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Although heavy-quark symmetry implies a B1B̄ molecular partner of the D1D̄ molecule, no such state
has been observed experimentally to date. In this work, we propose that the experimentally observed
ϒð11020Þmay be a candidate for such a molecular state, although it may also contain a B1B̄� component.
To explore whether the ϒð11020Þ can be interpreted as an S-wave B1B̄–B1B̄� molecule, we calculate its
strong decay widths within this molecular scenario using the compositeness condition and effective
Lagrangians. The coupling of the ϒð11020Þ to its constituents B1 and B̄ð�Þ is determined by fitting the
available experimental data on ϒð11020Þ → eþe− and ϒð11020Þ → χbJπππ decays. With the extracted

coupling, we compute the partial decay widths of the ϒð11020Þ into Bð�Þ
ðsÞB̄

ð�Þ
ðsÞ , ππϒðnSÞ, ππhbðnPÞ, and

πππχb1 via hadronic loops, as well as the three-body B�πB̄ð�Þ decays via tree-level diagrams. Our results
suggest that the ϒð11020Þ can indeed be interpreted as an S-wave B1B̄–B1B̄� molecule with a dominant
B1B̄ component, whose main decay channel is B�

sB̄�. Moreover, the partial widths for ϒð11020Þ →
ππϒðnSÞ and ϒð11020Þ → ππhbðnPÞ are found to be only a few eV. In contrast, the widths for
ϒð11020Þ → πππχbJ are considerably larger, with πππχb1 reaching up to 0.167 MeV, while the yet-
unobserved πππχb0 channel could be as large as 0.754 keV. These distinctive decay patterns could serve as
experimental signatures of the molecular nature of the ϒð11020Þ, and their confirmation would provide a
test of the applicability of heavy-quark symmetry.

DOI: 10.1103/sm8b-pn94

I. INTRODUCTION

With the progress of experimental studies, several hun-
dred hadrons have been discovered to date [1]. Among
them, many can be interpreted within the conventional
quark model as mesons composed of a quark-antiquark pair
and baryons consisting of three quarks [2–4]. However, a
growing number of hadrons exhibit more intricate internal
structures, commonly referred to as exotic states. The first
established example, the heavy-quark state Xð3872Þ, was
observed in 2003 in the B� → K�πþπ−J=ψ decay through
the πþπ−J=ψ invariant-mass spectrum [5], pointing to a

structure beyond the conventional qq̄ picture, involving at
least four quarks. This discovery, together with the sub-
sequent observation of many other exotic candidates, has
raised fundamental questions about the spectrum of had-
ronic structures allowed by QCD.
QCD permits hadrons to realize a variety of configu-

rations as long as they satisfy the color-singlet condition,
including compact multiquark states, hadronic molecules,
glueballs, and quark-gluon hybrids [6–8]. Yet quark
confinement and asymptotic freedom make their internal
structures notoriously difficult to pin down. Consequently,
uncovering the configurations of these exotic hadrons has
become a central challenge in contemporary hadron
physics. Among the possible interpretations, the hadronic
molecular picture has emerged as an important paradigm,
offering a framework to interpret and predict exotic states
whose internal dynamics go beyond conventional quark
configurations [2–4]. This perspective is firmly motivated
by the fact that hadronic molecules exist in nature, with the
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deuteron—a weakly bound proton–neutron system stabi-
lized by the nuclear force—serving as the prototype
example.
A number of observed hadrons can indeed be interpreted

as molecular states, among which Λð1405Þ is the most
prominent example in the light-quark sector. Both phe-
nomenological models [9–12] and lattice QCD calculations
[13,14] indicate that it is predominantly a K̄N molecular
state. In the heavy-quark sector, numerous candidates for
molecular states have been reported. The experimentally
observed Xð3872Þ [5], with a mass very close to the DD̄�

threshold, has been widely studied as a DD̄� molecular
candidate [8,15–17]. TheDs0ð2317Þ andDs1ð2460Þ exhibit
anomalously low masses, lying about 160 MeV and
70 MeV below quark-model predictions [2], respectively.
These anomalies can be naturally explained as KD and
KD� molecular states [18–30], thus strongly supporting
their interpretation as molecular candidates. Furthermore,
the LHCb Collaboration has reported several hidden-charm
pentaquark states [31–34] that exhibit features consistent
with ΣcD̄ð�Þ molecules [35–44].
In addition to the experimentally observed molecular

candidates, many predicted states remain unconfirmed,
posing significant challenges to existing theoretical frame-
works. A particularly relevant framework is heavy-quark
symmetry (HQS) [45], which refers to the approximate
invariance of the strong interaction under changes in the
spin and flavor of a heavy quark when its mass is much
larger than the QCD scale. In particular, heavy-quark spin
symmetry (HQSS) predicts a JPC ¼ 2þþ partner of the
Xð3872Þwith aD�D̄� molecular component [46]. The Belle
Collaboration reported evidence for such a state in 2022 via
γγ → γψð2SÞ, with a global significance of only 2.8σ [47],
highlighting the need for further investigation. Similarly, no
molecular partners of KD and KD�—namely, KB̄ and
KB̄�—or of ΣcD̄ð�Þ—the hidden-bottom pentaquark mole-
cules ΣBBð�Þ—have yet to be observed [1].
Uncovering the heavy-quark-flavor partner candidates of

the D1D̄ molecular state is the central objective of this
work. Experimentally, two states have been identified that
can be interpreted as D1D̄ molecular candidates [48–55],
namely Zþ

2 ð4250Þ [56] and Yð4260Þ [57]. Its heavy-quark-
flavor symmetry partner, B1B̄, is generally regarded as
unobserved; we argue, however, that it corresponds to the
experimentally established ϒð11020Þ. The ϒð11020Þ, the
highest-mass ϒ state known to date [1], was first reported
by the CUSB experiment in 1985 [58] and soon confirmed
by the CLEO Collaboration [59]. Its existence was sub-
sequently confirmed with higher precision by the BABAR
and Belle experiments in 2008 [60], 2015 [61,62], and
2019 [63] through various production channels. According
to the most recent PDG compilation [1], its reported mass,
width, and spin–parity are

M¼11000�4MeV; Γ¼24þ8
−6 MeV; IðJPCÞ¼0ð1−−Þ:

Currently, ϒð11020Þ is commonly identified as ϒð6SÞ,
an S-wave vector bottomonium state. However, its decay
properties deviate from the conventional quarkonium
picture. Experiments show that ϒðnSÞππ and hbðkPÞππ
production at the ϒð6SÞ occurs almost entirely through

intermediate Zð0Þ
b (corresponding to Zbð10610Þ and

Zbð10650Þ) states [61,62], leaving negligible nonresonant
contributions. By contrast, at ϒð5SÞ a substantial fraction

of ϒðnSÞππ yield occurs outside the Zð0Þ
b channel. This

striking difference suggests a structural origin for ϒð6SÞ
distinct from its lower-mass sibling.
Given the prevailing interpretations that Zb and Z0

b
correspond to BB̄� and B�B̄� molecular states, respectively,
and the observation that ϒð6SÞ → ϒðnSÞππ and ϒð6SÞ →
hbðkPÞππ proceed via Zð�Þ

b intermediates, we propose that
ϒð11020Þ may have a molecular configuration composed
of B1B̄ and B1B̄�. In this picture, decays are governed by
hadronic degrees of freedom, with the dominant mecha-

nism B1B̄ð�Þ → ðB�B̄ð�Þ=B̄�Bð�ÞÞ þ π → Zð�Þ
b þ π, provid-

ing a common pathway to both HQSS-violating (hbππ) and
HQSS-conserving [ϒðnSÞππ] channels. This naturally

explains the Zð�Þ
b -dominated decay pattern and the near

absence of nonresonant contributions, with HQSS breaking
arising from the light-quark spin-orbit structure of B1.
Thus, ϒð6SÞ serves as a critical platform for exploring
exotic hadronic molecules.
To assess whether ϒð11020Þ can be interpreted as a

B1B̄ð�Þ molecular state, one can consider its proximity to
the B1B̄ð�Þ threshold, complemented by calculations of
interactions and decay properties. Its central mass
(M ¼ 11; 000 MeV) lies only 5.41 MeV below the B1B̄
threshold, consistent with a yet-unobserved B1B̄ molecule,
regarded as the heavy-quark-symmetry partner of the D1D̄
molecule. Since B and B� form a heavy-quark-symmetry
doublet, the B1B̄� component is also expected to exist.
Within heavy meson chiral perturbation theory, based on
spin-flavor symmetry, calculations show that B1 and B̄ð�Þ
interactions can form a molecular state [48]. Using this
molecular framework, we evaluate decay widths, particu-
larly strong decays, and compare them with experimental
data to test the molecular interpretation.
This paper is organized as follows. In Sec. II, we will

present the theoretical formalism. In Sec. III, the numerical
result will be given, followed by discussions and conclu-
sions in the last section.

II. FORMALISM AND INGREDIENTS

In this study, we explore whether the ϒð11020Þ reso-
nance can be interpreted as an S-wave B1B̄ð�Þ molecular
configurations through an analysis of its strong decay
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behavior. The relevant Feynman diagrams are shown in
Fig. 1. To evaluate the Feynman diagrams shown in Fig. 1,
one first needs to construct the effective Lagrangian
densities associated with the relevant interaction vertices.
For the ϒð11020ÞB1B̄ð�Þ vertex, we employ the interaction
Lagrangian given in Refs. [64,65], expressed as

Lϒð11020ÞB1B̄ð�Þ ¼
Z

d4yΦðy2Þ½gϒð11020ÞB1B̄ϒ
μðxÞB̄ðxþωB1

yÞ

×B1μðx−ωB̄yÞþgϒð11020ÞB1B̄�ϵμναβ∂
μϒνðxÞ

× B̄�αðxþωB1
yÞBβ

1ðx−ωB̄�yÞ�þc:c:; ð1Þ

where the coefficients ωB1
¼ mB1

=ðmB1
þmB̄ð�Þ Þ and

ωB̄ð�Þ ¼ mB̄ð�Þ=ðmB1
þmB̄ð�Þ Þ depend on the respective

masses of the B1 and B̄ð�Þ mesons. The function Φðy2Þ
represents an effective correlation function that character-
izes the spatial distribution of the constituent mesons
inside the molecular configuration. In addition to encoding
this internal structure, it also acts as a natural regulator,
ensuring that loop integrals remain ultraviolet finite.
Although its explicit form is not unique, it must decrease
rapidly in the ultraviolet domain. Following the conven-
tional treatment in hadronic molecular studies, we adopt a

Gaussian-type correlation function whose Fourier trans-
form takes the form

Φðp2
E=Λ2Þ ¼ expð−p2

E=Λ2Þ; ð2Þ

where pE denotes the Euclidean Jacobi momentum, and Λ
is a size parameter, typically of order 1 GeV, that may vary
across different systems. Here, Λ is to be determined
through a fit to the experimental data, with the detailed
procedure described in the next section.
The coupling constant gϒð11020ÞB1B̄ð�Þ in Eq. (1) is deter-

mined using the compositeness condition [66,67]. This
condition requires the renormalization constant of the
hadronic molecular wave function to vanish,

Zϒð11020Þ ¼ XB1B̄ þ XB1B̄� −
∂Σ⊥

ϒð11020ÞðpÞ
ð∂p2Þ

����
p2¼m2

ϒð11020Þ

¼ 0;

ð3Þ

where p denotes the four-momentum of the ϒð11020Þ.
XB1B̄ and XB1B̄� represent the probabilities of finding the
B1B̄ and B1B̄� molecular components in the ϒð11020Þ,
respectively, and they satisfy XB1B̄ þ XB1B̄� ¼ 1. The trans-
verse component Σ⊥

ϒð11020ÞðpÞ of the mass operator

Σμν
ϒð11020ÞðpÞ is related by

Σμν
ϒð11020ÞðpÞ ¼ gμν⊥ Σ⊥

ϒð11020ÞðpÞ þ pμpν=p2ΣL
ϒð11020ÞðpÞ;

ð4Þ

where gμν⊥ ¼ ðgμν − pμpν=p2Þ and ΣL
ϒð11020ÞðpÞ being the

longitudinal parts of the mass operator. Using the effective
Lagrangian in Eq. (1), the mass operator Σμν

ϒð11020ÞðpÞ
corresponding to Fig. 2 can be expressed as

Σμν
ϒð11020ÞðpÞ ¼ Σμν

ϒð11020ÞB1B̄
ðpÞ þ Σμν

ϒð11020ÞB1B̄�ðpÞ ¼
Z

d4q
ð2πÞ4

×Φ2ðq − ωB1
pÞ−g

ij þ qiqj=m2
B1

q2 −m2
B1

� −g2ϒð11020ÞB1B̄

ðp − qÞ2 −m2
B̄

− ϵδμαβ

× pδϵζνηλpζ
−gαη þ ðp − qÞαðp − qÞη=m2

B̄�

ðp − qÞ2 −m2
B̄�

g2ϒð11020ÞB1B̄�

�
; ð5Þ

(a) (b)

(c) (d)

(e) (f)

FIG. 1. Feynman diagrams for the ϒð11020Þ decays within the
B1B̄ð�Þ molecular framework. ϒðnSÞ denotes the ϒð1SÞ, ϒð2SÞ,
or ϒð3SÞ state, while hbðnPÞ represents the hbð1PÞ or hbð2PÞ
state. Similarly, χbJ refers to the χb0, χb1, and χb2 states
corresponding to J ¼ 0; 1, and 2, respectively. The definitions
of the kinematic variables (p; p1; p2; p3; p4; q; k1, and k2) used in
the calculation are also indicated.

FIG. 2. Mass operator of the ϒð11020Þ, interpreted as a B1B̄ð�Þ
molecular state. Here, q and p denote the four-momenta of the B1

meson and the initial ϒð11020Þ, respectively.
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where Σμν
ϒð11020ÞB1B̄

ðpÞ and Σμν
ϒð11020ÞB1B̄� ðpÞ denote the self-

energy contributions from the B1B̄ and B1B̄� molecular
components, with the indices ij ¼ μν and βλ corresponding
to theB1B̄ and B1B̄� systems, respectively. One should note
that ωB1

differs between the B1B̄ and B1B̄� channels.
To evaluate the Feynman diagrams shown in Fig. 1, it is

necessary to specify the effective Lagrangian densities
corresponding to the relevant interaction vertices. For the
B1B�π interaction, we adopt the following Lagrangian,
constructed within the framework of chiral perturbation
theory (CPT) [68]:

LTH ¼ gTH
Λχ

TrfH̄aT
μ
bðiDμ=Aþ i=DAμÞbaγ5g þ H:c:; ð6Þ

where H and T are the heavy-meson fields, defined as

Ha ¼
1þ =v
2

fB�
aμγ

μ − Baγ5g; H̄a ¼ γ0H†
aγ0; ð7Þ

Ta ¼
1þ =v
2

�
B�μν
2a γν − B1aν

ffiffiffi
3

2

r
γ5

�
gμν −

γνðγμ − vμÞ
3

��
;

ð8Þ

with indices a and b labeling SU(3) flavor components
ðu; d; sÞ. The velocity four-vector of the heavy quark is
taken as v ¼ ð1; 0⃗Þ, and the ratio gTH=Λχ in Eq. (6) serves
as an effective coupling constant, where Λχ denotes a
momentum scale characterizing the convergence of the
derivative expansion, typically Λχ ∼ 1 GeV [68]. The ratio
gTH=Λχ is determined from the experimental total decay
width of the B1ð5721Þ state [1]. The detailed results will be
presented in the next section. Note that the total decay
width of B1ð5721Þ is given by the sum of its partial widths
for the πB� and γBð�Þ decay modes.
The remaining quantities appearing in Eq. (6) that have

not yet been specified are Aμ ¼ 1
2
ðξ∂μξ† − ξ†∂μξÞ and

Dμ ¼ ∂μ þ Vμ with Vμ ¼ 1
2
ðξ∂μξ† þ ξ†∂μξÞ. The fields

are defined as ξ ¼ exp ½iMfπ � with fπ ¼ 132 MeV and M
denotes the octet of pseudoscalar mesons,

M ¼

0
BBB@

1ffiffi
2

p π0 þ 1ffiffi
6

p η πþ Kþ

π− − 1ffiffi
2

p π0 þ 1ffiffi
6

p η K0

K− K̄0 − 2ffiffi
6

p η

1
CCCA: ð9Þ

Expanding to leading order, one obtains

Aμ ¼ −
i
fπ

∂μM; Vμ ¼ 0: ð10Þ

The effective Lagrangians describing the interactions at

the Zð0Þ
b BB̄�, Zð0Þ

b ϒðnSÞπ, and Zð0Þ
b hbðnPÞπ vertices are

given by [69–72]

L
Zð0Þ
b Bð�ÞB̄� ¼ gZbBB̄�Zμ

bðB�
μB† þ BB�†

μ Þ
þ gZ0

bB
�B̄�ϵμναβ∂

μZ0ν
b B

�αB�†β þ H:c:; ð11Þ

L
Zð0Þ
b ϒðnSÞπ ¼

g
Zð0Þ
b ϒðnSÞπ
mZb

∂μϒðnSÞν

× ð∂μπZð0Þν
b − ∂

νπZð0Þμ
b Þ þ H:c:; ð12Þ

L
Zð0Þ
b hbðnPÞπ

¼ g
Zð0Þ
b hbðnPÞπ

ϵμναβZ
ð0Þμ
b ∂

νhbðnPÞα∂βπ þ H:c:;

ð13Þ

where the coupling constants gZbBB̄� and gZ0
bB

�B̄� are
extracted from the experimentally measured partial widths
of Zb → BB̄� þ B�B̄ and Z0

b → B�B̄�, respectively. Using
the Lagrangian in Eq. (11), the two-body decay widths
ΓðZþ

b → B�þB̄0Þ and ΓðZ0þ
b → B�þB̄�0Þ are related to the

corresponding coupling constants as

ΓðZþ
b → B�þB̄0Þ ¼

g2ZbBB̄�

24πm2
Zb

�
P2

B�B̄0

m2
B�

þ 3

	
PB�B̄0 ≃

1

2
ΓZþ

b
;

ΓðZ0þ
b → B�þB̄�0Þ ¼

g2Z0
bB

�B̄�

24π

�m2
Z0
b

m2
B�

þ 2

	
PB�B̄�0 ;

where PB�B̄0 and PB�B̄�0 denote the three-momenta of the
B̄0 and B̄�0 in the rest frames of Zb and Z0

b, respectively.
Using the experimental total widths ΓZþ

b
¼ 18.4�

2.4 MeV and ΓZ0þ
b
¼ 11.5� 2.2 MeV, together with the

measured branching fractions—accounting for 85.9% and
74% of the total widths, respectively—and the particle
masses from Ref. [1], we obtain gZbBB̄� ¼ 13.52 GeV
and gZ0

bB
�B̄� ¼ 0.94 GeV.

For the coupling constants g
Zð0Þ
b ϒðnSÞπ and g

Zð0Þ
b hbðnPÞπ

,

their values are also determined from experimental data [1].
The relations between these couplings and the correspond-
ing partial decay widths can be derived from Eqs. (12) and
(13), and are given by

ΓðZð0Þþ
b →ϒðnSÞπÞ¼

g2
Zð0Þ
b ϒðnSÞπ

96πm6

Zð0Þ
b

Pϒnπ½ð2m2

Zð0Þ
b

þm2
ϒn
Þ

× ðm2

Zð0Þ
b

−m2
ϒn
−m2

πÞ2

þ8m2

Zð0Þ
b

m2
πðm2

Zð0Þ
b

−m2
ϒn
Þ�;

ΓðZð0Þþ
b → hbðnPÞπÞ¼

g2Z0
bhbðnPÞπ
12π

P3
hbπ

;
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where Pϒ=hbπ denotes the three-momentum of the π meson
in the Zb rest frame. m

Zð0Þ
b

, mhb , mϒn
, and mπ represent the

masses of the Zð0Þ
b , hbðnPÞ, ϒðnSÞ, and π mesons, respec-

tively. The coupling constants are extracted directly from
the experimental values listed in Table I, and the corre-
sponding results are summarized therein.
Based on the heavy-quark limit and chiral symmetry

[73], the interactions between light vector and pseudoscalar
mesons and the heavy bottom mesons are expressed as
[65,74–78]

LBð�ÞBð�ÞV=M ¼ −igBBVB
†
i ∂
↔μ

BjðV†
μÞij þ igB�B�VB

�ν†
i ∂

↔μ
B�
νjðV†

μÞij
− 2fB�BVϵμναβð∂μVν†ÞijðB†

i ∂
↔α

B�β
j − B�β†

i ∂

↔α
BjÞ þ i4fB�B�VB

�†
iμ ð∂μVν† − ∂

νVμ†ÞijB�
νj

− igB�BMðB†
i B

�
jμ − B�†

iμBjÞ∂μM†
ij þ

1

2
gB�B�MϵμναβB

�μ†
i ∂

νM†
ij ∂
↔α

B�β
j þ H:c:; ð14Þ

LBð�ÞB1V
¼ igB�B1Vϵμναβ½Bμ

1bð∂αB�ν†
a Þ − ð∂αBμ

1bÞB�ν†
b �Vβ

ba þ gBB1VBbB
μ†
1aðVμÞba; ð15Þ

LχbJBð�ÞBð�Þ ¼ −gχb0BBχb0BB
† − gχb0B�B�χb0B�

μB�μ†

þ igχb1BB�χμb1ðB�
μB† − BB�†

μ Þ − gχb2BBχ
μν
b2∂μB∂νB

†

− igχb2B�Bϵμναβ∂
αχμρb2ð∂ρB�ν

∂
βB† − ∂

βB∂ρB�ν†Þ þ gχb2B�B�χμνb2ðB�
μB

�†
ν þ B�

νB
�†
μ Þ; ð16Þ

where A∂

↔μ
B ¼ Að∂μBÞ − ð∂μAÞB.M denotes the matrix containing the pion fields, as defined in Eq. (9), and V represents

the vector-meson nonet in matrix form, given by

V ¼

0
BBB@

1ffiffi
2

p ðρ0 þ ωÞ ρþ K�þ

ρ− 1ffiffi
2

p ð−ρ0 þ ωÞ K�0

K�− K̄�0 ϕ

1
CCCA: ð17Þ

The bottom meson triplets are defined as Bð�Þ ¼ ðBð�Þþ, Bð�Þ0; Bð�Þ
s Þ and B1 ¼ ðB1ð5721Þ0; B1ð5721Þþ; Bs1ð5830ÞÞ.

From the heavy-quark and chiral limits [73,74,76], the relevant coupling constants can be written as
gB�B�M ¼ gB�BM=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmB�

p ¼ 2g=fπ , fB�BV ¼ fB�B�V=mB� ¼ λgV=
ffiffiffi
2

p
, and gBBV ¼ gB�B�V ¼ βgV=

ffiffiffi
2

p
, where g ¼ 0.59,

λ ¼ 0.56 GeV−1, β ¼ 0.9, and gV ¼ mρ=fπ, with the ρ-meson mass given by mρ ¼ 775.26 MeV. Similar, one obtains

gBB1V ¼ 2gV1
ξ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffimBmB1

p =
ffiffiffi
3

p
and gB�B1V ¼ gV1

ξ1=
ffiffiffi
3

p
, with gV1

¼ 5.9 and ξ1 ¼ −0.1 [65,73,74,76]. The couplings of χbJ
to Bð�ÞB̄ð�Þ are determined by a single gauge coupling g1 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb0=3

p
=fχb0 , with the decay constant fχb0 ¼ 175� 55 MeV

[77,78], as explicitly given in Ref. [76],

gχb0BB ¼ 2=
ffiffiffi
3

p
g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb0mB

p
; gχb0B�B� ¼ 2=

ffiffiffi
3

p
g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb0mB�

p
;

gχb1BB� ¼ 2
ffiffiffi
2

p
g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb1mBmB�

p
; gχb2BB ¼ 2g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb2mB

p
;

gχb2BB� ¼ g1mχb2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m3

BmB�

q
; gχb2B�B� ¼ 4g1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mχb2mB�

p
:

Finally, we consider the effective Lagrangians that describe the Bð�ÞB1γ and eþe−γ coupling vertices. For the eþe−γ
interaction, we employ the commonly used and well-established form,

TABLE I. Experimental partial decay widths (central values) Γ
(in MeV) for the processes Zð0Þþ

b → ϒðnSÞπþ and

Zð0Þþ
b → hbðnPÞπþ, together with the corresponding coupling

constants g
Zð0Þ
b

. Here, g
Zð0Þ
b πϒ

is dimensionless, whereas g
Zð0 Þ
b πhb

is

expressed in units of GeV−1.

ϒð1SÞπþ ϒð2SÞπþ ϒð3SÞπþ hbð1PÞπþ hbð2PÞπþ
Γ (Zb →) 0.0994 0.6624 0.3864 0.6440 0.8648
gZb

0.4876 3.3043 9.2470 0.2836 1.0315
Γ (Z0

b →) 0.0196 0.1610 0.1840 0.9660 1.7250
gZ0

b
0.2058 1.4670 4.9020 0.3165 1.1807
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Leþe−γ ¼ −ieῡγμuAμ; ð18Þ

where Aμ denotes the photon field, while u and υ are the
spinor wave functions of the electron and positron, respec-
tively, and e2 ¼ 4π=137. For the Bð�ÞB1γ couplings, we
adopt the effective Lagrangians from Ref. [65,79],

LB1Bγ ¼ iegB1BγB
μ
1∂

νB∂μAν; ð19Þ

LB1B�γ ¼ igB�B1γϵμναβB
μ
1 ∂

↔α
B�νAβ: ð20Þ

The coupling constants gγBþ
1
Bþ and gγB0

1
B0 are determined

from the partial decay widths of Bþ
1 → Bþγ and B0

1 → B0γ,
which are obtained from Eq. (19),

ΓðB1 → BγÞ ¼ g2B1Bγ
e2

192π
m2

BmB1

�
1 −

m2
B

m2
B1

	
3

: ð21Þ

Since the width of the B1 → Bγ decay is not well deter-
mined experimentally, we adopt the theoretically predicted
partial widths from Ref. [79], namely, ΓðBþ

1 → BþγÞ ¼
99.3 keV and ΓðB0

1 → B0γÞ ¼ 26.22 keV. Accordingly,
the coupling constants are determined to be gγBþ

1
Bþ ¼

0.334 GeV−1 and gγB0
1
B0 ¼ 0.172 GeV−1. For the coupling

constant gB�B1γ , since there is no available experimental or
theoretical information, its value will be determined by
fitting to the experimental data in this work.
By combining all the components, we obtain the full

decay amplitudes, which are summarized in Appendix A.
Once the amplitudes are obtained, they can be substituted
into decay width formulas to calculate the corresponding
partial widths. The detailed expressions can be found in
Ref. [1]. For both two-body and three-body decay proc-
esses, the final expressions are obtained by performing
direct integrations over the respective phase spaces, as
given below,

dΓðϒð11020Þ → ABÞ ¼ 1

2J þ 1

1

32π2
jp⃗Aj

m2
ϒð11020Þ

jM̄j2dΩ;

ð22Þ

dΓðϒð11020Þ → AB → ACDÞ

¼ 1

2J þ 1

1

ð2πÞ5
1

16m2
ϒð11020Þ

× jM̄j2jp⃗�
Cjjp⃗AjdmCDdΩ�

pC
dΩpA

; ð23Þ

where J denotes the total angular momentum of ϒð11020Þ,
jp⃗Aj represents the three-momentum of the decay products
in the center-of-mass frame, and the overline indicates a
sum over the polarization vectors of the final hadrons. The
quantities ðp⃗�

C;Ω�
CÞ correspond to the momentum and

emission solid angle of the particle C in the rest frame
of the CD system, while ΩpA

denotes the solid angle of
particle A in the rest frame of the decaying particle. The
variablemCD is the invariant mass of theCD pair, subject to
the constraint mC þmD ≤ mCD ≤ mϒð11020Þ −mA.
Using the two-body decay formulas obtained above, the

decay width for ϒð11020Þ → χbJω → χbJπππ can be
factorized as

Γðϒð11020Þ → χbJω → χbJπππÞ
¼ Γðϒð11020Þ → χbJωÞ × Brðω → 3πÞ; ð24Þ

where Brðω → 3πÞ ¼ ð89.2� 0.7Þ% [1] denotes the
branching ratio of the ω meson decaying into three pions.
A detailed calculation is provided in Appendix. B, along
with a similar example for which the cross-section formula
for the corresponding multibody final state can be found in
Ref. [80]. Γðϒð11020Þ → χbJωÞ denotes the two-body
decay width of ϒð11020Þ → χbJω, whose corresponding
amplitudes have been given in Eqs. (A12)–(A14).

III. RESULTS AND DISCUSSIONS

Prior to evaluating the decay widths, the unknown
coupling constants gϒð11020ÞB1Bð�Þ and gB1B�γ associated
with the effective Lagrangians, as well as the model
parameter Λ, need to be determined. To this end, we
perform a fit to the experimental partial widths of the
decays ϒð11020Þ → eþe− and ϒð11020Þ → πππχbJð1PÞ,
which correspond to branching fractions of ð5.4þ1.9

−2.1Þ ×
10−6 and 9þ9

−8 × 10−3, respectively [1]. It should be noted
that the decay width of ϒð11020Þ → πππχbJð1PÞ is
regarded as the total of the widths for the three channels
χb0ð1PÞ, χb1ð1PÞ, and χb2ð1PÞ.
Within the molecular scenario, where the ϒð11020Þ is

interpreted as a bound state of B1B̄ and B1B̄�, the decay
amplitudes entering the fit are given in Eqs. (A1)–(A14).
Using these amplitudes, we obtain the ϒð11020Þ →
πππχbJð1PÞ decay width shown in Fig. 3(a), which
illustrates its dependence on the molecular component
XB1B̄ and the cutoff parameter Λ. As seen in the figure,
when only the experimental central value of the decay
width (0.216MeV) is employed, XB1B̄ can vary over the full
range from 0 to 1, while Λ is restricted to the interval 0.54–
0.71 GeV. Table II summarizes the fitted values of XB1B̄ as a
function of Λ (in steps of 0.01), evaluated at a fixed width
of 0.216 MeV for the ϒð11020Þ → πππχbJð1PÞ decay. The
cyan band denotes the experimentally allowed range,
0.162–0.288 MeV, determined from the total uncertainty
of the measured width and the central value of the
branching fraction into πππχbJð1PÞ. This range will be
adopted as the experimental constraint in the uncertainty
analysis, with the corresponding results presented and
discussed in the final section.
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Using the fitted values of the model parameter Λ and the
corresponding molecular components listed in Table II,
we calculate the corresponding coupling constants
gϒð11020ÞB1Bð�Þ . The resulting values are shown in
Fig. 3(b). We find that the coupling gϒð11020ÞB1B̄ increases
monotonically with increasing XB1B̄. Comparing
gϒð11020ÞB1B̄ with gϒð11020ÞB1B̄� , we find that their behaviors
are quite different; the coupling constant gϒð11020ÞB1B̄�

decreases with increasing XB1B̄. The opposite trend can
be easily understood, as the coupling constants gϒð11020ÞB1B̄

and gϒð11020ÞB1B̄� are directly proportional to the corre-
sponding molecular components [81].
In our fit to the ϒð11020Þ → eþe− decay, a similar

opposite trend is observed, as shown by the blue dotted line
(overlapping with the green dashed line) and the magenta
dash-dotted line in Fig. 4. This behavior can be attributed to
the contributions of the B1B̄ and B1B̄� molecular compo-
nents, respectively. The magenta dash-dotted line, corre-
sponding to the B1B̄� component, reaches its maximum at
Λ ¼ 0.54 and XB1B̄� ¼ 0.0279. With the coupling constant
gB1B�γ ¼ 0.0218, a decay width of 92.85 eV is obtained,

which is smaller than the experimental central value of
129.60 eV. At this point, the total width attains its minimal
value and can be directly compared with the experimental
result, as indicated by the black dashed line in Fig. 4,
suggesting a lower bound on the parameters Λ and XB1B̄� .
When the coupling constant is further reduced to
gB1B�γ ¼ 1.73 × 10−4, an upper bound on the parameters
Λ and XB1B̄ can be obtained, since the total width becomes
nearly identical to that obtained by retaining only the B1B̄
component. From Fig. 4, we find that the maximal allowed
values occur at Λ ¼ 0.615 and XB1B̄ ¼ 0.761, beyond
which the predicted decay width begins to exceed the
experimental value, providing an upper constraint on the
model parameters. Accordingly, we adopt the ranges Λ ¼
0.54–0.615 GeV and XB1B̄ ¼ 0.0279–0.761 in our evalu-
ation of the decay width.
Before presenting the results, we finally need to deter-

mine the coupling constant gTH=Λχ . Using the effective
Lagrangian in Eq. (6), we compute the partial decay widths
of B1ð5721Þ → B�π, and the results are summarized in

TABLE II. Fitted values of the model parameters and the B1B̄
molecular component for a ϒð11020Þ → πππχbJð1PÞ decay
width of 0.216 MeV.

Λ XB1B̄ Λ XB1B̄ Λ XB1B̄

0.54 0.0279 0.60 0.684 0.66 0.915
0.55 0.215 0.61 0.737 0.67 0.940
0.56 0.350 0.62 0.781 0.68 0.963
0.57 0.459 0.63 0.818 0.69 0.977
0.58 0.548 0.64 0.856 0.70 0.996
0.59 0.622 0.65 0.887 0.71 1.017

(a) (b)

FIG. 3. (a) Decay width of ϒð11020Þ → πππχbJð1PÞ as a
function of the model parameter Λ and the B1B̄ molecular
component. The cyan band indicates the experimental uncer-
tainty, while the red solid line denotes the central value.
(b) Coupling constants gY (in GeV for ϒð11020Þ–B1B̄ and in
GeV−1 for ϒð11020Þ–B1B̄�) as a function of the molecular
component, evaluated at the values of Λ corresponding to the
molecular components listed in Table II.

FIG. 4. Decay width of ϒð11020Þ → eþe− as a function of the
coupling constant gB1B�γ and the B1B̄ molecular component. The
red solid line represents the experimental central value of
ϒð11020Þ → eþe−, while the black dashed and green dash-
dotted lines correspond to gB1B�γ ¼ 0.0218 and 0.000173, re-
spectively. The blue dotted line (overlapping with the green
dashed line) and the magenta dash-dotted line represent the
contributions from the B1B̄ and B1B̄� components, respectively.

TABLE III. Partial decay widths of the bottom meson
B1ð5721Þ0 → B�π and Bγ. The values in the last column, labeled
as ``Exp.'', represent the experimental measurements. The unit is
MeV.

State JP Decay channel
Decay

width (MeV) Exp. (MeV)

B1ð5721Þ0 1þ B�πþ 74.83g2TH=Λ2
χ

B�π0 38.25g2TH=Λ2
χ

Bγ 0.721
B�γ 0.0233
Total 113.09g2TH=Λ2

χ þ 0.721 27.5� 3.4 [1]
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Table III. By comparing the calculated total width with the
experimental width of B1ð5721Þ0, we extract gTH=Λχ ¼
0.487þ0.030

−0.032 . Note that the total width reported in Table III
does not include the B1 → B�γ channel, whose contribution
is negligibly small. Even when the maximal fitted value
of the coupling constant gB1B�γ ¼ 0.0218 is inserted
into Eq. (20), the corresponding partial width is only
0.0233 MeV.
With the information obtained above, the total decay

widths, including both the two-body and three-body con-
tributions, are presented in Fig. 5 as functions of XB1B̄ in the
range 0 ≤ XB1B̄ ≤ 1, where XB1B̄ ¼ 0 corresponds to the
absence of the B1B̄ molecular component and XB1B̄ ¼ 1

corresponds to a pure B1B̄ molecular state. Only the
dominant channels are shown separately, namely the

two-body decays ϒð11020Þ → Bð�ÞB̄ð�Þ and Bð�Þ
s B̄ð�Þ

s , as
well as the three-body decay ϒð11020Þ → BπB̄ð�Þ.
Contributions from other channels are not displayed
individually, but are included in the total width. The cyan
bands indicate the experimental total width with uncer-
tainties (18–32 MeV), and the dashed solid line represents
the experimental central value. From the figure, it is evident
that the theoretically calculated total width decreases
monotonically with increasing B1B̄ component. The results
are highly sensitive to the model parameter Λ and the
molecular component XB1B̄, with the total width ranging
from 52.42 MeV at Λ ¼ 0.54 GeV and XB1B̄ ¼ 0.027 to
3.85 MeV at Λ ¼ 0.707 GeV and XB1B̄ ¼ 1.
Using the fitted values of the model parameter Λ and

the molecular component XB1B̄, which vary consistently
within the ranges Λ ¼ 0.54–0.615 GeV and XB1B̄ ¼
0.0279–0.761 (as summarized in Table II), the calculated
total decay widths of the ϒð11020Þ are in good agreement
with the experimental measurements over the entire param-
eter range. In particular, for Λ ¼ 0.613 GeV, where the
ϒð11020Þ is assumed to contain a 75.4% B1B̄ molecular
component, the calculated total width coincides with the
experimental central value of 24 MeV, as indicated by
the pentagram in Fig. 5. This agreement demonstrates that
the experimentally measured total decay width can be well-
reproduced within our framework, providing strong and
direct evidence that the ϒð11020Þ can be interpreted as an
S-wave B1B̄–B1B̄� molecular state, dominated by the B1B̄
component.
Our results suggest that, when the ϒð11020Þ is inter-

preted as a B1B̄–B1B̄� molecular state, its dominant decay
channel is B�

sB̄�
s , which has not been observed experimen-

tally, with a partial width of 10.573 MeV, larger than that of
the three-body decay channel B�πB̄þ B�πB̄�, also not seen
experimentally, which is induced by the tree-level contri-
bution and calculated to be 5.573MeV. This behavior stands
in stark contrast to interpretations of the ϒð11020Þ as a
conventional bb̄ quarkonium state; for instance, Ref. [82]

found that the BB̄ decay channel accounts for 58.69% of the
total width, whereas the B�

sB̄�
s channel contributes only

0.914%. Furthermore, an analysis of eþe− annihilation data
into bottomonium states [83,84] using the K-matrix method
indicates that the dominant decay channel of the ϒð11020Þ
is BsB̄s, accounting for approximately 70%–90% of the
total width [85], which is significantly larger than the BsB̄s
partial width obtained in our calculation, amounting to only
0.418 MeV at Λ ¼ 0.615 GeV. In the framework of the
nonrelativistic quark model, the dominant decay channel of
the ϒð11020Þ is predicted to be B�B̄�, with a branching
fraction exceeding 50% [86], in agreement with calculations
performed using the 3P0 model [87,88], in contrast to our
calculation, where this channel contributes only a small
fraction of the total width. Taken together, these differences
in the decay patterns could serve as crucial experimental
signatures for testing whether the ϒð11020Þ can be inter-
preted as a B1B̄–B1B̄� molecular state.
Under the interpretation of ϒð11020Þ as a B1B̄–B1B̄�

molecular state, Table IV presents the partial decay widths
for experimentally observed channels, calculated at Λ ¼
0.613 GeV with XB1B̄ ¼ 0.754. The decays ϒð11020Þ →
ππϒðnSÞ and ϒð11020Þ → ππhbðnPÞ proceed via the
intermediate resonances Zb and Z0

b, as illustrated in
Fig. 1(c)–1(d), with partial widths on the order of a few
eV. This result differs significantly from predictions based
on conventional quark models, which generally yield
partial widths on the order of keV [88]. Through the
intermediate ω meson, the decay width of the channel
ϒð11020Þ → πππχbJ increases substantially, with the
πππχb1 final state reaching 0.167 MeV, while the smallest

FIG. 5. Decay widths of ϒð11020Þ with the red solid line
representing the total width, the orange dotted line for B�B̄�, the
blue dash-dotted line for B�B̄, the magenta dash-dot-dotted
line for BB̄, the wine two-point-segment solid line for
B�πB̄þ B�πB̄�, the dark yellow short-dashed line for B�

s B̄�
s,

the navy short-dotted line for B�
s B̄s, and the purple short dash-

dotted line for BsB̄s. The cyan bands show the experimental total
width with uncertainties, and the dashed solid line indicates the
experimental central value, which matches the theoretical total
width at Λ ¼ 0.613 GeV and XB1B̄ ¼ 0.754.
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πππχb0 channel, which has not yet been observed exper-
imentally, remains 0.754 keV in our model.
It is worth noting that, since the threshold of the B2B̄�

channel is very close to that of the B1B̄ð�Þ channels, its
contribution should, in principle, also be taken into
account. However, in the present work we do not include
the B2B̄� channel in our analysis for the following reasons.
Our results indicate that the ϒð11020Þ contains about
75.4% of the B1B̄ component, which is consistent with
our expectation. If heavy-quark flavor symmetry (HQFS)
holds, then in the corresponding charm sector one should
also expect a molecular state dominated by the D1D̄
component, with possible candidates corresponding to
Z2ð4250Þ or Yð4260Þ. In this context, the effect of the
D2D� channel is expected to be small, since its threshold is
about 180 MeV higher than that of the D1D channel. Such
a large mass gap typically leads to a strong suppression of
interchannel couplings. Therefore, even if the D2D� chan-
nel couples strongly to the D1D̄� channel, which itself
constitutes only a small component, its overall contribution
is expected to remain limited. If HQFS holds between the
bottom and charm sectors, a similar feature should also

appear in the ϒð11020Þ system, implying that the B2B̄�
component should be small. In addition, from a technical
perspective, in the absence of sufficient experimental
constraints and input, the inclusion of the B2B̄� channel
would significantly increase the model uncertainties, mak-
ing the numerical results more sensitive to parameters and
approximations, and thereby reducing the overall reliability
and predictability of the present calculation.
Finally, we perform an uncertainty analysis by repeating

the fitting procedure described above, in which the exper-
imental partial widths of ϒð11020Þ → πππχbJð1PÞ and
ϒð11020Þ → eþe− are varied within their allowed ranges.
Both the upper and lower bounds are taken to estimate the
corresponding uncertainties. Our calculations show that the
dominant decay channel remains B�

sB̄�. The partial widths
for ϒð11020Þ → ππϒðnSÞ and ϒð11020Þ → ππhbðnPÞ are
still very small. In the ϒð11020Þ → πππχbJ decays, the
largest contribution remains πππχb1, while the yet-unob-
served πππχb0 channel is still the smallest. Since these
results do not change the main conclusions obtained from
the central-value fit, we do not present these partial widths
and only show the total width, as illustrated in Fig. 6.
When both widths are simultaneously set to their lower

bounds, 0.162 MeV and 97.2 eV, respectively, we obtain
Λ ¼ 0.528–0.550 together with a molecular component
xB1B̄ ¼ 0–0.527. In this case, the total decay width varies in
the range 16.16–25.64 MeV, corresponding to the values
between the two magenta circles along the red dashed curve
shown in Fig. 6. When the upper bounds are used in the
fitting procedure, we obtain Λ ¼ 0.54 − 0.73 and
XB1B̄ ¼ 0.083 − 0.9995, yielding a decay width in the
range 4.32–59.355 MeV. These results indicate that the
experimentally measured total width of ϒð11020Þ lies
within our theoretical prediction range. Therefore, within
the present framework, ϒð11020Þ can be interpreted as a
molecular state, although the extracted fraction of the B1B̄
component varies significantly. As illustrated in the figure,
this component can become very small or even vanish when
the lower bounds of the experimental inputs for
ϒð11020Þ → πππχbJð1PÞ andϒð11020Þ → eþe− are used,
while it can reach about 82% when the upper bounds are
adopted.

IV. SUMMARY

In this work, we investigate whether the experimentally
observed ϒð11020Þ can be interpreted as an S-wave
B1B̄–B1B̄� molecular state. Using the compositeness con-
dition and effective Lagrangians, we calculate the strong
decay widths of ϒð11020Þ within the molecular frame-
work. By fitting existing experimental data, including
ϒð11020Þ → eþe− and ϒð11020Þ → χbJπππ decays, we
extract the couplings of ϒð11020Þ to its constituents B1

and B̄ð�Þ.

TABLE IV. Partial decay widths of the ϒð11020Þ into exper-
imentally observed channels.

Channel Width Channel Width

ππϒð1SÞ 8.242 (eV) πππχb0 0.754 (KeV)
ππϒð2SÞ 29.715 (eV) πππχb1 0.167 (MeV)
ππϒð3SÞ 161.592 (eV) πππχb2 0.048 (MeV)
ππhbð1PÞ 37.281 (eV) ππhbð2PÞ 0.117 (KeV)

FIG. 6. The decay widths of ϒð11020Þ as a function of the
molecular component XB1B̄. The black solid curve is obtained by
fitting only the central experimental values of the partial widths
ϒð11020Þ → πππχbJð1PÞ and ϒð11020Þ → eþe−. The red
dashed and blue dotted curves correspond to the total decay
widths calculated using the parameter sets obtained from fitting
the lower and upper bounds of these experimental inputs,
respectively. The magenta circle correspond to the decay width
calculated from the limiting fitted parameter (Λ; XB1B̄).
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With the extracted coupling, we calculate the partial

decay widths of the ϒð11020Þ into Bð�Þ
ðsÞB̄

ð�Þ
ðsÞ , ππϒðnSÞ,

ππhbðnPÞ, and πππχb1 via hadronic loops, as well as the
three-body B�πB̄ð�Þ decays through tree-level diagrams (see
Fig. 1). The results indicate that the ϒð11020Þ is predomi-
nantly a B1B̄molecular state, accounting for approximately
75.4% of its total composition. Its primary decay channel is
the strange B�

sB̄�
s mode, which has not yet been observed

experimentally. Notably, the partial widths for ππϒðnSÞ
and ππhbðnPÞ are only a few eV: 8.242, 29.715, and
161.592 eV for ππϒð1SÞ, ππϒð2SÞ, and ππϒð3SÞ, respec-
tively, and 37.281 eV and 0.117 keV for ππhbð1PÞ and
ππhbð2PÞ. In contrast, the πππχbJ channels, especially
πππχb1, are significantly enhanced, reaching up to
0.167 MeV. The yet-unobserved πππχb0 channel could
be as large as 0.754 keV. These features differ substantially
from the predictions of conventional quark models and

provide a clear experimental signature for the molecular
interpretation of ϒð11020Þ. Such distinctive decay patterns
could be probed at LHCb and other experimental facilities.
Once experimentally confirmed, they would further deepen
our understanding of heavy-quark symmetry.
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APPENDIX A: DECAY AMPLITUDES

Ma ¼
ie2gB1BγgB1Bϒð11020Þ

p2

Z
d4k1
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ῡðp1Þ=k2uðp2Þpα
−gαη þ kα1k

η
1=m

2
B1

k21 −m2
B1

1

k22 −m2
B̄

ϵηðpÞ;

−
iegB1B�γgB1B�ϒð11020Þ

p2

Z
d4k1
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ῡðp1Þγβuðp2Þϵμναβkα2
−gμλ þ kμ1k

λ
1=m

2
B1

k21 −m2
B1

ϵτησλpτ

× ϵηðpÞ
−gνσ þ kν2k

σ
2=m

2
B�

k22 −m2
B�

; ðA1Þ

Mb1 ¼
i

ffiffiffi
6

p
gTHgπBB�gϒð11020ÞB1B̄

4Λχfπ

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵ�αðp1Þγαð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
qμ=qγ5ϵηðpÞ

×
−gνη þ kν1k

η
1=m

2
B1

k21 −m2
B1

1

k22 −m2
B̄

qσϵ�σðp2Þ
1

q2 −m2
π
−

ffiffiffi
6

p
gTHgπB�B�gϒð11020ÞB1B̄�

8Λχfπ

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄� − k2ωB1

Þ2E�

× ϵ�σðp1Þγσð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
qμ=qγ5ϵηðpÞ

−gνβ þ kν1k
β
1=m

2
B1

k21 −m2
B1

ϵληαβpλ −g
ατ þ kα2k

τ
2=m

2
B�

k22 −m2
B�

ϵτςξφ

× qςðpξ
2 þ qξÞϵ�φðp2Þ

1

q2 −m2
π
−

X
V¼ρ0;ω

igB1B�VfB�BVgB1Bϒð11020Þ

Z
d4k1
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμναβ

× ðp1 þ k1Þαϵ�νðp1Þ
−gμη þ kμ1k

η
1=m

2
B1

k21 −m2
B1

ϵηðpÞ
1

k22 −m2
B̄

ϵσλτξϵ
ξðp2Þqσðk2 þ p2Þτ

−gβλ þ qβqλ=m2
V

q2 −m2
V

þ
X

V¼ρ0;ω

gB1B�VgB1B�ϒð11020Þ

Z
d4k1
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵτηλσpτϵηðpÞ

×
−gλξ þ kλ2k

ξ
2=m

2
B̄�

k22 −m2
B̄�

ϵ�ϱðp2Þ
�
2fB�B�Vðqξgϱκ − qϱgξκÞ þ

1

2
gB�B�Vgξϱðk2 þ p2Þκ

�
−gβκ þ qβqκ=m2

V

q2 −m2
V

; ðA2Þ
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Mb2 ¼
ffiffiffi
6

p
gTHgπBB�gϒð11020ÞB1B̄�

4Λχfπ

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵ�δðp1Þγδð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
qμ=qγ5ϵηðpÞϵαηβσ

×
−gνσ þ kν1k

σ
1=m

2
B1

k21 −m2
B1

pα
−gλβ þ kλ2k

β
2=m

2
B̄

k22 −m2
B̄�

qλ
1

q2 −m2
π
þ

X
V¼ρ0;ω

i
gB1B�Vgϒð11020ÞB1B̄gBBV

2

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�

× ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμη þ kμ1k

η
1=m

2
B1

k21 −m2
B1

ϵηðpÞ
1

k22 −m2
B̄

ðk2 þ p2Þσ
−gβσ þ qβqσ=m2

V

q2 −m2
V

þ
X

V¼ρ0;ω

gB1B�Vgϒð11020ÞB1B̄�

× fB�BV

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵτηλσpτϵηðpÞ
−gλξ þ kλ2k

ξ
2=m

2
B̄�

k22 −m2
B̄�

× ϵφκδξqφðp2 þ k2Þδ
−gβκ þ qβqκ=m2

V

q2 −m2
V

; ðA3Þ

Mb3¼
X

V¼ρ0;ω

i
gB1BVgVBBgϒð11020ÞB1B̄

2

Z
d4q
ð2πÞ4Φ½ðk1ωB̄−k2ωB1

Þ2E�
−gμηþkμ1k

η
1=m

2
B1

k21−m2
B1

ϵηðpÞ
1

k22−m2
B̄

ðk2þp2Þν
−gμνþqμqν=m2

V

q2−m2
V

−
X

V¼ρ0;ω

gB1BVfVB�Bgϒð11020ÞB1B̄�

Z
d4q
ð2πÞ4Φ½ðk1ωB̄�−k2ωB1

Þ2E�
−gμσþkμ1k

σ
1=m

2
B1

k21−m2
B1

ϵδηλσpδϵηðpÞ−g
λτþkλ2k

τ
2=m

2
B̄�

k22−m2
B̄�

ϵναβτqν

×ðp2þk2Þβ
−gμαþqμqα=m2

V

q2−m2
V

; ðA4Þ

Mb4 ¼
−i

ffiffiffi
6

p
gTHgBB�Mgϒð11020ÞB1B̄

Λχfπ

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵ�αðp1Þγαð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
qμ=qγ5ϵηðpÞ

×
−gνη þ kν1k

η
1=m

2
B1

k21 −m2
B1

1

k22 −m2
B̄

ϵ�σðp2Þqσ
1

q2 −m2
K
− i2gB1B�VfB�BVgϒð11020ÞB1B̄

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμναβ

× ðp1 þ k1Þαϵ�νðp1Þ
−gμη þ kμ1k

η
1=m

2
B1

k21 −m2
B1

ϵηðpÞ
1

k22 −m2
B̄

ϵσλδτϵ
�τðp2Þðk2 þ p2Þδ

−gβλ þ qβqλ=m2
K�

q2 −m2
K�

qσ þ
ffiffiffi
6

p
gTH

×
gB�B�Mgϒð11020ÞB1B̄�

2Λχfπ

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵ�αðp1Þγαð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
qμ=qγ5ϵηðpÞ

×
−gνσ þ kν1k

σ
1=m

2
B1

k21 −m2
B1

ϵληβσpλ
−gβτ þ kβ2k

τ
2=m

2
B̄�

k22 −m2
B̄�

ϵξδφτqδðp2 þ qÞφ 1

q2 −m2
K
ϵ�ξðp2Þ − gB1B�Vgϒð11020ÞB1B̄�

×
Z

d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵηðpÞϵληδσpλ
−gδτ þ kδ2k

τ
2=m

2
B̄�

k22 −m2
B̄�

×
−gβπ þ qβqπ=m2

K�

q2 −m2
K�

ϵ�φðp2Þ½gB�B�Vgτφðp2 þ k2Þπ − 4fB�B�Vðqτgφπ − qφgτπÞ�; ðA5Þ
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Mb5 ¼ igB1B�VgBBVgϒð11020ÞB1B̄

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμη þ kμ1k

η
1=m

2
B1

k21 −m2
B1

ϵηðpÞ
1

k22 −m2
B̄

× ðk2 þ p2Þλ
−gβλ þ qβqλ=m2

K�

q2 −m2
K�

−

ffiffiffi
6

p
gTHgB�BMgϒð11020ÞB1B̄�

2Λχfπ

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵ�αðp1Þγαð1þ =vÞγ5
�
gμν

−
γνðγμ − vμÞ

3

	
qμ=qγ5ϵηðpÞ

−gνσ þ kν1k
σ
1=m

2
B1

k21 −m2
B1

ϵληβσpλ
−gβτ þ kβ2k

τ
2=m

2
B̄�

k22 −m2
B̄�

qτ
1

q2 −m2
K
þ 2gB1B�VfB�BVgϒð11020ÞB1B̄�

×
Z

d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβðp1 þ k1Þαϵ�νðp1Þ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵηðpÞϵληδσpλ

−gδτ þ kδ2k
τ
2=m

2
B̄�

k22 −m2
B̄�

× ϵξφπτðk2 þ p2Þπqξ
−gβφ þ qβqφ=m2

K�

q2 −m2
K�

; ðA6Þ

Mb6 ¼−igB1BVgBBVgϒð11020ÞB1B̄

Z
d4q
ð2πÞ4Φ½ðk1ωB̄− k2ωB1

Þ2E�
−gμηþ kμ1k

η
1=m

2
B1

k21−m2
B1

ϵηðpÞ
1

k22 −m2
B̄

ðp2þ k2Þν
−gμνþqμqν=m2

K�

q2−m2
K�

− 2gB1BVfB�BVgϒð11020ÞB1B̄�

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�
−gμσ þ kμ1k

σ
1=m

2
B1

k21−m2
B1

ϵνηασpν
−gαλþ kα2k

λ
2=m

2
B̄�

k22−m2
B̄�

ϵδξφλqδ

× ðk2þp2Þφ
−gμξþqμqξ=m2

K�

q2−m2
K�

; ðA7Þ

Mc ¼ −

ffiffiffi
3

p
gϒð11020ÞB1B̄gZbϒðnSÞπgTHgZbBB�

4ΛχfπmZb

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�½p2 · p3ϵ
�
αðp3Þ − p2 · ϵ�ðp3Þ

× p3α�
−gαβ þ pα

l p
β
l =m

2
Zb

p2
l −m2

Zb
þ imZb

ΓZb

−gβη þ qβqη=m2
B�

q2 −m2
B�

γηð1þ =vÞγ5
�
gλσ −

γσðγλ − vλÞ
3

	
p1λ=p1γ5

−gστ þ kσ1k
τ
1=m

2
B1

k21 −m2
B1

×
1

k22 −m2
B̄

ϵτðpÞ −
ffiffiffi
3

p
gϒð11020ÞB1B̄�gZ0

bϒðnSÞπgTHgZ0
bB

�B̄�

4ΛχfπmZ0
b

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�½p2 · p3ϵ
�
δðp3Þ − p2 · ϵ�ðp3Þ

× pδ�
−gδσ þ pδ

l p
σ
l =m

2
Z0
b

p2
l −m2

Zb
þ imZ0

b
ΓZ0

b

ϵτσαβpτ
l
−gαφ þ qαqφ=m2

B�

q2 −m2
B�

γφð1þ =vÞγ5
�
gξϕ −

γϕðγξ − vξÞ
3

	
p1ξ=p1γ5

−gϕπ þ kϕ1k
π
1=m

2
B1

k21 −m2
B1

× ϵληθπpλϵηðpÞ−g
θβ þ kθ2k

β
2=m

2
B̄�

k22 −m2
B̄�

; ðA8Þ

Md ¼ −

ffiffiffi
3

p
gϒð11020ÞB1B̄gZbð10610ÞϒðnSÞπgTHgZbBB�

4ΛχfπmZb

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμναβp3νϵ
�
αðp3Þp2β

×
−gμσ þ pμ

l p
σ
l =m

2
Zb

p2
l −m2

Zb
þ imZb

ΓZb

−gση þ qσqη=m2
B�

q2 −m2
B�

γηð1þ =vÞγ5
�
gλτ −

γτðγλ − vλÞ
3

	
p1λ=p1γ5

−gτϖ þ kτ1k
ϖ
1 =m

2
B1

k21 −m2
B1

×
1

k22 −m2
B̄

ϵϖðpÞ −
ffiffiffi
3

p
gϒð11020ÞB1B̄�gZ0

bϒðnSÞπgTHgZ0
bBB

�

4ΛχfπmZ0
b

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵρϱϖκp3ϱϵ
�
ϖðp3Þp2κ

×
−gρσ þ pρ

l p
σ
l =m

2
Z0
b

p2
l −m2

Z0
b
þ imZ0

b
ΓZ0

b

ϵτσαβpτ
l
−gαφ þ qαqφ=m2

B�

q2 −m2
B�

γφð1þ =vÞγ5
�
gξϕ −

γϕðγξ − vξÞ
3

	
p1ξ=p1γ5

−gϕπ þ kϕ1k
π
1=m

2
B1

k21 −m2
B1

× ϵληθπpλϵηðpÞ−g
θβ þ kθ2k

β
2=m

2
B̄�

k22 −m2
B̄�

; ðA9Þ
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Me1 ¼ i

ffiffiffi
3

p
gTHgϒð11020ÞB1B̄

4Λχfπ
Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμðpÞ
−gμν þ k1μk1μ=m2

B1

k21 −m2
B1

ϵ�σðp1Þγσð1þ =vÞγ5

×

�
gαν −

γνðγα − vαÞ
3

	
p2α=p2γ5; ðA10Þ

Me2 ¼ −i

ffiffiffi
3

p
gTHgϒð11020ÞB1B̄�

4Λχfπ
Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵ�σðp1Þγσð1þ =vÞγ5
�
gμν −

γνðγμ − vμÞ
3

	
p2μ=p2γ5

×
−gνσ þ kν1k

σ
1=m

2
B1

k21 −m2
B1

ϵαηβσpαϵηðpÞϵ�βðk2Þ; ðA11Þ

Mf1 ¼ i
gχb0BB̄gB1BVgϒð11020ÞB1B̄ffiffiffi

2
p

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵ�μðptÞ
−gμν þ kμ1k

ν
1=m

2
B1

k21 −m2
B1

ϵνðpÞ
1

k22 −m2
B̄

1

q2 −m2
B

−
gχb0B�B̄�gB1B�Vgϒð11020ÞB1B̄�ffiffiffi

2
p

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβðk1 þ qÞαϵ�βðptÞ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵτηλσpτϵηðpÞ

×
−gλξ þ kλ2k

ξ
2=m

2
B̄�

k22 −m2
B̄�

−gνξ þ qνqξ=m2
B�

q2 −m2
B�

; ðA12Þ

Mf2 ¼ −
gχb1B̄B�gB1B�Vgϒð11020ÞB1B̄ffiffiffi

2
p

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵμναβðqþ k1Þαϵ�βðptÞϵηðpÞϵ�λðp4Þ
−gλν þ qλqν=m2

B�

q2 −m2
B�

×
−gμη þ kμ1k

η
1=m

2
B1

k21 −m2
B1

1

k22 −m2
B̄

− i
gχb1B̄B�gB1BVgϒð11020ÞB1B̄�ffiffiffi

2
p

Z
d4q
ð2πÞ4 Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵ�μðptÞ
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

× ϵληασpλϵηðpÞ−g
αδ þ kα2k

δ
2=m

2
B̄�

k22 −m2
B̄�

ϵ�δðp4Þ
1

q2 −m2
B
; ðA13Þ

Mf3 ¼ −
igχb2BBgB1BVgϒð11020ÞB1B̄ffiffiffi

2
p

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵβðpÞϵ�μνðp4Þqμqν
1

q2 −m2
B
ϵ�αðptÞ

−gαβ þ kα1k
β
1=m

2
B1

k21 −m2
B1

×
1

k22 −m2
B̄

−
igχb2B�BgB1B�Vgϒð11020ÞB1B̄ffiffiffi

2
p

Z
d4q
ð2πÞ4Φ½ðk1ωB̄ − k2ωB1

Þ2E�ϵξðpÞϵ�τðptÞϵμναβpα
4q

ρk2βϵμρðp4Þ

×
−gνη þ qνqη=m2

B�

q2 −m2
B�

ðqþ k1Þλϵσηλτ
−gσξ þ kσ1k

ξ
1=m

2
B1

k21 −m2
B1

1

k22 −m2
B̄

þ gχb2B�BgB1BVgϒð11020ÞB1B̄�ffiffiffi
2

p
Z

d4q
ð2πÞ4

×Φ½ðk1ωB̄� − k2ωB1
Þ2E�ϵ�μðptÞ

−gμσ þ kμ1k
σ
1=m

2
B1

k21 −m2
B1

ϵτηλσpτϵηðpÞ−g
λξ þ kλ2k

ξ
2=m

2
B̄�

k22 −m2
B̄�

ϵπξδφpδ
4ϵ

�πχðp4Þk2χqφ
1

q2 −m2
B

−
gχb2B�B�gB1B�Vgϒð11020ÞB1B̄�ffiffiffi

2
p

Z
d4q
ð2πÞ4Φ½ðk1ωB̄� − k2ωB1

Þ2E�ϵμναβϵ�βðptÞðqþ k1Þα
−gμσ þ kμ1k

σ
1=m

2
B1

k21 −m2
B1

ϵτηλσpτϵηðpÞ

×
−gλξ þ kλ2k

ξ
2=m

2
B̄�

k22 −m2
B̄�

ϵ�πξðp4Þ
−gπν þ qπqν=m2

B�

q2 −m2
B�

; ðA14Þ

where pt ¼ p1 þ p2 þ p3 and pl ¼ p2 þ p3. The symbol ϵðpÞ denotes the polarization vector of the initialϒð11020Þ state,
while ϵ� corresponds to that of the final states. The amplitudes Mb1, Mb2, and Mb3 represent the transitions to the B�B̄�,
B�B̄, and BB̄ final states, respectively. Similarly,Mb4,Mb5, andMb6 correspond to the B�

sB̄�
s , B�

sB̄s, and BsB̄s final states,
respectively. The amplitudesMe1 andMe2 describe the three-body final states B�πB̄ and B�πB̄�, respectively. In addition,
Mf1, Mf2, and Mf3 denote the amplitudes for the final states involving the production of χb0, χb1, and χb2, respectively.

For the production of Zð0Þ
b , only the B0

1B̄
ð�Þ0 component contributes. Therefore, the total amplitude should be multiplied by a
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factor of 1=
ffiffiffi
2

p
, which originates from the C-parity of the

ϒð11020Þ and leads to its flavor wave function being
expressed as [65]

jϒð11020Þi ¼ 1=
ffiffiffi
2

p
ðjBþ

1 B
ð�Þ−i þ jB0

1B̄
ð�Þ0iÞ: ðA15Þ

APPENDIX B: DECAY WIDTH FORMULA
FOR ϒð11020Þ → χ bJπππ

In the narrow-width approximation (NWA), ΓX ≪ MX
(valid for the ω meson) and neglecting vertex dependence
on the virtuality of X, the cascade decay factorizes. For the
chain

ϒð11020Þ → χbJω → χbJπππ; ðB1Þ

let A≡ ϒð11020Þ, X ≡ ω (mass MX, width ΓX), B≡ χbJ,
and n-body final state (n ¼ 3) with invariant mass
M2

n ≡ ðpπ1 þ pπ2 þ pπ3Þ2. The total amplitude via X reads

MA→Bþ1���n ¼ MA→BXðMnÞ
1

M2
n −M2

X þ iMXΓX

×MX→1���nðMnÞ; ðB2Þ

and the (nþ 1)-body width is

ΓA→B;1���n ¼
1

2MA

Z
dΦnþ1

X
spins

jMA→B;1���nj2: ðB3Þ

Decomposing the phase space,

dΦnþ1 ¼ dΦ2ðA → BXÞ dM
2
n

2π
dΦnðX → 1 � � � nÞ; ðB4Þ

yields

dΓA→B;1���n
dM2

n
¼ ΓA→BXðMnÞ

1

π

MnΓX→1���nðMnÞ
ðM2

n −M2
XÞ2 þM2

XΓ2
X
: ðB5Þ

Changing variables to Mn gives

dΓA→B;1���n
dMn

¼ΓA→BXðMnÞ
2M2

n

π

ΓX→1���nðMnÞ
ðM2

n−M2
XÞ2þM2

XΓ2
X
: ðB6Þ

Under the NWA and assuming weak Mn dependence,
evaluating at Mn ¼ MX and using

Z
dM2

n

π

MXΓX

ðM2
n −M2

XÞ2 þM2
XΓ2

X
¼ 1; ðB7Þ

gives the factorized width

ΓðA → B; 1 � � � nÞ ≈ ΓðA → BXÞΓðX → 1 � � � nÞ
ΓX

¼ ΓðA → BXÞBrðX → 1 � � � nÞ; ðB8Þ

and for the specific case,

Γðϒð11020Þ → χbJπππÞ
≈ Γðϒð11020Þ → χbJωÞBrðω → 3πÞ: ðB9Þ
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