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The hadronic tensor encodes crucial information regarding the internal structure of hadrons, reflecting
the nonperturbative features of quantum chromodynamics (QCD). In this work, we directly compute the
hadronic tensor within (1þ 1)-dimensional U(1) and SU(2) gauge theories by evaluating real-time current-
current correlation functions. Utilizing quantum algorithms executed on classical hardware, we demon-
strate that the hadron form factors for both meson and baryon states can be reliably extracted from the
hadronic tensor. Our methodology is validated by strong agreement with both direct calculation and exact
diagonalization of the form factors.
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I. INTRODUCTION

Exploring the internal structure of hadrons remains a
central goal in high-energy and nuclear physics. Among
the various probes available, lepton-hadron scattering
serves as a primary experimental avenue, having pioneered
our understanding of hadron structure since the 1970s. In
these scattering processes, the cross section is governed by
the contraction of the leptonic tensor Lμν and the hadronic
tensor Wμν, schematically written as dσ ∝ LμνWμν. For
inclusive lepton-hadron scattering, the nonperturbative
hadronic information is entirely encoded within this
hadronic tensor. In D-dimensional space-time, it is defined
as [1]

WμνðqÞ ¼
Z

dDzeiqzhhjJμðzÞJνð0Þjhi; ð1Þ

where jhi denotes the initial hadron state and q is the
momentum of the virtual photon. Considering the electro-
magnetic interaction between the incident lepton and the
hadron, the electromagnetic current operator is given by
Jμ ¼ efψ̄γμψ , where ef is the electric charge of the fer-
mion f. As schematically illustrated for one-photon
exchange in Fig. 1, the two current insertions create and
annihilate all allowed intermediate hadronic states X.

FIG. 1. Schematic representation of the hadronic tensor in
inclusive lepton-hadron scattering. The insertion of two electro-
magnetic currents sums over all allowed intermediate hadronic
states X.
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The resulting current-current correlation function conse-
quently captures the relevant nonperturbative QCD dynamics.
The physical information extracted from the hadronic

tensor strongly depends on the kinematic scale of the
momentum transfer, Q2 ≡ −q2. When Q2 ≫ Λ2

QCD, the
process enters the deep inelastic scattering (DIS) regime.
In this high-Q2 limit, the hadronic tensor factorizes into a
convolution of perturbatively calculable hard coefficients
and nonperturbative parton distribution functions (PDFs),
schematically given by WμνðqÞ ∼Pa c

a
i ⊗ fa=hðxÞ.

Conversely, in the low-to-intermediate Q2 region, where
Q2 ∼m2

h (mh being the hadron mass), the available
momentum transfer is restricted. Here, the hadronic tensor
predominantly probes hadron form factors, which char-
acterize the spatial distribution of the hadron’s constituents
and its low-energy excitation dynamics.
Owing to the characteristic hadronic scales involved, the

hadronic tensor is inherently nonperturbative and cannot be
computed using perturbative QCD alone. While traditional
lattice QCD in Euclidean space provides a powerful first
principle framework, with extractions of the hadronic tensor
from four-point correlation functions already successfully
demonstrated [2–4], it faces a severe challenge. The physical
Minkowski space response must be reconstructed from
Euclidean-time data, an inverse problem that is notoriously
ill-posed numerically. Quantum simulation offers a natural
alternative through the Hamiltonian framework, where real-
time dynamics can be simulated directly at the quantum state
level. This capability has driven a surge of quantum-comput-
ing studies targeting real-time nonperturbative physics [5–8],
such as hadron scattering [9–22], PDFs [23–28], light-cone
distribution amplitudes [29], hadronization [30–34], and
nonequilibrium physics [35–39].
Quantum algorithms for parton physics and hadronic

tensor were initially proposed in Ref. [23], which demon-
strated the computation of PDFs and the hadronic tensor
using the (1þ 1)-dimensional Thirring model on a univer-
sal quantum computer. More recently, simulations of the
DIS hadronic tensor and PDFs in the Schwinger model was
performed using tensor networks [17,27,40–42], enabling
the extraction of the longitudinal structure of hadrons. In
this work, rather than focusing on DIS structure functions,
we investigate the low-Q2 region of the hadronic tensor to
extract hadron form factors, thereby providing a crucial
complement to these developments. Furthermore, while the
Schwinger-model DIS study of Ref. [17] employs stag-
gered fermions, we emphasize the necessity of utilizing
Wilson fermions. For the present form factor calculation,
the Wilson formulation offers a distinct advantage because
it preserves charge conjugation symmetry at finite lattice
spacing. This allows the relevant hadronic states and
current matrix elements to be classified more directly by
their discrete quantum numbers, providing a cleaner setup
for isolating elastic contributions and interpreting the form
factor signals.

The objective of this work is therefore targeted yet
concrete. We present a quantum-computing-oriented frame-
work for evaluating the hadronic tensor from its real-time
current-current correlation function in low-dimensional
lattice gauge theories. This framework is implemented
and benchmarked in both Abelian U(1) and non-Abelian
SU(2) gauge theories in (1þ 1)-dimensions [43–46]. The
U(1) theory serves as a controlled test bed via the Schwinger
model, while the SU(2) theory admits gauge-singlet multi-
fermion states that act as simple baryonic analogs [47–49].
Although these models do not reproduce the full spin,
flavor, and spatial complexity of (3þ 1)-dimensional QCD,
they share essential features with full gauge theories,
including confinement mechanisms [50–52] and chiral
condensate formation [48,53,54]. They therefore provide
valuable benchmarks for developing and validating quan-
tum algorithms aimed at hadron-structure observables in the
real world.
The formal definition of the hadronic tensor is common

to both the low-Q2 and DIS regimes, and the same real-time
current-current correlator can in principle be evaluated at
different momentum transfers. The restriction to low Q2 in
the present work is mainly practical, arising from the limited
lattice size, momentum resolution, and real-time evolution
that can be simulated efficiently on classical resources.
Accessing the DIS regime would require larger spatial
volumes, finer lattice spacings, higher momentum resolu-
tion, and more accurate long-time real-time evolution.
These requirements are beyond the scope of the present
classical simulations, but they are natural targets for future
fault-tolerant quantum computers. In that setting, the same
algorithmic framework may be extended toward high-Q2

hadronic tensors and DIS structure functions. In the present
work, we focus on the low-Q2 response and demonstrate
that the elastic form factors can be extracted from the
computed hadronic tensor. The resulting form factors are
compared with exact-diagonalization benchmarks, provid-
ing a direct test of the proposed real-time simulation
strategy.
The rest of this paper is organized as follows. In Sec. II,

we introduce the Hamiltonian lattice formulations used in
this work and describe the U(1) and SU(2) models with
Wilson fermions. In Sec. III, we review the quantum
algorithms for hadron-state preparation and for the simu-
lation of current-current correlation functions. In Sec. IV,
we present numerical results for the hadronic tensor and the
extracted elastic form factors. Finally, we summarize our
conclusions in Sec. V.

II. THE LATTICE GAUGE THEORY
IN (1 + 1)-DIMENSIONS

To simulate the hadronic tensor, the underlying gauge
field theories must first be regularized on a lattice. For this
purpose, we employ the Wilson fermion formalism [55],
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which resolves the fermion doubling problem by introduc-
ing a Wilson term. This term explicitly lifts the unphysical
doubler modes to the scale of the ultraviolet cutoff,
giving them masses of order Oðr=alÞ, where r is the
Wilson parameter and al denotes the lattice spacing [44]. In
contrast to staggered fermions [56], the Wilson formulation
cleanly preserves charge conjugation symmetry at finite
lattice spacing. This property enables a rigorous classifi-
cation of the target hadronic states by their C-parity [28],
which is crucial for interpreting the hadronic tensor where
quantum selection rules associated with charge conjugation
play a vital role.
In (1þ 1)-dimensions, the lattice Hamiltonian of Wilson

fermions can be written in general as follows

HW ¼ −
1

2al

XN−1

n¼0

½ψ̄nðrþ iγ1ÞUnψnþ1 þ H:c:�

þ
�
mþ r

al

�XN−1

n¼0

ψ̄nψn þ
g2al
2

XN−1

n¼0

L2
n; ð2Þ

whereN is the number of lattice sites, g is the bare coupling
constant, m is the bare mass, and ψn is the two-component
Dirac spinor at site n, ψn ¼ ðψn;1;ψn;2ÞT . Throughout this
work, the Wilson parameter is fixed to r ¼ 1, and we
choose γ0 ¼ σ1, γ1 ¼ −iσ3 where σ1 and σ3 are Pauli
matrices. This convention leads to the Hamiltonian

HW ¼ −
1

al

XN−1

n¼0

ðψ†
n;2Unψnþ1;1 þ H:c:Þ þ g2al

2

XN−1

n¼0

L2
n

þ
�
mþ 1

al

�XN−1

n¼0

ðψ†
n;1ψn;2 þ H:c:Þ: ð3Þ

The gauge field degrees of freedom are encoded in the
Wilson link operators Un, which ensure gauge invariance of
the lattice Hamiltonian.
Let Ta be the generators of the Lie group G, which

satisfy

½Ta; Tb� ¼ ifabcTc; ð4Þ

where fabc are the structure constants of the group G. The
conjugate momenta of Un are denoted by the left or
right electric fields La

n and Ra
n, which are related by the

adjoint representation, Ra
n ¼ ðUadj:

n ÞabLb
n, with ðUadj:

n Þab ¼
2Tr½UnTaU†

nTb� and L2
n ¼

P
a L

a
nLa

n ¼
P

a R
a
nRa

n. For a
given lattice site n, operators La, Ra, and U satisfy the
following commutation relations:

½La; Lb� ¼ −ifabcLc; ½Ra; Rb� ¼ ifabcRc;

½La;U� ¼ TaU; ½Ra;U� ¼ UTa: ð5Þ

Equation (5) implies that the Hilbert space corresponding
to the gauge link has infinite dimension.
In (1þ 1)-dimensional gauge theories, Gauss’s law can

be used to express the electric fields in terms of the
fermionic charge densities. The lattice version of Gauss’s
law Ga

n ¼ 0 is given by [57,58]

Ga
n ≡ La

n − Ra
n−1 −Qa

n ¼ 0; ð6Þ

whereQa
n is the charge density on lattice site n, which only

depends on the fermion field ψ†
n and ψn. Equation (6)

can be solved with a giving boundary condition. We use
periodic boundary conditions (PBCs) to preserve the trans-
lational invariance, hence ensure that hadron momenta are
well-defined. In PBCs, Gauss’s law determines only the
local fluctuation of the electric field, while leaving a global
electric flux degree of freedom unfixed [59,60]. The
general solution of Gauss’s law in PBCs can be written as

La
n ¼ Ea þ δLa

n ¼ Ea þ 1

N

XN
n0¼1

ðn0 − Nθn0>nÞQa
n0 ;

θn0>n ¼
�
1; n0 > n;

0; others;
ð7Þ

where δLa
n is the local electric field generated by the

fermionic color charges, and Ea ¼ 1
N

P
n L

a
n represents the

global electric flux, which is conjugate to the gauge-field
holonomy around the spatial circle. In this work, we fix
Ea ¼ 0, which can be understood as an approximation in
which the global electric flux is restricted to its lowest-
energy sector. The justification for this choice follows from
the electric energy associated with a nonzero global flux. In
the absence of external background fields, a state in a
nontrivial global-flux sector characterized by the represen-
tation R receives an additional contribution

ΔER ¼ g2Nal
2

C2ðRÞ; ð8Þ

where C2ðRÞ is the quadratic Casimir invariant. For U(1),
C2ðlÞ ¼ l2, while for SU(2), C2ðjÞ ¼ jðjþ 1Þ. Therefore,
the zero-flux sector corresponds to the lowest-energy sector
in the absence of external fields, and the nonzero-flux
sector has an energy gap proportional to the number of
lattice site N. Since we focus on low-energy color-singlet
hadrons and choose the lattice size larger than the hadron
correlation length, contributions from nonzero Ea sectors
are expected to be suppressed. After fixing the global flux
sector Ea ¼ 0 and solving Gauss’s law for δLa

n, the
Hamiltonian can be expressed solely in terms of fermionic
operators.
The above discussions are general, and the charge

operator Qa
n for specific cases such as U(1) and SU(2)

gauge field theory can bewritten explicitly. In the Schwinger
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model, the only generator of the U(1) group is T1 ¼ 1, so
the Abelian charge is defined as Qn ¼

P
s ψ

†
n;sψn;s − I.

The total charge Qtot ¼
P

N−1
n¼0 Qn is a conserved quantity.

Combining with translation invariance of PBCs, we can use
three quantum numbers to label the energy eigenstate of
the Schwinger model, i.e., energy E, momentum p, and
electric charge Qtot.
In the non-Abelian SU(2) case, each spinor of the

fermion field consists of red and green components
labeled by c ¼ 0, 1, ψn;s ¼ ðψ0

n;s;ψ1
n;sÞT , so it spans the

fundamental representation space of the SU(2) gauge
group. In this representation, the three generators
are Ta ¼ 1

2
σa, where σa represents the three Pauli matri-

ces, and the structure constants are given by the Levi-
Civita tensor fabc ¼ ϵabc. The non-Abelian charges are
defined as Qa

n ¼
P

s ψ
†
n;sTaψn;s, and the total charge

Qa
tot ¼

P
N−1
n¼0 Q

a
n are conserved quantities. In addition to

the three non-Abelian charges, the system possesses
another conserved quantity, baryon number B, arising
from global U(1) symmetry, which is defined as

B ¼ −N þ 1

2

XN−1

n¼0

X
s

ðψ0†
n;sψ0

n;s þ ψ1†
n;sψ1

n;sÞ: ð9Þ

Therefore, the good quantum numbers in SU(2) LGT are
E, p, ðQtotÞ2 ≡PaðQa

totÞ2, Q3
tot, and B. All of the energy

eigenstates in SU(2) LGT can be labeled by those five
quantum numbers.
To simulate the system on a quantum computer, the

Hamiltonian must be expressed in terms of Pauli oper-
ators. This can be achieved by the Jordan-Wigner trans-
formation [61]

ϕk →

 Y
n<k

σ3n

!
σ−k ; ϕ†

k →

 Y
n<k

σ3n

!
σþk ; ð10Þ

where σin represents the Pauli matrices acting on the nth
qubit, and σ� ¼ ðσ1 � iσ2Þ=2. This transformation pre-
serves the canonical anticommutation relations of the
fermion field.
For the U(1) case, the fermion field ϕk ¼ ψn;s carries a

site index n, and a spinor index s ¼ 1, 2, is mapped to a
qubit with index k ¼ 2nþ s − 1. Following this and the
Jordan-Wigner transformation, the Abelian charge Qn is
given by

Qn ¼
1

2
ðσ32n þ σ32nþ1Þ: ð11Þ

The kinematic, mass, and electric energy terms in the
Hamiltonian can be written as

Hkin ¼
XN−1

n¼0

ðσþ2nþ1σ
−
2nþ2 þ H:c:Þ;

Hm ¼ −ðmþ 1Þ
XN−1

n¼0

ðσþ2nσ−2nþ1 þ H:c:Þ;

He ¼
g2al
2N2

XN−1

n¼0

"XN
n0¼1

ðn0 − Nθn0>nÞQn0

#
2

: ð12Þ

For the SU(2) LGT, the fermion field ϕk ¼ ψc
n;s carries

an additional color index c, and is mapped to a qubit
labeled by k ¼ 4nþ 2ðs − 1Þ þ c. After that, the non-
Abelian charges are given by

Q1
n ¼ −

1

2
½ðσþ4nσ−4nþ1 þ σþ4nþ2σ

−
4nþ3Þ þ H:c:�;

Q2
n ¼

i
2
½ðσþ4nσ−4nþ1 þ σþ4nþ2σ

−
4nþ3Þ − H:c:�;

Q3
n ¼

1

4
ðσ34n þ σ34nþ2 − σ34nþ1 − σ34nþ3Þ: ð13Þ

The qubit Hamiltonian of SU(2) LGT can be obtained by
combining the Eqs. (2), (7), (10), and (13). Then the
Hamiltonian is given by H̄ ¼ H̄kin þ H̄m þ H̄e, with

H̄kin ¼
XN−1

n¼0

½ðσþ4nþ2σ
3
4nþ3σ

−
4nþ4þσþ4nþ3σ

3
4nþ4σ

−
4nþ5Þ þ H:c:�;

H̄m ¼ −ðmþ 1Þ
XN−1

n¼0

½ðσþ4nσ34nþ1σ
−

4nþ2

þσþ4nþ1σ
3
4nþ2σ

−
4nþ3Þ þ H:c:�;

H̄e ¼
g2al
2N2

X
a

XN−1

n¼0

�XN
n0¼1

ðn0 − Nθn0>nÞQa
n0

�2
: ð14Þ

The hadronic tensor in (1þ 1)-dimensions also needs to
be mapped to qubits. This can be done by the Jordan-
Wigner transformation

Wμνðq0; q1Þ ¼
Z

dt
X
z

eiq
0te−iq

1zOμνðz; tÞ; ð15Þ

where

Oμνðz; tÞ ¼ hhjeiHtJμme−iHtJνnjhi; z ¼ m − n: ð16Þ

The current operator Jμn can then be expressed in terms of
Pauli operators as follows. For the U(1) LGT

J0n ¼
ef
2
ðσ32n þ σ32nþ1Þ;

J1n ¼ iefðσþ2nþ1σ
−
2n − σþ2nσ

−
2nþ1Þ; ð17Þ

and for SU(2) LGT

ZOU, LI, LIANG, WANG, and XING PHYS. REV. D 114, 076001 (2026)

076001-4



J0n ¼
ef
2
ðσ34n þ σ34nþ1 þ σ34nþ2 þ σ34nþ3Þ;

J1n ¼ ief½ðσþ4nþ2σ
3
4nþ1σ

−
4n þ σþ4nþ3σ

3
4nþ2σ

−
4nþ1Þ − H:c:�:

ð18Þ
With the above mapping of lattice gauge theory to qubits,
we are ready to simulate the hadronic tensor on a quantum
computer.

III. QUANTUM ALGORITHMS

By employing the quantum algorithm proposed in
Ref. [26], the simulation of the hadronic tensor on a quantum
computer proceeds in two main steps: (1) Preparation of the
interacting vacuum state jΩi and the hadron state jhi;
(2) Evaluation of the current-current correlation functions.
The hadron state can be prepared by a quantum-number-

resolving variational quantum eigensolver (VQE). The
framework of this method has been discussed in
Ref. [10], and we give a brief review here. Consider the
target hadron state as the kth excited state with quantum
numbers l. To prepare the lowest k states simultaneously. We
need k initial reference states jψ l;iiref , i ¼ 0; 1;…; k − 1,
which have the same quantum number l as the hadron state.
Then, a quantum number preserving ansatz UAðθÞ is
needed to generate the trial wave functions jψ l;iðθÞi≡
UAðθÞjψ l;iiref , which have the same quantum number as
the hadron state. UAðθÞ can be constructed by quantum
alternating operator ansatz (QAOA). The key point of the
QAOA lies in splitting the Hamiltonian into d (d ≥ 2) parts,
H ¼ H1 þ � � � þHd, while satisfying ½Hi;Hiþ1� ≠ 0 and
½Hi; C� ¼ 0 for every Hi and conserved charge C. Then
UAðθÞ is given by

UAðθÞ ¼
Yp
i¼1

 Yd
j¼1

eiθijHj

!
; ð19Þ

where p is the number of layers for alternating evolution of
the Hamiltonian.
It is necessary to minimize the cost function ElðθÞ on the

classical computer to select the target hadron state from
numerous trial states [62],

ElðθÞ ¼
Xk−1
i¼0

wlihψ l;iðθÞjHjψ l;iðθÞi; ð20Þ

where the weights wli are required to satisfy
wl;0 > wl;1 > … > wl;k−1 > 0, so that UAðθ�Þjψ l;iiref are
the eigenstates in quantum numbers l with the optimized
parameter θ�. The (k − 1)th excited hadron state jhi is then
prepared as jhi ¼ UAðθ�Þjψ l;k−1i.
In the case of the U(1), the conserved quantities include

charge and momentum, so the UAðθÞ needs to preserve
those two quantum numbers. The vacuum and the lightest
qq̄ bound state are the ground and first excited state in the

Qtot ¼ 0 and p ¼ 0 subspace. The construction of the
reference states and the decomposition of the Hamiltonian
for U(1) follow a procedure analogous to that of the SU(2)
case discussed below.
As discussed in Sec. II, the quantum number of SU(2)

LGT is more complex than U(1) LGT. That means we need
to design the reference states and divide the Hamiltonian
more carefully. The vacuum and the lightest qq̄meson state
considered here are the ground and first excited states in the
ðQtotÞ2 ¼ Q3

tot ¼ 0, B ¼ 0, and p ¼ 0 subspace. We are
also concerned about the lightest qq baryon bound state,
which is the ground state of the ðQtotÞ2 ¼ Q3

tot ¼ 0, B ¼ 1,
and p ¼ 0 subspace. Except for baryon number B and
energy E, the remaining quantum numbers of the above
states are the same. To construct suitable reference states
within these sectors, we first identify local color-singlet
subspaces and then select states with fixed baryon number.
We use B and i to label the local reference states
jψB;iilocal ref :

jψ0;0ilocal ref ¼
1

2
ðj0011i − j0110i þ j1001i þ j1100iÞ;

jψ0;1ilocal ref ¼
1ffiffiffi
2

p ðj0011i − j1100iÞ;

jψ1;0ilocal ref ¼ j0000i; ð21Þ
where the states on the right-hand side of the equation are
the computational basis, which are defined by

ji0; i1;…; iN−1i≡ ji0i ⊗ ji1i ⊗ � � � ⊗ jiN−1i;
i0;…; iN−1 ¼ 0; 1; ð22Þ

where σ3j0i≡ j0i, σ3j1i≡ −j1i. Therefore, the reference
states are constructed as tensor products of these local
reference states

jψB;iiref ¼
1ffiffiffiffi
N

p
XN
n¼1

jψ0;0i⊗ðn−1Þ
local ref

⊗ jψB;iilocal ref ⊗ jψ0;0i⊗ðN−nÞ
local ref : ð23Þ

It is straightforward to verify that those three reference
states have the same quantum number (except energy E) of
the target vacuum, meson, and baryon state.
To implement this state, we adopt a three-step procedure.

First, we initialize a set of N ancilla qubits in the Dicke
state jDN

1 i [63]. In general, the Dicke state jDn
l i is defined

as the equal superposition of all n-qubit states jxi

jDn
l i≡

ffiffiffiffiffiffi
1

Cl
n

s X
x∈ f0;1gn
wðxÞ¼l

jxi; ð24Þ

where Cl
n ¼ n!

l!ðn−lÞ! and wðxÞ is the Hamming weight,

representing the number of ones in jxi. Second, we define
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two unitary operators, U0;0 and U0;1, acting on four
qubits, such that U0;0j0i⊗4 ¼ jψ0;0ilocal ref and U0;1j0i⊗4 ¼
jψ0;1ilocal ref . The detailed quantum circuits for U0;0 and U0;1
are shown in Fig. 2(a) and Fig. 2(b). A transition operator
V ¼ U0;1U

†
0;0 is then constructed to map the state

jψ0;0ilocal ref to jψ0;1ilocal ref . The U⊗N
0;0 operator is then

applied to prepare the product state jψ0;0i⊗N
local ref . Finally,

as shown in Fig. 2(c), jψ0;1iref can be prepared by applying
a controlled-V gate from the ith ancilla qubit in jDN

1 i to the
corresponding ith local reference state jψ0;0ilocal ref . The
state jψ1;0iref can be prepared similarly by replacing all
controlled-V gates with controlled-U†

0;0 gates.
In addition, the Hamiltonian of SU(2) can be divided

as follows:

H1 ¼
1

2
H̄kin; H2 ¼ H̄m;

H3 ¼
1

2
H̄kin; H4 ¼ H̄e: ð25Þ

Note that each term in Eq. (25) satisfies

½Hi;Hiþ1� ≠ 0; ½C; Hi� ¼ 0; ½T;Hi� ¼ 0; ð26Þ

where C ¼ ðQtotÞ2;Q3
tot; B, and T is the translation oper-

ator. Thus, the decomposition of the Hamiltonian is
feasible. Then we set p ¼ N in Eq. (19) and wB;0 ¼ 1,
wB;1 ¼ 0.5 in Eq. (20) to prepare the state in B ¼ 0 sector.
After optimizing the cost function, the vacuum state and the
hadron state can be prepared by UAðθ�BÞ

jΩi ¼ UAðθ�0Þjψ0;0iref ;
jh ¼ qq̄i ¼ UAðθ�0Þjψ0;1iref ;
jh ¼ qqi ¼ UAðθ�1Þjψ1;0iref : ð27Þ

After preparing the hadron state, we perform the
quantum algorithm, which is shown in Fig. 3(a), to
simulate the real part of current-current correlation func-
tions by using an ancilla qubit [64]. The imaginary part can
be obtained by replacing the last Hadamard gate with the
Rxðπ=2Þ gate on the ancilla qubit in Fig. 3(a). Furthermore,
the time evolution operator in Fig. 3(b) can be imple-
mented on a quantum computer using the standard
Trotterization method [65].
Finally, to obtain the hadronic tensor WμνðqÞ, one just

need to perform a Fourier transformation on the simulated
current-current correlation function, which can be done
numerically on a classical computer.

IV. RESULTS

We use the open-source package QuSpin [66] to perform
the quantum simulation on classical computers. For the
U(1) LGT, we simulate the hadronic tensor of the
lowest-lying meson using Nq ¼ 22 qubits, corresponding

FIG. 2. Quantum circuits for preparing the reference states.

FIG. 3. Quantum algorithm for computing current-current
correlation functions.
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to N ¼ 11 lattice sites. For the SU(2) LGT, we simulate
both the lowest-lying meson and baryon states using
Nq ¼ 20 qubits, corresponding to N ¼ 5 lattice sites.
The bare parameters m and g are chosen to prepare the
zero-momentum hadron state jhi, whose mass is defined
as mh ¼ hhjHjhi − hΩjHjΩi. The dimensionless param-
eter mhal controls discretization effects, while finite-
volume effects are governed by the dimensionless lattice
size Nmhal. To suppress finite-volume effects, we require
Nmhal ≫ 1, which is satisfied in our lattice setup, i.e.,
Nmhal ¼ 11.4 for the U(1) meson and Nmhal ¼ 4.2 for
the SU(2) meson and baryon states.
The simulation parameters and the resulting hadron

masses are summarized in Table I. For the SU(2) case,
the meson and baryon masses are degenerate, which
follows from the charge conjugation symmetry of the
theory.

A. Hadronic tensor of qq̄ meson state in U(1) LGT

After fixing the parameters m, g, and mhal in the U(1)
LGT, we can simulate the quantum algorithm on a classical
device. We show the real part of the hadronic tensorW00ðqÞ
for the lightest qq̄ bound state in U(1) LGT in Fig. 4, as a
function of continuous q0al and discrete q1al. The imagi-
nary part ofW00 is nearly zero and not shown in the figure.
In the Hamiltonian formulation of LGT, space is discretized
while time remains continuous. Consequently, the spatial
momentum q1al takes discrete values q1al ¼ 2πk=N,
where k ¼ 0; 1;…; N − 1. For a given q1al, the variable
q0al remains continuous, as it is conjugate to the continu-
ous time t.
From Fig. 4, we can see that for a given q1al, the

hadronic tensor W00ðqÞ has a series of peaks in different
values of q0al. This structure arises from the spectral
decomposition. By inserting the completeness relation of
the Hilbert space into the current-current correlation func-
tion, we obtain

WμνðqÞ ¼
X
X

Z
dΠXð2πÞ2δð2Þðqþ ph − pXÞ

× hhjJμð0ÞjXihXjJνð0Þjhi; ð28Þ

where dΠX is the phase space of the final states jXi and the
spacetime translation of the matrix element hhjJμðzÞjXi ¼
hhjJμð0ÞjXieiðph−pXÞz was used. Equation (28) implies

WμνðqÞ should have a nonzero contribution when the delta
function is satisfied for q ¼ pX − ph. After choosing the
current component μ ¼ ν ¼ 0 and isolating the contribu-
tion from the one-particle final states jh0ðp0Þi, we have

W00ðqÞ ¼
X
h0

2π

2Ep0
δð1Þðq0 þ p0 − p00Þjq1¼p01−p1

× hhjJ0ð0Þjh0ðp0Þihh0ðp0ÞjJ0ð0Þjhi þ others;

ð29Þ

where “others” denotes the contributions from multiple-
particle final states. As shown in Eq. (29), the terms with
final states being one-particle states contribute a sum of
delta functions to the hadronic tensor, which appear as
sharp peaks whenever the kinematic variables satisfy
energy-momentum conservation. In Fig. 4, dashed lines
denote the exact energy ΔE ¼ p00 − p0

h of the lowest-lying
pseudoscalar (P) and the scalar (S) meson state of the lattice
Schwinger model. Notice that the electromagnetic current

TABLE I. Choice of bare parameters and resulting hadron
masses.

Theory Hadron h m g ef mhal

U(1) meson qq̄ 0.25 1 1 1.04
SU(2) meson qq̄ 0.30 1 1 0.83
SU(2) baryon qq 0.30 1 1 0.83

FIG. 4. W00ðqÞ of U(1) LGTas a function of q0al and q1al, with
Nq ¼ 22, m ¼ 0.25, g ¼ 1 with the meson mass mhal ¼ 1.04.
Dashed lines denote the exact energy ΔE ¼ p00 − p0

h of the
lowest-lying pseudoscalar (P) and the scalar (S) meson states
obtained from the Hamiltonian spectrum.
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is odd under charge conjugation, CJμC−1 ¼ −Jμ, and
the lightest qq̄ P meson bound state is odd under charge
conjugation. This implies that only C-even intermediate
states can contribute to the hadronic tensor. Consequently,
the C-odd final states do not contribute to the hadronic
tensor, so the hadronic tensor vanishes until the q0al is
larger than the energy threshold of producing the C-even S
meson. This selection rule relies on charge conjugation
symmetry, which is preserved in our Wilson-fermion
formulation. While we have checked numerically that this
symmetry is violated in staggered fermion formalism. We
emphasize that, although the momentum transfer accessible
in the present calculations is limited and remains of order
Q2 ∼m2

h, all contributions shown in Fig. 4 are inelastic,
since the final states jXi differ from the initial hadron jhi.
Therefore, no elastic contribution (X ¼ h) appears in the
hadronic tensor in the present calculation. Moreover, one
can see that the first peak of W00ðq0; q1Þ moves to larger
values of q0al as q1al increases; this is because the p00al of
one-particle state increases when it has larger and larger
spatial momentum. At higher energies, contributions from
multiparticle final states become significant.
In Eq. (15), the integration over time t runs from −∞ to

∞. For numerical evaluation, a finite cutoff ð−nt; ntÞ in t is
required, which replaces the exact delta function with a
broadened peak. We multiply by a Hann window function
in the time domain to reduce boundary effects [67,68]. As
shown in Fig. 4, the peak width decreases while its height
increases as nt grows.

B. Hadronic tensor of qq̄ meson and qq baryon states
in SU(2) LGT

The hadronic tensors of the lowest-lying qq̄ meson and
qq baryon bound states are shown in Figs. 5(a) and 5(b),
respectively. We also find a series of sharp peaks in
W00ðqÞ located in the exact hadron energy region, which,
as discussed before, originate from one-particle final
states jh0ðp0Þi. To isolate the contribution of each peak,
integrate W00 over a small region R in q0 that contains p00
but excludes other peaks

Z
R
dq0W00ðqÞ ¼ 2π

2Ep0
jJ 0j2; ð30Þ

where jJ μj2 ≡ jhhjJμð0Þjh0ij2. The region of integration R
must be chosen large enough to capture the broadened
peak but small enough to exclude nearby peaks such that
the resulting integral remains approximately invariant.
For comparison, the matrix element jJ 0j2 is also com-
puted directly using exact diagonalization (ED). Figure 6
shows the relative errors εrel between the hadronic tensor
results jJ 0

HTj2 and the direct calculation jJ 0
DCj2 for

various time truncations nt,

εrel ¼
jjJ 0

HTj2 − jJ 0
DCj2j

jJ 0
DCj2

; ð31Þ

indicating that the chosen time truncation is sufficient to
guarantee the required accuracy.
Also, the matrix element J μ can be expressed as the

form factor through Lorentz symmetry:

hhðp0ÞjJμð0ÞjhðpÞi ¼ ðpþ p0ÞμFðQ2Þ: ð32Þ

In Fig. 7, we compare the jFqqðQ2Þj2 obtained from direct
calculation (yellow circles) and extracted from the hadronic
tensor (blue crosses). With unit fermion charge, the lowest-
lying baryon carries total charge two, and its form factor
square thus equals four at Q2a2l ¼ 0. The baryon form
factor exhibits a nontrivial Q2a2l dependence due to the
internal structure of the state [69]. The good agreement

FIG. 5. W00ðqÞ of SU(2) LGT as functions of q0 and q1, with
Nq ¼ 20, g ¼ 1, and m ¼ 0.30 with mhal ¼ 0.83 for both the
meson and baryon states.
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between the baryon form factor jFqqðQ2Þj2 obtained from
direct calculation and that extracted from the hadronic
tensor shows the correctness of our quantum algorithm as
well as the results of the hadronic tensor in SU(2) LGT.

V. SUMMARY

In this study, we have developed and validated a
quantum algorithm for simulating the hadronic tensor
in U(1) and SU(2) lattice gauge theories within the
Hamiltonian formulation. Using a quantum-number-resolv-
ing variational quantum eigensolver, both meson and
baryon states can be prepared in well-defined symmetry
sectors. The hadronic tensor is then evaluated through
real-time current-current correlation functions, which are

accessed by introducing an auxiliary qubit. We apply this
algorithm to compute the hadronic tensor of the lightest
meson in both U(1) and SU(2) lattice gauge theories, as
well as that of the baryon in the SU(2) case, by simulating
the quantum circuits on classical computers. The resulting
hadronic tensors exhibit clear spectral structures associated
with one-particle intermediate states, in agreement with the
Hamiltonian spectra. We further demonstrate that charge-
conjugation symmetry governs the selection rules of the
electromagnetic current, leading to vanishing contributions
from C-odd states while allowing nonzero contributions
from C-even states.
Furthermore, we extract hadronic form factors from the

hadronic tensor. As a benchmark, the same form factors
are independently calculated using exact diagonalization.
The good agreement between the two approaches validates
both the quantum algorithm and the resulting hadronic
tensors.
In the future, it is highly desirable to extend this framework

to the direct extraction of parton distribution functions from
the hadronic tensor. Achieving this goal requires access to the
deep inelastic region, where the factorization framework
becomes applicable, and consequently demands much larger
momentum transfers. On the lattice, this translates into the
need for finer momentum resolution and larger lattice sizes,
which in turn require significantly more qubits. Preliminary
estimates suggest that accessing this kinematic region would
require scaling the qubit count by a factor of two to three,
surpassing the capabilities of current classical simulators.
This makes the hadronic tensor a promising observable for
demonstrating the advantages of quantum computing in
lattice gauge theory.
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