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This article explores particle number diffusion in relativistic hydrodynamics using kinetic theory with a
modified collision kernel that incorporates the momentum dependence of the particle relaxation time.
Starting from the Boltzmann equation within the extended relaxation time approximation (ERTA), we
derive second-order evolution equations for the dissipative number current and calculate the associated
transport coefficients. The sensitivity of transport coefficients to the particle momentum dependence of the
collision timescale of the microscopic interactions in the hot QCD medium is analyzed. For a conformal,
number-conserving system, we compare the ERTA-modified transport coefficients for particle diffusion
with exact results derived from scalar field theory. With an appropriate parametrization of the relaxation
time, we demonstrate the consistency of our analysis and assess the degree of agreement of the results with
the exact solutions from scalar field theory. The relaxation times for the shear and number diffusion
evolution equations are seen to be distinct in general when the momentum dependence of the relaxation

time is taken into consideration.
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I. INTRODUCTION

Energetic heavy-ion collision experiments conducted
at the Relativistic Heavy-lon Collider (RHIC) and Large
Hadron Collider (LHC) create a strongly interacting nuclear
matter, the quark-gluon plasma (QGP), under extreme
conditions of energy density and temperature. The success
of theoretical models based on relativistic hydrodynamics in
describing the evolution of the QGP is widely regarded as
one of the remarkable achievements in this field [1-4]. These
models can effectively capture the particle spectra, collective
flow, etc., and provide insights into the properties of the hot
nuclear matter. Consequently, substantial research has been
devoted to the fluidlike behavior of the QGP, particularly
through extraction of its transport properties [5—11].

The evolution of a relativistic fluid (for example, the
QGP evolution in heavy-ion collisions) that is not too far
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from its local equilibrium state can be described through
relativistic hydrodynamics, which can be formulated as an
expansion in gradients of the primary fluid-dynamical
variables. The Knudsen number serves as the expansion
parameter of the underlying hydrodynamic theory for the
QGP evolution. The zeroth-order expansion corresponds to
a nondissipative fluid in which the fluid is assumed to be in
the local thermodynamic equilibrium, i.e., an ideal fluid.
The first-order theory, the relativistic Navier-Stokes theory,
takes into account the dissipative terms of first order in
Knudsen number. However, the Navier-Stokes theory is
found to be unstable and acausal [12-14], making it
unsuitable for a hydrodynamical description of the QGP.
To overcome these challenges, the second-order Miiller-
Israel-Stewart theory was introduced [15-17]. Moreover,
some recent advances, generally referred to as Bemfica,
Disconzi, Noronha, and Kovtun (BDNK) theory, have
demonstrated that with appropriate modifications of the
energy-momentum tensor, first-order theory can be made
causal and stable [18,19]. However, its phenomenological
implications remain to be fully developed [20]. The
applicability of the dissipative hydrodynamic framework
is inherently tied to the assumptions and approximations of
the underlying microscopic theory from which it is derived.
The second-order theory in the original Miiller-Israel-
Stewart work was derived by analyzing entropy production.
In more recent approaches, hydrodynamic equations are
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obtained by starting from the Boltzmann equation, utilizing
methods such as the Chapman-Enskog expansion [21,22]
or the method of moments [23,24].

Dissipative quantities play a crucial role in describing the
nonequilibrium dynamics of the QGP. Extensive research
has focused on understanding the evolution of the shear
stress tensor and bulk viscous pressure in the hot QCD
medium. In contrast, much less attention has been paid to
the role of dissipative charge currents. This disparity arises
largely from the assumption that net-baryon density is
negligible at very high collision energies. However, this
assumption breaks down for low-energy collisions, such as
those explored in the Beam Energy Scan (BES) program at
the RHIC or the upcoming experiments at the Facility for
Antiproton and Ion Research (FAIR). At these energies,
the net-baryon density becomes significant, and the effects
of dissipative charge currents can no longer be ignored.
Charge diffusion may play a critical role in the hydro-
dynamic evolution of the QCD medium, making its
inclusion in theoretical models essential to accurately
describe the system’s behavior. In recent years, efforts
have been made in this area, with studies addressing the
formulation of hydrodynamic theory at finite chemical
potential [23,25-28], as well as numerical simulations
exploring the influence of net baryon diffusion on observ-
ables such as particle spectra and flow coefficients [29-31].

One of the crucial steps in deriving the hydro-
dynamic equations from kinetic theory is to address the
complexities of effectively incorporating microscopic inter-
actions in the medium. The Anderson-Witting Relaxation
Time Approximation (RTA) [32] has emerged as a widely
used framework that characterizes the collision kernel of
the Boltzmann equation with the relaxation time parameter.
The RTA has been extensively utilized in the formulation
of relativistic hydrodynamics and in the computation of
transport coefficients [33—44]. Some of the initial studies
on the diverging nature of hydrodynamic gradient expan-
sion [45,46] were carried out using the RTA [45]. More-
over, the attractor solution in hydrodynamics [47—49] and
the exact numerical solutions [34,50,51] to the relativistic
Boltzmann equation were also found using the RTA
collision kernel. The standard implementation of the RTA
typically assumes that the relaxation time is independent of
the particle’s momentum. However, this assumption is not
valid for realistic systems, where the collision timescale
depends on the specifics of microscopic interactions.
Recent studies have introduced significant improvements
to the conventional RTA, addressing these limitations and
ensuring compatibility of the relativistic Boltzmann equation
with the conservation laws [52-55]. References [56-58]
introduced the extended relaxation time approximation
(ERTA), which incorporates the momentum-dependent
relaxation time and provides a systematic way of deriving
hydrodynamic equations. Notably, the viscous hydrody-
namical evolution and the associated transport coefficients

are observed to be sensitive to the momentum dependence
of the relaxation time [58—61]. The precise functional
relationship between relaxation time and particle momen-
tum is intricate and challenging to determine. In Ref. [62],
the authors discussed examples of several theories where
the relaxation time can depend on the particle momentum.
While most of the theories may lie between two limiting
cases where the relaxation time is either constant (called
linear ansatz) or proportional to momentum linearly (called
quadratic ansatz), there may exist theories where this
relationship is nontrivial. In the case of linear ansatz, the
energy loss of high-momentum particles increases linearly
with momentum. In contrast, in the case of quadratic ansatz,
the energy loss of high-momentum particles approaches a
constant. To incorporate the momentum dependence of the
relaxation time into our analysis, we adopted a general
parametrized form, focusing on the regime relevant to the
QCD medium.

In this paper, we investigate particle number diffusion
within relativistic second-order dissipative hydrodynamics,
incorporating a momentum-dependent thermal relaxation
time. Using the ERTA framework, we derive the second-
order evolution of the dissipative particle number current
for the first time. With this modified collision kernel, we
compute the transport coefficients associated with number
current transport in a general reference frame, incorporating
the landau matching conditions. Exact analytical solutions
to the Boltzmann equation remain challenging to obtain.
However, a recent study [63,64] provides the exact trans-
port coefficients for a massless self interacting A¢* theory.
For a conformal, number conserved system, we perform a
direct comparison between the ERTA transport coefficients
for particle diffusion and the exact scalar field theory
results, with an appropriate choice of a parametrized-
relaxation time.

The paper is organized as follows. In Sec. II, we derive
the evolution of particle number diffusion for a number
conserving conformal system using kinetic theory with the
modified collision kernel within the ERTA framework. In
Sec. III, we examine the particle diffusion relaxation time in
the current framework and its significance. The latter part
of this section is dedicated to comparing our results with the
exact solutions from scalar field theory. We summarize the
analysis in Sec. IV. The definitions of various thermody-
namic integrals and their useful relations are presented in
Appendix A.

Notation and Conventions: Throughout, we follow
natural units ¢ = kg =h =1 and the metric tensor is
defined as g, = diag(1,—1,—1,—1). The four-velocity
of the fluid element is represented by u, with the normali-
zation condition w*u, = 1. In the local rest frame of the
fluid, we have u* = (1,0,0,0). We define the two-rank
projection operator as A" = ¢" — u*u” with A*u, =0
and rank-four projection operator perpendicular to u* and

A as AL =5 (AZAY + ARAL) — FAMA .

114007-2



PARTICLE NUMBER DIFFUSION IN SECOND-ORDER ...

PHYS. REV. D 111, 114007 (2025)

II. CHARGE DIFFUSION IN DISSIPATIVE
HYDRODYNAMICS

In the present analysis, we consider a system of massless
particles with a finite chemical potential—a conformal,
particle number conserving system—where the constituent
particles follow Maxwell-Boltzmann statistics. The hydro-
dynamic evolution of such a system is determined by the
conservation equations of the net particle number current
along with the energy and momentum. The particle number
current and energy-momentum tensor of the system can be
expressed in terms of the single-particle phase-space
distribution f(x, p) as [65,66],

M :/ dpptf, T = / dPprptf, (1)
where the invariant phase-space integral measure is given
by dP =d, (2‘1;%, with d, being the degeneracy factor.

Using the projection operator, A*, the number four-
current, N* can be decomposed into components parallel
and orthogonal to the fluid four-velocity. This yields:

Nt = nut + n#, (2)

where u# is the four-velocity of a fluid element defined in
the Landau frame satisfying the condition, u,T"* = eu®,
with € and n being the energy density and net particle
number density, respectively, in the local rest frame of the
fluid, and n* is the dissipative term that denotes the number
diffusion current. Similarly, the energy-momentum tensor
can be decomposed as

T = eu'u* — PAM + g, (3)

with P and 7/ being the thermodynamic pressure and
shear viscous stress, respectively. The hydrodynamic equa-
tions for the evolution of €, n, and u* are obtained by taking
the projections of the energy-momentum conservation,
9,T" =0 and number current conservation, d,N* =0
along and perpendicular to the direction of fluid flow,

¢+ (e+P)O— e, =0, (4)
(e 4+ P)it — VFP + Ajo,n*" =0, (5)
i+ nf+o,n' =0, (6)

where A = u”d,lA is the co-moving derivative of A, which
becomes the purely temporal derivative in the local rest
frame of the fluid, and V¥ = A*9, is the spacelike
derivative, which becomes the purely spatial derivative
in the local rest frame of the fluid. In Eq. (4), o/ =
ALV uP s the velocity stress tensor, and 6 = d,u* is the
expansion scalar.

For a system of massless particles following the Maxwell-
Boltzmann distribution,’ the equilibrium distribution func-
tion for the particles is given by

f0<X, p) = e_/}(u']?)Jr(l’ (7)

where f = 1/T and @ = pu/T are the inverse of temperature
T, and ratio of chemical potential, 4 to the temperature, 7,
respectively, with both a =a(x) and f = p(x) being
functions of space and time. The equilibrium number
density, energy density, and pressure are then given by

) 3d,e”
€0 = uu, [ dPp’p foZW» (8)
d e*
nyg = ”y/dPP”fo = ﬂi—ﬂy )
1 d, e*
P=—3hu [@ppfo =S5 (10

where e” is the exponential of « arising due to the
nonvanishing chemical potential in the distribution func-
tion, Eq. (7). The equation of state for this system of
massless particles is given by P = ¢/3. Using the Landau
matching conditions given by € =¢;, and n = ng, the
expressions for the spacelike and co-moving derivatives
of a and f can be obtained by substituting Egs. (8)—(10)
into Egs. (4)—(6) as

a=—A,0,n" —Apn“o,,, (11)

B0 )

ﬂ :?—Dnaﬂnﬂ —Dnﬂ” 0/41./’ (12)
VEB = —pitt + yVFa — EAYO, 7™, (13)

where the coefficients are defined as

4
A, =—, AH:é’ Dn_é7

n n n

P _n _p _ P 3
Pn=C X=5FTy §_€+P_4e' (14)

These relations will be used while deriving the evolution
equation for n* in the next section. In a prior study [58], the
second-order evolution equation for the shear stress tensor,
incorporating the effects of a modified collision kernel, has
been extensively studied. In the present work, we extend
this analysis to the evolution of the number current, which
is essential for an accurate description of the hydrodynamic

'For antiparticles we have to change y — —u, but in the present
case, we do not consider antiparticles, as we demand the particle
number to be conserved.

114007-3



SINGH, BHADURY, KURIAN, and CHANDRA

PHYS. REV. D 111, 114007 (2025)

evolution of the QCD medium at finite chemical potential.
To achieve this, we consider a system near local equilibrium
where the distribution function can be expressed as f =
fo + 6f where the deviation from the equilibrium distri-
bution &f satisfies the condition |5f| < fo. The shear
stress tensor and number diffusion current can be further
defined as

v = Aﬁ';/de/’pyéf. (15)

= Af;/dppvaf. (16)

The first step in the derivation of the number current
evolution is the estimation of the appropriate nonequili-
brium part of the distribution function of.

A. Nonequilibrium distribution function within ERTA
at finite u

The nonequilibrium correction §f can be obtained by
solving the relativistic Boltzmann equation. The evolution
of the phase-space distribution function is described by the
Boltzmann equation as

p*d,f = Clfl, (17)

where C[f] is the collision kernel that encodes all the
interactions between the colliding particles in the system
and can be defined as

1
Clf) =5 [ APAKAKW s Fifi = Fof ) (18)

The above expression is valid for 2 <> 2 elastic collisions,
where W,y is the collision transition rate. Here, the
subscripts on the distribution function and the transition
rate indicate the particle momenta. The Boltzmann equa-
tion with the above collision kernel becomes an integro-
differential equation, which becomes difficult to solve for
almost all kinds of interactions. To address this, approx-
imations are used to simplify the collision term in the
linearized regime. One notable approach is the relaxation
time approximation (RTA), introduced by Anderson and
Witting [32]. With the assumption that the collisions in the
system restore the local distribution function to its local
equilibrium value exponentially, we have

__ur

Clff = = 75 (= o). (19)

with 7z as the thermal relaxation time parameter. The
conventional RTA assumes 7z(x) to be independent of
particle momentum and leads to the conservation of
number current and energy-momentum tensor by taking the
zeroth and first moments of the collision term, respectively,

only when the Landau matching conditions are employed.
In contrast, the timescale of collisions depends on the
microscopic interactions within the medium, which can
introduce a momentum-dependent relaxation time 7z (x, p).
However, incorporating 7z (x, p) in the conventional RTA
makes it incompatible with the conservation laws, even in
the Landau frame. This sets the motivation for a modified
collision kernel that can incorporate a momentum-
dependent relaxation time while maintaining the conserva-
tion laws in the Landau frame. In the present analysis, we
employ the recently developed extended relaxation time
approximation (ERTA) [57,58] that takes into account the
particle energy dependent-relaxation time. The Boltzmann
equation with ERTA collision term becomes

u-p

Prouf =~
g R (%, p)

(f = f0): (20)

where f§ = e (“"P)*@" s the local equilibrium distribu-
tion in the thermodynamic frame [57]. Here, u,, T, and u*
are the fluid four-velocity, temperature, and chemical
potential, respectively, in this thermodynamic frame. The
interpretation of the thermodynamic frame as well as the
distinction between this and the hydrodynamic frame is
explained in detail in Ref. [57]. Using a Chapman-Enskog-
like gradient expansion method, we can expand the non-
equilibrium correction to the local distribution function in
hydrodynamic equilibrium in various orders in gradients as

of =ofq)y +6fp) +--, (21)

where 6f ;) is the term consisting of ith order gradients of
the primary hydrodynamic variables, @, f, and u*. Each
derivative of these hydrodynamic variables is proportional
to the inverse of the macroscopic length scale, L, over
which these primary fluid-dynamical variables varies. With
the microscopic length scale A’ contained in the ith term,
the &f ;) terms are proportional to powers of the Knudsen
number, (Kn)' ~ (A/L). Hence, assuming that the micro-
scopic length scales are much smaller than the macroscopic
length scales in the system, ie., Kn <« 1, the gradient
expansion thus considered is equivalent to the power count-
ing scheme in terms of the Knudsen number, Kn « 0, which
can be used to truncate the above expansion of §f at any
desired order” With § f* = fo — fo, the ERTA-modified
Boltzmann equation leads to the following form of §f:

5f = -

7 (%, p) *
ﬁpﬂaﬂf—i—éf . (22)

The 6f* acts as a counterterm to ensure the conservation

laws and is determined by imposing the Landau frame and

From here on, we denote any such ith order derivative term
with the notation, O(0').
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the Landau matching conditions. The form of distribution
function up to the second order with the vanishing chemical
potential is presented in Ref. [58]. Since the present focus is
on a charge-conserved system, it is necessary to analyze the
matching conditions and estimate the distribution function
up to second order at a finite 4. We begin with the evalua-
tion of the first order to distribution function, 5f ;). Up to
first order in gradients, Eq. (22) can be written as

TR(x’ p)
u-p

of )y =-— P"0ufo + 617y (23)
With 7" =T + 6T, p* = p+ ép and uy, = u, + ou,,
can Taylor expand f(uj, T*, u*) around T, u, and u, to

obtain the following expression for Jf ?1):

(u-p—
T2

(5u-p)+

5f1y) = {— - W or + T O0@) + ~}f0.

(24)

By employing Eqgs. (24) and (23), the first-order distribu-
tion can be written as

1 P
6f<1>=rRK€ﬁP — p)pu(w )+ﬁ71(7u1?p0)”}fo
ou - . _
n {_( uTP)+(u ;2 ”)5T+ }fo, (25)

where 07T, du, and du*, can be determined by imposing the
matching conditions, € = €, and n = n, along with the
Landau frame condition u, 7" = eu*. Then up to first
order in spacetime gradient, we can obtain the following
relations [57]:

sut = CA(VFa) + O(d%),

O(?), 6T =0(P).

(26)

ou =

Here, the form of C can be expressed in terms of the
thermodynamic integrals as

The definition of the thermodynamic integrals is presented
in Appendix A. Using the above form of ou*, oy, and 6T up
to first order in gradients, the first-order shear viscosity ﬂ’(’ f )
and number diffusion current n’(‘1 ) were determined using

the definitions given in Eqs. (15) and (16)) as [57]

) ) 2K3
ﬁ’(‘l) = 2no*”, n=—7- (28)
n’(‘l) = xVta, = —Cp°Iy + o PK21 - Ky, (29)

where 7 and k are the first order shear and diffusion
coefficients, respectively. With 5f(,) being the nonequili-
brium correction to the local distribution containing only
second-order terms in gradients, the total correction till
second-order Af(5) = 6f (1) + 6f () can be further evalu-
ated by keeping terms up to second order in gradients

81 = = ) g, o) - ) a1,
+Af]. (30)
where
Au - p- A
sy = [ (gt )ar e
Au - p)?
ol o) o 61)

Here, Au,, AT, and Ay contain both first- and second-order
contributions. From the first order matching conditions, we
know that AT and Ay are at least second order in gradients.
Therefore, higher-order terms are not considered here, as
any cross-term contribution would be at least O(a%). On the
other hand, Au " has a first-order contribution, which allows
for the inclusion of the term, (Au - p)? in Eq. (31), making
it of the order O(d%) or higher. Using Eq. (31) and by
expanding other terms of Eq. (30), we obtain the non-

C = 2# (L Ky — K21>- (27) equilibrium part of the distribution function up to second
Pl \e+P order at a finite y as follows:
|
Au-p  (u-p—p) Au | (Au-p)? n pp’p’o,
A =< - AT +—L— 4 — 7 - Y reE or
f { T t o fo+ 1 cxP wp)’ Lo+ E p)
p . p
_€+P{ppvyﬂpy_ppﬂpy”y}+(Arz_Dn(”'p))apnp+ AH_ DH+? (”p) ﬂpya fO
w[. PP’ P ) P’ p'p’
—— |tg—— - V,aV Ccp? \Y%
T|:TRll'p6p7+< aTR)< p)2 yi+ ﬁ €+P u-p p'p pa ya+ ﬁ u O'py p1Y
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1

) r’pr’ . n ) p’p’
- Cpp’D(V,a) — Cp—— " V ,V,a—Tp'V, aD(CP?) + Ty <€ TP n) p’'V,a— TE (Vpa)vy(Cﬁz)
n 1\ p'p! % [20p°P7 pr . et
T - V,a)(V \Y
+ <€+P u~p>u p( ,2)( TR):|f0 [3u » py+u'papy+(u'p)2( 20,y)
20 p 1N\ 1\ pPp? ,
L S S Y P L (U S T A (UYL
(u-p)? T wu-p u-p e+ P u-p u-p e+ P (u-p)
p’p’ p* or n 1
r——o6,Va———p'Va—-T|—— ’p'V ,aV T *D(V
+ (u,p)3op7 pLes 3(u-p)p p* ctP u-p PP av,a+ —|—P W p p’D(V,a)
v ! pvv +TD Vat T2V 49 a +T v Valfo. (32)
a a i a
e+P u-p e+ P P (u- p)z A et P 0-
This expression of Af(; can be utilized to derive the w_ 1 w1 . p
evolution equation for number diffusion current, n*. How- e = TIZIAM t T121 (u - Auju. (36)

ever, the above expression of Af ;) contains the unknown
quantities, Au#, AT, and Ayu. Thus, our next task will be to
determine these quantities with the help of the Landau
frame and matching conditions. It should be noted that the
derivation of the evolution equation of »n*, up to second
order in gradient, does not require A7 and Ay; in the
following we will confine our discussion to Au* only.

B. Matching conditions and evolution equation for
diffusion current

In a prior study [59], we derived the evolution equation
for the shear stress tensor by incorporating a momentum-
dependent relaxation time. In that case, the explicit evalu-
ation of Af’ ?2) was not required, as the contribution of the

counterterms vanished at second order for the shear tensor
evolution up to second order in gradient. However, in the
present study, it is necessary to determine the form of Af’ 2‘2)

as n* will get contribution from Awu”. By employing
Eq. (30) in Eq. (16)), we can express n, as follows:

n, = A;w/de”Af@) =n, + . (33)
Here, n,, is the contribution from A f 2‘2) part that arises due
to the counter terms and 71, represents the contribution from

the remaining terms in Eq. (30). Both are defined as
follows:

n= A, / dPp AfY). (34)

pﬂ@ (6fy)|-

(35)

n# —Af/dpl’” {——TR PPo,fo—

By substituting the form of Af ?2) as defined in Eq. (31) into
Eq. (34), we obtain the contribution from counterterms as

Notably, AT and Ay do not contribute to number diffusion
evolution. Here, we use the fact that u - Au ~ O(d?) since
u* - u* =1, and we ignored all the terms of order O(d°)
and higher. The form of Au* can be evaluated from the
Landau frame condition and the energy matching condi-
tion. The Landau frame condition u, 7*¥ = eu* leads to the
following constraint:

uu/de”p”Af(z) =0. (37)

Substituting the exact form of Af ;) as defined in Eq. (32)
in Eq. (37), we obtain the following equation in terms of the
undetermined variables, Au#, AT, and Ay as

I3 AT A
——A“”+(130—M120) o +1207ﬂu”

:Au"+.7-"1V”a—|—.7:29V”a+.7:36%1'4”—I—.7:45}fvpa
nglAaﬂW—i-]:S (V”a)—]:5w”pvpa
+ FsVro,. (38)
The various coefficients on the right-hand side of Eq. (38)

are expressed in terms of various thermodynamic integrals
as follows":

Fi= (K21 —)(K31)’ (39)
CR) p ¥ Nyf 5 5
Fr=—-Kz3 <0ﬂ )3 31,3—— 2l +3)(M42 §M32
Ly, poy 1
P 2 4
3 =+ 3130/3 37 (40)

>The term Au* cancels using Eq. (47), and hence, its form has
no effect on our calculations. Hence, we have given the form of
Au* in Appendix B and not in the main body of the article for the
sake of continuity.
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F3 =2pMy —4PLyy — 2BL3; — 2> N3, (41)

Fy=2PA3y +2CH Ky + 2yMy; — 2M3,
—2(yLsy — L3p)p + 2¢L3, + 2L,

—2(yLyr — Ly)p (42)
+ 2¢pN3 — Fs, (43)
Fs =yl — Ly — CB*K5,, (44)
Fo = 2pL. (45)

These coefficients were calculated under the assumption
that 7z (x, p) is a function of @, f, and u - p without any
specific parametrization of the relaxation time. This
assumption necessitated the introduction of five new
relaxation-time dependent thermodynamic integrals, K,
L,, M,; N,, and A, in comparison with the conven-
tional RTA derivation. The explicit definitions of these
integrals are discussed in Appendix A. In the RTA limit,
these integrals can be expressed solely in terms of the
relaxation time-independent thermodynamic integral, /,,.
Further, the second matching condition, € = ¢, imposes
an additional constraint on the forms of Auw¥, AT
and Ay as

u”uy/de”p”Af(z) =0. (46)

This leads us to the following equation:

AT Ap 1 .
(130 —ﬂlz())F‘i‘IZOT = %(MPAM‘O) +A —f5upvpa

— F60,,0". (47)

By Substituting Eq. (47) into the first matching condition as
defined in Eq. (38), the variables AT and Ap can be
eliminated, and the form of Au* can be determined as

Aut = _Il {(.7:512-Va+.7:6020—1%(u‘A“))””

31
+ Flvﬂa + fzevﬂa + .7:3051;00 + .7-'40ﬁvf’a
+ EK3 AL, 7 + FsD(Via) — Fsa'*V ,a

+ ]—"vaaﬁ] , (48)

where we have used the notation, ¢:0 = 6”0, It is
important to emphasize that for a momentum-independent
relaxation time, we obtain Au# = 0, ensuring the consis-
tency of the ERTA framework in the RTA limit. Further-
more, we note that for a system with vanishing chemical
potential (¢ — 0), the form of Au* reduces to the result

presented in [58]. By Substituting Eq. (48) in Eq. (36),
we obtain the n/’j contribution to the total number diffusion
current as follows:

’,fz—[(f5u-Va—|-f60:0)u”—I—f](V”a)
+ ]:ZH(V”a) + f30'$1;lp + .7:40'%V/’a+ §K31Aﬁ(6},7z’p”)
+ FsD(Via) — Fsa' (V) + F¢(V ,6t)]. (49)
Similarly, by using Eqs. (30) and (32) in Eq. (35), we obtain

the remaining contributions for the evolution of number
diffusion as follows:

nt = (j5upvpa — 2ﬂL226ppry)M” + j]V”a + jgevf‘a
+ T30pi” + J 40,V a — Ky EALO, x4+ T sD(VFa)
- Ts0"*V ,a+ JsV’ol. (50)

where the coefficients take the forms as follows:

J1 =xKz — Ky, (51)
T2 = Ky §a<§g2) —XN;Iﬁ + N;ﬂ - %ZMBZ + %Mzz
-l—%—Lzlgg—)ﬁ(_%v (52)
T3 = =2pMz + 2*Noy + 4PLyy + 2Ly, (53)
T4 = =2B(Axy +xNy) — 2CB K3, — 2y M3, + 2M,
+4p(rLzy — Ly) = 2rLy — 2L, — Js, (54)
Js = CP’Ky — (Lo — L), (55)
Je6 = —2fLn,. (56)

Employing Eqgs. (49) and (50) in Eq. (33), we combine all
the contributions and finally obtain the number diffusion
evolution up to second order in gradients as’

"
I}l<ﬂ> + n_ = ﬂnvﬂa - lnrzﬂmvia - Tm'rﬂj,;”"/1 - 5"’1’1”9

Tn

+ LnApO, T = Aytin® = A,0#n,. (57)

The transport coefficients associated with the evolution of
number diffusion are determined as

“Here, we should remark that the nature of Eq. (57) closely
resembles that of the Inverse-Reynolds-Dominance (IReD) ap-
proach described in Ref. [67].
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1
5nn _a <g2 3 aﬂ < )) (62)
I, =— %—51( +§—K (63)
nw z, 2’7 21 31
__Y%
/lnn - K'Tn ’ (64)
_ 9
Ay = xz,’ (65)

with G; = J; + (I, /15,)F; for each of the above coef-
ficients, i.e., i = (1,2,3,4,5,6). The forms of F; and J;
coefficients are defined in Eqs. (39)-(45) and (51)-(56).

For the quantitative estimation of various momentum-
dependent thermodynamic integrals, we employ the fol-
lowing parametrized form of zz(x, p):

. (66)

~|

satop) =) () ) =

where we have introduced &, which can be a function of
u/T depending on the type of interaction considered, and
7o(x) as a whole denotes the momentum-independent
component of the relaxation time. Here, £ is the momentum
|

dependence parameter that quantifies the order of momen-
tum dependence of the relaxation time. The power-law
parametrized form of zz(x, p) is motivated by the studies
[62,68—70]. While the momentum dependence parameter £
in the relaxation time depends on the interaction dynamics
within the system, its exact value for different physical
scenarios remains to be determined. The range 0 < 7 < 1 is
seen to be relevant for the QCD medium [62]. The region
¢ > 1 remains mostly unexplored except for the specific
case of a gas of hard spheres [71], which we have also
discussed briefly in the following section.

III. RESULTS AND DISCUSSION

A. ERTA-modified particle diffusion relaxation time
and its relative significance

The relaxation time that sets the timescale for the decay
of the diffusion current is denoted by 7,. In the RTA limit
¢ — 0, we have 7, — 75. Our analysis shows that 7,
depends on the choice of the parameter . In our previous
study [59], we estimated the relaxation time for the
evolution of the shear stress tensor, denoted as z,, which
determines the timescale for the decay of the shear viscous
pressure, where 7, is given by 7, = L3,/K3,. While the
relaxation time for shear and number diffusion evolution in
second order is the same in the conventional RTA limit
(¢ = 0), we see that both the shear stress and number diffu-
sion relaxation time are different from each other within
the ERTA framework apart from the two limiting cases of
¢ — 0,00 and an intermediate value of £ ~ 1.57845. The
transport coefficients derived in the previous section can be
further simplified and can be explicitly expressed in terms
of the momentum-dependence parameter £, once we fix
the parametrization scheme, of which Eq. (66) is only an
example that has been widely used in the literature. Using
Eq. (58) and the definitions of the thermodynamic integrals
given in Appendix A, we obtain the relaxation time 7, in
terms of £ as follows:

[192I(2(2+£)) + 16I2(4 4+ ) — 8T (4 + )T (5+ £) + T2(5+ £) —384I'(3 4 2¢) — 24I'(5 4 2¢)]« P
T, 24T[16T(3+7¢) -84+ £)+T(5+¢)] , > ~5
(67)

where I'(x) is the gamma function, and I'?(x) = (I'(x))?. Unlike in the RTA framework, we find that the ratio of shear
relaxation time to the relaxation time for diffusion current deviates from unity and is dependent on the momentum-

dependence parameter ¢ as

-7 +2)

t, (4+0)(3+7) (48(2f2

T, 24(F-¢+4)

@+20)(3 +20)

124 4¢) 3
- F(5—|—2f)> >3 (68)

As ¢ — 0, the ratio ™ approaches unity, corresponding to the RTA limit where both the shear viscous pressure and diffusion

current decays to their Navier-Stokes limits on the same timescale, and a simple small # expansion of this ratio behaves as

5¢

£ = 0limit: =1 -2 o). (69)

T
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1.4}

~ 1.25856

0.010 0.100 1 10 100 1000

0.001
£
FIG. 1. The ratio of the relaxation time for the diffusion mode to

the relaxation time for the shear mode as a function of the
momentum dependence parameter . The red dot corresponds to
the prediction for A¢* theory, and the blue dot corresponds to this
ratio for hard sphere scattering.

However, this does not hold true for a finite value of #. For
example, in A¢* theory (equivalent to # = 1 as showed in
the next subsection), the ratio ™ deviates from unity, taking

the value % [64]. To understand the nature of relaxation
times of the shear and diffusion processes of the given
system, we have plotted the ratio  for a wide range of

values of ¢ in Fig. 1. We notice that within the relevant
region for QCD, i.e., 0 < ¢ <1, we have 7, < 7,, where
the equality holds only at £ = 0. This implies that the
diffusion current reaches the Navier-Stokes limit quicker
than the shear pressure for 0 < £ < 1. However, this cannot
be considered a general behavior of all fluids. The present
work rather shows that the behavior of z—” can vary wildly

depending on the value of . Interestingly, this ratio reaches
a global minimum value of  ~ 0.785133 at # ~ 0.613843,

i.e., within the region of interest for QCD matter. Going
beyond this region, we note that the two relaxation times
become equal at £ = 1.57845. For larger values of 7, the
ratio * exceeds 1, reaching a maximum of approximately

149121 at £ ~4.96012 and then drops steadily toward
unity asymptotically as £ — oco. Another important obser-
vation from Fig. 1 is that the ratio  appears to be bounded

(at least for £ > 0) from both above and below.

As mentioned before, while the expected range of ¢
relevant to QCD matter is 0 <7 <1, where we have
7, < 7,, there exists systems where we can have 7, > 7,.
One such example is a gas of massless hard spheres, which
was studied in Ref. [71]. Examining the information listed
in Tables I and II of Ref. [71], we can find the ratio’

Tn

2~ 1.25856. This value of the ratio corresponds to the case
¢ ~2.47975 in the present work. It should be noted though

*We follow the IReD scheme to get this value.

that the hard sphere system that we compared with was
worked out in the ultrarelativistic limit and that massive
hard sphere scattering will lead to different values of the
above ratio. Thus, while the framework of ERTA can be
used to describe the evolution of QCD-like matter, we may
also use ERTA to describe fluids with a wider range of
properties.

B. Comparison of results with exact solution of 1¢*
theory and conventional RTA analysis

Exact calculations of transport coefficients by analyti-
cally solving the Boltzmann equation are very limited, as
the Boltzmann equation is an integrodifferential equation,
making it significantly challenging to solve. The only
known example in this regard, to the best of our knowledge,
with an exact analytical solution, has been estimated only
for an isotropic system with a relatively simple interaction
strength [63]. This model involves a system of massless
scalar field particles with a A¢* tree-level self-interaction
described by the Lagrangian as

1 1
L= 3000, ~ " (70)

where 1 is the coupling constant of the scalar theory. The
transition rate W, y_, v can be estimated in this model, and
by employing Eq. (18), the linearized collision term can be
written as

C[ k] = f()ki‘¢k
= fOkg/ dK/deP/fOk’(zﬂ)55(4>(k iy T p— p/)
X (¢P+¢p’_¢k_¢k’)- (71)

Here, ¢k = (fk _fOk)/fOk and g = /12/(3271') is the cou-

pling constant. The eigenfunctions and eigenvalues of the
above collision operator [ were determined in Refs. [63,64]
in terms of the associated Laguerre polynomials Lfimﬂ) of
degree n. By expanding ¢; in terms of these eigenfunctions,

the collision kernel can be written as

u-p
TR<x,P)

IM S 2
— E n | ——— = 6,00,
+ o 2 ¢ n+m+1 0%n0

n,m=0

Clfe] == (fx = for)

(2m-+1)
X Lnk k(ﬂ] “‘k/lm>’ (72)

with M = e®/(27*(?). The first term is the RTA term with
a momentum-dependent relaxation time zg(x, p), which
can be expressed as
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TABLE I. Comparison of ERTA calculations with exact results
from Ag* theory [63,64] and standard RTA results (£ = 0). The
value of 7, was taken from the Ref. [59]. The combinations of
transport coefficients in the fourth and fifth rows are included to
facilitate the comparison of coefficients with similar tensorial
structures as explained in Appendix C.

Coefficients ERTA (# =1) A¢* results RTA (¢ =0)
K o o 2
T/ Tx 5 s 1
‘ 5 : ‘
20+ (/1) 1 195 ¥
Tz + lu 2 L 0
Lz L L 0
Onn 1 1 1
A -1 -1 _1

@

4z (u-
salor) = o (). 73)
It is evident that in Eq. (72), if we set ¢}’ *" =0 for
all values of m and n, we get back the Anderson-Witting
RTA, which does not lead to conservation laws when
relaxation time is momentum dependent. However, one can
ensure the conservation laws only if a certain number of
the coefficients, 4! " are kept as shown in Ref. [63].
Using the method of moments it can be shown that, such
counterterms, leading to novel RTA [52], cancel the
homogeneous part of 6f. The quantity 6f* in ERTA can
be shown to do the same job of canceling the homogeneous
part of 6f, which allows the preservation of conserva-
tion laws.

From the above form of the relaxation time, we identify
k = 4n*/(ge®) with a as the fugacity parameter and £ = 1,
while mapping the scalar field theory to the current ERTA
framework. This allows us to compare the ERTA transport
coefficient estimations at ¢ =1 with those calculated
from the above exact results from the A¢* theory. This
comparison of the transport coefficients associated with
the number diffusion is summarized in Table I. The exact
solutions of the transport coefficients were taken from
Ref. [64]. The temperature behavior of all the coefficients
derived from the ERTA framework is in good agree-
ment with the exact results from the scalar theory. We
observe that 7, depends on the temperature and fugacity
of the gas for ERTA and A¢* theory results. A similar
dependence of the shear relaxation time 7z, on the fugacity
and temperature of the gas was also found in Ref. [59].
We further note that, as demonstrated in the Sec. III A, the
ratio ;—” at £ = 1 exactly matches with the predictions from

A¢* theory. We also note that the ERTA coefficient /,,
differ by a factor of 1/2, while all other transport

coefficients® associated with the number diffusion reduces
to the predictions of A¢* theory in the limit # = 1. Further,
we also note that 9, and 4, takes the values 1 and —1,
respectively, for all values of 7.

To analyze the impact of the momentum dependence
of the relaxation time on the transport coefficients, we
have compared the ERTA-modified transport coefficients
(with a fixed value of # = 1) with the standard RTA
results (£ = 0). The RTA results are presented in the fourth
column of Table I. We observe that most coefficients
associated with the number diffusion differ significantly
with the inclusion of the momentum-dependent relaxation
time. For instance, the coefficient /,, vanishes for a number-
conserved massless system, as noted in Ref. [25]. However,
[, 1s nonzero in the ERTA framework due to the particle
energy dependence of the relaxation time, which aligns with
the predictions of scalar field theory.

IV. SUMMARY AND OUTLOOK

In conclusion, we have analyzed number diffusion in
relativistic dissipative second-order hydrodynamics utilizing
the ERTA framework for the first time. Using a Chapman-
Enskog-like gradient expansion method at finite chemical
potential, we solved the ERTA-modified Boltzmann equa-
tion. By incorporating the particle energy dependence of the
collision timescale of the microscopic interactions through
the relaxation time, we have derived the second-order
evolution equation for the dissipative number diffusion
current for a massless, particle number-conserving system.

We have employed a power law parametrization to
describe this momentum dependence of the thermal relax-
ation time. Our analysis highlights the sensitivity of the
transport coefficients associated with the evolution of charge
current to the momentum dependence of the relaxation time.
Furthermore, we performed a comprehensive one-to-one
comparison of the ERTA-derived transport coefficients with
the exact results derived from a scalar field theory for a
massless A¢p* system with the appropriate choice of para-
metrization parameter for the relaxation time.

The present study underscores the critical importance of
incorporating more realistic collision kernels into kinetic
theory to improve the predictive power and accuracy of the
hydrodynamic description of hot QCD nuclear matter from
the underlying microscopic theory. This is particularly
relevant in scenarios where net baryon charge diffusion
plays a central role, such as in low-energy heavy-ion
collisions. We also anticipate that the momentum depend-
ence of the relaxation time might have a significant impact

®Taking two combinations of the traditional transport coef-
ficients as shown in Table I was necessary to compare our results
with the A¢* results due to an ambiguity in the way these
coefficients are defined in literature. A detailed discussion on
why this particular choice was made has been outlined in
Appendix C.
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on the number diffusion in resistive second-order magneto-
and spin-hydrodynamics. However, the formulation of the
matching conditions and estimation of the nonequilibrium
distribution function within the ERTA framework is chal-
lenging with a nonvanishing magnetic field and spin along
with a finite chemical potential. We intend to explore these
aspects in a future study.

On the other hand, the fact that the present framework
leads to different relaxation times for different transport
processes naturally gives the opportunity to construct a
theory of spin hydrodynamics from kinetic theory, where
the spin degrees of freedom may relax at a rate different
than other modes. This will be an important arena for
exploration as primary studies indicate the spin relaxation
time should be several times greater than other relevant
relaxation timescales [10,72]. Such studies can shed light
on the still unresolved issues of longitudinal spin polari-
zation [73]. Another important aspect of a system like QGP,
dominated by strong interaction, is the implication of cross-
diffusion among the multiple conserved charges such as
electric, baryon, strangeness, etc. This area has received
relatively less attention [26,74,75]. Exploring the relaxation
rates of these different diffusion processes will be an
interesting area for future research.
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APPENDIX A: THERMODYNAMIC INTEGRALS
AND USEFUL RELATIONS

In the present work, we define various thermodynamic
integrals as follows:

dP
I/(‘;) Hn — / (M ' p)rpﬂl e p”nfo’ (A])
. dPt
N Rrpl"l o phnfo, (A2)
K" (- p)
e, dPt}
L(r) = (u‘p)rpﬂl ”'pﬂnf()v (A3)
dPt or
MPH = R R mpinfy, (A4
= [ ) e 40
dPt ot
ng,l-) Hn — / (u : pR)r <a_;> pl‘] e p””f()’ (AS)
dPt ot
A/(‘;) Hn — / (u : pR)r (a_§> pﬂl v p/‘nfo_ (A6)

Each of the above momentum moments can be decom-
posed in terms of the hydrodynamic degrees of freedom as

= Q% ut gt gt |yt QE;? (um gt g At perm)

+ Q’(,lré) (u/’t] u”Z .. _u”n—4 AMn—}ﬂn—Z A”n—l/"n + perrn) + e,

e+ Q&;)(uﬂl AFH3 AHaks | AHn-tHn perm),

q—A terms

with Q ={I,K,L,M,N,A} and n >2q. Further, we
define

, 1
It :m/dp(u'[))”_z"_r(l"A'P)qfo, (A8)

(r) 1 n=-2qg—r
¢ — P ) q A - p)if,.
q (qu)!!/d (U p) (p-A-p)ifo
(A9)
Lig = N/dPTZR(”‘P)n_Zq_r(P A p)ifo.

(29 +1)
(A10)

(A7)
[
(ry 1 aTR
Mud _(2q+1)!!/dpf“(a(u'p>>
X (u-p)=2"(p- A p)ifo. (A11)
(r 1 61’R
Nng = (2q+1>!!/"”“<¥>
X (u-p)"2"(p-A-p)ifo. (A12)
(r) o 1 aTR
= ()
X (u-p)"247"(p-A- p)ifo. (A13)
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where p- A - p = A%p, py- For any of the above integrals,
we can omit the superscript » when r = 0 and express all of
these integrals without r by reducing r to 0 throughout the

paper using the relation, Qf[zl = Qflo_)r,q = 0,4 Another
useful relation for the current analysis can be derived using

.o\ ¢ 1
w00 (7)) |- 4{(5) + 77

(Al14)

where 7z (x, p) takes the form as in Eq. (66). This leads to

the following relation between N, and L,,, integrals as:

dln 70
N,, = (7) Ly, +TCL,,.
For 74(x) = constant, we have N,, =0 when ¢ — 0,
and for 7y(x) = k/T, we obtain N,, = T(¢ + 1)L, for
Kk = constant. Similarly, we employ the relation

O, (olngy
R da R\ 9a )

(A15)

(A16)

(u-Su)

Aut = {(130—131) T

+ Ayt - Va+ L3 Vy -Va — K3, Va - V(CB?) | v,

where

A, =2(BMy, — pL3y + L3y — fLyy — PL3,)

Ay = x*N3y — xNoy — CP*K3y + xCPP Ky + xAz) — Ay — x*Lyy +2¢L3y — Loy —

Ap =—CP*K3 — Ly + yLs,

Aua = —xPN31 + PNy + yMyy — M3y — xLag + yLs; + Lyg — CB* (K3 — K3p).

The above form for A is given for the sake of completeness
since it cancels out in our calculations following Eq. (47).

APPENDIX C: COMBINATION OF
COEFFICIENTS IN TABLE I AND RELATED
AMBIGUITY

Using the relation,
ApO, " = —atT i, + ARV, 77, (C1)

we can rewrite the evolution equation for the number
diffusion current given by Eq. (57) as

By employing Eq. (A16) in Eq. (A13), we can relate A,,,
with the L, integral as

dln 70
Anq = (T) an.

The above expression is useful when comparing the ERTA
results with the A¢* theory where 7, (x) is a function of both
temperature and the fugacity of the gas,

(A17)

B An?
- geT’

7o(x) (A18)

When 7z — 7. in the case of RTA, we see that the above
integral A,,, vanishes. We also have the following relation
for any of these integrals in the massless limit:

o) — — 1 o
" 2g+ 1)t

APPENDIX B: DEFINITION OF A IN EQ. (38)

(A19)

The term Au” appearing in Eq. (38) can be written as

— (K30’B - Kzod + K31ﬂ6) + AO.GZ + Aal (Va)2 + Aazvza

C* 1y,
2

(B2)

[
n#

n<#> +—= ﬂnvﬂa - (2&}17[ + Kﬂnn) ﬂlﬂfvia - (Tmr + lnn)
7 n

n
X i) = 8,y 0 + L, APV, 77 — A, 0"n,,

(€2)

where we have used Egs. (28) and (29) along with Eq. (C1)
to simplify the number diffusion evolution into its inde-
pendent tensorial structures. As we can see, since the
combination z,,, + 1, is the coefficient of the tensor 7#4ii,
there exists an ambiguity in how both z,, and [,, are
separately defined. A transformation of both of these
coefficients by 7,, = 7,, +® and [, - [,, — D will
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not changed the coefficient of the said term in the evolution
equation Eq. (C2), but it will change these coefficients
separately. Hence, in order to avoid this ambiguity while
comparing with previous calculations in literature, we have

decided to take the combinations of these coefficients
belonging to independent tensorial structures in the com-
parision Table I. A similar logic follows for the combina-
tion of coefficients of 7} Va.
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