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Recently, a fit of charmless B → PP decays (B∈ fB0; Bþ; B0
sg, P∈ fπ; K; η; η0g) to the latest data was

performed under the assumption of flavor SU(3) symmetry [SUð3ÞF]. It was found that there is a 4.1σ
disagreement with the SUð3ÞF limit of the StandardModel [SMSUð3ÞF ]. In this paper, we extend this analysis to
charmless B → VV decays (V ∈ fρ; K�;ϕ;ωg). The fit examining B → ρK� decays, assuming only isospin
symmetry, is found to be acceptable. When we fit to B → VV decays with V ∈ fρ; K�g within SUð3ÞF, we
find a 5.2σ discrepancy with SMSUð3ÞF . Finally, when B → VV decays with V ∈ fρ; K�;ϕ;ωg are considered,
the discrepancy grows to>7σ. The theoretical input in this analysis is modest, so our results are quite rigorous,
group theoretically, and hold almost exactly in the SUð3ÞF limit. Although it seems unlikely that the
introduction of ∼30% SUð3ÞF-breaking effects can account for this discrepancy, this must be verified.
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I. INTRODUCTION

Although the Standard Model (SM) of particle physics
has been enormously successful in describing almost all
experimental results to date, it is not complete. This is
because it cannot account for several important observa-
tions: neutrino masses, dark matter, the baryon asymmetry
of the Universe, etc. There must be physics beyond the SM.
There are two ways to search for this new physics (NP).

First, one can try to directly produce new particles at high-
energy colliders. Unfortunately, despite years of direct
searches, no new particles have been observed at the
LHC. Because of this, our only alternative is to use indirect
searches, in which the (higher-order) effects of the NP
manifest themselves in measurements of low-energy
observables that disagree with the predictions of the SM.
Indirect hints of NP have been seen in hadronic B decays.

In Refs. [1,2], B → PP decays were examined under the
assumption of flavor SU(3) symmetry [SUð3ÞF]. Here
B∈ fB0; Bþ; B0

sg and the pseudoscalar P∈ fπ; K; η; η0g.

Fits to the latest data were performed, and it was found that,
although the individual fits toΔS ¼ 0 orΔS ¼ 1 decays are
good, the combined fit is very poor: there is a 4.1σ
disagreement with the SUð3ÞF limit of the Standard
Model [SMSUð3ÞF ]. This discrepancy can be removed by
adding SUð3ÞF-breaking effects, but 1000% SUð3ÞF break-
ing is required, far larger than the ∼30%SUð3ÞF breaking
expected in the SM.
B → VV decays, in which the vector meson

V ∈ fρ; K�;ϕ;ωg, have been less studied in this context.
However, there have been some recent analyses of these
decay modes, using the SU(2) U-spin symmetry [3] and the
perturbative QCD approach [4]. For a number of years,
there have been some puzzling results in these decays.
Because the V is a spin-1 particle, it has three polarizations,
one longitudinal and two transverse. And because the B has
spin 0, the final VV pair in B → VV comes in three helicity
states: both V’s are either longitudinal or in one of two
transverse states. Naive factorization suggests that the
longitudinal amplitude dominates and the transverse com-
ponents suffer a helicity suppression, i.e., the longitudinal
and transverse polarization fractions should respect
fL ≫ fT , where fL þ fT ¼ 1 (see the discussion at the
beginning of Sec. II for additional details). However, the
polarization fractions have been measured in many
B → VV decay modes, and this is not always found to
be true. For example, in B → ρρ decays, fL > 0.7 is
observed [5], in line with expectations. But in
B0
s → K�0K̄�0, fL ¼ 0.16 is measured [5], completely at

odds with the prediction that fT=fL ≪ 1.
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Of course, it may well be that naive factorization is
untrustworthy in B → VV decays, i.e., perhaps there are
large nonfactorizable effects. Even so, such effects should
respect flavor symmetries. However, in B0 → K�0K̄�0, it is
found that fL ¼ 0.61 [5]. Since B0

s → K�0K̄�0 and B0 →
K�0K̄�0 are related by s ↔ d exchange, i.e., by U-spin
symmetry, the very different measured values of fL in these
two decays indicate strong U-spin violation [6,7]. (The
measured values of fL and fT in these modes also differ
significantly from their theoretical predictions [8].) These
B0
d;s → K�0K̄�0 decays are also related to B → ρK� decays

by SUð3ÞF symmetry, but in these latter decays, the
observed values of fL vary from ∼0.7 (Bþ → ρ0K�þ) to
∼0.2 (B0 → ρ0K�0) [5].
Having observed a significant discrepancy with the SM in

B → PP decays under the assumption of flavor SU(3)
symmetry, it is only natural to perform an SUð3ÞF analysis
of B → VV decays, to see if a similar discrepancy is found.
The very curious results in the measurements of fL;T in these
decays make such a study even more compelling. In this
paper, we carry out an SUð3ÞF analysis of B → VV decays.
In the analysis of B → PP decays, the Wigner-Eckart

theorem was used to express all the amplitudes in terms of
SUð3ÞF reduced matrix elements (RMEs). (Equivalently,
the amplitudes can be decomposed in terms of topological
diagrams.) A fit was done to all the B → PP data using the
(complex) RMEs as the theoretical unknowns in order to
determine how well the SMSUð3ÞF can explain the data. As
noted above, the fit results show a significant discrepancy.
The analysis of B → VV decays is done in essentially the

same way, with one important difference: each helicity state
of a given B → VV decays has its own RMEs. So there are
three times as many unknown parameters inB → VV decays
as there are in B → PP decays. Fortunately, there are also
many more B → VV observables, so that a fit can be done.
In this paper, we perform three types of fits. First, we

examine only B → ρK� decays using isospin symmetry.
Second, we study all B → VV decays in which V ∈ fρ; K�g
assuming SUð3ÞF. Finally, we consider B → VV decays
with V ∈ fρ; K�;ϕ;ωg. As we will see the disagreement
with the symmetry limit of the SM grows as more decays
are included. While the fit to B → ρK� is acceptable, the fit
to B → VV decays with V ∈ fρ; K�g shows a 5.2σ dis-
crepancy with the SMSUð3ÞF , and this becomes >7σ (!)
when V ∈ fρ; K�;ϕ;ωg. Clearly this merits more study,
both theoretical and experimental.
We begin in Sec. II with a discussion of the formalism of

B → VV decays, namely the helicities and the angular
analysis. This includes a description of the different types of
observables that are available in these decays. In Sec. III, we
work out the decomposition of the B → VV amplitudes in
terms of both RMEs and diagrams. The fit results are given
in Sec. IV. We summarize our findings in Sec. V. Additional
technical details associated with the analysis have been

relegated to the appendixes. The decomposition of the
decays in terms of RMEs and diagrams can be found in
Appendixes A and B, respectively. The observables used for
the analysis are presented in Appendix C. The fit results are
shown in Appendix D and a discussion on the significant
contributions to the χ2 can be found in Appendix E. In
Appendix F, we count the number of degrees of freedom
(d.o.f.) using relationships between observables.

II. B → VV DECAYS: FORMALISM

In B → VV decays, the final-state vector mesons have
spin 1, so the total spin of the final state is Stot ¼ 0, 1 or 2.
The decaying B meson has spin 0; in order to conserve the
total angular momentum, the final-state V’s must have
relative orbital angular momentum L ¼ 0, 1 or 2. These
correspond, respectively, to s-, p- and d-wave final states.
B → VV decays can therefore be described by three

separate amplitudes. In the helicity basis, these are Aþ, A0,
and A−, which obey the following hierarchy in naive
factorization [9]:

A0∶ Aþ∶A− ∼ 1∶
ΛQCD

mb
∶
�
ΛQCD

mb

�
2

: ð1Þ

A. Transversity amplitudes

In experimental analyses, the observables are defined in
terms of three transversity amplitudes, one for each
polarization of the final state (one longitudinal, two trans-
verse). The transversity amplitudes are the components of
the full amplitude in which the polarizations of the final-
state vector mesons are either longitudinal (A0), or trans-
verse to their directions of motion and parallel (Ak) or
perpendicular (A⊥) to one another. They can be expressed
in terms of the helicity amplitudes as follows:

Ak ¼
1ffiffiffi
2

p ðAþ þ A−Þ; A⊥ ¼ 1ffiffiffi
2

p ðAþ − A−Þ: ð2Þ

A0 and Ak are linear combinations of s- and d-wave (parity
even), while A⊥ is pure p-wave (parity odd). From Eqs. (1)
and (2), we expect jA0j ≫ jAkj; jA⊥j. This can be tested
experimentally through the measurements of the longi-
tudinal and transverse polarization fractions, defined below
in Sec. II C.

B. Differential decay rate

Consider now the case where each final-state V decays
into two pseudoscalars. We have B → V1ð→ P1P0

1Þ
V2ð→ P2P0

2Þ. This is shown in Fig. 1. Here, three helicity
angles are introduced: θ1 (θ2) is the angle between the
directions of motion of the P1 (P2) in the V1 (V2) rest frame
and the V1 (V2) in the B rest frame, and ϕ is the angle
between the normals to the planes defined by P1P0

1 and
P2P0

2 in the B rest frame.
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It was shown many years ago that one can separate the
three helicities by performing an angular analysis of this
decay [10–14]. The angular distribution of this decay can
be constructed as follows. Given that there are three
helicities, when the amplitude is squared, there are six
terms. If the decaying Bmeson is neutral, then there is time
dependence due to B0

ðsÞ − B̄0
ðsÞ mixing, but here we focus

only on the angular distribution at time t ¼ 0. The differ-
ential decay rate is

d3Γ
d cos θ1d cos θ2dϕ

¼ 9

8π

X6
i¼1

KiXiðθ1; θ2;ϕÞ: ð3Þ

The Ki and Xi associated with the six terms of Eq. (3) are
given in Table I. The measurement of the angular distri-
bution allows the determination of the coefficients Ki ¼
fjA0j2; jAkj2; jA⊥j2;Re½AkA�

0�; Im½A⊥A�
0�; Im½A⊥A�

k�g.
A similar angular distribution can be constructed for the

CP-conjugate decay, but here the coefficients are functions
of the CP-conjugate transversity amplitudes, Āλ. These are
obtained from the Aλ by changing the signs of the weak
phases. From the angular distribution of the CP-conjugate
decay, one can determine the coefficients K̄i ¼ fjĀ0j2,
jĀkj2, jĀ⊥j2, Re½ĀkĀ�

0�, Im½Ā⊥Ā�
0�, Im½Ā⊥Ā�

k�g.

C. Observables

With the measurements of both angular distributions,
one can obtain a variety of observables. First, there is the

CP-averaged branching ratio, BCP:

BCP ¼ FPSðjAj2 þ jĀj2Þ; ð4Þ

where FPS¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B−ðmV1
þmV2

Þ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
B−ðmV1

−mV2
Þ2

q
S=

ð32πm3
BΓBÞ is the phase-space factor, and

jAj2 ¼ jA0j2 þ jAkj2 þ jA⊥j2;
jĀj2 ¼ jĀ0j2 þ jĀkj2 þ jĀ⊥j2: ð5Þ

With these, the direct CP asymmetry ACP can be obtained:

ACP ¼ jĀj2 − jAj2
jĀj2 þ jAj2 : ð6Þ

With the measurements of fjA0j2, jAkj2, jA⊥j2, jĀ0j2,
jĀkj2, jĀ⊥j2g, one can compute the polarization-dependent
direct CP asymmetry Aλ

CP:

Aλ
CP ¼ jĀλj2 − jAλj2

jĀλj2 þ jAλj2
ð7Þ

where λ∈ f0; k;⊥g represents the polarization. One can
also measure the polarization fractions

fλ ¼
jAλj2

jA0j2 þ jAkj2 þ jA⊥j2
; f̄λ ¼

jĀλj2
jĀ0j2 þ jĀkj2 þ jĀ⊥j2

:

ð8Þ

With the fλ, one can construct the longitudinal and trans-
verse polarization fractions,

fL ¼ jA0j2
jA0j2 þ jAkj2 þ jA⊥j2

; fT ¼ jAkj2 þ jA⊥j2
jA0j2 þ jAkj2 þ jA⊥j2

;

ð9Þ

and test whether the expectation that jA0j ≫ jAkj; jA⊥j, i.e.,
that fT=fL ≪ 1, is borne out. (We will see that, for many
decays, it is not.) fλ and f̄λ can be combined to form the
CP-averaged polarization fraction f̃λ and the polarization
fraction CP asymmetry Aλ:

f̃λ ¼
1

2
ðfλ þ f̄λÞ; Aλ ¼

f̄λ − fλ
f̄λ þ fλ

: ð10Þ

Note that, in Ref. [15], the CP-averaged polarization
fraction is defined differently:

favλ ¼ jAλj2 þ jĀλj2P
λðjAλj2 þ jĀλj2Þ

: ð11Þ

In Appendix F, we show that a polarization-dependent
relationship exists between favλ , f̃λ, Aλ, and ACP.

FIG. 1. The decay B → V1ð→ P1P0
1ÞV2ð→ P2P0

2Þ.

TABLE I. Angular functions Xi and their coefficients Ki [14].

n Ki Xi

1 jA0j2 cos2 θ1 cos2 θ2
2 jAkj2 1

2
sin2 θ1 sin2 θ2 cos2 ϕ

3 jA⊥j2 1
2
sin2 θ1 sin2 θ2 sin2 ϕ

4 Re½AkA�
0� 1

2
ffiffi
2

p sin 2θ1 sin 2θ2 cosϕ

5 Im½A⊥A�
0� − 1

2
ffiffi
2

p sin 2θ1 sin 2θ2 sinϕ

6 Im½A⊥A�
k� − 1

2
sin2 θ1 sin2 θ2 sin 2ϕ
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Another polarization-dependent measurement is the CP
violation parameter jλij, defined as [16]

jλij ¼
���� Āi

Ai

����; ð12Þ

where i represents polarization.
The phases of the transversity amplitudes are neither

weak nor strong, but rather a combination of the two. The
measurements of the angular distributions allow for the
extraction of various types of phase measurements:

δλ ¼ ArgðAλÞ; δ̄λ ¼ ArgðĀλÞ; δ̃λ ¼
1

2
ðδ̄λ þ δλÞ;

δCPλ ¼ 1

2
ðδ̄λ − δλÞ: ð13Þ

Finally, mixing-induced indirect CP violation has been
measured in some of the B → VV decays, but only for the
longitudinal polarization component. The CP-violating
observable is defined as

SCP ¼ 2 Im

�
q
p

Ā0A�
0

jĀ0j2 þ jA0j2
�
; ð14Þ

where q=p ¼ expð−2iϕq
MÞ, in which ϕq

M is the weak phase
of B0

q − B̄0
q (q ¼ d, s) mixing.

Above, we have listed the observables that will be used
in the fits. However, there are some other observables that
merit a discussion. Consider the direct CP asymmetryACP
of Eq. (6). CP-violating effects require the interference of
(at least) two amplitudes with different weak phases.
Assuming that two amplitudes contribute to the direct
CP asymmetry, we have ACP ∝ sinΔϕ sinΔδ, where Δϕ
and Δδ are the weak- and strong-phase differences between
the two amplitudes. This shows that, in order to produce a
nonzero direct CP asymmetry, the two interfering ampli-
tudes must also have different strong phases.
The observables that have coefficients Im½A⊥A�

0� and
Im½A⊥A�

k� represent T-odd “triple products” (TPs) of the

form p⃗1 · ðp⃗2 × p⃗3Þ, where the p⃗i are the three-momenta of
three of the final-state pseudoscalar mesons [17]. As was
the case with ACP [Eq. (6)], Aλ

CP [Eq. (7)], and Aλ

[Eq. (10)], by combining the TPs in the two angular
distributions, one can obtain a CP-violating observable.
However, TPs are also P-odd since they involve the
interference of A⊥ and A0;k. Because of this, the coefficients
of the TPs in the CP-conjugate angular distribution are
− Im½Ā⊥Ā�

0� and − Im½Ā⊥Ā�
k�. Thus, the “true” CP-violating

TP is obtained by adding the TPs in the two distributions,
while a “fake” CP-conserving TP is obtained by sub-
tracting them.
Assuming two interfering amplitudes, the TPs depend on

Δϕ and Δδ as follows:

True TPs∶ Γþ Γ̄ ∝ sinΔϕ cosΔδ;

Fake TPs∶ Γ − Γ̄ ∝ cosΔϕ sinΔδ: ð15Þ

Note that a nonzero value of a CP-violating true TP does
not require that the strong-phase difference Δδ be nonzero,
in contrast to the direct CP asymmetry ACP.
The true and fake TPs can be written as follows [18]:

Ak
T-true ¼

1

2
ðAk

T − Āk
TÞ; Ak

T-fake ¼
1

2
ðAk

T þ Āk
TÞ; ð16Þ

where A1
T ¼ f⊥f0 sinðδ⊥−δ0Þ and A2

T¼f⊥fksinðδ⊥−δkÞ.
The polarization fractions and phase differences can be
extracted from measurements of the angular distributions,
so the TPs are not independent observables. As a result, the
measurements of the TPs themselves are not included in
the fits. In Appendix F, we provide a detailed discussion of
the number of observables used when performing our
various fits.

III. B → VV DECAYS: AMPLITUDE
DECOMPOSITION

The aim of this paper is as follows. We consider
all charmless B → VV decays, where V ∈ fρ�; ρ0; K��;
K�0; K̄�0;ϕ;ωg. We assume a flavor symmetry group
[isospin or flavor SU(3)], and we identify those decays
whose amplitudes are related by this symmetry. We para-
metrize those amplitudes in terms of a certain number of
unknown parameters and then perform a fit to the data to
determine how well the SM can explain the experimental
measurements in the limit of that symmetry.
The analysis can be performed in two ways. First, we can

apply the Wigner-Eckart theorem associated with the
respective symmetry group to express the amplitudes in
terms of RMEs. We note that the weak Hamiltonian for
charmless B → VV decay modes involves the quark-level
transitions b̄ → ūuq̄ and b̄ → ðq̄dd̄þ q̄ss̄Þ (q ¼ d, s). It is
given by [19]

HW ¼ GFffiffiffi
2

p
X
q¼d;s

�
λðqÞu

X2
i¼1

ciQ
ðqÞ
i − λðqÞt

X10
i¼3

ciQ
ðqÞ
i

�
: ð17Þ

Here λðqÞq0 ≡ V�
q0bVq0q (q0 ¼ u, c, t, q ¼ d, s), where the Vij

are elements of the Cabibbo-Kobayashi-Maskawa (CKM)

matrix. QðqÞ
1 −QðqÞ

2 , QðqÞ
3 −QðqÞ

6 , and QðqÞ
7 −QðqÞ

10 represent
tree, gluonic penguin, and electroweak penguin operators,
respectively. The ci’s (i ¼ 1–10) are the Wilson coeffi-
cients. In order to express the amplitudes in terms of RMEs,
we must determine how each piece of the matrix element
hVVjHW jBi—the initial state, the weak Hamiltonian, and
the final state—transforms under the symmetry.
The second way of carrying out this analysis is to use

topological diagrams [20]. In Refs. [21,22], it was shown
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that the amplitudes for charmless hadronic B decays can be
written in terms of six diagrams: T (tree), C (color-sup-
pressed tree), P (penguin), A (annihilation), E (exchange),
and PA (penguin annihilation), of which T, C, A, and E are

proportional to λðqÞu . The diagrams P and PA each contain

loops with internal up-type quarks, proportional to λðqÞu ,

λðqÞc , and λðqÞt . Using the unitarity of the CKM matrix, the c-
quark pieces are eliminated to produce diagrams propor-

tional to λðqÞu (Puc and PAuc) or λðqÞt (Ptc and PAtc). In
addition to these, there are also electroweak penguin (EWP)

diagrams, all proportional to λðqÞt , as introduced in
Ref. [23]. These are denoted as PEW, PC

EW, P
Pu
EW, P

A
EW,

PE
EW, and PPAu

EW .
One of the advantages of diagrams over RMEs is that

they represent different dynamical ways in which decays
can be generated. As a result, one can estimate the relative
sizes of various diagrams. This allows us to impose
relations among diagrams, or even to neglect certain
diagrams completely, reducing the number of unknown
parameters. Here are some relations among diagrams that
are often used:

(i) E, A, and PA all require the b quark to interact with
the spectator quark. This implies that the diagrams
are proportional to the decay constant fB. This then
implies that E=A=PA are suppressed relative to other
diagrams by fB=mB ≃ 5%. Some analyses com-
pletely neglect E=A=PA, but it is perhaps more
prudent to simply use the constraint jE=Tj;
jA=Tj ≤ 5%. PA is expected to be even smaller,
as it is suppressed due to the Okubo-Zweig-
Iizuka rule.

(ii) The gluonic penguin diagram P receives contribu-
tions from all three types of up-type quarks:

P ¼ λðqÞu Pu þ λðqÞc Pc þ λðqÞt Pt ¼ λðqÞu Puc þ λðqÞt Ptc,
where the second expression has been obtained

using the unitarity of the CKM matrix (λðqÞu þ
λðqÞc þ λðqÞt ¼ 0), and Puc ≡ Pu − Pc and Ptc≡
Pt − Pc. Because the u and c quarks are much
closer to being degenerate than are the t and c
quarks, it is expected that jPucj < jPtcj. In Ref. [24],
it is estimated that

0.2 ≤ jPuc=Ptcj < 0.5: ð18Þ

(iii) Naively, it is expected that jC=Tj ¼ 1=3, simply by
counting colors. This ratio has been computed for
B → πK decays within QCD factorization, and
jC=Tj ≃ 0.2 is found at next-to-leading order
(NLO) [25]. The next-to-next-to-leading order
analysis gives 0.13 ≤ jC=Tj ≤ 0.43, with a central
value of jC=Tj ¼ 0.23, very near its NLO value
[26–29]. For this reason, in some analyses, the
constraint jC=Tj ¼ 0.2 is imposed.

In B → PP decays, under the assumption of SUð3ÞF,
there are five RMEs proportional to λðqÞu and five propor-

tional to λðqÞt . However, there are a total of six diagrams

proportional to λðqÞu and eight diagrams proportional to λðqÞt .
The fact that there are more diagrams than RMEs implies
that only certain linear combinations of diagrams appear in
the amplitudes. These linear combinations can be desig-
nated as “effective” diagrams. This set of effective dia-
grams is equivalent to RMEs [21], i.e., each RME can be
written as a linear combination of effective diagrams.
As we will see, this same behavior occurs in B → VV
decays—in general, there are more diagrams than RMEs,
so the effective diagrams must be identified.
Below, we present the decomposition of the B → VV

amplitudes in terms of RMEs and diagrams for two
different cases. First, we consider only B → ρK� decays,
assuming isospin symmetry. Second, we consider all
B → VV decays under the assumption of flavor SU(3)
symmetry.

A. B → ρK�

The “B → πK puzzle” has been around for over
20 years. It involves the four decays Bþ → πþK0,
Bþ → π0Kþ, B0 → π−Kþ, and B0 → π0K0, whose ampli-
tudes obey a quadrilateral relation under isospin sym-
metry [SUð2ÞI]:

Aþ0 þ
ffiffiffi
2

p
A0þ ¼ A−þ þ

ffiffiffi
2

p
A00; ð19Þ

where the indices i and j in Aij indicate the charges of
the final-state π and K, respectively. It turns out that the
measurements of the observables in these decays are not
completely consistent with one another. This was first
noted in Refs. [30–32].
The four B → ρK� decay modes—Bþ → ρþK�0,

Bþ → ρ0K�þ, B0 → ρ−K�þ, and B0 → ρ0K�0—are just
the excited versions of B → πK decays. As such, their
amplitudes are also related by isospin. More importantly,
the expressions for the B → ρK� amplitudes in terms of
RMEs/diagrams are identical to those of the corresponding
B → πK amplitudes. Recently, in Ref. [33], we reanalysed
the B → πK puzzle. This involved expressing the four
amplitudes in terms of RMEs/diagrams and performing a fit
to the data. Below, we present these expressions for the four
B → πK amplitudes.
In B → πK decays, the initial state B ¼ ðBþ; B0Þ has

isospin 1
2
, and the final πK states have isospin 1

2
or 3

2
.

These decays involve the transitions b̄ → ūus̄ and
b̄ → d̄ds̄, so the weak Hamiltonian of Eq. (17) has
isospin 0 or 1 (with I3 ¼ 0). There are therefore three
RMEs that describe these decays: h1

2
jjH0

W jj 12i, h12 jjH1
W jj 12i

and h3
2
jjH1

W jj 12i. These RMEs can be split into pieces

proportional to λðsÞu and λðsÞt :
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�
1

2
kH0

Wk
1

2

�
¼ λðsÞu Au

0;1=2 − λðsÞt At
0;1=2;�

1

2
kH1

Wk
1

2

�
¼ λðsÞu Au

1;1=2 − λðsÞt At
1;1=2;�

3

2
kH1

Wk
1

2

�
¼ λðsÞu Au

1;3=2 − λðsÞt At
1;3=2; ð20Þ

making a total of six RMEs.
In Ref. [33], it was shown that, if c7 and c8 are neglected

(they are much smaller than c9 and c10), then for the two

RMEs that involve H1
W , (i) the λðsÞu and λðsÞt pieces are

produced by the tree and EWP operators of the weak
Hamiltonian, and (ii) these pieces are proportional to one
another. To be specific, we have

At
1;1=2 ¼

3

2

c9 þ c10
c1 þ c2

Au
1;1=2; At

1;3=2 ¼
3

2

c9 þ c10
c1 þ c2

Au
1;3=2:

ð21Þ

These are the EWP-tree relations at the level of RMEs, and
they reduce the number of independent RMEs from six to
four. It was argued in Ref. [33] that, if c7 and c8 are not
neglected, then these EWP-tree relations are changed by
only ∼10%.
In terms of the SUð2ÞI RMEs, the B → πK amplitudes

are given by

Aþ0 ¼ λðsÞu

� ffiffiffi
2

3

r �
Au
0;1=2 −

1ffiffiffi
3

p Au
1;1=2

�
þ

ffiffiffi
2

p

3
Au
1;3=2

	

− λðsÞt

� ffiffiffi
2

3

r �
At
0;1=2 −

1ffiffiffi
3

p At
1;1=2

�
þ

ffiffiffi
2

p

3
At
1;3=2

	
;

ffiffiffi
2

p
A0þ ¼ λðsÞu

�
−

ffiffiffi
2

3

r �
Au
0;1=2 −

1ffiffiffi
3

p Au
1;1=2

�
þ 2

ffiffiffi
2

p

3
Au
1;3=2

	

− λðsÞt

�
−

ffiffiffi
2

3

r �
At
0;1=2 −

1ffiffiffi
3

p At
1;1=2

�
þ 2

ffiffiffi
2

p

3
At
1;3=2

	
;

A−þ ¼ λðsÞu

�
−

ffiffiffi
2

3

r �
Au
0;1=2 þ

1ffiffiffi
3

p Au
1;1=2

�
þ

ffiffiffi
2

p

3
Au
1;3=2

	

− λðsÞt

�
−

ffiffiffi
2

3

r �
At
0;1=2 þ

1ffiffiffi
3

p At
1;1=2

�
þ

ffiffiffi
2

p

3
At
1;3=2

	
;

ffiffiffi
2

p
A00 ¼ λðsÞu

� ffiffiffi
2

3

r �
Au
0;1=2 þ

1ffiffiffi
3

p Au
1;1=2

�
þ 2

ffiffiffi
2

p

3
Au
1;3=2

	

− λðsÞt

� ffiffiffi
2

3

r �
At
0;1=2 þ

1ffiffiffi
3

p At
1;1=2

�
þ 2

ffiffiffi
2

p

3
At
1;3=2

	
;

ð22Þ

which satisfy Eq. (19). The amplitudes for the CP-
conjugate processes can be obtained from the above by
changing the sign of the weak phases.

In terms of diagrams, the B → πK amplitudes are
given by

Aþ0 ¼ λðsÞu fPucþλðsÞt

�fPtc−
1

3
gPC
EW

	
;

ffiffiffi
2

p
A0þ ¼ λðsÞu

�
−T̃− C̃− fPuc

	
þλðsÞt

�
−fPtc− gPEW−

2

3
gPC
EW

	
;

A−þ ¼ λðsÞu

�
−T̃− fPuc

	
þλðsÞt

�
−fPtc−

2

3
gPC
EW

	
;

ffiffiffi
2

p
A00¼ λðsÞu

�
−C̃þ fPuc

	
þλðsÞt

�fPtc− gPEW−
1

3
gPC
EW

	
:

ð23Þ
The six effective diagrams are defined as follows:

T̃ ≡ T − A; C̃≡ Cþ A; fPuc ≡ Puc þ A;

gPEW ≡ PEW þ PE
EW;

gPC
EW ≡ PC

EW − PE
EW;

fPtc ≡ Ptc −
1

3
ðPPu

EW − PE
EWÞ: ð24Þ

At the level of diagrams, the EWP-tree relations are

gPEW ¼ −
3

2

c9 þ c10
c1 þ c2

C̃; gPC
EW ¼ −

3

2

c9 þ c10
c1 þ c2

T̃: ð25Þ

This reduces the number of independent effective diagrams
from six to four.
To recap, the expressions for the four B → πK ampli-

tudes are given in terms of RMEs and diagrams in Eqs. (22)
and (23), respectively. There are four independent RMEs/
diagrams. These expressions also apply to each of the three
helicities of the related B → ρK� amplitudes. For each
polarization λ, the four amplitudes obey the isospin
quadrilateral relation

Aþ0
λ þ

ffiffiffi
2

p
A0þ
λ ¼

ffiffiffi
2

p
A00
λ þ A−þ

λ : ð26Þ

In Ref. [34], an approximate sum rule involving the
branching ratios and direct CP asymmetries of the four
B → πK decays was found under the assumption of
SUð3ÞF. In Ref. [33], it was shown that, if instead isospin
symmetry is assumed, then this sum rule holds exactly. The
experimental measurement by Belle II [35] agrees with the
prediction of the sum rule.
A similar sum rule applies to each polarization of the

B → ρK� amplitudes. One constructs the rate difference as

Δij
λ ¼ jAij

λ j2 − jAij
λ j2 ≡Aλ;ij

CPf
av;ij
λ Bij

CP

Fij
PS

; ð27Þ

where Bij
CP, A

λ;ij
CP , f

av;ij
λ , and Fij

PS are, respectively, the CP-
averaged branching ratio, the polarization-dependent direct
CP asymmetries, the CP-averaged polarization fractions,
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and the two-body phase-space factor for the decay
B → ρiK�j. One can combine the Δij

λ s for the four decays
and compute

δρK
�

λ ¼ Δ−þ
λ þ Δþ0

λ − 2Δ0þ
λ − 2Δ00

λ : ð28Þ

From the decomposition of the amplitudes in terms of
RMEs [Eq. (22)] and diagrams [Eq. (23)], one finds that
δρK

�
λ ¼ 0 is an exact consequence of applying the SUð2ÞI
EWP-tree relations [Eqs. (21) and (25)] to each polarization
of the B → ρK� decays.
We can combine the three polarizations:

Δij ¼ Δij
0 þ Δij

jj þ Δij
⊥ ≡Aij

CPB
ij
CP

Fij
PS

: ð29Þ

With this, one can compute the polarization-independent
quantity

δρK
� ¼ Δ−þ þ Δþ0 − 2Δ0þ − 2Δ00 ð30Þ

for the four decays. Under isospin symmetry, one finds that
δρK

� ¼ 0 holds exactly. This sum rule can be tested
experimentally: using the measurements in Appendix C,
we find that δρK

� ¼ ð−4� 6Þ × 10−4, which is consistent
with zero.
We must stress that, in addition to the polarization-

independent relation [Eq. (30)], one can also experimen-
tally test the relations separately for each transversity
amplitude [Eq. (28)]. This will require a complete angular
analysis of all four B → ρK� modes.

B. B → VV

We now consider all charmless B → VV decays, assum-
ing flavor SU(3) symmetry. The SUð3ÞF octet contains the
eight vector mesons fρ�; ρ0; K��; K�0; K̄�0;ω8g, and ω1 is
an SUð3ÞF singlet. The physical ω and ϕ mesons observed
in experiments are admixtures of ω8 and ω1. The B → VV
decay amplitudes can therefore be separated into three
categories depending on the SUð3ÞF representation of the
final-state vector mesons: 8 ⊗ 8, 8 ⊗ 1, and 1 ⊗ 1. These
are listed in Table II.
Within SUð3ÞF, all members of the octet 8 are considered

to be identical particles. In this case, the 8 ⊗ 8 final state,
which is the product of three pieces [SUð3ÞF, spatial
(orbital angular momentum), and spin], must be symmetric
under the exchange of the two particles. The decaying B
meson has spin 0, so the conservation of total angular
momentum implies that, when the spatial wave function of
the final-state mesons is symmetric (l ¼ 0, 2), the spin
wave function is also symmetric (s ¼ 0, 2). Similarly, when
the spatial wave function is antisymmetric (l ¼ 1), the spin
wave function is also antisymmetric (s ¼ 1). Thus, the
product of final-state spatial and spin wave functions is

always symmetric, which implies that the SUð3ÞF piece of
the final state is also symmetric, ð8 ⊗ 8ÞS.

1. RMEs

We begin with the ð8 ⊗ 8ÞS final state. The quarks
ðu; d; sÞ form a triplet (3) under SUð3ÞF, so that the initial
state B ¼ ðBþ; B0; B0

sÞ also is a 3. The weak Hamiltonian
[Eq. (17)] transforms as a 3�1, 3

�
2, 6, or 15

� of SUð3ÞF (for
more details on these representations, we refer the reader to
Refs. [2,33]). For the final state, ð8 ⊗ 8ÞS ¼ 1 ⊕ 8S ⊕ 27.
This yields five RMEs that can be split into pieces

proportional to λðqÞu and λðqÞt :

A1 ¼ h1jj3�jj3i ¼ λðqÞu Au
1 − λðqÞt At

1;

A8 ¼ h8jj3�jj3i ¼ λðqÞu Au
8 − λðqÞt At

8;

R8 ¼ h8jj6jj3i ¼ λðqÞu Ru
8 − λðqÞt Rt

8;

P8 ¼ h8jj15�jj3i ¼ λðqÞu Pu
8 − λðqÞt Pt

8;

P27 ¼ h27jj15�jj3i ¼ λðqÞu Pu
27 − λðqÞt Pt

27: ð31Þ

TABLE II. ΔS ¼ 0 and ΔS ¼ 1 B → VV decays for
V ∈ fρ; K�;ω8;ω1g.

ð8 ⊗ 8ÞS
ΔS ¼ 0 ΔS ¼ 1

Bþ → K�þK̄�0 Bþ → ρþK�0

Bþ → ρþρ0 Bþ → ρ0K�þ

Bþ → ω8ρ
þ Bþ → ω8K�þ

B0 → K�0K̄�0 B0
s → K�0K̄�0

B0 → ρþρ− B0
s → ρþρ−

B0 → ρ0ρ0 B0
s → ρ0ρ0

B0 → K�þK�− B0
s → K�þK�−

B0 → ρ0ω8 B0
s → ρ0ω8

B0 → ω8ω8 B0
s → ω8ω8

B0
s → ρþK�− B0 → ρ−K�þ

B0
s → ρ0K̄�0 B0 → ρ0K�0

B0
s → ω8K̄�0 B0 → ω8K�0

8 ⊗ 1

ΔS ¼ 0 ΔS ¼ 1

Bþ → ω1ρ
þ Bþ → ω1K�þ

B0 → ρ0ω1 B0
s → ρ0ω1

B0 → ω8ω1 B0
s → ω8ω1

B0
s → ω1K̄�0 B0 → ω1K�0

1 ⊗ 1

ΔS ¼ 0 ΔS ¼ 1

B0 → ω1ω1 B0
s → ω1ω1
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Here, the Au
1;8 RMEs involve the 3�1 piece of HW , while the

At
1;8 RMEs involve the 3�2 piece. (Note that the notation

used here for the h1jj3�jj3i and h8jj3�jj3iRMEs is different
from that used in Refs [1,2]: Au

1ð8Þ and At
1ð8Þ in this paper

correspond, respectively, to A1ð8Þ and B1ð8Þ of Refs. [1,2].)
The last three RMEs above have EWP-tree relations

[33]:

Rt
8 ¼

3

2

ðc9 − c10Þ
ðc1 − c2Þ

Ru
8; Pt

8 ¼
3

2

ðc9 þ c10Þ
ðc1 þ c2Þ

Pu
8;

Pt
27 ¼

3

2

ðc9 þ c10Þ
ðc1 þ c2Þ

Pu
27: ð32Þ

This reduces the number of independent RMEs in B → PP
decays from ten to seven. In the B → VV decays, the
number is reduced from ten to seven for each polarization.
As was the case with B → ρK� and B → πK, each of the

ð8 ⊗ 8ÞS B → VV decays in Table II has a B → PP
counterpart (ρ → π, K� → K, ω8 → η8). These B → PP
decays were analyzed in Ref. [2] under the assumption of
SUð3ÞF symmetry. For these decays, the final state also
transforms as ð8 ⊗ 8ÞS, so that the expressions for the
B → PP amplitudes in terms of RMEs/diagrams also apply
to each polarization of the related B → VV decay. The
decomposition of the various ð8 ⊗ 8ÞS B → VV ampli-
tudes in terms of the SUð3ÞF RMEs defined in Eq. (31) is
shown in Appendix A.

TABLE III. SUð3ÞF RME contributions to the ΔS ¼ 0 and ΔS ¼ 1 B → VV amplitudes for the ð8 ⊗ 8ÞS final states. These apply to
each polarization of the B → VV decays.

λðqÞu λðqÞt

c1, c2 c3, c4, c5, c6, c9, c10 c9, c10

Decays Au
1 Au

8 Ru
8 Pu

8 Pu
27 At

1 At
8 Rt

8 Pt
8 Pt

27

ΔS ¼ 0 Bþ → K�þK̄�0 0 −
ffiffi
3

pffiffi
5

p − 1ffiffi
5

p 3
ffiffi
3

p
5

2
ffiffi
3

p
5

0 −
ffiffi
3

pffiffi
5

p 3ffiffi
5

p 9
ffiffi
3

p
5

6
ffiffi
3

p
5

Bþ → ρþρ0 0 0 0 0
ffiffiffi
6

p
0 0 0 0 3

ffiffiffi
6

p
Bþ → ω8ρ

þ 0
ffiffi
2

pffiffi
5

p
ffiffi
2

pffiffiffiffi
15

p − 3
ffiffi
2

p
5

3
ffiffi
2

p
5

0
ffiffi
2

pffiffi
5

p −
ffiffi
6

pffiffi
5

p − 9
ffiffi
2

p
5

9
ffiffi
2

p
5

B0 → K�0K̄�0 − 1

2
ffiffi
3

p − 1ffiffiffiffi
15

p − 1ffiffi
5

p − 3
ffiffi
3

p
5

ffiffi
3

p
10

− 1

2
ffiffi
3

p − 1ffiffiffiffi
15

p 3ffiffi
5

p − 9
ffiffi
3

p
5

3
ffiffi
3

p
10

B0 → ρþρ− 1
2
ffiffi
3

p 1ffiffiffiffi
15

p − 1ffiffi
5

p −
ffiffi
3

p
5

7
ffiffi
3

p
10

1
2
ffiffi
3

p 1ffiffiffiffi
15

p 3ffiffi
5

p − 3
ffiffi
3

p
5

21
ffiffi
3

p
10

B0 → K�þK�− 1

2
ffiffi
3

p − 2ffiffiffiffi
15

p 0 − 2
ffiffi
3

p
5

−
ffiffi
3

p
10

1

2
ffiffi
3

p − 2ffiffiffiffi
15

p 0 − 6
ffiffi
3

p
5

− 3
ffiffi
3

p
10

B0 → ρ0ρ0 − 1

2
ffiffi
6

p − 1ffiffiffiffi
30

p 1ffiffiffiffi
10

p
ffiffi
3

p
5
ffiffi
2

p 13
ffiffi
3

p
10

ffiffi
2

p − 1

2
ffiffi
6

p − 1ffiffiffiffi
30

p − 3ffiffiffiffi
10

p 3
ffiffi
3

p
5
ffiffi
2

p 39
ffiffi
3

p
10

ffiffi
2

p

B0 → ρ0ω8 0 1ffiffi
5

p 1ffiffiffiffi
15

p 1 0 0 1ffiffi
5

p −
ffiffi
3

pffiffi
5

p 3 0

B0 → ω8ω8 − 1

2
ffiffi
6

p 1ffiffiffiffi
30

p − 1ffiffiffiffi
10

p −
ffiffi
3

p
5
ffiffi
2

p − 3
ffiffi
3

p
10

ffiffi
2

p − 1

2
ffiffi
6

p 1ffiffiffiffi
30

p 3ffiffiffiffi
10

p − 3
ffiffi
3

p
5
ffiffi
2

p − 9
ffiffi
3

p
10

ffiffi
2

p

B0
s → ρþK�− 0

ffiffi
3

pffiffi
5

p − 1ffiffi
5

p
ffiffi
3

p
5

4
ffiffi
3

p
5

0
ffiffi
3

pffiffi
5

p 3ffiffi
5

p 3
ffiffi
3

p
5

12
ffiffi
3

p
5

B0
s → ρ0K̄�0 0 −

ffiffi
3

pffiffiffiffi
10

p 1ffiffiffiffi
10

p −
ffiffi
3

p
5
ffiffi
2

p 3
ffiffi
6

p
5

0 −
ffiffi
3

pffiffiffiffi
10

p − 3ffiffiffiffi
10

p − 3
ffiffi
3

p
5
ffiffi
2

p 9
ffiffi
6

p
5

B0
s → ω8K̄�0 0 − 1ffiffiffiffi

10
p 1ffiffiffiffi

30
p − 1

5
ffiffi
2

p 3
ffiffi
2

p
5

0 − 1ffiffiffiffi
10

p −
ffiffi
3

pffiffiffiffi
10

p − 3

5
ffiffi
2

p 9
ffiffi
2

p
5

ΔS ¼ 1 Bþ → ρþK�0 0 −
ffiffi
3

pffiffi
5

p − 1ffiffi
5

p 3
ffiffi
3

p
5

2
ffiffi
3

p
5

0 −
ffiffi
3

pffiffi
5

p 3ffiffi
5

p 9
ffiffi
3

p
5

6
ffiffi
3

p
5

Bþ → ρ0K�þ 0
ffiffi
3

pffiffiffiffi
10

p 1ffiffiffiffi
10

p − 3
ffiffi
3

p
5
ffiffi
2

p 4
ffiffi
6

p
5

0
ffiffi
3

pffiffiffiffi
10

p − 3ffiffiffiffi
10

p − 9
ffiffi
3

p
5
ffiffi
2

p 12
ffiffi
6

p
5

Bþ → ω8K�þ 0 − 1ffiffiffiffi
10

p − 1ffiffiffiffi
30

p 3

5
ffiffi
2

p 6
ffiffi
2

p
5

0 − 1ffiffiffiffi
10

p
ffiffi
3

pffiffiffiffi
10

p 9

5
ffiffi
2

p 18
ffiffi
2

p
5

B0 → ρ−K�þ 0
ffiffi
3

pffiffi
5

p − 1ffiffi
5

p
ffiffi
3

p
5

4
ffiffi
3

p
5

0
ffiffi
3

pffiffi
5

p 3ffiffi
5

p 3
ffiffi
3

p
5

12
ffiffi
3

p
5

B0 → ρ0K�0 0 −
ffiffi
3

pffiffiffiffi
10

p 1ffiffiffiffi
10

p −
ffiffi
3

p
5
ffiffi
2

p 3
ffiffi
6

p
5

0 −
ffiffi
3

pffiffiffiffi
10

p − 3ffiffiffiffi
10

p − 3
ffiffi
3

p
5
ffiffi
2

p 9
ffiffi
6

p
5

B0 → ω8K�0 0 − 1ffiffiffiffi
10

p 1ffiffiffiffi
30

p − 1

5
ffiffi
2

p 3
ffiffi
2

p
5

0 − 1ffiffiffiffi
10

p −
ffiffi
3

pffiffiffiffi
10

p − 3

5
ffiffi
2

p 9
ffiffi
2

p
5

B0
s → K�0K̄�0 − 1

2
ffiffi
3

p − 1ffiffiffiffi
15

p − 1ffiffi
5

p − 3
ffiffi
3

p
5

ffiffi
3

p
10

− 1

2
ffiffi
3

p − 1ffiffiffiffi
15

p 3ffiffi
5

p − 9
ffiffi
3

p
5

3
ffiffi
3

p
10

B0
s → ρþρ− 1

2
ffiffi
3

p − 2ffiffiffiffi
15

p 0 − 2
ffiffi
3

p
5

−
ffiffi
3

p
10

1

2
ffiffi
3

p − 2ffiffiffiffi
15

p 0 − 6
ffiffi
3

p
5

− 3
ffiffi
3

p
10

B0
s → K�þK�− 1

2
ffiffi
3

p 1ffiffiffiffi
15

p − 1ffiffi
5

p −
ffiffi
3

p
5

7
ffiffi
3

p
10

1

2
ffiffi
3

p 1ffiffiffiffi
15

p 3ffiffi
5

p − 3
ffiffi
3

p
5

21
ffiffi
3

p
10

B0
s → ρ0ρ0 − 1

2
ffiffi
6

p
ffiffi
2

pffiffiffiffi
15

p 0
ffiffi
6

p
5

ffiffi
3

p
10

ffiffi
2

p − 1

2
ffiffi
6

p
ffiffi
2

pffiffiffiffi
15

p 0 3
ffiffi
6

p
5

3
ffiffi
3

p
10

ffiffi
2

p

B0
s → ρ0ω8 0 0 2ffiffiffiffi

15
p 4

5
6
5

0 0 − 2
ffiffi
3

pffiffi
5

p 12
5

18
5

B0
s → ω8ω8 − 1

2
ffiffi
6

p −
ffiffi
2

pffiffiffiffi
15

p 0 −
ffiffi
6

p
5

9
ffiffi
3

p
10

ffiffi
2

p − 1

2
ffiffi
6

p −
ffiffi
2

pffiffiffiffi
15

p 0 − 3
ffiffi
6

p
5

27
ffiffi
3

p
10

ffiffi
2

p
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The final states that transform as 8 ⊗ 1 include one of ρ,
K� or ω8, and ω1. There are three RMEs that can be split

into pieces proportional to λðqÞu and λðqÞt :

C8 ¼ h8jj3�jj3i8⊗1 ¼ λðqÞu Cu
8 − λðqÞt Ct

8;

L8 ¼ h8jj6jj3i8⊗1 ¼ λðqÞu Lu
8 − λðqÞt Lt

8;

M8 ¼ h8jj15�jj3i8⊗1 ¼ λðqÞu Mu
8 − λðqÞt Mt

8: ð33Þ

Here, the Cu
8 RME involves the 3�1 piece of HW , while the

Ct
8 RME involves the 3�2 piece.
The last two RMEs above have EWP-tree relations

similar to those in Eq. (32):

Lt
8 ¼

3

2

ðc9 − c10Þ
ðc1 − c2Þ

Lu
8; Mt

8 ¼
3

2

ðc9 þ c10Þ
ðc1 þ c2Þ

Mu
8: ð34Þ

This reduces the number of independent RMEs in these
decays from six to four. The amplitude decompositions for
the 8 ⊗ 1 B → VV decays in terms of the above RMEs are
given in Appendix A.
Finally, the 1 ⊗ 1 final states contain two ω1 s. There is

a single RME that can be split into pieces proportional to

λðqÞu and λðqÞt :

C1 ¼ h1jj3�jj3i1⊗1 ¼ λðqÞu Cu
1 − λðqÞt Ct

1; ð35Þ

with no EWP-tree relations. There are therefore two
independent RMEs. The amplitude decompositions for
the 1 ⊗ 1 B → VV decays can be found in Appendix A.

2. Diagrams

The amplitudes can also be expressed in terms of

diagrams. There are six diagrams proportional to λðqÞu : T,
C, Puc, E, A, PAuc. There are eight diagrams proportional

to λðqÞt : Ptc, PAtc, PEW, PC
EW, P

A
EW, P

E
EW, P

Pu
EW, P

PAu
EW .

For the ð8 ⊗ 8ÞS final state, Ref. [2] gives the
expressions for the B → PP amplitudes in terms of
diagrams. As usual, these expressions also apply to each
polarization of the B → VV decays. They are given in
Appendix B.

Since there are six diagrams proportional to λðqÞu , but only
five RMEs [Eq. (31)], only five linear combinations of the
diagrams can appear in the amplitudes. We eliminate the E
diagram by defining five effective diagrams:

T̃ ¼ T þ E; C̃ ¼ C − E; fPuc ¼ Puc − E;

Ã ¼ Aþ E; fPAuc ¼ PAuc þ E: ð36Þ

Similarly, there are eight diagrams proportional to λðqÞt , but
only five RMEs. Once again, only five linear combinations

TABLE IV. RME contributions to the ΔS ¼ 0 and ΔS ¼ 1 B → VV amplitudes for the 8 ⊗ 1 final states. These apply to each
polarization of the B → VV decays.

λðqÞu λðqÞt

c1, c2 c3, c4, c5, c6, c9, c10 c9, c10

Decays Cu
8 Lu

8 Mu
8 Ct

8 Lt
8 Mt

8

ΔS ¼ 0 Bþ → ρþω1 1 1ffiffi
3

p − 3ffiffi
5

p 1 −
ffiffiffi
3

p
− 9ffiffi

5
p

B0 → ρ0ω1
1ffiffi
2

p 1ffiffi
6

p
ffiffi
5

pffiffi
2

p 1ffiffi
2

p −
ffiffi
3

pffiffi
2

p 3
ffiffi
5

pffiffi
2

p

B0 → ω1ω8 − 1ffiffi
6

p 1ffiffi
2

p
ffiffi
3

pffiffiffiffi
10

p − 1ffiffi
6

p − 3ffiffi
2

p 3
ffiffi
3

pffiffiffiffi
10

p

B0
s → ω1K̄�0 1 − 1ffiffi

3
p 1ffiffi

5
p 1

ffiffiffi
3

p
3ffiffi
5

p

ΔS ¼ 1 Bþ → ω1K�þ 1 1ffiffi
3

p − 3ffiffi
5

p 1 −
ffiffiffi
3

p
− 9ffiffi

5
p

B0 → ω1K�0 1 − 1ffiffi
3

p 1ffiffi
5

p 1
ffiffiffi
3

p
3ffiffi
5

p

B0
s → ρ0ω1 0

ffiffi
2

pffiffi
3

p 2
ffiffi
2

pffiffi
5

p 0 −
ffiffiffi
6

p
6
ffiffi
2

pffiffi
5

p

B0
s → ω1ω8

ffiffi
2

pffiffi
3

p 0
ffiffi
6

pffiffi
5

p
ffiffi
2

pffiffi
3

p 0 3
ffiffi
6

pffiffi
5

p

TABLE V. RME contributions to the ΔS ¼ 0 and ΔS ¼ 1
B → VV amplitudes for the 1 ⊗ 1 final state. These apply to each
polarization of the B → VV decays.

λðqÞu λðqÞt

Decays Cu
1 Ct

1

ΔS ¼ 0 B0 → ω1ω1
1ffiffi
3

p 1ffiffi
3

p

ΔS ¼ 1 B0
s → ω1ω1

1ffiffi
3

p 1ffiffi
3

p
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of the diagrams will appear in the amplitudes. To this end,
we define five effective diagrams:

gPEW ≡ PEW þ PE
EW;

gPC
EW ≡ PC

EW − PE
EW;gPA

EW ≡ PA
EW þ PE

EW; fPtc ≡ Ptc −
1

3
ðPPu

EW − PE
EWÞ;

gPAtc ≡ PAtc −
1

3
ðPPAu

EW þ PE
EWÞ: ð37Þ

Only the effective diagrams of Eqs. (36) and (37) appear in

the B → VV amplitudes, and each λðqÞu [λðqÞt ] effective
diagram can be written as a linear combination of the five

λðqÞu [λðqÞt ] RMEs.
Finally, just as there were three EWP-tree relations

involving the RMEs [Eq. (32)], there are three EWP-tree
relations involving the effective diagrams:

gPEW ¼ −
3

4

�
Σ9

Σ1

ðT̃ þ C̃þ ÃÞ þ Δ9

Δ1

ðT̃ − C̃ − ÃÞ
	
;

gPC
EW ¼ −

3

4

�
Σ9

Σ1

ðT̃ þ C̃ − ÃÞ − Δ9

Δ1

ðT̃ − C̃ − ÃÞ
	
;

gPA
EW ¼ −

3

2

Σ9

Σ1

Ã; ð38Þ

where Σ1 ¼ c1 þ c2, Σ9 ¼ c9 þ c10, Δ1 ¼ c1 − c2, and
Δ9 ¼ c9 − c10. With these EWP-tree relations, there are
five independent effective diagrams in the λu sector, T̃, C̃,fPuc, Ã, and gPAuc, and two in the λt sector, fPtc and gPAtc.
The expressions for the 8 ⊗ 1 B → PP amplitudes in

terms of diagrams are computed in Ref. [2]. As usual,
these expressions also apply to each polarization of the
corresponding B → VV decays. They are given
Appendix B. We note that there are five diagrams in

the λðqÞu sector, but there are only three independent

TABLE VI. Diagrammatic contributions to the ΔS ¼ 0 and ΔS ¼ 1 B → VV amplitudes for the ð8 ⊗ 8ÞS final states. These apply to
each polarization of the B → VV decays.

λðqÞu λðqÞt

Decays T C Puc A PAuc E Ptc PAtc PEW PC
EW PA

EW PE
EW PPu

EW PPAu
EW

ΔS ¼ 0 Bþ → K�þK̄�0 0 0 1 1 0 0 1 0 0 − 1
3

0 2
3

− 1
3

0
Bþ → ρþρ0 − 1ffiffi

2
p − 1ffiffi

2
p 0 0 0 0 0 0 − 1ffiffi

2
p − 1ffiffi

2
p 0 0 0 0

Bþ → ω8ρ
þ − 1ffiffi

6
p − 1ffiffi

6
p − 2ffiffi

6
p − 2ffiffi

6
p 0 0 − 2ffiffi

6
p 0 − 1ffiffi

6
p − 1

3
ffiffi
6

p 0 − 4

3
ffiffi
6

p 2

3
ffiffi
6

p 0

B0 → K�0K̄�0 0 0 1 0 1 0 1 1 0 − 1
3

− 2
3

− 1
3

− 1
3

− 1
3

B0 → ρþρ− −1 0 −1 0 −1 −1 −1 −1 0 − 2
3

− 1
3

1
3

1
3

1
3

B0 → K�þK�− 0 0 0 0 −1 −1 0 −1 0 0 − 1
3

0 0 1
3

B0 → ρ0ρ0 0 − 1ffiffi
2

p 1ffiffi
2

p 0 1ffiffi
2

p 1ffiffi
2

p 1ffiffi
2

p 1ffiffi
2

p − 1ffiffi
2

p − 1

3
ffiffi
2

p 1

3
ffiffi
2

p − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p

B0 → ρ0ω8 0 0 − 1ffiffi
3

p 0 0 1ffiffi
3

p − 1ffiffi
3

p 0 0 1

3
ffiffi
3

p 1ffiffi
3

p 1

3
ffiffi
3

p 1

3
ffiffi
3

p 0

B0 → ω8ω8 0 1

3
ffiffi
2

p 1

3
ffiffi
2

p 0 1ffiffi
2

p 1

3
ffiffi
2

p 1

3
ffiffi
2

p 1ffiffi
2

p 1

3
ffiffi
2

p − 1

9
ffiffi
2

p − 1

3
ffiffi
2

p − 1

9
ffiffi
2

p − 1

9
ffiffi
2

p − 1

3
ffiffi
2

p

B0
s → ρþK�− −1 0 −1 0 0 0 −1 0 0 − 2

3
0 1

3
1
3

0
B0
s → ρ0K̄�0 0 − 1ffiffi

2
p 1ffiffi

2
p 0 0 0 1ffiffi

2
p 0 − 1ffiffi

2
p − 1

3
ffiffi
2

p 0 − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p 0

B0
s → ω8K̄�0 0 − 1ffiffi

6
p 1ffiffi

6
p 0 0 0 1ffiffi

6
p 0 − 1ffiffi

6
p − 1

3
ffiffi
6

p 0 − 1

3
ffiffi
6

p − 1

3
ffiffi
6

p 0

ΔS ¼ 1 Bþ → ρþK�0 0 0 1 1 0 0 1 0 0 − 1
3

0 2
3

− 1
3

0
Bþ → ρ0K�þ − 1ffiffi

2
p − 1ffiffi

2
p − 1ffiffi

2
p − 1ffiffi

2
p 0 0 − 1ffiffi

2
p 0 − 1ffiffi

2
p −

ffiffi
2

p
3

0 −
ffiffi
2

p
3

1

3
ffiffi
2

p 0

Bþ → ω8K�þ − 1ffiffi
6

p − 1ffiffi
6

p 1ffiffi
6

p 1ffiffi
6

p 0 0 1ffiffi
6

p 0 − 1ffiffi
6

p − 4

3
ffiffi
6

p 0 2

3
ffiffi
6

p − 1

3
ffiffi
6

p 0

B0 → ρ−K�þ −1 0 −1 0 0 0 −1 0 0 − 2
3

0 1
3

1
3

0

B0 → ρ0K�0 0 − 1ffiffi
2

p 1ffiffi
2

p 0 0 0 1ffiffi
2

p 0 − 1ffiffi
2

p − 1

3
ffiffi
2

p 0 − 1

3
ffiffi
2

p − 1

3
ffiffi
2

p 0

B0 → ω8K�0 0 − 1ffiffi
6

p 1ffiffi
6

p 0 0 0 1ffiffi
6

p 0 − 1ffiffi
6

p − 1

3
ffiffi
6

p 0 − 1

3
ffiffi
6

p − 1

3
ffiffi
6

p 0

B0
s → K�0K̄�0 0 0 1 0 1 0 1 1 0 − 1

3
− 2

3
− 1

3
− 1

3
− 1

3

B0
s → ρþρ− 0 0 0 0 −1 −1 0 −1 0 0 − 1

3
0 0 1

3

B0
s → K�þK�− −1 0 −1 0 −1 −1 −1 −1 0 − 2

3
− 1

3
1
3

1
3

1
3

B0
s → ρ0ρ0 0 0 0 0 1ffiffi

2
p 1ffiffi

2
p 0 1ffiffi

2
p 0 0 1

3
ffiffi
2

p 0 0 − 1

3
ffiffi
2

p

B0
s → ρ0ω8 0 − 1ffiffi

3
p 0 0 0 1ffiffi

3
p 0 0 − 1ffiffi

3
p 0 1ffiffi

3
p 0 0 0

B0
s → ω8ω8 0 −

ffiffi
2

p
3

2
ffiffi
2

p
3

0 1ffiffi
2

p 1

3
ffiffi
2

p 2
ffiffi
2

p
3

1ffiffi
2

p −
ffiffi
2

p
3

− 2
ffiffi
2

p
9

− 1

3
ffiffi
2

p − 2
ffiffi
2

p
9

− 2
ffiffi
2

p
9

− 1

3
ffiffi
2

p
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RMEs. The three effective diagrams that appear in the
amplitudes are defined as

T̃ ≡ T þ 2A; C̃≡ Cþ 2E; fPuc ≡ Puc − E: ð39Þ

Similarly, there are six diagrams proportional to λðqÞt in
the amplitudes, but they only appear in three linear
combinations. The three independent effective diagrams
are defined as

gPEW ≡ PEW þ 2PA
EW;

gPC
EW ≡ PC

EW þ 2PE
EW;

fPtc ≡ Ptc −
1

3
ðPPu

EW − PE
EWÞ: ð40Þ

There are therefore two EWP-tree relations involving the
effective diagrams:

˜PEW ¼ −
3

4

�
Σ9

Σ1

ðT̃ þ C̃Þ þ Δ9

Δ1

ðT̃ − C̃Þ
	
;

˜PC
EW ¼ −

3

4

�
Σ9

Σ1

ðT̃ þ C̃Þ − Δ9

Δ1

ðT̃ − C̃Þ
	
: ð41Þ

This leads to a total of three independent diagrams in the λu
sector, T̃, C̃, and fPuc, and one in the λt sector, fPtc. [Note
that, despite the fact that they have the same name, these

diagrams are not the same as those in the ð8 ⊗ 8ÞS
amplitudes.]
Finally, using the expressions for the 1 ⊗ 1 B → PP

amplitudes in terms of diagrams given in Ref. [2], the
amplitude decompositions for the 1 ⊗ 1 B → VV decays in
terms of diagrams are shown in Appendix B. From these,
we find that there is only one effective diagram proportional

to λðqÞu , C̃≡ Cþ Puc þ Eþ 6PAuc and one proportional to

λðqÞt , fPtc ≡ Ptc þ 6PAtc − 1
3
PC
EW − 1

3
PE
EW − 1

3
PPu
EW − 2PPAu

EW .
There is no EWP-tree relations in this case.

IV. FIT RESULTS

In this section we present the results of our fits to the data
in B → VV decays. We describe three different analyses.
First, we examine only B → ρK� decays, assuming isospin
symmetry. Second, we combine all B → VV decays under
the assumption of SUð3ÞF, but restrict V ∈ fρ; K�g. Finally,
we extend the SUð3ÞF analysis to include all B → VV
modes, V ∈ fρ; K�;ϕ;ωg.
In the previous section, we expressed the B → VV

amplitudes as functions of both RMEs and effective
diagrams. As long as all diagrams are kept, these two
are equivalent. We choose to perform the analyses using the
effective diagrams as the unknown parameters to be
determined from the fit. The advantage of using diagrams

TABLE VII. Diagrammatic contributions to the ΔS ¼ 0 and ΔS ¼ 1 B → VV amplitudes for the 8 ⊗ 1 final states. These apply to
each polarization of the B → VV decays.

λðqÞu λðqÞt

Decays T C Puc A PAuc E Ptc PAtc PEW PC
EW PA

EW PE
EW PPu

EW PPAu
EW

ΔS ¼ 0 Bþ → ρþω1
1ffiffi
3

p 1ffiffi
3

p 2ffiffi
3

p 2ffiffi
3

p 0 0 2ffiffi
3

p 0 0 1

3
ffiffi
3

p 0 4

3
ffiffi
3

p − 2

3
ffiffi
3

p 0

B0 → ρ0ω1 0 0 2ffiffi
6

p 0 0 − 2ffiffi
6

p 2ffiffi
6

p 0 − 1ffiffi
6

p − 2

3
ffiffi
6

p − 2ffiffi
6

p − 2

3
ffiffi
6

p − 2

3
ffiffi
6

p 0

B0 → ω1ω8 0 −
ffiffi
2

p
3

−
ffiffi
2

p
3

0 0 −
ffiffi
2

p
3

−
ffiffi
2

p
3

0 − 1

3
ffiffi
2

p
ffiffi
2

p
9

−
ffiffi
2

p
3

ffiffi
2

p
9

ffiffi
2

p
9

0

B0
s → ω1K�0 0 1ffiffi

3
p 2ffiffi

3
p 0 0 0 2ffiffi

3
p 0 0 − 2

3
ffiffi
3

p 0 − 2

3
ffiffi
3

p − 2

3
ffiffi
3

p 0

ΔS ¼ 1 Bþ → ω1K�þ 1ffiffi
3

p 1ffiffi
3

p 2ffiffi
3

p 2ffiffi
3

p 0 0 2ffiffi
3

p 0 0 1
3
ffiffi
3

p 0 4
3
ffiffi
3

p − 2
3
ffiffi
3

p 0

B0 → ω1K�0 0 1ffiffi
3

p 2ffiffi
3

p 0 0 0 2ffiffi
3

p 0 0 − 2

3
ffiffi
3

p 0 − 2

3
ffiffi
3

p − 2

3
ffiffi
3

p 0

B0
s → ρ0ω1 0 − 1ffiffi

6
p 0 0 0 − 2ffiffi

6
p 0 0 − 1ffiffi

6
p 0 − 2ffiffi

6
p 0 0 0

B0
s → ω8ω1 0 1

3
ffiffi
2

p 2
ffiffi
2

p
3

0 0 − 2

3
ffiffi
2

p 2
ffiffi
2

p
3

0 − 1

3
ffiffi
2

p − 2
ffiffi
2

p
9

−
ffiffi
2

p
3

− 2
ffiffi
2

p
9

− 2
ffiffi
2

p
9

0

TABLE VIII. Diagrammatic contributions to the ΔS ¼ 0 and ΔS ¼ 1 B → VV amplitudes for the 1 ⊗ 1 final states. These apply to
each polarization of the B → VV decays.

λðqÞu λðqÞt

Decays T C Puc A PAuc E Ptc PAtc PEW PC
EW PA

EW PE
EW PPu

EW PPAu
EW

ΔS ¼ 0 B0 → ω1ω1 0
ffiffi
2

p
3

ffiffi
2

p
3

0 2
ffiffiffi
2

p ffiffi
2

p
3

ffiffi
2

p
3

2
ffiffiffi
2

p
0 −

ffiffi
2

p
9

0 −
ffiffi
2

p
9

−
ffiffi
2

p
9

− 2
ffiffi
2

p
3

ΔS ¼ 1 B0
s → ω1ω1 0

ffiffi
2

p
3

ffiffi
2

p
3

0 2
ffiffiffi
2

p ffiffi
2

p
3

ffiffi
2

p
3

2
ffiffiffi
2

p
0 −

ffiffi
2

p
9

0 −
ffiffi
2

p
9

−
ffiffi
2

p
9

− 2
ffiffi
2

p
3
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is that it allows us to easily add theoretical input by making
assumptions about the relative sizes of the diagrams.
In addition to the diagrams (magnitudes and relative

strong phases), the amplitudes depend on the CKM matrix

elements involved in λðqÞu;t and the weak phases β, γ, and βs.
The values of all of these quantities are fixed to their world
averages [36].
In order to gather the data for the fits, we proceed as

follows. For those observables for which there is a single
measurement, we take the values directly from the exper-
imental papers. For those observables for which there are
several measurements, possibly by different experiments,
we use the average values given by the Heavy Flavor
Averaging Group [5] or by the Particle Data Group [36]. All
the fits are done using the Minuit package [37] to find the
minimum χ2.

A. B → ρK� decays, isospin

As we saw in Sec. III A, once the EWP-tree relations are
taken into account, the four B → πK amplitudes can be
expressed in terms of four effective diagrams: T̃, C̃, and fPuc

(proportional to λðsÞu ) and fPtc (proportional to λðsÞt ). This
result also applies to each transversity component of the four
B → ρK� decays, making a total of twelve diagrams. This
corresponds to 23 unknown parameters, 12 magnitudes of
diagrams and 11 relative strong phases. From Appendix C
and the careful counting in Appendix F, we find that there
are a total of 26 measured independent observables in the
B → ρK� decay modes, so a fit can be done.
As only the differences of strong phases are measurable,

in the fit we set the strong phase of the T̃⊥ diagram to 0; the
strong phases of other diagrams are allowed to vary
between 0 and 360°. The results are shown in
Appendix D: we find an acceptable fit with χ2min=d:o:f: ¼
3.6=3 for a p-value of 0.31.
Even so, there is a problem here. As mentioned pre-

viously, one can estimate the relative sizes of certain
diagrams. In particular, as noted in Sec. III, it is expected
that jPuc=Ptcj < 0.5 [Eq. (18)]. But in Appendix D, we see
that

jfP0
uc=

fP0
tcj ¼ 229; jfPk

uc=
f
Pk
tcj ¼ 164; jfP⊥

uc=
fP⊥
tcj ¼ 240:

ð42Þ

One must be careful, as these are effective diagrams: fPuc ¼
Puc þ A and fPtc ≡ Ptc − 1

3
ðPPu

EW − PE
EWÞ [Eq. (24)]. We

expect fPtc ≃ Ptc, but A could be comparable to Puc in fPuc.
Even so, we expect jAj to be smaller than jPtcj, so that the
above results exceed expectations [Eq. (18)] by a factor of
at least ∼300.
With this in mind, we redo the fit putting a constraint on

jfPλ
uc=

fPλ
tcj. Because the ratio jPuc=Ptcj as calculated in

Ref. [24] is a rough estimate, and since there may be other
difficult-to-quantify hadronic effects associated with this

ratio, we impose the conservative constraint jfPλ
uc=

fPλ
tcj ≤ 1.

The results of the fit with this constraint are shown in
Appendix D. We find that the fit quality is considerably
worse: now χ2min=d:o:f: ¼ 26.1=3, for a p-value of
9.1 × 10−6. This corresponds to a 4.4σ discrepancy with
the SM and hints at a potential disagreement between the
theoretical expectations and the measurements. The observ-
ables that most contribute to the χ2 in this fit can be found in
Appendix E. We note that, in the B → πK fits of
Refs. [1,2,33], the best-fit value of jfPuc=fPtcj was also
larger than expected. There, this ratio was in the range
10–100.

B. B → VV decays, V ∈ fρ;K�g, SUð3ÞF
We now turn to the combined fit of all the B → VV

modes in which V ∈ fρ; K�g. Here the final state transforms
as ð8 ⊗ 8ÞS under SUð3ÞF. As we saw in Sec. III B, once
the EWP-tree relations are taken into account, the ampli-
tudes for the ð8 ⊗ 8ÞS B → PP decays can be expressed in
terms of seven effective diagrams: T̃, C̃, fPuc, Ã, and gPAuc

are proportional to λðqÞu , while fPtc and gPAtc are proportional

to λðqÞt . This applies to each transversity component of the
B → VV decays, so there are a total of 21 diagrams,
corresponding to 41 parameters (21 magnitudes of dia-
grams and 20 relative strong phases).
As can be seen from the ð8 ⊗ 8ÞS category of Table II,

there are eight ΔS ¼ 0 and eight ΔS ¼ 1 B → VV decays
in which V ∈ fρ; K�g. However, to date, only six ΔS ¼ 0
and five ΔS ¼ 1 decays have been measured. The available
experimental data in the ΔS ¼ 0 and ΔS ¼ 1 channels can
be found in Appendix C. Counting only the independent
observables, we see that there are 17 (29) observables
measured in the ΔS ¼ 0 (ΔS ¼ 1) modes. This means that,
contrary to the fits to the B → PP data performed in
Refs. [1,2], the individual ΔS ¼ 0 and ΔS ¼ 1 fits cannot
be performed as there are more unknown parameters than
there are observables.
On the other hand, the combined ΔS ¼ 0 and ΔS ¼ 1 fit

can be performed with the assumption of SUð3ÞF symmetry
(i.e., ΔS ¼ 0 and ΔS ¼ 1 decays are described by the same
diagrams). The results are shown in Appendix D. We find a
terrible fit: χ2min=d:o:f: ¼ 39.2=5. This corresponds to a p-
value of 2.2 × 10−7, or a 5.2σ discrepancy with the SUð3ÞF
limit of the SM. (We note that a sizeable disagreement with
the SM was also found in the combined fit of charmless
B → PP decays [1,2].) The largest contributions to the χ2

can be found in Appendix E.
In fact, the discrepancy with the SM is almost certainly

larger than 5.2σ. Recall that, in Sec. III, we noted that
jPuc=Ptcj < 0.5 is expected [Eq. (18)], but in B → ρK�

decays the ratios jfPλ
uc=

fPλ
tcj (λ ¼ 0; k;⊥) were larger than
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this by a factor of at least ∼300. When the constraint

jfPλ
uc=

fPλ
tcj ≤ 1 was imposed, the B → ρK� fit was found to

be in serious disagreement with the expectations of the SM.
In the case of the combined B → VV fit, we see that

jfP0
uc=

fP0
tcj ¼ 2.2; jfPk

uc=
f
Pk
tcj ¼ 4.5; jfP⊥

uc=
fP⊥
tcj ¼ 5.2:

ð43Þ

While these ratios are less extreme than those found in the
B → ρK� case, if the fit were redone with the constraint

jfPλ
uc=

fPλ
tcj ≤ 1 imposed, then one would clearly obtain a

larger discrepancy. It is true that this result assumes perfect
SUð3ÞF symmetry, but even so, it seems clear that there is a
serious problem here.

Ideally, one would add SUð3ÞF-breaking effects in a
complete and rigorous way in order to see how large they
would have to be to explain the data. However, such a study
goes beyond the scope of this analysis. Without this, the
best way to estimate the required size of the symmetry
breaking is to separate the data into ΔS ¼ 0 and ΔS ¼ 1
decays, perform independent fits, and then compare the
central values of the parameters. Unfortunately, since the
number of parameters largely surpasses the number of
observables, it is not possible to separate the two sectors.
An alternative to this decomposition is to add three
independent scaling factors (one per polarization) that
multiply the parameters for the ΔS ¼ 1 decays.
Including these breaking parameters and redoing the B →
VV fit with V ∈ fρ; K�g, we find that a breaking of 1400%
is required to get an acceptable fit, which we take to be a
p-value of 5%. This is largely driven by the breaking in the

TABLE IX. Observables forΔS ¼ 0 B → VV decays in which V ∈ fρ; K�g. Data labeled �, †, and †† are taken from Refs. [36,38,39],
respectively. The remaining data are taken from Ref. [5].

Decays Bþ → K�þK�0 Bþ → ρþρ0 B0 → K�0K̄�0 B0 → ρþρ− B0 → K�þK�− B0 → ρ0ρ0

BCP (×10−6) 0.91� 0.30 24.0� 1.9 0.68þ0.15
−0.14 28.0� 1.7 0.52þ0.83†

−0.58
0.96� 0.15

ACP −0.051� 0.054 0.00� 0.08� −0.2� 0.9††

SCP −0.18� 0.11� 0.3� 0.7††

f̃0 0.82þ0.13
−0.17 0.950� 0.016 0.61� 0.03 0.970þ0.015

−0.016 0.71� 0.06

f̃jj 0.170� 0.028

f̃⊥ 0.240� 0.028

TABLE X. Observables for ΔS ¼ 1 B → VV decays in which V ∈ fρ; K�g. Data labeled †, ††, and ††† are taken
from Refs. [15,18,40], respectively. The remaining data are taken from Ref. [5]. The entry labeled � is the error-
weighted average of the measurements from Refs. [15,41]. The tangent of the angles are used in the fits for better
convergence.

Observables Bþ → ρþK�0 Bþ → ρ0K�þ B0 → ρ−K�þ B0 → ρ0K�0 B0
s → K�0K̄�0

BCP (×10−6) 9.2� 1.5 4.6� 1.1 10.3� 2.6 3.88� 0.77 9.38� 0.48†††

ACP −0.01� 0.16 0.470� 0.058 0.21� 0.15 −0.06� 0.09
f̃0 0.48� 0.08 0.66� 0.04� 0.38� 0.13 0.173� 0.026 0.16� 0.01

f̃k 0.435� 0.045†† 0.34� 0.02

f̃⊥ 0.401� 0.040†† 0.500� 0.014
fav0 0.720� 0.029†

A0 −0.62� 0.13††

Ak 0.188� 0.043††

A⊥ 0.050� 0.042††

A0
CP 0.664� 0.088†

Ak
CP

−0.063� 0.140†

A⊥
CP 0.284� 0.149†

δ̃0 1.57� 0.20††

δ̃k 0.795� 0.074††

δ̃⊥ −2.365� 0.063††

δCP0 0.360� 0.092† 0.12� 0.09††

δCPk 0.239� 0.110† 0.014� 0.040††

δCP⊥ 0.206� 0.109† 0.000� 0.035††
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parallel component, but the breaking in the longitudinal
polarization also surpasses expectations, with a required
breaking of 500%. Both of these are far larger than the
∼30% SUð3ÞF breaking expected in the SM.

C. B → VV decays, V ∈ fρ;K�;ϕ;ωg, SUð3ÞF
The physical states ϕ and ω are admixtures of ω8 and ω1

and can be written as

ϕ ¼ ω8 cos θω þ ω1 sin θω;

ω ¼ −ω8 sin θω þ ω1 cos θω; ð44Þ

where

ω8 ≡ 2ss − uū − dd̄ffiffiffi
6

p ; ω1 ≡ uūþ dd̄þ ss̄ffiffiffi
3

p : ð45Þ

The ideal mixing angle θw ¼ arctanð1=2Þ ≈ 35.3°, so that ϕ
becomes pure ss̄ and ω becomes pure uūþ dd̄.
There are nineΔS ¼ 0 and nineΔS ¼ 1 B → VV decays

in which at least one V ∈ fϕ;ωg. Eight ΔS ¼ 0 and six
ΔS ¼ 1 decays of this type have been measured. The
available experimental data for the ΔS ¼ 0 and ΔS ¼ 1
channels are given in Appendix C.
As shown above, the physical ϕ and ω mesons are linear

combinations of the ω8 and ω1 states, which are part of the
octet and singlet of SUð3ÞF. The final states containing a ϕ
orω along with a ρ orK� meson correspond to the ð8 ⊗ 8ÞS
and 8 ⊗ 1 decays of Table II, whereas the final VV states in
which both V s∈ fϕ;ωg correspond to all three types of
decays of Table II.
For the ð8 ⊗ 8ÞS decays, there are seven independent

diagrams for each transversity component. For the 8 ⊗ 1
and 1 ⊗ 1 decays, there are four and two independent
diagrams for each transversity component, respectively.

TABLE XI. Observables for the ΔS ¼ 0 B → VV decays in which at least one V ∈ fϕ;ωg. Data labeled �, †, ††, †††, and †††† are
taken from Refs. [42,43,36,44,45], respectively. The remaining data are taken from Ref. [5].

Decays Bþ → ωρþ Bþ → ϕρþ B0 → ωρ0 B0 → ϕρ0 B0 → ωω B0 → ωϕ B0 → ϕϕ B0
s → ϕK̄�0

BCP (×10−6) 15.9� 2.1 1.5� 1.1� 0.8� 0.5† 0.09� 0.16� 1.40� 0.25†† 0.0� 0.3††† −0.04� 0.12� 1.14� 0.29
ACP −0.20� 0.09 −0.44� 0.44††††

f̃0 0.90� 0.06 0.87� 0.18†††† 0.51� 0.17

f̃jj 0.21� 0.11

TABLE XII. Observables for the ΔS ¼ 1 B → VV decays in which at least one V ∈ fϕ;ωg. Data labeled �, †, ††, and ††† are taken
from Refs. [43,18,46,47], respectively. The remaining data are taken from Ref. [5]. The tangent of the angles are used in the fit for better
convergence. Note that the angles given in [46] assume that δ0 ¼ 0, which has been taken into account in the fit.

Observables Bþ → ωK�þ Bþ → ϕK�þ B0 → ωK�0 B0 → ϕK�0 B0
s → ϕρ0 B0

s → ϕϕ

BCP (×10−6) 2.4� 1.0� 10.0� 1.1 2.04� 0.49 10.09� 0.49 0.27� 0.08 18.5� 1.4
ACP 0.29� 0.35 −0.01� 0.08 0.45� 0.25 −0.001� 0.041
f̃0 0.41� 0.19 0.50� 0.05 0.69� 0.11 0.497� 0.017 0.378� 0.013

f̃k 0.22� 0.21†

f̃⊥ 0.20� 0.05 0.10� 0.13† 0.224� 0.015 0.293� 0.010
A0 −0.13� 0.30† 0.003� 0.038††

Ak 0.26� 0.59†

A⊥ 0.3� 0.9† −0.047� 0.075††

jλ0j 1.02� 0.17†††

jλk=λ0j 0.78� 0.21†††

jλ⊥=λ0j 0.97� 0.22†††eδ0 −0.86� 0.77†eδk −1.83� 0.43† 2.562� 0.080††fδ⊥ 1.6� 0.7† 2.633� 0.072††

δCP0 0.03� 0.33†

δCPk 0.59� 0.30† −0.045� 0.071††

δCP⊥ −0.25� 0.46† −0.062� 0.062††

δk − δ0 2.463� 0.030†††

δ⊥ − δ0 2.769� 0.106†††
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This corresponds to 77 unknown parameters: 39 magni-
tudes of diagrams and 38 relative strong phases.
As was the case with B → VV decays in which

V ∈ fρ; K�g, the individual ΔS ¼ 0 and ΔS ¼ 1 fits
cannot be performed as there are more unknown param-
eters than there are observables. However, the com-
bined ΔS ¼ 0 and ΔS ¼ 1 fit can be done, and the
results are shown in Appendix D. With the addition of
decay modes in which at least one V ∈ fϕ;ωg, the
disagreement with the SMSUð3ÞF has increased signifi-
cantly: now χ2min=d:o:f: ¼ 130=20, for a p-value < 10−15,
or a discrepancy of > 7σ. The problem we saw in the
previous fit is even more pronounced here.
We note that, for the B → VV fit with V ∈ fρ; K�g, we

found χ2min ¼ 39.2, whereas when V ∈ fρ; K�;ϕ;ωg, we
have χ2min ¼ 130. Can we pinpoint the cause of this
dramatic increase in χ2min? It turns out to be a variety of
factors. Most observables measured in decays with at least
one ϕ or ω in the final state do not contribute significantly
to χ2min. Those that most contribute can be found in
Appendix E. We see that two observables that have a
particularly large χ2 contribution are BðB0 → ϕK�0Þ and
BðB0 → ωK�0Þ, each of which gives a contribution of over
20. The main effect of including in the fit B → VV decays,
in which at least one V ∈ fϕ;ωg, seems to be to increase the
tension with the other decays. To be specific, in these new
decays, fL ≪ fT is not observed, in contrast to some
decays in which V ∈ fρ; K�g. As a result, polarization
measurements in ΔS ¼ 1 B → VV decays with no ϕ or ω
have larger contributions to χ2min than before. For example,ef0 in B0 → ρ0K�0 now has a contribution of 10, whereas
before it contributed 1.9. In fact, the total contribution to
χ2min from polarization measurements in ΔS ¼ 1 decays is
around 20, compared to around 5 in the fit involving decays
with no ϕ or ω.

V. SUMMARY

Recently, B → PP decays (B∈ fB0; Bþ; B0
sg, P∈

fπ; K; η; η0g) were studied under the assumption of flavor
SU(3) symmetry [1,2]. Fits to the latest data were
performed, and it was found that the individual fits to
ΔS ¼ 0 or ΔS ¼ 1 decays are good. However, the
combined fit is very poor: there is a 4.1σ disagreement
with the SUð3ÞF limit of the Standard Model. A
comparison of the individual ΔS ¼ 0 and ΔS ¼ 1 results
suggests that SUð3ÞF is broken at the level of 1000%, far
larger than the ∼30%SUð3ÞF breaking expected in
the SM.
In this paper, we extend this analysis to B → VV decays,

in which V ∈ fρ; K�;ϕ;ωg. The methodology is the same
as for B → PP decays, except that the VV final state comes
in three helicities. That is, there are three times as many
unknown parameters in B → VV decays as there are in

B → PP decays. But there are also many more B → VV
observables, so that a fit can be done.
Three types of fits have been performed. First, B → ρK�

decays are examined, assuming only isospin symmetry. We
find that χ2min=d:o:f: ¼ 3.6=3, for a p-value of 0.31. This is
an acceptable fit. Second, we study all B → VV decays in
which V ∈ fρ; K�g assuming SUð3ÞF. There are not
enough observables to perform the individual ΔS ¼ 0 or
ΔS ¼ 1 fits, but we can do the combined fit. We find
χ2min=d:o:f: ¼ 39.2=5, for a p-value of 2.2 × 10−7. This
is a terrible fit: it corresponds to a 5.2σ discrepancy with
the SUð3ÞF limit of the SM. Finally, we consider B → VV
decays with V ∈ fρ; K�;ϕ;ωg. The fit gives χ2min=d:o:f: ¼
130=20, for a p-value <10−15, or a discrepancy of >7σ (!).
In these fits the parameter space is very large: there are

23 unknown parameters in the B → ρK� fit, 41 in B → VV
decays with V ∈ fρ; K�g, and 77 in the fit to the data for
B → VV, V ∈ fρ; K�;ϕ;ωg. With so many parameters,
how can we be sure that we have found the true minimum
χ2? Given the size of the parameter space, it was necessary
to do many crosschecks. We therefore repeated the fits
using codes written by three different people, always taking
tens of thousands of different starting points. The three fits
all found the same results.
The only theoretical input in our analysis is the neglect of

the Wilson coefficients c7 and c8. This approximation is
expected to be good to about 10%. Apart from this, our
results are rigorous, group theoretically, and hold exactly in
the SUð3ÞF limit. The only remaining theoretical task is
to examine SUð3ÞF breaking. It seems unlikely that the
introduction of ∼30% SUð3ÞF-breaking effects can account
for a > 7σ discrepancy with the SM, but this must be
checked.
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APPENDIX A: B → VV AMPLITUDES—
DECOMPOSITION IN TERMS OF RMES

In B → VV decays, the final-state vector V can be a
member of the SUð3ÞF octet 8 ¼ fρ�; ρ0; K��; K�0;
K�0;ω8g or the singlet 1 ¼ ω1. (The physical ω and ϕ
mesons are linear combinations of ω8 and ω1, see
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Sec. III B.) The VV final state therefore comes in three
categories: ð8 ⊗ 8ÞS, 8 ⊗ 1, or 1 ⊗ 1. Each category has its
own set of RMEs; these are defined in Eqs. (31), (33), and
(35), respectively. All B → VV decay amplitudes can be
decomposed in terms of RMEs. For the three categories of
decays, this decomposition is shown below in Tables III,
IV, and V, respectively.

APPENDIX B: B → VV AMPLITUDES—
DECOMPOSITION IN TERMS OF DIAGRAMS

The B → VV decay amplitudes can also be decom-
posed in terms of diagrams. For the three categories of
decays, ð8 ⊗ 8ÞS, 8 ⊗ 1, or 1 ⊗ 1, this decomposition is
shown below in Tables VI, VII and VIII, respectively.
Note that, even though we use the same symbols for the
diagrams in the ð8 ⊗ 8ÞS, 8 ⊗ 1, and 1 ⊗ 1 decay
amplitudes (T, C, etc.), they are different in the three
decay categories.

APPENDIX C: MEASURED B → VV
OBSERVABLES

Tables IX–XII present the data used in our analysis. The
data is separated between ΔS ¼ 0 and ΔS ¼ 1 decays, and
between the decays that have no ω or ϕ in the final state,
and those that have at least one of these particles. The
different observables are described in Sec. II C.

APPENDIX D: FIT RESULTS

Table XIII shows the best-fit values for the B → ρK�
decays using isospin symmetry. These same decays are also

studied with the additional constraint jfPλ
uc=

fPλ
tcj ≤ 1

(λ ¼ 0; jj;⊥), and the results are shown in Table XIV.
The B → VV decays, V ∈ fρ; K�g, are studied using the
SUð3ÞF symmetry, and the fit results are shown in
Table XV. Table XVI shows the best-fit values for the
B → VV decays, V ∈ fρ; K�;ϕ;ωg, with the assumption of
SUð3ÞF symmetry.

TABLE XIII. Results of the fit to observables in B → ρK� decays. The magnitudes of diagrams for the three
transversity components are allowed to vary freely, and the phases vary between 0 and 360°. We find
χ2min=d:o:f: ¼ 3.6=3, for a p-value of 0.31.

Parameter Best-fit value Parameter Best-fit value Parameter Best-fit value

jfT0j 45� 8 gjTkj 32� 11 jfT⊥j 23� 8

jfC0j 25� 4 jfCkj 14� 6 jfC⊥j 24� 4

jfP0
ucj 27� 4 jfPk

ucj 27.1� 3.4 jfP⊥
ucj 9.6� 1.5

jfP0
tcj 0.118� 0.035 jfPk

tcj 0.165� 0.023 jfP⊥
tcj 0.040� 0.027

δeC0
ð157� 14Þ° δeCk

ð332� 15Þ° δ eC⊥ ð203� 4Þ°
δfP0

uc

ð143� 14Þ° δf
Pk
uc

ð256� 13Þ° δfP⊥
uc

ð109� 23Þ°
δ eP0

tc

ð36� 23Þ × 10° δ e
Pk
tc

ð252� 12Þ° δ eP⊥
tc

ð139� 32Þ°
δeT0

ð299� 14Þ° δeTk
ð128� 15Þ°

TABLE XIV. Fit results for the B → ρK� decays in which we have fixed jfPλ
uc=

fPλ
tcj ≤ 1 (λ ¼ 0; jj;⊥). The phases

vary between 0 and 360°. We find χ2min=d:o:f: ¼ 26.1=3, for a p-value of 9.1 × 10−6.

Parameter Best-fit value Parameter Best-fit value Parameter Best-fit value

jfT0j 32.0� 1.5 j fTkj 24.6� 0.9 jfT⊥j 3.3� 3.3

jfC0j 6.4� 0.9 jfCkj 26.5� 0.8 jfC⊥j 1.4� 1.9

jfP0
ucj=jfP0

tcj 1.0� 0.6 jfPk
ucj=jfPk

tcj 1.0� 0.5 jfP⊥
ucj=jfP⊥

tcj 1.0� 0.9

jfP0
tcj 0.227� 0.018 jfPk

tcj 0.029� 0.016 jfP⊥
tcj 0.453� 0.021

δeC0
ð347� 9Þ° δeCk

ð36.8� 1.2Þ° δ eC⊥ ð27� 13Þ × 10°

δfP0
uc

ð6� 20Þ × 10° δf
Pk
uc

ð36� 29Þ × 10° δfP⊥
uc

ð32� 28Þ × 10°

δ eP0
tc

ð63� 7Þ° δ e
Pk
tc

ð36� 35Þ × 10° δ eP⊥
tc

ð3� 7Þ × 10°

δeT0
ð297� 10Þ° δeTk

ð216.7� 1.2Þ°
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APPENDIX E: SIGNIFICANT
CONTRIBUTIONS TO THE χ 2

In this appendix, we present the observables that
contribute the most to the χ2 for the three poor fits. To
be specific, we focus on the fits of B → ρK� with the

constraint jfPλ
uc=

fPλ
tcj ≤ 1, B → VV with V ∈ fρ; K�g, and

B → VV with V ∈ fρ; K�;ω;ϕg.
In Fig. 2, we present the observables that make the

largest contributors to the χ2 for the three fits. In general,
these observables make large contributions to only one fit.
For example, in the B → VV fit with ϕ and ω, the main
contributors are observables unique to this fit. Still, there
are two exceptions. fav0 ðBþ → ρ0K�þÞ appears in the
B → VV fits with V ∈ fρ; K�g and V ∈ fρ; K�;ϕ;ωg
(though its contribution to the second fit is more than

twice as large as that in the first fit). And δkCPðBþ →
ρ0K�þÞ also contributes to both SUð3ÞF fits. In fact, the
largest contributors fitted in both SUð3ÞF fits are all B →
ρK� observables.

APPENDIX F: RELATIONS
BETWEEN OBSERVABLES

The amplitude for any B → VV decay is expressed in
terms of three polarization amplitudes. Furthermore, each
polarization amplitude can, in principle, have two parts,
proportional to two different combinations of CKM matrix
elements. Therefore, the amplitude for a general B → VV

decay depends on six complex hadronic amplitudes, or 11
real parameters—six magnitudes and five relative phases.
However, in Ref. [14], it was shown that a time-dependent
angular analysis can be used in B → VV decays to isolate
as many as 24 observable angular coefficients. It was also
shown there that not all observable coefficients are inde-
pendent. Six relationships were identified. Still, there are
many more relationships between the observables mea-
sured in B → VV decays. Here we will identify several
additional relationships.
Let us consider the polarization fractions given in

Eqs. (8) and (10), and repeated here for convenience:

fλ ¼
jAλj2P
λjAλj2

; fλ ¼
jĀλj2P
λjĀλj2

; f̃λ ¼
1

2
ðfλ þ f̄λÞ:

ðF1Þ
These polarization fractions all satisfy the following
relationship: X

λ

fλ ¼
X
λ

f̄λ ¼
X
λ

f̃λ ¼ 1: ðF2Þ
Therefore, even though several combinations of the polari-
zation fractions can be measured, there are only four
independent observables among such measurements.
The CP-averaged branching fraction, BCP, defined in

Eq. (4), is another independent observable, and so is the
direct CP-asymmetry, ACP, defined in Eq. (6). However,
several additional observables used in our fits are not
independent. Similar to the polarization fractions, one can

TABLE XV. Fit results for the B → VV decays, with V ∈ fρ; K�g. The magnitudes of diagrams for the three
transversity components are allowed to vary freely, and the phases vary between 0 and 360°. We find
χ2min=d:o:f: ¼ 39.2=5, for a p-value of 2.2 × 10−7.

Parameter Fit result Parameter Fit result Parameter Fit result

jfT0j 16.9� 1.0 j fTkj 2.1� 1.4 jfT⊥j 2.7� 1.4

jfC0j 3.9� 1.0 jfCkj 1.0� 1.3 jfC⊥j 2.0� 1.2

jfP0
ucj 1.0� 1.1 jfPk

ucj 1.5� 1.4 jfP⊥
ucj 1.7� 1.3

jfA0j 3.4� 1.3 jfAkj 0.7� 1.2 jfA⊥j 1.3� 1.4

j gPA0
ucj 2.3� 1.0 j gPAk

ucj 0.7� 1.1 j gPA⊥
ucj 0.9� 0.9

jfP0
tcj 0.451� 0.028 jfPk

tcj 0.333� 0.027 jfP⊥
tcj 0.327� 0.027

jgPA0
tcj 0.20� 0.14 jgPAk

tcj 0.5� 0.4 jgPA⊥
tcj 0.62� 0.32

δeC0
ð70� 24Þ° δeCk

ð5� 8Þ × 10° δ eC⊥ ð8� 4Þ × 10°

δfP0
uc

ð23� 8Þ × 10° δf
Pk
uc

ð2� 6Þ × 10° δfP⊥
uc

ð10� 5Þ × 10°

δeA0
ð28� 33Þ° δeAk

ð18� 14Þ × 10° δ eA⊥ ð26� 7Þ × 10°

δgPA0
uc

ð20� 28Þ° δg
PAk

uc

ð19� 10Þ × 10° δgPA⊥
uc

ð26� 7Þ × 10°

δ eP0
tc

ð164� 18Þ° δ e
Pk
tc

ð45� 5Þ° δ eP⊥
tc

ð130� 4Þ°
δfPA0

tc

ð1� 5Þ × 10° δf
PAk

tc

ð16� 6Þ × 10° δfPA⊥
tc

ð24� 5Þ × 10°

δeT0
ð142� 20Þ° δeTk

ð22� 4Þ × 10°
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also measure the following polarization-dependent direct
CP asymmetries [see Eqs. (6) and (10)] and CP-averaged
polarization fractions [see Eq. (11)]:

Aλ
CP ¼ jĀλj2 − jAλj2

jĀλj2 þ jAλj2
; Aλ ¼

f̄λ − fλ
f̄λ þ fλ

;

favλ ¼ jAλj2 þ jĀλj2P
λðjAλj2 þ jĀλj2Þ

: ðF3Þ

Not all of these observables are independent. First, the three
Aλ’s and the three f̃λ’s are related as follows:

X
λ

Aλf̃λ ¼
1

2

X
λ

ðf̄λ − fλÞ ¼ 0: ðF4Þ

Second, ACP can be expressed as a sum of products of the
three favλ ’s and the three Aλ

CP’s as follows:

TABLE XVI. Fit results for the B → VV decays, with V ∈ fρ; K�;ϕ;ωg. The magnitudes of diagrams for the
three transversity components are allowed to vary freely, and the phases vary between 0 and 360°. We find
χ2min=d:o:f: ¼ 130=20, which corresponds to a p-value <10−15.

Type Parameter Fit result Parameter Fit result Parameter Fit result

ð8 ⊗ 8ÞS jfT0j 16.3� 0.9 j fTkj 2.9� 0.9 jfT⊥j 3.0� 0.9

jfC0j 4.2� 0.7 jfCkj 0.7� 0.9 jfC⊥j 1.8� 0.7

jfP0
ucj 1.4� 0.7 jfPk

ucj 1.2� 0.8 jfP⊥
ucj 1.2� 0.7

jfA0j 3.8� 0.8 jfAkj 0.7� 1.1 jfA⊥j 0.4� 0.7

j gPA0
ucj 2.6� 0.6 j gPAk

ucj 0.3� 0.9 j gPA⊥
ucj 0.2� 0.6

jfP0
tcj 0.563� 0.022 jfPk

tcj 0.418� 0.023 jfP⊥
tcj 0.406� 0.024

jgPA0
tcj 0.28� 0.05 jgPAk

tcj 0.36� 0.13 jgPA⊥
tcj 0.61� 0.09

δeC0
ð87� 17Þ° δeCk

ð13� 9Þ × 10° δ eC⊥ ð95� 26Þ°
δfP0

uc

ð22� 4Þ × 10° δf
Pk
uc

ð9� 5Þ × 10° δfP⊥
uc

ð12� 4Þ × 10°

δeA0
ð46� 23Þ° δeAk

ð23� 9Þ × 10° δ eA⊥ ð28� 27Þ × 10°

δgPA0
uc

ð36� 18Þ° δg
PAk

uc

ð24� 27Þ × 10° δgPA⊥
uc

ð21� 14Þ × 10°

δ eP0
tc

ð175� 9Þ° δ e
Pk
tc

ð143� 8Þ° δ eP⊥
tc

ð147� 7Þ°
δfPA0

tc

ð12� 25Þ° δf
PAk

tc

ð248� 13Þ° δfPA⊥
tc

ð264� 9Þ°
δeT0

ð150� 11Þ° δeTk
ð311� 22Þ°

ð8 ⊗ 1Þ jfT0j 8.3� 2.4 j fTkj 6� 6 jfT⊥j 4� 5

jfC0j 4.2� 1.8 jfCkj 0� 6 jfC⊥j 0.6� 1.4

jfP0
ucj 2.7� 1.0 jfPk

ucj 0.7� 1.1 jfP⊥
ucj 0.7� 1.2

jfP0
tcj 0.568� 0.022 jfPk

tcj 0.362� 0.028 jfP⊥
tcj 0.304� 0.026

δeC0
ð49� 26Þ° δeCk

ð25� 20Þ × 10° δ eC⊥ ð9� 21Þ × 10°

δfP0
uc

ð175� 29Þ° δf
Pk
uc

ð7� 21Þ × 10° δfP⊥
uc

ð23� 27Þ × 10°

δ eP0
tc

ð184� 10Þ° δ e
Pk
tc

ð150� 5Þ° δ eP⊥
tc

ð155� 6Þ°
δeT0

ð12� 5Þ × 10° δeTk
ð31� 10Þ × 10° δ eT⊥ ð20� 27Þ × 10°

ð1 ⊗ 1Þ jfC0j 3.7� 2.2 jfCkj 0.4� 2.9 jfC⊥j 0.5� 2.6

jfP0
tcj 0.7� 0.6 jfPk

tcj 0.8� 0.6 jfP⊥
tcj 1.1� 0.5

δeC0
ð12� 5Þ × 10° δeCk

ð0� 4Þ × 100° δ eC⊥ ð29� 33Þ × 10°

δ eP0
tc

ð253� 30Þ° δ e
Pk
tc

ð96� 28Þ° δ eP⊥
tc

ð134� 27Þ°
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ACP ¼ jĀj2 − jAj2
jĀj2 þ jAj2 ¼

X
λ

jĀλj2 − jAλj2P
λðjĀλj2 þ jAλj2Þ

¼
X
λ

Aλ
CP

jĀλj2 þ jAλj2P
λðjĀλj2 þ jAλj2Þ

¼
X
λ

Aλ
CPf

av
λ : ðF5Þ

Note that each Ai
CP (here i represents polarization) is

related to the magnitude jλij ¼ jĀi=Aij defined in Eq. (12),
as follows:

Ai
CP ¼ jλij2 − 1

jλij2 þ 1
: ðF6Þ

Finally, a polarization-dependent relationship exists
between favλ and f̃λ. Since in the absence of CP violation
these two quantities are expected to be equal to each other,
we expect their difference to be proportional to a CP-
violating observable. Indeed, we find that the difference is
proportional to ACP:

favλ − f̃λ ¼
jAλj2 þ jĀλj2
jAj2 þ jĀj2 −

1

2

�jAλj2
jAj2 þ jĀλj2

jĀj2
�
;

¼ 1

2

jĀj2 − jAj2
jĀj2 þ jAj2

�jĀλj2
jĀj2 −

jAλj2
jAj2

�
¼ ACPAλf̃λ:

ðF7Þ

Depending on the decay, a variety of different combi-
nations of observables are available from experimental
studies. In our fits, we count the number of independent
observables in each decay to obtain the corresponding
number of degrees of freedom. We found that the
number of independent observables available for our fits
in the B0 → K�0K̄�0, Bþ → ρ0K�þ, B0 → ρ0K�0,
B0
s → K�0K̄�0, and B0 → ωK�0 channels were, respec-

tively, three, nine, eleven, three, and eleven. In all other
decays, the measured observables available for our fits
were all independent.

FIG. 2. For each of the three poor fits, the figure shows the four observables making the largest contributions to the χ2 when evaluated
at the best-fit point (see Appendix D). We show five observables for the full SUð3ÞF fit since the contribution of the fifth largest
observable is larger than all the contributions to the B → VV fit with V ∈ fρ; K�g. For each observable, the shading identifies the fit(s) to
which it contributes, ranging from the darkest shade for the constrained B → ρK� fit to the lightest for the B → VV with ω and ϕ.
Diagonal hatching identifies observables that make large contributions to more than one fit.
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