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We investigate the emergence of thermalization in a quantum-field-theoretic model mimicking the
production of jets in QCD: the massive lattice Schwinger model coupled to external sources. Specifically,
we compute the expectation values of local operators as functions of time and compare them to their
thermal counterparts, quantify the overlap between the evolving density matrix and the thermal one, and
compare the dynamics of the energy-momentum tensor to predictions from relativistic hydrodynamics.
Through these studies, we find that the system approaches thermalization at late times and elucidate the
mechanisms by which quantum entanglement drives thermalization in closed field-theoretic systems. Our
results show how thermodynamic behavior emerges in real time from unitary quantum dynamics.
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I. INTRODUCTION

Understanding how isolated quantum systems evolve
toward thermal equilibrium is a central question in modern
theoretical physics. In quantum field theory (QFT), this
process—known as thermalization—is deeply intertwined
with the structure and dynamics of quantum entanglement.
While thermalization traditionally refers to the emergence
of thermodynamic behavior from microscopic dynamics,
recent advances have highlighted the crucial role of
entanglement in this process, suggesting that thermal
properties can emerge locally in subsystems purely through
unitary evolution, without any coupling to an external bath;
see [1,2] for reviews.
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This entanglement-driven perspective is supported by
studies of quantum quenches [3,4], holographic duality
[5-7], and the eigenstate thermalization hypothesis [8,9],
all of which point to entanglement as a key mechanism
underlying the apparent loss of information and emergence
of statistical behavior in closed quantum systems. In
particular, the spread of entanglement entropy in time-
evolving QFTs mirrors the growth of thermodynamic
entropy, raising profound questions about the nature of
thermalization in relativistic quantum systems and its
relation to quantum information. Similar behavior has been
confirmed in a variety of field-theoretic models [10-16].

Despite these insights, a comprehensive understanding
of how entanglement governs thermalization across differ-
ent regimes of QFT remains incomplete. For example, the
role of entanglement in strongly coupled versus weakly
coupled theories, and in integrable versus chaotic systems,
is still under active investigation.

In our previous papers [17,18], we addressed the real-
time dynamics of thermalization using the setup that
mimics the production of jets in quantum chromodynamics
(QCD). Namely, we considered a massive Schwinger
model coupled to external sources that appear at some
moment in time, and separate along the light cone. This
setup was originally proposed by Casher, Kogut, and
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Susskind [19]. For the (integrable) massless case, the exact
solution of this model was found in [20]. However, the
most interesting case of the (chaotic) massive Schwinger
model has to be studied numerically, and this can be done
using the lattice Hamiltonian real-time simulations.

These simulations reveal a number of interesting features
of the model. In particular, if we consider only a part of the
produced quantum system and focus on the entanglement
with its complement, we find that i) the entanglement
spectrum at late times becomes very dense, suggesting an
approach to a maximally entangled state in a subspace of
the full Hilbert space; and ii) the entanglement entropy at
early times follows the area law (expected for the ground
state in a gapped theory), but at late times approaches the
volume law, as expected for a thermal state. These results
hint at an approach to thermalization, but do not yet firmly
establish it.

In this work, we significantly extend our previous results
with the goal of elucidating the possible emergence of
thermalization in our lattice field-theoretic model.
Specifically, we evaluate the expectation values of local
operators as a function of time and compare them to the
thermal expectation values, compute the overlap between
the density matrix of the produced state and the thermal
one, and compare the evolution of the expectation value of
the energy-momentum tensor to the one predicted by
relativistic hydrodynamics. These different measurements
all point towards the emergence of an underlying thermo-
dynamic description. Our goal is to clarify the mechanisms
by which entanglement leads to thermal equilibrium in
field-theoretic systems and to provide a framework that
connects quantum-information-theoretic insights with tra-
ditional thermodynamic intuition.

This paper is organized as follows. In Sec. II we review
the key properties of Schwinger model and its lattice
formulation and explain how we perform numerical sim-
ulations. In Sec. III we study the effective temperature
emerging from different local observables. In Sec. IV we
discuss finding the effective temperature from the entan-
glement entropy of an interval in the middle of the system
and from thermodynamic entropy. In Sec. V we compute
the overlap between the reduced density matrix in the jet
system and a thermal density matrix to extract an effective
temperature from the entire state at once. In Sec. VI we
study the system behavior after removing the external
sources using the equations of ideal relativistic hydro-
dynamics. Finally, in Sec. VII we provide a conclusion and
outlook. Seven appendices provide technical details and
add more perspective on some of the questions discussed in
the main text.

II. LATTICE FORMULATION OF THE
SCHWINGER MODEL

Quantum electrodynamics in 1+ 1 spacetime dimen-
sions, known as the Schwinger model, is often used as a toy

model for studying phenomena of interest in QCD, includ-
ing jet fragmentation [17-21]. The idea, originally due to
Casher, Kogut and Susskind [19], is to model the jets with
two high-energy external sources that propagate back to
back and couple to the theory via the electric field they
produce. This electric field is dynamically screened by
quark-antiquark pair creation, that resembles fragmentation
of jets. In the Schwinger model this real-time process can
be explored either analytically (in the massless fermion
limit) [20,21] or numerically with Hamiltonian simulation
methods [17,18,22]. In the Hamiltonian formulation the
continuum version of the theory is given by

1
H= / dx {EEZ +w(=ir'or + gr' Ay + m)w + jiA |
(1)

where y is the single-flavor two-component fermion field,
A, is the U(1) gauge potential' and E = Fy, is the electric
field strength. m and g are the fermion mass and electric
charge, respectively; note that the latter has mass dimension
1 in 1 + 1 dimensions. jl, is the external source modeling
two jets propagating back to back along the light cone,
chosen as

Jex(x.1) = gld(x = 1) + 6(x + 1)]0(1), (2)
where we have set the point where the jets first appear as the
origin of spacetime.

To simulate the system numerically we have to discretize
it; to this end we use staggered fermions y; [23] and
completely integrate out the gauge field using Gauss’ law
which is possible for open boundary conditions.” We arrive
at the following Hamiltonian in the fermionic basis:

H(t) = Hy, + H,, + Hg(1), (3)
i N-1
Hkin = _%Z()(It)(wrl _)(:.H_l}(n)v (4)
n=1
N
=m Y (=1)"%hitn; (5)
n=1
a 2 N-1
2 Z +Lextn )2‘ (6)

n=1

Here, a is the lattice spacing and m and g are lattice mass
and coupling parameters which are not the same as the
continuum parameters in Eq. (1). L, is the dynamical

We have fixed the temporal gauge A° = 0.
*We work without a constant background electric field, in
other words 6 = 0.
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electric field on the nth link which may be expressed with
the help of Gauss’ law as

Ln - Ln—l = Qn = Ln = Z Qi’ (7)
i=1

using the charge operator Q; = )(j)(i +# The time-
dependent electric field, produced by the external sources

(2), reads
N
E) e

and it plays the role of a quench in our system.
Furthermore, the Hamiltonian can be mapped to a spin
basis via the Jordan-Wigner transformation; see
Appendix A for a short discussion and Refs. [17,18] for
more details.

In this work, we encounter the following observables:

A

—~ o~ —~ A N—-IN+1-2
0= {l/_/l//nﬂl/_ﬂ//nlpl//nJrk’Kn where n€ |:T7+T:| }’

©)

with the chiral condensate and kinetic energy density
operators given by, respectively

—~ (=) 1
— ==, 10
VW, o\ a3 (10)

. i .
Ky = =5 Cenitas — X ), (11)

and where the hat indicates that we are dealing with
quantum operators. / denotes the size of a representative
sample of sites sufficiently far from the boundaries.

To simulate jet fragmentation, we begin by initializing
the system in the ground state of the unquenched
Hamiltonian H(r = 0). Afterwards, we perform unitary
time evolution with the time-dependent Hamiltonian (3).
We are dealing with systems where the size of Hilbert space
is too large for a full diagonalization of the Hamiltonian,
thus we choose tensor network methods to simulate jet
fragmentation. Namely, we use a matrix product state
(MPS) representation of the quantum state with the density
matrix renormalization group method for ground state
preparation [24,25] and time-dependent variational princi-
ple for time evolution [26,27]. These methods have been
successfully applied to the Schwinger model previously to
study the spectrum, thermal properties and real-time
dynamics; see e.g. [28-31]. We use the ITensor Julia
library [32,33] for all tensor network calculations. Due
to the growth of entanglement during jet fragmentation the
bond dimension of the MPS increases with time, setting an

upper bound t,,, on how far one can simulate the
evolution. This implies a natural bound on the system
size, as the jets propagate at the speed of light, so it is

natural to use a system of size N z% We find that
the value of f,,, depends on the fermion mass m: for
smaller fermion mass, pair production is stronger and
therefore entanglement growth is faster, thus reducing
the time interval accessible to a reliable tensor network
simulation.

To compute reference thermal expectation values, we use
a combination of exact-diagonalization computations and
our [Tensor-based implementation of the purification algo-
rithm [34-36]. Detailed explanations and numerical extrap-
olations are presented in Appendix B. Throughout the
paper we express the temperature and other dimensionful
quantities in terms of physical units, defined by the mass of
the first excited state in the Schwinger model, namely the
pseudoscalar meson. We describe how to find its mass,
denoted by M, and perform an infinite volume extrapo-
lation for it in Appendix C.

In previous work [18], we observed equilibration of local
observables (chiral condensate and electric field energy) in
the central region of the system at late times. In the
subsequent sections, we will present strong evidence that
the system reaches a thermal state.

III. THERMALIZATION FROM THE LOCAL
OBSERVABLES

As explained in Sec. II, from the real-time simulation we
obtain the time-dependent wave function

W(0)) = Te O 0)), (12)

that can be used to find the expectation values of local
observables. For the purpose of extracting an effective
temperature, we compute the time-dependent expect-
ation values of operators belonging to the set (9),
namely chiral condensate, nearest-neighbor condensate
two-point function .y, and kinetic energy den-
sity, as

O(r) = (¥()|O¥(1)). (13)

We find that each of these local observables reaches an
equilibrated distribution in the central part of the
system, as shown in Fig. 1.

Comparing these local expectation values to the
temperature dependence of each of the observables O
(see Appendix B for details on extracting the thermal
expectation values, and in particular Fig. 15 therein)
allows us to infer an effective temperature T (7). This
procedure is illustrated in Fig. 2 in the case where the chiral
condensate is used as the observable. Notice that this
prescription always assigns an effective temperature to the
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FIG. 1. Spacetime dependence of the local chiral condensate
(left), kinetic energy density (center) and nearest-neighbor chiral
condensate two-point function (right) in a simulation with
N =100,9 = 0.5/a, m = 0.5¢. Equilibration in the central re-
gion is evident, up to fluctuations between even and odd sites due
to the staggering effects. Vacuum expectation values are sub-
tracted.

time-dependent expectation value of each operator, even if
the state is far from thermal. To achieve thermalization and
interpret the effective temperature as a physical temperature
of the subsystem, we require that all effective temperatures
extracted from different observables be the same and
independent of time.

To mitigate the effect of random fluctuations, we average
the local observables over L/2 physical lattice sites at the
center of the system. We experimented with different values
of L; all the results reported in this section correspond to a
representative value L = 10. The site-to-site fluctuations
allow us to estimate the uncertainty of the observable. For
any of the observables from the set (9) at a physical site
(summed over the two corresponding staggered sites)

hys
denoted as O5°, we define

2 s
O EZZ O, (14)
n=1
0.12 40.12

_0.10 {01
S
=008 [ N\ TR ! 40.08 =
< 0.06 ’ 006 T
= 0.04 : 10.04 >

0.02

0'000 10 20 30

t[1/Ms]

—0.02

. 'Tww(t)
0.
01020304050607
T [Ms]

FIG. 2. Visualization of the procedure to find the effective
temperature as a function of time from the time dependence of a
local observable, in the present case the chiral condensate
averaged over 10 lattice sites at the center of the system.
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FIG. 3. Effective temperatures in the jet simulation found from

the local observables, entanglement entropy, thermodynamic
relation (24) and maximizing the overlap between the jet reduced
density matrix and a thermal density matrix. The procedure to
evaluate temperature from the chiral condensate, kinetic energy
and nearest-neighbor condensate-condensate correlator is de-
scribed in Sec. III. Extraction of the effective temperature from
the entanglement entropy and the thermodynamic relation (24)
are described in Sec. I'V. Finding the temperature by overlapping
density matrices is discussed in Sec. V. The fermion coupling and
mass are g = 0.5/a, m = 0.5¢. Units of temperature and time are
derived from the meson mass M g corresponding to the energy of
the first excited state in the infinite-volume limit (see Appendix C
for details).

L
AO = (O™ — 0)2, 15
L/2—1 Z} (15)

where the second equation defines the standard error for a
sample. We evaluate the mean temperature as well as the
upper and lower limits of the uncertainty interval as T (O),
To(O + AO), To(O — AO), correspondingly.

The time dependence of the effective temperature
extracted from the three local observables for the system
with parameters g = 0.5/a, m = 0.5¢g is displayed in Fig. 3
along with temperature estimates based on the entangle-
ment entropy, which are described in Sec. IV, and the
temperature of the state with the greatest overlap with the
jet reduced density matrix, discussed in Sec. V. After time
t~30/M,, the temperature extracted from various local
observables is in agreement between observables within the
error bars, around 7/M, = 0.53 £ 0.02. Furthermore, as
will be discussed in Secs. IV and V and Appendix H, the
measures that go beyond local observables converge to the
same temperature values.

The parameters of the system, namely the fermion
mass and coupling, can have an effect on the effective
temperature and the dynamics of thermalization, for
instance the thermalization time. We study thermalization
at the level of local observables for a variety of fermion
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FIG. 4. Comparison of the dynamics of thermalization in the jet simulation from local observables at several values of fermion mass .
Temperature and time are expressed in the physical units, namely the pseudoscalar meson mass, as explained in the text. The fermion
coupling is g = 0.5/a in all cases. Thermalization at large fermion mass, m/g = 0.9, is slower compared to m/g ~ 0.5. For small fermion
mass, m/g = 0.2, due to computational cost we could not go to comparable physical times; however in the available time interval the
observables equilibrate to slightly different effective temperatures, indicating a lesser degree of thermalization compared to m/g ~ 0.5.

mass parameters3; see Fig. 4. The time interval accessible
to the simulation depends on the fermion mass. Namely,
a faster pair production rate for smaller m implies a
faster growth of entanglement and, correspondingly, the
bond dimension of an MPS representation with fixed
accuracy. As one can see in Fig. 4, none of the studied
mass parameters achieves the level of thermalization we
observed for m = 0.5g. The values of the effective
temperature extracted from various local observables are
slightly different, beyond the error bars. Nevertheless, as
the fermion mass increases, the effective temperature
decreases across the whole set of observables. This behavior
is expected as it reflects the fact that pair production is
suppressed for heavy fermions.

The slower thermalization rate at very large and small
values of the fermion mass is consistent with the fact that
the theory becomes integrable in both limits. At very large
mass, the Schwinger model reduces to a free fermionic
theory, while at zero mass it is related by the bosonization
duality to a free massive boson theory [37]. In either of
these cases we do not expect thermalization to occur.
Our findings reveal that m/g = 0.5 is at the interface of
the two regimes, sufficiently far from either of the inte-
grable regimes of the theory. However, increasing or
decreasing m/g from this value brings the system close

*In principle, one could also vary the coupling g, but this
would be equivalent to varying the lattice spacing a. Although it
is meaningful to vary a and study discretization effects by going
towards the continuum limit we leave it to future work.

to an integrable regime and we do not find strong evidence
of thermalization.

IV. THERMALIZATION IN ENTANGLEMENT
ENTROPY

Rapid thermalization at early stages of a heavy-ion
collision leading to the emergence of quark-gluon plasma
has not yet found a full explanation in QCD. Lattice QCD
studies, for example those estimating the heavy-quark
momentum diffusion coefficient [38—41], provide valuable
nonperturbative insight into thermalization dynamics, but a
complete understanding of the underlying mechanism
remains elusive. It has been conjectured that this rapid
thermalization mechanism may be related to quantum
entanglement. Our setup offers a unique opportunity to
access the dynamics of entanglement entropy and thermal-
ization at the same time, in a model closely related to QCD.

We begin by studying the dynamics of the entanglement
entropy of a subsystem consisting of an interval at the
center of the system, with its complement; this bipartition is
displayed in Fig. 5. The entanglement entropy is defined as

S(t) = —tra(pa(t) log pa(t)). (16)

where p (1) = trgp(t), p(1) = |w (1)) (w(r)| and tr; denotes
tracing over the degrees of freedom of subsystem i = A, B.

We find the spectrum of the reduced density matrix p,, also
known as Schmidt values, {4;}, from an MPS representa-
tion of the state in the way described in Appendix D.
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FIG. 5. The bipartition of the system used to study the
entanglement of the central region of length L (subsystem A)
with the complement (subsystem B). Subsystem A is centered
around the center of the system. N denotes the total system size.

We display the entanglement spectrum in a subsystem of
size L = 12 in Fig. 6. Throughout this section, we consider
the system with parameters g = 0.5/a,m = 0.5g and
N = 100. Because of the presence of a conserved charge,
namely the electric charge, each eigenstate of the reduced
density matrix has a particular charge. In Fig. 6 we organize
the eigenvalues into four different panels by charge sector.
In each charge sector we find that at early times, very few
Schmidt states contribute to the reduced density matrix,
reflecting that the subsystem is close to a pure state. At late
times, many more Schmidt states emerge and the sub-
system moves towards a maximally entangled state.

From the entanglement spectrum, it is straightforward to
compute the entanglement entropy as

S(t) ==Y Jilogh;. (17)

10 20

FIG. 6. Entanglement spectrum in four different charge sectors
for a subsystem of size L = 12 as a function of time, shown as the
logarithm for legibility. The total size of the system is N = 100,
and the fermion coupling and mass are g = 0.5/a,m = 0.5g.

0 10 20 30 0 10 20 30
t_tx[l/Ms]

FIG. 7. Top panel: time dependence of S(L) with time shifted
such that the jets cross the subsystem boundary at t — 7, = 0.
Matching of the initial shape of the curves is the signature of an
area law. Values of L are separated in the right and left panels due
to staggering effects. Bottom panel: vacuum-subtracted entan-
glement entropy per unit length, with the time shifted in the same
way as above. Different subsystem size curves reach a plateau at
late times at the same value of entropy density, signifying the
volume law of entanglement. The system parameters are
m =0.5g,9 = 0.5/a. Subsystems with L =2, 4 are found to
be too small to obey the area law and are excluded.

The external charges cross the boundary between subsys-
tems A and B at t, = L/2. This is the moment when the
entanglement entropy starts changing. Offsetting by the jet
arrival times, we find that the initial time dependence of the
entanglement entropy follows a universal behavior; see the
top panel of Fig. 7. It is a signature of the area law of
entanglement, characteristic for ground states and weakly
entangled states of gapped theories [42]. We find that this
behavior is different for even and odd L/2 due to the
staggering effects. After an intermediate stage of growth,
the entanglement entropy saturates at late times. By
subtracting the vacuum value of the entropy and rescaling
by the subsystem size, we find that the entanglement
entropy follows a volume law at late times, as shown in
the bottom panel of Fig. 7. As a volume law is expected for
a thermal state [43,44], this is further evidence of
thermalization.

An intriguing connection between the entanglement
entropy and Gibbs statistical entropy has been suggested
in a number of contexts, including high-energy particle
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collisions. Namely, the statistical entropy of the final state
has been proposed to originate from the entanglement
entropy of the initial state. [11,45,46]. The two entropies
have been found to be exactly equal in an analytical model
of pair production [47-49]. Motivated by this connection,
we attempt to interpret the previously described entangle-
ment entropy as Gibbs entropy, and extract the effective
temperature from it using the function T, inverse to S(7')
defined in Eq. (B3).

The uncertainty of the entropy-based effective temper-
ature is estimated by taking a sample of entanglement
entropy densities with L € [8,12]* for which we calculate
the mean and standard error:

6 _ vac —

W[ =

SEE =

IS (Spp(L =20) —S¥(L=20) _ \?
Aspp = 62( o —SEe | -

=4

The effective temperature resulting from applying the
function Tg to 5gr and the corresponding uncertainty
interval are shown in Fig. 3. It reaches a close agreement
with the universal temperature extracted from the local
observables, as explained in Sec. III. This is strong
evidence of thermalization as well as a direct connection
between the entanglement entropy and Gibbs entropy.

We can further explore this connection by recalling the
basic thermodynamic relation connecting energy density e,
pressure P, temperature 7 and Gibbs entropy density s in
equilibrium:

_€+P
=

(20)

In the jet simulation we have access to the energy density
and pressure, defined by the components of the stress-
energy tensor. Assuming an ideal fluid form, this reads

™ = eutu” — P(g" — u'u”). (21)

In the center of the lattice, where the two-velocity is u# =
(1,0) by symmetry, the energy density and pressure are
easily identified as [22]

2

1 _ g
ENj2 = T?vo/z = (Knjo +mypyy ) + Elﬁz\//z’ (22)

“This range is chosen based on the time dependence of the
entropy density. We find from Fig. 7 that for these values of L the
volume law is established towards late times and finite-volume
effects are not significant.

1 g
KN/Z 2 5Ly (23)

P N/2 — TN/2
where K, and yy,, are the local kinetic energy and chiral
condensate defined in Egs. (11) and (10), respectively.5

As we just showed assuming a one-to-one correspon-
dence between the Gibbs and entanglement entropy is
consistent with the late-time thermalization in the center of
the jet system. Thus, we use the entanglement entropy density
in place of the Gibbs entropy density to find the effective
temperature based on the thermodynamic relation (20):

en2+ Pnjo _ 2K /o + mpy iy

SEE ASEE

Ttherm = (24)

The resulting temperature is presented in Fig. 3 with the
uncertainties propagated from AK, Av and Asgp. When
thermalization at the level of local observables is achieved, the
thermodynamic temperature reaches the same values, con-
firming the emergence of a thermal state and the identification
between the entanglement entropy and Gibbs entropy. This is
the main result of our work.

Before moving on to other observables, let us mention
that inspired by the approach to maximal entanglement in
the symmetry-resolved entanglement spectrum, shown in
Fig. 6, one can study how thermalization interplays with
charge conservation. We report early progress in this
direction in Appendix E but leave a detailed study of this
question to future work.

V. OVERLAPS WITH THERMAL STATES

In the previous sections, we have observed thermal-
ization in the jet system at the level of local observables and
entanglement entropy. It is then natural to ask how close the
quantum state of the jet system is to a thermal state. In order
to make a meaningful comparison, we focus on a sub-
system A of size L of the jet system (see Fig. 5) described in
terms of a reduced density matrix p,. We measure the
distance of this reduced density matrix to thermal states,
characterized by density matrices pg, and determine a
temperature by selecting the thermal state closest to p,.
To measure the proximity of p, and pg, different metrics
can be used [50]. Two prominent measures of the distance
between states are the fidelity F and the trace distance D
[51,52]:

Fonrp) = (Vo) @9

*Notice that the computation of the energy density implies the
average over a few sites. However, relativistic corrections to
Eq. (22) due to the two-velocity #* remain small in the central
region, and we neglect them.
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D(pa.pp) = Tr< (Pa —,0/;)2)- (26)

However, both quantities require the calculation of square
roots, which can be numerically costly and challenging
with tensor network methods for larger subsystems. Hence,
we use two proxies for these metrics. Instead of the fidelity,
we compute the overlap between two mixed states as

Tr(papp)

. (27)
Trp; Tip;

f(PA,ﬂ/}) =

The overlap is one if p4 = py and can be easily computed
with tensor network methods if one has access to the
reduced density matrix and the thermal density matrix in
matrix product operator (MPO) form. To find an MPO of
the thermal state we begin with an MPS representation of
the purified thermal state. We refer the reader to
Appendix D for further details of our algorithm.

As a second measure, instead of using the trace distance
we consider the (square root of the) Hilbert-Schmidt (HS)
distance [53]

Dus(paspp) = \/ Tt[(pa = pp)°]- (28)
The advantage of this measure is that it can be computed
without diagonalizing the matrices, and therefore it is often
used as a cost function in learning and variational problems
[54-58]. Furthermore, the HS distance bounds the trace
distance from above [59]. In what follows, instead of using
the HS distance, we use its complement

dHS(.DA’pﬁ) =1 = Dys (PA,/)/}), (29)

such that dyg approaches 1 when p, =~ pg.

All results presented in this section are obtained for a
system with g =0.5/a, m =0.5g and Nj, = 100. Our
general procedure is the following: we take the jet wave
function at a given time and construct the reduced density
matrix of a subinterval L centered around the middle.
To compare the resulting mixed state to a thermal one,
we construct the thermal density matrix (of length
Nihermat = 12) which we subsequently trace down to match
the subsystem size L < Ngema Of the reduced density
matrix. Then we proceed to compute the overlap and HS
distance of the two objects. For a given reduced density
matrix, we scan a range of temperatures and select the
temperature where the normalized overlap is maximal (or
the HS distance minimized).

Figure 8 shows the maximum values of the overlap and
complement HS distance as functions of time. We see that
at early times the overlap is largest for the thermal state with
the largest f (f = 10) since the system is still in vacuum.
Upon switching on the sources agreement with thermal
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FIG. 8. Top panel: the temperature as a function of time
extracted from the maximal normalized overlap (right) and
minimal HS distance (left) for subintervals L = 4, 8 centered
in the middle. Bottom panel: the value of the metric at the
extremum shown in the top panel. For the thermal states we use
Nihermal = 12 and trace down to L.

states drops significantly since we are far from equilibrium.
Finally the two metrics start growing approaching one at
late times. This suggests that p, becomes more and more
similar to a thermal state as time passes, and the temper-
ature can be extracted from the pj state that maximizes the
metric. The average of the two temperatures at which the
overlaps are maximal for L =4, 8 is reported in Fig. 3,
labeled as “overlap,” with the error corresponding to the
standard error in such data set. We find that it converges to
the same value as the temperature found from the other
observables at late times.

We further investigate the local thermalization of the jet
system. To do this, we take the final spatial configuration of
the jet simulation and move the region A from the left site of
the lattice to the right, scanning the entire system. We also
vary the size of the interval A. The values of our metrics are
plotted in Fig. 9. We can see that the maximal values of the
metrics are always achieved in the central region of the
lattice, whereas they tend to decrease toward the boundary.
For the chosen time, the sources sit on the boundary sites
and the region near them did not have time to thermalize
yet. We note that the overlap remains close to maximal in a
broader spatial region compared to the complement HS
distance, which is due to the details of the metric functions
employed. The fact that the two proxies do not exactly
agree shows that thermalization is only partially achieved
outside of the central region.

In a special case L = 2, the reduced density matrix
admits a simple decomposition on a complete basis of local
operators with clear physical meaning, allowing us to
connect the results about thermalization observed at the
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FIG.9. Spatial cut at time ¢ ~ 40/ M. We move a subinterval of
size L =4, 6, 8 through the system. The x axis indicates the
center site of the subinterval. The left figure displays the maximal
normalized overlap with the thermal states (obtained as a reduced
density matrix of the subsystem of size L in a thermal system of
812 Niperma = 12). The right plot shows the complement of the
minimal HS distance.

level of local operators and thermalization from the density
matrix overlaps. These results are reported in Appendix F.

VI. HYDRODYNAMIC BEHAVIOR

This section addresses the time evolution of the jet
system using hydrodynamics. This effective approach is
commonly used to describe heavy-ion collisions and the
quark-gluon plasma formed therein, and has been remark-
ably successful; see for instance Refs. [60,61] for a review.
An intense discussion is ongoing concerning the regime of
applicability of relativistic hydrodynamics, as collective
effects consistent with hydrodynamic behavior have been
found in colliding systems composed of very few particles,
for instance the ones created in proton-nucleus collisions
[62,63], and even proton-proton collisions [64]; see [65,66]
for a review. The thermalization of the jet subsystem
detailed in the previous sections offers the opportunity to
compare the microscopic quantum dynamics with hydro-
dynamics and to test the effectiveness of the latter. Other
studies about hydrodynamics from simulations of quantum
systems can be found in Refs. [22,67].

Throughout this section, we refer to the jet simulation
results of the Schwinger model with g = 0.5/a, m = 0.5g
and N = 100. To compare quantum evolution with hydro-
dynamics, we first turn off the external sources at a time ¢,
chosen such that the system is in a quasithermal state, but
such that the jets are still relatively far from the boundaries
of the lattice; in practice, we choose 1, = 21.4/M,. This
step is motivated by the fact that the sources keep injecting
energy into the system and it would be complicated to
model them realistically in the hydrodynamic simulation;
once they are turned off, energy and momentum are
conserved, so hydrodynamics can be applied straightfor-
wardly. We use the ideal fluid form for the energy-
momentum tensor, Eq. (21), obeying the equations of
motion d, 7" = 0. To close the system of equations, the

I I T I L
0.20 ~_ : .
== 015} —
= 7 L2
z. 0.10:— :.' —1=6
i . —L=10
0.05 _ ," ==== Thermal EOS_:
L | ]
0.00
-0.2 -0.1 0.0 0.1

T [M5)

FIG. 10. Energy density versus pressure modeled with 7% and
T, respectively, during the jet simulation. Three different
subsystems with L = 2, 6, 10 are shown. We subtract the vacuum
values; hence, the curves start at the origin (f = 0) moving
initially to negative pressures before turning around and ap-
proaching the thermal equation of state (EOS). The diamonds
indicate t, ~21.4/M,. The arrows show the flow of time.

thermal equation of state P(7) is obtained with tensor
network methods, and we use standard thermodynamic
relations to write equations of motion in terms of 7'(¢) and
u,(t) only, i.e. the time-dependent temperature and the
spatial component of the two-velocity, in Cartesian coor-
dinates. Figure 10 shows the equation of state obtained
from the full simulation. Solid lines represent the evolution
of the energy density and pressure in time, which flows in
the direction indicated by the arrows. The thermal equation
of state is shown as a dashed line. We see that at small
times, the pressure grows negative, similar to, for example,
the empty MIT bag [68,69]. The negative pressure may be
associated with the presence of strings pulling fermions
together, or with the inward pressure resulting from the
partial destruction of the nonperturbative vacuum. Similar
behavior of the pressure at early times was also obtained in
holography [70-74]. After a while, the string breaks
forming fermion-antifermion pairs, which increase the
pressure. Eventually, this process brings the equation of
state closer to the thermal expectation. The time ¢, when we
initialize the hydrodynamic evolution is shown in Fig. 10
with highlighted markers, and we can see that at that stage
the equation of state is close to the thermal one. We notice
that these results are somewhat different from those
obtained in Ref. [22].

The equations of motion are solved using Fluid
uM [75-77], an accurate numerical scheme developed
for the phenomenology of heavy ions. The spatial grid
is chosen to reproduce the physical lattice of the tensor
network simulation, and the temperature is initialized from
the energy density profile at the switch-off time. The initial
two-velocity is u* = (1,0): we always consider the center
of the expanding jet system, which is at rest in good
approximation.
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FIG. 11. Energy density as a function of time for the central

physical region corresponding to N = 1, 3 and 5 sites. Solid
blue lines correspond to the jet simulation results, while dashed
orange lines are the results from Fluid uM.

Our results are reported in Fig. 11. We compute the
energy density for different sizes of the jet subsystem,
corresponding to N, = 1, 3, and 5 central sites. The solid
line is the result of the jet simulation, whereas the dashed
lines represent the results from Fluid uM.

We see that there is a rather good agreement between
Fluid uM and the jet simulation for some initial time, until
eventually the energy density of the jet simulation plateaus
and the hydrodynamic one decays to zero. This difference
allows identifying a sort of “freeze-out time” of the intrajet
medium, when the energy is effectively converted to final-
stage bound states. Indeed, the jet simulation takes into
account particle production and reaching the plateau in the
energy density represents the energy of the bound states
produced during the evolution. It cannot be reproduced by
hydrodynamics describing the system expansion in vac-
uum, where the medium is bound to become, eventually,
infinitely diluted. Although the simulation at hand does not
represent a heavy-ion collision, the observation of a freeze-
out in the intrajet medium is remarkable.

This preliminary study shows that a hydrodynamic
description of quantum dynamics is possible and qualita-
tively accurate up to the freeze-out stage. The initialization

time plays a crucial role, similar to what is observed in
heavy-ion simulations [78]. From this preliminary study,
different future directions are possible. For instance, it
would be interesting to study the effects of different
couplings and masses, the generation of sound and dis-
sipative modes and the explicit calculation of transport
coefficients, such as bulk viscosity, from real-time corre-
lators. These aspects will be addressed in a future
publication.

VII. CONCLUSION

The results presented above show how apparently
thermodynamical behavior in a driven closed quantum
system emerges in real time. Our setup mimics the
production of jets in high-energy physics. Although con-
ventional mechanisms of thermalization (due to rescatter-
ing of produced particles) are very unlikely to yield
thermalization in this process, experimental observations
point to thermal abundances of the produced hadrons. In
general, “early thermalization” is a salient feature of high-
energy inelastic hadron and heavy-ion collisions. Here, we
argue that this apparent thermalization is a direct conse-
quence of quantum entanglement.

We find that the expectation values of local operators as
functions of time approach their thermal counterparts.
Moreover, the overlap between the evolving density matrix
and the thermal one becomes very large at late times. The
dynamics of the energy-momentum tensor at the inter-
mediate stage of the evolution (after thermalization but
before the “freeze-out,” when the meson states are formed)
is well described by relativistic hydrodynamics.

The present study has been performed in the lattice
Schwinger model at finite lattice spacing. In the future, it
would be very interesting to perform a systematic con-
tinuum extrapolation of our results. Since this requires
significant computational resources, we will report it in
future work.

Our results elucidate the mechanisms by which quantum
entanglement drives thermalization in closed field-theoretic
systems, and how the thermodynamic behavior emerges
from unitary quantum dynamics. The approach to maximal
entanglement and thermalization in the fragmentation of
jets motivates new venues for experimental studies that
have already begun, with very promising results [79].
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APPENDIX A: SPIN BASIS

There is a direct mapping of fermionic degrees of
freedom onto qubits in 1 4 1 dimensions. It is given in
terms of the Jordan-Wigner transformation

X, —iY¥, =, .
An = #H(—sz). (A1)
j=1

In this formulation the Hilbert space is (C?)®", arranged in
a one-dimensional lattice with spin 1/2 at each of N sites.
X, Y; and Z, are Pauli operators acting on the ith site. With
such a transformation the kinetic and mass terms of Eq. (3)
become

| Nl
Hyin = EZXnXIH»l + Y Yoi,

n=1

(A2)

N
(_l)nzn’

n=1

H, = (AS)

NE

and the electric charge operator is Q; = % The local
operators comprising the set O in Eq. (9) are expressed in
the spin representation as

—~ Z
v, = (—1)" = A4
py, = (=1)" 5 (A4)
A X, X Y,Y
Kn _2n n+1 + n n+1. (AS)

da

With an eye towards a future implementation on a
quantum computer, we perform some of our simulations
directly in the spin basis. Namely, we choose to do all the
finite-temperature calculations, either with exact diagonal-
ization or with tensor networks, in the spin basis. Of course,
the results do not depend on whether one uses the fermion
or spin representation.

APPENDIX B: THERMAL EXPECTATION
VALUES

1. Exact diagonalization

Thermal expectation values of local operators can be
obtained in the lattice Schwinger model using different
Hamiltonian approaches. For sufficiently small systems,
the exact spectrum of the Hamiltonian can be obtained
using exact diagonalization:

H|En> = En|En> (Bl)
Note that here we discuss thermal properties of the
Schwinger model without external sources, and the corre-
sponding Hamiltonian in the charge O sector is given by
Eq. (3) at t = 0. For nonzero total charge Gauss’ law should
be resolved differently in order to preserve CP symmetry.
We refer the reader to Appendix G for the formulation of
the electric field Hamiltonian used in a general charge
sector.

A thermal expectation value of an operator O is con-
structed by summing up contributions from all the eigen-
states with the Boltzmann weights:

_ e ™E,|OIE,)

<O>T Zne_E"/T = Tr(/)TO)v (BZ)
where the Boltzmann constant is set to unity and in the last
equality we defined the thermal density matrix pr = %

The U(1) symmetry of the Hamiltonian can be leveraged to
reduce the computational cost by working in fixed charge
sectors. If Q0 =>"N 0, is the operator of the total
system’s charge, the Hamiltonian is block-diagonal in
the fermionic occupation basis with each block correspond-
ing to a different value of (Q) = Q*. Thus, one can work in

the Hilbert space of dimension (N / Q;Q) in the correspond-

ing charge sector instead of dealing with the full Hilbert
space of dimension 2. We focus on the grand canonical
ensemble with the chemical potential g =0, which
amounts to summing over all the charge sectors. The
reason is that even though the full system with two jets
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stays charge neutral during the entire evolution, we are
interested in the subsystem located at the center, where the
charge can fluctuate.

Even using the block decomposition of the Hamiltonian
the exact diagonalization method is computationally
demanding. Due to hardware limitations we only use it
for N up to 14. As the correlation length is of order of a few
lattice steps one may worry that boundary and finite-
volume effects affect the observables in the bulk of the
system with such a limited system size. We confirm this at
this end of this appendix, and refer the impatient reader
to Fig. 15.

With exact diagonalization one can also find the temper-
ature dependence of the Gibbs entropy in a straightforward
way:

S(T) = =Y _pu(T)1og p,(T) (B3)

where p,(T) = e %/T/Z are the Boltzmann weights.

For the purposes of finding the full spectrum of the
Hamiltonian the largest volume we managed to access
within our resources is N = 18. It is thus important to
consider a thermodynamics extrapolation. We consider
several values of the system volume in the range
Ne[8,18] and perform a linear extrapolation of the
Gibbs entropy density in % shown in the bottom panel
of Fig. 12. Similar to finite-volume effects for the local
observables, we find that they are the strongest at low
temperatures. The top panel of Fig. 12 displays the
temperature dependence of the Gibbs entropy for different
system sizes as well as its infinite-volume extrapolation.
For the purpose of extracting the effective temperature we
use the function Ty inverse to the infinite-volume-extrapo-
lated S(T).

Note that while all observables are spatially uniform,
finite lattice spacing and open-boundary conditions break
translation invariance. In all our thermal computations, we
mitigate these effects by considering [/2 =3 physical
lattice sites at the center of the lattice and performing an
average.

2. Purification and MPS

In order to address the finite-volume issue we perform
finite-temperature tensor network simulations for larger
system sizes. We use the purification method to extract
thermal expectation values of local observables [34-36]. A
thermal system is described in terms of a density matrix
rather than a state vector. In the tensor network language it
is represented by an MPO rather than an MPS. However,
there is a mapping between state vectors in a D?-dimen-
sional Hilbert space and operators, particularly density
matrices, in a D-dimensional Hilbert space. The idea of the
purification method is to represent a thermal density matrix
with a state vector in an enlarged Hilbert space. All
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FIG. 12. Top panel: Gibbs entropy density for different values of
the system size N as a function of temperature obtained with exact
diagonalization as explained in the main text. Bottom panel: linear
extrapolationin 1 /N of the Gibbs entropy density for several values
of the temperature. The intercepts with the y axis correspond to the
infinite-volume extrapolation and are used in the top panel. The
fermion coupling and mass are g = 0.5/a, m = 0.25/a.

manipulations, such as state preparation, (imaginary or
real) time evolution and computing observables, can be
performed at the level of the state vector with well-
established MPS techniques. The density matrix of a
thermal state can be recovered as a reduced density matrix
corresponding to the original Hilbert space.

Let us focus on a spin system for clarity. In order to
describe a thermal state in Hilbert space H of N qubits, one
considers an enlarged Hilbert space H = H ® H’ where
H' has the same dimension 2" as H and is called the ancilla
space. The product state of Bell states

B0y — & 1LY+ 1)1,
¥(0)) = &

yields a maximally entangled state when traced over H’ and
thus is a purified description of a density matrix at the
inverse temperature f§ = 0. By construction, it is naturally
represented as an MPS of bond dimension 1 and thus the
MPS representation is very efficient. To obtain a state
describing the system at finite temperature, an imaginary
time evolution is necessary:

(B4)

e PIR(0)),

$(p)) =
¥(5) JZ0)

(BS)
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where the Hamiltonian in the enlarged Hilbert space acts
nontrivially only on the physical space,

and

Z(p) = (#(0)|e (0)). (B7)
This imaginary time evolution can be performed with a
variety of methods designed for MPS, in particular in this
work we use the time-dependent variational principle. With
an MPS representation of a thermal state the expectation
values of local operators are found using a contraction with
an MPO representation of the corresponding operator in the
enlarged Hilbert space:

(), = (¥(5)|Oy ® L ¥(p).  (BY)

As one of the checks that the purification algorithm is
working correctly we analyze how well it matches against
exact diagonalization. With the latter the largest system size
that we simulated is N = 14. Access to the exact result
allows us to examine systematic uncertainties of purifica-
tion and study how they can be reduced.

Purification algorithm possesses systematic errors typ-
ical for any tensor network method involving time evolu-
tion: error from a finite time step and error from truncating
the MPS at a given bond dimension [or at a given singular-
value decomposition (SVD) eigenvalue]. Other uncertain-
ties, such as finite-volume and finite lattice spacing effects,
will not be of interest to us in this subsection as we are
comparing two descriptions of the same lattice system with
a fixed volume and lattice step.

Finite time-dependent variational principle time step
errors include Trotter errors that grow with the time step
size ot and projection errors that grow with the number of
time steps. Therefore, for the optimal result one needs to
maintain a balance between the two errors and take ot that
is neither too large nor too small. For this reason, we keep
ot finite, probing several different values, and find the range
of 6t such that an observable can be efficiently fitted using a
second-order polynomial:

J(6t) = fo + f16t + fr6¢. (B9)
Here f can stand for any observable; as explained in the
main text we focus on the chiral condensate, kinetic energy
density and the condensate two-point function. f repre-
sents the 6t — 0 extrapolation of the observable.

This procedure is demonstrated in Fig. 13 for the chiral
condensate at temperature 7 = 0.2/a, where we also
present a comparison to the exact diagonalization and
investigate the effect of varying the bond dimension of
the MPS. In the main text, we always use such values of the

N=14,T=0.2/a
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FIG. 13. Comparing purification to ED using the chiral con-

densate yy (with the vacuum value subtracted) as an observable.
Purification results for various fixed bond dimension values y are
shown against the imaginary time evolution time step ot.
Quadratic fits in ¢ are performed to extrapolate to &t — 0.
The extrapolation greatly improves the agreement with the exact
result. Simulations with the bond dimension larger than 100
coincide with the one with 100, so at y = 100 the MPS truncation
error is already negligible.

bond dimension that the results are converged. As one can
see, even before the Trotter step extrapolation purification
produces results in very good agreement with the exact
diagonalization results. Trotter step extrapolation allows to
further improve this agreement to a relative error ~107%,
In Fig. 14 we present evidence of the agreement between
exact diagonalization (ED) and tensor network methods
(TN), improved by the Trotter step extrapolation, extending
across the set of local observables and the range of
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FIG. 14. Local observables (chiral condensate s, kinetic
energy density K and nearest-neighbor condensate-condensate
correlation function yyyy) obtained with ED and the purifica-
tion algorithm realized with TN shown as a function of temper-
ature. Inset: logarithm of the absolute value of the difference
between ED and TN.
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FIG. 15. Average values of local observables (top panel: chiral
condensate; middle panel: kinetic energy; bottom panel: con-
densate two-point function) at the center of the system as a
function of temperature for two different values of the system size
N. N = 14 is the largest system size studied with exact diago-
nalization. N =40 results are calculated using purification
algorithm with TN. The vacuum expectation value is subtracted.
The fermion charge and mass are g=0.5/a,m =0.25/a.
Temperature is expressed in units of the pseudoscalar meson
mass; see Appendix C for more details.

temperatures that we study. It confirms the validity of the
purification method used throughout this study.

Finally, we confirm that the size of the finite-volume
correction is not too large. We show in Fig. 15 a
comparison between results obtained on a lattice of size
N = 14 and N = 40. The disparity between the results is
found to be moderate, thus the finite-volume effects can be
assumed small at N = 40.

APPENDIX C: PSEUDOSCALAR MESON MASS

In the main text dimensionful quantities are expressed in
terms of a physical (pseudo)scalar mass Mg in order to
facilitate the comparison between systems with different
values of the fermion mass m. The scalar “meson” with
zero momentum is the first excitation in the spectrum of the
lattice Schwinger model, and thus its mass can be readily
extracted as the energy of the first excited state [80,81]. Ina
lattice system it receives small finite-volume corrections.
As we work with a variety of system sizes, we found it most
convenient to normalize the results with respect to the
infinite-volume extrapolation of the scalar mass.

We have found the energies of the ground state and the
first excited state for several different values of the system
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FIG. 16. Masses of the first excited states shown for a variety of
fermion mass values m as functions of the inverse square of the
system size N. Linear fits for the infinite-volume extrapolation
are shown as dashed lines. Infinite-volume-extrapolated values
are subtracted. The fermion coupling is g = 0.5/a.

TABLE 1. Scalar masses M, for a variety of fermion mass
values m. Infinite-volume extrapolation is performed; see Fig. 16
and discussion in the text. The fermion coupling is g = 0.5/a.

0.325 0.45
0.939 1.177

m[1/a] 0.1 0.18 0.25
MJl/a] 0518 0667  0.798

size N using the density matrix renormalization group. For
the infinite-volume extrapolation we use the fit [28]

M(N) :MS(oo)—l—%—i— 0(%). (C1)

As can be seen from the results, displayed in Fig. 16, this fit
describes the data very well and thus we obtain a reliable
estimate of the infinite-volume limit of the scalar mass,
presented in Table I. Note that we do not attempt to do a
continuum extrapolation as throughout the paper we work
exclusively with the lattice version with the same value of
lattice spacing as the one used to find the meson mass.

APPENDIX D: ENTANGLEMENT SPECTRUM
FOR THE CENTER OF THE CHAIN

The entanglement spectrum of a subregion A of size L in
the center of the lattice can be obtained with a numerical
effort that scales like y°, where y is the bond dimension.’
We illustrate this procedure in Fig. 17 using tensor network
diagrams.

(1) Select a subregion A and choose the center of
orthogonality of the MPS to lie within this sub-
region. This achieves that all the tensors to the left/
right of A are in left/right canonical form; this is

®We thank S. Carignano, for pointing this out to us and
A. Bulgarelli and L. Tagliacozzo for further explanations.
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FIG. 17. Procedure to compute the entanglement spectrum for a
central region of the spin chain. Diamonds in the first line
illustrate the fact that the center of orthogonality is chosen within
A. Latin indices refer to the “physical” dimension of A and run
from 1 to 2% for A comprising L sites. Greek indices run over the
“virtual” space and take values between 1 and the bond
dimension 2.

illustrated by drawing diamonds for the tensors
outside of A.

(2) Drop the tensors outside of A. It will be useful to think
about the resulting object ¥, as a map between the
physical Hilbert space H#, dim(H*) = 2L and the
“virtual space” of dimension V, dim())) = »2. Latin
letters are used to denote physical indices and Greek
letters are used for virtual indices.

(3) Construct the outer product ¥5, ¥/

(4) An MPO representation of the reduced density
matrix is shown on the left-hand side of the last
row of Fig. 17. It is simply obtained by tracing over
the virtual indices. One can in principle obtain the
spectrum from this object by performing an SVD
(SVD;y), but this scales exponentially in the system
size O(2°F). Fortunately, the object drawn on the
right-hand side of the row, obtained by contracting

the physical indices, ie. W), has the same

nonzero singular values. Computing the SVD of
this object only scales as O ().

APPENDIX E: SYMMETRY-RESOLVED
ENTANGLEMENT ENTROPY AND
THERMALIZATION BY CHARGE SECTOR

Due to charge conservation in the Schwinger model each
eigenstate of the reduced density matrix p, has a definite
charge Q. Therefore, the entanglement spectrum can be
resolved by symmetry sectors:

_J M2 oo
{4} = {Q_L—JL/Z/% }

The reduced density matrix is then written as a direct
sum over the symmetry sectors:

(E1)

L2

p= @D pro
0=-L/2

(E2)

Let us define a normalized version of p,, namely p, such
that Trpy, = 1 with p = TLW p. The entanglement spectrum
undergoes the same renormalization:

(E3)

Then, one can define the symmetry-resolved entanglement
entropy in charge sector Q:

So = —ZZIQ log 2¢. (E4)

The symmetry-resolved entanglement entropy has emerged
in recent years as a powerful tool to study the interplay
between quantum entanglement and symmetries of a
theory, both in many-body systems (see e.g. [82,83])
and in quantum field theories [84,85]. In the context of
our work, we are interested in the interplay between the
U(1) symmetry of the Schwinger model and thermal-
ization. Below, we study if thermalization found in the
full entanglement entropy is reproduced at the symmetry-
resolved level.

We begin by studying the emergence of volume-law
scaling in the evolution of the symmetry-resolved entan-
glement entropy in the jet system. Focusing on the charge
sectors Q = 0, 1, 2, 3 (we find that due to the symmetry of
the quench the entanglement spectra in sectors +Q and —Q
are equivalent), we present the results for the vacuum-
subtracted S, rescaled by the subsystem volume in Fig. 18.
The volume law is clearly reached at late times in the
0 =0, 1, 2 sectors. In the Q = 3 sector the fluctuations
make it challenging to reach a conclusion about the
volume-law behavior. It may be related to the fact that
the L = 8, 12 subsystems do not possess sufficiently many
states with charge Q = 3.
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[S_Svac]/L
[S—Syeel/L

[S_Svac]/L

1=t,[1/M;]

FIG. 18. Emergence of the volume law in the time evolution of
the symmetry-resolved entanglement entropy in the charge sectors
Q0 =0, 1, 2, 3. Vacuum values of the entanglement entropy are
subtracted, the result is rescaled by the subsystem size and time is
shifted as explained in the text describing Fig. 7. The Q =0,
1 sectors exhibit features similar to the full entanglement entropy, to
which they provide dominant contributions (along with Q = —1
whichisthesameas Q = 1).Inthe Q = 2 sector one can see that the
volume law is approximately satisfied almost from the beginning.
On the contrary, in the Q = 3 sector we do not find the volume law
in small subsystems (which can be attributed to the fact that there
are only a few states with Q = 3 in these subsystems).

We can also study the effective temperature extracted
from the symmetry-resolved entanglement by assuming an
equivalence between the symmetry-resolved entanglement
entropy and Gibbs entropy by charge sector, defined as

Sgibbs = - Z Pg log Pr%

where p¢ = e Ei/T) Z are the (renormalized) Boltzmann

weights in the charge Q sector; Zp =", e BT As
before with the full Gibbs entropy, we access it from exact
diagonalization for a variety of (small) system sizes N and
perform a linear extrapolation in 1/N. Using the inverse of
88 (Tnoee a8 T(S2), we extract the effective temper-
ature from each symmetry sector from a sample of
subsystems with L € [8,12] as is done in Sec. IV for the
full entropy. The results are presented in Fig. 19.

We note that in the charge-0 sector the effective temper-
ature follows closely the one obtained from the full
entanglement entropy. While in the Q =1, 2, 3 sectors
the temperature also increases with time, it is lower than
the temperature in Q = 0 sector. It would be very interest-
ing to find a physical reason for this, and we leave it for
future work.

(ES)

—
—AllQ

_04f
PR
= 03]

0.2S

0.1F

10 20 30

t[1/Mi]

FIG. 19. Effective temperature extracted from the time evolu-
tion of the symmetry-resolved entanglement entropy in different
charge sectors. The infinite-volume extrapolated Gibbs entropy is
used to extract the temperature. The black (top) line corresponds
to the full entanglement entropy and is the same as the black
(bottom) line in Fig. 3. The Q = 0 symmetry-resolved temper-
ature turns out to be very close to the full entropy temperature,
while in the charged sectors the effective temperature is lower.

APPENDIX F: OVERLAPS OF DENSITY
MATRICES AT L=2

In a small subsystem with L = 2 the density matrix can
be expanded in a complete basis of local operators with an
intuitive physical meaning. The corresponding Hilbert
space is four-dimensional and thus the density matrix is
4 x 4. However, the presence of a conserved electric charge
yields a significant simplification: the density matrix
becomes block-diagonal with a 2 x 2 block corresponding
to the charge-0 sector and two single diagonal entries,
corresponding to charge 1. Thus the density matrix for a
subsystem consisting of sites n and n + 1 can be expanded
in a complete basis of six local operators, namely

O — {l Vo +0Wait Ou+ Quit
2’ V2 CoVv2
21/_/,i//nli/,i//n+ls \/EKn» \/E'In}’ (Fl)

where to complete the basis we introduced the local electric
current operator J, = — 1 (yix,11 + xh, 14,)- The normali-
zation of the operators is chosen so that they form an
orthonormal basis:

2(2) H(2
Te(OP OV = 5. (F2)
Then the coefficients of the expansion of the subsystem
density matrix are given by the expectation values of the

operators in the corresponding state:
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6
p=> (07,00 (F3)

i=1

The overlap between the reduced density matrix in a jet
system p,, and a thermal density matrix in a system with
N =2 sites pg can now be computed as

6 (O, (0%,

f(py/’ pﬁ) = = l .
VI, (07,130, ((02),)?

Note that due to the charge-neutral and time-independent
nature of a thermal state (Q; + Q,); = (J); =0, in the
above equation the indices i and k do not assume the values
3 and 6.

In Fig. 20 we display how the overlap of an evolving jet
subsystem (that consists of sites number 49 and 50) with a
thermal state depends on time and on the temperature of the
thermal state. At late times the maximal values of overlap
reach values very close to 1. The maximal overlap and the
temperature of the corresponding thermal state are shown
in Fig. 21 where they are also compared to the values found
for the same subsystem with the method used in the main
text, namely by contracting the MPOs directly instead of
using local observables. The two methods are in perfect
agreement.

Note that while a complete understanding of the density
matrix in terms of local observables with a clear physical
meaning is feasible for an L = 2 subsystem, it becomes
impractical for larger subsystems. In particular, for L = 4
the density matrix is 16 x 16 and consists of five blocks in
different charge sectors, namely 6 x 6 in charge 0, 4 X 4 in

(F4)

30 -
. =
25 R
Q

20 — '

= ] S~
= 15 '_I(
=
10 B8O
o
N

10 =
1.

BI1/Ms]

FIG. 20. Overlap of a reduced density matrix obtained from the
jet system state |¥(#)) for a subsystem with L = 2 (namely, the
subsystem consisting of sites number 49 and 50) with a thermal
state py as function of 7 and f3, shown as a logarithm of deviation
from 1 for visual clarity.

065 o I T T

basis decomposition 3

= inner product

-1.6}
~1.8F

10g10(1 _frnax)
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o o o

O T

10 20 30
t[1/Ms]

FIG. 21. Top panel: time dependence of the temperature of the
thermal state with maximal overlap with the reduced density
matrix for a jet system describing the subsystem of sites number
49 and 50. Bottom panel: the log of the difference between the
maximal overlap and 1. In both panels, the dashed red lines refer
to the overlaps found from comparing local observables, as in
Eq. (F4). The solid black lines refer to the overlaps found from
Eq. (27) by taking inner products of MPOs; see the discussion in
Sec. V of the main text. The two methods produce identical
results, providing a cross-check of the validity of both.

charge 1 and single entries in charge +2. Overall, 70 local
operators are necessary to decompose a general L =4
density matrix. While it may be possible to assign physical
meaning to all these operators, it is a tedious task that we
leave for future work. Computing the overlap via a product
of MPOs does not require understanding the basis decom-
position of density matrices, and thus we employ this
method for systems with L > 4 in the main text.

APPENDIX G: CP-SYMMETRIC HAMILTONIAN
IN GENERAL CHARGE SECTOR

The Gauss’ law solution for the electric field given in the
second equation of Eq. (7) is defined with the total charge
Q = 0 in mind. Evidently at a nonzero net charge in this
definition there is an asymmetry between the zero electric
flux entering the system on the left and flux Q exiting it on
the right. This breaks the CP symmetry of the Hamiltonian.
In order to restore it, we redefine the electric field as

n lN 1 n N
anl;Qi—Q;Qi=2[;Qi—iz;lg] (G1)

Note that it coincides with the definition given in Eq. (7)
if 37,0 =0.
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One can further simplify the electric field term in the
Hamiltonian Hy = %Zf\’: ' L2 that involves triple sums
when L, is plugged in from Eq. (Gl). In the spin
formulation, described in Appendix A, one of the summa-
tions can be carried out analytically, leading to the
following expression convenient for implementation:

He= 2 (M v Sz,
=2 j=1
©2)

APPENDIX H: THERMALIZATION OF
NONLOCAL OPERATORS

In the main text we show how effective temperature
extracted from a variety of observables converges to a
universal value at late times. Here, we demonstrate that this
conclusion holds for an even larger class of observables,
namely the nonlocal chiral condensate two-point functions
Fiiin = (Gwiyi,,). Our strategy for determining the
effective temperature is the same as in the main text,
namely we measure the time evolution of F ;,, in the jet
simulation and reconstruct the time dependence of the
effective temperature by evaluating 7T (O(t)) with O =
Frgyn in this case. The function Ty is found from
purification in a system with Nyema = 40 sites, which
sets an upper limit on the values of n that we can probe. An
additional restriction is due to the fact that we average over
several different k to reduce noise in the correlator. Overall,
we can quite reliably extract values of n in the interval
n € (1,28), where we note that the largest separation is
close to 1/4 of the system size (N, = 100). For the largest
n in this set boundary effects may play a role as the
observables have support close to the boundary of the

zl:(N—l—2i+2j) [zizj+(—1)izj+(—1)-fzi]>.

C:(/“' = T from —J
@ Un an+k>;
: : : 1 — k=1 p
PA\, _//J"\//-' —< —k =5 i
1 —k=10
e k=20 ]
10 20 30 40 ]
L M | k=28
20 30 40
¢ [1/M,]

FIG. 22. Effective temperature found from the nonlocal two-
point correlation function of the chiral condensate separated by a
distance na, shown as a function of time for several values of n.
Inset: same with time shifted according to the delay for jets to
cross the points —n/2,n/2: t, = n/2. An intriguing universality
among different n is observed. The jet system parameters are
ga=0.5,m/g=0.5 N=100.

system. Here we do not attempt to take these effects under
control and leave a more careful treatment to future work.

The resulting effective temperatures shown in Fig. 22
demonstrate that thermalization is achieved in these non-
local correlators, as the effective temperature is consistent
with the one obtained from Fig. 3 for the same system. We
note that the condensate two-point function achieves partial
thermalization sooner than most other observables.
Furthermore, the curves for different n seem to follow
very similar initial dynamics with a relative delay. This
delay can be explained by the fact that Fy,,, starts
deviating from the vacuum value once the external source
has crossed points k or k + n. To account for this effect, in
the inset of the same figure we offset the time by 7, (n) =
n/2 that it takes the jets to travel n sites apart from each
other. After this offset is introduced, we see that the
dynamics of the two-point correlation function for
n =10, 20, 28 becomes very similar, pointing to an
intriguing universality.
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