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We investigate the dimension-8 gluonic quartic gauge couplings at future high-energy muon colliders
through the process μþμ− → ggγ. Using detailed event simulation and optimized kinematic selections, we
derive projected sensitivities to the Wilson coefficients and their associated new-physics scales, showing
that muon colliders can probe deep into the multi-TeV regime and significantly surpass current LHC
bounds. We further present the positivity bounds on those Wilson coefficients, as theoretical constraints
from the fundamental principles of quantum field theory. Our results establish μþμ− → ggγ as one of the
most sensitive probes of dimension-8 new physics at future muon colliders.
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I. INTRODUCTION

The standard model (SM) of particle physics remains the
most successful theory describing the fundamental particles
and their interactions, having been extensively tested in
high-energy collider experiments. However, it is widely
accepted that the SM is only an effective theory, valid
below a certain energy scale Λ, beyond which new physics
is expected to emerge. This expectation is supported by
several tensions between theoretical predictions and exper-
imental measurements, such as the neutrino mass [1,2] and
other precision anomalies [3,4]. Future colliders with
higher energies and luminosities will push the precision
frontier and may reveal subtle deviations from the SM
predictions.
Among the theoretical frameworks used to parametrize

new-physics effects, the standard model effective field
theory (SMEFT) [5] is particularly powerful because of
its model-independent structure. In SMEFT, heavy degrees
of freedom are integrated out, resulting in an infinite tower
of higher-dimensional operators that are suppressed by
powers of the cutoff scale Λ. The leading correction

appears at dimension-5 via the Weinberg operator, which
generates Majorana masses for neutrinos [6]. Anomalous
gauge couplings first appear at dimension-6, and have been
extensively studied in both current and projected collider
analyses [7]. However, many couplings receive their lead-
ing new-physics effects only at dimension-8, motivating
systematic studies of the complete set of dimension-8
operators.
At dimension-8, the leading higher-order operators can

be classified into several categories associated with anoma-
lous gauge interactions, including anomalous quartic gauge
couplings (aQGCs) [8,9], neutral triple gauge couplings
(nTGCs) [10–14], and the gluonic quartic gauge couplings
(gQGCs) [15–17]. The aQGCs and nTGCs parametrize
possible deviations in the self-interactions among the
electroweak SUð2ÞL × Uð1ÞY gauge bosons. These anoma-
lous couplings have been extensively investigated at the
LHC and proposed future lepton colliders through proc-
esses, such as vector boson scattering (VBS) [18–28],
di-boson productions [29–39], and tri-boson productions
[40–43], providing stringent bounds on the corresponding
dimension-8 Wilson coefficients. Measurements of these
couplings not only test the nature of electroweak symmetry
breaking but also provide sensitive probes of new physics
(NP) beyond the SM. While the electroweak aQGC and
nTGC sectors have been systematically studied, the gluonic
sector, which is described by dimension-8 operators
involving both QCD and electroweak field strengths,
remains largely unexplored.
A particularly interesting class of quartic gauge cou-

plings, those between the gluons and electroweak gauge
bosons, is absent in the SM but allowed in the SMEFT at
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dimension-8. The gQGC operators induce processes
such as gg → γγ [15] and gg → Zγ [16], which are loop
induced in the SM but appear at tree level in the presence
of these operators, allowing clean theoretical interpreta-
tions with negligible interference from SM backgrounds.
Furthermore, the contributions from dimension-6 operators
to the relevant scattering processes are suppressed by
helicity selection rules at the tree level and by loop factors
in radiative corrections [17]. This suppression significantly
minimizes the dimension-6 contamination, rendering the
associated channels exceptionally clean probes of dimen-
sion-8 effects.
The quartic couplings of gluons to electroweak gauge

bosons are well motivated in ultraviolet (UV) complete
frameworks such as the Born–Infeld (BI) extension of the
SM, where nonlinearities in the gauge sector naturally
generate gQGC terms governed by a single energy scale
[44]. Such a BI-like structure also appears in string-inspired
UV completions [45–47].
Beyond specific models, general constraints on dimen-

sion-8 operators can also be derived from the fundamental
principles of quantum field theory via the so-called
positivity bounds [48–60]. These bounds ensure that the
low-energy Wilson coefficients correspond to a causal,
local, and unitary UV completion. Collider tests of pos-
itivity bounds have become an emerging direction for both
aQGC and nTGC operators, yet their application to the
gluonic sector remains unexplored. The gQGC processes,
being purely dimension-8 and free from SM contamination,
offer a uniquely clean laboratory to test positivity bounds in
collider environments.
Previous studies at the LHC, such as gg → γγ [15,17]

and gg → Zγ [16], have constrained the gQGC scales to the
order of a few TeV. Future lepton colliders, characterized
by high energy, high luminosity, and clean experimental
conditions, such as the proposed muon collider (MuC),
provide an ideal environment to probe such purely dimen-
sion-8 effects. In this work, we focus on the process
μþμ− → jjγ, where the jets originate from gluons. This
channel receives contributions from tri-boson production
mediated by gQGC operators, allowing a direct probe of
gluonic quartic gauge interactions at lepton colliders. We
perform a dedicated cut-based and significance analysis at
three benchmark center-of-mass (c.m.) energies of future
MuC. Furthermore, we investigate the corresponding pos-
itivity bounds on the gQGC operator coefficients, providing
theoretical consistency checks for the dimension-8 SMEFT
framework. In this work, we present the first study of
positivity bounds in the gluonic sector, combining collider-
level sensitivity analysis with theoretical consistency
checks based on these bounds.
The remainder of this paper is organized as follows. In

Sec. II, we review the dimension-8 operators contributing to
gQGCs. Section III presents the kinematic features of the
μþμ− → ggγ process, and a cut-based analysis for signal and
background selection, describing the kinematic variables,

event selection criteria, and the Monte Carlo simulation
setup. We evaluate the statistical significance and derive the
expected constraints on the individual gQGC operator
coefficients at various benchmark c.m. energies of MuC.
In Sec. IV, we discuss the theoretical consistency of these
results in light of positivity bounds, deriving the correspond-
ing inequalities among Wilson coefficients and their impli-
cations for UV completions. Finally, Sec. V summarizes the
main results and provides an outlook for future studies.

II. GLUONIC QGC OPERATORS
AND GGγ PRODUCTION

Deviations in the self-interactions of gauge bosons from
their SM predictions are among the most sensitive probes of
NP beyond the SM. A systematic and gauge-invariant
framework to parametrize such effects is provided by the
SMEFT [5], which incorporates all possible higher-dimen-
sional operators constructed from SM fields. The SMEFT
respects the full SMgaugegroupSUð3Þc×SUð2ÞL ×Uð1ÞY ,
and organizes the higher-order interactions as an expansion
in inverse powers of a heavy mass scaleM that characterizes
the energy scale of new physics.
In this framework, the gQGCs first appear at the

dimension-8 level, suppressed by 1=M4 [15]:

LgT ¼
X7
i¼0

1

16M4
i
OgT;i: ð1Þ

For convenience, we define fi ≡ 1=M4
i , so that Eq. (1) can

be rewritten as

LgT ¼
X7
i¼0

fi
16

OgT;i: ð2Þ

The relevant gQGC operators are,

OgT;0 ≡ 1

16M4
0

X
a

Ga
μνGa;μν ×

X
i

Wi
αβW

i;αβ; ð3aÞ

OgT;1 ≡ 1

16M4
1

X
a

Ga
ανGa;μβ ×

X
i

Wi
μβW

i;αν; ð3bÞ

OgT;2 ≡ 1

16M4
2

X
a

Ga
αμGa;μβ ×

X
i

Wi
νβW

i;αν; ð3cÞ

OgT;3 ≡ 1

16M4
3

X
a

Ga
αμGa

βν ×
X
i

Wi;μβWi;να; ð3dÞ

OgT;4 ≡ 1

16M4
4

X
a

Ga
μνGa;μν × BαβBαβ; ð3eÞ

OgT;5 ≡ 1

16M4
5

X
a

Ga
ανGa;μβ × BμβBαν; ð3fÞ
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OgT;6 ≡ 1

16M4
6

X
a

Ga
αμGa;μβ × BνβBαν; ð3gÞ

OgT;7 ≡ 1

16M4
7

X
a

Ga
αμGa

βν × BμβBνα: ð3hÞ

Here Ga
μν denotes the gluon field strength, Wi

μν and Bμν are
the electroweak field strengths, and the indices i and a
are contracted. Lorentz invariance further restricts the
independent tensor contractions to four distinct struc-
tures, resulting in eight independent gQGC operators
in total. They can be grouped into four pairs,
fOgT;ð0;4Þ;OgT;ð1;5Þ;OgT;ð2;6Þ;OgT;ð3;7Þg, each pair sharing
the same Lorentz structure. The total and differential cross
sections for the process μþμ− → ggγ are largely determined
by these Lorentz structures.
The dimension-8 gQGC operators provide an effective

description of possible new interactions between gluons
and electroweak gauge bosons. Their coefficients can be
matched to various UV scenarios. Among them, the BI
extension of the SM is particularly motivated, since it
naturally arises in string- and M-theory frameworks where
gauge fields reside on D-branes. The BI Lagrangian takes
the nonlinear form [44]

LBI ¼ β2

2
641 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

X12
λ¼1

Fλ
μνFλ;μν

2β2
−

 X12
λ¼1

Fλ
μνF̃λ;μν

4β2

!
2

vuut
3
75;
ð4Þ

where β≡M2 is the BI nonlinearity scale and λ runs over
the 12 generators of the SUð3Þc × SUð2ÞL × Uð1ÞY gauge
group. Originally introduced to impose an upper bound on
field strengths, the BI theory has been extensively explored
in nonlinear electrodynamics and appears naturally in
D-brane effective actions [45,46].
Expanding the BI action in powers of 1=M4 generates

correlated quartic self-interactions among all SM gauge
fields, corresponding to a specific linear combination of the
eight gQGC operators introduced in [15]:

OBI ∝OgT;0 −2OgT;1þ 4OgT;3þOgT;4− 2OgT;5þ 4OgT;7;

ð5Þ

where all operators share the common cutoff scale M and
fully correlated coefficients [16]. This correspondence
provides a theoretically motivated benchmark for interpret-
ing collider measurements in terms of UV-complete non-
linear gauge dynamics.
Using the 13 TeV diphoton data from ATLAS, one of the

two general-purpose detectors at the LHC, Ref. [15]
derived the 95% C.L. lower bounds on the effective
operator scales:

M0 ≥ 1040 GeV; M1 ≥ 777 GeV;

M2 ≥ 750 GeV; M3 ≥ 709 GeV;

M4 ≥ 1399 GeV; M5 ≥ 1046 GeV;

M6 ≥ 1010 GeV; M7 ≥ 954 GeV: ð6Þ

These limits correspond to an effective BI scale
MBI ∼ 1 TeV. Further analyses combining gg → Zγ and
γγ channels have extended the sensitivity to Mi ∼ 2 TeV
[16]. For comparison, the ATLAS measurement of light-
by-light scattering in heavy-ion collisions excluded the
pure quantum electrodynamics (QED) BI scale below
∼100 GeV [61], while studies at future MuC indicate that
BI scales of several TeV could be probed through VBS
processes [25,26].

III. PROBING GQGCS WITH JJγ PRODUCTION
AT MUC

A. Kinematic features of the μ+ μ− → jjγ process

The BI-type extensions of the SM provide a theoretically
well-motivated UV completion of the dimension-8 gQGC
operators, in which all gauge sectors are correlated through
a single nonlinearity scale. Collider measurements of
μþμ− → ggγ thus offer a powerful probe of such nonlinear
gauge dynamics, potentially revealing or constraining new
physics at the multi-TeV scale.
Each gauge field strength (Ga

μν, Wi
μν, and Bμν) contains

one derivative and therefore contributes a factor of momen-
tum p to the scattering amplitude. The four field strengths
in a dimension-8 operator thus lead to an amplitude scaling
asM ∝ p4. We neglect the interference between the gQGC
amplitude and the loop-induced SM contribution, which is
loop-suppressed compared to the squared gQGC ampli-
tude. Including the flux factor, which scales as 1=s for high-
energy scattering, the total cross section induced by the
gQGC operators grows as σ ∝ s3 ∼ p6. Consequently, the
signal cross sections associated with OgT;i rise rapidly with
increasing c.m. energy. The different Lorentz structures in
Eq. (3) result in distinct total cross sections for the process
μμ → ggγ:

σOgT;i
¼

8>>>>>>>>>>>><
>>>>>>>>>>>>:

�
fi
16

�
2 αs3

360π2
i ¼ 0;�

fi
16

�
2 7αs3

4320π2
i ¼ 1;�

fi
16

�
2 αs3

2880π2
i ¼ 2;�

fi
16

�
2 αs3

2160π2
i ¼ 3;

5σOgT;i−4
4 ≤ i ≤ 7;

ð7Þ

where α is the fine-structure constant, s is the squared c.m.
energy, and the Z boson mass is neglected. Cross sections
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for OgT;ð4;5;6;7Þ are five times larger than those for
OgT;ð0;1;2;3Þ.
At very high energies, one must in principle examine the

validity of the SMEFT expansion. In the present case,
however, the amplitudes induced by the gQGC operators
are suppressed by internal propagators, and the unitarity
bounds become relevant only at extremely low luminosities
[32,40]. Consequently, the process μþμ− → ggγ remains
safely within the unitarity bounds for the collider scenarios
considered in this study.
In the SM, there is no tree-level process corresponding to

μþμ− → ggγ. However, at a collider, quark- and gluon-
initiated jets cannot be perfectly distinguished. Therefore,
the dominant SM background arises from μþμ− → qq̄γ.
Since these final states are different, no tree-level interfer-
ence occurs between the SM and the gQGC-induced
amplitudes. Representative Feynman diagrams for the
signal and the SM background are shown in Fig. 1. The
SM background consists mainly of two components: an s-
channel process mediated by γ=Z exchange and a t-channel
di-boson process. The s-channel contribution exhibits a
resonant enhancement near the Z pole (

ffiffiffi
s

p
≃mZ) and

decreases as 1=s at higher energies. The t-channel ampli-
tude is enhanced in the forward region as the momentum
transfer t → 0, producing a pronounced forward peak in the
photon and jet angular distributions. As the collider energy
increases, the t-channel events become more forward
collimated, while the observable cross section within the
detector acceptance decreases more rapidly than the simple
1=s behavior of the s-channel process. The total SM
background cross sections at three benchmark c.m. ener-
gies of the muon collider are summarized in Table I. They

decrease with energy, from about 20 fb at
ffiffiffi
s

p ¼ 3 TeV to
about 0.15 fb at

ffiffiffi
s

p ¼ 30 TeV.
Throughout this work, we focus on the hard muon

annihilation process with direct production of jjγ final
state. VBS processes could indeed yield similar hadronic
final states, for instance, through the electroweak qq̄γ
production accompanied by missing energy or forward-
scattered muons. However, these background events can be
efficiently vetoed by exploiting the collision kinematics.
The total energy of the jjγ of the annihilation signal is
sharply peaked at the center-of-mass energy of the muon
collider. In contrast, the VBS products carry only a fraction
of this energy, leading to a significantly lower total energy
of the qq̄γ. Therefore, in the cut-based analysis, we can
safely ignore the contribution of the VBS process. While
the VBS topology has been demonstrated to be a compel-
ling complementary channel for probing anomalous gauge
couplings at high energies [25,62], a dedicated investiga-
tion of gQGCs within this framework is left for future work.

B. Cut-based analysis for jjγ signal

In this section, we develop an optimized kinematic
selection strategy to identify gQGC-induced signal events
while suppressing the SM backgrounds. To investigate the
collider signatures of gQGCs, we perform a detailed cut-
based analysis of the process μþμ− → ggγ, where the two
gluons manifest as reconstructed jets in the detector. The
signal and background events are generated using
MadGraph5_aMC@NLO [63] with the gQGC operators
implemented through a Universal FeynRules Output (UFO)
model created using FEYNRULES [64]. Parton showering
and hadronization are handled by PYTHIA8 [65], followed
by a fast detector simulation with DELPHES employing the
muon collider configuration card [66]. The subsequent
kinematic reconstruction and analysis are performed using
the MLAnalysis [67].
In all analyses, we follow the conventional single-

operator approach and activate one operator OgT;i at a
time. At a muon collider, the gQGC operators contribute to
this process through an effective s-channel exchange of a
virtual γ=Z exchange, as illustrated in Fig. 1(a). The
resulting topology corresponds to a tri-boson configuration
and leads to two energetic jets and one energetic photon in
the final state.
The SM background receives contributions mainly from

two topologies: an s-channel γ=Z exchange accompanied
by QED radiation, and a t-channel di-boson process
mediated by a virtual boson. In the s-channel configuration,
the photon is radiated either from the initial-state muon
(ISR) or from one of the final-state quark lines (FSR). ISR
favors soft or collinear photon emission, while FSR
photons are primarily emitted collinearly with the quark
due to the 1=t enhancement of the propagator. The
t-channel topology exhibits a characteristic forward
enhancement as t → 0, producing a forward-peaked photon

FIG. 1. Representative Feynman diagrams for (a) μþμ− → ggγ
induced by gQGC operators, and (b) the dominant SM back-
ground μþμ− → qq̄γ.

TABLE I. The cross section of the SM backgrounds.ffiffiffi
s

p
(TeV) 3 10 30

σSM (fb) 20.0 1.24 0.153
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and dijet system. By applying suitable ηj and ηγ cuts, the
impact of this forward t-channel background can be
effectively reduced.
To ensure well-reconstructed final states, we impose a set

of basic preselection requirements. Events are required to
contain at least two reconstructed jets and at least one
photon:

Nj ≥ 2; Nγ ≥ 1: ð8Þ

The jets and photons must satisfy the transverse-momen-
tum and pseudorapidity criteria:

pj
T > 20 GeV; jηjj < 5; ð9Þ

pγ
T > 10 GeV; jηγj < 2.5: ð10Þ

To ensure well-isolated final-state candidates and remove
soft/collinear QED radiation, we further require that

ΔRðγ; jÞ > 0.4; ΔRðj; jÞ > 0.4; ð11Þ

where particle flow isolation ΔR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔηÞ2 þ ðΔϕÞ2

p
denotes the separation in the pseudorapidity-azimuth plane.
These preselection cuts efficiently remove soft or collinear
ISR and FSR photons, and suppress highly forward events.
As shown in Eq. (7), the total cross section of gQGC-

induced process scales as σ ∝ s3. Thus, gQGC signal tends
to populate the hard-scattering region, leading to broad and
extended distributions in the transverse momentum, energy,
and angular variables of both the jets and the photon.

In contrast, the SM background μþμ− → qq̄γ exhibits
characteristic features of QED radiation and propagator-
enhanced forward scattering. In the s-channel contribution,
ISR photons generate a soft or collinear peak, while FSR
photons are preferentially emitted along the quark direction
due to the quark-propagator enhancement. The t-channel
component produces a sharply forward-peaked photon
and dijet system, though most of these events fall outside
the detector acceptance after the preselection cuts.
Consequently, the visible SM background is dominated
by the s-channel, with the hard ISR peak near Eγ ≃

ffiffiffi
s

p
=2

and a characteristic soft-photon enhancement at low energy.
Figure 2 shows the normalized transverse-momentum

distribution of the leading jet for both signal and back-
ground processes at

ffiffiffi
s

p ¼ 3, 10, and 30 TeV. SM back-
ground events exhibit a strong preference for pj

T ∼
ffiffiffi
s

p
=2,

reflecting the back-to-back two-body kinematics of
s-channel production. In contrast, the gQGC signals show
much broader pj

T spectra, extending well beyond the
SM peak.
The photon energy distributions provide additional

discrimination. As shown in Fig. 3, SM events display
two characteristic enhancements: a soft peak from ISR and
a hard peak near Eγ ≃

ffiffiffi
s

p
=2. Between two sharp peaks, the

spectrum dips due to the suppression of intermediate ISR
energies. The gQGC signals predominantly occupy this
intermediate region, producing broader distributions. The
Eγ distributions of the four operators that form two Lorentz
pairs, f1; 5g and f3; 7g, exhibit a peak shift toward
Eγ ≃

ffiffiffi
s

p
=2. This arises from their common Lorentz struc-

tures, whose field-strength contractions enhance amplitude

FIG. 2. Normalized transverse momentum of leading jet pj
T distributions for signals generated by different operators and SM

background at 3, 10, and 30 TeV MuC.

FIG. 3. The same configuration as in Fig. 2, but for photon energy Eγ.
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terms proportional to ðpγ · pgÞ2, thereby favoring kinematic
configurations in which the photon carries a large fraction
of the total energy. The same hard photon enhanced
behavior appears for the SUð2ÞL and Uð1ÞY types of these
operators because they share identical Lorentz contractions.
Angular observables also carry substantial discriminat-

ing power. Figures 4 and 5 display the pseudorapidity
distributions of the photon and leading jet. The SM back-
ground, dominated by FSR and forward t-channel topol-
ogies, peaks at large jηj, whereas the gQGC-induced
photons and jets remain central. We therefore apply ηγ
and ηj selections that retain the signal while efficiently
rejecting forward SM events.
Finally, the dijet invariant-mass distribution Mjj pro-

vides complementary separation. As shown in Fig. 6, the
SM background peaks near collision energy, consistent
with the limited available energy after ISR emission. The
signal, however, tends to cluster around Mjj ∼ ð2=3Þ ffiffiffi

s
p

,
reflecting the harder three-body kinematics of gQGC
production. An upper bound on Mjj effectively suppresses

the SM background with minimal signal loss. The com-
bined use of transverse-momentum, energy, angular, and
invariant-mass observables yields a highly efficient sepa-
ration between gQGC signals and SM backgrounds. The
complete set of selection requirements applied at each
collider energy is summarized in Table II. The cross
sections and selection efficiencies for both the SM back-
ground and signals after applying optimized kinematic
selection strategy are summarized in Table III.

C. Prospective sensitivities at MuC
and constraints on gQGC

In this section, we estimate the sensitivity of the process
μμ → ggγ to the dimension-8 gQGC operators and derive
the corresponding expected bounds on their Wilson coef-
ficients and cutoff scales. The statistical significance is
defined as

Sstat ¼
σgQGC × ϵgQGCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σgQGC × ϵgQGC þ σSM × ϵSM
p ×

ffiffiffiffi
L

p
; ð12Þ

FIG. 4. The same configuration as in Fig. 2, but for pseudorapidity of photon ηγ .

FIG. 5. The same configuration as in Fig. 2, but for pseudorapidity of leading jet ηjmax
.

FIG. 6. The same configuration as in Fig. 2, but for the reconstructed invariant mass of dijets Mjj.
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where σgQGC and σSM are the signal and background cross
sections, respectively. ϵgQGC and ϵSM are the corresponding
selection efficiencies, and L is the integrated luminosity.
Three benchmark MuC configurations are considered:

ffiffiffi
s

p ¼ 3 TeV with 1 ab−1,
ffiffiffi
s

p ¼ 10 TeV with 10 ab−1,
and

ffiffiffi
s

p ¼ 30 TeV with integrated luminosities of 10 ab−1

and 90 ab−1.
The projected sensitivities on the Wilson coefficients fi

and the associated new-physics scales Mi ¼ f−1=4i are
summarized in Tables IV and V, while Fig. 7 displays
the corresponding reach on the cutoff scales. A clear
hierarchy appears among the eight operators. Those involv-
ing the hypercharge field strength Bμν, OgT;4 through
OgT;7, lead to significantly larger cross sections due to
the overall enhancement factor in Eq. (7). Consequently,
they exhibit the best sensitivity across all collider energies.

TABLE II. Summary of the optimized event selection strategies
used for μþμ− → jjγ at various c.m. energies.

ffiffiffi
s

p
(TeV) pj

T (TeV) Eγ (TeV) jηγ j jηjmax
j Mjj (TeV)

3 <1.4 (0.25, 1.4) <2.45
10 <4.6 (1.1, 4.5) <1.5 <1.5 <8.30
30 <14.5 (3.6, 13.7) <24.5

TABLE III. Contributions of the SM and individual dimension-8 gQGC operators after sequential cuts at different
ffiffiffi
s

p
. The last row

reports the overall selection efficiency ϵ for each column.ffiffiffi
s

p
(TeV) Cut SM OgT;0 (fb) OgT;1 (fb) OgT;2 (fb) OgT;3 (fb) OgT;4 (fb) OgT;5 (fb) OgT;6 (fb) OgT;7 (fb)

3 pj
T

17.38 10.29 10.31 10.32 10.32 10.27 10.29 10.32 10.31
Eγ 4.12 10.21 9.58 9.97 9.66 10.18 9.55 9.96 9.66
ηγ 2.70 9.03 8.65 8.99 8.69 9.01 8.62 8.97 8.70
ηjmax

2.42 8.60 8.39 8.63 8.48 8.59 8.38 8.63 8.48
Mjj 1.68 8.08 7.67 8.01 7.81 8.06 7.69 8.00 7.85
ϵ 8.4% 72.1% 68.5% 71.6% 69.7% 72.1% 68.7% 71.5% 70.0%

10 pj
T

1.06 0.83 0.84 0.83 0.83 0.83 0.82 0.83 0.83
Eγ 0.29 0.81 0.65 0.75 0.67 0.81 0.64 0.75 0.66
ηγ 0.19 0.72 0.59 0.67 0.60 0.71 0.58 0.67 0.60
ηjmax

0.17 0.68 0.56 0.64 0.58 0.68 0.56 0.64 0.58
Mjj 0.12 0.64 0.53 0.61 0.56 0.64 0.53 0.61 0.56
ϵ 10.0% 70.6% 58.9% 66.9% 61.2% 70.6% 58.8% 66.8% 61.3%

30 pj
T

0.133 0.46 0.47 0.47 0.46 0.47 0.47 0.47 0.46
Eγ 0.032 0.45 0.38 0.42 0.39 0.45 0.38 0.42 0.39
ηγ 0.020 0.40 0.34 0.38 0.35 0.40 0.34 0.38 0.35
ηjmax

0.018 0.38 0.33 0.36 0.34 0.38 0.33 0.36 0.34
Mjj 0.0137 0.35 0.30 0.33 0.31 0.35 0.30 0.33 0.31
ϵ 8.9% 68.8% 59.1% 65.7% 61.5% 68.8% 59.2% 65.7% 61.5%

TABLE IV. Projected sensitivities at 2σ, 3σ, and 5σ on the gQGC coefficients (in units of TeV−4) at future MuC with various c.m.
energies and integrated luminosities.ffiffiffi
s

p
Sstat jf0j jf1j jf2j jf3j jf4j jf5j jf6j jf7j

3 TeV 2 <1.76 <2.41 <5.01 <4.44 <0.78 <1.07 <2.22 <1.85
(1ab−1) 3 <2.50 <3.41 <7.10 <6.28 <1.11 <1.52 <3.15 <2.62

5 <3.97 <5.32 <11.2 <9.86 <1.77 <2.37 <5.03 <4.40

10 TeV 2 <0.0150 <0.0197 <0.0420 <0.0367 <0.00667 <0.0089 <0.0188 <0.0164
(10 ab−1) 3 <0.0212 <0.0281 <0.0598 <0.0522 <0.00948 <0.0126 <0.0267 <0.0233

5 <0.0341 <0.0453 <0.0963 <0.0840 <0.01520 <0.0204 <0.0431 <0.0375

30 TeV 2 <0.000495 <0.000682 <0.00144 <0.00125 <0.000221 <0.000303 <0.000634 <0.000561
(10 ab−1) 3 <0.000753 <0.00106 <0.00217 <0.00194 <0.000336 <0.000475 <0.000973 <0.000870

5 <0.00124 <0.00176 <0.00360 <0.00322 <0.000550 <0.000788 <0.00161 <0.00144

30 TeV 2 <0.000182 <0.000251 <0.000530 <0.000462 <0.000081 <0.000111 <0.000233 <0.000206
(90 ab−1) 3 <0.000259 <0.000356 <0.000752 <0.000656 <0.000115 <0.000158 <0.000331 <0.000293

5 <0.000416 <0.000573 <0.001200 <0.001050 <0.000190 <0.000254 <0.000532 <0.000471
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The operators OgT;0 through OgT;3 show a similar pattern
within each Lorentz-structure pair, but with overall weaker
reach. Since the signal cross section grows as s3 while the
SM background decreases approximately as 1=s, the
sensitivity improves rapidly with increasing collider
energy. For instance, the reach onM0 increases from about
0.9 TeV at

ffiffiffi
s

p ¼ 3 TeV to roughly 2.8 TeV at 10 TeV and
approaches 6–7 TeVat 30 TeV with 10 ab−1. The improve-
ment is even more striking for hypercharge-type operators
OgT;4–OgT;7, where a 30 TeV MuC with 90 ab−1 can probe
new-physics scales in the 8–10 TeV range.
It is instructive to compare these results with existing

LHC bounds. Analyses of projected sensitivity from gg →
γγ process at

ffiffiffi
s

p ¼ 13 TeV LHC with 3 ab−1 luminosity
have yielded limit of, for example, M0 > 2.1 TeV [15].
While we find a 10 TeV MuC with L ¼ 10 ab−1 puts a
stronger constraint of M0 > 2.6 TeV, and a 30 TeV
machine reaches beyond 7 TeV.

These sensitivities carry important implications for
UV scenarios. In the BI extension of the standard model,
the eight gQGC operators appear in a highly correlated
linear combination governed by a single nonlinearity scale
MBI. LHC heavy-ion light-by-light scattering currently
constrains the hypercharge BI scale to roughly 100 GeV,
whereas our results demonstrate that muon colliders can
probe BI scales at the multi-TeV level. A 10 TeV muon
collider is sensitive toMBI ≳ 3 TeV, and a 30 TeVmachine
with high luminosity can reach the 8–10 TeV range,
accessing the parameter region relevant for electro-
weak BI monopoles [47] and many string-inspired UV
completions.

IV. POSITIVITY BOUNDS ON TRI-BOSON
PRODUCTION

Another interesting implication of the studies on these
dimension-8 operators connects to the positivity bounds.
Positivity bounds on the Wilson coefficients in the SMEFT
originate from the requirement that any UV completion of
the theory must respect the fundamental principles of
quantum field theory, namely unitarity, locality, analyticity,
and Lorentz invariance. These principles ensure that for-
ward-limit scattering amplitudes are analytic functions of
the Mandelstam variable s and admit a twice-subtracted
dispersion relation, from which the following inequality
can be derived [48–50]:

fϵΛðsÞ≡ 1

2

d2BϵΛðsÞ
ds2

> 0; jsj < ðϵΛÞ2; ð13Þ

where BϵΛðsÞ denotes the amplitude with all poles and
branch cuts below the subtraction scale ϵΛ subtracted out.
The dispersion relation allows one to express fϵΛðsÞ as an
integral of the discontinuity of the amplitude, and the

FIG. 7. The 95% C.L. sensitivities on the cutoff scales Mi of
gQGC operators at MuC for the various benchmark configura-
tions.

TABLE V. Projected sensitivities for probing individual dimension-8 gQGC operators at 2σ, 3σ, and 5σ
significance levels, expressed in terms of the corresponding cutoff scalesMi (in units of TeV), at future MuC across
different c.m. energies with integrated luminosities.ffiffiffi
s

p
Sstat M0 M1 M2 M3 M4 M5 M6 M7

3 TeV 2 >0.87 >0.80 >0.68 >0.70 >1.06 >1.00 >0.82 >0.88
(1 ab−1) 3 >0.80 >0.74 >0.64 >0.64 >0.98 >0.90 >0.78 >0.80

5 >0.71 >0.66 >0.56 >0.58 >0.88 >0.82 >0.68 >0.70

10 TeV 2 >2.86 >2.67 >2.22 >2.30 >3.60 >3.40 >2.70 >2.80
(10 ab−1) 3 >2.62 >2.44 >2.04 >2.10 >3.24 >3.00 >2.48 >2.56

5 >2.33 >2.17 >1.80 >1.88 >2.88 >2.66 >2.20 >2.30

30 TeV 2 >6.70 >6.19 >5.12 >5.34 >8.20 >7.60 >6.30 >6.50
(10 ab−1) 3 >6.04 >5.54 >4.64 >4.78 >7.40 >6.82 >5.68 >5.84

5 >5.33 >4.88 >4.80 >4.22 >6.52 >6.00 >5.02 >5.14

30 TeV 2 >8.61 >7.94 >6.60 >6.82 >10.52 >9.62 >8.06 >8.36
(90 ab−1) 3 >7.88 >7.28 >6.06 >6.26 >9.76 >8.92 >7.66 >7.66

5 >7.00 >6.46 >5.40 >5.50 >8.60 >8.00 >6.82 >6.82
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optical theorem relates it to the total cross section, Disc
AðsÞ ¼ 2i ImAðsÞ ∝ σtotðsÞ > 0, which guarantees the
positivity of fϵΛðsÞ. Consequently, the coefficients of
higher-dimensional operators in the EFT must satisfy a
set of positivity inequalities if the underlying theory can be
consistently UV completed [52,55,57,58].
In practice, such theoretical constraints are often difficult

to probe experimentally because they typically first appear
at the level of dimension-8 or higher operators and can be
obscured by lower-dimensional contributions. The gQGC
operators, however, provide an ideal framework in which
these conditions can be tested unambiguously because
there is no contribution from the SM or from any
dimension-6 operator to the ggγγ vertex at tree level.
At the amplitude level, the forward scattering of vector

bosons can be expressed as

Aðs; t ¼ 0Þ ¼ ASMðsÞ þ
X
i

fi
16

MiðsÞ; ð14Þ

where MiðsÞ are the amplitudes from the dimension-8
gQGC operatorsOgT;i. Applying Eq. (13) to this amplitude
leads to following positivity bounds:

f2 ≥ 0; ð15Þ

f6 ≥ 0; ð16Þ

4f1 þ f2 þ 2f3 ≥ 0; ð17Þ

4f5 þ f6 þ 2f7 ≥ 0; ð18Þ
which indicate that only a restricted region of the full
parameter space is compatible with a standard UV
completion.
These theoretical inequalities are highly complementary

to our projected collider reach in Sec. III C. Specifically,
positivity bounds rigorously restrict the parameter space to
a specific physical region by dictating the signs and relative
magnitudes of the Wilson coefficients. In contrast, the
collider sensitivity places quantitative upper limits on their
absolute values, probing new-physics scales up to a few
TeV. In the context of the BI theory, the dimension-8
operator combination in Eq. (5) inherently satisfies these
positivity bounds, as is mandated by its local and unitary
UV completion. In fact, the BI direction lies exactly on
the boundary of the allowed positivity region. Such
boundary-saturating behavior is a feature that reflects
certain underlying group structures of the UV theory
[56,58]. Consequently, precision measurements at a future
muon collider will not only constrain well-motivated
models like the BI theory but also provide a direct
experimental test of the fundamental quantum field theory
(QFT) principles encoded in these positivity bounds. Any
significant violation of the positivity bounds would not
only indicate the presence of new interactions beyond the

SM, but would also challenge the validity of unitary and
analytic quantum field theories at high energies.

V. DISCUSSION AND CONCLUSIONS

The process μþμ− → ggγ provides one of the cleanest and
most powerful probes of gluonic quartic gauge interactions,
since no SM tree-level contribution exists and there is no
interference from dimension-6 operators. The characteristic
s3 growth of the gQGC-induced amplitudes, together with
the falling SM background, leads to rapidly improving
sensitivity at higher collider energies. The clean experimental
environment, coupled with the ability to reach multi-TeV
energies, significantly enhances sensitivity to dimension-8
operators encoding gQGC effects, positioning high-energy
MuCas a powerful platform for advancingour understanding
of the strong and electroweak sectors.
We have carried out a comprehensive investigation of the

dimension-8 gQGCs at future MuC through the jjγ signal.
Through detailed signal and background analysis, our results
demonstrate that a 3 TeV MuC with 1 ab−1 luminosity is
already capable of probing new-physics scales at the TeV
level; a 10 TeV MuC with 10 ab−1 extends the reach to the
multi-TeV regime; and a 30 TeVMuC with 10–90 ab−1 can
probe scales as high as 6–10 TeV depending on the operator
structure. These sensitivities represent a substantial improve-
ment over current LHC bounds obtained from diphoton and
Zγ production [15,16]. The hierarchy of sensitivities among
the operators originates from the fact that the hypercharge-
type operators exhibit a stronger reach than the SUð2ÞL-type
ones. This is because the operators OgT;4–OgT;7 generate
cross sections that are enhanced by an overall factor of 5
relative to those induced by OgT;0–OgT;3. The μþμ− → ggγ
channel emerges as one of the most sensitive probes of
anomalous gauge interactions in the gluonic sector, provid-
ing a uniquely clean avenue to explore dimension-8 new
physics at future muon colliders.
The sensitivity reach achieved in this study opens a direct

window into a broad class of UV-motivated scenarios,
including BI extensions of the SM, string-inspired non-
linear gauge dynamics, and other theories predicting
dimension-8 gluonic interactions. BI extensions of the
SM predict correlated quartic gauge interactions controlled
by a single BI nonlinearity scaleMBI, and our results show
that muon colliders can probe the parameter region
MBI ∼ 8–12 TeV, overlapping with the natural range
expected in string-inspired BI dynamics.
A further theoretical highlight of this study is the

connection to positivity bounds. Since μþμ− → ggγ
receives contributions exclusively from dimension-8 oper-
ators, its inferred Wilson coefficients can be directly
confronted with the positivity inequalities derived from
unitarity, analyticity, and causality of the forward scattering
amplitude. We find complementary constraints on the
gQGC operators using positivity bounds. Moreover, our
results imply that the projected sensitivities at a 10 TeV
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MuC with 10 ab−1 would be sufficient to test positivity at
the TeV scale in the gluonic sector.
In addition to the cut-based strategy used in this analysis,

recent progress in machine-learning jet-substructure tech-
niques has demonstrated remarkable improvements in quark-
gluon discrimination. Methods such as convolutional neural
networks applied to jet images, graph neural network
architectures including ParticleNet [68], LundNet [69],
and the jet-origin identification framework [70,71], have
shown significant gains in tagging efficiency and back-
ground rejection relative to traditional observables. Future
improvements using machine-learning-based jet tagging
promise to further enhance the sensitivity, potentially ena-
bling MuC to approach the theoretical limits of sensitivity
to gQGCs. This motivates future studies incorporating
advanced machine-learning algorithms into new-physics
search strategies at MuC.
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