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This article explores particle number diffusion in relativistic hydrodynamics using kinetic theory with a
modified collision kernel that incorporates the momentum dependence of the particle relaxation time.
Starting from the Boltzmann equation within the extended relaxation time approximation (ERTA), we
derive second-order evolution equations for the dissipative number current and calculate the associated
transport coefficients. The sensitivity of transport coefficients to the particle momentum dependence of the
collision timescale of the microscopic interactions in the hot QCD medium is analyzed. For a conformal,
number-conserving system, we compare the ERTA-modified transport coefficients for particle diffusion
with exact results derived from scalar field theory. With an appropriate parametrization of the relaxation
time, we demonstrate the consistency of our analysis and assess the degree of agreement of the results with
the exact solutions from scalar field theory. The relaxation times for the shear and number diffusion
evolution equations are seen to be distinct in general when the momentum dependence of the relaxation
time is taken into consideration.
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I. INTRODUCTION

Energetic heavy-ion collision experiments conducted
at the Relativistic Heavy-Ion Collider (RHIC) and Large
Hadron Collider (LHC) create a strongly interacting nuclear
matter, the quark-gluon plasma (QGP), under extreme
conditions of energy density and temperature. The success
of theoretical models based on relativistic hydrodynamics in
describing the evolution of the QGP is widely regarded as
one of the remarkable achievements in this field [1–4]. These
models can effectively capture the particle spectra, collective
flow, etc., and provide insights into the properties of the hot
nuclear matter. Consequently, substantial research has been
devoted to the fluidlike behavior of the QGP, particularly
through extraction of its transport properties [5–11].
The evolution of a relativistic fluid (for example, the

QGP evolution in heavy-ion collisions) that is not too far

from its local equilibrium state can be described through
relativistic hydrodynamics, which can be formulated as an
expansion in gradients of the primary fluid-dynamical
variables. The Knudsen number serves as the expansion
parameter of the underlying hydrodynamic theory for the
QGP evolution. The zeroth-order expansion corresponds to
a nondissipative fluid in which the fluid is assumed to be in
the local thermodynamic equilibrium, i.e., an ideal fluid.
The first-order theory, the relativistic Navier-Stokes theory,
takes into account the dissipative terms of first order in
Knudsen number. However, the Navier-Stokes theory is
found to be unstable and acausal [12–14], making it
unsuitable for a hydrodynamical description of the QGP.
To overcome these challenges, the second-order Müller-
Israel-Stewart theory was introduced [15–17]. Moreover,
some recent advances, generally referred to as Bemfica,
Disconzi, Noronha, and Kovtun (BDNK) theory, have
demonstrated that with appropriate modifications of the
energy-momentum tensor, first-order theory can be made
causal and stable [18,19]. However, its phenomenological
implications remain to be fully developed [20]. The
applicability of the dissipative hydrodynamic framework
is inherently tied to the assumptions and approximations of
the underlying microscopic theory from which it is derived.
The second-order theory in the original Müller-Israel-
Stewart work was derived by analyzing entropy production.
In more recent approaches, hydrodynamic equations are
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obtained by starting from the Boltzmann equation, utilizing
methods such as the Chapman-Enskog expansion [21,22]
or the method of moments [23,24].
Dissipative quantities play a crucial role in describing the

nonequilibrium dynamics of the QGP. Extensive research
has focused on understanding the evolution of the shear
stress tensor and bulk viscous pressure in the hot QCD
medium. In contrast, much less attention has been paid to
the role of dissipative charge currents. This disparity arises
largely from the assumption that net-baryon density is
negligible at very high collision energies. However, this
assumption breaks down for low-energy collisions, such as
those explored in the Beam Energy Scan (BES) program at
the RHIC or the upcoming experiments at the Facility for
Antiproton and Ion Research (FAIR). At these energies,
the net-baryon density becomes significant, and the effects
of dissipative charge currents can no longer be ignored.
Charge diffusion may play a critical role in the hydro-
dynamic evolution of the QCD medium, making its
inclusion in theoretical models essential to accurately
describe the system’s behavior. In recent years, efforts
have been made in this area, with studies addressing the
formulation of hydrodynamic theory at finite chemical
potential [23,25–28], as well as numerical simulations
exploring the influence of net baryon diffusion on observ-
ables such as particle spectra and flow coefficients [29–31].
One of the crucial steps in deriving the hydro-

dynamic equations from kinetic theory is to address the
complexities of effectively incorporating microscopic inter-
actions in the medium. The Anderson-Witting Relaxation
Time Approximation (RTA) [32] has emerged as a widely
used framework that characterizes the collision kernel of
the Boltzmann equation with the relaxation time parameter.
The RTA has been extensively utilized in the formulation
of relativistic hydrodynamics and in the computation of
transport coefficients [33–44]. Some of the initial studies
on the diverging nature of hydrodynamic gradient expan-
sion [45,46] were carried out using the RTA [45]. More-
over, the attractor solution in hydrodynamics [47–49] and
the exact numerical solutions [34,50,51] to the relativistic
Boltzmann equation were also found using the RTA
collision kernel. The standard implementation of the RTA
typically assumes that the relaxation time is independent of
the particle’s momentum. However, this assumption is not
valid for realistic systems, where the collision timescale
depends on the specifics of microscopic interactions.
Recent studies have introduced significant improvements
to the conventional RTA, addressing these limitations and
ensuring compatibility of the relativistic Boltzmann equation
with the conservation laws [52–55]. References [56–58]
introduced the extended relaxation time approximation
(ERTA), which incorporates the momentum-dependent
relaxation time and provides a systematic way of deriving
hydrodynamic equations. Notably, the viscous hydrody-
namical evolution and the associated transport coefficients

are observed to be sensitive to the momentum dependence
of the relaxation time [58–61]. The precise functional
relationship between relaxation time and particle momen-
tum is intricate and challenging to determine. In Ref. [62],
the authors discussed examples of several theories where
the relaxation time can depend on the particle momentum.
While most of the theories may lie between two limiting
cases where the relaxation time is either constant (called
linear ansatz) or proportional to momentum linearly (called
quadratic ansatz), there may exist theories where this
relationship is nontrivial. In the case of linear ansatz, the
energy loss of high-momentum particles increases linearly
with momentum. In contrast, in the case of quadratic ansatz,
the energy loss of high-momentum particles approaches a
constant. To incorporate the momentum dependence of the
relaxation time into our analysis, we adopted a general
parametrized form, focusing on the regime relevant to the
QCD medium.
In this paper, we investigate particle number diffusion

within relativistic second-order dissipative hydrodynamics,
incorporating a momentum-dependent thermal relaxation
time. Using the ERTA framework, we derive the second-
order evolution of the dissipative particle number current
for the first time. With this modified collision kernel, we
compute the transport coefficients associated with number
current transport in a general reference frame, incorporating
the landau matching conditions. Exact analytical solutions
to the Boltzmann equation remain challenging to obtain.
However, a recent study [63,64] provides the exact trans-
port coefficients for a massless self interacting λϕ4 theory.
For a conformal, number conserved system, we perform a
direct comparison between the ERTA transport coefficients
for particle diffusion and the exact scalar field theory
results, with an appropriate choice of a parametrized-
relaxation time.
The paper is organized as follows. In Sec. II, we derive

the evolution of particle number diffusion for a number
conserving conformal system using kinetic theory with the
modified collision kernel within the ERTA framework. In
Sec. III, we examine the particle diffusion relaxation time in
the current framework and its significance. The latter part
of this section is dedicated to comparing our results with the
exact solutions from scalar field theory. We summarize the
analysis in Sec. IV. The definitions of various thermody-
namic integrals and their useful relations are presented in
Appendix A.
Notation and Conventions: Throughout, we follow

natural units c ¼ kB ¼ ℏ ¼ 1 and the metric tensor is
defined as gμν ¼ diagð1;−1;−1;−1Þ. The four-velocity
of the fluid element is represented by uμ with the normali-
zation condition uμuμ ¼ 1. In the local rest frame of the
fluid, we have uμ ¼ ð1; 0; 0; 0Þ. We define the two-rank
projection operator as Δμν ¼ gμν − uμuν with Δμνuμ ¼ 0

and rank-four projection operator perpendicular to uα and
Δαβ as Δμν

αβ ≡ 1
2
ðΔμ

αΔν
β þ Δμ

βΔν
αÞ − 1

3
ΔμνΔαβ.
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II. CHARGE DIFFUSION IN DISSIPATIVE
HYDRODYNAMICS

In the present analysis, we consider a system of massless
particles with a finite chemical potential—a conformal,
particle number conserving system—where the constituent
particles follow Maxwell-Boltzmann statistics. The hydro-
dynamic evolution of such a system is determined by the
conservation equations of the net particle number current
along with the energy and momentum. The particle number
current and energy-momentum tensor of the system can be
expressed in terms of the single-particle phase-space
distribution fðx; pÞ as [65,66],

Nμ ¼
Z

dPpμf; Tμν ¼
Z

dPpμpνf; ð1Þ

where the invariant phase-space integral measure is given

by dP ¼ dg
d3jpj

ð2πÞ3p0, with dg being the degeneracy factor.

Using the projection operator, Δμν, the number four-
current, Nμ can be decomposed into components parallel
and orthogonal to the fluid four-velocity. This yields:

Nμ ¼ nuμ þ nμ; ð2Þ

where uμ is the four-velocity of a fluid element defined in
the Landau frame satisfying the condition, uνTμν ¼ ϵuν,
with ϵ and n being the energy density and net particle
number density, respectively, in the local rest frame of the
fluid, and nμ is the dissipative term that denotes the number
diffusion current. Similarly, the energy-momentum tensor
can be decomposed as

Tμν ¼ ϵuμuν − PΔμν þ πμν; ð3Þ

with P and πμν being the thermodynamic pressure and
shear viscous stress, respectively. The hydrodynamic equa-
tions for the evolution of ϵ, n, and uμ are obtained by taking
the projections of the energy-momentum conservation,
∂μTμν ¼ 0 and number current conservation, ∂μNμ ¼ 0

along and perpendicular to the direction of fluid flow,

ϵ̇þ ðϵþ PÞθ − πμνσμν ¼ 0; ð4Þ

ðϵþ PÞu̇μ −∇μPþ Δμ
ν∂γπ

νγ ¼ 0; ð5Þ

ṅþ nθ þ ∂μnμ ¼ 0; ð6Þ

where Ȧ ¼ uμ∂μA is the co-moving derivative of A, which
becomes the purely temporal derivative in the local rest
frame of the fluid, and ∇μ ¼ Δμν

∂ν is the spacelike
derivative, which becomes the purely spatial derivative
in the local rest frame of the fluid. In Eq. (4), σμν ¼
Δμν

αβ∇αuβ is the velocity stress tensor, and θ ¼ ∂μuμ is the
expansion scalar.

For a system of massless particles following the Maxwell-
Boltzmann distribution,1 the equilibrium distribution func-
tion for the particles is given by

f0ðx; pÞ ¼ e−βðu·pÞþα; ð7Þ

where β ¼ 1=T and α ¼ μ=T are the inverse of temperature
T, and ratio of chemical potential, μ to the temperature, T,
respectively, with both α ¼ αðxÞ and β ¼ βðxÞ being
functions of space and time. The equilibrium number
density, energy density, and pressure are then given by

ϵ0 ¼ uνuμ

Z
dPpμpνf0 ¼

3dgeα

π2β4
; ð8Þ

n0 ¼ uν

Z
dPpνf0 ¼

dgeα

π2β3
; ð9Þ

P ¼ −
1

3
Δμν

Z
dPpμpνf0 ¼

dgeα

π2β4
; ð10Þ

where eα is the exponential of α arising due to the
nonvanishing chemical potential in the distribution func-
tion, Eq. (7). The equation of state for this system of
massless particles is given by P ¼ ϵ=3. Using the Landau
matching conditions given by ϵ ¼ ϵ0 and n ¼ n0, the
expressions for the spacelike and co-moving derivatives
of α and β can be obtained by substituting Eqs. (8)–(10)
into Eqs. (4)–(6) as

α̇ ¼ −An∂μnμ − AΠπ
μνσμν; ð11Þ

β̇ ¼ βθ

3
−Dn∂μnμ −DΠπ

μνσμν; ð12Þ

∇μβ ¼ −βu̇μ þ χ∇μα − ξΔμ
ν∂γπ

νγ; ð13Þ

where the coefficients are defined as

An ¼
4

n
; AΠ ¼ β

n
; Dn ¼

β

n
;

DΠ ¼ β

ϵ
; χ ¼ n

ϵþP
¼ β

4
; ξ ¼ β

ϵþ P
¼ 3β

4ϵ
: ð14Þ

These relations will be used while deriving the evolution
equation for nμ in the next section. In a prior study [58], the
second-order evolution equation for the shear stress tensor,
incorporating the effects of a modified collision kernel, has
been extensively studied. In the present work, we extend
this analysis to the evolution of the number current, which
is essential for an accurate description of the hydrodynamic

1For antiparticles we have to change μ → −μ, but in the present
case, we do not consider antiparticles, as we demand the particle
number to be conserved.
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evolution of the QCD medium at finite chemical potential.
To achieve this, we consider a system near local equilibrium
where the distribution function can be expressed as f ¼
f0 þ δf where the deviation from the equilibrium distri-
bution δf satisfies the condition jδfj ≪ f0. The shear
stress tensor and number diffusion current can be further
defined as

πμν ¼ Δμν
ργ

Z
dPpρpγδf: ð15Þ

nμ ¼ Δμ
ν

Z
dPpνδf: ð16Þ

The first step in the derivation of the number current
evolution is the estimation of the appropriate nonequili-
brium part of the distribution function δf.

A. Nonequilibrium distribution function within ERTA
at finite μ

The nonequilibrium correction δf can be obtained by
solving the relativistic Boltzmann equation. The evolution
of the phase-space distribution function is described by the
Boltzmann equation as

pμ
∂μf ¼ C½f�; ð17Þ

where C½f� is the collision kernel that encodes all the
interactions between the colliding particles in the system
and can be defined as

C½f� ¼ 1

2

Z
dP0dKdK0Wpp0→kk0 ðfkf0k − fpf0pÞ: ð18Þ

The above expression is valid for 2 ↔ 2 elastic collisions,
where Wpp0→kk0 is the collision transition rate. Here, the
subscripts on the distribution function and the transition
rate indicate the particle momenta. The Boltzmann equa-
tion with the above collision kernel becomes an integro-
differential equation, which becomes difficult to solve for
almost all kinds of interactions. To address this, approx-
imations are used to simplify the collision term in the
linearized regime. One notable approach is the relaxation
time approximation (RTA), introduced by Anderson and
Witting [32]. With the assumption that the collisions in the
system restore the local distribution function to its local
equilibrium value exponentially, we have

C½f� ¼ −
u · p
τRðxÞ

ðf − f0Þ; ð19Þ

with τR as the thermal relaxation time parameter. The
conventional RTA assumes τRðxÞ to be independent of
particle momentum and leads to the conservation of
number current and energy-momentum tensor by taking the
zeroth and first moments of the collision term, respectively,

only when the Landau matching conditions are employed.
In contrast, the timescale of collisions depends on the
microscopic interactions within the medium, which can
introduce a momentum-dependent relaxation time τRðx; pÞ.
However, incorporating τRðx; pÞ in the conventional RTA
makes it incompatible with the conservation laws, even in
the Landau frame. This sets the motivation for a modified
collision kernel that can incorporate a momentum-
dependent relaxation time while maintaining the conserva-
tion laws in the Landau frame. In the present analysis, we
employ the recently developed extended relaxation time
approximation (ERTA) [57,58] that takes into account the
particle energy dependent-relaxation time. The Boltzmann
equation with ERTA collision term becomes

pμ
∂μf ¼ −

u · p
τRðx; pÞ

ðf − f�0Þ; ð20Þ

where f�0 ¼ e−β
�ðu�·pÞþα� is the local equilibrium distribu-

tion in the thermodynamic frame [57]. Here, u�μ, T�, and μ�

are the fluid four-velocity, temperature, and chemical
potential, respectively, in this thermodynamic frame. The
interpretation of the thermodynamic frame as well as the
distinction between this and the hydrodynamic frame is
explained in detail in Ref. [57]. Using a Chapman-Enskog-
like gradient expansion method, we can expand the non-
equilibrium correction to the local distribution function in
hydrodynamic equilibrium in various orders in gradients as

δf ¼ δfð1Þ þ δfð2Þ þ � � � ; ð21Þ

where δfðiÞ is the term consisting of ith order gradients of
the primary hydrodynamic variables, α, β, and uμ. Each
derivative of these hydrodynamic variables is proportional
to the inverse of the macroscopic length scale, L, over
which these primary fluid-dynamical variables varies. With
the microscopic length scale λi contained in the ith term,
the δfðiÞ terms are proportional to powers of the Knudsen
number, ðKnÞi ∼ ðλ=LÞi. Hence, assuming that the micro-
scopic length scales are much smaller than the macroscopic
length scales in the system, i.e., Kn ≪ 1, the gradient
expansion thus considered is equivalent to the power count-
ing scheme in terms of the Knudsen number, Kn ∝ ∂, which
can be used to truncate the above expansion of δf at any
desired order.2 With δf� ¼ f�0 − f0, the ERTA-modified
Boltzmann equation leads to the following form of δf:

δf ¼ −
τRðx; pÞ
u · p

pμ
∂μf þ δf�: ð22Þ

The δf� acts as a counterterm to ensure the conservation
laws and is determined by imposing the Landau frame and

2From here on, we denote any such ith order derivative term
with the notation, Oð∂iÞ.
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the Landau matching conditions. The form of distribution
function up to the second order with the vanishing chemical
potential is presented in Ref. [58]. Since the present focus is
on a charge-conserved system, it is necessary to analyze the
matching conditions and estimate the distribution function
up to second order at a finite μ. We begin with the evalua-
tion of the first order to distribution function, δfð1Þ. Up to
first order in gradients, Eq. (22) can be written as

δfð1Þ ¼ −
τRðx; pÞ
u · p

pμ
∂μf0 þ δf�ð1Þ: ð23Þ

With T� ¼ T þ δT, μ� ¼ μþ δμ and u�μ ¼ uμ þ δuμ, we
can Taylor expand f�0ðu�μ; T�; μ�Þ around T, μ, and uμ to
obtain the following expression for δf�ð1Þ:

δf�ð1Þ ¼
�
−
ðδu ·pÞ

T
þðu ·p− μÞ

T2
δTþ δμ

T
þOð∂2Þþ � � �

�
f0:

ð24Þ

By employing Eqs. (24) and (23), the first-order distribu-
tion can be written as

δfð1Þ ¼ τR

��
n

ϵþ P
−

1

u · p

�
pμð∇μαÞ þ βpμpασμα

ðu · pÞ
�
f0

þ
�
−
ðδu · pÞ

T
þ ðu · p − μÞ

T2
δT þ δμ

T

�
f0; ð25Þ

where δT, δμ, and δuμ, can be determined by imposing the
matching conditions, ϵ ¼ ϵ0 and n ¼ n0 along with the
Landau frame condition uνTμν ¼ ϵuμ. Then up to first
order in spacetime gradient, we can obtain the following
relations [57]:

δuμ ¼ Cβð∇μαÞþOð∂2Þ; δμ¼Oð∂2Þ; δT ¼Oð∂2Þ:
ð26Þ

Here, the form of C can be expressed in terms of the
thermodynamic integrals as

C ¼ 1

β2I31

�
n

ϵþ P
K31 − K21

�
: ð27Þ

The definition of the thermodynamic integrals is presented
in Appendix A. Using the above form of δuμ, δμ, and δT up
to first order in gradients, the first-order shear viscosity πμνð1Þ
and number diffusion current nμð1Þ were determined using

the definitions given in Eqs. (15) and (16)) as [57]

πμνð1Þ ¼ 2ησμν; η ¼ 2K32

T
; ð28Þ

nμð1Þ ¼ κ∇μα; κ ¼ −Cβ2I21 þ
n

ϵþ P
K21 − K11; ð29Þ

where η and κ are the first order shear and diffusion
coefficients, respectively. With δfð2Þ being the nonequili-
brium correction to the local distribution containing only
second-order terms in gradients, the total correction till
second-order Δfð2Þ ¼ δfð1Þ þ δfð2Þ can be further evalu-
ated by keeping terms up to second order in gradients

Δfð2Þ ¼ −
τRðx; pÞ
u · p

pμð∂μf0Þ −
τRðx; pÞ
u · p

pμð∂μδfð1ÞÞ

þ Δf�ð2Þ; ð30Þ

where

Δf�ð2Þ ¼
�
−
Δu · p
T

þ
�
u · p − μ

T2

�
ΔT þ Δμ

T

þ ðΔu · pÞ2
2T2

þOð∂3Þ
�
f0: ð31Þ

Here,Δuμ,ΔT, andΔμ contain both first- and second-order
contributions. From the first order matching conditions, we
know that ΔT and Δμ are at least second order in gradients.
Therefore, higher-order terms are not considered here, as
any cross-term contribution would be at leastOð∂3Þ. On the
other hand,Δuμ has a first-order contribution, which allows
for the inclusion of the term, ðΔu · pÞ2 in Eq. (31), making
it of the order Oð∂2Þ or higher. Using Eq. (31) and by
expanding other terms of Eq. (30), we obtain the non-
equilibrium part of the distribution function up to second
order at a finite μ as follows:

Δfð2Þ ¼
�
−
Δu · p
T

þ ðu · p − μÞ
T2

ΔT þ Δμ
T

þ ðΔu · pÞ2
2T2

�
f0 þ τR

��
n

ϵþ P
−

1

ðu · pÞ
�
pρ∇ραþ βpρpγσργ

ðu · pÞ

−
β

ϵþ P
fpρ∇γπργ − pρπργu̇γg þ ðAn −Dnðu · pÞÞ∂ρnρ þ

�
AΠ −

�
DΠ þ β

ϵþ P

�
ðu · pÞ

�
πργσργ

�
f0

−
τR
T

�
τ̇R

pρpγ

u · p
σργ þ ð∇ατRÞ

pρpγpλ

ðu · pÞ2 σγλ þ Cβ

�
n

ϵþ P
−

1

u · p

�
pρpγ∇ρα∇γαþ Cβ2

pρpγpλ

u · p
σργ∇λα
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− CβpρDð∇ραÞ − Cβ
pρpγ

u · p
∇ρ∇γα − Tpρ∇ραDðCβ2Þ þ T τ̇R

�
n

ϵþ P
−

1

u · p

�
pρ∇ρα − T

pρpγ

u · p
ð∇ραÞ∇γðCβ2Þ

þ T

�
n

ϵþ P
−

1

u · p

�
pρpγ

u · p
ð∇ραÞð∇γτRÞ

�
f0 −

τ2R
T

�
2θ

3

pρpγ

u · p
σργ þ

pρpγ

u · p
σ̇ργ þ

pρpγpλ

ðu · pÞ2 ð∇λσργÞ

−
2pρpγpλ

ðu · pÞ2 σργu̇λ −
�
1

T
þ 1

u · p

��
pρpγσργ
u · p

�
2

− 2

�
n

ϵþ P
−

1

u · p

�
pρpγpλ

u · p
σργ∇λαþ T

�
n

ϵþ P

�
pρpγpλ

ðu · pÞ2 σργ∇λα

þ T
pρpγpλ

ðu · pÞ3 σργ∇λα −
θT

3ðu · pÞp
ρ∇ρα − T

�
n

ϵþ P
−

1

u · p

�
2

pρpγ∇ρα∇γαþ T
�

n
ϵþ P

−
1

u · p

�
pρDð∇ραÞ

þ T

�
n

ϵþ P
−

1

u · p

�
pρpγ

u · p
∇ρ∇γαþ TD

�
n

ϵþ P

�
pρ∇ραþ T

pρpγ

ðu · pÞ2 u̇ρ∇γαþ T
pρpγ

u · p
∇ρ

�
n

ϵþ P

�
∇γα

�
f0: ð32Þ

This expression of Δfð2Þ can be utilized to derive the
evolution equation for number diffusion current, nμ. How-
ever, the above expression of Δfð2Þ contains the unknown
quantities, Δuμ, ΔT, and Δμ. Thus, our next task will be to
determine these quantities with the help of the Landau
frame and matching conditions. It should be noted that the
derivation of the evolution equation of nμ, up to second
order in gradient, does not require ΔT and Δμ; in the
following we will confine our discussion to Δuμ only.

B. Matching conditions and evolution equation for
diffusion current

In a prior study [59], we derived the evolution equation
for the shear stress tensor by incorporating a momentum-
dependent relaxation time. In that case, the explicit evalu-
ation of Δf�ð2Þ was not required, as the contribution of the
counterterms vanished at second order for the shear tensor
evolution up to second order in gradient. However, in the
present study, it is necessary to determine the form of Δf�ð2Þ
as nμ will get contribution from Δuμ. By employing
Eq. (30) in Eq. (16)), we can express nμ as follows:

nμ ¼ Δμν

Z
dPpνΔfð2Þ ¼ n�μ þ n̄μ: ð33Þ

Here, n�μ is the contribution from Δf�ð2Þ part that arises due
to the counter terms and n̄μ represents the contribution from
the remaining terms in Eq. (30). Both are defined as
follows:

n�μ ¼ Δμν

Z
dPpνΔf�ð2Þ; ð34Þ

n̄μ ¼ Δμ
ν

Z
dPpν

�
−

τR
u · p

pρ
∂ρf0 −

τR
u · p

pρ
∂ρðδfð1ÞÞ

�
:

ð35Þ

By substituting the form ofΔf�ð2Þ as defined in Eq. (31) into
Eq. (34), we obtain the contribution from counterterms as

nμ� ¼ −
1

T
I21Δuμ þ

1

T
I21ðu · ΔuÞuμ: ð36Þ

Notably, ΔT and Δμ do not contribute to number diffusion
evolution. Here, we use the fact that u · Δu ∼Oð∂2Þ since
u� · u� ¼ 1, and we ignored all the terms of order Oð∂3Þ
and higher. The form of Δuμ can be evaluated from the
Landau frame condition and the energy matching condi-
tion. The Landau frame condition uνTμν ¼ ϵuμ leads to the
following constraint:

uν

Z
dPpμpνΔfð2Þ ¼ 0: ð37Þ

Substituting the exact form of Δfð2Þ as defined in Eq. (32)
in Eq. (37), we obtain the following equation in terms of the
undetermined variables, Δuμ, ΔT, and Δμ as

−
I31
T

Δuμ þ ðI30 − μI20Þ
ΔT
T2

uμ þ I20
Δμ
T

uμ

¼ Auμ þ F 1∇μαþ F 2θ∇μαþ F 3σ
μ
ρu̇ρ þ F 4σ

μ
ρ∇ρα

þ ξK31Δ
μ
ρ∂γπ

ργ þ F 5Dð∇μαÞ − F 5ω
μρ∇ρα

þ F 6∇ρσμρ: ð38Þ

The various coefficients on the right-hand side of Eq. (38)
are expressed in terms of various thermodynamic integrals
as follows3:

F 1 ¼ ðK21 − χK31Þ; ð39Þ

F 2 ¼ −K31

∂ðCβ2Þ
∂β

β

3
þ N31β

χ

3
−
N21β

3
þ 5

3
χM42 −

5

3
M32

−
L21

3
þ L31

β

3

∂χ

∂β
−
1

3
F 5; ð40Þ

3The term Auμ cancels using Eq. (47), and hence, its form has
no effect on our calculations. Hence, we have given the form of
Auμ in Appendix B and not in the main body of the article for the
sake of continuity.
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F 3 ¼ 2βM42 − 4βL32 − 2βL31 − 2β2N32; ð41Þ

F 4 ¼ 2βA32 þ 2Cβ3K42 þ 2χM42 − 2M32

− 2ðχL42 − L32Þβ þ 2χL32 þ 2L22

− 2ðχL42 − L32Þβ ð42Þ

þ 2χβN32 − F 5; ð43Þ

F 5 ¼ χL31 − L21 − Cβ2K31; ð44Þ

F 6 ¼ 2βL32: ð45Þ

These coefficients were calculated under the assumption
that τRðx; pÞ is a function of α, β, and u · p without any
specific parametrization of the relaxation time. This
assumption necessitated the introduction of five new
relaxation-time dependent thermodynamic integrals, Knq,
Ln;q, Mnq, Nnq, and Anq, in comparison with the conven-
tional RTA derivation. The explicit definitions of these
integrals are discussed in Appendix A. In the RTA limit,
these integrals can be expressed solely in terms of the
relaxation time-independent thermodynamic integral, Inq.
Further, the second matching condition, ϵ ¼ ϵ0 imposes
an additional constraint on the forms of Δuμ, ΔT
and Δμ as

uμuν

Z
dPpμpνΔfð2Þ ¼ 0: ð46Þ

This leads us to the following equation:

ðI30 − μI20Þ
ΔT
T2

þ I20
Δμ
T

¼ I31
T

ðuρΔuρÞ þ A − F 5u̇ρ∇ρα

− F 6σργσ
ργ: ð47Þ

By Substituting Eq. (47) into the first matching condition as
defined in Eq. (38), the variables ΔT and Δμ can be
eliminated, and the form of Δuμ can be determined as

Δuμ ¼ −
T
I31

��
F 5u̇ ·∇αþ F 6σ∶σ −

I31
T

ðu · ΔuÞ
�
uμ

þ F 1∇μαþ F 2θ∇μαþ F 3σ
μ
ρu̇ρ þ F 4σ

μ
ρ∇ρα

þ ξK31Δ
μ
ρ∂γπ

ργ þ F 5Dð∇μαÞ − F 5ω
μρ∇ρα

þ F 6∇ρσμρ

�
; ð48Þ

where we have used the notation, σ∶σ ¼ σργσργ. It is
important to emphasize that for a momentum-independent
relaxation time, we obtain Δuμ ¼ 0, ensuring the consis-
tency of the ERTA framework in the RTA limit. Further-
more, we note that for a system with vanishing chemical
potential (α → 0), the form of Δuμ reduces to the result

presented in [58]. By Substituting Eq. (48) in Eq. (36),
we obtain the n�μ contribution to the total number diffusion
current as follows:

nμ� ¼ I21
I31

½ðF 5u̇ ·∇αþF 6σ∶σÞuμ þF 1ð∇μαÞ

þF 2θð∇μαÞ þF 3σ
μ
ρu̇ρ þF 4σ

μ
ρ∇ραþ ξK31Δ

μ
ρð∂γπργÞ

þF 5Dð∇μαÞ−F 5ω
μρð∇ραÞ þF 6ð∇ρσ

μρÞ�: ð49Þ

Similarly, by using Eqs. (30) and (32) in Eq. (35), we obtain
the remaining contributions for the evolution of number
diffusion as follows:

n̄μ ¼ ðJ 5u̇ρ∇ρα − 2βL22σργσ
ργÞuμ þ J 1∇μαþ J 2θ∇μα

þ J 3σ
μ
ρu̇ρ þ J 4σ

μ
ρ∇ρα − K21ξΔ

μ
ρ∂γπ

γρ þ J 5Dð∇μαÞ
− J 5ω

μρ∇ραþ J 6∇ρσμρ; ð50Þ

where the coefficients take the forms as follows:

J 1 ¼ χK21 − K11; ð51Þ

J 2 ¼ K21

β

3

∂ðCβ2Þ
∂β

−
χN21β

3
þ N11β

3
−
5

3
χM32 þ

5

3
M22

þ L11

3
− L21

β

3

∂χ

∂β
−
J 5

3
; ð52Þ

J 3 ¼ −2βM32 þ 2β2N22 þ 4βL22 þ 2βL21; ð53Þ

J 4 ¼ −2βðA22 þ χN22Þ − 2Cβ3K32 − 2χM32 þ 2M22

þ 4βðχL32 − L22Þ − 2χL22 − 2L12 − J 5; ð54Þ

J 5 ¼ Cβ2K21 − ðχL21 − L11Þ; ð55Þ

J 6 ¼ −2βL22: ð56Þ

Employing Eqs. (49) and (50) in Eq. (33), we combine all
the contributions and finally obtain the number diffusion
evolution up to second order in gradients as4

ṅhμi þ nμ

τn
¼ βn∇μα − λnππ

μλ∇λα − τnππ
μ
λ u̇

λ − δnnnμθ

þ lnπΔ
μ
ρ∂γπ

ργ − λnnσ
μ
λn

λ − λωω
μλnλ: ð57Þ

The transport coefficients associated with the evolution of
number diffusion are determined as

4Here, we should remark that the nature of Eq. (57) closely
resembles that of the Inverse-Reynolds-Dominance (IReD) ap-
proach described in Ref. [67].
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τn ¼ −
G5

κ
; ð58Þ

βn ¼
G1

τn
; ð59Þ

λnπ ¼ −
G6

τn

�
∂

∂α

�
1

2η

�
þ χ

∂

∂β

�
1

2η

��
; ð60Þ

τnπ ¼ −
1

τn

�
G3 þ G6

2η
− G6β

∂

∂β

�
1

2η

��
; ð61Þ

δnn ¼ −
1

κτn

�
G2 þ G5

κβ

3

∂

∂β

�
1

κ

��
; ð62Þ

lnπ ¼
1

τn

�
G6

2η
− ξK21 þ ξ

I21
I31

K31

�
; ð63Þ

λnn ¼ −
G4

κτn
; ð64Þ

λω ¼ G5

κτn
; ð65Þ

with Gi ¼ J i þ ðI21=I31ÞF i for each of the above coef-
ficients, i.e., i ¼ ð1; 2; 3; 4; 5; 6Þ. The forms of F i and J i
coefficients are defined in Eqs. (39)–(45) and (51)–(56).
For the quantitative estimation of various momentum-

dependent thermodynamic integrals, we employ the fol-
lowing parametrized form of τRðx; pÞ:

τRðx; pÞ ¼ τ0ðxÞ
�
u · p
T

�
l
; τ0ðxÞ ¼

κ̄

T
; ð66Þ

where we have introduced κ̄, which can be a function of
μ=T depending on the type of interaction considered, and
τ0ðxÞ as a whole denotes the momentum-independent
component of the relaxation time. Here, l is the momentum

dependence parameter that quantifies the order of momen-
tum dependence of the relaxation time. The power-law
parametrized form of τRðx; pÞ is motivated by the studies
[62,68–70]. While the momentum dependence parameter l
in the relaxation time depends on the interaction dynamics
within the system, its exact value for different physical
scenarios remains to be determined. The range 0 ≤ l ≤ 1 is
seen to be relevant for the QCD medium [62]. The region
l > 1 remains mostly unexplored except for the specific
case of a gas of hard spheres [71], which we have also
discussed briefly in the following section.

III. RESULTS AND DISCUSSION

A. ERTA-modified particle diffusion relaxation time
and its relative significance

The relaxation time that sets the timescale for the decay
of the diffusion current is denoted by τn. In the RTA limit
l → 0, we have τn → τ0. Our analysis shows that τn
depends on the choice of the parameter l. In our previous
study [59], we estimated the relaxation time for the
evolution of the shear stress tensor, denoted as τπ , which
determines the timescale for the decay of the shear viscous
pressure, where τπ is given by τπ ¼ L32=K32. While the
relaxation time for shear and number diffusion evolution in
second order is the same in the conventional RTA limit
(l ¼ 0), we see that both the shear stress and number diffu-
sion relaxation time are different from each other within
the ERTA framework apart from the two limiting cases of
l → 0;∞ and an intermediate value of l ∼ 1.57845. The
transport coefficients derived in the previous section can be
further simplified and can be explicitly expressed in terms
of the momentum-dependence parameter l, once we fix
the parametrization scheme, of which Eq. (66) is only an
example that has been widely used in the literature. Using
Eq. (58) and the definitions of the thermodynamic integrals
given in Appendix A, we obtain the relaxation time τn in
terms of l as follows:

τn ¼ −
½192Γð2ð2þ lÞÞ þ 16Γ2ð4þ lÞ− 8Γð4þ lÞΓð5þ lÞ þΓ2ð5þ lÞ− 384Γð3þ 2lÞ− 24Γð5þ 2lÞ�κ̄

24T½16Γð3þ lÞ− 8Γð4þ lÞ þ Γð5þ lÞ� ; l> −
3

2
;

ð67Þ
where ΓðxÞ is the gamma function, and Γ2ðxÞ ⇒ ðΓðxÞÞ2. Unlike in the RTA framework, we find that the ratio of shear
relaxation time to the relaxation time for diffusion current deviates from unity and is dependent on the momentum-
dependence parameter l as

τn
τπ

¼ ð4þ lÞð3þ lÞ
24ðl2 − lþ 4Þ

�
48ð2l2 − lþ 2Þ
ð4þ 2lÞð3þ 2lÞ −

l2Γ2ð4þ lÞ
Γð5þ 2lÞ

�
; l > −

3

2
: ð68Þ

As l → 0, the ratio τn
τπ
approaches unity, corresponding to the RTA limit where both the shear viscous pressure and diffusion

current decays to their Navier-Stokes limits on the same timescale, and a simple small l expansion of this ratio behaves as

l → 0 limit∶
τn
τπ

¼ 1 −
5l
6

þOðl2Þ: ð69Þ
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However, this does not hold true for a finite value of l. For
example, in λϕ4 theory (equivalent to l ¼ 1 as showed in
the next subsection), the ratio τn

τπ
deviates from unity, taking

the value 5
6
[64]. To understand the nature of relaxation

times of the shear and diffusion processes of the given
system, we have plotted the ratio τn

τπ
for a wide range of

values of l in Fig. 1. We notice that within the relevant
region for QCD, i.e., 0 ≤ l ≤ 1, we have τn ≤ τπ , where
the equality holds only at l ¼ 0. This implies that the
diffusion current reaches the Navier-Stokes limit quicker
than the shear pressure for 0 < l ≤ 1. However, this cannot
be considered a general behavior of all fluids. The present
work rather shows that the behavior of τn

τπ
can vary wildly

depending on the value of l. Interestingly, this ratio reaches
a global minimum value of τn

τπ
∼ 0.785133 at l ∼ 0.613843,

i.e., within the region of interest for QCD matter. Going
beyond this region, we note that the two relaxation times
become equal at l ¼ 1.57845. For larger values of l, the
ratio τn

τπ
exceeds 1, reaching a maximum of approximately

1.49121 at l ∼ 4.96012 and then drops steadily toward
unity asymptotically as l → ∞. Another important obser-
vation from Fig. 1 is that the ratio τn

τπ
appears to be bounded

(at least for l ≥ 0) from both above and below.
As mentioned before, while the expected range of l

relevant to QCD matter is 0 ≤ l ≤ 1, where we have
τn ≤ τπ, there exists systems where we can have τn ≥ τπ .
One such example is a gas of massless hard spheres, which
was studied in Ref. [71]. Examining the information listed
in Tables I and II of Ref. [71], we can find the ratio5
τn
τπ
∼ 1.25856. This value of the ratio corresponds to the case

l ∼ 2.47975 in the present work. It should be noted though

that the hard sphere system that we compared with was
worked out in the ultrarelativistic limit and that massive
hard sphere scattering will lead to different values of the
above ratio. Thus, while the framework of ERTA can be
used to describe the evolution of QCD-like matter, we may
also use ERTA to describe fluids with a wider range of
properties.

B. Comparison of results with exact solution of λϕ4

theory and conventional RTA analysis

Exact calculations of transport coefficients by analyti-
cally solving the Boltzmann equation are very limited, as
the Boltzmann equation is an integrodifferential equation,
making it significantly challenging to solve. The only
known example in this regard, to the best of our knowledge,
with an exact analytical solution, has been estimated only
for an isotropic system with a relatively simple interaction
strength [63]. This model involves a system of massless
scalar field particles with a λϕ4 tree-level self-interaction
described by the Lagrangian as

L ¼ 1

2
∂
μϕ∂μϕ −

1

4!
λϕ4; ð70Þ

where λ is the coupling constant of the scalar theory. The
transition rateWpp0→kk0 can be estimated in this model, and
by employing Eq. (18), the linearized collision term can be
written as

C½fk� ¼ f0kL̂ϕk

¼ f0k
g
2

Z
dK0dPdP0f0k0 ð2πÞ5δð4Þðkþ k0 − p − p0Þ

× ðϕp þ ϕp0 − ϕk − ϕk0 Þ: ð71Þ

Here, ϕk ¼ ðfk − f0kÞ=f0k and g ¼ λ2=ð32πÞ is the cou-
pling constant. The eigenfunctions and eigenvalues of the
above collision operator L̂ were determined in Refs. [63,64]

in terms of the associated Laguerre polynomials Lð2mþ1Þ
nk of

degree n. By expanding ϕk in terms of these eigenfunctions,
the collision kernel can be written as

C½fk� ¼ −
u · p

τRðx; pÞ
ðfk − f0kÞ

þ f0k
gM
2

X∞
n;m¼0

cμ1���μmn

�
2

nþmþ 1
− δm0δn0

�

× Lð2mþ1Þ
nk khμ1…kμmi; ð72Þ

withM ¼ eα=ð2π2β2Þ. The first term is the RTA term with
a momentum-dependent relaxation time τRðx; pÞ, which
can be expressed as

FIG. 1. The ratio of the relaxation time for the diffusion mode to
the relaxation time for the shear mode as a function of the
momentum dependence parameter l. The red dot corresponds to
the prediction for λϕ4 theory, and the blue dot corresponds to this
ratio for hard sphere scattering.

5We follow the IReD scheme to get this value.
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τRðx; pÞ ¼
4π2

geαT

�
u · p
T

�
: ð73Þ

It is evident that in Eq. (72), if we set cμ1���μmn ¼ 0 for
all values of m and n, we get back the Anderson-Witting
RTA, which does not lead to conservation laws when
relaxation time is momentum dependent. However, one can
ensure the conservation laws only if a certain number of
the coefficients, cμ1���μmn are kept as shown in Ref. [63].
Using the method of moments it can be shown that, such
counterterms, leading to novel RTA [52], cancel the
homogeneous part of δf. The quantity δf� in ERTA can
be shown to do the same job of canceling the homogeneous
part of δf, which allows the preservation of conserva-
tion laws.
From the above form of the relaxation time, we identify

κ̄ ¼ 4π2=ðgeαÞ with α as the fugacity parameter and l ¼ 1,
while mapping the scalar field theory to the current ERTA
framework. This allows us to compare the ERTA transport
coefficient estimations at l ¼ 1 with those calculated
from the above exact results from the λϕ4 theory. This
comparison of the transport coefficients associated with
the number diffusion is summarized in Table I. The exact
solutions of the transport coefficients were taken from
Ref. [64]. The temperature behavior of all the coefficients
derived from the ERTA framework is in good agree-
ment with the exact results from the scalar theory. We
observe that τn depends on the temperature and fugacity
of the gas for ERTA and λϕ4 theory results. A similar
dependence of the shear relaxation time τπ on the fugacity
and temperature of the gas was also found in Ref. [59].
We further note that, as demonstrated in the Sec. III A, the
ratio τn

τπ
at l ¼ 1 exactly matches with the predictions from

λϕ4 theory. We also note that the ERTA coefficient lnπ
differ by a factor of 1=2, while all other transport

coefficients6 associated with the number diffusion reduces
to the predictions of λϕ4 theory in the limit l ¼ 1. Further,
we also note that δnn and λω takes the values 1 and −1,
respectively, for all values of l.
To analyze the impact of the momentum dependence

of the relaxation time on the transport coefficients, we
have compared the ERTA-modified transport coefficients
(with a fixed value of l ¼ 1) with the standard RTA
results (l ¼ 0). The RTA results are presented in the fourth
column of Table I. We observe that most coefficients
associated with the number diffusion differ significantly
with the inclusion of the momentum-dependent relaxation
time. For instance, the coefficient lnπ vanishes for a number-
conserved massless system, as noted in Ref. [25]. However,
lnπ is nonzero in the ERTA framework due to the particle
energy dependence of the relaxation time, which aligns with
the predictions of scalar field theory.

IV. SUMMARY AND OUTLOOK

In conclusion, we have analyzed number diffusion in
relativistic dissipative second-order hydrodynamics utilizing
the ERTA framework for the first time. Using a Chapman-
Enskog-like gradient expansion method at finite chemical
potential, we solved the ERTA-modified Boltzmann equa-
tion. By incorporating the particle energy dependence of the
collision timescale of the microscopic interactions through
the relaxation time, we have derived the second-order
evolution equation for the dissipative number diffusion
current for a massless, particle number-conserving system.
We have employed a power law parametrization to

describe this momentum dependence of the thermal relax-
ation time. Our analysis highlights the sensitivity of the
transport coefficients associated with the evolution of charge
current to the momentum dependence of the relaxation time.
Furthermore, we performed a comprehensive one-to-one
comparison of the ERTA-derived transport coefficients with
the exact results derived from a scalar field theory for a
massless λϕ4 system with the appropriate choice of para-
metrization parameter for the relaxation time.
The present study underscores the critical importance of

incorporating more realistic collision kernels into kinetic
theory to improve the predictive power and accuracy of the
hydrodynamic description of hot QCD nuclear matter from
the underlying microscopic theory. This is particularly
relevant in scenarios where net baryon charge diffusion
plays a central role, such as in low-energy heavy-ion
collisions. We also anticipate that the momentum depend-
ence of the relaxation time might have a significant impact

TABLE I. Comparison of ERTA calculations with exact results
from λϕ4 theory [63,64] and standard RTA results (l ¼ 0). The
value of τπ was taken from the Ref. [59]. The combinations of
transport coefficients in the fourth and fifth rows are included to
facilitate the comparison of coefficients with similar tensorial
structures as explained in Appendix C.

Coefficients ERTA (l ¼ 1) λϕ4 results RTA (l ¼ 0)

τn 20dg
gn0β2

60
gn0β2

τ0

τn=τπ 5
6

5
6

1

βn
n0
20

n0
20

n0
12

2λnπ þ ðκ=ηÞλnn 19β
80

19β
80

3β
16

τnπ þ lnπ β
20

β
20

0

lnπ β
20

β
40

0

δnn 1 1 1
λω −1 −1 −1

6Taking two combinations of the traditional transport coef-
ficients as shown in Table I was necessary to compare our results
with the λϕ4 results due to an ambiguity in the way these
coefficients are defined in literature. A detailed discussion on
why this particular choice was made has been outlined in
Appendix C.
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on the number diffusion in resistive second-order magneto-
and spin-hydrodynamics. However, the formulation of the
matching conditions and estimation of the nonequilibrium
distribution function within the ERTA framework is chal-
lenging with a nonvanishing magnetic field and spin along
with a finite chemical potential. We intend to explore these
aspects in a future study.
On the other hand, the fact that the present framework

leads to different relaxation times for different transport
processes naturally gives the opportunity to construct a
theory of spin hydrodynamics from kinetic theory, where
the spin degrees of freedom may relax at a rate different
than other modes. This will be an important arena for
exploration as primary studies indicate the spin relaxation
time should be several times greater than other relevant
relaxation timescales [10,72]. Such studies can shed light
on the still unresolved issues of longitudinal spin polari-
zation [73]. Another important aspect of a system like QGP,
dominated by strong interaction, is the implication of cross-
diffusion among the multiple conserved charges such as
electric, baryon, strangeness, etc. This area has received
relatively less attention [26,74,75]. Exploring the relaxation
rates of these different diffusion processes will be an
interesting area for future research.
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APPENDIX A: THERMODYNAMIC INTEGRALS
AND USEFUL RELATIONS

In the present work, we define various thermodynamic
integrals as follows:

Iμ1���μnðrÞ ¼
Z

dP
ðu · pÞr p

μ1 � � �pμnf0; ðA1Þ

Kμ1���μn
ðrÞ ¼

Z
dPτR
ðu · pÞr p

μ1 � � �pμnf0; ðA2Þ

Lμ1���μn
ðrÞ ¼

Z
dPτ2R
ðu · pÞr p

μ1 � � �pμnf0; ðA3Þ

Mμ1���μn
ðrÞ ¼

Z
dPτR
ðu · pÞr

�
∂τR

∂ðu · pÞ
�
pμ1 � � �pμnf0; ðA4Þ

Nμ1���μn
ðrÞ ¼

Z
dPτR
ðu · pÞr

�
∂τR
∂β

�
pμ1 � � �pμnf0; ðA5Þ

Aμ1���μn
ðrÞ ¼

Z
dPτR
ðu · pÞr

�
∂τR
∂α

�
pμ1 � � �pμnf0: ðA6Þ

Each of the above momentum moments can be decom-
posed in terms of the hydrodynamic degrees of freedom as

Qμ1μ2…μn
ðrÞ ¼ QðrÞ

n0 u
μ1uμ2uμ3…uμn þQðrÞ

n1 ðuμ1uμ2uμ3…:uμn−2Δμn−1μn þ permÞ
þQðrÞ

n2 ðuμ1uμ2…uμn−4Δμn−3μn−2Δμn−1μn þ permÞ þ � � � :
…:þQðrÞ

nq ðuμ1Δμ2μ3Δμ4μ5…:Δμn−1μn|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
q−Δ terms

þ permÞ; ðA7Þ

with Q ¼ fI; K; L;M;N; Ag and n ≥ 2q. Further, we
define

IðrÞnq ¼ 1

ð2qþ 1Þ!!
Z

dPðu · pÞn−2q−rðp · Δ · pÞqf0; ðA8Þ

KðrÞ
nq ¼ 1

ð2qþ 1Þ!!
Z

dPτRðu · pÞn−2q−rðp · Δ · pÞqf0;

ðA9Þ

LðrÞ
nq ¼ 1

ð2qþ 1Þ!!
Z

dPτ2Rðu · pÞn−2q−rðp · Δ · pÞqf0;

ðA10Þ

MðrÞ
nq ¼ 1

ð2qþ 1Þ!!
Z

dPτR

�
∂τR

∂ðu · pÞ
�

× ðu · pÞn−2q−rðp · Δ · pÞqf0; ðA11Þ

NðrÞ
nq ¼ 1

ð2qþ 1Þ!!
Z

dPτR

�
∂τR
∂β

�

× ðu · pÞn−2q−rðp · Δ · pÞqf0; ðA12Þ

AðrÞ
nq ¼ 1

ð2qþ 1Þ!!
Z

dPτR

�
∂τR
∂α

�

× ðu · pÞn−2q−rðp · Δ · pÞqf0; ðA13Þ
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where p · Δ · p ¼ Δαβpαpβ. For any of the above integrals,
we can omit the superscript r when r ¼ 0 and express all of
these integrals without r by reducing r to 0 throughout the

paper using the relation, QðrÞ
n;q ¼ Qð0Þ

n−r;q ≡Qn−r;q. Another
useful relation for the current analysis can be derived using

τR
∂τR
∂β

¼ τR
∂

∂β

�
τ0ðxÞ

�
u · p
T

�
l
�
¼ τ2R

��
∂ ln τ0
∂β

�
þ Tl

�
;

ðA14Þ

where τRðx; pÞ takes the form as in Eq. (66). This leads to
the following relation between Nnq and Lnq integrals as:

Nnq ¼
�
∂ ln τ0
∂β

�
Lnq þ TlLnq: ðA15Þ

For τ0ðxÞ ¼ constant, we have Nnq ¼ 0 when l → 0,
and for τ0ðxÞ ¼ κ̄=T, we obtain Nnq ¼ Tðlþ 1ÞLnq for
κ̄ ¼ constant. Similarly, we employ the relation

τR
∂τR
∂α

¼ τ2R

�
∂ ln τ0
∂α

�
; ðA16Þ

By employing Eq. (A16) in Eq. (A13), we can relate Anq

with the Lnq integral as

Anq ¼
�
∂ ln τ0
∂α

�
Lnq: ðA17Þ

The above expression is useful when comparing the ERTA
results with the λϕ4 theory where τ0ðxÞ is a function of both
temperature and the fugacity of the gas,

τ0ðxÞ ¼
4π2

geαT
: ðA18Þ

When τR → τc in the case of RTA, we see that the above
integral Anq vanishes. We also have the following relation
for any of these integrals in the massless limit:

QðrÞ
n;q ¼ −

�
1

2qþ 1

�
QðrÞ

n;q−1: ðA19Þ

APPENDIX B: DEFINITION OF A IN EQ. (38)

The term Auμ appearing in Eq. (38) can be written as

Auμ ¼
�
ðI30 − I31Þ

ðu · δuÞ
T

− ðK30β̇ − K20α̇þ K31βθÞ þ Āσσ
2 þ Āα1ð∇αÞ2 þ Āα2∇2α

þ Āuαu̇ ·∇αþ L31∇χ ·∇α − K31∇α ·∇ðCβ2Þ
�
uμ; ðB1Þ

where

Āσ ¼ 2ðβM42 − βL31 þ βL32 − βL42 − βL32Þ

Āα1 ¼ χ2N31 − χN21 − Cβ2K31 þ χCβ2K41 þ χA31 − A21 − χ2L41 þ 2χL31 − L21 −
C2β4I41

2

Āα2 ¼ −Cβ2K31 − L21 þ χL31

Āuα ¼ −χβN31 þ βN21 þ χM41 −M31 − χL30 þ χL31 þ L20 − Cβ2ðK31 − K30Þ: ðB2Þ

The above form for A is given for the sake of completeness
since it cancels out in our calculations following Eq. (47).

APPENDIX C: COMBINATION OF
COEFFICIENTS IN TABLE I AND RELATED

AMBIGUITY

Using the relation,

Δμ
ρ∂γπ

ργ ¼ −πμγu̇γ þ Δμ
ρ∇γπ

ργ; ðC1Þ

we can rewrite the evolution equation for the number
diffusion current given by Eq. (57) as

ṅhμi þ nμ

τn
¼ βn∇μα −

�
2λnπ þ

κ

η
λnn

�
πμλ∇λα − ðτnπ þ lnπ

�

× πμλu̇λ − δnnnμθ þ lnπΔ
μ
ρ∇γπ

ργ − λωω
μλnλ;

ðC2Þ

where we have used Eqs. (28) and (29) along with Eq. (C1)
to simplify the number diffusion evolution into its inde-
pendent tensorial structures. As we can see, since the
combination τnπ þ lnπ is the coefficient of the tensor πμλu̇λ,
there exists an ambiguity in how both τnπ and lnπ are
separately defined. A transformation of both of these
coefficients by τnπ → τnπ þΦ and lnπ → lnπ −Φ will
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not changed the coefficient of the said term in the evolution
equation Eq. (C2), but it will change these coefficients
separately. Hence, in order to avoid this ambiguity while
comparing with previous calculations in literature, we have

decided to take the combinations of these coefficients
belonging to independent tensorial structures in the com-
parision Table I. A similar logic follows for the combina-
tion of coefficients of πμλ∇λα.
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