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We construct the energy-momentum tensor of the OðNÞ linear sigma model explicitly in the largeN limit
using the exact renormalization group (ERG) formalism. The energy-momentum tensor is obtained as a
cutoff dependent functional of N scalar field variables. Our guiding principles behind the construction are
twofold: first the energy-momentum tensor must satisfy the Ward identity for translation and rotation
invariance, and second the energy-momentum tensor must satisfy a variant of the exact renormalization
group equation. In the limit that the momentum cutoff goes to zero, our energy-momentum tensor gives the
one-particle irreducible (1PI) effective action with the insertion of a single energy-momentum tensor
operator. We verify that the energy-momentum tensor constructed satisfies the expected trace formula, and
that the trace vanishes at the Wilson-Fisher critical point.
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I. INTRODUCTION

The energy-momentum (EM) tensor encodes the con-
servation of energy, momentum, and angular momentum.
As such, it is a key quantity in quantum field theory. As
proven by Belinfante and Rosenfeld [1,2], the EM tensor
can be made symmetric in the canonical formalism. The
symmetry becomes manifest if one defines the EM tensor
as a variation of the matter action with respect to an external
background metric; the so defined EM tensor plays a
fundamental role for the equation of motion of gravitational
theories. The EM tensor also plays a key role in the
construction of conformal field theories [3]. The issues
related to renormalizability have been discussed in [4]
within perturbation theory.
In this paper we construct explicitly the EM tensor of the

OðNÞ linear sigma model in the large N limit within the
framework of the exact renormalization group (ERG), also
known as the functional renormalization group (fRG). In
this framework we work with a Wilson action that is a
functional of field variables and depends on a momentum

cutoff. Any local composite operator, regarded as an
infinitesimal change of the Wilson action, is also realized
as a functional dependent on the same cutoff. A variant of
the Wilson action, namely the one-particle irreducible (1PI)
part of the Wilson action, is particularly convenient since it
becomes the effective action in the limit of the vanishing
cutoff. Correspondingly, the cutoff dependent composite
operator reduces to the effective action with a single
insertion of the composite operator.
By definition the EM tensor must satisfy the Ward

identities associated with translational and rotational invari-
ance [5]. One of the advantages of working within the ERG
framework is that we only deal with finite quantities at all
steps thanks to the presence of a finite ultraviolet (UV)
cutoff. The relevant Ward identities are first introduced in
terms of Wilson actions and eventually translated to the
associated one-particle-irreducible (1PI) actions, or effec-
tive average actions. (We refer the reader to [6–10] for a
review of the ERG and the associated functionals.)
We focus on the large N limit of the OðNÞ linear sigma

model inD dimensions where 2 < D < 4. This allows us to
explore a genuinely nonperturbative, albeit tractable, exam-
ple. Our construction of the large N limit is particularly
suitable to describe the theory near criticality, i.e., the
Wilson-Fisher fixed point. We work in the flat Euclidean
space. See Ref. [11] for an approach, in the context of ERG,
to calculate the EM tensor in spaces endowed with a metric
of a different signature. Thanks to our explicit construction
we can also check conformal invariance at criticality by
calculating the trace of the EM tensor, whose vanishing

*Contact author: carlo.pagani@guest.ung.si
†Contact author: h-sonoda@pobox.com; Visiting Research

Associate till 29 September 2026

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 025012 (2026)

2470-0010=2026=113(2)=025012(23) 025012-1 Published by the American Physical Society

https://orcid.org/0000-0002-5272-8621
https://ror.org/023b0x485
https://orcid.org/0000-0002-6510-149X
https://ror.org/036jqmy94
https://crossmark.crossref.org/dialog/?doi=10.1103/sfkr-vjkj&domain=pdf&date_stamp=2026-01-23
https://doi.org/10.1103/sfkr-vjkj
https://doi.org/10.1103/sfkr-vjkj
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


amounts to conformal invariance [12]. This statement holds
true also within the ERG framework [5,13–17]. Thus, our
findings confirm that the ERG is a powerful framework to
discuss the realization of symmetries, despite the explicit
presence of a UV cutoff, see [13–15,18–20] for further
discussions concerning the ERG and conformal invariance.
The paper is organized as follows. Section II is dedicated

to a somewhat lengthy review of the ERG formalism, the
EM tensor via the relevant Ward identities, and the large N
limit in the ERG formalism. We hope this section makes the
paper self-contained. The EM tensor is constructed explic-
itly in Sec. III by imposing the required Ward identities. As
we shall see, this determines the EM tensor up to two
coefficients, which are eventually fixed by requiring that
the EM tensor satisfy the required ERG differential
equation. Within the ERG framework, composite operators
are introduced as infinitesimal changes of the Wilson
action, and their cutoff dependence is given by the ERG
differential equation. We explain all this in Sec. IV. Finally,
in Sec. V, we complete the construction of the EM tensor by
fixing the two constants and compute the trace. This is
followed by a short Sec. VI where we take the cutoff to zero
to obtain the effective action with the insertion of a single
EM tensor. In Sec. VII we summarize our findings and
discuss possible developments. Some technicalities are
clarified in two Appendixes.
We use the shorthand notation

Z
x
¼

Z
dDx; δðxÞ ¼ δðDÞðxÞ

for the integrals in coordinate space, and

Z
p
¼

Z
dDp
ð2πÞD ; δðpÞ ¼ ð2πÞDδðDÞðpÞ

for those in the momentum space. We denote the Fourier
transform of a function fðxÞ in the coordinate space by
f̃ðpÞ in the momentum space.

II. REVIEW OF THE ENERGY-MOMENTUM
TENSOR AND LARGE N

In this section we review the energy-momentum tensor
and the large N limit within the ERG formalism. The
energy-momentum tensor of a scalar field theory has been
discussed in details within the context of a Wilson action
and ERG in [5]. In order to make this paper self-contained
as much as possible, we introduce a little more pedagogical
approach. As for the large N limit within the ERG
formalism, we would like to follow a particular method
given in [21].

A. Quick review of ERG

Let Sbare½ϕ� be the bare action of a renormalized theory of
the scalar field ϕ in D-dimensional Euclidean space. We
define a functional WΛ½J� by the functional integral

eWΛ½J� ≡
Z

½dϕ� exp
�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ

þ
Z
x
JðxÞϕðxÞ

�
; ð1Þ

whereRΛðxÞ is a positive cutoff function that has a range of
1
Λ, and normalized by

Z
x
RΛðxÞ ¼ Λ2: ð2Þ

We take RΛðxÞ to be rotation invariant, dependent only on
x2. The Fourier transform of RΛðxÞ, defined by

RΛðpÞ≡
Z
x
e−ipxRΛðxÞ; ð3Þ

can be considered as a momentum dependent squared
mass, suppressing the fluctuations of the fields with
momenta less than Λ. We assume that RΛðpÞ has the Λ
dependence given by

RΛðpÞ ¼ Λ2Rðp=ΛÞ: ð4Þ

For example, Rðp=ΛÞ ¼ e−
p2

Λ2 gives

RΛðxÞ ¼
Z
p
eipxRΛðpÞ ¼ Λ2e−

1
4
Λ2x2

�
Λ2

4π

�D
2

: ð5Þ

Hence, as far as WΛ½J� is concerned, we can interpret Λ as
an infrared (IR) cutoff. Since

lim
Λ→0þ

RΛðxÞ ¼ 0; ð6Þ

we find

lim
Λ→0þ

WΛ½J� ¼ W½J�; ð7Þ

where W½J� is the generating functional of the connected
correlation functions, defined by

eW½J� ≡
Z

½dϕ� exp
�
Sbare½ϕ� þ

Z
x
JðxÞϕðxÞ

�
: ð8Þ

We then introduce the one-particle-irreducible (1PI)
Wilson action (or effective average action) ΓΛ½Φ� as the
Legendre transform of WΛ½J�
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ΓΛ½Φ� − 1

2

Z
x;y

RΛðx − yÞΦðxÞΦðyÞ

≡WΛ½J� −
Z
x
JðxÞΦðxÞ; ð9Þ

where

ΦðxÞ≡ δWΛ½J�
δJðxÞ : ð10Þ

In the limit Λ → 0þ, RΛ vanishes, and we obtain the
effective action

lim
Λ→0þ

ΓΛ½Φ� ¼ Γeff ½Φ� ð11Þ

as the Legendre transform of W½J�.
The cutoff dependence of WΛ½J� is given by the ERG

differential equation

−Λ∂ΛWΛ½J� ¼
1

2

Z
x;y

Λ∂ΛRΛðx − yÞ

×

�
δWΛ½J�
δJðxÞ

δWΛ½J�
δJðyÞ þ δ2WΛ½J�

δJðxÞδJðyÞ
�
: ð12Þ

That of ΓΛ½Φ� is given by

−Λ∂ΛΓΛ½Φ� ¼ 1

2

Z
x;y

Λ∂ΛRΛðx − yÞGΛðx; yÞ½Φ�; ð13Þ

where

GΛðx; yÞ½Φ�≡ δ2WΛ½J�
δJðxÞδJðyÞ ¼

δΦðxÞ
δJðyÞ ¼ δΦðyÞ

δJðxÞ ð14Þ

is regarded as a functional ofΦ. Since the inverse Legendre
transformation gives

JðxÞ ¼
Z
y
RΛðx − yÞΦðyÞ − δΓΛ½Φ�

δΦðxÞ ; ð15Þ

we obtain

δJðxÞ
δΦðyÞ ¼ RΛðx − yÞ − δ2ΓΛ½Φ�

δΦðxÞδΦðyÞ : ð16Þ

Hence, GΛ ¼ δΦ
δJ is obtained as the inverse of δJ

δΦ

Z
y
GΛðx;yÞ½Φ�

�
RΛðy−zÞ− δ2ΓΛ½Φ�

δΦðyÞδΦðzÞ
�
¼δðx−zÞ: ð17Þ

B. Quick review of the energy-momentum tensor
and its Ward identity

We assume that the bare action is invariant under
translations in space. Under the infinitesimal change of
field variables

ϕðxÞ ⟶ ϕðxÞ þ ϵμðxÞ∂μϕðxÞ; ð18Þ

the action changes as

δSbare½ϕ� ¼
Z
x
ϵμðxÞ∂μϕðxÞ

δSbare½ϕ�
δϕðxÞ : ð19Þ

Since this should vanish for constant ϵμ, we should be able
to write this as

δSbare½ϕ� ¼
Z
x
ϵμðxÞ∂νΘbare

νμ ðxÞ: ð20Þ

Since the functional integral (1) does not change under
(18), we obtain

Z
½dϕ�

Z
x
ϵμðxÞ

�
∂νΘbare

νμ ðxÞ −
Z
y
RΛðx − yÞ∂μϕðxÞϕðyÞ þ JðxÞ∂μϕðxÞ

�

× exp

�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�
¼ 0: ð21Þ

As a functional of J, we define the energy-momentum (EM) tensor ΘμνðxÞ by

ΘμνðxÞeWΛ½J� ≡
Z

½dϕ�Θbare
μν ðxÞ exp

�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�
: ð22Þ

We can rewrite (21) as the Ward identity satisfied by the EM tensor
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∂νΘνμðxÞeWΛ½J� ¼
�Z

y
RΛðx − yÞ ∂

∂xμ

δ2

δJðxÞδJðyÞ − JðxÞ δ

δJðxÞ
�
eWΛ½J�: ð23Þ

This gives

∂νΘνμðxÞ ¼
Z
y
RΛðx − yÞ

�
∂

∂xμ

δ2WΛ½J�
δJðxÞδJðyÞ þ

δWΛ½J�
δJðyÞ ∂μ

δWΛ½J�
δJðxÞ

�
− JðxÞ∂μ

δWΛ½J�
δJðxÞ : ð24Þ

Regarding ΘμνðxÞ as a functional of Φ instead of J, we can rewrite this further as

∂νΘνμðxÞ ¼
Z
y
RΛðx − yÞ ∂

∂xμ
GΛðx; yÞ½Φ� þ δΓΛ½Φ�

δΦðxÞ ∂μΦðxÞ; ð25Þ

where we have used (15).
So far we have only discussed the consequences of the

translation invariance of the theory. We assume that the
theory be invariant also under rotations. An infinitesimal
rotation corresponds to

ϵμðxÞ ¼ ϵμνxν; ð26Þ
where ϵμν ¼ −ϵνμ is an arbitrary constant antisymmetric
tensor. Substituting this ϵμðxÞ into (20), we obtain

Z
x
ðΘbare

μν ðxÞ − Θbare
νμ ðxÞÞ ¼ 0: ð27Þ

Using a well known construction due to Belinfante [1] and
Rosenfeld [2] (the details are found in [5] for example), we
can redefine ΘμνðxÞ, while keeping the Ward identity (25)
intact, so that the symmetry holds locally at any x:

ΘμνðxÞ ¼ ΘνμðxÞ: ð28Þ

Hence, as a consequence of the invariance of the theory
under both translations and rotations, we can conclude the
existence of a symmetric EM tensorΘμνðxÞ that satisfies the
Ward identity (25).
Note that ΘμνðxÞ is a functional of Φ, and it should be

more properly written as ΘμνðxÞ½Φ�. In the limit Λ → 0þ, it
becomes the effective action with a single insertion of the
energy-momentum tensor operator. To be more specific, we
obtain

lim
Λ→0þ

ΘμνðxÞ½Φ�

¼
X∞
n¼0

1

n!

Z
x1���xn

Φðx1Þ���ΦðxnÞhΘμνðxÞϕðx1Þ���ϕðxnÞi1PI;

ð29Þ
where the suffix 1PI denotes the 1PI part of the correlation
function

hΘμνðxÞϕðx1Þ � � �ϕðxnÞi

≡
Z

½dϕ�Θbare
μν ðxÞϕðx1Þ � � �ϕðxnÞeSbare½ϕ�: ð30Þ

C. Quick review of the large N limit

In the OðNÞ linear sigma model we have N scalar fields
ΦIðI ¼ 1;…; NÞ, and the Ward identity (25) for the EM
tensor is given by

∂μΘμνðxÞ ¼
Z
y
RΛðx − yÞ ∂

∂xν

δΦIðxÞ
∂JIðyÞ þ ∂νΦIðxÞ δΓΛ½Φ�

δΦIðxÞ ;

ð31Þ

where the repeated index I is summed from 1 to N. In the
large N limit [22–29], the 1PI Wilson action is simplified as

ΓΛ½Φ� ¼ −
1

2

Z
x
∂μΦIðxÞ∂μΦIðxÞ þ NΓIΛ½ρ�; ð32Þ

where

ρðxÞ≡ 1

2N
ΦIðxÞΦIðxÞ ð33Þ

is the OðNÞ invariant squared scalar field of the mass
dimension D − 2. (For the large N approximation within
the ERG formalism, see [30–33]. We are following [21] for
this part of review.) Defining

σðxÞ≡ δΓIΛ½ρ�
δρðxÞ ; ð34Þ

we obtain

δΦIðxÞ
δJJðyÞ ¼

δΦJðyÞ
δJIðxÞ ≃ δIJGΛðx; yÞ½σ� þ � � � ; ð35Þ
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where GΛðx; yÞ½σ� is given by�
−

∂
2

∂yμ∂yμ
− σðyÞ

�
GΛðx; yÞ½σ� þ

Z
z
GΛðx; zÞ½σ�RΛðz − yÞ ¼ δðx − yÞ: ð36Þ

The suppressed terms in (35) do not give an order N contribution to the trace over I ¼ J. Note that σðxÞ has the mass
dimension 2. We now define the high momentum propagator by

hΛðxÞ ¼
Z
p
eipxh̃ΛðpÞ≡

Z
p
eipx

1

p2 þ RΛðpÞ
ð37Þ

that satisfies

−∂2hΛðx−yÞþ
Z
z
hΛðx−zÞRΛðz−yÞ¼δðx−yÞ: ð38Þ

Using this, we can solve for GΛðx; yÞ½σ� as a geometric series

GΛðx;yÞ½σ�¼hΛðx−yÞþ
Z
z1

hΛðx−z1Þσðz1ÞhΛðz1−yÞþ
Z
z1;z2

hΛðx−z1Þσðz1ÞhΛðz1−z2Þσðz2ÞhΛðz2−yÞþ��� : ð39Þ

In large N the ERG differential equation (13) reduces to that of ΓIΛ½ρ�, given by

−Λ∂ΛΓIΛ½ρ� ¼
1

2

Z
x;y

Λ∂ΛRΛðx − yÞ · GΛðx; yÞ½σ�: ð40Þ

Using (35) and

δΓΛ½Φ�
δΦIðxÞ ¼ ∂

2ΦIðxÞ þ N
δΓIΛ½ρ�
δΦIðxÞ ¼ ∂

2ΦIðxÞ þ σðxÞΦIðxÞ; ð41Þ

we can rewrite (31) as

∂μΘμνðxÞ ¼
Z
y
RΛðx − yÞN ∂

∂xν
GΛðx; yÞ½σ� þ ∂νΦIðxÞð∂2ΦIðxÞ þ σðxÞΦIðxÞÞ

¼ ∂νΦIðxÞ · ∂2ΦIðxÞ þ N
�Z

y
RΛðx − yÞ ∂

∂xν
GΛðx; yÞ½σ� þ ∂νρðxÞ · σðxÞ

�
: ð42Þ

The goal of this paper is to construct ΘμνðxÞ as a functional of ΦI that satisfies this identity.
We close this section by giving explicitly the interaction part ΓIΛ½ρ� of the 1PIWilson action. To be more accurate we give

its Legendre transform explicitly. We define a functional of σ by

FΛ½σ�≡ ΓIΛ½ρ� −
Z
x
σðxÞρðxÞ: ð43Þ

Because of (34), this is a Legendre transformation. The ERG differential equation (40) gives that of FΛ½σ� as

−Λ∂ΛFΛ½σ� ¼
1

2

Z
x;y

Λ∂ΛRΛðx − yÞ · GΛðx; yÞ½σ�: ð44Þ

The most general solution is

FΛ½σ� ¼ IΛ½σ� þ F̄½σ�; ð45Þ

where F̄½σ� is an arbitrary functional independent of Λ. IΛ½σ� is a particular solution to (44) given by

EXPLICIT CONSTRUCTION OF THE ENERGY-MOMENTUM … PHYS. REV. D 113, 025012 (2026)

025012-5



IΛ½σ� ¼
Z
x
ðcΛ þ c1ΛσðxÞÞ

þ 1

2

X∞
n¼2

1

n

Z
x1;…;xn

σðx1Þ � � � σðxnÞInΛðx1;…; xnÞ;

ð46Þ

where

cΛ ≡ 1

2

Z
q
ln ðq2h̃ΛðqÞÞ; ð47aÞ

c1Λ ≡ 1

2

Z
q

�
h̃ΛðqÞ −

1

q2

�
; ð47bÞ

InΛðx1;…; xnÞ≡ hΛðx1 − x2ÞhΛðx2 − x3Þ � � � hΛðxn − x1Þ:
× ðn ≥ 2Þ ð47cÞ

Note that both cΛ and c1Λ are well defined, free from UV
divergences for 2 < D < 4; they satisfy

−Λ∂ΛcΛ ¼ 1

2

Z
q
Λ∂ΛRΛðqÞ · h̃ΛðqÞ

¼ 1

2

Z
x
Λ∂ΛRΛðxÞ · hΛðxÞ; ð48aÞ

−Λ∂Λc1Λ ¼ 1

2

Z
q
Λ∂ΛRΛðqÞ · h̃ΛðqÞ2

¼ 1

2

Z
x;y

Λ∂ΛRΛðx − yÞ · hΛðxÞhΛðyÞ: ð48bÞ

In the momentum space we can write

Z
x1;…;xn

σðx1Þ � � � σðxnÞInΛðx1;…; xnÞ

¼
Z
p1;…;pn

δðp1 þ � � � þ pnÞσ̃ðp1Þ � � � σ̃ðpnÞ

×
Z
q
h̃ΛðqÞh̃Λðqþ p1Þh̃Λðqþ p1 þ p2Þ

� � � h̃Λðqþ p1 þ � � �pn−1Þ; ðn ≥ 2Þ ð48cÞ

which makes the UV finiteness manifest.
In this paper we take

F̄½σ� ¼
Z
x

�
f1σðxÞ þ f2

1

2
σðxÞ2

�
; ð49Þ

where f1 has the mass dimensionD − 2, and f2 ≥ 0 has the
mass dimension D − 4 < 0. Since the Legendre transform
of F̄½σ� is

Γ̄½ρ�≡ F̄½σ� þ
Z
x
σðxÞρðxÞ

¼
Z
x

�
−

f21
2f2

−
f1
f2

ρðxÞ − 1

2f2
ρðxÞ2

�
; ð50Þ

we see that f1
f2

is a squared mass parameter, and 1
f2

is a

quartic coupling. Both f1
f2
and 1

f2
are relevant parameters for

the Gaussian theory ΓIΛ ¼ 0. For the critical theory at
f1 ¼ f2 ¼ 0, however, only f1 is relevant, and f2 is
irrelevant. At f1 ¼ 0 the theory is massless irrespective
of f2 ≥ 0, and it approaches the theory f2 ¼ 0 (the Wilson-
Fisher fixed point) at long distances and the theory f2 ¼
þ∞ (the Gaussian fixed point or the massless free theory)
at short distances.

III. EXPLICIT CONSTRUCTION OF THE
ENERGY-MOMENTUM TENSOR

Let us recapitulate our goal: we would like to construct a
symmetric tensor ΘμνðxÞ, a functional of ΦI , that satisfies
the Ward identity (42). In this section we construct ΘμνðxÞ
inductively, and in Sec. V we complete the construction
using the notion of Λ-dependent composite operators
reviewed in Sec. IV.
We start with the energy-momentum tensor of the

massless Gaussian theory (see [5] within the context of
ERG)

ΘG
μνðxÞ≡ ∂μΦIðxÞ∂νΦIðxÞ − 1

2
δμν∂αΦIðxÞ∂αΦIðxÞ: ð51Þ

This satisfies

∂μΘG
μνðxÞ ¼ ∂

2ΦIðxÞ∂νΦIðxÞ: ð52Þ

We then obtain, from (42),

∂μðΘμνðxÞ − ΘG
μνðxÞÞ

¼ N

�
−σðxÞ∂ν

δFΛ½σ�
δσðxÞ þ

Z
y
RΛðx − yÞ ∂

∂xν
GΛðx; yÞ½σ�

�
;

ð53Þ

where we have used the inverse Legendre transformation

ρðxÞ ¼ −
δFΛ½σ�
δσðxÞ : ð54Þ

It is convenient to construct ΘμνðxÞ − ΘG
μνðxÞ as a func-

tional of σ. We first consider the dependence of the EM
tensor on f1, f2. GΛðx; yÞ½σ� is independent of f1, f2; only
F̄½σ� in FΛ½σ� depends on f1, f2. Since
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−∂ν
δF̄½σ�
δσðxÞ · σðxÞ ¼ −∂νðf1 þ f2σðxÞÞ · σðxÞ ¼ −∂μ

�
δμν

1

2
f2σðxÞ2

�
; ð55Þ

we get the f2 dependent contribution

−Nδμν
1

2
f2σðxÞ2 ð56Þ

to ΘμνðxÞ − ΘG
μνðxÞ.

Let us denote the remaining contribution as

Θ0
μνðxÞ≡ ΘμνðxÞ − ΘG

μνðxÞ þ Nδμν
f2
2
σðxÞ2: ð57Þ

This is determined from

1

N
∂μΘ0

μνðxÞ ¼
Z
y
RΛðx− yÞ ∂

∂xν
GΛðx;yÞ½σ�− σðxÞ∂ν

δIΛ½σ�
δσðxÞ ¼

Z
y
RΛðx− yÞ ∂

∂xν

�
hΛðx− yÞþ

Z
z
hΛðx− zÞσðzÞhΛðz− yÞ

þ
Z
z1;z2

hΛðx− z1Þσðz1ÞhΛðz1− z2Þσðz2ÞhΛðz2− yÞþ � � �
�

−
X∞
n¼2

1

2n
σðxÞ ∂

∂xν

Z
x1;…;xn

Xn
i¼1

δðx− xiÞσðx1Þ � � � dσðxiÞ � � �σðxnÞInΛðx1;…; xnÞ

¼
Z
y
RΛðx− yÞ ∂

∂xν

Z
z
hΛðx− zÞσðzÞhΛðz− yÞ

þ
Z
y
RΛðx− yÞ ∂

∂xν

Z
z1;z2

hΛðx− z1Þσðz1ÞhΛðz1− z2Þσðz2ÞhΛðz2− yÞ− 1

2
σðxÞ ∂

∂xν

Z
x1

I2Λðx;x1Þσðx1Þ

þ
Z
y
RΛðx− yÞ ∂

∂xν

Z
z1;z2;z3

hΛðx− z1Þσðz1ÞhΛðz1 − z2Þσðz2ÞhΛðz2 − z3Þ

× σðz3ÞhΛðz3− yÞ−1

2
σðxÞ ∂

∂xν

Z
x1;x2

I3Λðx;x1; x2Þσðx1Þσðx2Þþ terms of higher orders inσ’s: ð58Þ

We determine the terms of order σ; σ2, and σ3. Then it is easy to guess the higher order terms.

A. σ term

We find

ðσ term of ð58ÞÞ ¼
Z
y
RΛðx − yÞ ∂

∂xν

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ: ð59Þ

We define a scalar function AΛðxÞ by

∂νAΛðxÞ≡ ∂νhΛðxÞ
Z
y
RΛðx − yÞhΛðyÞ ð60aÞ

and

Z
x
AΛðxÞ ¼ finite: ð60bÞ

We then obtain
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∂

∂xν

Z
y
AΛðx − yÞσðyÞ ¼

Z
y
∂νhΛðx − yÞ

Z
z
RΛðx − y − zÞhΛðzÞσðyÞ

¼
Z
z
RΛðx − zÞ ∂

∂xν

Z
y
hΛðx − yÞσðyÞhΛðy − zÞ ¼ ðσ termÞ: ð61Þ

Thus, the contribution to 1
NΘ

0
μνðxÞ is

1

N
Θ0ð1Þ

μν ðxÞ≡ δμν

Z
y
AΛðx − yÞσðyÞ: ð62Þ

B. σ2 term

We find

ðσ2 term of ð58ÞÞ ¼
Z
z1;z2

σðz1Þσðz2Þ
Z
y
RΛðx − yÞ ∂

∂xν
ðhΛðx − z1ÞhΛðz1 − z2ÞhΛðz2 − yÞÞ

−
1

2
σðxÞ ∂

∂xν

Z
z
hΛðx − zÞσðzÞhΛðz − xÞ: ð63Þ

Using Z
y
RΛðx − yÞhΛðyÞ ¼ δðxÞ þ ∂

2hΛðxÞ; ð64Þ

we obtain

ðσ2 termÞ ¼
Z
z1;z2

σðz1Þσðz2Þ
Z
y

∂

∂xν
hΛðx − z1Þ · hΛðz1 − z2ÞRΛðx − yÞhΛðz2 − yÞ − 1

2
σðxÞ ∂

∂xν

Z
z
hΛðx − zÞσðzÞhΛðz − xÞ

¼
Z
z1;z2

σðz1Þσðz2Þ∂νhΛðx − z1Þ · hΛðz1 − z2Þðδðx − z2Þ þ ∂
2hΛðx − z2ÞÞ − σðxÞ

Z
z
∂νhΛðx − zÞ · hΛðz − xÞσðzÞ

¼ 1

2

Z
z1;z2

σðz1Þσðz2ÞhΛðz1 − z2Þf∂νhΛðx − z1Þ · ∂2hΛðx − z2Þ þ ∂
2hΛðx − z1Þ · ∂νhΛðx − z2Þg: ð65Þ

Thus, the contribution to 1
NΘ

0
μνðxÞ is

1

N
Θ0ð2Þ

μν ðxÞ≡ 1

2

Z
z1;z2

σðz1ÞhΛðz1 − z2Þσðz2Þf−δμν∂αhΛðx − z1Þ · ∂αhΛðx − z2Þ

þ∂μhΛðx − z1Þ · ∂νhΛðx − z2Þ þ ∂νhΛðx − z1Þ · ∂μhΛðx − z2Þg: ð66Þ

To see its UV finiteness, it is easier to consider this in the momentum spaceZ
x
e−ipx

1

N
Θ0ð2Þ

μν ðxÞ ¼
Z
p1;p2

σ̃ðp1Þσ̃ðp2Þδðp1 þ p2 − pÞ

×
1

2

Z
q
f−δμνqðqþ pÞ þ qμðqþ pÞν þ qνðqþ pÞμgh̃ΛðqÞh̃Λðqþ p1Þh̃Λðqþ pÞ; ð67Þ

where σ̃ðpÞ is the Fourier transform of σðxÞ. The integral over q is UV finite for 2 < D < 4 because h̃ΛðqÞ behaves as 1=q2
for large q.
Going back to the order σ contribution, we might think that

1

N
Θ0ð1Þ

μν ðxÞ≡ 1

2

Z
z
σðzÞf−δμν∂αhΛðx − zÞ∂αhΛðx − zÞ þ 2∂μhΛðx − zÞ∂νhΛðx − zÞg ð68Þ
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would do. The integral over z is UV divergent, however. In the momentum space we findZ
x
e−ipx

1

N
Θ0ð1Þ

μν ðxÞ ¼ σ̃ðpÞ 1
2

Z
q
f−δμνqðqþ pÞ þ qμðqþ pÞν þ qνðqþ pÞμghΛðqÞhΛðqþ pÞ; ð69Þ

which is UV divergent for D > 2.

C. σ3 term

An analogous calculation gives

1

N
Θ0ð3Þ

μν ðxÞ ¼ 1

2

Z
z1;z2;z3

σðz1ÞhΛðz1 − z2Þσðz2ÞhΛðz2 − z3Þσðz3Þf−δμν∂αhΛðx − z1Þ · ∂αhΛðx − z3Þ

þ ∂μhΛðx − z1Þ · ∂νhΛðx − z3Þ þ ∂νhΛðx − z1Þ · ∂μhΛðx − z3Þg ð70Þ

as the order σ3 contribution.
From the above calculations it is easy to guess the higher order terms. We obtain, to all orders of σ,

1

N
Θ0

μνðxÞ ¼ δμν

Z
y
AΛðx − yÞσðyÞ þ 1

2

X∞
n¼2

Z
z1;…;zn

σðz1ÞhΛðz1 − z2Þσðz2Þ � � � hΛðzn−1 − znÞσðznÞ

× f−δμν∂αhΛðx − z1Þ · ∂αhΛðx − znÞþ ∂μhΛðx − z1Þ · ∂νhΛðx − znÞ þ ∂νhΛðx − z1Þ · ∂μhΛðx − znÞg

¼ δμν

Z
y
AΛðx − yÞσðyÞ þ 1

2
lim
y→x

�
−δμν

∂

∂xα

∂

∂yα
þ ∂

∂xμ

∂

∂yν
þ ∂

∂xν

∂

∂yμ

�

×

�
GΛðx; yÞ½σ� − hΛðx − yÞ −

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ

�
: ð71Þ

In conclusion we obtain, from (57) and the above,

ΘμνðxÞ ¼ ∂μΦIðxÞ∂νΦIðxÞ − 1

2
δμν∂αΦIðxÞ∂αΦIðxÞ − Nδμν

f2
2
σðxÞ2

þ N

�
δμν

�
αΛ þ

Z
y
AΛðx − yÞσðyÞ

�
þ ð−δμν∂2 þ ∂μ∂νÞ

Z
y
βΛðx − yÞσðyÞ

þ 1

2
lim
y→x

�
−δμν

∂

∂xα

∂

∂yα
þ ∂

∂xμ

∂

∂yν
þ ∂

∂xν

∂

∂yμ

��
GΛðx; yÞ½σ� − hΛðx − yÞ −

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ

��
; ð72Þ

where the function AΛðxÞ is defined by (60). Please note that we have introduced two extra terms, a constant proportional to
δμν and another proportional to δμν∂2 − ∂μ∂ν. Neither contributes to ∂μΘμνðxÞ, and we cannot determine their coefficients αΛ
and βΛðx − yÞ at this point.
In the next section we review and discuss cutoff dependent composite operators in large N. We will be able to determine

both αΛ and βΛðx − yÞ by demanding that ΘμνðxÞ have the correct cutoff dependence.1

IV. CUTOFF DEPENDENT COMPOSITE OPERATORS IN LARGE N

To introduce cutoff dependent composite operators,2 we go back to the cutoff dependent generating functional WΛ½J�
defined by

eWΛ½J� ¼
Z

½dϕ� exp
�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�
: ð73Þ

1As we will explain in Sec. V, βΛðx − yÞ is unique up to the addition of a constant multiple of f2δðx − yÞ.
2These were first introduced in [34]. Here we adopt a pedagogical approach.
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We consider a single field ϕ since the generalization to N fields is straightforward. An infinitesimal change of the bare
action Sbare½ϕ� by Obare½ϕ� induces an infinitesimal change OΛ½J� of WΛ½J� by

OΛ½J�eWΛ½J� ¼
Z

½dϕ�Obare½ϕ� exp
�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�
: ð74Þ

RegardingOΛ½J� as a functional of ΦðxÞ≡ δWΛ½J�
δJðxÞ , we obtain a cutoff dependent composite operatorOΛ½Φ� (using the same

symbol). The cutoff dependence of OΛ½Φ� is obtained as

−Λ
∂

∂Λ
OΛ½Φ� ¼ 1

2

Z
x;y

RΛðx − yÞ
Z
x0;y0

GΛðx; x0Þ½Φ� δ

δΦðx0ÞOΛ½Φ� δ⃖

δΦðy0ÞGΛðy; y0Þ½Φ�; ð75Þ

where GΛðx; yÞ½Φ� is defined by (17).3 The simplest example isOΛ½Φ� ¼ ΦðxÞ, which corresponds toObare½ϕ� ¼ ϕðxÞ. The
EM tensor ΘμνðxÞ is another example of a cutoff dependent composite operator for the choice Obare½ϕ� ¼ Θbare

μν ðxÞ.
Note that OΛ½Φ� is a functional of Φ. In the limit Λ → 0þ, we obtain the 1PI correlation functions

lim
Λ→0þ

OΛ½Φ� ¼
X∞
n¼0

1

n!

Z
x1;…;xn

Φðx1Þ � � �ΦðxnÞhOϕðx1Þ � � �ϕðxnÞi1PI; ð76Þ

where the suffix 1PI denotes the 1PI part of the correlation function

hOϕðx1Þ � � �ϕðxnÞi≡
Z

½dϕ�Obare½ϕ�ϕðx1Þ � � �ϕðxnÞeSbare½ϕ�: ð77Þ

In large N we find

GIJ
Λ ðx; yÞ½Φ� ≃ δIJGΛðx; yÞ½σ� ð78Þ

which, regarded as a functional of σ, is determined by (36). Hence, in large N, the cutoff dependence of a composite
operator is given by

−Λ∂ΛOΛ½Φ� ¼ 1

2

Z
x;y

Λ∂ΛRΛðx − yÞ
Z
x0;y0

GΛðx; x0Þ½σ�GΛðy; y0Þ½σ�
δ2OΛ½Φ�

δΦIðx0ÞδΦIðy0Þ : ð79Þ

If OΛ½Φ� depends only on ρ, this ERG equation can be simplified further. Since

δOΛ½ρ�
δΦJðxÞ ¼

δOΛ½ρ�
δρðxÞ

1

N
ΦJðxÞ; ð80Þ

we obtain

δ2OΛ½ρ�
δΦJðxÞδΦKðyÞ ¼

1

N
δJKδðx − yÞ δOΛ½ρ�

δρðxÞ þ 1

N2
ΦJðxÞΦKðyÞ δ2OΛ½ρ�

δρðxÞδρðyÞ ≃
1

N
δJKδðx − yÞ δOΛ½ρ�

δρðxÞ : ð81Þ

Hence, in large N, the ERG equation is simplified as

−Λ
∂

∂Λ
OΛ½ρ� ¼

1

2

Z
x;y

Λ∂ΛRΛðx − yÞ
Z
z
GΛðx; zÞ½σ�

δOΛ½ρ�
δρðzÞ GΛðz; yÞ½σ�: ð82Þ

Note that the right-hand side involves only the first order differential with respect to ρ. Composite operators in the OðNÞ
model have been studied before in Refs. [17,35–37].

3We derive this in Appendix A.
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A. σ as a cutoff dependent composite operator

Let us show that σðxÞ and its products are cutoff
dependent composite operators satisfying (82). By defi-
nition (34), σðxÞ is a functional of ρ. In the large N
approximation (13) reduces to

−Λ∂ΛΓIΛ½ρ� ¼
1

2

Z
x;y

Λ∂ΛRΛðx − yÞGΛðx; yÞ½σ�: ð83Þ

Differentiating this with respect to ρðxÞ, we obtain

−Λ∂ΛσðxÞ
����
ρfixed

¼1

2

Z
y;z
Λ∂ΛRΛðy−zÞ · δ

δρðxÞGΛðy;zÞ½σ�;

ð84Þ

where σ is regarded as a functional of ρ on the left-hand
side. Differentiating (36) with respect to ρðxÞ, we obtain

Z
z

δGΛðy; zÞ½σ�
δρðxÞ f−ð∂2z þ σðzÞÞδðz − wÞ þRΛðz − wÞg

− GΛðy; wÞ
δ2ΓIΛ

δρðwÞδρðxÞ ¼ 0: ð85Þ

Using (36), we can solve this as

δGΛðy; zÞ½σ�
δρðxÞ ¼

Z
w
GΛðy; wÞ½σ�

δ2ΓIΛ½ρ�
δρðwÞδρðxÞGΛðw; zÞ½σ�:

ð86Þ

Hence, we obtain

−Λ∂ΛσðxÞ
���
ρfixed

¼1

2

Z
y;z
Λ∂ΛRΛðy−zÞ

×
Z
w
GΛðy;wÞ½σ�

δσðxÞ
δρðwÞGΛðw;zÞ½σ�: ð87Þ

Thus, as a functional of ρ, σðxÞ is a cutoff dependent
composite operator. Moreover, any product of σ’s

OΛ½σ�≡
Z
x1;…;xn

Cnðx1;…; xnÞσðx1Þ � � � σðxnÞ ð88Þ

is also a composite operator as long as the coefficient Cn
has no Λ dependence, because (82) involves only the first
order differential with respect to ρ. For example, both

∂

∂f1
FΛ½σ� ¼

Z
x
σðxÞ ð89Þ

and

∂

∂f2
FΛ½σ� ¼

1

2

Z
x
σðxÞ2 ð90Þ

are cutoff dependent composite operators.

B. A class of cutoff dependent composite operators

Let

OΛðxÞ½Φ�≡ 1

2

Z
x1;x2

Cðx − x1; x − x2Þ

×

�
1

N
ΦIðx1ÞΦIðx2Þ þ GΛðx1; x2Þ½σ�

�
: ð91Þ

As the coefficient, we take

Cðx−x1; x−x2Þ¼
Z
p1;p2

eip1ðx−x1Þþip2ðx−x2ÞC̃ðp1;p2Þ; ð92Þ

where C̃ is a symmetric polynomial of p1, p2 independent
of Λ. In other words C is a sum of derivatives of δðx −
x1Þδðx − x2Þ with respect to x1, x2.
We wish to show that (91) is a Λ-dependent composite

operator satisfying (79). As a preparation, we compute

−Λ∂ΛGΛðx;yÞ½σ�
���
ρ fixed

¼−Λ∂ΛGΛðx;yÞ½σ�
���
σ fixed

þ
Z
z
ð−Λ∂ΛσðzÞÞρ fixed

δGΛðx;yÞ½σ�
δσðzÞ

¼−Λ∂ΛGΛ;−p;qðx;yÞ½σ�
���
σ fixed

þ1

2

Z
u;v

Λ∂ΛRΛðu−vÞ

×
Z
z
GΛðu;zÞ

δGΛðx;yÞ
δρðzÞ GΛðz;vÞ;

ð93Þ

where we have used (87). Differentiating (36) with respect
to Λ, we obtainZ
y
ð−Λ∂ΛGΛðx;yÞ½σ�Þfð−∂2y−σðyÞÞδðy−zÞþRΛðy−zÞg

¼
Z
y
GΛðx;yÞ½σ�Λ∂ΛRΛðy−zÞ: ð94Þ

This gives

− Λ∂ΛGΛðx; yÞ½σ�
���
σ fixed

¼
Z
u;v

GΛðx; uÞΛ∂ΛRΛðu − vÞGΛðv; yÞ: ð95Þ

Hence,
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−Λ∂ΛGΛðx;yÞ½σ�
���
ρfixed

¼
Z
u;v

GΛðx;uÞ½σ�Λ∂ΛRΛðu−vÞGΛðv;yÞ½σ�þ
1

2

Z
u;v

Λ∂ΛRΛðu−vÞ
Z
z
GΛðu;zÞ

δGΛðx;yÞ
δρðzÞ GΛðz;vÞ:

ð96Þ

We therefore obtain

−Λ∂ΛOΛðxÞ½Φ� ¼ 1

2

Z
x1;x2

Cðx− x1;x− x2Þð−ÞΛ∂ΛGΛðx1;x2Þ
���
ρ fixed

¼ 1

2

Z
x1;x2

Cðx− x1;x− x2Þ
Z
u;v

Λ∂ΛRΛðu−vÞ
�
GΛðx1;uÞGΛðv;x2Þþ

1

2

Z
z
GΛðu;zÞ

δGΛðx1; x2Þ
δρðzÞ GΛðz;vÞ

�
:

ð97Þ

We now compare this with

1

2

Z
u;v

Λ∂ΛRΛðu−vÞ
Z
z;w

GΛðu;zÞGΛðv;wÞ
δ2OΛðxÞ

δΦIðzÞδΦIðwÞ≃
1

2

Z
u;v

Λ∂ΛRΛðu−vÞ
Z
z;w

GΛðu;zÞGΛðv;wÞ
Z
x1;x2

Cðx−x1;x−x2Þ

×

�
δðz−x1Þδðw−x2Þþ

1

2

δ2

δΦIðzÞδΦIðwÞGΛðx1;x2Þ½σ�
�

≃
1

2

Z
u;v

Λ∂ΛRΛðu−vÞ
Z
x1;x2

Cðx−x1;x−x2Þ

×

�
GΛðu;x1ÞGΛðv;x2Þþ

1

2

Z
z
GΛðu;zÞGΛðv;zÞ

δGΛðx1;x2Þ
δρðzÞ

�
;

ð98Þ

where we have used

δ2

δΦIðzÞδΦIðwÞGΛðx1; x2Þ½σ� ≃ δðz − wÞ δGΛðx1; x2Þ
δρðwÞ ; ð99Þ

valid in large N. Hence, OΛðxÞ½Φ� has the correct Λ dependence (79).
There is one subtlety, however. The integral

1

2

Z
x1;x2

Cðx − x1; x − x2ÞGΛðx1; x2Þ½σ� ð100Þ

may not converge if C involves too many derivatives. Suppose Cðx − x1; x − x2Þ involves two derivatives so that C̃ðp1; p2Þ
is a quadratic polynomial. Expanding in powers of σ, we obtainZ

x
e−ipx

1

2

Z
x1;x2

Cðx − x1; x − x2ÞGΛðx1; x2Þ½σ�

¼ 1

2

Z
p1;p2

δðp1 þ p2 − pÞC̃ðp1; p2Þ ×
�
h̃Λðp1ÞδðpÞ þ h̃Λðp1Þ

×

�
σ̃ðpÞ þ

Z
q1;q2

δðq1 þ q2 − pÞσ̃ðq1Þh̃Λð−p1 þ q1Þσ̃ðq2Þ þ � � �
�
h̃Λðp2Þ

�
:

ð101Þ

The first two terms

aΛ ¼ 1

2

Z
p1;p2

δðp1 þ p2ÞC̃ðp1; p2Þh̃Λðp1Þ ¼
1

2

Z
q
C̃ð−q; qÞh̃ΛðqÞ; ð102aÞ
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b̃ΛðpÞ ¼
1

2

Z
p1;p2

δðp1 þ p2 − pÞC̃ðp1; p2Þh̃Λðp1Þh̃Λðp2Þ ¼
1

2

Z
q
C̃ð−q; qþ pÞh̃ΛðqÞh̃Λðqþ pÞ ð102bÞ

may be UV divergent for 2 < D < 4. But we can still define them as the solution to the differential equations

−Λ∂ΛaΛ ¼ 1

2

Z
q
C̃ð−q; qÞf̃ΛðqÞ; ð103aÞ

−Λ∂Λb̃ΛðpÞ ¼
1

2

Z
q
C̃ð−q; qþ pÞðf̃ΛðqÞh̃Λðqþ pÞ þ h̃ΛðqÞf̃Λðqþ pÞÞ; ð103bÞ

where

f̃ΛðqÞ≡ −Λ∂Λh̃ΛðqÞ ¼ Λ∂ΛRΛðqÞ · h̃ΛðqÞ2: ð104Þ

The right-hand sides of (103) are absolutely convergent because f̃ΛðqÞ decays fast for large q.

C. An example

We consider the simplest example from the class of composite operators discussed in Sec. B above. We choose

Cðx1; x2Þ ¼ δðx − x1Þδðx − x2Þ ð105Þ

to obtain

½ρðxÞ�Λ ≡ 1

2N
ΦIðxÞΦIðxÞ þ aΛ þ 1

2

Z
z
hΛðx − zÞσðzÞhΛðz − xÞ

þ 1

2
lim
x0→x

�
GΛðx; x0Þ − hΛðx − x0Þ −

Z
z
hΛðx − zÞσðzÞhΛðz − x0Þ

�

¼ 1

2N
ΦIðxÞΦIðxÞ þ aΛ þ 1

2
lim
x0→x

fGΛðx; x0Þ − hΛðx − x0Þg; ð106Þ

where aΛ is determined by

−Λ∂ΛaΛ ¼ 1

2

Z
q
f̃ΛðqÞ; ð107Þ

and

Z
z
hΛðx − zÞσðzÞhΛðz − xÞ ð108Þ

is finite. Solving (107) we obtain

aΛ¼
1

2−D
1

2

Z
q
f̃ΛðqÞ¼

1

2

Z
q

�
h̃ΛðqÞ−

1

q2

�
¼c1Λ; ð109Þ

where c1Λ is defined in (47b).
We now show that ½ρðxÞ�Λ can in fact be written in terms

of σ only, and that it vanishes at f1 ¼ f2 ¼ 0. We recall that
the inverse Legendre transformation from FΛ½σ� to ΓIΛ½ρ�
gives

ρðxÞ ¼ −
δFΛ½σ�
δσðxÞ ¼ −f1 − f2σðxÞ −

δIΛ½σ�
δσðxÞ ; ð110Þ

where IΛ½σ� is defined by (46). Hence, we obtain

−f1−f2σðxÞ¼ρðxÞþδIΛ½σ�
δσðxÞ ¼ρðxÞþc1Λ

þ1

2

X∞
n¼1

Z
x1;…;xn

σðx1Þ���σðxnÞInΛðx;x1;…;xnÞ

¼ρðxÞþc1Λþ
1

2
lim
x0→x

fGΛðx;x0Þ−hΛðx−x0Þg
¼½ρðxÞ�Λ: ð111Þ

Generalizing this result, we find that any Λ-dependent
composite operator written in terms of ρ can be expressed
in terms of σ. Those involving a term like ∂μΦI

∂νΦI are not
of this type.
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D. Equation of motion operators

There is a special class of cutoff dependent composite operators, called equation of motion operators. [9,34,38] They
correspond to bare fields of the type

EbareðxÞ ¼ −e−Sbare½ϕ�
δ

δϕðxÞ ðObare½ϕ�eSbare½ϕ�Þ: ð112Þ

This has the correlation function

hEðxÞϕðx1Þ � � �ϕðxnÞi≡
Z

½dϕ�EbareðxÞϕðx1Þ � � �ϕðxnÞeSbare½ϕ�

¼
Z

½dϕ�Obare½ϕ�
δ

δϕðxÞ fϕðx1Þ � � �ϕðxnÞge
Sbare½ϕ�

¼
Xn
i¼1

δðx − xiÞhOϕðx1Þ � � � dϕðxiÞ � � �ϕðxnÞi; ð113Þ

where ϕðxiÞ is replaced by O. These operators were originally introduced by Wegner [39] and called redundant operators
since they only introduce change of field variables but keep the theory unchanged.
Corresponding to EbareðxÞ, we obtain the cutoff dependent composite operator EΛðxÞ

EΛðxÞeWΛ½J� ≡
Z

½dϕ�EbareðxÞ exp
�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�

¼
Z

½dϕ�Obare½ϕ�
�
−
Z
y
RΛðx − yÞϕðyÞ þ JðxÞ

�
exp

�
Sbare½ϕ� −

1

2

Z
x;y

RΛðx − yÞϕðxÞϕðyÞ þ
Z
x
JðxÞϕðxÞ

�

¼
�
JðxÞOΛ½J� −

Z
y
RΛðx − yÞ

�
δOΛ½J�
δJðyÞ þOΛ½J�

δWΛ½J�
δJðyÞ

��
eWΛ½J�; ð114Þ

where OΛ is the cutoff dependent composite operator given by (74). Regarding EΛðxÞ as a functional of ΦðxÞ≡ δWΛ½J�
δJðxÞ , we

obtain

EΛðxÞ½Φ� ¼ −OΛ½Φ� δΓΛ½Φ�
δΦðxÞ −

Z
y;z

RΛðx − yÞGΛðy; zÞ½Φ� δOΛ½Φ�
δΦðzÞ : ð115Þ

The choice Obare½ϕ� ¼ ϕðxÞ gives the simplest example of
EΛ½Φ�

N ΛðxÞ≡ −ΦðxÞ δΓΛ½Φ�
δΦðxÞ −

Z
y
RΛðx − yÞGΛðx; yÞ½Φ�:

ð116Þ

We call this a number operator because it counts the
number of scalar fields in the correlation function (113).
For the linear sigma model, the number operator is

generalized to

N ΛðxÞ≡ −ΦIðxÞ δΓΛ½Φ�
δΦIðxÞ −

Z
y
RΛðx − yÞGII

Λ ðx; yÞ½Φ�:

ð117Þ

In large N, we obtain

N ΛðxÞ ¼ −ΦIðxÞ∂2ΦIðxÞ − 2NρðxÞσðxÞ

− N
Z
y
RΛðx − yÞGΛðx; yÞ½σ�: ð118Þ

By construction this should have the correct cutoff depend-
ence given by (79). In the remaining part we show that
N ΛðxÞ consists of terms proportional to σðxÞ; σðxÞ2, and
one of the cutoff dependent composite operators discussed
in Sec. IV B.
Using

ρðxÞ ¼ −
δFΛ½σ�
δσðxÞ ¼ −f1 − f2σðxÞ −

δIΛ½σ�
δσðxÞ ; ð119Þ

we obtain
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N ΛðxÞ ¼ −ΦIðxÞ∂2ΦIðxÞ þ 2Nðf1σðxÞ þ f2σðxÞ2Þ þ 2NσðxÞ δIΛ
δσðxÞ − N

Z
y
RΛðx − yÞGΛðx; yÞ½σ�: ð120Þ

Since

− 2σðxÞ δIΛ½σ�
δσðxÞ þ

Z
y
RΛðx − yÞGΛðx; yÞ½σ�

¼
Z
y
RΛðyÞhΛðyÞ þ

Z
y;z

RΛðx − yÞhΛðx − zÞσðzÞhΛðz − yÞ − 2c1ΛσðxÞ

þ lim
y→x

1

2
ð∂2x þ ∂

2
yÞ
�
GΛðx; yÞ½σ� − hΛðx − yÞ −

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ

�
;

ð121Þ

where (38) is used, we obtain

N ΛðxÞ ¼ 2Nðf1σðxÞ þ f2σðxÞ2Þ −ΦIðxÞ∂2ΦIðxÞ þ N

�
aΛ þ

Z
y
bΛðx − yÞσðyÞ

−lim
y→x

1

2
ð∂2x þ ∂

2
yÞ
�
GΛðx; yÞ½σ� − hΛðx − yÞ −

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ

��
; ð122Þ

where

aΛ ≡ −
Z
y
RΛðyÞhΛðyÞ ¼ −

Z
q
RΛðqÞh̃ΛðqÞ; ð123aÞ

bΛðx − yÞ≡ 2c1Λδðx − yÞ − hΛðx − yÞ
Z
z
RΛðx − zÞhΛðz − yÞ: ð123bÞ

The part starting with −ΦI
∂
2ΦI must belong to the class of composite operators in Sec. IV B, corresponding to

C̃ðp1; p2Þ ¼ p2
1 þ p2

2. Hence, aΛ and

b̃ΛðpÞ≡
Z
x
e−ipxbΛðxÞ ¼ 2c1Λ −

Z
q
RΛðqÞh̃ΛðqÞh̃Λðqþ pÞ ð124Þ

must satisfy

−Λ∂ΛaΛ ¼
Z
q
q2f̃ΛðqÞ; ð125aÞ

−Λ∂Λb̃ΛðpÞ ¼
Z
q
q2ðf̃ΛðqÞh̃Λðqþ pÞ þ f̃Λðqþ pÞh̃ΛðqÞÞ; ð125bÞ

respectively.
Let us check (125a) first. Differentiating (123a), we find

−Λ∂ΛaΛ ¼
Z
q
ðΛ∂ΛRΛðqÞ · h̃ΛðqÞ − RΛðqÞf̃ΛðqÞÞ ¼

Z
q
f̃ΛðqÞ

�
1

h̃ΛðqÞ
− RΛðqÞ

�
¼

Z
q
q2f̃ΛðqÞ; ð126Þ

verifying (125a). We next differentiate (124) to find
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−Λ∂Λb̃ΛðpÞ ¼
Z
q
½Λ∂ΛRΛðqÞ · h̃ΛðqÞh̃Λðqþ pÞ

−RΛðqÞðf̃ΛðqÞh̃Λðqþ pÞ þ h̃ΛðqÞf̃Λðqþ pÞÞ þ f̃ΛðqÞ�

¼
Z
q
½f̃ΛðqÞq2h̃Λðqþ pÞ þ f̃Λðqþ pÞð−1þ q2h̃ΛðqÞÞ þ f̃Λðqþ pÞ�

¼
Z
q
q2ðf̃ΛðqÞh̃Λðqþ pÞ þ h̃ΛðqÞf̃Λðqþ pÞÞ; ð127Þ

thus verifying (125b).

V. COMPLETION OF THE ENERGY-MOMENTUM
TENSOR

In Sec. III we have constructed the energy-momentum
tensor ΘμνðxÞ as given by (72). We are still missing two
coefficients αΛ and βΛðx − yÞ. We wish to determine these
by demanding that the energy-momentum tensor have the
correct cutoff dependence (79) explained in Sec. IV.
Before starting we must ask if it is enough to know the Λ

dependence of αΛ and βΛðx − yÞ to determine them
completely. We start with αΛ. It is a constant with the
mass dimensionD, the same as the EM tensor ΘμνðxÞ. Its Λ
independent part must be determined by the two parameters
f1, f2 of the theory. Since the mass dimension of f1 is

D − 2 and that of f2 is D − 4, the only possibility is f2
1

f2
,

which diverges at f2 ¼ 0. Hence, we expect that the Λ
dependence determines αΛ uniquely. We next consider
βΛðx − yÞ, which has the mass dimension 2D − 4. The only
Λ independent possibility is f2δðx − yÞ, which would give
a term proportional to

f2ð−δμν∂2 þ ∂μ∂νÞσðxÞ ð128Þ

to ΘμνðxÞ. We thus conclude that the Λ dependence
determines βΛðx − yÞ only up to an additive term propor-
tional to (128). Thus, the Ward identity (42) and the
symmetry (28) leaves ΘμνðxÞ ambiguous up to a constant
multiple of (128).
We now determine the Λ dependence of both αΛ and

βΛðx − yÞ by demanding that the trace ΘðxÞ≡ ΘμμðxÞ have
the correct cutoff dependence. Equation (72) gives the
trace as

1

N
ΘðxÞ ¼ −D

1

2
f2σðxÞ2 − ðD − 2Þ 1

2N
∂μΦIðxÞ∂μΦIðxÞ þ αΘΛ þ

Z
y
bΘΛðx − yÞσðyÞ

þ 1

2
ðD − 2Þlim

y→x

∂
2

∂xμ∂yμ

�
GΛðx; yÞ½σ� − hΛðx − yÞ −

Z
z
hΛðx − zÞσðzÞhΛðz − yÞ

�
; ð129Þ

where we have defined

aΘ;Λ ≡DαΛ; ð130aÞ

bΘ;Λðx − yÞ≡DAΛðx − yÞ − ðD − 1Þ∂2βΛðx − yÞ: ð130bÞ

The second part of the trace, starting with ∂μΦI
∂μΦI , should belong to the class of composite operators in Sec. IV B. Since

lim
y→x

∂
2

∂xμ∂yμ
ðGΛðx; yÞ − � � �Þ ¼ 1

2

h
∂
2
x lim
y→x

ðGΛðx; yÞ � � �Þ − lim
y→x

ð∂2x þ ∂
2
yÞðGΛðx; yÞ − � � �Þ

i
; ð131Þ

we obtain

1

N
ΘðxÞ ¼ −D

f2
2
σðxÞ2 − kf2ðD − 1Þ∂2σðxÞ −D − 2

2
∂
2½ρðxÞ�Λ −

D − 2

2

�
1

N
N ΛðxÞ − 2f1σðxÞ − 2f2σðxÞ2

�
; ð132Þ

where we have used (106) and (122). The term proportional to a dimensionless constant k comes from the additive
ambiguity of βΛðx − yÞ by kf2δðx − yÞ.
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Using (109) and (123), we obtain

aΘ;Λ ¼ D − 2

2

Z
y
RΛðyÞhΛðyÞ; ð133aÞ

bΘ;ΛðxÞ ¼
D − 2

2

�
−2c1ΛδðxÞ þ hΛðxÞ

Z
y
RΛðx − yÞhΛðyÞ − ∂

2
1

2
hΛðxÞ2

�
− kf2ðD − 1Þ∂2δðxÞ: ð133bÞ

We then obtain

αΛ ¼ 1

D
aΘ;Λ ¼ D − 2

2D

Z
y
RΛðyÞhΛðyÞ; ð134aÞ

−∂2βΛðxÞ ¼
1

D − 1
ðbΘ;ΛðxÞ −DAΛðxÞÞ ¼

D − 2

2ðD − 1Þ
�
−2c1ΛδðxÞ þ hΛðxÞ

Z
y
RΛðx − yÞhΛðyÞ −

2D
D − 2

AΛðxÞ
�

− ∂
2

�
D − 2

2ðD − 1Þ
1

2
hΛðxÞ2 þ kf2δðxÞ

�
; ð134bÞ

where c1Λ is defined by (47b), and AΛðxÞ by (60). In Appendix B we solve (134b) for βΛðxÞ in the momentum space. This
completes the construction of the energy-momentum tensor given by (72).
We now discuss the trace of the energy-momentum tensor. From (132), using (111), we obtain

1

N
ΘðxÞ ¼ −Df2

1

2
σðxÞ2 − kf2ðD − 1Þ∂2σðxÞ −D − 2

2
∂
2ð−f1 − f2σðxÞÞ −

D − 2

2

�
1

N
N ΛðxÞ − 2f1σðxÞ − 2f2

Z
q
σðxÞ2

�

¼ −
D − 2

2

1

N
N ΛðxÞ þ ðD − 2Þf1σðxÞ þ ðD − 4Þf2

1

2
σðxÞ2 þ

�
D − 2

2
− kðD − 1Þ

�
f2∂2σðxÞ: ð135Þ

Integrating this over space, we obtain

Z
x

�
ΘðxÞ þD − 2

2
N ΛðxÞ

�
¼

�
ðD − 2Þf1

∂

∂f1
þ ðD − 4Þf2

∂

∂f2

�
NΓIΛ½ρ�; ð136Þ

where D − 2 and D − 4 are the scale dimensions of the
parameters f1, f2, respectively. We have thus verified the
trace formula that relates the trace of the energy momentum
tensor to the scale transformation. [4]
As has been shown in [12], conformal invariance

amounts to the vanishing of the trace ΘðxÞ up to the
second order derivative of a local operator. Within the
context of ERG, we must find

ΘðxÞ þ
�
D − 2

2
þ γ

�
N ΛðxÞ ¼ 0 ð137Þ

up to the second order derivative of a composite operator,
where γ is the anomalous dimension of the scalar field. This
was first shown in [14], and subsequently discussed in
[13,5]. In largeN the anomalous dimension vanishes γ ¼ 0,
and at f1 ¼ f2 ¼ 0, (135) gives

ΘðxÞ þD − 2

2
N ΛðxÞ ¼ 0: ð138Þ

Hence, the theory at f1 ¼ f2 ¼ has conformal invariance.
Equation (135) for the trace of the EM tensor is

appropriate in the neighborhood of the critical point
f1 ¼ f2 ¼ 0. In the neighborhood of the massless
Gaussian theory f1 ¼ 0; f2 ¼ þ∞, it is more convenient
to rewrite (136) using the scalar field ρ. The squared mass
parameter m2

Λ, which can be negative, is given by

f1−f2m2
Λþ

1

2

Z
p

�
1

p2þm2
ΛþRΛðpÞ

−
1

p2

�
¼0: ð139Þ

Since

ΓIΛ½ρ� ⟶
f2→þ∞

Z
x

�
−m2

ΛρðxÞ −
1

2f2
ρðxÞ2

�
ð140Þ
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up to an additive constant if we ignore terms suppressed by 1
f2
2

and higher, we find

σðxÞ ¼ δΓIΛ½ρ�
δρðxÞ ⟶

f2→þ∞
−m2

Λ − λρðxÞ; ð141Þ

where λ≡ 1
f2
. Hence, (136) gives

ΘΛðxÞ þ
D − 2

2
N ΛðxÞ ⟶

f2→þ∞
N

�
−ðD − 2Þf1ðm2

Λ þ λρðxÞÞ

þðD − 4Þ 1

2λ
ðm2

Λ þ λρðxÞÞðm2
Λ þ λρðxÞÞ þ

�
−
D − 2

2
þ kðD − 1Þ

�
∂
2ρðxÞ

�

¼ N

�
−D

1

2λ
m4

Λ − 2m2
ΛρðxÞ − ð4 −DÞ λ

2
ρðxÞ2 þ

�
−
D − 2

2
þ kðD − 1Þ

�
∂
2ρðxÞ

�
; ð142Þ

which is a more familiar expression for the trace. We note that the scale dimensions of 1
λm

4
Λ; m

2
Λ; λ are respectively given

by D; 2; 4 −D.

VI. THE Λ → 0 + LIMIT OF Θμν

As we have explained in Sec. IV, a cutoff dependent composite operator becomes the 1PI effective action with the
insertion of a single composite operator in the vanishing cutoff limit. Let us compute the limit

lim
Λ→0þ

ΘμνðxÞ:

We find it easier to compute in the momentum space where

RΛðpÞ ¼ Λ2Rðp=ΛÞ; ð143aÞ

h̃ΛðpÞ ¼
Z
x
e−ipxhΛðxÞ ¼

1

p2 þ RΛðpÞ
¼ 1

Λ2

1
p2

Λ2 þ Rðp=ΛÞ
¼ 1

Λ2
h̃ðp=ΛÞ; ð143bÞ

f̃ΛðpÞ ¼
Z
x
e−ipxfΛðxÞ ¼

Λ∂ΛRΛðpÞ
ðp2 þ RΛðpÞÞ2

¼ 1

Λ2

ð2 − p · ∂pÞRðp=ΛÞ
ðp2

Λ2 þ Rðp=ΛÞÞ2
¼ 1

Λ2
f̃ðp=ΛÞ: ð143cÞ

From (72) we find

Θ̃μνðpÞ≡
Z
x
e−ipxΘμνðxÞ ¼ −Nδμνf2

1

2

Z
q
σ̃ðpþ qÞσ̃ð−qÞ þ N½δμναΛδðpÞ þ fδμνÃΛðpÞ þ ðp2δμν − pμpνÞβ̃ΛðpÞgσ̃ðpÞ�

þ 1

2

Z
q
f−δμνqðqþ pÞ þ qμðqþ pÞν þ qνðqþ pÞμg

× ½Φ̃Ið−qÞΦ̃Iðqþ pÞ þ NfG̃Λ;q;−q−p½σ� − h̃ΛðqÞδðpÞ − h̃ΛðqÞσ̃ðpÞh̃Λðqþ pÞg�; ð144Þ

where
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G̃Λ;q;−q−p½σ�≡
Z
x;y

eiqx−iðqþpÞyGΛðx; yÞ½σ�

¼ h̃ΛðqÞδðpÞ þ h̃ΛðqÞ
�
σ̃ðpÞ þ

Z
p1;p2

δðp1 þ p2 − pÞσ̃ðp1Þh̃Λðqþ p1Þσ̃ðp2Þ

þ
Z
p1;p2;p3

δðp1 þ p2 þ p3 − pÞσ̃ðp1Þh̃Λðqþ p1Þσ̃ðp2Þh̃Λðqþ p1 þ p2Þσ̃ðp3Þ þ � � �
�
h̃Λðqþ pÞ: ð145Þ

αΛ, given by (134a), vanishes in the limit

αΛ ¼ D − 2

2D

Z
q
RΛðqÞh̃ΛðqÞ ¼

D − 2

2D
ΛD

Z
q
RðqÞh̃ðqÞ⟶Λ→0þ

0: ð146Þ

Similarly, (60) gives

pνÃΛðpÞ≡
Z
x
e−ipx

1

i
∂νAΛðxÞ ¼

Z
q
ðpþ qÞνRΛðqÞh̃ΛðqÞh̃Λðqþ pÞ

¼ ΛD−1
Z
q

�
qþ p

Λ

�
ν

RðqÞh̃ðqÞh̃
�
qþ p

Λ

�
⟶
Λ→0þ

pν
ΛD

p2

Z
q
RðqÞh̃ðqÞ ⟶ 0: ð147Þ

(134b) gives

p2β̃ΛðpÞ≡
Z
x
e−ipxð−∂2ÞβΛðxÞ ¼

D − 2

2ðD − 1Þ
�
−2c1Λ þ

Z
q
RΛðqÞh̃ΛðqÞh̃Λðqþ pÞ − 2D

D − 2
ÃΛðpÞ

�

þ p2

�
D − 2

4ðD − 1Þ
Z
q
h̃ΛðqÞh̃Λðqþ pÞ þ kf2

�
; ð148Þ

where (47b) gives

2c1Λ ¼
Z
q

�
h̃ΛðqÞ −

1

q2

�
¼ ΛD−2

Z
q

�
h̃ðqÞ − 1

q2

�
⟶
Λ→0þ

0; ð149Þ

and Z
q
RΛðqÞh̃ΛðqÞh̃Λðqþ pÞ ¼ ΛD−2

Z
q
RðqÞh̃ðqÞh̃

�
qþ p

Λ

�
⟶
Λ→0þ

ΛD 1

p2

Z
q
RðqÞh̃ðqÞ ⟶ 0: ð150Þ

Hence, we obtain

lim
Λ→0þ

β̃ΛðpÞ ¼
D − 2

4ðD − 1Þ
Z
q

1

q2ðqþ pÞ2 þ kf2: ð151Þ

We thus obtain the effective action with the insertion of a single EM tensor as

lim
Λ→0þ

Θ̃μνðpÞ ¼ −Nδμνf2
1

2

Z
q
σ̃ð−qÞσ̃ðqþ pÞ þ Nðp2δμν − pμpνÞ

�
D − 2

4ðD − 1Þ
Z
q

1

q2ðqþ pÞ2 þ kf2

�
σ̃ðpÞ

þ 1

2
N
Z
q
f−δμνqðqþ pÞ þ qμðqþ pÞν þ qνðqþ pÞμg

�
1

N
Φ̃Ið−qÞΦ̃Iðqþ pÞ

þ 1

q2

�Z
p1;p2

δðp1 þ p2 − pÞσ̃ðp1Þ
1

ðqþ p1Þ2
σ̃ðp2Þ

þ
Z
p1;p2;p3

δðp1 þ p2 þ p3 − pÞσ̃ðp1Þ
1

ðqþ p1Þ2
σ̃ðp2Þ

1

ðqþ p1 þ p2Þ2
σ̃ðp3Þ þ � � �

�
1

ðqþ pÞ2
�
; ð152Þ
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where σ̃ðpÞ is given by

σ̃ðpÞ≡ δΓeff;I½ρ�
δρ̃ð−pÞ ð153Þ

and

Γeff;I½ρ�≡ lim
Λ→0þ

ΓIΛ½ρ�: ð154Þ

VII. CONCLUSIONS

In this paper we have applied the exact renormalization
group formalism to construct the energy-momentum (EM)
tensor in the large N limit of the OðNÞ linear sigma model
in D dimensions, where 2 < D < 4. The EM tensor is a
functional of scalar fields, and its cutoff dependence is
given by the exact renormalization group equation. By
taking the momentum cutoff to zero, we obtain the effective
action with a single insertion of the energy-momentum
tensor.
Our result for the cutoff dependent EM tensor is given by

(72) of Sec. III, where the coefficient AΛðxÞ is given by
(60), and αΛ and βΛðxÞ are given respectively by (134a),
(134b). The field σðxÞ is defined by (34). The EM tensor
has been constructed to satisfy the Ward identity (42) for
the translation and rotation invariance. In Sec. VI we take
the zero cutoff limit to obtain (152).
In general, given a Wilson action, we should be able to

write down the energy-momentum tensor explicitly. We
hope we have presented such an example for an interacting
theory even though we have needed the help of large N
approximations. We have verified that our energy-momen-
tum tensor satisfies the expected trace formula. We have
also confirmed that the critical OðNÞ model is conformally

invariant in the large N limit (see [20] for a different
approach valid for any finite N).
Now that the EM tensor is constructed explicitly within

the ERG formalism, we should be able to compute also the
short distance singularities in the products of the tensor.
This is a task left for the future; we refer the reader to
[40,41] for some explicit examples of calculations of short
distance singularities of operator products in the ERG
framework. Another issue left for a future work is to find
the relation between the EM tensor defined in this paper
and the EM tensor defined by coupling the system to an
external metric and possibly an additional background
metric. In this case we expect that the Ward identity
associated with the shift of the background metric also
plays a role; it would be interesting to study this along the
lines of [42]. This approach could have some merit also for
the study of the role of these Ward identities within the
asymptotic safety scenario for quantum gravity [43,44].

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: DERIVATION OF (75)

A cutoff dependent composite operator OΛ½J� is defined
by (74). Equation (75) gives the cutoff dependence of

OΛ½Φ� ¼ OΛ½J� regarded as a functional of Φ ¼ δWΛ½J�
δJ

instead of J. It is the purpose of this appendix to
derive (75).
First, the cutoff dependence ofOΛ½J� as a functional of J

is obtained, from (74), as

−Λ∂ΛOΛ½J� ¼
1

2

Z
x;y

Λ∂ΛRΛðx − yÞ
�

δ2OΛ½J�
δJðxÞδJðyÞ þ 2

δOΛ½J�
δJðxÞ

δWΛ½J�
δJðyÞ

�
: ðA1Þ

We then obtain

−Λ∂ΛOΛ½Φ� ¼ −Λ∂ΛOΛ½J� þ
Z
x

δOΛ½J�
δJðxÞ ð−Λ∂ΛÞJðxÞjΦ fixed

¼ −Λ∂ΛOΛ½J� þ
Z
x

δOΛ½J�
δJðxÞ ð−Λ∂ΛÞ

�Z
y
RΛðx − yÞΦðyÞ − δΓΛ½Φ�

δΦðxÞ
�
; ðA2Þ

where (15) is used. Using

δOΛ½J�
δJðxÞ ¼

Z
y

δΦðyÞ
δJðxÞ

δOΛ½Φ�
δΦðyÞ ¼

Z
y
GΛðx; yÞ½Φ� δOΛ½Φ�

δΦðyÞ ; ðA3Þ

δ2OΛ½J�
δJðxÞδJðyÞ¼

Z
v
GΛðy;vÞ½Φ� δ

δΦðvÞ
Z
u
GΛðx;uÞ½Φ�δOΛ½Φ�

δΦðuÞ ¼
Z
u;v

GΛðy;vÞ½Φ�
�
δGΛðx;uÞ
δΦðvÞ

δOΛ½Φ�
δΦðuÞ þGΛðx;uÞ½Φ� δ2OΛ½Φ�

δΦðuÞδΦðvÞ
�
;

ðA4Þ
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−Λ∂Λ
δΓΛ½Φ�
δΦðxÞ ¼ δ

δΦðxÞ
1

2

Z
u;v

Λ∂ΛRΛðu − vÞGΛðu; vÞ½Φ� ¼ 1

2

Z
u;v

Λ∂ΛRΛðu − vÞ δGΛðu; vÞ½Φ�
δΦðxÞ ; ðA5Þ

we obtain

−Λ∂ΛOΛ½Φ� ¼ 1

2

Z
x;y

Λ∂ΛRΛðx − yÞ
Z
u;v

GΛðx; uÞGΛðy; vÞ
δ2OΛ½Φ�

δΦðuÞδΦðvÞ ðA6Þ

which is (75). For the linear sigma model, this generalizes to

−Λ∂ΛOΛ½Φ� ¼ 1

2

Z
x;y

Λ∂ΛRΛðx − yÞ
Z
u;v

GIJ
Λ ðx; uÞGIK

Λ ðy; vÞ δ2OΛ½Φ�
δΦJðuÞδΦKðvÞ : ðA7Þ

APPENDIX B: SOLUTION TO (134b)

In this appendix we solve (134b) in the momentum space, where the equation becomes

p2ðβ̃ΛðpÞ − kf2Þ ¼
1

D − 1
ðb̃Θ;ΛðpÞ −DÃΛðpÞÞ

¼ 1

D − 1

D − 2

2

�Z
q

�
RΛðqÞh̃ΛðqÞh̃Λðqþ pÞ − hΛðqÞ þ

1

q2

�

−
2D

D − 2
ÃΛðpÞ þ

1

2
p2

Z
q
h̃ΛðqÞh̃Λðqþ pÞ

�
: ðB1Þ

This is solved by

β̃ΛðpÞ ¼ kf2 þ
1

D − 1

D − 2

2

1

2

Z
q
h̃ΛðqÞh̃Λðqþ pÞ

þ 1

D − 1

D − 2

2

1

p2

�Z
q

�
RΛðqÞh̃ΛðqÞh̃Λðqþ pÞ − h̃ΛðqÞ þ

1

q2

�
−

2D
D − 2

ÃΛðpÞ
�
: ðB2Þ

For this solution to make sense, we must show that the coefficient function β̃ΛðpÞ defined by (134b) is finite at p ¼ 0.
We need to show

2D
D − 2

ÃΛð0Þ ¼
Z
q

�
RΛðqÞh̃ΛðqÞ2 − h̃ΛðqÞ þ

1

q2

�
; ðB3Þ

where ÃΛðpÞ is determined by (60) as

pνÃΛðpÞ ¼
Z
q
ðpþ qÞνRΛðqÞh̃ΛðqÞh̃Λðqþ pÞ: ðB4Þ

Since

pνÃΛðpÞ ¼
Z
q
ðqþ pÞνRΛðqÞh̃ΛðqÞh̃Λðqþ pÞ⟶p→0

pν

Z
q
RΛðqÞh̃ΛðqÞ2 þ

Z
q
qνRΛðqÞh̃ΛðqÞpμ

∂

∂qμ
h̃ΛðqÞ

¼ pν

�Z
q
RΛðqÞh̃ΛðqÞ2 þ

1

D

Z
q
RΛðqÞh̃ΛðqÞq · ∂qh̃ΛðqÞ

�
; ðB5Þ

we obtain
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Ãνð0Þ ¼
Z
q
RΛðqÞh̃ΛðqÞ2 þ

1

2D

Z
q
RΛðqÞq · ∂qh̃ΛðqÞ2

¼
Z
q
RΛh̃

2
Λ þ 1

2D

Z
q
ð−D − q · ∂qÞRΛðqÞ · h̃ΛðqÞ2

¼
Z
q
RΛh̃

2
Λ þ 1

2D

Z
q
ð2 − q · ∂q −D − 2ÞRΛðqÞ · h̃ΛðqÞ2

¼
Z
q
RΛh̃

2
Λ þ 1

2D

Z
q
ðf̃ΛðqÞ − ðDþ 2ÞRΛðqÞh̃ΛðqÞ2Þ

¼ D − 2

2D

Z
q
RΛðqÞh̃ΛðqÞ2 þ

1

2D

Z
q
f̃ΛðqÞ: ðB6Þ

Using

1

D

Z
q
f̃ΛðqÞ ¼

D − 2

D

Z
q

�
1

q2
− h̃ΛðqÞ

�
; ðB7Þ

we obtain the desired equality (B3).
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