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We investigate the Gross–Llewellyn Smith sum rule within the framework of analytic quantum
chromodynamics (QCD). A comparison is performed between experimental data, lattice calculations, and
perturbative QCD based on conventional and analytic versions of perturbation theory with different
parametrizations for the higher twist contributions. We show that conventional perturbation theory fails to
reproduce the data, while the analytic version demonstrates good agreement with experiment and lattice
calculations. We also discuss the relation between the Gross–Llewellyn Smith sum rule and the Bjorken
sum rule.
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I. INTRODUCTION

The parity-odd structure function F3, which contributes
to deep inelastic neutrino scattering, plays an important role
in understanding processes related to both quantum
chromodynamics (QCD) and electroweak physics. Its first
Mellin moment determines the Gross–Llewellyn-Smith
(GLS) sum rule [1]

Cpþn
GLSðQ2Þ ¼ 1

2

Z
1

0

½Fν̄p
3 ðx;Q2Þ þ Fνn

3 ðx;Q2Þ�dx; ð1Þ

which in the quark-parton model counts the number of
valence quarks in the proton. Perturbatively computed
radiative corrections serve as an important test of the
suitability of QCD as a theory of strong interactions.
Since F3 is a nonsinglet quantity, the GLS sum rule has a

vanishing anomalous dimension at leading order (LO) of
perturbation theory (PT). The GLS sum rule is unique in
that the nucleon matrix element of the leading twist is
known analytically, and the Wilson coefficient is known up
to next-to-next-to-next-to-leading order (N3LO) [2,3], mak-
ing it, along with the Bjorken sum rule (BSR) [4], an ideal

laboratory for determining the strong coupling constant αs
at the boundary of the nonperturbative regime. However,
the available experimental data, unlike the BSR case (see
the recent paper [5] and references therein), are rather
sparse. In light of this, recent lattice QCD calculations [6]
have indeed made valuable contributions to the study of the
GLS sum rule.
It is also worth mentioning the contributions of a purely

nonperturbative origin—the higher twists. Their structure is
dictated by the OPE, whereas the corresponding numerical
coefficients can, at present, only be extracted by fitting
experimental data. The inverse-power dependence on Q2

makes higher-twist terms indispensable ingredients of
QCD sum rules in the IR regime [7]; omitting them
makes any purely perturbative expansion unreliable.
Consequently, both the commonly used parametrizations
of higher twists and their later modifications [8,9] require
careful check. Finally, we should mention the widely
discussed relation between the two (both nonsinglet)
sum rules considered above: the BSR and the GLS sum
rule [10,11] their twist-2 parts, the perturbative coefficient
functions (in the MS scheme) differ only by an overall
normalization factor up to Oðα3SÞ, with the first differences
arising from specific light-by-light–type diagrams.
Moreover, the authors of [11] have demonstrated that the
twist-four coefficients for both BSR and GLS have the
same sign and are close in magnitude. Unfortunately,
the accuracy with which these theoretical results can be
tested is limited both by the scarcity of available
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experimental data and by issues related to the perturbative

running coupling, which we will discuss below.
The rest of the paper is organized as follows: in Secs. II

and III we present the basic formulas for the GLS and
Bjorken sum rules and discuss their similarities. We present
and discuss our results in Sec. IV, and provide a summary
and concluding remarks in Sec. V. The Appendix provides
a brief overview of the analytic QCD coupling.

II. GROSS–LLEWELLYN SMITH SUM RULE

The GLS sum rule is defined by the integral (1). The
quantity Cpþn

GLSðQ2Þ can be expressed in the operator
product expansion (OPE) form

Cpþn
GLSðQ2Þ ¼ 3ð1 −DðQ2ÞÞ þ

X
n¼2

μ2n
Q2n−2 ; ð2Þ

where ð1 −DðQ2ÞÞ is the leading twist (or twist-two)
contribution, and the coefficients μ2n of the higher-twist
terms are free parameters that must be determined from
experimental data.
In this paper, we particularly focus on rather low Q2

values, so it is possible to use the so-called “massive”
(which is stemming form what may be called “spectral”)
twist-four representation (see Refs. [8,9]), we have

C̄pþn
GLSðQ2Þ ¼ 3ð1 −DðQ2ÞÞ þ μ̂2nM2

Q2 þM2
: ð3Þ

The spectral representation comes [8] from the para-
metrization of higher twist terms in (2)

μ2n ¼ ð−ÞnM̂2n−2
Z

ρðxÞxn−2dx; ð4Þ

where M̂ is an arbitrary mass scale of order of the hadron
one, and ρðxÞ is the dimensionless spectral function of the
dimensionless auxiliary integration parameter whose physi-
cal meaning will be discussed later, as well as integration
limits. Substituting (4) into (2) and interchanging the order
of summation and integration one gets

X
n¼2

μ2n
Q2n−2 ¼

Z
dxρðxÞ M̂2

Q2 þ xM̂2
: ð5Þ

The resulting expression has the correct analytical proper-
ties [the cut at negative Q2, which was the reason to
introduce the sign factor in (4)] provided spectral function
is positive, and integration is performed in the region of
positive x. Such analytic properties were the main moti-
vation of [8]. It seems natural to combine the introduced
spectral representation of higher twists with APT to
guarantee the correct analytic properties of the whole result.

To clarify the physical meaning of the variable x it is
instructive to introduce the new variable s ¼ xM̂2, so that

X
n¼2

μ2n
Q2n−2 ¼

Z
ds

ρ
�

s
M̂2

�
Q2 þ s

; ð6Þ

which has now the manifestly spectral form with s being
the invariant mass in virtual photon channel. This suggests
the simplest ansatz which in fact was used in [9]

ρðxÞ → const δðx − x0Þ; x0 ¼
M2

M̂2
; ð7Þ

whereM is a mass of single resonance (typically, ρ-meson).
This justifies the use of “massive” high-twist [see Eq. (3)].
Note that, as in the case of (2), the values of M and the

high-twist terms μ̂4 are free parameters that must be fitted
from experimental data.
Up to the kth order of PT (hereafter we useMS-scheme),

the twist-two parts have the form

Dð1ÞðQ2Þ ¼ 4

β0
að1Þs ;

Dðk≥2ÞðQ2Þ ¼ 4

β0
aðkÞs

�
1þ

Xk−1
m¼1

dmðaðkÞs Þm
�
; ð8Þ

where

aðkÞs ðQ2Þ ¼ β0α
ðkÞ
s ðQ2Þ
4π

¼ β0ā
ðkÞ
s ðQ2Þ ð9Þ

and d1, d2, and d3 are exactly known (see Ref. [3] and
references therein). Hereafter, β0 is the first coefficient of
the QCD β-function

βðāðkÞs Þ≡dāðkÞs ðQ2Þ
dL

¼−ðāðkÞs Þ2
�
β0þ

Xk
i¼1

βiðāðkÞs Þi
�
; ð10Þ

where βi are known up to k ¼ 4 [12].
Following [13], we introduce and utilize the derivatives

(at the kth order of PT)

ãðkÞnþ1ðQ2Þ ¼ ð−1Þn
n!

dnaðkÞs ðQ2Þ
ðdLÞn ; L ¼ ln

Q2

Λ2
; ð11Þ

which play a key role in the construction of analytic QCD
(see, e.g., Ref. [14]).
The series of derivatives ãnðQ2Þ can be used instead of

the series of as-powers. Indeed, although each derivative
reduces the as power, it also introduces an additional
β-function and consequently an additional a2s factor. By
definition (11), at LO, the expressions for ãn and ans
coincide exactly. Beyond LO, there is a one-to-one
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correspondence between ãn and ans , established in [13,15]
and extended to the fractional case in [16].
Converting the powers of the coupling constant into its

derivatives, we obtain

Dð1ÞðQ2Þ ¼ 4

β0
ãð1Þs ;

Dðk≥2ÞðQ2Þ ¼ 4

β0
ãðkÞs

�
1þ

Xk−1
m¼1

d̃mðãðkÞs Þm
�
; ð12Þ

where

d̃1 ¼ d1; d̃2 ¼ d2 − b1d1;

d̃3 ¼ d3 −
5

2
b1d2 −

�
b2 −

5

2
b21

�
d1 ð13Þ

and bi ¼ βi=β
iþ1
0 .

For the case of 3 active quark flavors (f ¼ 3), which is
adopted in this work, the results are1

d1 ¼ d̃1 ¼ 1.59; d2 ¼ 3.75ðd̃2 ¼ 2.51Þ;
d3 ¼ 16.77ðd̃3 ¼ 10.44Þ; ð14Þ

i.e., the coefficients in the derivative series are slightly
smaller.

A. Heavy quark contribution

In addition to the light flavors, the GLS sum rule receives
contributions from heavy quarks (HQs).
Taking the HQ effects into account (see Ref. [19]), one

obtains

Cpþn
GLSðQ2Þ¼3

�
1þ jVcdj

1þξc
−DðQ2;ξÞ

�
þ
X
n¼2

μ2n
Q2n−2 ; ð15Þ

C̄pþn
GLSðQ2Þ ¼ 3

�
1þ jVcdj

1þ ξc
−DðQ2; ξÞ

�
þ μ̂4M2

Q2 þM2
;

ð16Þ

where

ξi ¼
Q2

m2
i

ði ¼ c; b; tÞ; ð17Þ

and mi ¼ miðQ2 ¼ m2
i Þ in the MS-scheme, with

mc ¼ 1.27 GeV, mb ¼ 4.18 GeV, and mt ¼ 172.76 GeV
(see Ref. [20]).

Up to the kth order of PT, the twist-two parts have the
form, similar to (8),

Dð1ÞðQ2; ξÞ ¼ 4

β0
ãð1Þs

�
1 −

jVcdj
6

2 lnð1þ ξcÞ þ 1

1þ ξc

�
;

Dðk≥2ÞðQ2; ξÞ ¼ 4

β0
ãðkÞs

�
1 −

jVcdj
6

2 lnð1þ ξcÞ þ 1

1þ ξc

þ d̃1ðξÞãðkÞs þ
Xk−1
m¼2

d̃mðãðkÞs Þm
�
; ð18Þ

where d̃1ðξÞ is obtained from d1 by the following redefi-
nition:

d1→ d1−
1

3

X
i¼c;b;t

C1ðξiÞ; d̃1 → d̃1−
1

3

X
i¼c;b;t

C1ðξiÞ; ð19Þ

with C1ðξÞ having the following form:

C1ðξÞ ¼
8

3β0

�
6ξ2 þ 2735ξþ 11724

5040ξ

−
3ξ3 þ 106ξ2 þ 1054ξþ 4812

2520ξ
LðξÞ

−
5

3ξðξþ 4ÞL
2ðξÞ þ 3ξ2 þ 112ξþ 1260

5040
lnðξÞ

�

ð20Þ

and

LðξÞ ¼ 1

2δ
ln

�
1þ δ

1 − δ

�
; δ2 ¼ ξ

4þ ξ
: ð21Þ

The CKM-matrix element jVcdj ¼ 0.22486 in (15), (16),
and (18) is rather small. Actually, there are also corre-
sponding contributions from b and t-quarks, but they are
multiplied by CKM-matrix coefficients jVbuj2 and jVtdj2,
which have negligible values: jVbuj ¼ 0.00369 and
jVtdj ¼ 0.00857. Consequently, such contributions
∼jVbuj and ∼jVtdj in (15), (16), and (18) can be safely
ignored.
Now, using the derivatives of the coupling constant

introduced above (11), the results (2) and (3) can be written
in APT as

Cpþn
A;GLSðQ2Þ ¼ 3ð1 −DAðQ2ÞÞ þ

X
n¼2

μA;2n
Q2n−2 ; ð22Þ

C̄pþn
A;GLSðQ2Þ ¼ 3ð1 −DAðQ2ÞÞ þ μ̂4;AM2

Q2 þM2
; ð23Þ

where the perturbative part DAðQ2Þ takes the same forms

as (12), but the derivatives ãðkÞν are replaced by the

1The coefficients βi (i ≥ 0) of the β function (10) and hence the
coupling constant αsðQ2Þ itself depend on the number f, and each
new quark enters/leaves the game at a certain threshold Q2

f

according to [17]. The corresponding parameters ΛðfÞ in NiLO
PT can be found in [18].
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corresponding analytical derivatives ÃðkÞ
ν (the correspond-

ing expressions for the analytic coupling constants ÃðkÞ
ν can

be found in the Appendix)

Dð1Þ
A ðQ2Þ ¼ 4

β0
Að1Þ;

Dk≥2
A ðQ2Þ ¼ 4

β0

�
AðkÞ þ

Xk
m¼2

d̃m−1Ã
ðkÞ
ν¼m

�
: ð24Þ

In the case of HQ contributions, we have a modification
of (15) and (16)

Cpþn
A;GLSðQ2Þ ¼ 3

�
1þ jVcdj

1þ ξc
−DAðQ2; ξÞ

�
þ
X
n¼2

μA;2n
Q2n−2 ;

ð25Þ

C̄pþn;ð2Þ
A;GLS ðQ2Þ ¼ 3

�
1þ jVcdj

1þ ξc
−DAðQ2; ξÞ

�
þ μ̂4;AM2

Q2 þM2
;

ð26Þ

where DAðQ2; ξÞ is obtained from DðQ2; ξÞ in (18) by

replacing the derivatives ãðkÞν with the corresponding

analytical derivatives ÃðkÞ
ν .

III. BJORKEN SUM RULE

BSR [4] provides another classical observable in deep
inelastic scattering, closely related to the GLS sum rule.
Both sum rules admit an OPE with perturbative coefficients
and higher twist corrections, and both can therefore be
treated consistently within APT.
Indeed, BSR is defined by the integral

Γp−n
1 ðQ2Þ ¼

Z
1

0

½gep1 ðx;Q2Þ − gen1 ðx;Q2Þ�dx: ð27Þ

Within the OPE, the quantity Γp−n
1 ðQ2Þ can be written in

the form

Γp−n
1 ðQ2Þ ¼ gA

6
ð1 −DBSðQ2ÞÞ þ

X
n¼2

μBS2n
Q2n−2 ; ð28Þ

similar to (2) for the GLS sum rule. Here, gA ¼ 1.2762�
0.0005 [20] is the axial charge of the nucleon, ð1 −
DBSðQ2ÞÞ is the leading twist contribution, and the coef-
ficients μBS2n of the higher-twist terms are free parameters
that must be determined from experimental data.
Using the massive twist-four representation as in (3), we

have

Γ̄p−n
1 ðQ2Þ ¼ gA

6
ð1 −DBSðQ2ÞÞ þ μ̂BS4;AM

2
BS

Q2 þM2
BS

; ð29Þ

where the coefficients μ̂BS2n andM2
BS;2n of the massive twist-

four term are free parameters that must be determined from
experimental data.
Up to the kth order of PT, the twist-two parts have the

form,2 similar to (8)

Dð1Þ
BSðQ2Þ ¼ 4

β0
að1Þs ;

Dðk≥2Þ
BS ðQ2Þ ¼ 4

β0
aðkÞs

�
1þ

Xk−1
m¼1

dBSm ðaðkÞs Þm
�
; ð30Þ

where aðkÞs ðQ2Þ is defined in (9) and dBS1 , dBS2 , and dBS3 are
exactly known (see Ref. [3] and references therein).
Converting the powers of the coupling constant into its

derivatives (11), we have, similarly to (12)

Dð1Þ
BSðQ2Þ ¼ 4

β0
ãð1Þ1 ;

Dðk≥2Þ
BS ðQ2Þ ¼ 4

β0

�
ãðkÞ1 þ

Xk
m¼2

d̃BSm−1ã
ðkÞ
m

�
; ð31Þ

where the results for d̃BSi (i ¼ 1, 2, 3) can be obtained in
close analogy with (13).
For the case of three active quark flavors (f ¼ 3), we

have

dBS1 ¼ d̃BS1 ¼ 1.59; dBS2 ¼ 3.99ðd̃BS2 ¼ 2.73Þ;
dBS3 ¼ 15.42ðd̃BS3 ¼ 8.61Þ; ð32Þ

i.e., the coefficients in the derivative series are slightly
smaller, as was the case for the GLS sum rule [see Eq. (14)].
In APT, the results (28) and (29) can be written as

Γp−n
A;1 ðQ2Þ ¼ gA

6
ð1 −DA;BSðQ2ÞÞ þ

X
n¼2

μBSA;2n
Q2n−2 ; ð33Þ

Γ̄pþn
A;1 ðQ2Þ ¼ gA

6
ð1 −DA;BSðQ2ÞÞ þ x

μ̂BS4;AM
2
BS

Q2 þM2
BS

; ð34Þ

where the perturbative partDA;BSðQ2Þ takes the same forms

as (31),but the derivatives ãðkÞν are replaced by the corre-

sponding analytical derivatives ÃðkÞ
ν

2Here we consider the so-called nonsinglet part in the BSR
case. Note that the BSR singlet part is ∼

Pf
i¼1 ei (see, e.g.,

Ref. [21]), where ei is the charge of the i quark and f is the
number of active quark flavors. Thus, in the case f ¼ 3 used here,
the singlet part is absent. In general, its contribution may be
important (see Refs. [21,22] and discussions therein).
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Dð1Þ
A;BSðQ2Þ ¼ 4

β0
Að1Þ;

Dk≥2
A;BSðQ2Þ ¼ 4

β0

�
AðkÞ þ

Xk
m¼2

d̃BSm−1Ã
ðkÞ
ν¼m

�
: ð35Þ

As in the GLS sum rule, the HQ contribution for BSR
was calculated in [19], leading to the following replacement
for d̃BS1 ¼ dBS1 :

dBS1 →dBS1 −
X
i¼c;b;t

C1ðξiÞ; d̃1→ d̃BS1 −
X
i¼c;b;t

C1ðξiÞ; ð36Þ

where ξi and C1ðξÞ are given in Eqs. (17) and (20),
respectively.
It is important to emphasize that the BSR perturbative

structure is very similar to that of theGLSsumrule.Both sum
rules are governed by very similar twist-2 parts. Their
approximate equivalence has been discussed in the literature
(see Ref. [10]). Moreover, there are speculations about the
similarity between the twist-four parts (see Ref. [11]).3

Therefore, in agreement with discussions in [11], we can
(with some precision) treat BSR andGLS sum rule as having
the same dependence with only a different overall factor

Cpþn
GLSðQ2Þ ≈ 18

gA
Γp−n
1 ðQ2Þ ð37Þ

and, thus, for analytic QCD we have similarly

Cpþn
A;GLSðQ2Þ ≈ 18

gA
Γp−n
A;1 ðQ2Þ: ð38Þ

IV. RESULTS

By analogy with Refs. [7,24–28], where the BSR case
was considered, we perform a fit of experimental data for
the GLS sum rule within the framework of standard and
analytic QCD with the usual and massive forms of the
twist-four terms [see Eqs. (2), (3), (22), and (23),
respectively].4

As in the BSR case (see Refs. [26,27]), for conventional
PT in MS-scheme,5 in Figs. 1 and 2, we see a discrepancy
between the QCD predictions and the experimental data,
regardless of the form of the twist-four terms. Moreover, we
see that the discrepancy increases with increasing PT order.
This is the same as in the BSR case (see, e.g., Ref. [27]),
and the reason is the same. With increasing PT order, the
Landau pole of the strong coupling constant shifts toward
higher Q2 values (see Fig. 8 in the Appendix). Thus, the
results for the GLS sum rule shift toward negative values,
since the PT corrections have a negative sign.
Since the number of experimental points for the GLS

sum rule is very small, we have added to Figs. 1 and 2 (but
not used in the fits) the experimental BSR data [33]
rescaled by the factor 18=gA. We see that the experimental
data for the GLS sum rule lie slightly above these rescaled
experimental BSR points. This observation is consistent
with the results of [34], where the possibility was discussed
that the experimental data for the GLS sum rule should be

FIG. 1. The results (2) with μ2n ¼ 0 for n ≥ 3 in the first three orders of PT.

3The similarity of perturbative parts for the structure functions
F3ðx;Q2Þ and g1ðx;Q2Þ themselves has been explored in
Ref. [23].

4A fairly similar analysis of the GLS sum rule with the usual
form of the twist-four term can be found in [29].

5Hereafter we will use the usual PT in MS-scheme with the
renormalization scale μR ¼ Q. We do not consider resummations
such as the principle of maximal conformality (PMC) [30,31],
which leads to strong modifications of PTat lowQ2 values. Some
discussions about resummations and applications for GLS sum
rule based on the paper [32], will be done in the Conclusions.
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smaller than those published in [35] due to some uncon-
sidered corrections.
In the case of analytic QCD, we have good agreement

between the QCD predictions and the experimental data
(see Tables I and II and Figs. 3 and 4).
Summarizing the situation with the perturbative curves,

one should note their unsatisfactory description of the
experimental data, together with their unphysical behavior
in the infrared region. The situation changes drastically
once analytic QCD is applied. Tables I and II contain the
results of comparing the experimental data with the
theoretical expressions (22) and (23) taking into account
the twist-four term in Table I and twist-four plus twist-six
terms in Table II.
It is now instructive to compare these results with those

obtained long ago: μCCFR4 [35], μBK4 [36] and μGG4 [37]

μCCFR4 ¼ −0.15� 0.15 GeV2;

μBK4 ¼ −0.293� 0.142 GeV2;

μGG4 ¼ −0.471� 0.036 GeV2 ð39Þ

and with the more recent result (see Ref. [32]) within PMC
approach [30,31]

μPMC
4 ¼ −0.061þ 0.031 − 0.039 GeV2: ð40Þ

First of all, we will show that our results in Tables I and II,
which are obtained within the framework of analytical
QCD, can be compared with the results obtained in the
conventional PT (39) and in the PMC approach (40). For
simplicity, we do this at LO, where in the case of analytical
QCD we have

Dð1Þ
A ðQ2Þ ¼ 4

β0

�
að1Þs −

Λ2
0

Q2 −Λ2
0

	
≈Dð1ÞðQ2Þ− 4Λ2

0

β0Q2
; ð41Þ

where Λ0 ¼ 142 MeV is the LO QCD parameter [18] for
the case of three active quarks (see also Refs. [38–40]).
Thus, in the case of analytical QCD, there is an additional
power-law contribution of 12Λ0=ðβ0Q2Þ to the twist-two
component coming from the twist-four term. So, the twist-
four parts in the analytic QCD case and in the usual PT are
related as follows

FIG. 2. As in Fig. 1 but for the massive twist-four case (3).

TABLE I. The values of the fit parameters for the massive twist-
four case shown in (23) [for the massless one shown in (22)].

M2 [GeV2] μ̂A;4 [μA;4 GeV2] χ2=ðd:o:f:Þ
LO 0.448� 0.041 −0.212� 0.009 0.75

[−0.065� 0.002] [1.63]

NLO 0.377� 0.040 −0.209� 0.011 0.80
[−0.057� 0.001] [1.39]

N2LO 0.358� 0.039 −0.213� 0.012 0.82
[−0.056� 0.001] [1.25]

N3LO 0.354� 0.038 −0.215� 0.012 0.82
[−0.055� 0.002] [1.25]

TABLE II. The values of the fit parameters for the case with
massless twist-four and twist-six terms shown in (22).

μA;4 GeV2 μMA;6 GeV4 χ2=ðd:o:f:Þ
LO −0.063� 0.002 0.0060� 0.0001 1.64
NLO −0.056� 0.002 0.0054� 0.0001 1.24
N2LO −0.055� 0.001 0.0052� 0.0001 1.18
N3LO −0.055� 0.001 0.0052� 0.0001 1.17
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μA;4 ¼ μ4 −
12Λ2

0

β0
≈ μ4 − 0.027 GeV2; ð42Þ

where the symbol ≈ shows here the case f ¼ 3.
In Eq. (42), the difference between μA;4 and μ4 less then

uncertainties in (39) and (40) and, thus, we can compare the
results shown Tables I and II with ones in (39) and (40).
Considering the results for μA;4 in Table I, we see good
agreement between μA;4 and μPMC

4 . Indeed, in Table I, μA;4
decreases slightly with increasing PT order from
μA;4 ¼ −0.065� 0.002 GeV2 at LO to μA;4 ¼ −0.055�
0.002 GeV2 at N3LO and all the results are completely
consistent with μPMC

4 . We also see agreement with μCCFR4 ,
obtained by the CCFR collaboration, but disagreement with
the old theoretical predictions μBK4 and μGG4 .When μA;6 is

added, the values of μA;4 do not change in their uncertain-
ties. The values of μA;6 are very small and opposite in sign
to μA;4. Moreover, the values of χ2 decrease beyond LO.
One should pay attention to the different sign of twist-six

contribution with respect to twist-four one. This property is
in full agreement with correct analytic properties provided
by the sign factor in the representation (4). Moreover, the
decrease of its magnitude with respect to twist-four one
may be compatible with appearance in (4) of the higher
moments of decreasing function. In turn, the decrease of
spectral function ρðsÞ with s growth does not seem
unnatural. These properties are also manifested in the
massive model.
In the case of the massive twist-four term, the values

of M2μ̂A;4 decrease slightly with increasing PT
order: M2μ̂A;4 ¼ −0.095� 0.005 GeV2 in LO and

FIG. 4. As in Fig. 2 but for the APT result (23).

FIG. 3. As in Fig. 1 but for the APT result (22).
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M2μ̂A;4 ¼ −0.076� 0.004 GeV2 in N3LO. In full accor-
dance with the case of massless high twists shown above,
we see good agreement between the results obtained for
M2μ̂A;4 with μPMC

4 and μCCFR4 and disagreement with the old
theoretical predictions μBK4 and μGG4 . However, note that the
value of M2μ̂A;4 is higher than the values of μA;4 shown
above. But the values of M2μ̂A;4 are divisible by
ðQ2 þM2Þ, which are significantly larger than Q2 in the
kinematic range. Note that the values of χ2 are significantly
lower in the case of the massive twist-four term.
In the Figs. 3 and 4 we also show the experimental BSR

data rescaled by the factor 18=gA. The results obtained using
the massive twist-four term and using both the twist-four and
twist-six terms are very similar. Therefore, in Figs. 3 and 4
we show the results obtained using the twist-four term.
With the massive form of the twist-4 term (see Fig. 4),

the agreement with the rescaled BSR data extends down to
the low-Q2 region, remaining good for Q2 < 0.6 GeV2. In
contrast, the standard twist-four ansatz deteriorates at low
Q2 (see Fig. 3) and provides a reasonable description only
for Q2 ≥ 0.8 GeV2. Of course, this correspondence occurs
only for the rescaled BSR data, but not for the data
according to the GLS sum rule, which are absent at such
low values of Q2.
The available experimental information on the GLS

sum rule still has large uncertainties, and the number of
experimental points is very small. For this reason, it is
useful to supplement the comparison with recent lattice
QCD results from Ref. [6]. Note that the lattice “data”
in [6] are quite different for different values of β. We
will use the lattice data with a large β corresponding to
the smallest value of the lattice parameter a.
In the case of standard PT in MS-scheme, the results

obtained by fitting these lattice data are presented in Fig. 5.
(Since the results in the cases of the usual and massive

twist-four terms are similar, we show only the results for the
massive twist-four term). It can be seen that the LO results
agree quite well with the lattice data, which cannot be said
about the results for higher PT orders.6 Moreover, as
already discussed for the case of the experimental data
for the GLS sum rule, the discrepancy increases with
increasing PT order. The reasons are the same as discussed
above.
In the case of analytic QCD, we have good agreement

with the lattice data. The results obtained by fitting these
lattice data are presented in Table III and Fig. 6. The fitting
parameters obtained with massless light quarks, with the
addition of the charm contribution, and with the addition of
the contribution of all heavy quarks are quite similar.
Moreover, since there is no real difference between the
results for the massless and massive twist-four terms, we
present in Table III only the results for the massive twist-
four term.
We see, that the values of M2μ̂A;4 decrease with

increasing PT order: M2μ̂A;4 ¼ −0.085� 0.056 GeV2 in
LO and M2μ̂A;4 ¼ −0.047� 0.044 GeV2 in N3LO in the
case of massless quarks. When we added the contribution
of heavy quarks, the situation did not change, but the values
of M2μ̂A;4 increased: M2μ̂A;4 ¼ −0.17� 0.08 GeV2 in LO
and M2μ̂A;4 ¼ −0.12� 0.05 GeV2 in N3LO. We see a
good agreement between these results and the results
obtained above, as well as with μPMC

4 and μCCFR4 and
disagreement with μBK4 and μGG4 .
Note that we obtain rather large χ2 values for the fits

because the uncertainties in the lattice data are very small.

0 1 2 3 4 5 6 7 8
2 [GeV]2Q

0

0.5

1

1.5
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G
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n
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PT LO fit
PT NLO fit

LO fit2PT N
LO fit3PT N

CCFR/NUTEV
 = 5.95Lattice data 
 = 5.65Lattice data 

FIG. 5. As in Fig. 2 but with lattice data.

6Given the close analogy with the BSR case (see Ref. [41]), a
detailed analysis of the low Q2 range can lead to an incorrect
description, even at LO. Unfortunately, in the case of the GLS
sum rule, there is no information about the low Q2 range, since
the relevant experimental and lattice data are missing here.
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If we add experimental data to the considered data of the
lattice, the values of χ2 decrease, but the extracted param-
eters do not actually change when taking into account the
corresponding uncertainties (see Tables III and IV).
Table IV contains the results of fits of experimental data

and lattice data using theoretical predictions (23), taking
into account only the massive twist-four term. As in the
case, considered above and shown in Table III, the values of
M2μ̂A;4 decrease with increasing PT order: M2μ̂A;4 ¼
−0.10� 0.07 GeV2 in LO and M2μ̂A;4 ¼ −0.048�
0.062 GeV2 in N3LO in the case of massless quarks.
When we added the charm contribution, the situation is
similar, but the values of M2μ̂A;4 increased: M2μ̂A;4 ¼
−0.18� 0.08 GeV2 in LO and M2μ̂A;4 ¼ −0.13�
0.06 GeV2 in N3LO. We see a good agreement between

these results and the results obtained above, as well as with
μPMC
4 and μCCFR4 and disagreement with μBK4 and μGG4 .
In Fig. 7, we show the results for the GLS sum rule

obtained in Table III, along with the BSR results scaled by a
factor of 18=gA. The BSR results were obtained under the
same conditions in Ref. [27]. As can be seen from Fig. 7,
the ratio (38) is valid only for large values of Q2:
Q2 ≥ 5 GeV2. For smaller values of Q2, Cpþn

A;GLSðQ2Þ and
ð18=gAÞΓp−n

A;1 ðQ2Þ become different. The difference arises
due to the different parameter values in the twist-four terms
in the cases of the GLS and Bjorken sum rules. Indeed, the
values of μ̂A;4 shown in Tables III and IV are significantly
smaller than the corresponding values for the twist-four
magnitudes obtained for the BSR case (see Table I in [27])
and rescaled by a factor of ð18=gAÞ. Thus, the ratio (38),

FIG. 6. As in Fig. 4 but with the lattice data.

TABLE III. The values of the twist-four parameters in (23) and (26) obtained from the lattice data.

M2 [GeV2] 10μ̂A;4 χ2=ðd:o:f:Þ
(þ charm contributions) (þ charm contributions) (þ charm contributions)

[þ HQ contributions] [þ HQ contributions] [þ HQ contributions]

LO 0.879� 0.338 −0.97� 0.22 4.84
(1.493� 0.391) (−1.49� 0.43) (4.51)
[1.253� 0.432] [−1.33� 0.43] [4.79]

NLO 0.408� 0.277 −1.09� 0.23 3.50
(0.886� 0.400) (−1.43� 0.33) (4.48)
[0.998� 0.337] [−1.29� 0.36] [4.15]

N2LO 0.400� 0.258 −1.19� 0.75 3.24
(0.785� 0.385) (−1.49� 0.33) (4.04)
[0.878� 0.319] [−1.37� 0.42] [4.48]

N3LO 0.370� 0.247 −1.26� 0.85 3.12
(0.738� 0.373) (−1.56� 0.55) (4.34)
[0.822� 0.306] [−1.43� 0.36] [4.02]
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based on the assumption in [11], seems to be fulfilled only
for rather large values of Q2, Q2 ≥ 5 GeV2.

V. CONCLUSIONS

We have investigated the Gross–Llewellyn Smith sum
rule within the framework of conventional and analytic
QCD. A comparison was performed between experimental
data, recent lattice calculations, and perturbative QCD
based on conventional and analytic versions of perturbation
theory with different parametrizations for the twist-four
contribution. We showed that conventional perturbation
theory beyond LO in MS scheme with μR ¼ Q fails to
reproduce the data, while the analytic version, especially
with the massive high-twist terms, demonstrates good
agreement with experimental data and lattice calculations.

In all considered cases, we see good agreement between our
results for μA;4 and μ̂A;4 and also μPMC

4 obtained in [32]
using the PMC approach [30] and its single scale version
[31]. We also see agreement with μCCFR4 [35], obtained by
CCFR collaboration, but disagreement with the old theo-
retical predictions μBK4 [36] and μGG4 [37]. Note that usually
the values of χ2 decrease when we add the twist-six term.
We also discussed the relation between the Gross–

Llewellyn Smith sum rule and the Bjorken sum rule. We
found a similarity between the Gross–Llewellyn Smith
sum rule and the rescaled Bjorken sum rule, with the
additional factor 18=gA, at rather large Q2 values,
Q2 ≥ 5 GeV2, where the corresponding twist-two parts
give the main contributions. However, at smaller Q2 values
(Q2 ≤ 2 GeV2), there is a difference between them.

TABLE IV. The values of the twist-four parameters in (23) and (26) obtained from experimental and lattice data.

M2 [GeV2] for the massless case 10μ̂A;4 for the massless case χ2=ðd:o:f:Þ the massless case

(þ charm contributions) (þ charm contributions) (þ charm contributions)

[þ HQ contributions] [þ HQ contributions] [þ HQ contributions]

LO 1.283� 0.819 −0.78� 0.22 3.18
(1.466� 0.592) (−1.23� 0.23) (3.16)
[1.699� 0.595] [−1.21� 0.21] [3.34]

NLO 0.609� 0.556 −0.94� 0.18 2.58
(1.108� 0.463) (−1.23� 0.30) (2.75)
[1.225� 0.512] [−1.20� 0.27] [2.94]

N2LO 0.477� 0.491 −1.03� 0.75 2.41
(1.006� 0.435) (−1.27� 0.32) (2.43)
[1.143� 0.481] [−1.22� 0.29] [2.84]

N3LO 0.429� 0.457 −1.11� 0.85 2.33
(0.957� 0.415) (−1.31� 0.33) (2.59)
[1.088� 0.458] [−1.25� 0.30] [2.79]
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FIG. 7. As in Fig. 6 but with the rescaled BSR curve (38) (the green curve) added.
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We have shown that this is due to the different values of the
twist-four terms obtained here for the GLS sum rule (see
Tables I–IV) and for the BSR case in Ref. [27].
Note that the disadvantage of traditional perturbation

theory is related to the fact that the strong coupling constant
has the Landau pole at Q2 ∼ Λ2, and thus, at low values of
Q2, perturbation theory becomes inapplicable. Indeed, at
low values of Q2, the twist-two part of the GLS summation
rules becomes very large (and negative). The situation
changes dramatically when summations of perturbative
series are taken into account. For example, in the PMC
approach [30,31], which are now quite popular, the
effective strong coupling scale for the GLS sum rule
becomes Q� ¼ 0.86 GeV (see Ref. [32]), which greatly
changes the situation becauseQ� ≫ Λ and the Landau pole
are not reached. In this case, the correspondence between
experimental data and theoretical predictions are restored.
Note that the summation in the case of the Bjorken sum rule
performed in [42], also improves similar matching.
However, in the present research we mainly focus on the

applicability of analytical QCD, and traditional perturba-
tion theory plays an auxiliary role. Therefore, we have
considered only the traditional perturbation theory in the
MS scheme with μR ¼ Q.
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APPENDIX: ANALYTIC COUPLING

Here we present a brief overview of QCD with analytic
QCD couplings in the first three PT orders. More general
results, including three other representations of analytic
couplings for spacelike processes, can be found in [38] (see
also Ref. [39]). Representations for analytic couplings for
timelike processes are given in [40].
The strong coupling constant αsðQ2Þ satisfies the

renormalization group equation

L≡ ln
Q2

Λ2
¼

Z
āsðQ2Þ da

βðaÞ ; ðA1Þ

where āsðQ2Þ, asðQ2Þ and βðaÞ are defined in Eqs. (9) and
(10) of the main text.
In the perturbative regime, whenQ2 ≫ Λ2, Eq. (A1) can

be solved iteratively in the form of a 1=L-expansion,7

which can be written as as a series of corrections to the
well-known LO expression

að1Þs;0ðQ2Þ ¼ 1

L0

;

aðiþ1Þ
s;i ðQ2Þ ¼ að1Þs;i ðQ2Þþ

Xi

m¼2

δðmÞ
s;i ðQ2Þ; ði¼ 0;1;2;…Þ;

ðA2Þ

where

Li ¼ ln ti; ti ¼
1

zi
¼ Q2

Λ2
i

ðA3Þ

and

δð2Þs;i ðQ2Þ ¼ −
b1 lnLi

L2
i

;

δð3Þs;i ðQ2Þ ¼ 1

L3
i
½b21ðln2Li − lnLi − 1Þ þ b2�; ðA4Þ

i.e., aðiþ1Þ
s ðQ2Þ (i ¼ 0, 1, 2) contain poles and other

singularities at Q2 ¼ Λ2
i . The results for Λi can be found,

for example, in Ref. [18].
Figure 8 shows that the strong couplings aðiþ1Þ

s;i ðQ2Þ
become singular at Q2 ∼ Λ2

i , and these singularities shift to
higher Q2 values as the PT order increases.
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FIG. 8. The results for aðiþ1Þ
s;i ðQ2Þ and ðΛf¼3

i Þ2 (vertical lines)
with i ¼ 0, 2, 4. Here and in subsequent figures, the Λf¼3

i values
from [18] are used.

7The 1=L-expansion provides a good approximation for the
solution of Eq. (A1) at Q2 ≥ 10 GeV2 (see, e.g., Ref. [43]).
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We can raise the results (A2) to the power ν and then

reconstruct ãðkÞν ðQ2Þ (11) using the relations between ãν
and aνs obtained in [16]. This procedure is described in
more details in Appendix A of [38]. Here we present only
the final results, which take the form8

ãð1Þν;0ðQ2Þ ¼ ðað1Þs;0ðQ2ÞÞν ¼ 1

Lν
0

;

ãðiþ1Þ
ν;i ðQ2Þ ¼ ãð1Þν;i ðQ2Þ þ

Xi

m¼1

Cνþm
m δ̃ðmþ1Þ

ν;i ðQ2Þ;

δ̃ðmþ1Þ
ν;i ðQ2Þ ¼ R̂m

1

Lνþm
i

; Cνþm
m ¼ ΓðνþmÞ

m!ΓðνÞ ; ðA5Þ

where

R̂1 ¼ b1

�
Ẑ1ðνÞ þ

d
dν

	
;

R̂2 ¼ b2 þ b21

�
d2

ðdνÞ2 þ 2Ẑ1ðνþ 1Þ d
dν

þ Ẑ2ðνþ 1Þ
	

ðA6Þ

and ẐjðνÞ (j ¼ 1, 2) are combinations of Euler Ψ-functions
and their derivatives.
The representation (A5) of the δ̃ðmþ1Þ

ν;i ðQ2Þ corrections as
R̂m-operators is very important and allows us to obtain in a
similar way the higher-order results for the 1=L-expansion
of analytic couplings [see Eqs. (A12) and (A13) below],
avoiding the need to compute rather complicated integral
expressions.
Let us now return to the problem of the IR singularity of

the coupling constant. In [46], an effective approach was
developed to eliminate the Landau pole, based on a
dispersion relation that connects the new analytic coupling
AMAðQ2Þ with the spectral function rptðsÞ derived from PT.
At LO, this gives

Að1Þ
MAðQ2Þ ¼ 1

π

Z þ∞

0

ds
ðsþ tÞ r

ð1Þ
pt ðsÞ;

rð1Þpt ðsÞ ¼ Im að1Þs ð−s − iϵÞ: ðA7Þ
This approach is commonly referred to as the minimal

approach (MA) (see, e.g., Ref. [47]) or analytic perturba-
tion theory (APT) [46].
A further development of APT is the fractional APT

(FAPT) [44], which extends the construction principles to
PT series involving noninteger powers of the coupling. In
quantum field theory, such series arise for quantities with
nonzero anomalous dimensions.
Here we summarize the fundamental properties

of MA couplings, as derived in [38] using the

1=L-expansion. As already discussed above, for the
standard coupling, this expansion is only valid for large
Q2, i.e., Q2 ≫ Λ2. However, as demonstrated in [38],
the situation is entirely different for analytic couplings:
the 1=L-expansion is applicable for all values of the
argument. This is because nonleading corrections in the
expansion vanish not only as Q2 → ∞ but also as
Q2 → 0,9 resulting only in small, nonzero corrections
in the region Q2 ∼ Λ2.
In the LO case, the spectral integral (A7) can be

evaluated analytically. The MA coupling Að1Þ
MA;ν;0 has the

following form [44]

Að1Þ
MA;ν;0ðQ2Þ ¼

�
að1Þν;0ðQ2Þ

�
ν
−
Li1−νðz0Þ
ΓðνÞ

¼ 1

Lν
0

−
Li1−νðz0Þ
ΓðνÞ ≡ 1

Lν
0

− Δð1Þ
ν;0; ðA8Þ

where

LiνðzÞ ¼
X∞
m¼1

zm

mν ðA9Þ

is the polylogarithm.
For ν ¼ 1, we recover the famous Shirkov-Solovtsov

result [46]

Að1Þ
MA;0ðQ2Þ≡ Að1Þ

MA;ν¼1;0ðQ2Þ ¼ 1

L0

−
z0

1 − z0
: ðA10Þ

Note that the result (A10) can be derived directly from the
integral form (A7), as was done in Ref. [46].
Beyond LO, the spectral integral becomes considerably

more complicated, even for numerical methods [48]. To
avoid the need for direct numerical or analytical compu-
tations, and following Eq. (A8) for the LO analytic
coupling, we consider the derivatives of the MA coupling,
defined as

ÃMA;nþ1ðQ2Þ ¼ ð−1Þn
n!

dnAMAðQ2Þ
ðdLÞn : ðA11Þ

By analogy with the ordinary coupling, and using the
results (A5), we obtain for the MA analytic coupling

Ãðiþ1Þ
MA;ν;i the following expression:

Ãðiþ1Þ
MA;ν;iðQ2Þ¼ Ãð1Þ

MA;ν;iðQ2Þþ
Xi

m¼1

Cνþm
m δ̃ðmþ1Þ

A;ν;i ðQ2Þ; ðA12Þ

where Ãð1Þ
MA;ν;i is given in Eq. (A8) and

8The expansion (A5) is similar to those used in Refs. [44,45]
for expanding ðaðiþ1Þ

s;i ðQ2ÞÞν in powers of að1Þs;i ðQ2Þ. 9This observation was previously made in [46].
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δ̃ðmþ1Þ
A;ν;i ðQ2Þ ¼ δ̃ðmþ1Þ

ν;i ðQ2Þ − R̂m

�
Li−ν−mþ1ðziÞ
ΓðνþmÞ

�
; ðA13Þ

with δ̃ðmþ1Þ
ν;i ðQ2Þ and R̂m given in Eqs. (A5) and (A6),

respectively.
The relations (A8) reflect the fact that the MA procedure

(A8) commutes with the operation d=ðdνÞ. Thus, to obtain
(A8), we assume that the form (A5) for the usual coupling
as at higher orders applies exactly in the same way to the
MA coupling.
After some calculations, we obtain the following expres-

sions without explicit operators:

Δ̃ðiþ1Þ
ν;i ¼ Δ̃ð1Þ

ν;i þ
Xi

m¼1

Cνþm
m R̄mðziÞ

�
Li−ν−mþ1ðziÞ
ΓðνþmÞ

�
; ðA14Þ

where

R̄1ðzÞ ¼ b1½γ̄E þM−ν;1ðzÞ�;
R̄2ðzÞ ¼ b2 þ b21½M−ν−1;2ðzÞ þ 2γ̄EM−ν−1;1ðzÞ þ γ̄2E − ζ2�;

ðA15Þ
with the Euler constant γE and

γ̄E ¼ γE − 1;

Liν;kðzÞ ¼ ð−1Þk dk

ðdνÞk LiνðzÞ ¼
X∞
m¼1

zmlnkm
mν ;

Mν;kðzÞ ¼
Liν;kðzÞ
LiνðzÞ

: ðA16Þ

We see that the ΨðνÞ-function and its derivatives have
completely canceled out. Moreover, the differences between

Aðiþ1Þ
MA;ν¼1;iðQ2Þ are rather small and have nonzero values only

around the positionQ2 ¼ Λ2
i (see Figs. 3 and 4 in Ref. [38]).

[1] D. J. Gross and C. H. Llewellyn Smith, Nucl. Phys. B14,
337 (1969).

[2] A. Retey and J. A. M. Vermaseren, Nucl. Phys. B604, 281
(2001); S. A. Larin and J. A. M. Vermaseren, Phys. Lett. B
259, 345 (1991).

[3] P. A. Baikov, K. G. Chetyrkin, and J. H. Kuhn, Phys. Rev.
Lett. 104, 132004 (2010).

[4] J. D. Bjorken, Phys. Rev. 148, 1467 (1966); Phys. Rev. D 1,
1376 (1970).

[5] A. Deur et al., Phys. Lett. B 825, 136878 (2022).
[6] K. U. Can et al. (QCDSF Collaboration), Phys. Rev. D 111,

114505 (2025).
[7] R. S. Pasechnik, D. V. Shirkov, and O. V. Teryaev, Phys.

Rev. D 78, 071902 (2008); R. S. Pasechnik, D. V. Shirkov,
O. V. Teryaev, O. P. Solovtsova, and V. L. Khandramai,
Phys. Rev. D 81, 016010 (2010); A. V. Kotikov and
B. G. Shaikhatdenov, Phys. Part. Nucl. 45, 26 (2014).

[8] O. Teryaev, Nucl. Phys. B, Proc. Suppl. 245, 195 (2013);
V. L. Khandramai, O. V. Teryaev, and I. R. Gabdrakhmanov,
J. Phys. Conf. Ser. 678, 012018 (2016).

[9] I. R. Gabdrakhmanov, O. V. Teryaev, and V. L. Khandramai,
J. Phys. Conf. Ser. 938, 012046 (2017).

[10] D. J. Broadhurst and A. L. Kataev, Phys. Lett. B 315, 179
(1993).

[11] A. L. Kataev, Mod. Phys. Lett. A 20, 2007 (2005); JETP
Lett. 81, 608 (2005).

[12] P. A. Baikov, K. G. Chetyrkin, and J. H. Kuhn, Phys. Rev.
Lett. 101, 012002 (2008).

[13] G. Cvetic and C. Valenzuela, J. Phys. G 32, L27 (2006);
Phys. Rev. D 74, 114030 (2006).

[14] A. V. Kotikov and I. A. Zemlyakov, Pis’ma Zh. Eksp. Teor.
Fiz. 115, 609 (2022) [JETP Lett. 115, 565 (2022)].

[15] G. Cvetic, R. Kogerler, and C. Valenzuela, Phys. Rev. D 82,
114004 (2010).

[16] G. Cvetič and A. V. Kotikov, J. Phys. G 39, 065005 (2012).
[17] K. G. Chetyrkin, J. H. Kuhn, and C. Sturm, Nucl. Phys.

B744, 121 (2006); Y. Schroder and M. Steinhauser, J. High
Energy Phys. 01 (2006) 051; B. A. Kniehl, A. V. Kotikov,
A. I. Onishchenko, and O. L. Veretin, Phys. Rev. Lett. 97,
042001 (2006).

[18] H. M. Chen et al., Int. J. Mod. Phys. E 31, 2250016 (2022).
[19] J. Blümlein, G. Falcioni, and A. De Freitas, Nucl. Phys.

B910, 568 (2016).
[20] S. Navas et al. (Particle Data Group), Phys. Rev. D 110,

030001 (2024).
[21] S. A. Larin, Phys. Lett. B 723, 348 (2013); P. A. Baikov,

K. G. Chetyrkin, and J. H. Kühn, Nucl. Part. Phys. Proc.
261–262, 3 (2015).

[22] A. L. Kataev and V. S. Molokoedov, Phys. Part. Nucl. 54,
931 (2023).

[23] A. V. Kotikov and D. V. Peshekhonov, JETP Lett. 65, 7
(1997); Eur. Phys. J. C 9, 55 (1999).

[24] V. L. Khandramai, R. S. Pasechnik, D. V. Shirkov, O. P.
Solovtsova, and O. V. Teryaev, Phys. Lett. B 706, 340
(2012).

[25] C. Ayala, G. Cvetič, A. V. Kotikov, and B. G.
Shaikhatdenov, Int. J. Mod. Phys. A 33, 1850112 (2018);
Eur. Phys. J. C 78, 1002 (2018).

[26] I. R. Gabdrakhmanov, N. A. Gramotkov, A. V. Kotikov,
D. A. Volkova, and I. A. Zemlyakov, JETP Lett. 118, 478
(2023).

[27] I. R. Gabdrakhmanov, N. A. Gramotkov, A. V. Kotikov,
O. V. Teryaev, D. A. Volkova, and I. A. Zemlyakov, Int. J.
Mod. Phys. A 40, 2450175 (2025).

[28] I. R. Gabdrakhmanov, N. A. Gramotkov, A. V. Kotikov,
O. V. Teryaev, D. A. Volkova, and I. A. Zemlyakov, Particles

8,29)2025 ); I. R. Gabdrakhmanov, N. A. Gramotkov, A. V.
Kotikov, D. A. Volkova, and I. A. Zemlyakov, Phys. At.

GROSS–LLEWELLYN SMITH SUM RULE WITH AN ANALYTIC … PHYS. REV. D 113, 014041 (2026)

014041-13

https://doi.org/10.1016/0550-3213(69)90213-2
https://doi.org/10.1016/0550-3213(69)90213-2
https://doi.org/10.1016/S0550-3213(01)00149-3
https://doi.org/10.1016/S0550-3213(01)00149-3
https://doi.org/10.1016/0370-2693(91)90839-I
https://doi.org/10.1016/0370-2693(91)90839-I
https://doi.org/10.1103/PhysRevLett.104.132004
https://doi.org/10.1103/PhysRevLett.104.132004
https://doi.org/10.1103/PhysRev.148.1467
https://doi.org/10.1103/PhysRevD.1.1376
https://doi.org/10.1103/PhysRevD.1.1376
https://doi.org/10.1016/j.physletb.2022.136878
https://doi.org/10.1103/jb3r-lmvz
https://doi.org/10.1103/jb3r-lmvz
https://doi.org/10.1103/PhysRevD.78.071902
https://doi.org/10.1103/PhysRevD.78.071902
https://doi.org/10.1103/PhysRevD.81.016010
https://doi.org/10.1134/S1063779614010535
https://doi.org/10.1016/j.nuclphysbps.2013.10.039
https://doi.org/10.1088/1742-6596/678/1/012018
https://doi.org/10.1088/1742-6596/938/1/012046
https://doi.org/10.1016/0370-2693(93)90177-J
https://doi.org/10.1016/0370-2693(93)90177-J
https://doi.org/10.1142/S0217732305018165
https://doi.org/10.1134/1.2034588
https://doi.org/10.1134/1.2034588
https://doi.org/10.1103/PhysRevLett.101.012002
https://doi.org/10.1103/PhysRevLett.101.012002
https://doi.org/10.1088/0954&aelig;-3899/32/6/L01
https://doi.org/10.1103/PhysRevD.74.114030
https://doi.org/10.1134/S0021364022600628
https://doi.org/10.1103/PhysRevD.82.114004
https://doi.org/10.1103/PhysRevD.82.114004
https://doi.org/10.1088/0954-3899/39/6/065005
https://doi.org/10.1016/j.nuclphysb.2006.03.020
https://doi.org/10.1016/j.nuclphysb.2006.03.020
https://doi.org/10.1088/1126-6708/2006/01/051
https://doi.org/10.1088/1126-6708/2006/01/051
https://doi.org/10.1103/PhysRevLett.97.042001
https://doi.org/10.1103/PhysRevLett.97.042001
https://doi.org/10.1142/S0218301322500161
https://doi.org/10.1016/j.nuclphysb.2016.06.018
https://doi.org/10.1016/j.nuclphysb.2016.06.018
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1016/j.physletb.2013.05.026
https://doi.org/10.1016/j.nuclphysbps.2015.03.002
https://doi.org/10.1016/j.nuclphysbps.2015.03.002
https://doi.org/10.1134/S1063779623050106
https://doi.org/10.1134/S1063779623050106
https://doi.org/10.1134/1.567322
https://doi.org/10.1134/1.567322
https://doi.org/10.1007/s100530050399
https://doi.org/10.1016/j.physletb.2011.11.023
https://doi.org/10.1016/j.physletb.2011.11.023
https://doi.org/10.1142/S0217751X18501129
https://doi.org/10.1140/epjc/s10052-018-6490-9
https://doi.org/10.1134/S0021364023602622
https://doi.org/10.1134/S0021364023602622
https://doi.org/10.1142/S0217751X24501756
https://doi.org/10.1142/S0217751X24501756
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.3390/particles8010029
https://doi.org/10.1134/S1063778824700388


Nucl. 87, 536 (2024); I. R. Gabdrakhmanov, N. A.
Gramotkov, A. V. Kotikov, O. V. Teryaev, D. A. Volkova,
and I. A. Zemlyakov, Phys. Part. Nucl. 56, 715 (2025).

[29] K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys.
Rev. D 60, 016001 (1999).

[30] S. J. Brodsky and X. G. Wu, Phys. Rev. D 85, 034038
(2012); Phys. Rev. Lett. 109, 042002 (2012); M. Mojaza,
S. J. Brodsky, and X. G. Wu, Phys. Rev. Lett. 110, 192001
(2013); S. J. Brodsky, M. Mojaza, and X. G. Wu, Phys. Rev.
D 89, 014027 (2014).

[31] J. M. Shen, X. G. Wu, B. L. Du, and S. J. Brodsky, Phys.
Rev. D 95, 094006 (2017).

[32] X. D. Huang, X. G. Wu, Q. Yu, X. C. Zheng, and J. Zeng,
Nucl. Phys. B969, 115466 (2021).

[33] A. Deur et al., Phys. Rev. Lett. 93, 212001 (2004); Phys.
Rev. D 78, 032001 (2008); A. Deur, Y. Prok, V. Burkert, D.
Crabb, F.-X. Girod, K. A. Griffioen, N. Guler, S. E. Kuhn,
and N. Kvaltine, Phys. Rev. D 90, 012009 (2014); A. Deur
et al., Phys. Lett. B 825, 136878 (2022).

[34] J. T. Londergan and A.W. Thomas, Phys. Rev. D 82,
113001 (2010).

[35] J. H. Kim et al., Phys. Rev. Lett. 81, 3595 (1998).
[36] V. M. Braun and A. V. Kolesnichenko, Nucl. Phys. B283,

723 (1987).
[37] G. G. Ross and R. G. Roberts, Phys. Lett. B 322, 425

(1994).

[38] A. V. Kotikov and I. A. Zemlyakov, J. Phys. G 50, 015001
(2023).

[39] A. V. Kotikov and I. A. Zemlyakov, arXiv:2207.01330;
Phys. Part. Nucl. 54, 942 (2023).

[40] A. V. Kotikov and I. A. Zemlyakov, Phys. Rev. D 107,
094034 (2023); Phys. Part. Nucl. 55, 863 (2024).

[41] I. R. Gabdrakhmanov, N. A. Gramotkov, A. V. Kotikov,
O. V. Teryaev, D. A. Volkova, and I. A. Zemlyakov, JETP
Lett. 120, 804 (2024); Phys. Part. Nucl. Lett. 22, 146 (2025).

[42] Q. Yu, X. G. Wu, H. Zhou, and X. D. Huang, Eur. Phys. J. C
81, 690 (2021).

[43] B. G. Shaikhatdenov, A. V. Kotikov, V. G. Krivokhizhin,
and G. Parente, Phys. Rev. D 81, 034008 (2010); 81,
079904(E) (2010); V. G. Krivokhizhin and A. V. Kotikov,
Phys. At. Nucl. 68, 1873 (2005).

[44] A. P. Bakulev, S. V. Mikhailov, and N. G. Stefanis, Phys.
Rev. D 72, 074014 (2005).

[45] A. P. Bakulev, S. V. Mikhailov, and N. G. Stefanis, Phys.
Rev. D 75, 056005 (2007); J. High Energy Phys. 06 (2010)
085.

[46] D. V. Shirkov and I. L. Solovtsov, arXiv:hep-ph/9604363;
Phys. Rev. Lett. 79, 1209 (1997); K. A. Milton, I. L.
Solovtsov, andO. P.Solovtsova,Phys.Lett.B415, 104 (1997).

[47] G. Cvetic and C. Valenzuela, Braz. J. Phys. 38, 371 (2008).
[48] A. V. Nesterenko and C. Simolo, Comput. Phys. Commun.

181, 1769 (2010).

I. R. GABDRAKHMANOV et al. PHYS. REV. D 113, 014041 (2026)

014041-14

https://doi.org/10.1134/S1063778824700388
https://doi.org/10.1134/S1063779624702186
https://doi.org/10.1103/PhysRevD.60.016001
https://doi.org/10.1103/PhysRevD.60.016001
https://doi.org/10.1103/PhysRevD.85.034038
https://doi.org/10.1103/PhysRevD.85.034038
https://doi.org/10.1103/PhysRevLett.109.042002
https://doi.org/10.1103/PhysRevLett.110.192001
https://doi.org/10.1103/PhysRevLett.110.192001
https://doi.org/10.1103/PhysRevD.89.014027
https://doi.org/10.1103/PhysRevD.89.014027
https://doi.org/10.1103/PhysRevD.95.094006
https://doi.org/10.1103/PhysRevD.95.094006
https://doi.org/10.1016/j.nuclphysb.2021.115466
https://doi.org/10.1103/PhysRevLett.93.212001
https://doi.org/10.1103/PhysRevD.78.032001
https://doi.org/10.1103/PhysRevD.78.032001
https://doi.org/10.1103/PhysRevD.90.012009
https://doi.org/10.1016/j.physletb.2022.136878
https://doi.org/10.1103/PhysRevD.82.113001
https://doi.org/10.1103/PhysRevD.82.113001
https://doi.org/10.1103/PhysRevLett.81.3595
https://doi.org/10.1016/0550-3213(87)90295-1
https://doi.org/10.1016/0550-3213(87)90295-1
https://doi.org/10.1016/0370-2693(94)91175-4
https://doi.org/10.1016/0370-2693(94)91175-4
https://doi.org/10.1088/1361-6471/ac99ce
https://doi.org/10.1088/1361-6471/ac99ce
https://arXiv.org/abs/2207.01330
https://doi.org/10.1134/S1063779623050131
https://doi.org/10.1103/PhysRevD.107.094034
https://doi.org/10.1103/PhysRevD.107.094034
https://doi.org/10.1134/S1063779624700394
https://doi.org/10.1134/S002136402460321X
https://doi.org/10.1134/S002136402460321X
https://doi.org/10.1134/S1547477124701991
https://doi.org/10.1140/epjc/s10052-021-09495-w
https://doi.org/10.1140/epjc/s10052-021-09495-w
https://doi.org/10.1103/PhysRevD.81.034008
https://doi.org/10.1103/PhysRevD.81.079904
https://doi.org/10.1103/PhysRevD.81.079904
https://doi.org/10.1134/1.2131117
https://doi.org/10.1103/PhysRevD.72.074014
https://doi.org/10.1103/PhysRevD.72.074014
https://doi.org/10.1103/PhysRevD.75.056005
https://doi.org/10.1103/PhysRevD.75.056005
https://doi.org/10.1007/JHEP06(2010)085
https://doi.org/10.1007/JHEP06(2010)085
https://arXiv.org/abs/hep-ph/9604363
https://doi.org/10.1103/PhysRevLett.79.1209
https://doi.org/10.1016/S0370-2693(97)01207-0
https://doi.org/10.1590/S0103-97332008000400002
https://doi.org/10.1016/j.cpc.2010.06.040
https://doi.org/10.1016/j.cpc.2010.06.040

	Gross-Llewellyn Smith sum rule with an analytic coupling
	I. INTRODUCTION
	II. GROSS-LLEWELLYN SMITH SUM RULE
	A. Heavy quark contribution

	III. BJORKEN SUM RULE
	IV. RESULTS
	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: ANALYTIC COUPLING
	References


