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In this paper, we study the renormalization of a three-dimensional quartic model on a compact connected
Riemannian manifold with a boundary. We show that, in addition to the standard shift of the mass
parameter, it is necessary to take into account boundary contributions involving singular coefficients. This
indicates the need to extend the classical action within the framework of standard renormalization theory.
The requirements of consistency regarding the gluing of manifolds lead to renormalization of an operator
on the boundary.

DOI: 10.1103/ssdk-cw96

I. INTRODUCTION

Perturbative expansions for most quantum field models
[1,2] contain divergent quantities [3], which, after the
introduction of regularization, are transformed into singular
functions (singularities), see [4,5]. If the problem is con-
sidered on a Riemannian manifold without a boundary and,
moreover, simply in a flat space, then it is possible to
identify a class of so-called multiplicatively renormalizable
models, see [6,7], in which singularities can be eliminated
by suitably multiplying parameters and fields by special
renormalization constants.
When adding a boundary, the problem becomes more

complicated, since the Green’s function may have parts, see
[8], that behave smoothly away from the boundary, but
become singular when approaching the boundary. It should
be noted that the very formulation of the problem in
domains with boundary within the framework of standard
quantum field theory is not new and has been addressed
earlier, for example, see works [9,10]. Also such situations
arise, for example, in the framework of the functorial
quantum field theory [11–14] and are further complicated
by the requirement of consistency in the process of
introducing regularization and renormalization with respect
to the gluing of manifolds and corresponding partition
functions, see [15,16]. With this formulation, standard
regularization options do not work, for example, the dimen-
sional one [17,18] or the regularization with higher

covariant derivatives [19,20]. At the same time, the class
of quantum field models studied is rather narrow and
actually limited to the two-dimensional case.
In this paper, we consider a three-dimensional quartic

model [21] on a connected Riemannian manifold with a
boundary. Although this model is superrenormalizable in
the standard formulation [22,23], a number of topical issues
related to regularization, renormalization, and singularities
are currently being studied: a linearized case [24], on the
lattice [25], as well as various aspects of constructing a
probability measure [26,27]. We also note recent work [28],
devoted to the problem of several δ potentials concentrated
on surfaces, which can be obtained by shifting a boundary
operator when gluing manifolds.
A special feature of the presented work is the use of a new

special regularization by averaging [29–31] on a manifold
with a boundary. It was shown earlier that the deformation
of the theory by introducing such regularization is consistent
with the gluing process, see [32]. Nevertheless, the issues of
renormalizability of models for d > 2 were not considered
in the proposed context; therefore, this paper provides the
first example. The choice of the three-dimensional case is
due to the nontriviality in terms of a set of singularities
(power law and logarithmic), while the model itself is much
simpler than cases with a higher dimension.
The main results contain an explicit calculation of new

counterterms both in the bulk and on the boundary, a
discussion of extending the classical action, as well as a
study of consistency with the gluing process. The work is
structured as follows. Section II discusses the problem
statement and describes the quantum action and the regu-
larization. In Sec. III, the results are formulated and the
issues of renormalizability of the model and consistency
with the gluing process are discussed. Sections IV and V
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present proofs, discussions of the results obtained, and open
questions.

II. PROBLEM STATEMENT

A. Manifold

Consider a three-dimensional smooth real compact
connected orientable Riemannian manifold ðM; gÞ, see
[33]. Its boundary Σ ≠ ∅ is smooth, closed, and can have a
finite number of connected components whose distance is
greater than a certain tb > 0. Next, we use the symbols x, y
to denote the elements of M, which also serve as local
coordinates. This simplification does not cause any con-
fusion. The metric tensor and its determinant are denoted
by gμνðxÞ and gðxÞ, and the geodesic distance between
points is denoted by rð·; ·Þ. In addition, we assume the
presence of a product structure near the boundary: there
exists μ > 0 such that

fx∈M∶rðx;ΣÞ ≤ 1=μg ¼ Σ × ½0; 1=μ�: ð1Þ

In this case, the metric near the boundary is labeled with the
index Σ, and the corresponding coordinates are denoted by
u, v. For example, the point of the manifold near the
boundary has the form x ¼ ðu; x3Þ, where u ¼ ðu1; u2Þ.
Note that the product structure guarantees the form of the
metric g ¼ diagðgΣ; 1Þ in Σ × ½0; 1=μ�, where gΣ is inde-
pendent of x3. This condition is stronger than the simple
choice of a collar neighborhood, see Sec. 9 in [34], in which
the block gΣ may generally depend on the coordinate x3.

B. Classical action

Let us choose n∈N and consider two vector functions:
on the boundary η∈C∞ðΣ;RnÞ and in the bulk
ϕ∈C∞ðM;RnÞ. In this case, we assume that ϕajΣ ¼ ηa,
where the subscript indicates a separate component. Let us
define a number of functionals

S0½ϕ� ¼
1

2

Z
M

d3xg1=2gμνð∂μϕaÞð∂νϕaÞ; ð2Þ

Sk½ϕ� ¼
1

k!

Z
M

d3xg1=2ta1…ak
k ϕa1 ·… · ϕak : ð3Þ

Here, all coefficients are completely symmetric, and
the repeating indices imply the corresponding summation.
Let t2 ¼ diagfm2

ag, where ma plays the role of a mass
parameter for component ϕa. Then, we define the classical
action for a three-dimensional quartic model as the linear
combination

Scl½ϕ� ¼ S½ϕ� þ ℏS4½ϕ�; ð4Þ

where the quadratic form is given by the equality

S½ϕ� ¼ S0½ϕ� þ S2½ϕ�: ð5Þ

C. Operators

Consider the matrix-valued diagonal Laplace operator

AabðxÞ ¼ −δabg−1=2ðxÞ∂xμgμνðxÞg1=2ðxÞ∂xν þ tab2 : ð6Þ

Then the function ϕ is uniquely representable as the sum of
a background field b and a fluctuation φ satisfying the
relations

φ; b∈C∞ðM;RnÞ; φjΣ ¼ 0; bjΣ ¼ η; ð7Þ

and also Aabbb ¼ 0 insideM. A direct substitution verifies
the equality

S½ϕ� ¼ S½b� þ S½φ�: ð8Þ

Next, the symbol Gbcðx; yÞ denotes the Green’s function in
local coordinates for the operator Aab on M with zero
Dirichlet conditions. It is clear that such a matrix is also
diagonal. The corresponding spectral problem for such an
operator is well posed and studied in sufficient detail, see
Sec. 8 in [35].

D. Regularization

Let us choose Λ > μ and define the truncated manifold
MΛ by the relation

MΛ ¼ fx∈M∶rðx;ΣÞ ≥ 1=Λg: ð9Þ

The parameter Λ is referred to as the regularizing one. Let
the function w∈C∞ðRþ;RþÞ satisfy two conditions,

suppðwÞ ⊂ ½0; 1=2�;
Z

1=2

0

dss2wðsÞ ¼ 1

4π
: ð10Þ

Then the averaging operator HΛ
x , acting from C∞ðM;RÞ to

C∞ðMΛ;RÞwith respect to the variable “x,” can be defined
by the equality

HΛ
x ϕaðxÞ ¼ Λ3

Z
M

d3yg1=2wðΛrðx; yÞÞϕa ð11Þ

for all x∈MΛ. For convenience, the latter function is
denoted by ϕΛ

a ðxÞ, and the symbol ϕΛðxÞ represents the
corresponding vector function. Taking into account all the
above, the regularization of the classical action means
the transition Scl½ϕ� → SΛcl½ϕ�, which is performed by
replacing
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S4½ϕ� → SΛ4 ½ϕ�≡ S4½ϕΛ�jM→MΛ
: ð12Þ

Next, we assume that Λ ≫ μ, and we also require 1 <
2tbΛ for convenience, so that the number of connected
components of the boundary for MΛ and M is the same.

E. Quantum action

Let us define auxiliary functionals

Γk½φ� ¼ ðk!Þ−1∂ksSΛ4 ½sφþ b�js¼0; ð13Þ

where k∈ f1;…; 4g. By construction, Γk is proportional to
the k th degree of fluctuation φa, so each functional can be
associated with a vertex with k external lines, that is,

These lines correspond to the fields φa. Next, we define the

operator HcðscÞ
0 , which assigns a linear combination of

connected (strongly connected) diagrams to each set of
vertices Γ, which in total has an even number of external
lines, by connecting the external lines in pairs in all
possible ways using substitutions

φaðxÞφbðyÞ → Gabðx; yÞ ð14Þ

according to Wick’s theorem, see [36]. In this case,
Hc

0ðΓÞ ¼ 0 if the number of external lines is odd, and also
Hc

0ð1Þ ¼ 0 for convenience. Let us note that a diagram is
strongly connected if it remains connected after cutting any
one internal line. Then a regularized quantum action is
defined as a formal series of the form

WΛ
reg½b� ¼ SΛcl½b� − Hc

0

�
exp

�
−ℏ

X4
k¼1

Γk½φ�
��

: ð15Þ

The second term is a formal series in powers of the small
parameter ℏ. Moreover, each order contains a finite number
of terms. Symbolically, such a decomposition is usually
written as a functional (path) “integral”

e−W
Λ
reg½b� ¼

Z
Dφe−S

Λ
cl½bþφ�: ð16Þ

F. Renormalization

As is known, see [3] for reference, each coefficient in the
expansion of the regularized quantum action (15) contains
singular terms with respect to the parameter Λ. It turns out
that, in a flat space without a boundary, such objects can be
eliminated by scaling parameters and fields, as well as

adding a common normalization factor. This process is
called multiplicative renormalization.
For example, in the space R3, the quartic model is

superrenormalizable [22], since the auxiliary factors are
series (with respect to ℏ) with a finite number of nonzero
coefficients. As a result, the procedure reduces to shifting
the mass coefficient function tab2 → tab2 þ Δab and adding
the formal constant C to SΛcl, which is independent of the
background field and contains infrared divergences. Within
the framework of the proposed regularization, such values
have been calculated in [23], with the shift equal to

Δab ¼ ℏΔab
1 þ ℏ2Δab

2 ; ð17Þ

where

Δab
1 ¼ −

1

2
Λαtabcc4 ; ð18Þ

Δab
2 ¼ L

96π2
tac1c2c34 tbc1c2c34 : ð19Þ

Here, the value σ > 0 is fixed and necessary to make
combinations dimensionless, L ¼ lnðΛ=σÞ, and the aux-
iliary constant α is

α ¼
Z
R3

d3x
Z
R3

d3y
wðjxjÞwðjyjÞ
4πjxþ yj ð20Þ

and is the value at the origin of the regularized free Green’s
function in flat space for Λ ¼ 1,

η̂ΛðzÞ ¼
Z
R3×2

d3xd3ywðjxjÞwðjyjÞ
4πjzþ ðxþ yÞ=Λj : ð21Þ

Theorem 1 in Sec. III provides results on generalizing the
renormalization process to the case of M, including a
description of new boundary counterterms and coefficients
that are actually a consequence of adding the boundary.

G. Gluing of manifolds

Let us cut the manifold M into two submanifolds Ml
and Mr along some surface Y of codimension 1. We
assume that the new parts satisfy all the requirements
formulated in Sec. II. In this case, the boundary Σ splits into
two disconnected parts: Σ ¼ Yl ∪ Yr, where

∂Mi ¼ Yi ∪ Y for i ¼ l; r: ð22Þ

Further, each submanifold has its own classical action

Scl½ϕi;Mi�; where ϕi ∈C∞ðMi;RnÞ; ð23Þ

satisfying the conditions
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ϕijYi
¼ ηi ∈C∞ðYi;RnÞ;ϕijY ¼ ψ ∈C∞ðY;RnÞ: ð24Þ

An additional subscript is introduced here. Since it consists
of fl; rg, there is no confusion with the numbering of the
individual components. At the same time Scl½ϕ;M� ¼
Scl½ϕl;Ml� þ Scl½ϕr;Mr�, where ϕ ¼ ϕl þ ϕr. Note that
ϕl and ϕr in the latter equality should be understood in the
sense of embedding into C∞ðM;RnÞ using the operation
of extension by zero. Repeating the regularization pro-
cedure, hereinafter the third argument denotes the truncated
manifold MΛ or Mi;Λ, which plays the role of an inte-
gration domain in the interaction term. Next, the regular-
ized quantum actions are constructed as follows:

WΛ
reg½bi;Mi;Mi;Λ�; ð25Þ

where bi is the corresponding background field, uniquely
constructed from the boundary values. In Theorem 1 of
[32], it was shown that the functional integration of the
combination

exp
�
−
X
i¼l;r

WΛ
reg½bi;Mi;Mi;Λ�

�
ð26Þ

with respect to the boundary function ψ , which must be
understood in the sense of Gaussian averaging of formal
series in powers of the Planck’s constant ℏ with respect to
the Dirichlet-to-Neumann operator (or the Poincaré-
Steklov map, see [37]) in quadratic form for the boundary
field ψ , is equal to

exp
�
−WΛ

reg½b;M;Ml;Λ ∪ Mr;Λ�
�
: ð27Þ

And after eliminating the “scar” with the help of the limit
transition Ml;Λ ∪ Mr;Λ ⟶ MΛ, which consists of
returning the truncated parts (by continuous extension)
of the manifolds near the boundary Y, it turns out

exp
�
−WΛ

reg½b;M;MΛ�
�
: ð28Þ

Note that the limit transition is well defined and continuous,
because the manifolds appear only in integration domains,
while all integrands are finite. Such a transition from the
quantum action (partition functions) on submanifolds to the
action on the whole manifold is commonly called gluing.
At the same time, it was proved (see [32]) that such a gluing
procedure is compatible with the process of multiplicative
renormalization. Below, in Theorem 2 in Sec. III, a
generalization is proved and it is shown that additional
boundary counterterms arise on a manifold with boundary,
which are absent in the framework of the standard
multiplicative procedure. They must be canceled addition-
ally, thus renormalizing the Dirichlet-to-Neumann operator
on the boundary (or the integration measure).

III. RESULTS

To formulate results, we define several auxiliary func-
tions: two “mass” quadratic terms

ŜΛ2;i½ϕ� ¼
1

2

Z
MΛ

d3xg1=2Δab
i ϕΛ

aϕ
Λ
b for i ¼ 1; 2; ð29Þ

see (17), the boundary term

SΣ½η� ¼
L
32

Z
Σ
d2ug1=2Σ ηaηbtabcc4 ; ð30Þ

where L ¼ lnðΛ=σÞ, as well as

Γ̂k;i½φ� ¼ ðk!Þ−1∂ksŜΛ2;i½sφþ b�js¼0; ð31Þ

where k; i∈ f1; 2g. The last functionals correspond to
vertices with one and two external lines

ð32Þ

Additionally, we define the constant

C ¼ Cin þ Cb; ð33Þ

by dividing it into a bulk (internal) part and a boundary part.
At the same time

Cin ¼ ℏcin;1 þ ℏ2cin;2 þ ℏ3cin;3; ð34Þ

Cb ¼ ℏcb;1 þ ℏ2cb;2; ð35Þ

where the coefficients are determined by the equalities

cin;1 ¼ VolðMΛÞΛ2α2taabb=8; ð36Þ

cin;2 ¼ VolðMΛÞtabce4 tabce4 ð37Þ

×
Λ
243

�Z
R3

d3zη̂41ðzÞ −
Lα
4π2

�
; ð38Þ

cin;3 ¼ VolðMΛÞLtabce4 tcedg4 tdgab4 =ð2143π2Þ; ð39Þ

cb;1 ¼ VolðΣÞð−1ÞΛtaabb4 =ð29π2Þ; ð40Þ

cb;2 ¼ VolðΣÞtabce4 tabce4 ð41Þ

×
L

243π

�
θ

27π2
−
Z
jzj<1

d3zη̂31ðzÞ
�
: ð42Þ

Here the number θ ≈ 0.629615� 10−6 does not depend on
any parameters and is the numerical result for the integral
from Sec. IV. After adding new terms to the classical action,
the regularized action (15) takes the following form:
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SΛcl½b� þ ℏŜΛ2;1½b� þ ℏ2ŜΛ2;2½b� þ ℏSΣ½η� þ C

− Hc
0

�
exp

�
−

X
k; i¼1;2

ℏiΓ̂k;i − ℏ
X4
k¼1

Γk

��
: ð43Þ

We further denote it byWΛ
ren½b� and call it the renormalized

action. Note that countervertices have two parts propor-
tional to ℏ and ℏ2. Therefore, the formal series in powers of
the Planck’s constant has a finite number of terms at each
order after decomposition.
Theorem 1. Taking into account all the above, the

renormalized action (43) in each order of ℏ does not
contain singular contributions, and the corresponding
coefficients are finite when the regularization is removed.
Theorem 2. Let the notations of the last part of Sec. II be

in force. Taking into account the result of Theorem 1, by
analogy with (43), we construct the renormalized action

WΛ
ren½bi;Mi;Mi;Λ�; ð44Þ

on each submanifold Ml and Mr. Next, we define a
constant on the boundary

CY ¼ CbVolðYÞ=VolðΣÞ; ð45Þ

as well as the counterterm on the boundary

SY ½ψ � ¼
L
32

Z
Y
d2ug1=2Y ψaψbtabcc4 : ð46Þ

Then the functional integration of the quantity

exp

�
−
X
i¼l;r

WΛ
ren½bi;Mi;Mi;Λ�

�
ð47Þ

with respect to the field ψ with the weight

exp
�
2ℏSY ½ψ � þ 2CY

�
ð48Þ

in the sense of Gaussian averaging of formal series in
powers of the Planck’s constant ℏ with respect to the
Dirichlet-to-Neumann operator on the boundary Y in
quadratic form for the boundary field ψ is equal to

exp
�
−WΛ

ren½b;M;Ml;Λ ∪ Mr;Λ�
�

ð49Þ

and after the removal of the scar by the limit transition

Ml;Λ ∪ Mr;Λ → MΛ ð50Þ

is transformed into action

expð−WΛ
ren½b;M;MΛ�Þ: ð51Þ

Remark 1. Note that, in the case of a manifold with
boundary, the usual multiplicative renormalization is not
sufficient, since singularities appear localized on the
boundary. Such objects are canceled by adding the counter-
terms SΣ½η� þ Cb. From the point of view of the standard
paradigm, the quartic model (4) on the manifold with
boundary is nonrenormalizable, and the problem is solved
by extending the classical action

Scl½ϕ� → Scl½ϕ� þ
Z
Σ
d2ug1=2Σ ηaηbtabb ; ð52Þ

where tabb is a symmetric coefficient of dimension ½x−1�. In
this formulation, adding the constant Cb is responsible for
shifting the action at the boundary, and adding SΣ½η� should
be understood as shifting the coupling constant,

tabb → tabb þ ℏLtabcc4 =32: ð53Þ

In this case, the renormalization process becomes multi-
plicative. However, the extended action does not fit into
the conditions of the theorem from [32], since the “boun-
dary” term is actually a bulk one with a singular density
localized on the boundary. Therefore, renormalization of the
Dirichlet-to-Neumann operator, formulated in Theorem 2, is
additionally necessary. Furthermore, we note that it is
possible to introduce its own coefficient on each discon-
nected piece of the boundary.
Remark 2. Note that the shift parameters

Cin ∼ VolðMΛÞ; Cb ∼ VolðΣÞ: ð54Þ

At the same time, they do not contain any other dependence
on the manifolds. If we consider individual coefficients,
then cin;1 and cin;2 contain power-law singularities and
depend on the kernel of the averaging operator (11),
whereas cin;3 is proportional to L and does not depend
on the regularization properties. At the boundary, the
situation is different: the power-law factor cb;1 does not
depend on the regularization, while the logarithmic one cb;2
depends.
Remark 3. Since the coefficient Cin is proportional to the

volume of the integration domain from the interaction
functional, the quantum actions from (49) and (51) have
different constants proportional to

Cin
VolðMl;Λ ∪ Mr;ΛÞ

VolðMΛÞ
and Cin; ð55Þ

respectively. This fact, in particular, guarantees the finite-
ness of the coefficients of the formal series not only for the
final case without the scar, but also at intermediate stages.
Remark 4. Let us supplement the classical action for the

quartic model (4) with the cubic term
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Scl½ϕ� → Scl½ϕ� þ ℏ1=2S3½ϕ�; ð56Þ

the regularization of which can be introduced similarly by
smoothing the fields ϕ → ϕΛ and truncating the integration
domain M → MΛ. In this case, the counterterms
described in Theorem 1 are not sufficient to renormalize
the quantum action. They need to be supplemented with the
following changes. First, we need to add the bulk linear part

ℏ1=2

2

Z
MΛ

d3xg1=2ϕΛ
a

�
−Λαtacc3 þ ℏL

48π2
tac1c2c34 tc1c2c33

�
: ð57Þ

Second, it is necessary to add the boundary linear part

ℏ1=2L
16

Z
Σ
d2ug1=2Σ ηatacc3 ; ð58Þ

and, third, additionally change one volume constant as
follows:

cin;1 → cin;1 þ
LVolðMΛÞ

192π2
tc1c2c33 tc1c2c33 : ð59Þ

The appearance of linear terms actually entails some
difficulties, since in this case, the standard understanding
of renormalization requires an extension of the classical
action with a linear term ℏ−1=2S1½ϕ�, which contains a
negative power of Planck’s constant and, thus, generates an
unlimited number of terms in each order. Nevertheless, the
purely formal standard singularities are canceled even in
this case.
Remark 5. The definition for the regularized quantum

action (15) is based on the decomposition of the functional
(4) near the classical solution of the free linear equation. It
is for this reason that additional difficulties have arisen with
adding a linear term, described in Remark 4. It is worth
noting that it is possible to decompose near the solution of
the classical equation with the interaction. In this case, the
results of Theorem 1 concerning renormalization issues
remain true, and the linear term can be added without any
difficulties. Moreover, the background field does not have
to be “small,” and the classical action takes on a more
familiar form

S½bþ φ� þ ℏS4½bþ φ� → S½b̂þ ffiffiffi
ℏ

p
φ� þ S4½b̂þ ffiffiffi

ℏ
p

φ�
ℏ2

:

ð60Þ

Here b̂ ¼ ffiffiffi
ℏ

p
b and b̂þ ffiffiffi

ℏ
p

φ represent a deviation from the
classical solution by a small fluctuation. However, it is
important to note that in this case the proof of Theorem 2
loses its relevance, since in the process of gluing of
manifolds it was important to choose the free solution,
see [32]. The fact is that it is not entirely clear whether, for
the nonlinear case, the chosen extremal trajectory on the

entire manifold is a gluing of extremal trajectories on
submanifolds, and the question of their number remains
open as well.

IV. PROOF

A. Green’s functions

Next, let σ > 0 be such that μ < σσ1=ðσ1 þ σÞ, where
σ1 ¼ σΛ=ðσ þ ΛÞ, and also for all c > 0 and y∈M, we
define a geodesic ball

BcðyÞ ¼ fx∈M∶rðx; yÞ ≤ cg: ð61Þ

It is known from general theory, see, for reference, Sec. 8 in
[35], that the Green’s function Gabðx; yÞ is a symmetric
function, and the expansion near the diagonal (x ∼ y) for it
can be written in two ways. First, if y∈Mσ1 and
x∈B1=σðyÞ, then

Gabðx; yÞ ¼
δab

4πrðx; yÞ þ p0abðx; yÞ; ð62Þ

see the decomposition near the diagonal in [38,39]. In this
case, the second term is a continuous bounded function.
Now let us take y∈Σ × ½0; 1=σ1�, then y ¼ ðv; sÞ, where
v∈Σ. Let us assume additionally

ðu; tÞ ¼ x∈B1=σðyÞ ⊂ Σ × ½0; 1=μ�; ð63Þ

then r2ðx; yÞ ¼ r2Σðu; vÞ þ ðs − tÞ2. In addition, we define
the function r̂2ðx; yÞ ¼ r2Σðu; vÞ þ ðsþ tÞ2, then the
asymptotic expansion has the form

Gabðx; yÞ ¼
δab

4πrðx; yÞ −
δab

4πr̂ðx; yÞ þ p1abðx; yÞ: ð64Þ

In this case, the third term is continuous and bounded and
vanishes at s ¼ 0 and/or t ¼ 0 for x ≠ y.

B. Regularized functions

After the introduction of regularization in the classical
action, the fields ϕ are replaced by smoothed functions ϕΛ,
see (11). With such a substitution, using Wick’s theorem in
constructing the series (15) is equivalent to replacing
Green’s functions

Gabðx; yÞ → GΛ
abðx; yÞ≡ HΛ

xHΛ
y Gabðx; yÞ ð65Þ

for a similar series in which the fluctuations φ are not
averaged. Thus, the task of calculating singular contribu-
tions is reduced to working with the deformed Green’s
functions. Let us define two auxiliary functions

ρΛðx; yÞ ¼ HΛ
xHΛ

y ð4πrðx; yÞÞ−1; ð66Þ
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ρ̂Λðx; yÞ ¼ HΛ
xHΛ

y ð4πr̂ðx; yÞÞ−1; ð67Þ

then, denoting the smoothed versions of p0 and p1 by the
superscript Λ, we have similar equalities

GΛ ¼ ρΛ þ pΛ
0 and GΛ ¼ ρΛ − ρ̂Λ þ pΛ

1 ; ð68Þ

see for comparison (62) and (64). Next, we recall the
definition of (21) for η̂Λð·Þ. Such a function is the main
approximation of ρΛðx; yÞ for large Λ, if we understand z as
the value of x − y in the flat space. Let additionally z1 ¼
ðu; sÞ and z2 ¼ ðv; tÞ, where s, t ≥ 0 and u; v∈R2, as well
as r ¼ ju − vj, then we define

gΛðr; s − tÞ ¼ η̂Λðz1 − z2Þ: ð69Þ

In this case, the function gΛðr; sþ tÞ is the main approxi-
mation of ρ̂Λðx; yÞ for Λ → þ∞, if we understand z1, z2 as
the local coordinates of x, y in the flat space. If we choose
z ¼ ðð0; 0Þ; 2sÞ, where s ≥ 0, then we can define the
function

η̂ðsÞ ¼ η̂1ðzÞ; ð70Þ

which, in the combination of Λη̂ðsΛÞ, provides the
main approximation for ρ̂Λðx; xÞ near the boundary when
ðu; sÞ ¼ x∈Σ × ½1=Λ; 1=σ1Þ.

C. Renormalization for parts ∼ℏ
Let us check that the functional (43) does not contain

singularities with respect to the parameter Λ in the
coefficient at ℏ1. Let us write out all the terms

ŜΛ2;1½b� þ SΣ½η� þ Hc
0

�
Γ̂2;1 þ Γ2 þ Γ4

�
þ cin;1 þ cb;1: ð71Þ

It is convenient to divide them into two groups. First,
consider the combination

Hc
0ðΓ2Þ þ ŜΛ2;1½b� þ SΣ½η�; ð72Þ

the first two terms in which are integrals over MΛ with a
total density of the form

Hc
0ðΓ2Þ þ ŜΛ2;1 ∼

1

4
bΛa bΛb

�
tabce4 GΛ

ceðx; xÞ þ 2Δab
1

�
: ð73Þ

In this case, it is convenient to divide the integration area
into two parts: Mσ1 and Σ × ½1=Λ; 1=σ1Þ. Note that the
function ρΛðx; xÞ is present in both areas, see (68). Using
the definition of (66) and the transition to normal coor-
dinates, see Sec. II 8 in [40], we obtain

ρΛðx; xÞ ¼ ΛαþOð1=ΛÞ when Λ → þ∞ ð74Þ

uniformly by x∈MΛ. Thus, the singular part of the
function tabcc4 ρΛ cancels the coefficient Δab

1 completely.
Considering the boundedness of pΛ

0 and pΛ
1 , we see that the

singular component of the combination Hc
0ðΓ2Þ þ ŜΛ2;1 can

only be near the boundary in an integral of the form

−
1

4

Z
1=σ1

1=Λ
ds

Z
Σ
d2ug1=2Σ bΛa bΛb t

abcc
4 ρ̂Λðx; xÞ: ð75Þ

Here x ¼ ðu; sÞ. Next, we simplify the integral by replacing
the field bΛ with the main part η̂ðuÞ, and instead of the
function ρ̂Λðx; xÞ by choosing ρ̂ðx; xÞ. The latter substitu-
tion is possible because the domain of the first integral is
bounded away from zero and starts with 1=Λ. Considering
that ρ̂ðx; xÞ ¼ 1=ð8πsÞ, we obtain the singular part in the
form

−
lnðΛ=σÞ

32

Z
Σ
d2ug1=2Σ ηaηbtabcc4 ¼ −SΣ½η�: ð76Þ

Thus, the singular part of Hc
0ðΓ2Þ þ ŜΛ2;1 in the second

region near the boundary compensates for the singularity
from the term SΣ½η�. Therefore, combination (72) is finite
when the regularization is removed.
The second combination is the sum of the diagrams

Hc
0

�
Γ̂2;1 þ Γ4

�
þ cin;1 þ cb;1: ð77Þ

The first two terms are integrals over MΛ. Let us use (18),
then after regrouping the density is written as

1

8
tabce4 GΛ

abG
Λ
ce þ

1

2
GΛ

abΔab
1 ¼ −

Λ2α2

8
taabb

þ 1

8
tabce4 ðGΛ

ab − ΛαδabÞðGΛ
ce − ΛαδceÞ: ð78Þ

Here, all the Green’s functions are taken on the diagonal. It
is clear that after adding the integral, the first term is
canceled by the constant cin;1. Consider the second line and
split the integral into two parts: Mσ1 and Σ × ½1=Λ; 1=σ1Þ.
In the first case, taking into account (74), the singularityΛα
completely cancels the similar contribution in the first
expansion from (68). The remaining density does not
contain any other singularities, so the integral over Mσ1
is finite. In the second case, there is additionally the
function ρ̂Λ, which is singular near the boundary.
Considering the behavior of the function pΛ

1 to zero when
approaching the boundary, only the following part of the
form remains:
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taabb4

8

Z
1=σ1

1=Λ
ds

Z
Σ
d2ug1=2Σ

�
ρ̂Λðx; xÞ

�
2
; ð79Þ

where x ¼ ðu; sÞ. Taking into account the definition of
(21), for Λ → þ∞ we get the singularity

taabb4

8

Z
1=σ1

1=Λ
ds

Z
Σ
d2ug1=2Σ

�
Λη̂ðsΛÞ

�
2
; ð80Þ

because for the function ρ̂Λ on the diagonal in the domain
Σ × ½1=Λ; 1=σ1Þ decomposition of the form

ρ̂Λðx; xÞ ¼ Λη̂ðsΛÞ þOð1=ΛÞ ð81Þ

is valid, see formulas (21) and (70). Next, we note, see
[30,31], that the function η̂1ðzÞ ¼ ð4πjzjÞ−1 in the region
jzj ≥ 1, so η̂ðsÞ ¼ 1=ð8πsÞ for all s ≥ 1=2. Moving to the
limit, we see that the constant in the main order (80)
cancels cb;1.
As an auxiliary consequence of this section, we note that

combinations of the form

Hc
1ðΓ3Þ þ Γ̂1;1 and Hc

2ðΓ4Þ þ Γ̂2;1 ð82Þ

do not contain any singularities. In the diagrammatic
language, the relations can be written as

ð83Þ

ð84Þ

where the symbol ¼s:p: indicates equality for singular
components. Note that, in the proof, it was important that
the fluctuation fields at the boundary were equal to zero.

D. Renormalization at ∼ℏ2

Let us write out all the parts of functional (43) propor-
tional to ℏ2,

ŜΛ2;2½b� þ cin;2 þ cb;2 þ Hc
0ðΓ̂2;2Þ

− 2−1Hc
0ðΓ̂1;1 þ Γ̂2;1 þ Γ1 þ Γ2 þ Γ3 þ Γ4Þ2: ð85Þ

Reveal the brackets and remove the parts with an
odd number of external lines. Next, we note that the
combinations

Hc
0ðΓ2

1Þ; Hc
0ðΓ1Γ3 þ Γ1Γ̂1;1Þ; ð86Þ

Hc
0ðΓ̂2

1;1 þ 2Γ̂1;1Γ3 þ ½Hc
1ðΓ3Þ�2Þ; ð87Þ

Hc
0ðΓ2

2Þ; Hc
0ðΓ2½Γ̂2;1 þ Hc

2ðΓ4Þ�Þ; ð88Þ

Hc
0ðΓ̂2

2;1 þ 2Γ̂2;1½Hc
2ðΓ4Þ� þ ½Hc

2ðΓ4Þ�2Þ ð89Þ

do not contain singularities due to the previously performed
renormalization of the parts of ∼ℏ, since the corresponding
densities include combinations of (82). Thus, considering
the relation

ð90Þ

ð91Þ

only the following two diagram combinations

ð92Þ

ð93Þ

may contain singular contributions that need to be canceled
by a suitable selection of free coefficients Δab

2 , cin;2, and
cb;2. Considering the diagram from (92), we note that a
singular contribution can only be given by a combination in
which all the Green’s functions GΛ

ab are replaced by the
main approximation δabρΛ, both inside the volume and near
the boundary. Moving to normal coordinates, we notice that
the functions ρΛ, in turn, can be replaced by the main
approximation η̂Λ from (21). Then, using the asymptotic
behavior for the integral

Z
B1=σð0Þ

d3zη̂3ΛðzÞ ¼
lnðΛ=σÞ
16π2

þOð1Þ; ð94Þ

making sure that Δab
2 is equal to (19). In addition, we note

that the selection of such a coefficient leads to two
consequences

ð95Þ

ð96Þ

in which, again, the equality to zero of the fluctuations at
the boundary should be taken into account. Moving on to
the diagrams from (93), let us break down the calculation
into several steps.
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(1) Let us split the integration domains in both diagrams
into two parts

ð97Þ

ð98Þ

(2) Let us consider the first domains. Substituting the
first expansion from (68), we verify that the singular part
with pΛ

0 is canceled by Δab
2 . Next, moving to normal

coordinates, replacing the main parts of ρΛ with η̂Λ and
using the asymptotic expansion for the integral

Z
B1=σð0Þ

d3zη̂4ΛðzÞ ¼ Λ
Z
R3

d3zη̂41ðzÞ þOð1Þ; ð99Þ

taking into account (74), we see that the singular parts for
the sum of the first and fourth terms from (93) have the
form

ΛVolðMσ1Þ
tabce4 tabce4

243

�
Lα
4π2

−
Z
R3

d3zη̂41ðzÞ
�
: ð100Þ

This value is canceled by a part of the coefficient cin;2 from
(36) after splitting VolðMΛÞ to the sum of VolðMσ1Þ
and VolðΣÞ=σ.
(3) Consider the second domains. Using the decom-

position near the boundary of (68), we notice that the parts
with pΛ

1 are being canceled again. Next, note that after
switching to normal coordinates, the functions ρΛ and ρ̂Λ
can be replaced by the main parts in flat local coordinates.
Thus, the remaining singular part for the fourth term of (93)
has the form

VolðΣÞΔ
aa
2

2

�
Λα
σ

−
L
8π

�
; ð101Þ

where we have used (74) and (81), the relation η̂ðsÞ ¼
1=ð8πsÞ for all s ≥ 1=2, and the notation L ¼ lnðΛ=σÞ. In
turn, the singular contribution of the first part of (93) is
contained in the integral

−
tabce4 tabce4

233
VolðΣÞIðΛ; σÞπ; ð102Þ

where

IðΛ; σÞ ¼
Z

1=σ1

1=Λ
dt
Z

tþ1=σ

1=Λ
ds

Z
1

0

dr r

×
�
gΛðr; s − tÞ − gΛðr; sþ tÞ

�
4
: ð103Þ

For convenience, integration over a cylinder was used here,
rather than integration over a ball. Let us perform several
transformations. First, note that the region [0, 1] can be
replaced by Rþ. Second, σ1 can be replaced with σ. Then,
after scaling the variables, we get

IðΛ; σÞ¼s:p:
Z

Λ=σ

1

dt
Z

tþΛ=σ

1

ds
Z
Rþ

dr r

×
�
g1ðr; s − tÞ − g1ðr; sþ tÞ

�
4
: ð104Þ

One can study the asymptotics for such an integral by
differentiation. Applying the operator Λ∂Λ and performing
“reverse” scaling, we get two terms

İ1 ¼
Z

1

1=γ
dt
Z
Rþ

dr r
�
gγðr; 1Þ − gγðr; 2tþ 1

��
4
; ð105Þ

İ2 ¼
Z

2

1=γ
ds

Z
Rþ

drr
�
gγðr;s−1Þ−gγðr;sþ1Þ

�
4
; ð106Þ

where γ ¼ Λ=σ. It is necessary to find asymptotic expan-
sions for such integrals at γ → þ∞ up to and including a
constant. Let us first consider İ1. Note that it is possible to
move to γ → þ∞ in the lower limit of integration. Further,
the arguments for the functions gγða; bÞ are such so that
a2 þ b2 ≥ 1 > 1=γ, therefore, taking into account the
results of [31,32], equality is valid in the specified region

gγða; bÞ ¼
1

4πða2 þ b2Þ1=2 : ð107Þ

Substituting and calculating explicitly four two-dimen-
sional integrals, we obtain İ1 ¼ θ1=ð4πÞ4 þ oð1Þ, where

θ1 ¼
2

3
− 2 lnð3Þ − 3π2

8
−
3

2
lnð2Þ lnð3Þ ð108Þ

þ 3

2

�
Li2ð3Þ − Li2ð−3Þ þ iπ lnð3Þ

�
ð109Þ

≈0.015424� 10−6: ð110Þ

In the case of İ2, we can proceed similarly: choose γ → þ∞
in the integration limit and in the function

lim
γ→þ∞

gγðr; sþ 1Þ ¼ 1

4πðr2 þ ðsþ 1Þ2Þ1=2 : ð111Þ

In the case of gγðr; s − 1Þ, a transition to the limit is
possible only if the degree of the function does not exceed
2. Next, we note that

İ2 ¼ j1 −
j2
2π

þ θ2 þ 5

ð4πÞ4 þ oð1Þ: ð112Þ
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In this case, special functions and their asymptotic expan-
sions are determined by the relations

j1 ¼
Z

2

0

ds
Z
Rþ

dr rg4γðr; s − 1Þ ð113Þ

¼ 2

Z
1

0

ds
Z
Rþ

dr rg4γðr; sÞ ð114Þ

¼ γ

2π

Z
R3

d3zη̂41ðzÞ −
1

ð4πÞ4 ; ð115Þ

where we used equalities (69) and (107),

j2 ¼
Z

2

0

ds
Z
Rþ

dr rg3γðr; s − 1Þ ð116Þ

¼ 2

ð4πÞ3 þ
1

π

Z
B1

d3zη̂3γðzÞ ð117Þ

¼ 4 lnðγÞ þ 2

ð4πÞ3 þ 1

π

Z
B1

d3zη̂31ðzÞ: ð118Þ

The number θ2 is determined by relation (112) and is
represented as an integral over ½0; 2� ×Rþ with density in
the form of the difference between the left and right
sides, in which the limit γ → þ∞ was taken. Such an
integral does not depend on anything and can be obtained
numerically

θ2 ≈ 0.61419� 10−6: ð119Þ

Thus, summing up all the parts and integrating with respect
to the parameter L ¼ lnðΛ=σÞ, we see that the following
decomposition is valid:

IðΛ; σÞ¼s:p: Λ
2πσ

Z
R3

d3zη̂41ðzÞ −
4L2

ð4πÞ4

−
L
2π2

Z
B1

d3zη̂31ðzÞ þ
Lθ

ð4πÞ4 ; ð120Þ

where

θ ¼ θ1 þ θ2 ≈ 0.629615� 10−6: ð121Þ

Substituting the obtained asymptotic expansion into (102)
and summing it with the rest of the parts from (93), taking
into account the answer of (101), we see that the choice of
the coefficient cb;2 according to (40) cancels all remaining
singularities. Thus, the finiteness of all terms of ∼ℏ2 was
clearly verified.

E. Renormalization at ∼ℏk for k > 2

Contributions to higher quantum corrections consist of
connected diagrams that are constructed using four vertices
Γi, where i∈ f1; 2; 3; 4g, and four countervertices Γ̂k;n,
where k; n∈ f1; 2g. In this case, singularities can appear for
three reasons, which follows from the applicability of the
standardR operation [41]: First, because of the appearance
of the Green’s function on the diagonal, the so-called
“tadpole.” However, such combinations are canceled by
corresponding counterdiagrams with the coefficient Δab

1 ,
which is a direct consequence of relations (83) and (84).
Second, singularities can appear due to the presence of
“triple” lines, that is, three identical Green’s functions.
However, such combinations are also canceled by counter-
diagrams with the coefficient Δab

2 , which is a direct
consequence of relations (95) and (96). The third and final
possibility of a singularity is to obtain a triple line by
integrating a “double” one. This option is feasible only in a
diagram of the form

ð122Þ

which is obtained from the connections of three quartic
vertices and is contained in the correction ∼ℏ3. Writing out
the corresponding coefficient from (43), we see that it is
necessary to select cin;3 in such a way that the equality holds

cin;3 − 2532D ¼s:p: 0: ð123Þ

Considering the fact that the singularity is logarithmic, we
can use the already known result for the flat space from
[42]. Thus, we get

D¼s:p:VolðMΛÞπ2L
21133ð4πÞ4 tabce4 tcedg4 tdgab4 ; ð124Þ

hence, the answer for the coefficient stated in the theorem
follows. Thus, Theorem 1 is proved. In turn, the proof of
Theorem 2 follows from the result of [32] after canceling
the extra boundary terms (48).

V. CONCLUSION

In this paper, a three-dimensional quartic model was
renormalized on a connected Riemannian manifold with
boundary, all renormalization constants were calculated,
and new boundary terms were found that are absent in the
framework of the usual model without boundary. The
results are formulated in Theorem 1. Then, the relation
of gluing of manifolds and partition functions (quantum
actions) was extended to the renormalized actions by
adding a weight function to the functional integral, which
actually renormalizes the Dirichlet-to-Neumann boundary
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operator. The results are given in Theorem 2. Additionally,
in the remarks after the theorems, the features of the
obtained coefficients, the options for choosing a classical
solution, the addition of odd terms to the classical action,
and the renormalization process as a whole are discussed.
One of the interesting questions is the generalization of

the properties of the manifold M. In Sec. II, an
assumption was formulated about the product structure
near the boundary. This fact has greatly simplified the
calculation of boundary singularities. The author could
not find a precise relaxation of this condition. It is
expected that the main results of the theorems will remain
valid. Cases with piecewise smooth boundaries are also
not entirely clear.
Another important task is to calculate the singularities

for the four-dimensional case. Because of the higher
dimension, calculations become much more complicated.
Moreover, a new dependence on the properties of the

manifold may appear, both inside the volume (bulk) and
near the boundary. For the flat case without a boundary,
three-loop calculations have already been performed, see
[43], so it is expected that they should be preserved in the
leading singularities.
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