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Quantum operations that are perfectly admissible in nonrelativistic quantum theory can enable signaling
between spacelike separated regions when naively imported into quantum field theory (QFT). Prominent
examples of such “impossible measurements” include certain unitary kicks and projective measurements. It
is generally accepted that only those quantum operations whose physical implementation arises from a
fully relativistically covariant interaction, between the quantum field and a suitable probe, should be
regarded as admissible. While this idea has been realized at the level of abstract algebraic QFT, or via
particular measurement models, there is still no general set of operational criteria characterizing which
measurements are physically implementable. In this work we adopt the local S-matrix formalism to
describe local operations, and make use of a hierarchy of factorization conditions that exclude both
superluminal signaling and retrocausality, thereby providing such a criterion. Realizing the local S-matrices
through explicit interactions between smeared field operators and a pointer degree of freedom, we further
derive local causality conditions for the induced Kraus operators, which guarantee the absence of signaling
in “impossible measurement” scenarios. Finally, we show that the accuracy with which local field
observables can be measured is fundamentally limited by the retarded propagator of the field, which plays
an essential role in the factorization identity we prove for the field Kraus operators.
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I. INTRODUCTION

The topic of impossible measurements [1] has received
renewed attention over the past few years. A multitude of
approaches have been developed to address the impossible
measurement scenarios (see [2] and references therein). The
clear moral that has emerged is that the set of quantum
mechanical operations, or channels, typically allowed in
quantum information is far too largewhen brought to bear on
relativistic theories. In the other direction, when one for-
mulates local measurement theory for relativistic quantum
field theory (QFT), the resulting channels do not necessarily
include the most familiar ones from quantum information.
A straightforward implication is that the quantum

informational machinery of states and operations cannot
be straightforwardly imported into QFT. In fact, the
established empirical success of QFT relies on the asymp-
totic scattering paradigm, which is not suitable for describ-
ing local operations, i.e., operations over bounded regions

of spacetime (for historical context see [3]). Sorkin’s
examples of impossible operations [1], and recent refine-
ments [4], showed that operations built out of local
operators (i.e., local Kraus operators) generally allow
superluminal signaling. Specifically, this includes ideal
measurements of many important observables [5–7], lead-
ing to a number of papers suggesting nonideal measure-
ment channels, both abstract [6–9] and concrete i.e.,
derived from some purified model [10]. The former derive
a number of no-signaling conditions on the abstract
channels or their Kraus operators, while the latter rely
on properties of the purified dynamics.
From the opposite direction, a rigorous framework for

quantum measurement theory in algebraic QFT has been
proposed by Fewster and Verch (FV framework) [11–13],
based on purified dynamics. Together, these results point
towards a general theory of measurement and operations in
QFT. However, there is still no general set of operational
criteria, in terms of e.g. Kraus operators or their purifica-
tions, that characterizes which measurement maps and
operations are physically implementable. A fundamental
step toward this would be a “causal Stinespring theorem,”
an idea on which we comment at the end of this paper.
The main results of the paper are as follows. We adapt

the local S-matrix formalism due to Bogoliubov [14,15] to
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describe local operations, and we analyse the setting of
Sorkin’s impossible operations. A key result is the suffi-
ciency of a simple factorization condition, which allows the
decomposition of a local operation induced by the local
S-matrix S ¼ S½f�, where f is a compactly supported test
function. This decomposition is expressed as

S½f� ¼ S½fþ�S½f−� ð1Þ

where f ¼ fþ þ f−, splitting the support of f into past
(f−) and future (fþ) components with respect to any
spacelike hypersurface passing through the support of f.
We refer to this property as the continuous additivity of the
local S-matrix. However, this property may not hold for
certain local interactions. For this reason, we also demon-
strate the sufficiency of a weaker factorization condition,
known as the Hammerstein property of the local scattering
maps. The Hammerstein property plays a central role in
capturing the locality of interactions within the causal
perturbation theory framework, which formalizes renorm-
alization [16], perturbative algebraic QFT [17], as well a
recent approach to a nonperturbative definition of the local
S-matrix in quantum field theory [18].
Further, when operations are induced by the local

coupling of the field to a probe system, we examine the
consequences of these factorization conditions for the
induced operations on the field’s Hilbert space after tracing
out the probe. Such operations are defined by means of
Kraus operators fΠψ

q ½f�g where ψ , q denote states in the
probe’s Hilbert space. We show that continuous additivity
when combined with the assumption that the S-matrix
implements quantum control, leads to a no-signaling
condition on the associated Kraus operators,

Πψ
q ½f� ¼

Z
dsΠψþ

q−s½fþ�Πψ−
s ½f−�: ð2Þ

Finally, we use an exactly solvable concrete measure-
ment model that can be seen as a relativistic von Neumann
measurement model, where a local pointer variable is
linearly coupled to a smeared scalar field operator via
LI½f� ¼ ϕðfÞ ⊗ P [19]. We find that the S-matrices and
Kraus operators obey the conditions (1) and (2), and so this
forms a concrete example of the link between the two
representations of channels and no-signaling conditions.
Further, we obtain an explicit class of no-signaling meas-
urement channels on the field whose sharpness is funda-
mentally limited by the retarded field propagation within
the support of f, thereby imposing an intrinsic bound on the
accuracy of local field measurements. These channels
coincide with the abstract continuous measurement chan-
nels studied in [6,7,9], once this new sharpness constraint is
taken into account.
The paper is structured as follows: In Sec. II we briefly

introduce standard measurement theory and a minimal

(algebraic) QFT setup. We review an abstract notion of
operation in the QFT set-up, and briefly present the
challenges posed by the impossible measurements sce-
nario, using a simple example of impossible unitary
operations introduced in [7]. In Sec. III we introduce the
local S-matrix formalism, to discuss the properties of
relativistically valid unitary operations in QFT that can
in principle represent local (not asymptotic) interactions.
We take the local S-matrix to represent the local coupling of
the field to a probe system [20] and we examine the
operational consequences of a hierarchy of factorization
properties of the S-matrix.
In Sec. IV we explicitly introduce field operations

induced by probes, and the induced Kraus operators in
the field’s Hilbert space that are fixed by the local S-matrix
and the characteristics of the probe system. We consider a
simple model for measurements of smeared field ampli-
tudes ϕðfÞ, and consider the limitations to the accuracy of
field measurements that come from the causal (retarded)
field propagation within the support of the test function f.
Specifically, the sharpness of a measurement of ϕðfÞ is
bounded from below by jΔRðf; fÞj1=2, i.e., the square-root
of the retarded Green’s function smeared against f. We
show how this model relates to the families of Kraus
operators for field measurements introduced in Albertini
and Jubb [6] and Oeckl [9].
In Sec. V we derive no-signaling conditions of the

induced Kraus operators that can ensure no superluminal
signaling and no retrocausality. We discuss the necessity or
sufficiency of these conditions and for what type of models
they are expected to hold. Finally, we discuss the impli-
cations for von Neumann-type measurements of more
general QFT observables and how this analysis provides
hints for relativistic dilation theorems in QFT. Note that the
main results are in Secs. III and V, while long calculations
and proofs are in the Appendixes.

II. LOCAL OPERATIONS IN QFT

Perhaps surprisingly, local measurement theory for QFT
is still being developed today. This is because the standard
predictions and experiments of QFT take the form of
asymptotic scattering amplitudes, yet this is not sufficient
for modeling local experiments in a relativistic setting. The
main obstacle in extracting local probabilistic predictions
from QFT theory is that standard quantum mechanical
prescriptions for ideal, or projective, measurements and
unitary kicks cannot be straightforwardly applied. These
operations, when extended to QFT, can lead to signaling
across spacelike separated regions. The problem of impos-
sible operations, which was first introduced by Sorkin [1],
was meant to highlight the friction between no-signaling
and the quantum operations that are typically assumed in
quantum mechanics. For examples see [5] and more
recently [6,7].
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Quantum mechanics has a standard measurement theory,
see [21,22]. Despite ongoing ambiguity regarding what
precisely qualifies certain interactions as measurements—a
central aspect of the quantum measurement problem—
there exist standard prescriptions for extracting probabi-
listic predictions for any measurement or general operation
defined within the theory. In this section we briefly review
the basics of standard quantum measurement theory, we
introduce a minimal (algebraic) framework for QFT and
we discuss the problem of “impossible measurements.”We
also briefly review the Kraus and Stinespring representa-
tions of channels, which will appear in our analysis of QFT
channels.

A. Standard measurement theory

A projective measurement of an observable A, repre-
sented as a (compact) self-adjoint operator acting on a
Hilbert space H, with spectral decomposition

A ¼
X
j

ajPj; ð3Þ

involves a set of orthogonal projectors Pj corresponding to
the possible outcomes aj. If the system is initially in a state
ρ, and the outcome aj is obtained, the postmeasurement
state is given by the Lüders’ rule in its selective form

ρ ↦
PjρPj

TrðPjρÞ
; ð4Þ

where the denominator is the probability of that outcome
occurring. If, however, the measurement is performed
without recording which outcome occurred—a nonselec-
tive measurement—the state updates according to the trace-
preserving map

ρ ↦
X
j

PjρPj; ð5Þ

which we call an ideal nonselective update. A projective
measurement is called ideal, or repeatable.
An observable defines a family of projection operators,

called a projection valued measure (PVM), through its
spectral decomposition. For an ideal measurement, the
elements of the PVM directly relate the probabilities of an
outcome, by

piðρÞ ¼ TrðPiρÞ: ð6Þ

Here we can see the repeatability. The probability of getting
i a second time, given the outcome of the first measurement
was i is given by

pijiðρÞ ≔ piðρiÞ ¼ TrðPiρiÞ

¼ TrðPiPiρPiÞ
TrðPiρÞ

¼ TrðP3
i ρÞ

TrðPiρÞ
¼ 1; ð7Þ

where we have used the cyclicity of the trace to move all
projections Pi together, and then used that P2

i ¼ Pi.
A nonideal, i.e., non repeatable, measurement must be

described by a set of positive operators Ei that do not form a
complete orthogonal set of projections, but do still compute
the probabilities of different outcomes,

pi ¼ TrðEiρÞ: ð8Þ

Such a family, which sums to the identity, is called a
positive operator valued measure (POVM).
The nonselective update defined in Eq. (5) corresponds

to a completely positive trace-preserving (CPTP) map
acting on the system. More generally, any such CPTP
map can be represented as arising from a unitary interaction
between the system and an ancillary probe (or environ-
ment), followed by tracing out the probe. That is, for every
CPTP operation Φ̃ on the system, there exists a unitary U
acting on the joint system-probe space and an initial probe
state σ such that

Φ̃ðρÞ ¼ Trprobe½Uðρ ⊗ σÞU†�; ð9Þ

where Φ̃ðρÞ is the Schrödinger picture channel, and this
representation is given by Stinespring’s theorem. This
“dilated” picture provides a powerful and physically
grounded way to understand general CPTP quantum
operations as arising from purified dynamics on an
extended Hilbert space. The Kraus representation theorem
states that the channel (9) can be represented by a set of
Kraus operators fΠig on BðHÞ, where i is indexing an
orthonormal set in the probe’s Hilbert space, and such that
Π†

iΠi ≔ Ei defines a POVM. Consider measuring the probe
ideally after the evolution, and finding it in state jii, then
the updated state is

ρi ¼
ΠiρΠ†

i

pi
; ð10Þ

where pi is given by Eq. (8). Summing over all possible
probe outcomes, the nonselective update map becomes

Φ̃ðρÞ ¼
X
i

piρi ¼
X
i

ΠiρΠ†
i ; ð11Þ

which is equivalent to Eq. (9) by the Kraus representation
theorem. Φ̃ is a CPTP map thanks to the fact that the Kraus
operators satisfy
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X
i

Π†
iΠi ¼ 1: ð12Þ

We can also define the channelΦ in the Heisenberg picture,
acting on operators rather than states

ΦðOÞ ¼
X
i

Π†
i OΠi; ð13Þ

which is dual to Φ̃ in the sense

TrðρΦðOÞÞ ¼ TrðΦ̃ðρÞOÞ; ð14Þ

for all states ρ and operators O. Φ is a unital channel, i.e., a
channel that maps the identity operator to itself Φð1Þ ¼ 1.
In QFT it is natural to use the (dual) Heisenberg picture of
the channels. Note that in this paper we will mostly
consider Kraus-representable nonselective, i.e., UCP chan-
nels on the field.

B. Setup

Below we introduce the QFT setup. We focus on the real
scalar field and we introduce the notion of a local operation,
which is key for our understanding of Sorkin’s impossible
operations. Finally, we review an example from [7] that is
most relevant for the measurement model that we will
consider in Sec. IV B.
Consider a canonically quantized real scalar field theory

on Minkowski spacetime M. The field operator ϕðxÞ at a
point x∈M is an operator valued distribution and so in
order to form an operator algebra we define smeared field
operators

ϕðfÞ ¼
Z
M

dVolfðxÞϕðxÞ; ð15Þ

for any f∈C∞
0 ðMÞ, which is the set of all smooth,

compactly supported test functions on M. We further
define

½ϕðfÞ;ϕðgÞ� ¼ i
Z
M2

d2VolΔðx; yÞfðxÞgðyÞ1

≔ iΔðf; gÞ1; ð16Þ

where Δðx; yÞ is the usual Pauli-Jordan form

Δðx; yÞ ¼ ΔAðx; yÞ − ΔRðx; yÞ ð17Þ

whereΔA;R the advanced and the retarded Green’s functions
respectively. Note that Δðf; gÞ ¼ 0 if supp f; supp g are
spacelike. The commutation relation Eq. (16) can be
viewed as a condition that must be satisfied by the
generators of the local algebras.
In this real scalar field model, abstract local algebras

AðRÞ can be formed by finite degree polynomials of 1 and

ϕðfÞ for supp f ⊂ R. When working in Minkowski space-
time, we can pick the vacuum state ω∶AðMÞ → C and
construct the Gelfand-Naimark–Segal (GNS) representa-
tion π∶AðMÞ → LðHÞ. From now on we will consider all
operators to be acting on this Hilbert space, and drop π. The
vacuum vector state j0i∈H is contained in a dense domain
D0 on which all elements of the field algebra are well-
defined.
The Weyl operatorsWðfÞ ¼ eiϕðfÞ form a representation

of the canonical commutation algebra,

WðfÞWðgÞ ¼ Wðf þ gÞe−iΔðf;gÞ=2: ð18Þ

Taking the Weyl operators with suppf ⊂ R as generators
we can construct a Weyl algebra for each region R, denoted
WðRÞ. Finally, we can take the double commutant
AðRÞ ≔ WðRÞ00—where the commutant of S ⊆ BðHÞ is
the set of all operators which commute with all elements of
S—which associates a concrete von Neumann algebra to
every region R. We consider an operator A to be localized1

to R if A commutes with all operators spacelike to R, i.e.,
½A;AðR0Þ� ¼ 0 where R0 is the set of all points spacelike to
R. An example is ϕðfÞ, which is local to suppf ⊂ R,
despite being unbounded and thus not in AðRÞ. It follows
that any bounded function of ϕðfÞ, defined by the spectral
calculus, is in AðRÞ. For more details on this construction,
see [23]. Using the properties of the commutator, it follows,
from strong commutativity of the fields [24], that spacelike
algebras commute,

½AðRÞ;AðR0Þ� ¼ 0; ð19Þ

where regions R and R0 are spacelike separated. More
generally, in axiomatic approaches to QFT, e.g. algebraic
QFT (AQFT) [25]), one postulates the axiom of micro-
causality, namely that spacelike separated algebras of
observables commute. This is a kinematical “separability”
assumption that, roughly, splits the field degrees of freedom
between causally disconnected parts [26]. Note that micro-
causality alone does not have an a priori operational
consequence [27–29], e.g., in terms of signaling. Once a
notion of operation is introduced, microcausality alone is
generally not sufficient for blocking superluminal signaling
(see also [30]). Sorkin [1] showed that, despite the micro-
causality assumption, even the most basic local operations
in QFT, such as unitary kicks and ideal measurements—
when followed by the Lüders postmeasurement state
update for nonselective measurements—can lead to super-
luminal signaling between spacelike separated regions (see
also [4,7,9]).
Let us first introduce an abstract notion of local operation

in QFT, as opposed to local observables. By local observ-
ables we mean the self adjoint elements of the local

1A is localized to R if A is affiliated to AðRÞ.
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algebras A∈AðRÞ as defined above. That is, field observ-
ables are represented by self-adjoint operators as in usual
quantum theory, but explicitly associated to spacetime
regions. We define a local operation to be any completely
positive map over the elements of the local algebra2 such
that Φð1Þ ¼ 1 and such that

ΦjAðR0Þ ¼ id ð20Þ

the identity map, for all regions R0 spacelike to R (see also
[7]). This formalizes the intuition that a local operation, that
in principle is performable within the region R, should not
have an effect on regions spacelike to R. This includes
unitary kicks, e.g., eiA, or nonselective ideal measurements
of A. Note that selective operations, which we are exclud-
ing here, are not local in the sense of Eq. (20),3 but typically
this is not considered problematic as long as they cannot
enable superluminal signaling.
Below, we will briefly review the issue of impossible

operations in QFT, i.e., operations that can enable super-
luminal signaling. This issue highlights that in QFT there is
no obvious link between local observables and local
operations, as defined abstractly above.

C. Impossible operations

Having introduced a minimal AQFT set-up and defined
an abstract notion of local operations, we now focus on
formalizing and presenting Sorkin’s impossible operations.
This problem highlights that a local operation, i.e., an
operation over a local spacetime region, need not be
nonsignaling, something that can be seen more clearly in
a Sorkin-type scenario involving three (or more) regions.
This appears in contrast to microcausality, which only
refers to pairs of regions. In the following we will adopt the
notation that regions (singled out by the support of
smearing functions f, g, h see Fig. 1) will be denoted as
A,B,C etc., while local observables will be denoted as A, B,
C etc, e.g. A∈AðAÞ, where AðAÞ denotes local algebra,
introduced in the next section.
The setup of the Sorkin problem is the following:

consider three regions A, B, C (Fig. 1) singled out by
the supports of the smearing functions h, f, g respectively.
The regions are such that with respect to suitable partial

ordering A ≺ B ≺ C (since B is partially in the causal
future of A and C is partially in the causal future of B and
the partial order is not transitive), but A and C are spacelike
separated. Two operations ΦA;B are applied over regions A
and B. For region A to not signal to region C, the
expectation values of observables in C must not depend
on the choice λ of which operationΦλ

A is implemented in A.
Namely, the condition for no impossible operations (which
has previously been considered in [4,7,9,32]) is simply the
following: let ρ be the global state of the field and C an
observable over region C, then it should hold that

TrðΦλ
AðΦBðCÞÞρÞ ¼ TrðΦBðCÞρÞ; ∀ λ: ð21Þ

Hence, the expectation values of C should not depend on
the operation Φλ

A that is implemented over the spacelike
separated region A. We explicitly introduce a dependence
of the operation ΦA over some parameter λ, which could be
used to signal to region C if the no-signaling condition (21)
fails (see example below). If one demands this for all states
ρ and for all observables C, this condition can be viewed as
a condition on ΦB given Φλ

A.

1. Example of signaling and nonsignaling unitaries

The most basic example of failure of this condition using
unitary operators in QFTwas given in [7] and uses the real
scalar field construction given above. Letting

Φλ
Að·Þ ¼ eiϕðhλÞ · e−iϕðhλÞ;

ΦBð·Þ ¼ eiϕðfÞ2 · e−iϕðfÞ2 ;

C ¼ ϕðgÞ ð22Þ

with supports as shown in Fig. 1, application of Baker-
Campbell-Hausdorff formula leads to

TrðΦλ
AðΦBðCÞÞρÞ ¼ 2Δðhλ; fÞΔðf; gÞ: ð23Þ

FIG. 1. Bob’s lab (white) is partly in the future of Alice’s (red)
and partly in the past of Charlie’s (blue), while Alice and Charlie
are strictly spacelike. Relativistic causality then requires that no
signals can be sent from Alice to Charlie, i.e., there must be a no-
signaling condition on the experimental setup. Here we have
labeled the labs by the supports of the functions f, g, h, but the
overall causal structure is common to all Sorkin scenarios.

2Quantum channels are usually defined on algebras of
bounded operators, as bounded operators do not have domain
problems. The dual of such a channel is a CPTP map on density
operators. In QFTwe will be applying the channels to potentially
unbounded operators, like ϕðgÞ. In general there will be domain
issues, however the form of channels that we explicitly consider
are Gaussian or bosonic channels, and so they map the field
algebra to itself, see [31][12.4.2].

3Note that Eq. (20) is not satisfied for selective operations due
to the existence of spacelike correlations in generic QFT states.
This is a case that we are not considering, since we are concerned
with the signaling properties of trace-preserving operations.
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The dependence on λmeans that Alice can signal to Charlie
by picking a family of hλ such that Δðhλ; fÞ is a nontrivial
function of λ. If we replaced ΦB by

Φ0
Bð·Þ ¼ eiϕðfÞð·Þe−iϕðfÞ ð24Þ

then

TrðΦλ
AðΦ0

BðCÞÞρÞ ¼ Δðf; gÞ; ð25Þ

so there is no λ-dependence, i.e., no signaling from Alice to
Charlie in that case. Note that the right-hand side of
Eqs. (23) and (25) is independent of the state ρ since it
is assumed that ρ is such that TrðCρÞ ¼ 0 (which holds for
C ¼ ϕðgÞ and ρ being, e.g., a Fock or thermal state).
The failure of the no-signaling condition (21) in Eq. (23)

can be traced back to the fact that ΦBðCÞ will not commute
with A in general, even though ½C;A� ¼ 0 by micro-
causality [4]. This is not the case for Φ0

B, since it is easy
to check that ½Φ0

BðCÞ; A� ¼ 0. Then, it is natural to suspect
that the reason why ΦBð·Þ ¼ eiϕðfÞ2 · e−iϕðfÞ2 is problematic
is that ϕðfÞ2 is a nonlocal operator (given by a double
integration over spacetime in this case). Further, one can
speculate that the reason why Φ0

Bð·Þ ¼ eiϕðfÞ · e−iϕðfÞ is not
problematic is the following property of Weyl operators

eiϕðfþf0Þ ¼ eiϕðfÞeiϕðf0ÞeiΔðf;f0Þ=2 ð26Þ

i.e., that we can split the unitary up to a phase, something
that does not hold for the squared field unitary. Intuitively,
this is because it implies that Φ0

B can be split into causally
ordered parts, which can be chosen so that the part in the
future of region A drops out the relevant expectation values.
As we shall see in Sec. III when this type of factorization
property holds for a class of unitaries it indeed rules out
impossible operations.

III. LOCAL S-MATRIX FORMALISM

In this section we will consider a broad set of valid local
unitaries in QFT, and their properties. These local unitaries
can be interpreted as local operations, and we find that there
is a natural causal condition on them that ensures they
define nonsignaling channels. Bogoliubov’s local S-matrix
formalism [14] is a local and covariant approach to
describing interactions in QFT,4 and so is a natural place
for us to start. It plays a major role in perturbative algebraic
QFT, which provides a rigorous definition of observables in
interacting field theory via a generating function, where the

factorization properties play a key role in proving the main
theorem of renormalization (see [33] and references within,
as well as the complete introduction [17]).
A local S-matrix will be denoted as S½f� where f a

compactly supported (smooth) real-valued smearing func-
tion. In some cases, when the adiabatic limit can be taken
fðxÞ → fconst, we end up with the usual global (asymptotic)
S-matrix familiar from textbook QFT, where coupling
terms are spacetime independent constants, e.g., LIðxÞ ¼
−fconstϕðxÞ4, and which map between the in and out
Hilbert spaces. While the local S-matrix formalism was
originally conceived, and still used in perturbative AQFT
(pAQFT), to define scattering interactions in cases where
the asymptotic S-matrix might not be well defined (for
historical context see [15,34]), it also provides a useful
model for more general localized interactions, which may
include scenarios beyond scattering. Further, as we will see,
it comes endowed with a hierarchy of causal conditions
which are very well suited for studying causality in finite
time processes. For these reasons, we will be concerned
only with the local case, where the support of f is bounded.

A. Properties of valid local S-matrices

Note that we will not be assuming any (formal) expan-
sion for S, e.g., the Dyson expansion. Instead, drawing
inspiration from a recent nonperturbative approach to the
local S-matrix [18], we will be assuming certain properties
of the S-matrix that are expected to hold nonpertubatively.
We assume that S ¼ S½f� exists for a compactly supported
test function f, and is a unitary element of the local algebra
AðRÞ where R ¼ suppf,5 Then, thanks to microcausality

½S½f�; O� ¼ 0; if O∈AðRÞ ð27Þ

for any region R spacelike to suppf. Equivalently,

S½f�†OS½f� ¼ O: ð28Þ

namely spacelike separated observables remain unchanged.
While it may seem that this is sufficient to ensure no-
signaling, this is not the case (see next subsection). As we
will demonstrate, ruling out no-signaling in impossible
measurements scenarios, involves zooming into the support
of f and making sure that the local operation can be
decomposed such that future evolution cannot affect past
evolution (retrocausality).

4The first attempt to formulate relativistic quantum theory in
terms of the S-matrix is due to Heisenberg, who introduced a
“global” S-matrix satisfying unitarity and Lorentz invariance. The
local S-matrix approach was later introduced by Stueckelberg and
Bogoliubov, reintroducing local degrees of freedom and demand-
ing additional causality conditions [15].

5Here we assume that SðfÞ is an element of the local algebra,
namely that it is constructed out of operators local to the support
of f, while in [18] the local algebras are generated by the local S-
matrix that is associated to a given Lagrangian. In the latter
approach the Haag-Kastler axioms are not assumed but they are
shown to follow from properties of the local S-matrix. This is an
essential difference that we will not elaborate on, since here we
are simply borrowing properties of the S-matrix to describe
operations and we are not yet drawing a full connection to [18].
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Overall, the relevant properties of the local scattering
maps S ¼ S½f� that we will use below are
(1) Unitarity: SS† ¼ S†S ¼ 1.
(2) Normalization: S½0� ¼ 1.
(3) Locality: An S-matrix SR is local to a region R if

½SR;AðR0Þ� ¼ 0 ð29Þ

for all regions R0 spacelike to R.6

(4) Continuous additivity: given a local S-matrix that
depends functorially on a smearing function f such
that S½f� is local to suppf and any Cauchy surface Σ,
we can define fþ ¼ fχJþðΣÞ, f− ¼ fχJ−ðΣÞ (see
Fig. 3), and have

S½f� ¼ S½fþ�S½f−�: ð30Þ

This property is central in our analysis of signaling and
retrocausality. It allows us to decompose the dynamical
evolution in past and future evolution with respect to any
given foliation, and is the covariant analog of Uðt2 − t0Þ ¼
Uðt2 − t1ÞUðt1 − t0Þ for t0 ≺ t1 ≺ t2 (or the corresponding
property of the path integral propagator). Note that by
decomposing f in this way, f� ¼ fχJ�ðΣÞ are not smooth
due to the characteristic function. It is key that we are
cutting f on a Cauchy slice, i.e., a spacelike hypersurface,
rather than a lightlike hypersurface such as one that
coincides with A or C’s lightcones, as factorizing the local
S-matrix by cutting f along the light cone would introduce
divergences (which can be seen using microlocal analysis
[35]). We expect that there are no divergences when
splitting with respect to a spacelike hypersurface for
sufficiently simple interactions, and in Appendix B provide
a detailed argument for the specific case of the linear
coupling that we treat below.
Finally, for composing distinct (causally orderable)

interactions we additionally need to assume the following:
(5) Causal factorization: Given two disjoint regions A,

B with B in the out region of A (Aout ¼ MnJ−ðAÞ,
see Fig. 2), the evolution is given by an S-matrix
SAþB which factorizes

SAþB ¼ SBSA ð31Þ

where SAðSBÞ is the S-matrix where just region A(B)
has nonzero coupling, and is local to A(B).

Note that if the supports are fully spacelike separated
then it also holds that SAþB ¼ SBSA ¼ SASB and as a result

½SA; SB� ¼ 0 ð32Þ

for A, B spacelike.7

1. Eliminating the “impossible”

To appreciate the operational consequences of the
properties listed above, we need to define a valid notion
of operation based on the local S-matrix. The first step is to
enlarge the Hilbert space by including the Hilbert space of
probe systems that are coupled to the field through local
S-matrices (one probe per interaction region). Consider n
probes and n regions Ri, each of which are disjoint but not
necessary all mutually spacelike, given by quantum sys-

tems defined on Hfield ⊗
n

i¼1
Hi. Each of these probes can be

associated to an interaction term

In

out

FIG. 2. The region Rin ¼ MnJþðRÞðRout ¼ MnJ−ðRÞÞ
(where M is the spacetime, and J�ðRÞ refer to the causal future
and past of R, the red and blue regions respectively) for a region
R, given by the spacelike white regions and the blue (red) region.
The out region is the set of all points x for which x ⋠ R, and
likewise the in region is the set of all points y such that R⋠ y.

FIG. 3. Continuous additivity of an S-matrix corresponds to
selection of a (partial) Cauchy surface Σ that bisects the support
of f. The gray region above (below) Σ is JþðΣÞ; ðJ−ðΣÞÞ.

6When the local algebras are von Neumann and Haag duality
holds, this condition implies that SR is affiliated to AðRÞ. Since it
is assumed unitary, this is sufficient to imply that SR ∈AðRÞ.

7This is how microcausality is shown to hold for the local
algebras generated by the local S-matrix [18,33], as a conse-
quence of causal factorization.
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Li ∈AðRiÞ ⊗ AðHiÞ⊗
j≠i
1j ð33Þ

which is a coupling between the field and one probe,
localized to some region Ri. Approaches to measurement
theory in QFT in which the measurement process is
modeled as a local scattering process and operations are
induced by probes, include the detector-based measure-
ment theory [36] and the FV framework in algebraic
QFT [11].
In the detector-based approach, one works with (a

general class) of Hamiltonian densities that model the
detector-field coupling, e.g., mimicking the light-matter
interaction, and the local S-matrix can be defined as the
time-ordered exponential of these interaction Hamiltonians
(typically the predictions of the models rely on perturbation
theory, using the Dyson expansion of the S-matrix). In the
algebraic approach, the formulation of the FV framework
relies on the structure of abstract *-algebras. In this setting,
the interaction between system and probe field is formu-
lated as a morphism Θ of the uncoupled theory, and it is not
necessarily implemented through the adjoint action of a
unitary scattering map S, namely as Θð·Þ ¼ S†ð·ÞS. Note
that the approach we are taking here is more abstract than
the first (since it does not rely on particular interaction
Hamiltonians and the Dyson expansion), but more concrete
than the latter, since we assume the existence of these local
scattering maps that implement the scatteting morphism in
a Hilbert space.
Partial or exact resolutions to the impossible measure-

ments scenario have been offered respectively in the
detector-based approach [5,32] and in the FV-framework
[12]. In either case, an important ingredient of the resolution
was an analog causal factorization property Eq. (31). An
abstract version of causal factorization is assumed to hold in
the FV framework,8 while in [32] it was argued that this
property holds for a general class of Unruh-DeWitt-type
detector models coupled locally to a coupled field over
disjoint, causally orderable regions. Finally, note that all the
measurement schemes considered in QFT correspond to so-
called premeasurement processes, involving only the unitary
interaction between the field and the probe. Strictly speak-
ing, the measurement is completed only once an outcome
has been obtained, which would require, in turn, a meas-
urement of the probe and so on, leading to an infinite regress,
see [10]. In this workwe ignore this final measurement stage
and, following common jargon, refer to the premeasurement
stage itself as the “measurement process.”
We should emphasize that in both approaches causal

factorization is assumed (or proven on a case-by-case basis)
but, crucially, it is not sufficient for eliminating impossible
measurements. More assumptions about the probe-field

interactions in the coupling regions have to be made, i.e.,
the locality of the detector’s local current in the detector
model approach [32],9 or the time slice property of the
coupled theory in the FV framework10 [12]. Our claim is
that continuous additivity [Eq. (30)] is the key additional
assumption that gurantess that the probe-field coupling will
not enable superluminal signaling. Specifically, we will see
that the ability to appropriately factorize the interaction
region into causally ordered subregions is sufficient for
ruling out impossible measurements. In the next section, we
will see that it is not necessary, since a weaker factorization
property can be used.
To see that Eq. (30) is sufficient, let us consider a Sorkin-

type scenario, where we assume causal factorization for the
interactions over the coupling regions A and B, and
continuous additivity for Bob’s interaction over region
B, see Fig. 4. The total S-matrix is given by

SAþB ¼ SB½f�SA ¼ SB½fþ�SB½f−�SA: ð34Þ

Given an initial total state ρ of the field and the two probes,
the expectation value of a field observable C in region C
after both interactions is (omitting the identity operators for
convenience)

TrðS†AþBCSAþBρÞ
¼ TrðS†ASB½f−�†SB½fþ�†CSB½fþ�SB½f−�SAρÞ
¼ TrðS†ASB½f−�†CSB½f−�SAρÞ
¼ TrðSB½f−�†CSB½f−�ρÞ ð35Þ

A

C

FIG. 4. A Sorkin scenario where the dynamics of the interior
region can be split as given in Eq. (30). Note that Σ is chosen such
that suppf− is spacelike to A and suppfþ is spacelike to C.

8The abstract version of the causal factorization condition is
that ΘAþB ¼ ΘB ∘ΘA, which has to be proven for concrete models
in this framework.

9In [32] the authors show that (seemingly local) Hamiltonian
densities of the form hðxÞ ¼ ΛðxÞJðxÞ ⊗ ϕðxÞ, where JðxÞ is the
current associated to a probe, can give rise to impossible
measurements if the probe’s dynamical current is not microcausal
(i.e., if ½JðxÞ; JðyÞ� ≠ 0 for x; y spacelike separated) by using the
Dyson expansion of S ¼ T exp i

R
hðxÞdx.

10The exact relation between continuous additivity and other
dynamical axioms, e.g., the time-slice property in the formal
setting of (p)AQFT goes way beyond our purposes (for related
results see, e.g., [37]).
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where we have used the locality properties—i.e. S½f� is
localized to suppf and SR is localized to region R for
R ¼ A;B—to commute S½fþ� with C and SA with S½f−�
and C (see Fig. 4) to then use that SB½fþ�†SB½fþ� ¼ 1B;field

and S†ASA ¼ 1A;field. Since there is no trace of Alice’s
interaction with the field (SA) in the final expression, there
can be no superluminal signaling from region A to region
C. Note that the trace operation (Tr) is taken over
Hfield ⊗ HA ⊗ HB. If we assume that Alice is initially
uncorrelated with the field (and Bob) ρ ¼ ρA ⊗ ρB;field and
using that TrAρA ¼ 1, the initial state of Alice ρA will also
drop out from the expectation value in Eq. (35).
Importantly, also note that only the part of Bob’s

coupling that is in contact with Charlie’s causal past,
i.e., S½f−� survives in the final expression, while S½fþ�
which is fully spacelike separated from Charlie has dropped
out. Yet, for any fixed splitting of region B, the support of
f− contains points that are spacelike separated from C, as
the splitting is along a spacelike Cauchy surface. In
principle, changes to the S-matrix at these points should
not affect expectation values at C. This observation will
become important when we introduce the notion of
effective Kraus operator in Sec. V.
Finally, note that introducing the probes above was only

the first step toward defining a notion of operation in the
next sections. We will do this by suitably taking partial
traces over the probes’ degrees of freedom, to induce an
operation on the Hilbert space of the field, while so far we
are only describing the full field-probes dynamics and
calculating expectation values of field observables.

B. Hierarchy of factorization conditions and the
Hammerstein property

So far we have introduced two notions of factorizations
of S-matrices, causal factorization and continuous additiv-
ity, that respectively correspond to composing disjoint
interactions or decomposing a single interaction. Overall,
there is a hierarchy of factorization conditions, that we will
briefly outline here for completeness, and generalize our
proof of no impossible operations to a weaker condition.
First, we note that Eq. (30) is quite a stringent condition

on the local S-matrix. This condition might fail for certain
singular interactions in certain spacetime dimensions.11 For
this reason, here we will also consider weaker factorization
conditions that are more widely assumed to hold for local
interactions.
One such weaker condition, called the Hammerstein

property, is typically assumed in causal perturbation theory
literature [33,35]. The Hammerstein property is that

S½f1 þ f2 þ f3� ¼ S½f1 þ f2�S½f2�−1S½f2 þ f3� ð36Þ

where f1, f3 are separated by a hypersurface and f2 is
unrestricted (and it can potentially overlap with f1;3). The
test functions f1, f2, f3 are assumed to be smooth and
compactly supported. This implies causal factorization for
f2 being the zero function

S½f1 þ f3� ¼ S½f1�S½f3� ð37Þ

where the supports of f1, f3 are causally orderable, i.e., can
be separated by a Cauchy surface. Note that continuous
additivity

S½f� ¼ S½fþ�S½f−� ð38Þ

where f ¼ fþ þ f− (and f� need not be smooth at the
hypersurface Σ) in turn implies the weaker condition
Eq. (36). To see this, we split f into smooth test functions
f0þ; f00; f

0
− configured as required for Eq. (36) and such that

f ¼ f0þ þ f00 þ f0−. Applying condition Eq. (38) twice,

S½f� ¼ S½f0þ þ f00 − f00 þ f00 þ f0−�
¼ S½f0þ þ f00�S½−f00�S½f00 þ f0−�
¼ S½f0þ þ f00�S½f00�†S½f00 þ f0−� ð39Þ

where we have used that S½0� ¼ S½f�S½f�† ⇒
S½f�† ¼ S½−f�.
Importantly, the Hammerstein property is also sufficient

to rule out impossible measurements, as we explicitly show
in detail in Appendix A and sketch here. Looking at Fig. 5,
we can see a similar scenario to the proof for the stronger
factorization condition. As there, the supports of f� are
spacelike to regions C, A respectively, and now f0 is
spacelike to A and C. This implies that S½fþ þ f0�S½f0�†
commutes with C and S½f− þ f0�†CS½f− þ f0� is localized
spacelike to A. Following a very similar derivation to
Eq. (35) demonstrates that there is no signaling in a Sorkin
scenario where ΦB is induced by an S-matrix satisfying the
Hammerstein property.12 For the full details, see
Appendix A.
To summarize, the weakest factorization condition,

causal factorization, is necessary but not sufficient for
resolving the Sorkin problem, while the strongest, con-
tinuous additivity, together with causal factorization com-
pletely rules out Sorkin’s impossible operations. So what is
the role of the middle condition Eq. (36)? It is definitely

11A related axiom postulated by Schwigner is that there exist
unitaries such that UΣ;Σ00 ¼ UΣ;Σ0UΣ0Σ, where Σ0 a spacelike
hypersurface between Σ and Σ00 hypersurfaces. This is
known to hold for polynomially interacting scalar fields in
two dimensions.

12The resolution of the Sorkin problem in the abstract algebraic
setting of the FV framework heavily relies on the time-slice
property of the coupled theory [2,12]. At the level of the local
S-matrix it has been shown that the time-slice property can be
derived only from (36) and normalization Sð0Þ ¼ 1 [38], which
explains why we were able to demonstrate the link between (36)
and no impossible operations in Appendix A.

FACTORIZATION CONDITIONS AND CAUSALITY FOR LOCAL … PHYS. REV. D 114, 085013 (2026)

085013-9



reassuring that Eq. (36) rules out impossible measurements
when continuous additivity fails [Eq. (30)]. Nevertheless,
since the concrete model for scalar field measurements that
we consider in the next section satisfies the stronger, and
simpler, condition Eq. (30), we will utilize that instead for
translating it into properties of induced Kraus operators.

IV. OPERATIONS INDUCED BY PROBES

In quantum mechanics, every unital, i.e., maps the
identity to itself, CP map (UCP map)—that is, every
nonselective operation on a quantum system—can be
understood as arising from a unitary interaction between
the system and an ancillary system, or probe, followed by
discarding (tracing out) the probe. This is a consequence of
the Stinespring dilation theorem, which ensures that any
UCP transformation of the system can be “purified” by
embedding it into a larger closed system that evolves
unitarily. In the same vein, we will consider in this section
the realization of nonselective operations in QFT through
interactions between the system (i.e., the field) and a probe.
Then, a way to argue that unitary “kicks” which violate no-
signaling are not physically realisable is to show that they
cannot be implemented by any valid local interaction
between the system and a probe (see also [39]).
Below, we define local Kraus operators as induced by a

suitable local coupling S½f� between the field and the probe,
and we provide an example of a concrete model for field
measurements. We derive no-signaling conditions for the
associated Kraus operators.

A. Induced Kraus operators in QFT

The attempts of modeling local operations in QFT
required a departure from the asymptotic scattering para-
digm. In a series of papers, Hellwig and Kraus [20,40]
model relativistic quantum measurement as a local scatter-
ing process. Their motivation for introducing the so-called
Kraus operators, as induced through the dynamical

coupling to some probe, was to explicate the operational
interpretation of the local algebras that is implicit in the
algebraic approach to QFT [25]. The measurement scheme
of Hellwig and Kraus can be viewed as predecessor of
the recently proposed measurement frameworks in QFT
[11,36] that involve some (abstract or concrete) represen-
tation of dynamics between system and probe and model
measurement as a local scattering process (for historical
context see [3]).
Consider the combined Hilbert spaceHfield ⊗ Hprobe of a

system field with Hilbert space Hfield and some probe with
Hilbert space Hprobe. Using interaction picture the final
result of the probe-system interaction can be described
through a unitary operator S on the product space
Hfield ⊗ Hprobe. We will assume that the coupling S is
supported over a bounded spacetime region, i.e., S ¼ S½f�
where f ¼ fðxÞ is a spacetime smearing function that is
compactly supported.
We will only use the dual update map, acting on the

operators rather than the states. This is most natural as the
QFT operators we are working with are in the Heisenberg
picture. The update rule is now given by

O ↦
Z

dqΠψ
q ½f�†OΠψ

q ½f�≕Φ½f�ðOÞ ð40Þ

where we have included the functional dependence on the
spacetime smearing function f, and the Kraus operators for
the field associated to S½f� are given by

Πψ
q ½f� ≔ hqjS½f�jψi; ð41Þ

where ψ , q denote the initial and final states of the probe
only, so Πψ

q ½f� is an operator on Hfield. This can be derived
by taking the partial trace over the probe’s Hilbert space
(for details see, e.g., [36]). It is easy to check that this
defines a valid family of Kraus operators that satisfyZ

dqΠψ
q ½f�†Πψ

q ½f� ¼ 1field ð42Þ

thanks to the unitarity of the local S-matrix and ψ being a
normalized state, using the resolution of identityR
dqjqihqj ¼ 1probe in the probe’s Hilbert space.
Kraus operators in scattering-based frameworks for local

measurement in QFT have been derived previously in
[19,36,41] for concrete Unruh-DeWitt-type models, and
more recently in [10] for a concrete representation of the
FV framework in a Hilbert space. Nevertheless, the opera-
tional consequences of the factorization conditions at the
level of Kraus operators have not been investigated. Here
we investigate how these properties are captured by valid
local scattering matrices and their (de)composition proper-
ties. Further, for certain concrete model for measurement of

A

C

supp

supp
supp

FIG. 5. The spacetime factorization of f into fþ (red) f0
(white) and f− (blue), where we note the disjoint and time
ordered supports of f�, and the support overlaps of f0 with f�.
Key to the proof is that the support of f0 is spacelike separated
from both A and C.
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field amplitudes, we link these properties to a no-signaling
property for the resulting Kraus operators.

B. A concrete model for local field measurements

We consider a simple model for field measurements,
previously explored in [19], where a scalar quantum field ϕ
in Minkowski spacetime interacts with a free pointer via the
operator P, satisfying ½Q;P� ¼ i. The interaction is defined
by the following coupling:

LI½f� ¼ fðxÞϕðxÞ ⊗ P: ð43Þ

Here, fðxÞ is a spacetime-dependent smearing function.
The pointer’s free Hamiltonian can be chosen to be non-
trivial as long as it commutes with the interaction term,
without introducing significant computational challenges,
so it is theoretically possible to select the Hamiltonian of a
relativistic scalar particle. However, to avoid conceptual
complications associated with interpreting the pointer as a
relativistic particle—such as issues of causality and locali-
zation in relativistic quantum mechanics (e.g., Hegerfeldt’s
[42] and Malament’s [43] theorems)—we opt to set the
pointer’s Hamiltonian to Hpointer ¼ 0. This approach treats
the pointer as an abstract degree of freedom, not inherently
tied to spacetime except through its localized coupling to
the field. To reflect this distinction, we will use x to denote
spacetime points and q to represent the internal values of
the pointer. The interaction in Eq. (43) leads to the
following scattering matrix

S½f� ¼ T e−iϕðfÞ⊗P ð44Þ

which we can solve exactly via the Magnus expansion [19].
For this model the S-matrix takes the form

S½f� ¼ T e−iϕðfÞ⊗P ¼
Z

dpT e−ipϕðfÞ ⊗ jpihpj; ð45Þ

where by p we denote the spectrum of the continuous
pointer P. The Magnus expansion allows us to rewrite time
ordered exponentials T expð·Þ ¼ exp

P
n Ξnð·Þ, where Ξn

are given in terms of nth order nested commutators. Since
the pointer evolves trivially, the Lagrangian term LðxÞ ¼
ϕðxÞ ⊗ P implies

½LðxÞ;Lðx0Þ� ¼ c1; ð46Þ

and so only the terms that include at most one commutator
survive,

Ξ1 ¼−ipϕðfÞ; Ξ2 ¼−
ip2

2
ΔRðf;fÞ; Ξn ¼ 0; n> 2;

ð47Þ

where ΔR is the retarded propagator. Finally, we have

S½f� ¼
Z

dpe−p
2 i
2
ΔRðf;fÞðe−ipϕðfÞ ⊗ jpihpjÞ: ð48Þ

and

ΔRðf; fÞ ¼
Z

dx dy fðxÞΔRðx; yÞfðyÞ: ð49Þ

After picking a probe state ψðqÞ on the basis of the
pointer variable Q, using Eq. (41) we can compute the
Kraus operators for the field [19]

Πψ
q ½f� ¼ 1ffiffiffiffiffiffi

2π
p

Z
dpψ̃ðpÞ

× exp

�
−
i
2
p2ΔRðf; fÞ þ ipðq − ϕðfÞÞ

�
; ð50Þ

where ψ̃ðpÞ ¼ hpjψi is the Fourier transform of ψðqÞ. Note
that the expression (50) has the form of a Fourier transform
with an additional phase that depends on ΔRðf; fÞ, which
arises due to the time-ordering operator in Eq. (44), using
the Magnus expansion.13 It is precisely the causal retarded
propagation within the support of f that this model captures
at the level of the Kraus operators, which will play an
essential role in analysing the resolution of field measure-
ments, and the no-signaling properties of the Kraus
operators in the next section.
As an example, by picking ψðqÞ ¼ G1=2

σ ðqÞ to be the
square root of the Gaussian centered at 0 with width σ, we
have the following POVMs

Πσ
q½f�†Πσ

q½f� ¼
1ffiffiffiffiffiffi
2π

p
σ̃
exp

�
−
ðq − ϕðfÞÞ2

2σ̃2

�
¼ Gσ̃ðq − ϕðfÞÞ ð51Þ

where

σ̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ ΔRðf; fÞ2

4σ2

s
: ð52Þ

Using the inequality between the arithmetic and geo-
metric means, we see that

σ2 þ ΔRðf; fÞ2
4σ2

≥ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔRðf; fÞ2

4

r
¼ jΔRðf; fÞj ð53Þ

and so the minimal value of σ̃ is jΔRðf; fÞj and occurs at
σ2 ¼ jΔRðf; fÞj=2. Note that this POVM governs the

13The retarded propagator is due to the time-ordering operator.
The deeper reason why we end up only with retarded (and not the
advanced) propagation is the implicit time-asymmetry introduced
by assuming initial (and not final) separable state.
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statistics of the conjugate pointer variable Q after the
coupling is “off” (that is, in the out region of suppf).
The uncertainty σ̃ represents how far the POVM is away

from being a projection valued measure (PVM), or in
quantum measurement language, how far from sharp the
measurement is. It is not hard to see that if we could take
σ̃ → 0, then the POVM would become

Πσ
q½f�†Πσ

q½f� → δðq − ϕðfÞÞ

¼
Z

dλδðq − λÞdPðλÞ ¼ PðqÞ ð54Þ

where PðqÞ is the PVM associated to the possible values of
ϕðfÞ by the spectral theorem.

C. Can ϕðf Þ be measured sharply?

In [44], Ozawa studies the process of taking such a limit,
and shows that a measurement is only repeatable in that
limit, in the sense that the outcomes of repeated measure-
ments agree. Operationally, they consider allowing the
interaction to continue for a longer time, say a factor of T,
and rescaling the pointer units by 1=T. It is shown in the
case considered in that paper the standard deviation is
scaled by 1=T. This is mathematically the same as scaling
the probe’s state’s argument q by T, thus scaling σ by 1=T.
We cannot do quite the same here, as we now discuss.
Suppose we take σ, the probe’s standard deviation in q,

to zero, then the first term in Eq. (53) will indeed vanish,
however, the second term will explode, meaning the
uncertainty diverges, σ̃ → ∞. The appearance of the
propagator term in Eq. (53) is a consequence of solving
the Dyson series for the S-matrix exactly, rather than
assuming the interaction Hamiltonian dominates the field’s
free Hamiltonian. We can also see that the square root of the
propagator bounds the uncertainty from below, and so we
must simultaneously reduce jΔRðf; fÞj and take the probe
state to be sharper. If done such that the inequality in
Eq. (53) is saturated at each step, then the POVM will
become sharper and sharper. However, this requires
jΔRðf; fÞj be taken smaller. Next, we interpret this bound
further.
To gain some intuition on how accurately the field values

can be probed locally, we can appeal to the results of [19],
where it is shown that for f given by a Gaussian with
spacial width σS and time width σT ,

ΔRðf; fÞ ∼
8<:

1
σTσ

3
S

when mσT ≫ 1

σT
σSðσ2Sþσ2T Þ

when m ¼ 0:
ð55Þ

The intuition is that the effect of interacting with the field
will disturb it, and those disturbances will propagate
following the dispersion relations. When m ≫ 1

σT
, those

disturbances will travel nonrelativistically, and so will not

probe the spacial extent of the region f, while when m ∼ 0,
they will travel close to or at the speed of light, see Fig. 6.
The retarded propagator encapsulates how much a

perturbation at x affects the field at y. For all masses, it
vanishes if the points are spacelike separated, and if the
mass is zero then it diverges when there is a lightlike curve
from x to y, meaning that the perturbation caused by the
measurement interaction at x will propagate along the light
cone and affect the measurement at y. If the region is
spacially wide but temporally narrow, i.e., the region is not
well causally connected, then not much of the support of f
is contained in the future light cone of any point x, and so
there is minimal disturbance. Importantly, if the smearing is
purely spacial, that is in the case of instantaneous inter-
actions, then ΔRðf; fÞ ¼ 0. This allows us to draw a
connection to the operations that appear in [9] (see next
section).
Conversely, if the region is spatially narrow and tem-

porally long, then this is flipped on its head, and the
disturbance is large, see Fig. 6. Finally, if the mass of the
particle is nonzero, then the retarded propagator is no
longer concentrated on the light cone, as represented by the
timelike worldlines in Fig. 6. In this case, the causal
connectivity of the region is less important, and the
disturbance instead depends on the overall spacetime
volume of the region. In the m ≫ 1

σT
case, increasing either

size of σT , σS makes the measurement sharper, while for
m ∼ 0, when σ2S þ σ2T is held constant, the region must be
taken to be much wider spatially than temporally in order to
get a sharp measurement.
Overall, we see that explicitly modeling the measure-

ment interaction leads to a quantum channel with a
sharpness bound that stems from the ΔRðf; fÞ phase in
the S-matrix. This phase arises from solving the dynamics
of the field and pointer, rather than from imposing causality
constraints. While the ΔRðf; fÞ phase is not necessary to
prevent signaling in the field channel (see Eq. (25) where
the unitaries that define the channel are not time-ordered), it
is critical for proving continuous additivity and ensuring

FIG. 6. Left: a region that has a large time extension will
contain overlapping futures of points that are at large spacial
separations, e.g., JþðPÞ ∩ JþðQÞ, indicated by the darkest gray
region. Conversely, if the degrees of freedom of the theory
travel much slower than c, these overlap regions will not be
important, indicated by the two black timelike curves. Right: A
region with small time extension will only have points that are
close together have overlapping futures contained in itself:
JþðPÞ ∩ JþðQÞ ¼ ∅.
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the causality of the dilated channel (see Appendix C
and D). Finally, we comment on the connection to previous
related work on families of no-signaling Kraus operators
and POVMs for field measurements. Our analysis provides
a concrete dilation of the L2-maps that defines families of
Kraus operators in [6], defined as

Kf
κ ðqÞ ¼ κðq − ϕðfÞÞ: ð56Þ

By picking the internal state of the probe to be

ψðqÞ ≔ ΨfðκÞ½q� ≔ F−1
�
F ðκÞ½p�eip2

2
ΔRðf;fÞ�½q� ð57Þ

where F ;F−1 are the Fourier and inverse Fourier respec-
tively, we can see that

Kf
κ ðqÞ ¼ ΠΨfðκÞ

q ½f�: ð58Þ

This means that the “shape” of the Kraus operators is
specified by the initial state preparation ψ of the probe. At
last but not least, in [10] the authors analyse a concrete
model of the FV-framework that involves two equal mass
real scalar fields linearly coupled, where one of the two
fields (the probe field) plays the role of the “pointer.” By
picking a squeezed quasilocal state for the probe field, they
show that a Gaussian measurement of the probe leads to an
instrument that in the weak coupling limit can be decom-
posed into a Gaussian measurement and a dephasing
channel with certain strength. A full comparison between
these results and ours would require letting the masses of
both fields, the probe and the system field, to vary
independently. This is because our pointer is a single
abstract degree of freedom, and has trivial internal dynam-
ics, which would appear in a well controlled large mass
limit of the probe represented as a quantum field, likely
requiring us to reintroduce a probe Hamiltonian. We leave
further exploration for future works.

V. CAUSALITY CONDITIONS ON THE
KRAUS OPERATORS

In this section we will examine the relevance of the
continuous additivity Eq. (30) for the concrete model of
field measurements that we introduced in the previous
section. We will demonstrate the model’s consistency with
the framework laid out in Sec. III, and derive the no-
signaling and compositional properties of its Kraus oper-
ators, generalizing those found in [9]. These no-signaling
identities ensure that this model does not induce impossible
operations on the field.
First, we show that for the model introduced in the

previous section continuous additivity holds, i.e., for any
Cauchy slice through f (see Fig. 4)

S½f� ¼ S½fþ�S½f−�; ð59Þ

where supp fþ⪯ supp f−. We derive this property in
Appendix D using the Magnus expansion

S½f� ¼ T e−ipϕðfÞ

¼ e−
ip2

2
ΔRðf;fÞe−ipϕðfÞ ð60Þ

and the simple fact that

ΔRðfþ; f−Þ ¼ 0; ð61Þ

i.e., there is no propagation from the future to the past. Note
that f� are in general not smooth, i.e., not elements of
C∞
0 ðMÞ, and so S½f�� andΔRðf�; f∓Þ are not immediately

well defined. In Appendix B we show that suitably
introducing a discontinuous test function when writing
S½f�� is not problematic.
Crucially, this has the following consequence for the

Kraus operators, which we prove in Appendix D, that they
obey

Πψ
q ½f� ¼

Z
dsΠψþ

q−s½fþ�Πψ−
s ½f−�; ð62Þ

where f ¼ fþ þ f− and ψ ¼ ψþ ⋆ ψ−, where ⋆ is con-
volution. This is a way of decomposing a single time-
extended measurement process, for different choices of
spacelike hypersurfaces going through the region. Note that
ψ� are not necessarily square normalized and do not
represent valid states for the probe, so Πψþ

q ½fþ�;Πψ−
q ½f−�

do not (yet) define valid (normalized) Kraus families (see
Eq. (66) in the next subsection).
Identity Eq. (62) will be key in showing that the such an

operation cannot enable signaling between spacelike
separated regions in a Sorkin-type.14 In Appendix E we
prove it for a simple model for ϕðfÞ measurements, but
more generally, it follows from the continuous additivity of
S½f� and the fact that S½f� can be seen as a quantum
controlled unitary (see Sec. VI A). This provides us with a
concrete example of the relationship between no-signaling
conditions for dilated and undilated maps.
Identity Eq. (62) was proved in [9] for an ϵ-family of

POVMs, including the spectral decomposition of ϕðfÞ. in
the case of instantaneous operations defined over a Cauchy
surface (f being a purely spacial smearing) and it was
proved to be sufficient for enforcing no-signaling condition

14To gain an intuition about the form of Eq. (62) it is easy to
check that it holds for the spectral decomposition of the sum of
two commuting self-adjoint observables. For instantaneous
operations considered in [9] the two commuting observables
correspond to the scalar field commuting with itself on spacelike
separated subregions on a Cauchy slice. In our case, Eq. (62) is a
generalization of this fact for noncommuting and nonself-adjoint
Kraus operators. The key is that they only need to commute up to
a phase (see derivation in Appendix D).
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Eq. (21) in this case. Note that our results reduce to those in
[9] when we take ψ to be Gaussian with width ε and f is
supported on a spacial hypersurface so that ΔRðf; fÞ ¼ 0.
In our case, the concrete pointer model describes time-
extended operations of field amplitudes, so (62) turns out to
not be sufficient to prove no-signaling. For the proof of no-
signaling, we will also need the following identity.15

Z
dqΠψ

q−s½f�†Πψ
q−s0 ½f� ¼ Fψ ðs − s0Þ1 ð63Þ

where

Fψ ðs − s0Þ ¼
Z

dpjψ̃ðpÞj2eipðs−s0Þ; ð64Þ

which we derive in Appendix E.

A. No impossible operations

To see this, consider a Sorkin scenario where Alice
applies ΦA, Bob applies ΦB½f�—where we have been
explicit about only Bob’s map’s functional dependence—
and Charlie measures the expectation value of C. Picking a
Cauchy hypersurface Σ such that A is in the future and C is
in the past, we split f ¼ fþ þ f− (see Fig. 4). We then
evaluate the expectation value of C

TrðΦA ∘ΦB½f�ðCÞρÞ ¼ Tr

�
ΦA ∘

Z
dxΠψ

q ½f�†CΠψ
q ½f�ρ

�
¼

Z
dqdsds0TrðΦA ∘Πψ−

s ½f−�†Πψþ
q−s½fþ�†CΠψþ

q−s0 ½fþ�Πψ−
s0 ½f−�ρÞ

¼
Z

dqdsds0TrðCΠψ−
s0 ½f−�ρΠψ−

s ½f−�†ΦAðΠψþ
q−s½fþ�†Πψþ

q−s0 ½fþ�ÞÞ

¼
Z

dsds0TrðFψþðs − s0ÞΠψ−
s ½f−�†CΠψ−

s0 ½f−�ρÞ ð65Þ

In the second line above we have used the identity
Eq. (62) to split each Kraus operator into those localized
before and after the Cauchy slice. In the third line above we
have used the localization properties to commute C with
Π½fþ� and ΦA with Π½f−� (see Fig. 4). The fourth line
follows from the fact that the argument of ΦA, integrated
over q, is proportional to the identity i.e., using Eq. (63)
which is shown in Appendix E. Importantly, this leads to
ΦA dropping out from the expression, and as a result the
details of A’s preparation disappear from C’s result.
We see that in the last line of Eq. (65) only the Kraus

operators that are supported in f− (and not fþ) survive.
Nevertheless, this does not have the form of an operation
ΦB½f−�, because of the double integration over s and s0.
This is because the prefactor Fψ ðs − s0Þ defined in Eq. (64)
is generally different than δðs − s0Þ for physical states ψ of
the pointer. Yet, we can rearrange things to show thatZ

dsds0Fψþðs − s0ÞΠψ−
s ½f−�†CΠψ−

s0 ½f−�

¼
Z

dqΠψ
q ½f−�†CΠψ

q ½f−�; ð66Þ

as we explicitly demonstrate in Appendix F. This motivates
the notion of effective Kraus operators in the next section.
Overall, combining Eqs. (65) and (66) we have shown

that

TrðΦA ∘ΦB½f�ðCÞρÞ ¼ TrðΦB½f−�ðCÞρÞ: ð67Þ

This is a no-signaling condition for B, since it is expected to
hold for all maps ΦA defined above, and all observables C
and states ρ of the field. The properties of the local
scattering map that corresponds to B ensure that only
ΦB½f−� will affect the expectation value of any observable
C in the causal future.

B. Effective Kraus operators

In the previous subsection we proved Eq. (67), namely
that the expectation values of C do not depend on ΦA and
the details of B’s operation over the support of fþ. Yet,
notice that we could have used any spacelike hypersurface
for splitting f as fþ þ f−. For any splitting, there are some
points of f− that are spacelike to the future region R (see
Fig. 7) which can be excluded by using another hypersur-
face that is “closer” to the backward light cone of R. This
suggest that we can use covariance to get a stronger
property of the Kraus operators, namely that they can be
chosen to depend only on operators in the causal past of the
region the algebra they act on is localized to, in a suitable
limit. This holds for general regions, so observables
localized to R will be updated by effective Kraus operators
depending only on causally available data, independent of
the hypersurface splitting we have used above.

15The connection between this work and a generalized, i.e.,
“time extended,” version of Oeckl’s results in [9] using a
covariant path-integral description [45] is work in progress
(see also [46]).
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Heuristically, the limit can be defined as follows: take a
continuous family of hypersurfaces Σt that approach the
boundary of J−ðRÞ as t → ∞, in such a way that they are all
in the future of J−ðRÞ at all points andΣ0 coincides in suppf
with the hypersurface picked for the splitting intofþ; f−, see
Fig. 7. Then let χt be the characteristic function of J−ðΣtÞ,
and ftðxÞ ¼ fðxÞχtðxÞ, and hence f0 ¼ f−, suppft ⊂
suppft0 if t > t0. It is clear that ft → fχJ−ðRÞ as t → ∞.
Finally, we use that the map f ↦ Π½f� is strongly

continuous [9],16 to see that observables localized to R
are updated by the effective “would-be” operators

Πψ
q ½fR�; fRðxÞ ¼

	
f x∈ J−ðRÞ
0 x ∉ J−ðRÞ

; ð68Þ

depend only on the information causally available to R, and
are independent of the exact choice of splitting. Note that
these operators still correspond to the same measurement
on the probe, in the sense that Πψ

q ½f�;Πψ
q ½f−� are both

conditional on the same value of the probe state q, and
agree when acting on AðRÞ. In Appendix B we sketch an
argument that, at least for the simple Kraus operator form
here, this limit is well defined. For more complex Kraus
operators it is not clear that such a limit can be defined. In
the case of a well-defined limit, the effective update map is

EfðOÞ ¼
Z

dqΠψ
q ½fR�†OΠψ

q ½fR� ð69Þ

where we have that

EfðOÞ ¼
Z

dqΠψ
q ½fR�†OΠψ

q ½fR�

¼ O
Z

dqΠψ
q ½fR�†Πψ

q ½fR� ¼ O ð70Þ

wheneverO∈AðRÞwith R being in the in-region of suppf,
i.e., not intersecting its causal future.
Note that the suggested notion of effective operation, relies

on covariance, i.e., freedom to split on any spacelike Cauchy

slice, and on being able to take the limit that we sketched
above. This is to guarantee that, in a sense, there are no
superluminal processes within the support of f. Importantly,
resolving Sorkin’s problem does not rely on this limiting
procedure, but on the fact that there is always a choice of
hypersurface such that f− will be fully spacelike to A, and so
B cannot enable a superuminal signal fromA toC (see Fig. 4).
Recall that, even in the casewhen continuous additivity is not
available, impossible operations are excluded by the
Hammerstein property, as shown in Appendix A.

VI. DISCUSSION

A. Generality of the results

The convolution property of Kraus operators in Eq. (62)
is key in our anaylsis of causality and a motivation for
effective Kraus operators. It is thus natural that we inves-
tigate when this condition holds in the local S-matrix
formalism. In this section, we wish to understand what
assumptions are required for identity (62) to hold more
generally in the formalism of local S-matrices obeying
continuous additivity

S½f� ¼ S½fþ þ f−� ¼ S½fþ�S½f−�: ð71Þ

We will assume that the S-matrix takes the form of a
quantum controlled unitary. A quantum controlled unitary
can be seen as first reading the value of the control system
(in our case the probe) and then applying a unitary to the
system (here the field) based on that control value (here p)

S½f� ¼
Z

dpUp½f� ⊗ jpihpj: ð72Þ

This is a direct generalization of controlled gates in
quantum circuits. The implication of continuous additivity
for Eq. (72) is that

Up½fþ�Up½f−� ¼ Up½f�: ð73Þ
This tells us that local S-matrices that implement quantum
control factorise into matrices that factorize pointwise,
which implies thatZ

dsΠψþ
q−s½fþ�Πψ−

s ½f−�

¼
Z

dshq − sjS½fþ�jψþihsjS½f−�jψ−i

¼ 1

2π

Z
dsdpdqUp½fþ�Uq½f−�ψ̃þðpÞψ̃−ðqÞeipqeisðp−qÞ

¼
Z

dpUp½fþ�Up½f−�ψ̃þðpÞψ̃−ðpÞeipq

¼
Z

dpUp½f�ψ̃ðpÞ ¼ Πψ
q ½f� ð74Þ

R

R

FIG. 7. The family of Cauchy surfaces Σt can be seen to tend
toward the intersection of the past null cone of R and suppf.

16technically, this was proven only for the map between
solutions and Kraus operators with ψ Gaussian (see discussion
of [9] in Sec. IV B).
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where the penultimate equality comes from the usual
convolution theorem, and the final equality comes from
the assumption of continuous additivity, Eq. (73), of Up½f�.
It should be noted that quantum control is not an
assumption that holds in general.
For Kraus families consisting of a single element, the

convolution identity takes the form of a Weyl identity:

eiHþeiH− ¼ eiHeiθ; ð75Þ

where H�; H are localized in the obvious sense. This is
clearly satisfied when H ¼ aþ ϕðfÞ; a∈R, and fails for
more general polynomials of fields: given a generic Cauchy
slice Σ

eiϕðfÞ2 ≠ eiHþeiH−eiθ ð76Þ

for H� localized in suppf ∩ J�ðΣÞ. This is expected as
generically only polynomials of first order in the fields lead
to no-signaling unitary kicks.
To summarise, we have shown that for some forms of

S-matrix, i.e., quantum controlled, the Kraus operators
directly inherit the factorization property in the form of a
convolution type identity as in Eq. (62). Quantum con-
trolled unitaries of this form are a very restricted set of
evolutions, specifically ones where the Hamiltonian of the
probe commutes with the interaction. For two fields
coupled together, this is not a realistic assumption.
While Eq. (62) cannot be expected to hold in general,
no-signaling will whenever S-matrices factorise. Further,
Eq. (67) will also hold generally, whenever the S-matrix
factorizes, as

S½f�†AðCÞS½f� ¼ S½f−�†S½fþ�†AðCÞS½fþ�S½f−�
¼ S½f−�†AðCÞS½f−� ð77Þ

implies Φ½f�ðCÞ ¼ Φ½f−�ðCÞ. Hence, while the convolu-
tion identity we used appears to be overly restrictive, the
conclusions we made from it (1) no signaling and (2) the
appearance of effective Kraus operators, hold far more
generally. This implies that the conclusions we have made
using the convolution identity are solid, and mostly
independent of the S-matrix’s form, relying only on it
factorizing.

B. Measuring observables beyond ϕðf Þ
We have demonstrated the existence of a simple and

solvable model capable of measuring ϕðfÞ for any f in a
fully causal manner. This model is consistent with the
findings of [6,7,9]. Specifically, the Kraus operators are
determined by a suitable L2-normalized function of ϕðfÞ
(in the sense of spectral calculus), which, in this model,
depends on the choice of the probe’s state. Notably, ϕðfÞ is
a unique operator within the algebra: products of smeared

fields generally do not produce nonsignaling unitary kicks.
Since the nonsignaling property of a Gaussian measure-
ment of ϕðfÞ can be derived from the nonsignaling nature
of unitary kicks by eiϕðfÞ [7], one might expect Gaussian (or
more general L2-normalized) measurements of powers of
smeared fields to also be nonsignaling. However, it has
been shown that for a broad class of products of smeared
fields, Gaussian measurements do exhibit signaling [6,7].
One way to approach this is to note that for sufficiently

temporally thin f and in a lattice approximation, ϕðfÞ can
be approximated as

ϕðfÞ ∼ A1 ⊗ 1… ⊗ 1þ 1 ⊗ A2… ⊗ 1þ 1 ⊗ 1…AN:

ð78Þ

A compact operator of this form can be measured in a
nonsignaling way [4] with an update map that projects onto
its eigenstate, i.e., a nondestructive measurement. However,
it is well known in quantum information [47,48] that
compact “nonlocal” operators cannot be measured in a
way that does not erase all local information. By nonlocal
we mean that they cannot be written in a way that is local
with respect to the tensor product decomposition, e.g.,
A ⊗ Bþ A0 ⊗ B0 ≠ Ã ⊗ 1þ 1 ⊗ B̃. Analogously in field
theory

F½ϕ� ¼
Z

dx1…dxnFðx1;…xnÞϕðx1Þ…ϕðxnÞ ð79Þ

is local if

Fðx1;…xnÞ ¼ fðx1Þδðx1 − x2Þ…δðx1 − xnÞ ð80Þ

and nonlocal otherwise. It is clear that ϕðfÞ2, which does
not lead to a nonsignaling unitary kick (see Sec. II C 1), will
be nonlocal in this way even for temporally thin f, and so
the measurement should be highly destructive. This was
first noted in the context of Sorkin’s impossible operations
in [8]. The implication here is that the Kraus operators that
measure ϕðfÞ2, and other products of smeared fields,
should not be simple spectral functions of the operator,
unlike the case of ϕðfÞ. We can see this by noting that the
Kraus operators being spectral functions implies that if jψi
is an eigenstate of the observable, its measurement dis-
turbance will be, or can be made, small. This cannot occur
if all local information is lost.
This leads us to conclude that there are two distinct

consequences for the causality of QFT measurements:
(1) dynamical assumptions preclude the approximations
used in the usual von Neumann derivation of sharp ideal
measurements, (2) nonlocal operators must be measured in
such a way that the selective state update is destructive
[47,48]. While a projective measurement or even the
measurement model we have studied here has Kraus
operators that are simple spectral functions of the
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observable ϕðfÞ, and so the final state is expected to be
closely related to the initial state, for nonlocal observables,
we expect the selective version of any causal update rule
will lead to a final state that is very different from the
original, destroying the initial state.

VII. CONCLUSIONS

The impossibility of importing many standard measure-
ment channels into QFT leaves a large gap in its founda-
tions. Here we have studied the relationship between
nonsignaling channels and unitaries using the local
S-matrix approach to QFT. Within this approach there
are natural conditions, namely a hierarchy of factorization
conditions, which are sufficient for ruling out Sorkin’s
impossible operations. Further, we have studied the opera-
tional implications for the resulting channels, leading to
causality conditions for the Kraus operators and the notion
of effective Kraus operators.
The results in this paper hinged on combining quantum

information notions of Stinespring and Kraus representa-
tions, and abstract notions of local QFT channels, which we
introduced Sec. II. We reviewed examples of seemingly
reasonable local channels that nevertheless lead to super-
luminal signaling, as typified by Sorkin’s impossible
operations. In particular, in Sec. II C 1, the fact that
eiϕðfÞ does not signal while eiϕðfÞ2 does, leads us to consider
the various notions of factorization for local S-matrices in
Sec. III.
We demonstrated that local S-matrices satisfying con-

tinuous additivity or the Hammerstein factorization prop-
erty cannot exhibit superluminal signaling. Notably, the
Hammerstein property, being a weaker condition, is suffi-
cient to ensure no-signaling. Additionally, we analyzed the
properties of the S-matrix and the corresponding Kraus
operators induced on the field in Sec. V. Specifically, we
showed that if continuous additivity holds, the Kraus
operators can be chosen to be localized within a subregion
arbitrarily close to being entirely within the causal past of
the region they update. We refer to these as effective Kraus
operators. While this property is stronger than what is
required to rule out impossible measurements, it naturally
arises from the local S-matrix formalism. Consequently, it
is expected to be a feature of many physically realisable
channels.
With this general framework, in Sec. IV B we studied an

explicit example of a factorizable S-matrix S½f�, given by a
von Neumann measurement model for field amplitudes
ϕðfÞ. This model is exactly solvable, leads to an unsharp
measurement of ϕðfÞ and allows us to analyze whether
ϕðfÞ can be measured causally. The application of the
S-matrix framework to this simple model has interesting
consequences. Specifically, we see a lower bound on the
sharpness of a measurement of ϕðfÞ given by jΔRðf; fÞj12,
and thus explicit dependence on the causal connectivity of

the coupling region. To reach a sharp measurement, one
must replace f ↦ fλ, and take λ → 0, which amounts to
changing the physical coupling (see, e.g., [10]), and while
also taking the probe state to be more sharp inQ. Similarly,
we find that the model exhibits a generalization of the
convolution identity found in [9] as a no-signaling con-
dition for Kraus operators. We have argued that this identity
is a special case of a more general property of Kraus
operators, and follows from the quantum controlled nature
of the S-matrix in the simple model.
The connection between factorization (continuous addi-

tivity and the Hammerstein property) and ruling out
impossible measurement scenarios is not particularly sur-
prising; however, it establishes a direct link between an
operational notion of no-signaling and QFT concept of
causality—specifically, the factorization of the S-matrix
across any Cauchy surface. This contrasts with the no-
signaling conditions proposed in [1,4,6,7,49], which are
global in nature. These conditions depend nontrivially on
the entire measurement setup and do not necessarily reduce
to a requirement that must hold locally within a specific
region, independent of the broader scenario. Since the
factorization condition must hold locally, it provides a more
robust and general framework for ensuring causality in
QFT. Finally, since the stronger form of factorization,
continuous additivity, can be shown to imply the micro-
causality of the interaction Lagrangian, this restores the
connection between microcausality and no-signaling,
aligning well with the AQFT framework.
As an outlook, it is worth commenting on the potential

connections to a causal version of Stinespring’s theorem.
While the Stinespring dilation theorem is a general result
about unital completely positive channels between
C�-algebras and thus holds abstractly in QFT, the idea
of a causal Stinespring theorem has been suggested in the
literature [7,13]. As Jubb puts it, “It would be useful to
construct an explicit dictionary between update maps and
specific probe models, and determine if this is possible in
general. The latter would be analogous to Stinespring’s
dilation theorem, but with the added restriction of locality
and causality on the unitary.” In this paper, we have shown
that the abstract maps discussed in [6,7,9], when interpreted
as functionals of ϕðfÞ, can be dilated to an S-matrix S½f�
that obeys factorization. We found that the Kraus operators
derived from these maps exhibit general compositional
properties directly tied to the factorization of S½f�. This
result has the flavor of a causal Stinespring theorem or, at
least, provides hints of relativistic constraints on dilated
channels. Since our analysis has focused on a limited class
of local S-matrices when examining the properties of the
induced Kraus operators, we cannot yet make general
claims. Nevertheless, we believe this work offers valuable
insights toward the development of a causal Stinespring
theorem, which will be investigated in future work.
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APPENDIX A: ALL OPERATIONS WITH THE
HAMMERSTEIN PROPERTY ARE POSSIBLE

In this section we show that operations induced by local
S-matrices obeying the first three conditions of
section III A and the Hammerstein property [33],

S½f1 þ f2 þ f3� ¼ S½f1 þ f2�S½f2�−1S½f2 þ f3�; ðA1Þ

are not impossible operations. In order to do so, we
consider a compact region B, with suppf ⊂ B. Then, for
any two regions A and C obeying the Sorkin ordering, i.e.,
A ≺ B, and B ≺ C but A and C spacelike, we can compare
the following expectations

TrðρEAðS½f�†CS½f�ÞÞ − TrðρS½f�†CS½f�Þ ¼ δ; ðA2Þ

where EA is local to A andC∈AðCÞ. If δ ¼ 0 for all ρ,C and
all Sorkin scenarios, then S½f� is nonsignaling. By definition,
there exists a Cauchy surfaceΣ such that JþðΣÞ ∩ B ¼ Bþ is
spacelike to C and J−ðΣÞ ∩ B ¼ B− is spacelike to A. Also
consider the following two regions B̃þ ¼ JþðAÞ ∩ B and

B̃− ¼ J−ðCÞ ∩ BÞ. Note that B̃� ⊊ B�, see Fig. 8. Then we
define the following (nonunique) continuous functions f�

f�jB∓ ¼ 0; f�jB̃� ¼ f; f�jΣ ¼ 0 ðA3Þ

i.e. f� vanishes in the future (past) ofΣ, and coincides with f
in the future of A (past of C). Finally, let

f0 ¼ f − fþ − f−: ðA4Þ

The support of f0 is in BnB̃þ ∪ B̃− (strictly, we shouldmake
sure that f� coincides with f also within some nonzero
distance of the boundary of B̃�, so that suppf0 is strictly
spacelike to A and C), i.e., the unhatched blue and red region
of Fig. 8. Then we have that f0 is spacelike to A and C (note
that f�jB̃� ¼ f implies f0jB̃� ¼ 0). This implies that S½fþ�
and S½fþ þ f0� commutewithAðCÞ for example.We finally
have the ingredients to show that δ ¼ 0.

A

C

B B

B B

supp

supp
supp

(a)

(b)

FIG. 8. Location of the regions used in the proof of no Sorkin
impossible operations (a), with a zoomed in view of the s
intermediate region (b). (a): the region B is the colored inter-
mediate region, while A and C are strictly spacelike separated
from each one. Thus Σ can be chosen such that A is in its past, and
C in its future. The region Bþ, which contains suppfþ is defined
as the whole red region, while B̃þ, where fþ ¼ f, is the hatched
red region. Likewise, B−, where suppf− is contained, is the whole
blue region, while B̃−, where f− ¼ f, is the hatched blue region.
The inclusions B̃� ⊊ B� are obvious, as are the causal relations.
Note that the support of f0 is localized in BnB̃þ ∪ B̃−, i.e., the
blue and red unhatched region. (b): the supports of f�; f0 are
shown and colored in red, blue, and white respectively, with
gradients representing overlapping supports. Note that there is no
overlap in supports between fþ and f−. We can see that fþ þ f0
has support only to the future of the hatched blue region,
indicating that it is spacelike to C. Likewise, the support of f− þ
f0 is strictly in the past of the hatched red region, and thus
spacelike to A.
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TrðρEAðS½f�†CS½f�ÞÞ ¼ TrðρEAðS½f− þ f0�†S½f0�S½fþ þ f0�†CS½fþ þ f0�S½f0�†S½f− þ f0�ÞÞ
¼ TrðρEAðS½f− þ f0�†S½f0�CS½f0�†S½f− þ f0�ÞÞ
¼ TrðρEAðS½f− þ f0�†CS½f− þ f0�ÞÞ
¼ TrðρðS½f− þ f0�†CS½f− þ f0�ÞÞ
¼ TrðρðS½f− þ f0�†S½f0�S½fþ þ f0�†CS½fþ þ f0�S½f0�†S½f− þ f0�ÞÞ
¼ TrðρðS½f�†CS½f�ÞÞ: ðA5Þ

To reach the second and third lines, we have used that
S½fþ þ f0� and S½f0� commute with AðCÞ, respectively. To
reach the fourth line, we have used that S½f− þ
f0�†CS½f− þ f0� is a product of operators that are localized
spacelike to A, so EA acts trivially by locality. Finally, we
have used unitarity of the S-matrices and cyclicity of the
trace to reach the final line. This implies δ ¼ 0, and since
we have not made any assumptions about the regions, or ρ,
C, we can conclude that S½f� is possible if it satisfies the
Hammerstein property. Specifically, we can see that δ ¼ 0

for all conditions implies ½S½f�†AðCÞS½f�;AðAÞ� ¼ 0 if
½AðCÞ;AðAÞ� ¼ 0, which implies that it is a nonsignaling
evolution [4].

APPENDIX B: SMEARING WITH
DISCONTINUOUS TEST FUNCTIONS

In Appendix C we will show that the S-matrix

S½f� ¼
Z

dpe−p
2 i
2
ΔRðf�;f�Þe−ipϕðf�Þ; ðB1Þ

derived inSec. IV Bobeys the continuous additivity condition.
For this condition to even make sense, we need to show that
after temporally splitting a generic test function
f ¼ f− þ fþ ¼ χ−f þ χþf, S½f�� is well defined, where
we have viewed the split as modulated by a pair of switching
functions 0 ≤ χ� ≤ 1with χþ þ χ− ¼ 1, which in the case of
Appendix C are discontinuous. In this section we sketch a
proof that ΔRðf�; f�Þ; eiϕðf�Þ are well defined for any
switching functions χ� and f∈C∞

0 ðMÞ with suppf ⊂ K
for some compact K, such that fχ� ∈L2

KðMÞ, where we
define L2

KðMÞ to be the space of L2 integrable functions on
M, supported in K. We recall Δ∶C∞

0 ðMÞ → SolðMÞ, and
K∶SolðMÞ → H1, where Δ is the Pauli Jordan propagator
and K is the map to the one particle Hilbert space H1, and
densely embeds the space of compact solutions, see [50] for
more details.
Since the switching function χ�, eiϕðxÞ, and ΔR are

distributional, we must prove that their multiplications are
well defined. For theWeyl operator, we use the fact that each
f� corresponds to a vector in the one particle Hilbert space.
For the retarded propagator, we show that its diagonal is a
well defined bi-functional such that for any regularized
sequence C∞

0 ðMÞ ∋ fn� → f� the limit is the same.

We define L2
KðMÞ ∋ fn� ¼ χnf� → f� ∈L2

KðMÞ,
where χn� is a sequence of smooth switchings that converge
to χ� in L2ðMÞ. We assume that KΔ∶C∞

K ðMÞ → H1

extends to a unique continuous map from L2
KðMÞ.

Equivalently, for some constant CK,

jjKΔðfn� − f�ÞjjH1
≤ CKjjfn� − f�jjL2

KðMÞ ðB2Þ
and so KΔfn� ¼ jψni∈H1 is a Cauchy sequence for any
Cauchy fn�. Finally, we can conclude that Wðfn�Þ ¼
eiϕðfn�Þ → Wðf�Þ ¼ eiϕðf�Þ in strong operator topology.
We provide a sketch for the bound in the case of m > 0

in Minkowski spacetime, with the assumption that it also
holds more generally. Since jjKΔfjj2H1

¼ hΩjϕðfÞ2Ωi ¼
Wðf; fÞ, we have

jjKΔfjj2H1
¼

Z
d3k⃗

ð2πÞ32Eðk⃗Þ
jf̃ðEðk⃗Þ; k⃗Þj2

≤
Z

d3k⃗

ð2πÞ32Eðk⃗Þ
TK

Z
I
dtjf̃ðt; k⃗Þj2 ðB3Þ

where f̃ðt; k⃗Þ is the spacial Fourier transform of f,
Eðk⃗Þ ¼ m2 þ k⃗2, and TK is the temporal length of K.
Since 1=Eðk⃗Þ ≤ 1=m, we have

jjKΔfjj2H1
≤

TK

ð2πÞ32m
Z

dtd3k⃗jf̃ðt; k⃗Þj2 ≤ CKjjfjjL2
KðMÞ:

ðB4Þ

We now turn our attention to the retarded propagator.
We wish to define the following quadratic functional
D�

R ðfÞ ≔ DRχ�ðfÞ ≔ ΔRðf�; f�Þ. We use [51] [Theorem
6.5.3]17 to get

17We use the notation from Fewster’s presentation [52] [Cor-
ollary 3.2, Appendix A.2], whereHs

K is the Sobolev space defined
by C∞ðKÞ with the norm jjfjjHs ¼ jjðð−ΔLaplacian þ IÞs=2fjjL2 .
Note that for s ¼ 0, this is simply the L2 norm. Strictly, in
Fewster’s notation, [51] shows thatΔR extends toΔR∶ H0

0 → H1
loc,

which are respectively the Soblev spacesH1
0 ¼ ∪K H1

K andHs
0 ¼

fu distribution jχu∈Hs
0 for all χ ∈C∞

0 g. Since H0
0 ¼ ∪K L2

K,
and H1

loc ⊂ H0
loc ≕L2

locðMÞ, we get our extension.
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ΔR∶ L2
KðMÞ → L2

locðMÞ; ðB5Þ

where L2
locðMÞ is the space of functions that are square

integrable after being smeared with C∞
0 ðMÞ test function. It

is clear that f� ¼ χ�f∈L2
KðMÞ, and so the restriction

f� ↦ ΔRf�jK ðB6Þ

is continuous. The bilinear form

Dðl; mÞ ≔
Z
K
dxdy lðxÞΔRðx − yÞmðyÞ ¼ hl; DmiK ðB7Þ

is then also continuous. Letting

D�
R ðfÞ ≔ hf�;ΔRf�iL2

K
¼ Dðf�; f�Þ; ðB8Þ

the continuity implies that it is independent of regularization
scheme for χ�, and so it is well defined. Note the temporal
nature of the switching played no role in either of the well
defined-ness arguments. We conclude that for any switching
χ� ∈L2

locðMÞ, continuous or otherwise,

Sp½f� ¼ e−p
2 i
2
ΔRðf�;f�Þe−ipϕðf�Þ ðB9Þ

is well defined.

APPENDIX C: CONTINUOUS ADDITIVITY OF
THE LOCAL SCATTERING MAPS IN THE

LINEAR POINTER COUPLING

We wish to show that (48) satisfies

S½f� ¼ S½fþ�S½f−�; ðC1Þ

where f∈C0ðMÞ, fþ ¼ Θf; f− ¼ ð1 − ΘÞf where
ΘðxÞ ¼ ΘðtÞ for some foliation M ≅ Rt ×R3. Note that
the right hand side of Eq. (C1) makes sense due to
Appendix B.
In order to see Eq. (C1), we use the definitions

½ϕðfÞ;ϕðgÞ� ¼ iΔðf; gÞ where

Δðf; gÞ ¼ ΔAðf; gÞ − ΔRðf; gÞ ðC2Þ

whereΔA;R the advanced and the retarded Green’s functions
respectively. Note that

Δðfþ; f−Þ ¼ −Δðf−; fþÞ ¼ −ΔRðf−; fþÞ ðC3Þ

and

ΔRðfþ þ f−; fþ þ f−Þ ¼ ΔRðfþ; fþÞ þ ΔRðf−; f−Þ
þ ΔRðf−; fþÞ ðC4Þ

since ΔAðf−; fþÞ ¼ 0. Then,

S½fþ�S½f−� ¼
Z

dpdqe−ipϕðfþÞe−iqϕðf−Þ ⊗ jpihpjqihqje−ip2ΔRðfþ;fþÞ=2−iq2ΔRðf−;f−Þ=2

¼
Z

dpe−ipϕðfþþf−Þe−ip2Δðfþ;f−Þ=2 ⊗ jpihpje−ip2ðΔRðfþ;fþÞþΔRðf−;f−ÞÞ=2

¼
Z

dpe−ipϕðfþþf−Þe−ip2ΔRðf−;fþÞ=2 ⊗ jpihpje−ip2ðΔRðfþþf−;fþþf−Þ−ΔRðf−;fþÞÞ=2

¼
Z

dpe−ipϕðfþþf−Þ ⊗ jpihpje−ip2ΔRðfþþf−;fþþf−Þ=2

¼ S½fþ þ f−� ðC5Þ

where the 2nd line comes from BCH

eiϕðfÞ ¼ eiϕðfþÞeiϕðf−Þe−iΔðfþ;f−Þ=2; ðC6Þ
and the 3rd from the propagator identities (C3) and (C4)
above.

APPENDIX D: NONSIGNALING CONVOLUTION
PROPERTY OF THE KRAUS OPERATORS IN

THE LINEAR POINTER COUPLING

Suppose ψ is a normalized L2ðRÞ function, then the
Kraus operators for a field coupled to a probe in state
hxjψi ¼ ψðxÞ, using the decomposition (48), are given by

Πψ
q ½f� ¼ hxjS½f�jψi

¼ 1ffiffiffiffiffiffi
2π

p
Z

dpψ̃ðpÞ

× exp

	�
−
i
2
p2ΔRðf; fÞ þ ipðq − ϕðfÞÞ

�

;

ðD1Þ

where ψ̃ is the Fourier transform of ψ . This simple
model satisfies the following convolution property,
which was been proven to be relevant for ensuring no-
signaling [9]
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Πψ
q ½f� ¼

Z
dsΠψþ

q−s½fþ�Πψ−
s ½f−�; ðD2Þ

where f� are defined in the previous subsection, and ψ� are an arbitrary decomposition of the initial state of the probe ψ . To
see this, we start fromZ

dsΠψþ
q−s½fþ�Πψ−

s ½f−� ¼
1

2π

Z
dsdpdqfψþðpÞfψ−ðqÞ exp

	�
−
i
2
p2ΔRðfþ; fþÞ þ ipðq − s − ϕðfþÞÞ

�

× exp

	�
−
i
2
q2ΔRðf−; f−Þ þ iqðs − ϕðf−ÞÞ

�

ðD3Þ

Performing the s and then q integrals and using the BCH (C6)Z
dsΠψþ

q−s½fþ�Πψ−
s ½f−�

¼
Z

dpfψþðpÞfψ−ðpÞ exp
	�

−
i
2
p2ðΔRðfþ; fþÞ þ ΔRðf−; f−ÞÞ þ ipq

�

exp fð−ipϕ½fþ�Þg expfð−ipϕ½f−�Þg

¼
Z

dpfψþðpÞfψ−ðpÞ exp
	�

−
i
2
p2ðΔRðfþ þ f−; fþ þ f−ÞÞ þ ipq

�

expfð−ipϕðfþ þ f−ÞÞg

¼ 1ffiffiffiffiffiffi
2π

p
Z

dp gψþ⋆ψ−ðpÞ exp
	�

−
i
2
p2ðΔRðfþ þ f−; fþ þ f−ÞÞ

�

expfðipðq − ϕðfþ þ f−ÞÞÞg

¼ Πψþ⋆ψ−
q ½fþ þ f−� ðD4Þ

where

gψþ ⋆ ψ−ðpÞ ¼
1

2π
ψ̃ðpÞ: ðD5Þ

APPENDIX E: A USEFUL IDENTITY FOR THE KRAUS OPERATORS

Another identity of the Kraus operators that we need for our derivation of nonsignaling is the followingZ
dqΠψ

q−s½f�†Πψ
q−s0 ½f� ¼ Fψðs − s0Þ1field: ðE1Þ

To see this,Z
dqΠψ

q−s½f�†Πψ
q−s0 ½f�

¼ 1

2π

Z
dqdpdkψ̃ðpÞ�ψ̃ðqÞ exp

	�
i
2
p2ΔRðf; fÞ − ipðq − s − ϕðfÞÞ

�

exp

	�
−
i
2
k2ΔRðf; fÞ þ ikðq − s0 − ϕðfÞÞ

�

¼ 1

2π

Z
dqdpdkψ̃ðpÞ�ψ̃ðqÞe−iðp−kÞqeips−iks0 exp

	�
i
2
ðp2 − k2ÞΔRðf; fÞ þ iðp − kÞϕðfÞ

�

¼

Z
dpjψ̃ðpÞj2eipðs−s0Þ1field ≔ Fψ ðs − s0Þ1field:

Note that for s ¼ s0 and for hψ jψi ¼ 1 this reduces to the usual trace preserving condition for Kraus operators,Z
dqΠψ

q ½f�†Πψ
q ½f� ¼ 1field: ðE2Þ
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APPENDIX F: “HALF” AN OPERATION IS STILL AN OPERATION

Here we show the equality in Eq. (66). ConsiderC local to a region that is spacelike to the support of fþ. Undoing the last
step of (65), what we want to show is thatZ

dqdsds0TrðCΠψ−
s0 ½f−�ρΠψ−

s ½f−�†ðΠψþ
q−s½fþ�†Πψþ

q−s0 ½fþ�ÞÞ ¼
Z

dqTrðΠψ
q ½f−�†CΠψ

q ½f−�ρÞ ðF1Þ

In order to do so, we expand the left-hand side as followsZ
dqdsds0TrðCΠψ−

s0 ½f−�ρΠψ−
s ½f−�†ðΠψþ

q−s½fþ�†Πψþ
q−s0 ½fþ�ÞÞ

¼ 1

ð2πÞ2
Z

dqdsds0dpdndkdmfψþ�ðpÞfψ−
�ðnÞfψþðkÞfψ−ðmÞ

× exp
�
i
2
ðΔRðfþ; fþÞðp2 − k2Þ þ ΔRðf−; f−Þðn2 −m2Þ − ipðq − sÞ − iqsþ ikðq − s0Þ þ ims0

�
× TrðCe−imϕ½f−�ρeinϕ½f−�e−iϕ½fþ�ðp−kÞÞ ðF2Þ

Performing the s, s0 integrals, we get,Z
dqdsds0TrðCΠψ−

s0 ½f−�ρΠψ−
s ½f−�†ðΠψþ

q−s½fþ�†Πψþ
q−s0 ½fþ�ÞÞ

¼
Z

dqdpdkfψþ�ðpÞfψ−
�ðpÞfψþðkÞfψ−ðkÞ

× exp

�
i
2
ðΔRðfþ; fþÞ þ ΔRðf−; f−ÞÞðp2 − k2Þ − iqðp − kÞ

�
TrðCe−ikϕ½f−�ρeipϕ½f−�e−iϕ½fþ�ðp−kÞÞ

¼
Z

dpjψ̃ðpÞjTrðeipϕ½f−�Ce−ipϕ½f−�ρÞ; ðF3Þ

where in the last step we performed the x integral and then k integral and used that gψþ ⋆ ψ− ¼ 1
2π ψ̃ . Note that the Dirac

delta δðk − pÞ ensures that the factors including ϕðfþÞ disappear. Finally, to reintroduce the expression of the local Kraus
operators (using the fact that the update map is not sensitive to any phase multiplying the Kraus operators) we perform the
following trickZ

dpjψ̃ðpÞjTrðeipϕ½f−�Ce−ipϕ½f−�ρÞ ¼ 1

2π

Z
dqdpdkψ̃ðpÞ�ψ̃ðqÞ exp

�
i
2
ðp2 − k2ÞΔRðf−; f−Þ − iqðp − kÞ

�
× Trðeipϕ½f−�Ce−ikϕ½f−�ρÞ

¼
Z

dqTrðΠψ
q ½f−�†CΠψ

q ½f−�ρÞ ðF4Þ

as claimed.
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