4 x 1074hw|)2. (42)
These are also weaker than the AT bound, though they
often apply to different combinations of Y2“’s as the
previous constraints.

It remains to evaluate the impact of the flavor-conserving
transitions beyond the SM. The flavor-diagonal compo-
nents in Opy,, Ogy, O, and Oy are not particularly
relevant in our models. The reason is that the couplings to
the light generations are strongly suppressed by the hierarchy
of Y224 The operator Oy, = lgy*dgrH"iD,H, generated
in our models at tree level with Wilson coefficient
Crua = Y'Y /M7, is more interesting. After the
Higgs has acquired its vacuum expectation value, that
operator mediates exotic couplings of the W* to the right-
handed quarks, which are not present in the SM at tree
level. Following the discussion of Ref. [29], these exotic
interactions induce a novel contribution 8C;(u,,,) =
—0.777(m;/my)[Cryal33v*/2 to the effective dipole oper-
ator 05 describing b — s + y. Using the updated experi-
mental average of HFLAG [30] with the theoretical SM
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prediction [31], we find at 95% CL, as follows:
—0.038 < RedCy(u,,,) < 0.26, (43)

which reads

2

M
0 u d 3.~
ToV? >5.52 x Y2 v ~ (3.5 x 1073w|)2.  (44)

For a given ||, this bound is again weaker than the one in
Eq. (39) from AT. Yet, it constrains a different combination
of Yukawas than those collected above.

We should emphasize that the limits on M%/Y? and
M%/Y* quoted in this section, as well as the one in
Eq. (39), are accurate as written. However, the bounds
on M, shown as a function of w are all inherently
approximate because they are based on the rough estimate
(31). We checked that the bounds quoted here and in
Eq. (39) are generically conservative. In fact, analogously
to the singlet case [12], there might be regions in the
parameter space where special cancellations take place and
the lower bounds on M, can be further relaxed.

V. IRREDUCIBLE CONTRIBUTIONS TO @

The main challenge faced by scenarios with spontaneous
CP violation is to make sure that corrections to # remain
under control even after spontaneous symmetry breaking.
In Nelson-Barr models, there are two classes of radiative
corrections. The first class involves the degrees of freedom
of the Higgs sector responsible for CP violation. These are
rather model dependent, but can be naturally made small if
the couplings of the new scalars are sufficiently suppressed,
as in Ref. [7]. The second class of corrections to @ arises
from loops of the SM and the VLQ, which effectively
communicates CP violation to the SM. These corrections
are unavoidable in these models and are independent of
how CP is broken. They have therefore been dubbed
“irreducible” in Ref. [9]. Crucially, corrections to 0 do
not decouple as the mass scale of the VLQ is increased.

Reference [9] presents a comprehensive discussion of the
irreducible corrections to @ in models with electroweak-
singlet vectorlike fermions, i.e., models with u-mediation
and d-mediation. Scenarios with g-mediation—namely the
scenarios considered here—were erroneously dismissed on
the grounds of allegedly large radiative corrections to 6.
That claim originates from the earlier work [16], which
provided model-independent two-loop estimates applicable
(among others) to generic g-mediation frameworks.
However, what Ref. [9] overlooked is that, in minimal
Nelson-Barr scenarios of g-mediation, an accidental sym-
metry prevents such two-loop corrections from arising.’

SL. V. would like to thank Alessandro Valenti, who crucially
contributed to the realization of this point.

In this subsection, we clarify this important aspect and
argue that the first irreducible corrections to € in renor-
malizable Nelson-Barr models for g-mediation (the mod-
els discussed in this paper) arise only at three loops,
and can be naturally within the current experimental
bounds.

The contributions to & are more conveniently identified
in the basis (2) and taking advantage of the spurionic flavor
symmetries. In that language, the coupling Y can be seen
as a spurion transforming under flavor U(3), x U(3), x

UB3);xU(n)y as Y" — UqY”UZ, with U, €U(3), and
analogously U, € U(3),. Similar considerations reveal
that Y9 — UquUZ whereas Y9 — UQYQ“UI, and
Y2l - U, YU,

Now, recalling that in the SM,

0 = 0 — Arg[Det(Y*SM)Det(Y4SM)],

we see that the corrections to @ belong to two distinct
classes. The first includes direct contributions to 6 [32].
They are parametrized by polynomial CP-odd, flavor-
invariant combinations of the couplings of the theory.
The second class comes from corrections to the Yukawa
couplings. The spurionic flavor symmetries and the fact
that Y224 Y4 [see Eqs. (A9c) and (A9d)] indicate that
in our models these are proportional to the tree-level
Yukawas. Specifically, they are of the form Y*SM =
F,Y* and Y¥M = F,Y? where F,,= 1+ 6F,, with
1 the tree-level contribution and 6F,, polynomial
combinations of the couplings parametrizing the radia-
tive effects. However, Arg[Det(Y*SM)Det(Y4SM)] =
Arg[Det(F,)Det(F ;)| = Im[InDet(F,)] + Im[In Det(F )],
since NB models by construction do not generate correc-
tions at tree level. So, radiative corrections to the Yukawas
are parametrized by structures such as Im[lnDet(F, 4)],
which are also polynomial CP-odd flavor-invariant com-
binations of the couplings. An exhaustive analysis of all
corrections to 6 can therefore be obtained by studying
the polynomial flavor invariants. For example, in the
case of one singlet VLQ of down or up type, all of the
CP-odd invariants can be written as a linear combination
of nine basic CP-odd invariants multiplied by CP-even
invariants [33].

The basic objects necessary to construct invariants are

V& T Y« , Yd t Yd ,
YQd+ YQd,

Yy,
yQuiyQd, (45)

yQu'I'YQu,

Corrections beyond the SM are of course parametrized by
invariants involving the last three building blocks in Eq. (45).
In addition, since Y*, Y?, Y2, and Y24 are perturbative, one
should look for expressions with the lowest number of
coupling insertions. The CP-odd flavor-invariant with the
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lowest number of building blocks turns out to be [16]

Im Tr[Y* Y4y QdiyQu — he] = Im [w[yeyef, y4yei|w).
(46)

Now, the crucial point is that radiative corrections propor-
tional to this combination and no other couplings are possible
in the generic theories considered in Ref. [16], but cannot be
induced by the theory in Eq. (2). Indeed, the latter enjoys an
accidental spurious symmetry under which the up and down
quarks are exchanged, H — H, and

Y Y Y oY Y, oY, Yy -Yy, o (47)
where Y, ,, Y are the hypercharges of the right-handed
quarks and the Higgs doublet, respectively. The combination
(48) is obviously odd under that spurious symmetry and
therefore cannot be generated unless an odd number of Yy
appears or contributions proportional to more Yukawa are
considered. In the former case, one is forced to include at
least a loop involving the hypercharge vector. Adding
appropriate powers of 1/16z2 for each 7 factor, we estimate
that the largest CP-odd invariant with a single hypercharge
loop is

‘42
“U6n2)
g/2
(167%)3

I = Yy (Y, + Yu) Im Tr[yuydyQdiyQu _ ]

=c Yy (Y, + Yy) Im (Wi [yey«?, yay i),

(48)

up to some calculable real number c;. As already anticipated,
other potentially important contributions to 6 are generated
by loops including additional powers of the Yukawa cou-
plings. We find two possibilities with a single additional Y
pair. They are

1
I, = ¢y ——5— Im Tr[Y*TydyQdTyQuyuiyu _ h¢]

(167%)3
+(u<d) = czmlm Wi[(Y Y )2, yay i)
+ (u < d), (49)

and

13 =C3 7ImTr[Y'”YdYQd1 yQuyQuiyQu _ hC]

(167%)*
1 ~“Tlyuyut by
+ (l/t <> d) =C3 mlm [W [Y Y 5 YdeT]W]
x (WY Yy hp —wiydydhy), (50)

where ¢, and c; are again calculable real numbers.

Equations (48)—(50) arise from irreducible three-loop
contributions involving virtual quarks, Higgses, gauge
bosons, and VLQs. They are expected to parametrize the
dominant corrections to 6 in models of g-mediation
according to 66 = I, + I, + I5. Additional contributions
to 6 involve higher powers of Yukawa and gauge couplings
or decouple as the VLQ mass is much higher than the weak
scale [9]. In either case, they are numerically smaller than
Eqgs. (48)—(50).

A careful numerical evaluation of Eqgs. (48)-(50)—
obtained assuming ¢; = ¢, = ¢3 = 1—will be discussed
in the subsequent section. However, in order to gauge how
strongly g-mediation scenarios are constrained by current
data, it is useful to first provide an analytical estimate.
To this end, we exploit the flavor-invariant nature of our
expressions to go in a field basis with diagonal Y* = Y,
Y9 =VY? and w =w. Our approximation consists in
assuming that all components of the latter are of the same
order, and again taking c¢; = ¢, = ¢3 = 1. Under such
assumptions, one finds that
9 v Vb
167% 167° 167°
~ 1.2 x 10713(W|21, ~ [Wy w342 BN

' W T\ 1622) T6n?

~ 3 x 1078 y3] ~ 7.5 x 1079?15

1) ~ |W3w}| A2 ~5 x 1072 yi;

167%) 16a2
~ 1.8 x 10‘21|W|4, (51)

) (292 i \?* % 135 k| 1m |2
~ [y | W3 |4 — 75~ 3 x 1072 g5 |5

where A- ~ 0.2 is the Cabibbo angle, and in the final step
we used the rough approximation in Eq. (30). We have
retained the parametric dependence on the norm of W, since
such a vector is actually unbounded and usually has a norm
much larger than unity (see Sec. IIIC). Of course, the
requirement that the coupling Y2* stays perturbative also
constrains the size of [W|?; see Eq. (3c). Our estimates
suggest that /3 should be more relevant than /,, and
potentially not far from the current experimental bound.
This qualitative behavior is confirmed by the numerical
analysis presented below.

A. Numerical estimates

Here we estimate numerically the irreducible contribu-
tions due to the three dominant flavor invariants /;, I,, and
I3 in Egs. (48)—(50).

The coefficients ¢y, ¢,, and c3 in front of the invariants
are expected to be of order one and can be only determined
by a full calculation within a complete model. In the plots,
we take ¢; = ¢, = ¢z = 1 for simplicity.

In Fig. 7, we show [, and I,, while in Fig. 8 we show /5.
The experimental bound
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FIG. 7. Contributions to 8 as a function of || parametrized by the invariants I, and I, in Egs. (48) and (49) for ¢, = ¢, = 1. The
lighter blue points are excluded by the oblique parameter constraints for M, = 8 TeV, while the blue points are allowed by all other
constraints. The dashed blue line represents the estimate in Eq. (51), and the solid gray line denotes the experimental bound (52). All

points satisfy the perturbativity bound (36).
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FIG. 8. Contribution to 8 as a function of |+%| from the invariant
I5 in Eq. (48) for ¢3 = 1. The rest is as in Fig. 7.

6] < 1071 (52)
is included as a horizontal gray line. We can see that I
likely corresponds to the largest contribution to €. In the
plots, we only show points that satisfy the perturbativity
bound (36).

It is interesting to compare the impact of Eq. (52) on the
parameter space compared to that arising from the electro-
weak constraints. This is seen in Figs. 7 and 8, where the
lighter color denotes the points that are already excluded by
the T parameter with M, = 8 TeV. We see that the latter
constraint is comparable to Eq. (52) in the case of TeV-scale
VLQs, though of course they should be viewed as comple-
mentary. Crucially, however, for M, > 8 TeV, the oblique
parameter constraints become weaker, whereas the one from
Eq. (52) does not decouple. For large VLLQ masses, that is
clearly the most important constraint on our models.

VI. CONCLUSIONS

In this work, we performed a systematic study of Nelson-
Barr solutions to the strong CP problem featuring vector-
like partners of the SM quark doublet. These models have
received considerably less attention than their analogs with

electroweak-singlet VLQs, yet our analysis shows that this
neglect is unwarranted.

We first identified the region of parameter space in which
the SM flavor structure—the quark Yukawa couplings and
the CKM matrix—is successfully reproduced. Because no
small expansion parameter controls this identification, a
numerical analysis was necessary.

We then estimated the dominant contributions to 6
arising from irreducible diagrams involving both the
VLQ and the SM fields. A key observation is that these
contributions first appear only at three loops, owing to an
accidental symmetry of the renormalizable model. As a
consequence, in a significant portion of the parameter
space, the resulting |6| lies well below current bounds
yet within reach of future experiments, in particular
proposed proton EDM measurements [34].

We also examined other relevant experimental con-

straints on these scenarios: the exotic couplings YiQ”'Qd
between the VLQ and the SM exhibit, in both the up and
down sectors, a hierarchical pattern |Y,| < |Y,| < |Y3],
inherited from—though milder than—the quark-mass hier-
archy. This feature distinguishes NB doublet VLQs from
generic doublet VLQs and ensures that flavor-violating
effects beyond the SM are typically small. Overall, within
the perturbative domain, electroweak precision data pro-
vide the leading bounds for VLQ masses below a few TeV,
while hadronic CP violation induced by € becomes
increasingly important at higher masses. Nevertheless, a
broad region of parameter space remains currently viable,
offering meaningful opportunities for future exploration.

In conclusion, our results show that doublet NB-VLQs—
complementing the better-known singlet NB-VLQs of up
or down type—constitute a robust and well-motivated
solution to the strong CP problem, with potentially
interesting phenomenological signatures.
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APPENDIX A: CHANGE OF BASIS

The change of basis from Egs. (1) and (2) can be
performed by a unitary transformation on the space of
doublets (g, Q; ), as follows:

(fIL) —>WL(QL>,
0 O

where W, € U(3 + n). Here, we leave the number n of
VLQ doublets general.

The basis change can be performed considering the mass
matrices after electroweak symmetry breaking, which read

v yd a0
NB:Md_<ﬁy >;

(A1)

0 My
Ly 0

generic: M%7C = ( V2 ) (A2)
o ydQ M
V2 0

NB: M _(vzyu (//le>.

0 My
Ly 0

generic: M2 = ﬁ . (A3)
v YuQ M
7 0

The unitary transformation W; connects the mass matrices
in the two basis:

q+0 _ vt q9+0

Md/u = WL‘//d/u : (Ad)

We can write an explicit expression for W; as

W _( 1, w><(u3+ww)—l/2 0 >
oo, 0 (1, +whi)=1/2 )

(w2 (T, +wTe) T2 (A5)
A\ =1 w2 (1, + )12

where

W= 41202 (A6)

Note that both matrices in Eq. (AS5) are necessary to have a
unitary W, with the first ensuring the zero in the upper-
right block of M7+2,
It will be useful for us to reexpress all these relations in
terms of a different matrix w, defined by
w=w(l, +Wwhn) 12 = (15 + wi")~12w. (A7)

In this notation, the expressions simplify. In particular,

(15 —wwh)1/2 w
W, = , (A8
t < —w' (1, —wiw)!/2 (A8)

and
Y= (15 +wwh) 12" = (15 —wwh) 12904 (A9a)
Y9 = (15 +wwh) 124 = (15 —ww) 1224 (A9b)
Yo = w15 +wwh)~12%" = wign =iy ,  (A9c)
Yol = Wi (15 + ") 12%4 = wiZd = wiyd  (A9d)
M2 = (1, + W) TV 242 = (1, — wiw) 229
(A9e)

In the case n = 1 discussed in the main text, w is a vector
with norm || > 0. On the other hand, from Eq. (A7) it
follows that

(A10)

which says that 0 < |w| < 1. CP violation in the SM further
excludes |w| = |w| = 0.

APPENDIX B: HOW TO INCORPORATE
THE SM YUKAWAS

Here, we detail how to solve Eq. (11) in terms of the
eigenvalues, i.e., the SM Yukawas. After splitting both Q
and YY" into their real and imaginary parts, one obtains
Eq. (18). The real part can be solved by Eq. (19). Plugging
it into the imaginary part yields

Q;'?7Q,07"* = 0770, (B1)
which specifies the orthogonal matrix O.

Without loss of generality, we can choose the basis (20)
for w. In such a basis,
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1
Q, +iQ, = diag(1 —a®, 1 =b% 1) +iab| -1 ,
0
(B2)
and the lhs of Eq. (B1) has the standard form
1
Q720,00 = | -1 , (B3)
0

with p given by Eq. (21). The rhs of Eq. (B1) tells us that O
is the matrix that transforms Z to the standard form above,
and the third column in O is the eigenvector associated to
the zero eigenvalue of Z. The orthogonal matrix O is
defined up to an additional rotation in the (12) space from
the right.

Equation (B1) applies to both up and down Yukawas,
in general with O, # O, and z" # z?. However, since
Tr[Z?] = =2|z|* is determined entirely by €, it must be
the same in both sectors. The following nontrivial relation
Hy = g = u, where p, = |z“| and p,; = |z¢|, then holds.
This is what we anticipated in Eq. (14). From the definition,
we must have 0 <u <1 [10]. These upper and lower
limiting values are unphysical. The limit 4 = O corresponds
to the CP-conserving case where Y*TY*, Y47y are both real.
The other limit, 4 = 1, corresponds to massless quarks as
Eq. (12) would have vanishing determinant. Reproducing the
eigenvalues of the SM Yukawas at 1 TeV requires

1—p, >1.1x10710, 1 —py>1.9%x107°  (B4)

See Appendix C for details.

The vector z = (z;) is an eigenvector of Z associated to
zero eigenvalue, so the third column of O is proportional to
it. The parameter y is the norm |z|. Restricted to det O = 1,
we can conventionally choose the third column of O as z/u
directly. Note that Z — OZO" induces z — Oz.

Now, given z, the three parameters x; in Eq. (15) can
be determined from the SM Yukawas y; (y,, or yg).
The relation comes from the characteristic equation for
Hy = Y'Y, as follows:

det(Hg — Al) = =[2* =y (Hg)#* = y2(Hg)A = v3(Hg)],
(B5)

where the coefficients are

vi(Hg) = Tr[Hg] = x; + X, + x3,
1
72(Hg) = ETT[H% —v1(Hg)Hg]
= —xx(1 = Z%) — xx3(1 = Z%) —x3x (1 = Z%)’

r3(Hg) = %TT[H% - yl(HR)H%Q —72(H)H]

= det(Hg) = x1x,x3(1 = pi?). (B6)
The last expression in each line is obtained with the last
expression in Eq. (12), where we have used g = |z|. On the
other hand, each of the y;(Hg) is fixed from the SM

Yukawas h; = y?, as follows:

y1(Hg) = hy 4 hy + hs,
v2(Hg) = —(hyhy + hyhs + hshy),

73(HR) = hihyhs. (B7)
Because Tr[Hy| = Tr[Re(Hg)] but the determinant obeys
det[Hg| < det[Re(Hg)], the spectrum of Re(Hy) is
squashed compared to the spectrum of Hy. This is con-
firmed in Fig. 1. Comparison between detHp and
detRe(Hpy) also leads to a nice formula for y depending
solely on Hy [12], as follows:

det Y'Y

~ det Re(YTY) (B8)

/_,{:

We now analyze the possibilities for z;. We first note that
the expressions (B6) are insensitive to the sign of z;. In the
basis where X is diagonal, we can still keep the form (12)
for Hy if we apply sign flips to dp (or ug), which induces
sign flips to both sides of Hy. This leaves x; unchanged, but
sign flips are induced on z;. Since z is a pseudovector due to
Eq. (13), we can at most equate the sign of all components
and choose either (21,25, 23) ~ (++ +) or (— — —). With
the convention adopted for O € SO(3), these signs are also
the same for the third column of O.

We can end this part by checking the number of
parameters. If we name the columns of O explicitly as

(’):(rl ‘ r, ‘ r3>, (B9)
we have r; = z/u. So O has its third column defined by z,
while ry, r, are orthogonal. The direction of z can be
parametrized by two angles, while the two directions in
the orthogonal plane depend on one more angle. So O
depends on three angles as usual. The 15 parameters are
listed in Eq. (22). The directions of the vectors z* and z¢ are
defined by the third column of O,, O, while their norm
should coincide with x. With z* and z?, the eigenvalue
equations (B6) determine x¥, x¢ given the Yukawas Yug Vd.-
This fixes six parameters. Leaving .2 ¢ aside, there are still
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1F

Bin

FIG. 9. 1—pin Eq. (B8) as a function of  in Eq. (C2) for up
(blue) and down (orange) sectors.

eight free parameters in (u, b), O,,, O,. Four of them should
be determined from the CKM structure.

APPENDIX C: CONSTRAINT ON u

Let us decompose

Yy = Vi P2V}, (C1)
with ¥ being the diagonal matrix, and consider the one-
phase parametrization of a unitary matrix with rephasing
freedom from the right [35]. After removing an orthogonal
matrix from the right, we can parametrize the remaining
freedom as

Vi = Ry3Ry5diag(1, 1, ). (C2)
We can then calculate the value of u using Eq. (BS).
Figure 9 shows the possible values for 1 — u for the up and
down sectors using best fit values for the SM Yukawas at
1 TeV and arbitrary values for the angles and the phase f in
Eq. (C2). The nonvanishing of the SM quark masses
requires that y, and pu, cannot be arbitrarily close to unity.
The figure leads to the constraint (B4) and, to be equal, both
Uy, g need to obey the more strict bound for ;.

Notice that these loose bounds follow solely from the
nonvanishing quark masses, as V for the right-hand fields
ug, dg are not fixed by SM structure. Imposition of the SM
CKM structure including CP violation further restricts .
For example, the CP-conserving limit 4 = p, = py = 0 is
not physical. The physical range restricted additionally by

the CKM is shown in the dark points in Fig. 1 and shown
in Eq. (24).

For comparison, for one singlet NB-VLQ [10] of either
up type or down type, the constraint on x also comes from
the left-hand field transformation on ¢;, which is fixed
by the CKM, and then y is bounded from both sides, as
follows:

2x 1077 <1 - p, <0.0034 (C3a)

0.0045 <1 —pu,; £043. (C3b)
We can see that the range in Eq. (24) lies in between the
above ones.

APPENDIX D: USING INVARIANTS

The task of enforcing the CKM mixing to the relations
(23) is still a difficult task. After enforcing the six SM
Yukawas, four parameters in Eq. (22) should be fixed from
the CKM, while another four parameters remain free.
Although feasible, a scan in an eight-dimensional space
is not very efficient. Part of the difficulty in dealing with
Eq. (23) is that we cannot work in a basis where one of
them is diagonal. One way to extract only the information
that is weak basis independent is to use flavor invariants.
The use of the Jarlskog invariant to quantity CP violation is
a well-known example. Here, we propose a different set of
invariants that will prove to be useful.

We first define the shorthands

H,=Y"y", H,; =Yy, (D1)
for the SM Yukawas and
H, =y, Hy =iyt (D2)

for real CP-conserving Yukawas. Then, Eq. (6) can be
compactly written as
QPN Q2 =H,  QVPHQVZ=H, (D3
with the same Q for both sectors.
It is immediate to see that the following invariants
depend on the CKM and are independent of €2, as follows:

TABLE I. Range for the flavor invariants with Yukawas fixed at best fit and CKM varying within 3¢ at 1 TeV.
Invariant 30 range Invariant 30 range

I = (H,H;" [72.03,114.6] Ly, = (H,HY [5.86,7.09] x 10°
1 viud [5.12,13.1] x 10° T gudu [3.43,5.03] x 10"
Jim/ i [1.00, 1.57] x 10'2
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L= <HuH;1> = <HMH;1>’
Idu = <HdH;1> = <HdH;1> (D4)

Writing ¢ in terms of X using the inversion formula (19),
we can write

xt X%
_ i 2 _ 732
La= 505 ="303 + .
— X .Xl
ij J

o
Idu=Zx—;05i=g0%3+~» (Ds)
ij
where we have defined the real orthogonal matrix
0 =0,0]. (D6)

In the last equalities in Eq. (D5), we have written the
dominant terms assuming x* and x¢ are hierarchical and
O3 and Oj3; unsuppressed. Independently of that, given
that all the terms in the expression are positive semidefinite,
we can write the bounds

(D7)

Using the 3¢ ranges shown in Table I and taking the ranges
(16) for x* and x¢, we obtain

1031 £0.2. (D8)
The bound we obtain for |03 is larger than unity and
hence not useful.

We can equally consider the powers ((H,H;')?) and
((H;H;')?). But instead of them, we can consider

1 1

Lygua = Elf‘d —§<(HuH§1)2>v
1 1
Liuan = Elczlu _§<(HdH;l)2>' (D9)

For a CP-violating measure, we can consider instead of
the usual Jarlskog,

J =det([H,,Hy]) = <HL21H31Hqu_H121H$HdHu>7 (D10)

the dimensionless (when quark masses are considered)
version

Joim = (H,HH,'Hy' — H,H Hy'H,').  (D11)
Within the SM, they are simply related by
J
Jim = 533 (D12)

Vo VL YaYa Ve

The dimensionless version is more suitable for writing in
terms of H,, H, as
Jaim = (HQH M Q" HY) —ce,  (D13)

where c.c. denotes the complex conjugate. Note that  only
appear in two places. In terms of X, and X, it becomes

1

0 10

1—p?
Jdim:iﬂ<Xu —1 0 0 XdX;1 1—1/,42 X;l>
0 00 |
0 10
—ilf 2<Xude;1 100 X;1>—c.c.
0 00

(D14)

Here X, and X, are not diagonal and absorbed the matrices

O as

X, =0'X,0,. X, =01X,0,. (DI5)
We partly use these invariants to guide the search for

physical points.
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