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We present high-precision predictions for associated tW production at the LHC that incorporate the next-
to-next-to-leading-order hard and soft functions as well as the complete next-to-next-to-next-to-leading-
order scale-dependent terms derived from the corresponding anomalous dimensions. These higher-order
corrections, which dominate the full perturbative results, increase the next-to-leading-order cross section by
more than 10%. Based on the comparison with ATLAS and CMS measurements, we directly extract the
Cabibbo-Kobayashi-Maskawa matrix element jVtbj ¼ 0.99� 0.03ðexptÞ � 0.03ðtheorÞ without assuming
unitarity, achieving a precision comparable with the current world average value.
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The top quark is the heaviest elementary particle dis-
covered so far. Because of the large mass, it is widely
accepted that the top quark has a close connection with new
physics, e.g., supersymmetry [1], that may appear only at
high-energy scales. Search for this new physics demands a
precise determination of the top-quark properties, which
can be achieved only through measurements of its pro-
duction and decay. At the Large Hadron Collider (LHC),
the top-quark pair production, mainly induced by strong
interaction, is the dominant channel and has been computed
at QCD next-to-next-to-leading order (N2LO) [2,3].
However, the top-quark pair production is not sensitive
to the electroweak coupling of the top quark. The top quark
decays almost exclusively intoWbwith the width predicted
at next-to-next-to-next-to-leading order (N3LO) [4,5]. It
can be used to determine the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element Vtb assuming only unitarity of the
matrix. The single top-quark production, of which the cross
section is around one-third of the pair production, provides
a direct probe of Vtb without assuming unitarity. Among
the three single top-quark production channels, the s and t
channels have been calculated at N2LO [6–9]. In contrast,
the theoretical prediction of the tW channel, i.e., pp → tW,
which has the second-largest production rate at the LHC,
still remains at next-to-leading order (NLO) [10–13], a
precision obtained over 20 years ago.

There are two primary obstacles on theway to achieving a
N2LO prediction for tW production. The first obstacle is the
challenging two-loop virtual correction that involves multi-
ple scales in the loop diagrams. Recently, two of the authors
and collaborators have removed this obstacle by presenting
analytical and numerical results for the leading and full color
contributions [14,15], respectively. The other obstacle is a
proper subtraction of the contribution from top-quark pair
production, whichwould interferewith the tW production at
higher orders.Although the subtractionmethods for the tree-
level interference in the tW−b̄ final state have been fully
developed [12,16–18], the corresponding method at one-
loop level was proposed only recently [19] and the sub-
traction in the tW−b̄g final state is still missing.
In this work, we present high-precision predictions for tW

production by utilizing the two-loop virtual correction and
circumventing the second obstacle by focusing on the
contribution in the soft radiation region. One of the advan-
tages of this method is that we do not need to consider the
interference problem mentioned above, because the invari-
ant mass of a soft bottom quark and a W boson cannot
approach the top-quarkmass shell. Another advantage is that
the soft radiation region not only captures the dominant
contribution in the real corrections, but also enables an
efficient computation of the cross section to higher orders in
perturbative theory due to its simple structure [20–27]. As an
essential building block, the threshold soft function that
encompasses all effects of soft radiations has been calculated
at N2LO in our previous paper [28]. In addition, by using the
three-loop anomalous dimensions for the renormalization
group (RG) evolution of the hard and soft functions [29], we
can further derive all the large logarithmic (scale-dependent)
terms up to N3LO. All these ingredients are coherently
incorporated into our calculation framework to give the
theoretical prediction for this process.
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Comparison between our predictions and the measure-
ments of the ATLAS [30–34] and CMS Collaborations
[35–40] at the LHC is of significant phenomenological
interest. The higher-order QCD corrections (beyond NLO)
computed in this work increase the cross section obviously,
leading to improved agreement between theoretical predic-
tions and experimental measurements. Based on this com-
parison, we can determine the CKM matrix element jVtbj
with an accuracy comparable to the world average value.
We consider the associated top quark and W boson

production at the LHC, i.e., pðP1Þ þ pðP2Þ → t=t̄ðp3Þ þ
W−=Wþðp4Þ þ XðpXÞ, where X accounts for all additional
radiation in the final state. The Lorentz invariant kinematic
variables for this process are s ¼ ðP1 þ P2Þ2 and
Q2 ¼ ðp3 þ p4Þ2, which define the ratio τ ¼ Q2=s.
In the soft radiation region, the energy component of the
four-momentum pμ

X is highly suppressed, i.e.,
p0
X ¼ ffiffiffi

s
p ð1 − τÞ=2 → 0, which is called the hadronic

threshold limit. For comparison, the threshold variable in
Refs. [21–24,26] is defined by S4 ¼ 2p4 · pX, which
measures the soft limit in a different way.
The corresponding LO partonic scattering process is

b=b̄ðp1Þ þ gðp2Þ → t=t̄ðp3Þ þW−=Wþðp4Þ with the LO
Feynman diagrams shown in Fig. 1. The partonic center-of-
mass energy

ffiffiffi
ŝ

p
is defined by ŝ ¼ ðp1 þ p2Þ2, which can

be used to define the variable z ¼ Q2=ŝ. The partonic
threshold is described by z̄ ¼ 1 − z → 0.
The soft radiation induces large logarithmic terms in the

cross section, which dominate higher-order QCD correc-
tions. In the threshold limit, the differential hadronic cross
section can be expressed in a factorization form

dσ
dQ2dΦ2

¼ 1

s

Z
1

τ

dz
z
L
�
τ

z
; μ

�
1

2Q2
Hðβt; y; μÞ

× Sðz̄; βt; y; μÞ; ð1Þ

where Φ2 denotes the two-body phase space of the top
quark and the W boson, and the parton luminosity L is
defined as the convolution

L
�
τ

z
; μ

�
¼

Z
1

τ=z

dx
x

�
fbðx; μÞfg

�
τ

xz
; μ

�
þ ðb ↔ gÞ

�

with fb=gðx; μÞ being the parton distribution function (PDF)
at the scale μ. The PDF is strongly suppressed in the
region x → 1. Therefore, the parton luminosity is dynami-
cally enhanced as z → 1; i.e., the partonic threshold limit

can be reached even if the hadronic limit τ → 1 is not fully
realized [41]. The hard functionH is process dependent and
can be obtained by calculating the corresponding
virtual correction to the partonic scattering process. It is
a function of y≡ cos θ with θ the polar angle of the
outgoing top quark relative to the incoming bottom
quark and the top-quark velocity, which is defined by
βt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðQ2 − m2

t − m2
WÞ2 − 4m2

t m2
W

p
=ðQ2 þ m2

t − m2
WÞ.

The soft function S encodes the effects of soft radiations in
terms of logarithms ððln z̄Þ2n−i=z̄Þþ with i ¼ 1;…; 2n at the
order of αns and δð1 − zÞ terms. The subscript þ indicates
that the pole at z ¼ 1 is subtracted, e.g.,

Z
1

0

dzgðzÞ
�
ln z̄
z̄

�

þ
¼

Z
1

0

dz½gðzÞ − gð1Þ� ln z̄
z̄

ð2Þ

with gðzÞ being a regular function.
Since the large logarithms have already provided dom-

inant contributions to the cross section, a precise knowl-
edge of their structure at higher orders is valuable for
phenomenological studies, when obtaining the full pertur-
bative prediction remains a formidable challenge. From the
effective field point of view, the logarithms arise because
there are different scales in the process. In our case, they are
the hard scale

ffiffiffi
ŝ

p
and the soft scale

ffiffiffi
ŝ

p
−Q. If the hard and

soft functions are calculated at their intrinsic scales, no
large logarithms would appear. Choosing a common scale,
such as μ in Eq. (1), leads to the logarithms either in the
hard function or the soft function. This understanding can
be used to develop a resummation scheme with the
logarithms predicted to all orders; i.e., the hard (soft)
function is calculated at the hard (soft) scale and evolved
to other scales using the RG equation. Explicitly, the
resummation improved cross section can be written as

dσ
dQ2dΦ2

¼ 1

s

Z
1

τ

dz
z
L
�
τ

z
; μf

�
1

2Q2
Hðβt; y; μhÞ

×Uðμh; μs; μfÞS̃ð∂η; βt; yÞ
1

z̄

�
z̄2Q2

zμ2s

�
η e−2γEη

Γð2ηÞ ;

ð3Þ

where the evolution factorsU and η depend on the hard and
soft scales, denoted by μh and μs, respectively, and the
factorization scale μf. If we choose μh and μs at

ffiffiffi
ŝ

p
andffiffiffi

ŝ
p

−Q, respectively, all the logarithms are encoded in the
evolution factors. On the other hand, if we set all the scales
equal, i.e., μh ¼ μs ¼ μf ¼ μ, no evolution effects exist,
and, thus, U ¼ 1 and η ¼ 0. Note that the Laplace trans-
formed soft function S̃ depends on the derivative ∂η. Its
action on the following part must be taken before setting
η ¼ 0. Both the hard and soft functions have been calcu-
lated perturbatively up to N2LO in Refs. [14,15,28],FIG. 1. LO Feynman diagrams for tW− production.
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respectively. Below, we derive the N3LO results for hard
and soft functions by solving the RG evolution equations.
The RG evolution of the Laplace transformed soft function

S̃ðlnðŝξ2=μ2Þ; βt; yÞ≡ R∞
0 dz̄e−z̄=ðeγEξÞSðz̄; βt; y; μÞ reads

dS̃ðLμ; βt; yÞ
d ln μ

¼ γsS̃ðLμ; βt; yÞ; ð4Þ

whereLμ ¼ lnðŝξ2=μ2Þ and the soft anomalous dimension is
given by

γs ¼ −ðT2
1 þT2

2ÞγcuspLμ − 2γq − 2γg − 2γQ

þT1 ·T3γcusp ln
ð1− βtyÞ2
1− β2t

þT2 ·T3γcusp ln
ð1þ βtyÞ2
1− β2t

− 2γqf − 2γgf − 2T 1233

�
αs
4π

�
3

F h2

�
1− β2t
1− β2t y2

�
: ð5Þ

Here, Ti represents the color charge of the ith parton
[42,43]. In the tripole correlation, T 1233 is a new color
structure that first appears at three-loop level, defined as

T 1233 ¼
1

2
fadefbceTa

1T
b
2ðTc

3T
d
3 þ Td

3T
c
3Þ; ð6Þ

and for tW production T 1233 can be replaced by −3=4. The
associating function F h2 was calculated in [29]. The cusp
γcusp and the other anomalous dimensions γq, γg, and γQ have
been obtained up to three loops [44–46]; i.e., the first three
terms in the expansion γ ¼ P

n¼0ðαs=4πÞnþ1γðnÞ are known.
Solving Eq. (4), we obtain

S̃ðLμ; βt; yÞ ¼ S̃ð0; βt; yÞ exp
�Z

ln μ

ln μs

γsd ln μ

�
ð7Þ

with μs ¼
ffiffiffi
ŝ

p
ξ. Expansion of the above expression

gives the N3LO soft function, in which the scale-dependent

terms are fully determined by the exponential function
and, thus, exact. The only missing ingredient is
the scale-independent part S̃ð3Þð0; βt; yÞ under the notation
S̃ ¼ P

n¼0ðαs=4πÞnS̃ðnÞ.
The RG evolution of the Laplace transformed PDFs in

the threshold limit can be found in Refs. [44,47]:

df̃iðξ; μÞ
d ln μ

¼ ð2Ti · Tiγcusp ln ξþ 2γifÞf̃iðξ; μÞ ð8Þ

with the anomalous dimensions γifði ¼ q; gÞ well known
[41,48]. Consequently, the RG evolution of the hard function
can be derived from the fact that the total physical cross
section must be independent of the scale μ, expressed as

d lnH
d ln μ

¼ −
d ln f̃q
d ln μ

−
d ln f̃g
d ln μ

−
d ln S̃
d ln μ

; ð9Þ

which can be solved similarly to Eq. (7).
Inserting the perturbative hard and soft functions into

Eq. (3) and expanding

1

z̄

�
z̄2Q2

zμ2

�
η

¼ Bð1 − η; 2ηÞ
�
Q2

μ2

�
η

δðz̄Þ þ
�
1

z̄

�
z̄2Q2

zμ2

�
η
�

þ
;

we derive the fixed-order partonic cross section in the
threshold limit that contains a series of logarithmically
enhanced terms:

dσ̂
dQ2dΦ2

¼ dσ̂LO
dQ2dΦ2

X

n¼0

�
αsðμrÞ
4π

�
n
�X2n−1

m¼−1
Cn;mPm

�
;

where dσ̂LO is the LO differential cross section and Pm

denotes the distribution ½1z̄ ðln z̄2Q2

zμ2f
Þm�þ form ≥ 0 and δð1 − zÞ

for m ¼ −1. The corresponding coefficients are given by

Cn;2n−1 ¼
n

4n−1n!
ð−γð0Þs;dÞn;

Cn;2n−2 ¼ −
nð2n − 1Þ
4n−1n!

ð−γð0Þs;dÞn−1
�
γð0Þs;c þ 2ðn − 1Þ

3
β0

�
;

C1;−1 ¼ −
1

4
ln2

Q2

μ2f
ðγð0Þh;d þ γð0Þs;dÞ −

1

2
ln
Q2

μ2f
ðγð0Þh;c þ γð0Þs;cÞ − β0 ln

Q2

μ2r
þHð1Þ

c þ S̃ð1Þ
c ;

C2;1 ¼ −
π2

2
ðγð0Þs;dÞ2 þ

1

4

�
ln2

Q2

μ2f
γð0Þs;dγ

ð0Þ
h;d þ 2 ln

Q2

μ2f
γð0Þs;dðγð0Þh;c − 2β0Þ þ 8β0 ln

Q2

μ2r
γð0Þs;d

þ 2γð0Þs;cðγð0Þs;c þ 2β0Þ − 4γð0Þs;dðHð1Þ
c þ S̃ð1Þ

c Þ − 4γð1Þs;d

�
;

C3;3 ¼
5π2

24
ðγð0Þs;dÞ3 −

γð0Þs;d

48

�
3ln2

Q2

μ2f
γð0Þs;dγ

ð0Þ
h;d þ 6 ln

Q2

μ2f
γð0Þs;dðγð0Þh;c − 4β0Þ þ 36β0 ln

Q2

μ2r
γð0Þs;d

þ 4γð0Þs;cð3γð0Þs;c þ 10β0Þ − 12γð0Þs;dðHð1Þ
c þ S̃ð1Þ

c Þ þ 16β20 − 24γð1Þs;d

�
; ð10Þ
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where the anomalous dimensions are defined by

γs;d ¼ −γcuspðCA þ CFÞ;

γs;c ¼ γcusp

�
CA − 2CF

2
ln
ð1 − βtyÞ2
1 − β2t

−
CA

2
ln
ð1þ βtyÞ2
1 − β2t

�
− 2γqf − 2γgf − 2γq − 2γg − 2γQ;

γh;d ¼ γcuspðCA þ CFÞ;

γh;c ¼ γcusp

�
CA

2
ln
ð1þ βtyÞ2
1 − β2t

−
CA − 2CF

2
ln
ð1 − βtyÞ2
1 − β2t

�
þ 2γq þ 2γg þ 2γQ; ð11Þ

and β0 ¼ 11CA=3 − 4TFnf=3 with nf being the number of
massless quark flavors and the color factors CA ¼ 3 and
CF ¼ 4=3 in QCD. We have used Hc and S̃c to represent
the scale-independent parts of hard and soft functions,
respectively.
Note that the renormalization and factorization scales, μr

and μf, respectively, have been clearly distinguished. This
is made possible by making use of the fact that the partonic
cross section is independent of the renormalization scale
order by order in αs and the dependence of αsðμrÞ on μr is
predictable.
In the above equations, we have presented the results for

the first few leading logarithms explicitly. The coefficients
of the other subleading logarithms are too lengthy to be
shown here and can be found in Supplemental Material
[49]. All coefficients are exact except for C3;−1, in which
the three-loop scale-independent parts of the hard and soft

functions, Hð3Þ
c and S̃ð3Þ

c , respectively, are still lacking.
The above expression can be considered as the leading

power (LP) expansion in z̄, i.e., the Oðz̄−1Þ contribution in
the cross section, denoted by NnLOLP. The subleading
power corrections consist of the higher-power terms in the
gb channel and the contribution of the other partonic
channels, both of which are of Oðz̄iÞ with i ≥ 0. These
corrections do not have a general structure that can be
predicted without a full calculation and also suffer from the
complicated problem of interference with tt̄ production. We
include them in QCD NLO theoretical predictions and
adopt the power subtraction to deal with the interference
problem [19]. As such, the approximate NnLO (n ≥ 2)
prediction of the cross section is defined as

dσðaNnLOÞ ¼ dσðNnLOLPÞ þ dσðNLOÞ − dσðNLOLPÞ:

Our calculation framework is different from the previous
study based on the traditional resummation formalism
[21–24,26,27] in several aspects. First, the threshold
variable, which depicts how the soft limit is approached,
is defined differently, as mentioned above. Second, the
N2LO scale-independent parts of the hard and soft func-
tions, which would also enter the N3LO scale-dependent
terms, are not included in previous computations. Third, the
formalism in Refs. [26,27] employs the three-loop soft

anomalous dimensions [24] that do not take into account
the tripole correlation involving one massive and two
massless partons. The numerical difference is dis-
cussed below.
For the numerical evaluation, we take the electroweak

parameters mt ¼ 172.57 GeV, mW ¼ 80.369 GeV, and
GF ¼ 1.16639 × 10−5 GeV−2 [50] and utilize the
PDF4LHC21 PDF sets [51] along with the associated
αsðmZÞ ¼ 0.118 in the LHAPDF library [52]. The theo-
retical uncertainties of our predictions are estimated from
two primary sources. The scale uncertainty, which eval-
uates the magnitude of the missing higher-power and
higher-order corrections, is derived by varying the renorm-
alization and factorization scales independently by a factor
of 2 around their central value Q. The PDF uncertainty is
evaluated according to the symmetric Hessian prescrip-
tion [51].
Figure 2 presents the dependence of the inclusive cross

section on the renormalization and factorization scales with
μr ¼ μf ¼ μ at the 14 TeV LHC. As shown by the LP
predictions in the top panel, including higher-order cor-
rections significantly reduces the scale dependence. We
also observe that the NLO LP prediction is very close to the
full NLO result when μ > Q. The two even coincide if the
scale is chosen around 3Q, indicating that higher-order
corrections are dominated by the LP approximation.

FIG. 2. Scale dependence of the inclusive tW cross section with
μr ¼ μf ¼ μ at the 14 TeV LHC.
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Furthermore, we find that the full NLO result exhibits a
mild sensitivity to the scale variations. This is because the
subleading power correction, albeit small in magnitude, has
a strong scale dependence which varies precisely in the
opposite direction to that at LP. The bottom panel shows the
approximate higher-order predictions, including subleading
power corrections at NLO. The higher-order effects
become more pronounced as the scale increases. The scale
uncertainties would be further reduced after computing the
full N2LO QCD corrections.
In Table I, we present numerical results of the total cross

sections and their scale and PDF uncertainties at different
collider energies. At the 13 TeV LHC, the NLO correction
increases the cross section by 34%. The aN2LO result
surpasses the NLO prediction by 12%. It is noteworthy that
the scale-independent parts of the hard and soft functions
contribute one-third of the Oðα2sÞ corrections. More spe-
cifically, 24% (10%) comes from the hard (soft) function.
The aN3LO correction provides a further improvement of
2% with respect to the aN2LO result. The aN3LO pre-
diction lies nearly within the scale uncertainty band of the
aN2LO result, exhibiting an excellent perturbative conver-
gence. We also investigate the effect of the triple correlation
in the three-loop soft function, i.e., the last term in Eq. (5),
finding that they give a 4% contribution to the Oðα3sÞ
correction. From this table, one can observe that the PDF
uncertainties are around 2%, independent of the perturba-
tive orders. This is because we have used the same PDF set

in the calculations at different orders. The results at other
collider energies display similar features.
In Table II, we compare our predictions with the result in

Refs. [26,27]. It can be seen that the two calculations agree
well across various collider energies. However, one should
note that they have used different resummation formalisms,
kinematics, and scales, which can cause independent sizable
discrepancies in addition to the perturbative higher-order
hard and soft functions and anomalous dimensions.
Figure 3 shows the comparison between theoretical

predictions and ATLAS and CMS measurements atffiffiffi
s

p ¼ 7 [30,35], 8 [33,36], 13 [34,39], and 13.6 TeV [40].
It can be clearly seen that the central values of the
experimental data agree better with the aN2LO and
aN3LO predictions than the NLO ones, underlining the
necessity of including higher-order corrections. From this
comparison, we can derive the CKM matrix element Vtb

directly as the cross section is proportional to jVtbj2, given
that the processes induced by a strange or down quark,
gsðgdÞ → tW, are highly suppressed due to the tiny values
of the CKM matrix elements Vts (∼4 × 10−2) and Vtd

(∼9 × 10−3) [50]. Consequently, we obtain jVtbj ¼ 0.99�
0.03ðexptÞ � 0.03ðtheorÞ, where the first and second errors
represent the experimental and theoretical uncertainties,
respectively. This result, based on measurements of a single
process, agrees with the world average value in [50] with
comparable accuracy.

TABLE I. The fixed-order predictions for total cross sections of tW production (in picobarns). The first and second errors represent the
scale and PDF uncertainties, respectively.
ffiffiffi
s

p
7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV

LO 10.7þ2.3
−1.8 � 0.3 15.4þ3.2

−2.5 � 0.4 51.4þ9.3
−7.3 � 1.1 57.1þ10.2

−8.1 � 1.2 60.9þ10.8
−8.6 � 1.2

NLO 14.6þ0.4
−0.5 � 0.5 20.9þ0.6

−0.7 � 0.7 68.7þ2.5
−2.9 � 1.4 76.1þ2.7

−3.2 � 1.5 81.3þ2.8
−3.5 � 1.6

N2LOLP 18.5þ0.6
−0.8 � 0.5 26.3þ0.8

−1.0 � 0.7 84.8þ2.3
−2.8 � 1.7 93.7þ2.5

−3.1 � 1.8 99.9þ2.6
−3.1 � 1.9

N3LOLP 19.1þ0.2
−0.3 � 0.5 27.1þ0.2

−0.4 � 0.6 86.8þ0.5
−1.0 � 1.7 95.9þ0.6

−1.1 � 1.9 102.2þ0.6
−1.2 � 1.9

aN2LO 16.6þ0.4
−0.5 � 0.5 23.8þ0.6

−0.7 � 0.6 77.2þ1.8
−2.2 � 1.6 85.4þ2.1

−2.5 � 1.7 91.2þ2.1
−2.8 � 1.8

aN3LO 17.2þ0.8
−0.9 � 0.5 24.5þ1.1

−1.3 � 0.7 79.2þ3.5
−3.8 � 1.6 87.6þ3.9

−4.2 � 1.7 93.5þ4.1
−4.6 � 1.8

TABLE II. Comparison between our predictions and the results
in [26,27] with mt ¼ 172.5 GeV and MSHT20 NNLO PDF. The
first and second errors of our results represent the scale and PDF
uncertainties, respectively.

σ (pb) (TeV) [26,27] aN3LO

7 17.2þ0.4þ0.7
−0.3−0.4 17.2þ0.8þ0.6

−0.9−0.4
8 24.6þ0.6þ0.9

−0.5−0.6 24.6þ1.1þ0.8
−1.3−0.5

13 79.5þ1.9þ2.0
−1.8−1.4 79.4þ3.5þ1.9

−3.8−1.4
13.6 87.6þ2.0þ2.1

−1.9−1.5 87.8þ3.9þ2.1
−4.1−1.5

14 94.0þ2.2þ2.2
−2.1−1.6 93.7þ4.1þ2.1

−4.4−1.6

FIG. 3. Comparison between theoretical predictions and ex-
perimental data. The bands in theoretical predictions denote the
scale uncertainties.
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Following Eq. (1), the higher-order QCD corrections to
the top-quark transverse momentum and rapidity distribu-
tions can be derived straightforwardly in the threshold
limit. The resulting distributions are shown in Fig. 4. The
aN2LO and aN3LO corrections are sizable across the full
kinematic regions and, thus, should be included in the
precise predictions. Since the enhancements exhibit only
weak kinematic dependence, it is sufficient to apply a
universal K factor that is defined as the ratio of higher-order
over NLO predictions.
In summary, we have calculated the approximate N2LO

and N3LO QCD corrections for tW associated production
at the LHC, which constitute the dominant contributions to
the corresponding full perturbative predictions. Our calcu-
lation incorporates the N2LO hard and soft functions as
well as the complete N3LO scale-dependent contributions.
The approximate N2LO and N3LO corrections increase the
NLO cross section by more than 10%. Comparison with the
experimental data allows us to determine the CKM matrix
element jVtbj ¼ 0.99� 0.03ðexptÞ � 0.03ðtheorÞ directly
without assuming unitarity, which is comparable with the

current world average value. Furthermore, these higher-
order corrections have sizable impacts on kinematic dis-
tributions. Collectively, our results provide valuable theo-
retical input for ongoing and future experimental analyses,
given that tW production is one of the main backgrounds at
the LHC, e.g., in the search for the Higgs pair signal [53].
Looking forward, a complete N2LO calculation will be

essential to further reduce theoretical uncertainties.
Achieving this goal requires the development of a robust
subtraction scheme for the top-quark-pair interference
contribution in the tWb̄g final state, along with a coherent
combination of the double-virtual, virtual-real, and double-
real corrections.
The Feynman diagrams were drawn using TikZ-

FeynHand [54].
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