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Following the previously developed approach to the calculation of quantum corrections to the effective
potential in arbitrary scalar field theories in the leading logarithmic approximation, we extended it to the
next-to-leading order. Based on Bogoliubov-Parasiuk-Hepp-Zimmerman renormalization procedure and
the Bogoliu-bov-Parasiuk theorem, we construct recurrence relations and renormalization group equations
that allow one to sum up the leading and subleading logarithms in all orders of perturbation theory. The
formalism is applicable to an arbitrary scalar potential, renormalizable or not. To verify the results, we
compare them with a renormalizable model treated within the standard renormalization group approach.
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I. INTRODUCTION

The effective potential in quantum field theory is the first
term of the derivative expansion of the effective action,
which contains no derivatives. It is a generalization of the
classical potential with account for quantum corrections.
The effective potential can be applied in various contexts, in
particular, it can be used to determine the ground state of a
given field theory [1–3]. Usually, the calculation of the
effective potential includes the computation of one-loop
corrections and its further improvement with the help of the
renormalization group (RG). The latter can effectively be
done in renormalizable models but faces with the lack of
formalism in the non-renormalizable case. This was pre-
cisely the problem which we solved in a series of papers
[4–6], where we constructed the renormalization group
equations for an arbitrary scalar potential in the leading
logarithmic approximation. We then applied the advocated
formalism to various types of potentials, which appear in
some cosmological models [7,8].
In the present paper, we make the next step and consider

the RG equation in the next-to-leading approximation.
Here we face some conceptual problems. First of all, in

non-renormalizable models the counter terms that are needed
to eliminate the UV divergences do not repeat the original
Lagrangian and cannot be absorbed into the redefinition of
the original couplings. At each step, new operators appear
and one faces infinite arbitrariness. Due to these difficulties,
non-renormalizable models are claimed to be irrelevant and
are commonly treated only in the framework of the effective
field theory approach, where consideration is limited to first
orders of perturbation theory, which are supposed to work
up to the UV-cutoff limit. In this way, non-renormalizable
models are treated in cosmology, in the analysis of effective
quark interactions, etc. as outlined in Ref. [9]. We follow an
alternative approach and treat the non-renormalizable model
as a UV complete theory. In doing so, we do not solve the
ambitious problem of eliminating infinite arbitrariness but
notice that assuming that UV divergences are subtracted in
one way or another, the leading logarithmic approximation
(LLA) is independent of the subtraction scheme. This
observation allows us to write down the LL RG-equation
which is universal [6]. Solving this equation we sum up the
leading logarithms in all orders of perturbation theory just
like in renormalizable models.
The second observation is that even in the renormalizable

case, the NLL approximation depends on the subtraction
scheme. This scheme dependence is compensated by the
choice of coupling, but the compensation holds only up to
neglected orders of perturbation theory. In the non-renorma-
lizable case, there is no single coupling and the compensation
has a more complicated form [10]. Below we try to trace the
scheme dependence in the obtained results, but we must
admit that we do not have a full solution of this problem.
Having in mind all these observations, we derive the

RG equation for the effective potential in the NLL
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approximation and its solution for the simplest quartic
scalar model.
The paper is organized as follows. The first section is

dedicated to the basic formalism and the derivation of
recurrence relations based on the Bogoliubov-Parasiuk
theorem. In Sec. II, we briefly discuss some of our previous
results concerning the effective potential in the LL approxi-
mation. We present a simple rule that allows one to
construct the RG equation for the effective potential. In
Sec. IV, we calculate the diagrams and derive recurrence
relations in the NLL approximation. In the next section,
we study the scheme dependence problem. Then in the last
section, we check our results comparing them with the
renormalizable case known in the literature. In conclusion,
we discuss the general properties of the all-loop effective
potential in the NLLA.

II. INCOMPLETE R-OPERATION AND
LOCALITY CONDITION

Recall some technical details of the R-operation. We
follow the analysis carried out in Ref. [5], and remind only
the main results needed for calculating the effective potential.
The action of the R-operation on the divergent graph G

is defined as follows:

R ∘G ¼ ð1 −KÞR0 ∘G; ð1Þ

where K is the operator that singles out the divergent
part and R0 is the incomplete R-operation that subtracts
divergences in subgraphs. Thus, theKR0 ∘G is the counter-
term corresponding to the graph G [11,12]. In general,
when using dimensional regularization the action of the
R0 operation on an n-loop graph Gn can be written as

R0Gn ¼
AðnÞ

n

ϵn
ðμ2Þnϵ þAðnÞ

n−1
ϵn

ðμ2Þðn−1Þϵ þ…
AðnÞ

1

ϵn
μ2ϵ

þ BðnÞ
n

ϵn−1
ðμ2Þnϵ þ BðnÞ

n−1
ϵn−1

ðμ2Þðn−1Þϵ þ…
BðnÞ
1

ϵn−1
μ2ϵ

þ CðnÞn

ϵn−2
ðμ2Þnϵ þ CðnÞn−1

ϵn−2
ðμ2Þðn−1Þϵ þ…

CðnÞ1

ϵn−2
μ2ϵ

þ lower pole terms like DðnÞ
k ; EðnÞ

k ; etc:; ð2Þ

where the terms like
AðnÞ

k
ϵn ðμ2Þkϵ appear after subtraction of the

(n − k)-loop counterterm. The resulting expression has to be
local and should not contain terms like logkðμ2Þ=ϵl since in
the coordinate space these terms correspond to nonlocal
operators. Elimination of these terms is necessary to preserve
the locality of the counterterms. This is the core idea of
the Bogoliubov-Parasiuk theorem and Bogoliubov, Parasiuk,
Hepp and Zimmerman (BPHZ)-procedure (see Refs.
[13–15] and in the context of dimensional regularization
Refs. [16,17]). The locality requirement imposes constraints

and leads to the following relations between the singular
parts of the counterterms for the leading, subleading and
subsubleading pole terms, respectively

AðnÞ
n ¼ ð−1Þnþ1

AðnÞ
1

n
; ð3Þ

BðnÞ
n ¼ ð−1Þn 2!

 
BðnÞ
1

n
þ BðnÞ

2

nðn − 1Þ

!
; ð4Þ

CðnÞn ¼ ð−1Þnþ1 3!

�
CðnÞ1

2n
þ CðnÞ2

nðn− 1Þþ
CðnÞ3

nðn− 1Þðn− 2Þ
�
;etc:

ð5Þ
Using these relations, one can reduce the calculation of
the poles in any order of PT to the calculation of one-, two-,
and three-loop diagrams, for leading, subleading, and sub-
subleading pole terms, etc.
It is useful also to write down the local expression for

the KR0 terms (counterterms) which actually enter into the
recurrence relations. They are equal to

KR0Gn ¼
Xn
k¼1

 
AðnÞ

k

ϵn
þ BðnÞ

k

ϵn−1
þ CðnÞk

ϵn−2

!

≡AðnÞ0
n

ϵn
þ BðnÞ0

n

ϵn−1
þ CðnÞ

0
n

ϵn−2
þ…: ð6Þ

Then one has, respectively,

AðnÞ0
n ¼ ð−1Þnþ1AðnÞ

n ¼ AðnÞ
1

n
; ð7Þ

BðnÞ0
n ¼

�
2

nðn − 1ÞB
ðnÞ
2 þ 2

n
BðnÞ
1

�
; ð8Þ

CðnÞ
0

n ¼
�

2

ðn− 1Þðn− 2Þ
3

n
CðnÞ3 þ 2

n− 1

3

n
CðnÞ2 þ 3

n
CðnÞ1

�
; etc:

ð9Þ
One can also write down the corresponding expressions

for the coefficients of the logarithms which do not coincide
with the coefficients of the poles in subleading orders. We
denote them by ĀðnÞ

n , B̄ðnÞ
n , and C̄ðnÞn , etc. Then, one has

ĀðnÞ
n ¼ AðnÞ

n ¼ ð−1Þnþ1
AðnÞ

1

n
;

B̄ðnÞ
n ¼ ð−1Þn

�
BðnÞ
1 þ 2

ðn − 1ÞB
ðnÞ
2

�

C̄ðnÞn ¼ ð−1Þnþ1

�
n − 1

2
CðnÞ1 þ 2CðnÞ2 þ 3

n − 2
CðnÞ3

�
; etc:

ð10Þ
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In what follows, we use these relations to extract the
logarithmic behavior of the effective potential in the
leading and subleading order.

III. EFFECTIVE POTENTIAL IN THE LLA

Consider the scalar model with an arbitrary potential
with a single coupling [2]

L ¼ 1

2
ð∂μϕÞ2 − gV0ðϕÞ: ð11Þ

As already mentioned, the effective potential is part of the
effective action that contains no derivatives of the fields. A
direct way to calculate the effective potential perturbatively
is to sum over all 1PI vacuum diagrams acquired using the
Feynman rules derived from the shifted action S½ϕþ ϕ̂�,
where ϕ is the classical field obeying the equation of motion
and ϕ̂ðxÞ is the quantum field [1,2]. This results in the
propagator of the quantum field containing an infinite

number of insertions of v2ðϕÞ≡ d2V0ðϕÞ
dϕ2 , which acts like a

mass term that depends on the field ϕ:m2ðϕÞ ¼ gv2ðϕÞ, and
the vertices generated by expansion of V0ðϕþ ϕ̂Þ over ϕ̂.
Then the effective potential is given in the form of power
series over the coupling g

Veff ¼ g
X∞
n¼0

ð−gÞnVn: ð12Þ

The one-, two-, and three-loop vacuum diagrams contrib-
uting to the effective potential are presented in Fig. 1, where
the classical external fields are symbolically shown by the
dotted lines. The number of external lines in each vertex is
not fixed and depends on the choice of the classical potential,
namely, it is given by the derivatives of the potential
vn ≡ dnV0=dϕn. The number of derivatives in its turn
corresponds to the number of internal quantum lines in
each vertex, as is shown explicitly in Fig. 1.

Note, however, that one cannot consider the effective
potential independently of the effective action as a whole.
The other terms of the effective action with the derivatives
can also contribute to divergent part of effective potential
through the possible divergent subgraphs. Fortunately, this
does not take place in the leading order where one has a
self-consistent equation for the effective potential. However,
already in the subleading order one has to add the scalar
field propagator graph that contains two derivatives. We
take it into account when considering the subleading
expression for the effective potential below.
The next step is to evaluate the leading 1=ϵn pole

terms, AðnÞ
n , in each diagram in the n-th order of PT. This

can be done with the help of Eqs. (7)–(9), according to
which one has to take the diagram with one live loop and
(n − 1)-loop counterterm. Schematically, Eqs. (7)–(9) is
shown in Fig. 2, where we denoted by VA

k the leading
pole term of the effective potential. Strictly speaking, this
should be the counterterm V 0A

k according to Eqs. (7)–(9),
however, below we omit the prime symbol to simplify the
notation.
The first term in this figure refers to the case when the

one-loop diagram is situated at the edge of the diagram and
the second term refers to the case when it is in the middle.
In fact the first term can be absorbed into the second one
modifying the summation limits, as shown in Fig. 3, which
will be useful later.
Following Fig. 3 and Eq. (7), one can write down a

recurrence relation connecting the leading divergences of
the nth and the (n − 1)th orders as

nVA
n ¼ −

1

4

Xn−1
k¼1

D2VA
kD2VA

n−k−1; ð13Þ

where the derivative D2 ¼ ∂
2

∂ϕ2 comes from two internal

quantum lines and the factor − 1
4
is the divergence of the one

loop diagram.

FIG. 1. The one-, two-, and three-loop vacuum graphs contributing to the effective potential.
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Introducing the function

ΣAðz;ϕÞ ¼
X∞
n¼0

ð−zÞnVA
n ;

where z ¼ g=ϵ, one can convert the recurrence relation (13)
into the differential equation

∂

∂z
ΣA ¼ −

1

4
ðD2ΣAÞ; ΣAð0;ϕÞ ¼ V0: ð14Þ

Since the coefficients of the leading poles and the leading
logarithms are the same, one can just substitute logðμ2=m2Þ
instead of 1=ϵ into the solution of Eq. (14) to obtain the
effective potential

Veff ¼ gΣAjz→g logμ2

m2

: ð15Þ

Notice that the diagram in the right-hand side (rhs) of
Fig. 3 looks like the one-loop one with the external vertex
replaced by the counterterms. The same is true for Eq. (14), it
has a structure identical to a single-loop diagram but instead
of the initial classical potential V0ðϕÞ after summation of all
orders of PT one has the sum of the leading poles ΣAðz;ϕÞ.
One actually has a substitution

D2V0 → D2VA
k or D2V0 → D2ΣA; ð16Þ

valid for the counterterms of a given order VA
k , or for the total

sum ΣA, respectively. The number of derivatives here
depends only on the number of internal propagators outgoing
from the vertex. In the subleading case, we have D3 and D4

as well as D2. We refer to this prescription as the R-rule.
This R-rule seems to have a general nature and is

directly related to the structure of the R0-operation. To
derive the recurrence relation or the differential equation,
one has to take the corresponding lowest order diagrams
and make a replacement like (16) with the number of
derivatives equal to the number of internal quantum lines.

We check and apply this rule when constructing the
corresponding recurrence relation and the differential
equation for the subleading divergences in the next section.

IV. EFFECTIVE POTENTIAL IN THE NLA

To calculate the effective potential for the subleading
order, we have to take into account two-loop diagrams
according to Eq. (8). We start with establishing the
recurrence relations. Using the R-rule formulated above,
we have the following set of diagrams, as shown in Fig. 4.
Here we adopt the notation VJ

k, where J ¼ A or J ¼ B for
the leading and subleading divergences, respectively, and
k denotes the number of loops.
In order to collect the subleading divergence (VB

i ), one
should take the subleading terms either from the survived
diagram and take the leading contributions from the
counterterms, or vise versa, take the leading terms from
the survived diagram and subleading contribution from one
of the counterterms. In essence, we have an arrangement of
VA
i and VB

j in each term, where the index B occurs only
once. Notice that the contribution from the effective action
VG
k is also subleading.
Turning back to Eqs. (7)–(9), we have the following

contribution from the one-loop diagram, shown in Fig. 5,
where we explicitly show the leading and subleading
contributions from each subgraph.
To write down an explicit expression, we need the leading

and subleading contribution from the one-loop diagram

V1 bub ¼
1

4ϵ
þ c1

4
: ð17Þ

Here c1 is the subtraction scheme dependent constant.
As a result, an analytical contribution from one-loop

diagrams looks like

Xn−1
k¼0

2
1

4
D2VB

kD2VA
n−k−1

− 3
1

4

Xlþk<n−2

l;k¼0

D2VA
l D2VA

kD2VG
2;n−l−k−1: ð18Þ

Now we consider the contribution from the two-loop
diagrams. We have two types of contributions: the two-loop
bubble-type and the sunset-type, as shown in Fig. 5. For
this purpose, we need the explicit expression for their
divergent parts. One has

FIG. 2. Recurrence relation of the effective potential in the leading order. Gray blobs denote theKR0 part of the subgraphs shrunken to
a point, namely V 0A

k .

FIG. 3. The linear and nonlinear parts of the recurrence relation
can be unified in the structure that reminds the one-loop diagram.
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V2 bub ¼ v22v4

�
1

8ϵ2
þ c1
4ϵ

�
; ð19Þ

V2 sun ¼ v22v4

�
1

8ϵ2
−
1þ c1
8ϵ

�
: ð20Þ

Here again c1 is the one-loop subtraction constant, but we prefer to proceed in the minimal subtraction scheme c1 ¼ 0, for
the sake of simplicity. We discuss the scheme dependence in the subleading order in the next section.
As a result, one has the following analytical contribution to the recurrence relation coming from by the double bubble

contribution according to the Fig. 5(b)

−
Xlþk<n−1

l;k¼0

�
1

8
D2VA

l D2VA
kD4VB

n−l−k−2 þ 2
1

8
D2VA

l D2VB
kD4VA

n−l−k−2

�

þ 3
1

8

Xlþkþm<n−3

l;k;m¼0

D2VA
l D2VA

kD4VA
mD2VG

2;n−l−k−m−2: ð21Þ

In this expression again we keep only one term of the subleading order, thus the index B or G can appear only once. Note,
that we take the leading pole from the survived diagram in Eq. (21).
The contribution of the sunset diagram is as follows:

−
Xlþk<n−1

l;k¼0

�
1

8
D3VA

l D3VA
kD2VB

n−l−k−2 þ 2
1

8
D3VA

l D3VB
kD2VA

n−l−k−2

−
1

8
D3VA

l D3VA
kD2VA

n−l−k−2 þ 2
1

8

Xlþkþm<n−3

l;k;m¼0

D3VA
l D3VA

kD2VA
mD2VG

2;n−l−k−m−2

�
: ð22Þ

Again, the logic here is the same: one should keep only one subleading contribution from each shrunken or survived subgraph.
Summing up all the contributions, one can write down the recurrence relation (7)–(9) in the NLLA as

nðn − 1ÞVB
n ¼ ðn − 1Þ

�
2
1

4

Xn−1
k¼0

D2VB
kD2VA

n−k−1 − 3
1

4

Xlþk<n−2

l;k¼0

D2VA
l D2VA

kD2VG
2;n−l−k−1

�

−
Xlþk<n−1

l;k¼0

�
1

8
D2VA

l D2VA
kD4VB

n−l−k−2 þ 2
1

8
D2VA

l D2VB
kD4VA

n−l−k−2

�

þ 3
1

8

Xlþkþm<n−3

l;k;m¼0

D2VA
l D2VA

kD4VA
mD2VG

2;n−l−k−m−2

−
Xlþk<n−1

l;k¼0

�
1

8
D3VA

l D3VA
kD2VB

n−l−k−2 þ 2
1

8
D3VA

l D3VB
kD2VA

n−l−k−2 −
1

8
D3VA

l D3VA
kD2VA

n−l−k−2

�

þ 2
1

8

Xlþkþm<n−3

l;k;m¼0

D3VA
l D3VA

kD2VA
mD2VG

2;n−l−k−m−2: ð23Þ

FIG. 4. The one- and two-loop diagrams contributing to the recurrence relation for the next-to-leading divergences according to
the R-rule. VG

k corresponds to the part of the effective action with two derivatives (they are denoted as notches on the lines).
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As already mentioned, contrary to the LLA in the next-
to-leading order we have to take into account the part of the
effective action with two derivatives which we denoted
by VG. Therefore, we need to write down the corresponding
recurrence relation for the propagator type diagram shown
in Fig. 6. This recurrence relation follows from the R-rule
and reads

nðn − 1ÞVG
n ¼ −

1

24

Xn−2
k¼0

D3VA
kD3VA

n−k−2; ð24Þ

where the coefficient − 1
24

is nothing else than the single
pole contribution of the two-loop walnut-type diagram
shown in Fig. 7. Despite the visual complexity of these
recurrence relations arising from theR-operation, there is a
fairly simple structure behind them, which, as mentioned
above, repeats the structure of loop contributions.
By multiplying the recurrence relations (23) and (24)

by ð−zÞn and summing up, we can obtain the RG
equations for the functions ΣB ¼ g

P∞
n¼0ð−zÞnVB

n and
ΣG ¼ g

P∞
n¼0ð−zÞnVG

n . Namely, in the minimal subtrac-
tion scheme one gets

∂
2

∂z2
ΣB¼−2

1

4

∂

∂z
f2D2ΣAD2ΣB− ðD2ΣAÞ2D2ΣGg

−2

�
1

8
ðD3ΣAÞ2D2ΣB−2

1

8
ðD3ΣAÞ2D2ΣAD2ΣG

þ2
1

8
D3ΣAD3ΣBD2ΣA−

1

8
ðD3ΣAÞ2D2ΣA

þ1

8
ðD2ΣAÞ2D4ΣB−2

1

8
ðD2ΣAÞ2D4ΣAD2ΣG

þ2
1

8
D2ΣAD2ΣBD4ΣA

�
; ð25Þ

∂
2

∂z2
ΣG ¼ 2

24
ðD3ΣAÞ2: ð26Þ

Here we intentionally left all combinatorial coefficients
and coefficients of the survived diagrams to demonstrate

similarities between the recurrence relations and the obtained
equations.
Despite the fact that these equations appear to be

extremely complicated, their form reproduces the structure
of the diagrams, following the arrangement of contributions
according to the degree of divergence: a single-loop diagram
contributes only to the leading pole and can produce scheme
dependent parts in the subleading order, two-loop diagrams
contribute to both the leading and the subleading poles, and
the propagator correction always contributes to the sublead-
ing pole. To obtain the contribution of the subleading pole,
it is necessary to multiply the set of leading poles by at least
one subleading pole.
To obtain the effective potential in the subleading order,

one first needs to solve the equations for ΣA, ΣB, and ΣG
and to use the relation (10). This relation can also be
converted into the differential equation for the function Σ̄B
which is a function that sums all logarithmic corrections,
i.e., the effective potential in the subleading order. The
corresponding equation takes the form

FIG. 5. Part of the recurrence relation contributing to the subleading order containing the one-loop survived diagram.

FIG. 6. Propagator type diagram giving a contribution to the
part of the effective action with two derivatives.

FIG. 7. Two-loop walnut-type diagram.
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∂

∂z
Σ̄B ¼ ∂

∂z
f2D2ΣAD2ΣB − ðD2ΣAÞ2D2ΣGg

− 2

�
1

8
ðD3ΣAÞ2D2ΣB − 2

1

8
ðD3ΣAÞ2D2ΣAD2ΣG

þ 2
1

8
D3ΣAD3ΣBD2ΣA −

1

8
ðD3ΣAÞ2D2ΣA

þ 1

8
ðD2ΣAÞ2D4ΣB − 2

1

8
ðD2ΣAÞ2D4ΣAD2ΣG

þ 2
1

8
D2ΣAD2ΣBD4ΣA

�
: ð27Þ

This is the first order differential equation with the known rhs.
After integration one should replace z → g logðμ2=m2ðϕÞÞ to
obtain the NLLA part of the effective potential where the field
dependent mass m2ðϕÞ ¼ gv2ðϕÞ. Notice that while the
order of the differential equations for the corrections in
subsequent orders of PT increases at each step, the differential
equations for the logarithms are always linear.

V. SUBTRACTION SCHEME DEPENDENCE

In this section we discuss the subtraction scheme
dependence of the results. While the leading divergences
(leading poles) are scheme independent, already the sub-
leading poles depend on the subtraction procedure and so
do all the subsequent ones. This scheme dependence is also
present in renormalizable theories and is absorbed into the
finite redefinition of the coupling. And though the com-
pensation of the scheme dependence in perturbation theory
is not exact, it is valid up to discarded terms of PT.
In non-renormalizable theories the situation is slightly

different. As already mentioned, in non-renormalizable
theories the structure of the counterterms does not repeat
the initial Lagrangian. If one considers the leading loga-
rithms, they do not depend on the scheme. The only para-
meter that appears is the normalization scale of the
logarithm. Variation of this scale is beyond the LL approxi-
mation. In the next-to-leading approximation one already
has a scheme dependence manifested in a single constant c1.
It comes from the arbitrariness of subtraction of the one-
loop diagram and influences the sublogarithms. So, one
has to impose one constraint to fix this constant. Transition
from one way of fixing this constant to another is not a
multiplicative renormalization of the coupling, as it is in
renormalizable theories, but requires the change of nor-
malization of the new operator. In two loops one has a new
arbitrariness due to new operators but they do not influence

the subleading logs. So if one restricts oneself by the LL and
NLL approximations there is only one constant to be fixed.
Thus, the scheme dependence is not compensated by the

redefinition of a single coupling but requires the redefinition
of new emergent operators. In any given order of perturba-
tion theory, one has a finite set of constants that need to be
determined from observation and/or experiment. We trace
below the scheme dependence that appears in the NLL
approximation.
In our earlier works [18,19], we considered the max-

imally supersymmetric Yang-Mills theories in D ¼ 6, 8, 10
dimensions and noticed that the scheme dependence of
subleading divergences of a particular set of diagrams, the
so-called ladder diagrams, is described by the redefinition of
the coupling z ¼ g=ϵ given by the following substitution:

z → zð1þ ϵc1Þ; ð28Þ

where c1 is the arbitrary coefficient that appears in sub-
tracting the one-loop diagram and characterizes the choice
of the scheme

1=ϵþ c1: ð29Þ

The minimal subtraction scheme corresponds to c1 ¼ 0.
In the case of the effective potential, the situation is

similar. The transformation to a nonminimal scheme results
in the appearance of an additional term in the solution of
Eq. (25), i.e., one has

Σc1
B ðz;ϕÞ ¼ ΣMS

B þ c1ΔΣB; ð30Þ

where the first term is the sum of the subleading counterterms
in the minimal scheme and the second term is the addition
that appears when the subtraction scheme is changed.
Taking into account the structure of the R-operation,

namely, the linearity of Eq. (25) with respect to ΣB, an addi-
tional term in a nonminimal scheme can only enter linearly
in c1. Making a substitution (30) in Eq. (25), we obtain the
equation for the subleading counterterms in an arbitrary
nonminimal scheme (hereafter we omit the MS label for
simplicity of notation)

∂
2

∂z2
ΣB þ c1

∂
2

∂z2
ΔΣB ¼ ð31Þ
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−
1

2

∂

∂z
f2D2ΣAD2ΣB − ðD2ΣAÞ2D2ΣGg

−
�
1

4
ðD3ΣAÞ2D2ΣB − 2

1

8
ðD3ΣAÞ2D2ΣAD2ΣG

þ 1

4
D3ΣAD3ΣBD2ΣA −

1

8
ðD3ΣAÞ2D2ΣA þ 1

8
ðD2ΣAÞ2D4ΣB

−
1

4
ðD2ΣAÞ2D4ΣAD2ΣG þ 1

4
D2ΣAD2ΣBD4ΣA

�

þ 1

4
c1

�
ðD2ΣAÞ2ð−D4ΔΣBÞ − 2D3ΣAD2ΣAD3ΔΣB − 2D4ΣAD2ΣAD2ΔΣB

− 4D2ΣAD2

∂

∂z
ΔΣB −

�
ðD3ΣAÞ2 þ 4D2

∂

∂z
ΣA

�
D2ΔΣB

�
: ð32Þ

In (32) we can separate the equation in the minimal scheme
part and a new additional term proportional to c1 correspond-
ing to a nonminimal scheme. Then the part proportional to c1
should be zero. This gives the equation for ΔΣB

∂
2

∂z2
ΔΣB ¼ ðD2ΣAÞ2ð−D4ΔΣBÞ − 2D3ΣAD2ΣAD3ΔΣB

− 2D4ΣAD2ΣA − 4D2ΣAD2

∂

∂z
ΔΣB

−
�
ðD3ΣAÞ2 þ 4D2

∂

∂z
ΣA

�
D2ΔΣB: ð33Þ

To simplify Eq. (33), one can use Eq. (14) for ΣA.
Differentiating it twice with respect to ϕ, one getsD2

∂

∂zΣA →
− 1

2
ðD3ΣAÞ2 − 1

2
D2ΣAD4ΣA. Using this relation, equation for

ΔΣB takes the form

∂
2

∂
2z

ΔΣB ¼ 1

4
ðD3ΣAÞ2D2ΔΣB −

1

4
D3ΣAD3ΔΣB

−
1

4
D4ΣAD2ΔΣB −D2ΣAD2

∂

∂z
ΔΣB: ð34Þ

A direct solution to this equation is difficult. However, having
in mind the analogy with the earlier considered case [18,19],
one can check that the following solution takes place:

ΔΣBðz;ϕÞ ¼ ϵz
∂

∂z
ΣAðz;ϕÞ; ð35Þ

with arbitrary normalization. Thus, the effective potential in
the leading and subleading order in an arbitrary subtraction
scheme has the form

Σðz;ϕÞ ¼ ΣAðz;ϕÞ þ ϵzΣBðz;ϕÞ þ ϵzc1
∂

∂z
ΣAðz;ϕÞ; ð36Þ

where the functions ΣA and ΣB satisfy Eqs. (14) and (25),
respectively, and we put an extra ϵ factor in the sublead-
ing order.

One can see that Eq. (36) is consistent with the substitu-
tion (28), which we earlier observed in the case of scattering
amplitudes in gauge theories. Apparently, this is a common
feature that reflects the structure of the R-operation.
So far, the scheme dependence described above reflec-

ted arbitrariness in the subtraction of a one-loop graph.
Subtraction of higher order graphs is not that straightfor-
ward and requires further investigation.

VI. VERIFICATION OF THE RESULTS

Clearly, Eqs. (25) and (26) are difficult to analyze in the
general case. To see some common features and verify our
results, we consider some simple examples.

A. General powerlike potential

We start with the general powerlike potential that we
considered in the LLA in [6]

V0 ¼
ϕp

p!
ð37Þ

We use the following ansatz for the solutions of the
RG-equations:

ΣA ¼ ϕp

p!
fAðyÞ; ΣB ¼ g

ϕp

p!
fBðyÞ;

ΣG ¼ gϕ2fGðyÞ; ð38Þ

where the dimensionless variable y ¼ zϕp−4 is introduced.
Then, the RG equation in the LLA takes the following
form:

p!f0A ¼ −
1

4
ðððp − 4Þ2y2f00A þ ðp − 4Þð3p − 5Þyf0AÞ

þ ðp − 1ÞpfAÞ2; ð39Þ

and the NLLA equation reads
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p!f00B ¼ a5ðyÞfð4ÞB þ a4ðyÞfð3ÞB þ a3ðyÞf00B þ a2ðyÞf0B þ a1ðyÞfB þ a0ðyÞ;
− 12ðp!Þ2f00G ¼ ððp − 4Þ3y3fð3ÞA þ 3ðp − 4Þ2ð2p − 5Þy2f0A
þ ðp − 4Þðp − 2Þð7p − 15Þyf0A þ ðp − 2Þðp − 1ÞpfAÞ2; ð40Þ

where the coefficients ai are equal to

a5 ¼ ðp − 4Þ4y4f0AðyÞ;
a4 ¼ ðp − 4Þ2y2ððp − 4Þð9p − 29Þyf0AðyÞ − ðp − 1ÞpfAðyÞÞ;

a3 ¼ ðp − 4Þ2y2
�ðp − 4Þ2y2f00AðyÞ2

4f0AðyÞ
þ ðp − 2Þð9p − 22Þf0AðyÞ

þðp − 4Þyð2ðp − 2Þf00AðyÞ − ðp − 4Þyfð3ÞA ðyÞÞ
�
;

a2 ¼ ððp − 4Þyððp − 2Þð3ðp − 10Þpþ 55Þf0AðyÞ
þðp − 4Þð3p − 5Þyðð5p − 13Þf00AðyÞ þ ðp − 4ÞyfAð3ÞðyÞÞÞ

−
ðp − 4Þð3p − 5Þyf00AðyÞ

4f0AðyÞ
ððp − 4Þyð2ð3p − 5Þf0AðyÞ þ 3ðp − 4Þyf00AðyÞÞ þ 2ðp − 1ÞpfAðyÞÞ

þðp − 4Þðp − 2Þðpð23p − 97Þ þ 100Þyf0AðyÞ − 8ðp − 2Þðp − 1Þpð2p − 5ÞfAðyÞÞ;

a1 ¼ −
ðp − 1Þpf00ðyÞ

4f0AðyÞ
ððp − 4Þyð2ð3p − 5Þf0AðyÞ þ 3ðp − 4Þyf00AðyÞÞ þ 2ðp − 1ÞpfAðyÞÞ

þ 3ðp − 2Þðp − 1Þpð2p − 5Þf0AðyÞ þ ðp − 4Þðp − 1Þpyððp − 4Þyfð3ÞðyÞ þ ð5p − 13Þf00ðyÞÞ;

a0 ¼
1

4f0AðyÞ
ð2ðp − 2Þf0AðyÞ þ ðp − 4Þyf00AðyÞÞ2ððp − 4Þyðð3p − 5Þf0AðyÞ þ ðp − 4Þyf00AðyÞÞ

þðp − 1ÞpfAðyÞÞ; ð41Þ

and primes represent derivatives over y as f0 ¼ d
dy fðyÞ and

the same for the higher derivative terms.
Equations (40) are the ordinary differential equations.

Notice that in the subleading order one has the second order
equation. This is a general feature: the order of the equation
increases with order of approximation; one has the (nþ 1)
th order ODE in the NnLLA.

B. Renormalizable model

To verify our results in analytical form, we consider the
renormalizable case and put p ¼ 4 in the above equations.
Then in the LLA equation one has

f0A ¼ −
3

2
f2A; fAð0Þ ¼ 1; ð42Þ

and its solution is a geometric progression

fAðyÞ ¼
1

1þ 3
2
y
; ð43Þ

where one can recognize the first coefficient of the beta-
function in the quartic scalar model [1,6]. This solution is
known to be characterized by the Landau pole.

The NLLA equation is also simplified

f00B þ 6fAf0B þ 3

2
fBð4f0A þ 9f2AÞ

¼ 3f3A

�
1þ 4

f0A
f2A

fG þ 2
f0G
fA

þ 6fG

�
ð44Þ

with the initial conditions fBð0Þ ¼ 0; f0Bð0Þ ¼ 0 according
to the PT-expansion. For the term with the derivatives fG,
one obtains

f00G ¼ 1

12
f2A ð45Þ

with the initial conditions fGð0Þ ¼ f0Gð0Þ ¼ 0.
These equations also have simple analytical solutions

fGðyÞ ¼ −
fA − fA logðfAÞ − 1

27fA
ð46Þ

and

fBðyÞ ¼
2

27
ðð1 − fAÞð1 − 17fAÞ − 16fA logðfAÞÞ; ð47Þ
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where fA is given by (43). These solutions are scheme
dependent and are written here in the MS-scheme and are
completely consistent with the results of Ref. [20].
Finally, one arrives at the equation for the NNLA con-

tribution to the effective potential according to (10) and (27).
Changing the argument y → gl ¼ g logðμ2=m2ðϕÞÞ, one has

d
dl

f̄BðlÞ ¼
1

8

d
dl

ðfAðfAfG − fBÞÞ

− 2f2A

�
−

1

16
fA þ 9

32
fB −

3

8
fGfA

�
: ð48Þ

Integrating, one gets

f̄BðlÞ ¼
3glþ 34 log

�
1þ 3gl

2

	
18
�
1þ 3

2
gl
	
2

: ð49Þ

In this expression, one can recognise the first coefficients
of the beta-function of the ϕ4 theory [20–22]. The scheme
dependence here is manifested in the 3gl term in the
numerator, which is written in the MS scheme and is
different otherwise.
These results can be checked using the Ovsyannikov-

Callan-Symanzik equation explicitly. Recall that the usual
RG-equation for the effective potential [1,2] is

�
μ2

∂

∂μ2
þ βðgÞ ∂

∂g
− γðgÞ

�
VeffðlÞ ¼ 0 ð50Þ

with the solution

VeffðlÞ ¼
ϕ4

4!
fðḡðlÞÞ exp

�Z
ḡ

g
dx

γðxÞ
βðxÞ

�
; ð51Þ

where ḡ is a solution of the equation

d
dl

ḡðlÞ ¼ βðḡðlÞÞ ð52Þ

and fðgÞ ¼ gð1þ c1gþ � � �Þ is the normalization function
that depends on the scheme. Using the known expansion
of the anomalous dimension γðgÞ ¼ γ1g2 þOðg3Þ and the
beta-function βðgÞ ¼ β0g2 þ β1g3 þOðg4Þ, one can get
the leading and subleading logarithmic corrections to the
effective potential in the MS-scheme

VeffðϕÞ ¼ g
ϕ4

4!
×

�
1

ð1þ β0glÞ

þ g
2γ1l − β1=β0 logð1þ β0glÞ

ð1þ β0glÞ2
�
; ð53Þ

where for the ϕ4-theory one has β0 ¼ 3
2
; β1 ¼ − 17

6
; γ1 ¼ 1

12
.

One can check that expression (53) precisely coincides with

the leading order (43) and subleading order (48) corrections
obtained above. Recall that in the effective potential one
should put l ¼ logðμ2=m2ðϕÞÞ.

VII. SUMMARY

To summarize our findings, we claim that
(i) The BPHZR-operation works in non-renormalizable

models equally well as in renormalizable ones.
(ii) The consequence of locality of the R-operation

leads to relations between the counterterms of
subsequent orders of PT. The relations allow one
to get recurrence relations for the counterterms in the
leading, subleading, etc. approximations.

(iii) These recurrence relations can be converted into
the differential equations, which in general are the
partial differential equations. They are the first order
DE in the leading approximation and increase in
order at each next step.

(iv) One can also write down the differential equations
for the logarithms. In the leading order they coincide
with those for the counterterms. In subsequent
orders they are different, they are always linear
differential equations with the rhs defined by the
solutions of equations for the counterterms, as
exemplified in (27). These equations are nothing
else but the RG equations that sum up the leading,
subleading, etc logarithms in all orders of PT.

(v) We have demonstrated how the advocated approach
works in the LLA and in NLLA. In the last case, like
in the renormalizable counterpart, one has a scheme
dependence.

(vi) Application to the renormalizable case shows total
identity of the results with those known from the
literature. We would like to stress, however, that in
general our approach is based on the requirement
of locality of the counter terms and does not refer
to the multiplicativity of renormalization what-
soever.

(vii) The weak point of our analysis is, of course, the lack
of a solution to the problem of infinite arbitrariness
that is immanent to non-renormalizable theories. We
just stress that the LLA does not depend on it and
the NLLA is under control. This, however, presents
the main challenge.

(viii) One may wonder if there exists any classification
or hierarchy of contributions of various operators,
as in Wilsonian RG. Unfortunately, in the UV limit,
contrary to the IR case, all operators are relevant and
one cannot restrict them or present any hierarchy.
We suggest to use the hierarchy of contributions
accepted in renormalizable theories, namely to take
first the LL, then NLL, and so on. This way we take
into account an infinite series of operators at each
step and distinguish them by the power of logs in the
asymptotic regime.
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