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Heavy quark expansion theory provides the standard theoretical framework for understanding the
lifetimes of weakly decaying heavy-flavor hadrons. Within this framework, the matrix elements of four-
quark operators play a crucial role in explaining the lifetime differences among hadrons containing the
same heavy quark. In this work, we calculate these matrix elements at leading order using full QCD sum
rules, with particular emphasis on deriving the corresponding HQET sum rules by taking the heavy-quark
limit. While this limit is straightforward for most contributions, it turns out to be rather nontrivial for certain
ones. Numerical analyses show that the results obtained from the two approaches are consistent with each
other. We further clarify the origin of the large discrepancies reported in the literature between full QCD
sum rule and HQET sum rule results. This work contributes to a deeper understanding of the relationship
between the two sum-rule approaches and is expected to facilitate future applications of QCD and HQET
sum rules in the study of heavy-flavor hadrons. The findings presented here may be of interest to both
practitioners of QCD sum rules and researchers working on effective field theories.
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I. INTRODUCTION

In 2018, the LHCb Collaboration updated the measure-
ment of the lifetime of the charmed baryon Ω0

c [1],

τðΩ0
cÞ ¼ 268� 24� 10� 2 fs; ð1Þ

which is nearly 4 times larger than the world average value
in PDG2018 [2],

τðΩ0
cÞ ¼ 69� 12 fs: ð2Þ

In 2021, LHCb confirmed its 2018 measurement [3], and in
2022, the Belle-II Collaboration reported a similar
result [4].
To date, the standard theoretical framework for studying

the lifetimes of weakly decaying heavy-flavor hadrons is
the heavy quark expansion (HQE). For a detailed theoreti-
cal exposition, see Sec. II A below. On the theoretical side,
several attempts have been made to resolve the Ωc lifetime

puzzle; some of these can be found in Refs. [5–7]. In these
works, the calculations of the four-quark operator matrix
elements (FOMEs) are all based on various quark models,
and a lattice QCD calculation is still lacking. In fact,
FOMEs can also be computed using QCD sum rules
(QCDSR).
QCDSR is a nonperturbative method that connects

hadron properties to QCD vacuum condensates via
dispersion relations. In Ref. [8], we calculated the
FOMEs of Λb using full QCD sum rules (full-QCDSR).
However, when comparing our results with those of heavy
quark effective theory sum rules (HQET-SR) in Ref. [9], we
found that our results are several times larger. For example,
Ref. [8] gives

L1 ¼ −0.143� 0.028; ð3Þ

while Ref. [9] gives

L1 ¼ −0.033� 0.017: ð4Þ

The definition of L1 is provided in Eq. (9) below. This
discrepancy partially arises from the different renormaliza-
tion scales adopted in the two calculations, but that is
clearly not the dominant origin. One of the primary
purposes of the present work is to identify the key causes
underlying this inconsistency.
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In fact, taking the heavy-quark limit of the FOMEs
calculated from full-QCDSR in Ref. [8] can reproduce the
results of HQET-SR given in Ref. [9]. This fact can be
understood as follows. The FOMEs in full QCD and HQET
can be calculated within their respective theories using the
operator product expansion (OPE) technique. The results
can be formally written as

hΛbjOQCD
6 jΛbi ¼

X
i

CQCD
i hOii;

hΛbjOHQET
6 jΛbi ¼

X
i

CHQET
i hOii: ð5Þ

Here, CQCD
i and CHQET

i denote the corresponding Wilson
coefficients, whileOi generally do not involve heavy-quark
fields. Since in the present work we consider only the
leading order in αs and the leading power in 1=mQ, the

matching from OQCD
6 to OHQET

6 is trivial. Therefore, the
Wilson coefficients CHQET

i should be exactly the leading
power in 1=mQ of CQCD

i . Another major motivation of this
work is to demonstrate this point explicitly, thereby
indirectly validating our approach for evaluating the spec-
tral density of baryonic three-point correlation functions
using the cutting rule. Evaluating three-point correlation
functions within QCD sum rules is nontrivial, especially
when we note that that some treatments in the existing
literature are incorrect. In our previous works [10–13], we
computed three-point correlation functions based on full-
QCDSR and extracted the form factors for several weak
decay processes. The method adopted here and in Ref. [8]
for calculating FOMEs is essentially a natural generaliza-
tion of the framework established in those studies.
In addition to our work, several recent studies have also

employed the cutting rule to compute the spectral density of
three-point correlation functions; see, e.g., Refs. [14–18]. It
is worth pointing out that if radiative corrections are taken
into account, one may still need to resort to integration by
parts (IBP) methods for multiloop calculations. Regarding
the calculation of baryon three-point correlation functions,
no relevant studies have been reported so far. For the
calculation of meson three-point correlation functions, the
most recent literature can be found, for example,
in Ref. [19].
Several additional remarks are worth emphasizing. First,

the discussions in this work were originally inspired by
Refs. [20,21], which drew our attention to the fact that
taking the heavy-quark limit of full-QCDSR results can
yield HQET-SR results. Second, as a method close to first
principles, QCD sum rules characterize hadronic observ-
ables using only universal vacuum condensate parameters.
From a practical perspective, the dominant systematic
uncertainty originates from the continuum threshold
parameter s0 introduced in quark-hadron duality. At least
in principle, the optimal value of s0 can be determined by

requiring the observable to be insensitive to the Borel
parameter. Nevertheless, it is often difficult for conven-
tional methods to accurately estimate such systematic
uncertainties. Recently developed inverse problemmethods
may offer a promising pathway to improve this situation
[22–24].
The remainder of this article is organized as follows.

Section II briefly describes the theoretical framework of the
HQE, followed by the formulations of two-point and three-
point correlation functions as well as the procedure for
taking the heavy-quark limit. A subsection has also been
added to discuss the determination of the parameters in
QCDSR analyses. Section III presents the numerical results
and the error estimates, and Sec. IV provides a summary
and conclusions.

II. THEORETICAL FRAMEWORK

A. Heavy quark expansion

The heavy quark expansion (HQE) [25–32] provides a
systematic framework for describing inclusive weak decays
of heavy-flavor hadrons. It is based on the operator product
expansion (OPE) in inverse powers of the heavy-quark
mass mQ, which allows for a separation of short-distance
and long-distance effects. For a relatively recent and
systematic review, the reader is referred to Ref. [33].
Using the optical theorem, the total decay width of a

hadronHQ containing a heavy quarkQ can be expressed as

ΓðHQÞ ¼
hHQj2 Im T jHQi

2MH
; ð6Þ

where the transition operator T is defined by

T ¼ i
Z

d4xT½LWðxÞL†
Wð0Þ�; ð7Þ

with LW being the weak effective Lagrangian that governs
the heavy quark decay. The transition operator can then be
evaluated using the OPE technique,

2 Im T ¼ G2
Fm

5
Q

192π3
ξ

�
c3Q̄Qþ c5

m2
Q
Q̄gsσGQ

þ c6
m3

Q
ðQ̄Γqq̄Γ0QÞ þ � � �

�
; ð8Þ

where ξ denotes the relevant Cabibbo-Kobayashi-Maskawa
matrix elements. The dimension-3 and dimension-5 terms,
respectively, describe the quasi-free heavy quark decay and
the corresponding corrections from the gluon field, while
the dimension-6 four-quark operators are the primary
source of the lifetime differences among hadrons contain-
ing the same heavy quark Q.
The relevant baryon matrix elements can be parametrized

in a model-independent way [5]. For the Λb baryon, the
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spectator effects encoded in the four-quark operators can be
parametrized as

hΛbjðb̄qÞV−Aðq̄bÞV−AjΛbi ¼ f2Bq
mBq

mΛb
L1;

hΛbjðb̄qÞS−Pðq̄bÞSþPjΛbi ¼ f2Bq
mBq

mΛb
L2;

hΛbjðb̄αqβÞV−Aðq̄βbαÞV−AjΛbi ¼ f2Bq
mBq

mΛb
L3;

hΛbjðb̄αqβÞS−Pðq̄βbαÞSþPjΛbi ¼ f2Bq
mBq

mΛb
L4; ð9Þ

where ðq̄1q2ÞV−A ≡ q̄1γμð1 − γ5Þq2 and ðq̄1q2ÞS�P ≡
q̄1ð1� γ5Þq2. The Li are dimensionless nonperturbative
parameters that encode the long-distance QCD dynamics.
In phenomenological analyses, relations among these
parameters, such as L3 ¼ −B̃L1, are often introduced.
In the following, we will demonstrate how these baryon

matrix elements can be calculated within the framework of
full-QCDSR, and how the corresponding HQET-SR results
can be derived by taking the heavy-quark limit. First, we
consider the two-point correlation function. This serves two
purposes: it is simpler, and the pole residue extracted from
two-point correlation function is an indispensable input for
the subsequent calculations. Then, we will discuss how to
extract the parameters L1;2 using three-point correlation
functions, as well as how to take the heavy quark limit.

B. Two-point correlation function

The QCD sum rule analysis of the two-point correlation
function forΛb has been extensively studied in the literature;
see, for example, Ref. [34]. For the sake of completeness, we
nevertheless briefly outline the main steps below.
The construction of sum rules begins with the definition

of interpolating currents for the hadrons involved. For Λb,
we adopt the following interpolating current:

J ¼ ϵijkðuTi Cγ5djÞbk; ð10Þ

where i, j, k are color indices, and C is the charge
conjugation matrix. The pole residue characterizes the
coupling of the interpolating current to the baryon state.
To extract the pole residue, we consider the standard two-
point correlation function,

ΠðpÞ ¼ i
Z

d4x eip·xh0jTfJðxÞJ̄ð0Þgj0i: ð11Þ

On the hadronic side, after inserting a complete set of
hadronic states, the correlation function can be written as

ΠhadðpÞ¼ λ2þ
=pþMþ
M2þ−p2

þ λ2−
=p−M−

M2
− −p2

þ�� � ; ð12Þ

where we have also included the contribution from the
negative-parity baryon. Here,M� and λ� denote the masses
and pole residues of the positive- and negative-parity
baryons, respectively. The pole residues λ� are defined by

h0jJjΛbþðp; sÞi ¼ λþuðp; sÞ;
h0jJjΛb−ðp; sÞi ¼ ðiγ5Þλ−uðp; sÞ: ð13Þ

On the QCD side, we evaluate the correlation function in
Eq. (11) using the OPE. Contributions from operators up to
dimension-6 are included. The quark condensate and mixed
condensate contributions vanish, while the gluon conden-
sate contribution is numerically highly suppressed and
therefore, neglected [34]. The dominant contributions
included in our calculation are illustrated in Fig. 1. The
results can be formally expressed as

ΠQCDðpÞ ¼ A1ðp2Þ=pþ A2ðp2Þ; ð14Þ

where the coefficients Ai can be further written in the form
of dispersion relations,

Aiðp2Þ ¼
Z

ds
ρiðsÞ
s − p2

: ð15Þ

In Eq. (15), ρi represents the spectral density, which can be
evaluated using, for example, the Cutkosky cutting rules.
The explicit expressions for these spectral densities can be
found in Appendix A.
Using the quark-hadron duality ansatz and performing

the Borel transform, one obtains the following sum rule:

ðMþ þM−Þλ2þ expð−M2þ=T2þÞ

¼
Z

s0
dsðM−ρ1 þ ρ2Þ expð−s=T2þÞ; ð16Þ

where s0 and T2þ are the continuum threshold parameter
and the Borel parameter, respectively. For more details, see,
e.g., Ref. [8].
From Eq. (16), one can derive the mass formula for Λb,

M2þ ¼
R
s0 dsðM−ρ1 þ ρ2Þs expð−s=T2þÞR
s0 dsðM−ρ1 þ ρ2Þ expð−s=T2þÞ

: ð17Þ

The sum rule analysis is performed on Eq. (16). Once the
optimal values of s0 and T2þ are determined, they are

FIG. 1. Feynman diagrams for the perturbative and four-quark
condensate contributions to the two-point correlation function
considered in this work.

FROM QCD SUM RULES TO HQET SUM RULES: HEAVY-QUARK … PHYS. REV. D 114, 054014 (2026)

054014-3



substituted into Eq. (17) to compute the baryon mass. In
this work, the extracted baryon mass serves as one of the
criteria for validating the sum rule.

1. The heavy-quark limit

In this section, we derive the heavy-quark limit of the
full-QCDSR for the pole residue. Our goal is to establish a
direct connection between full-QCDSR and HQET-SR.
Before performing the Borel transform, Eq. (16)

reverts to

ðMþ þM−Þλ2þ
1

M2þ − p2
¼

Z
s0
ds ðM−ρ1 þ ρ2Þ

1

s − p2
:

ð18Þ

We introduce the following variable replacements:

M� ¼ ðmb þ Δ�Þ; p2 ¼ ðmb þ ωÞ2;
s ¼ ðmb þ σÞ2; s0 ¼ ðmb þ ωcÞ2; ð19Þ

where Δþð−Þ is the binding energy for Λbð1=2þð−ÞÞ, and we
adopt the notation conventions of Ref. [9]. To leading
power in 1=mb, Eq. (18) can be rewritten as

λ2þ
1

ðΔþ − ωÞ ¼
Z

ωc

0

dσ ρHQLðσÞ
1

ðσ − ωÞ ; ð20Þ

where ρHQLðσÞ denotes the leading power in 1=mb of
ðM−ρ1 þ ρ2Þ. Then, after performing the Borel transform
on Eq. (20), we obtain the sum rule in the heavy-quark limit,

λ2þ exp

�
−
Δþ
Eþ

�
¼

Z
ωc

0

dσ ρHQLðσÞ exp
�
−

σ

Eþ

�
; ð21Þ

where Eþ is the new Borel parameter.
The expression for ρHQLðσÞ can be obtained straightfor-

wardly as

ρHQLðσÞ ¼
σ5

20π4
þ hq̄qi2

6
δðσÞ; ð22Þ

where the first term corresponds to the perturbative con-
tribution, and the second term arises from the four-quark

condensate. In Ref. [9], only the perturbative term is
present; our result here coincides with theirs.
One can then obtain from Eq. (21) the binding energy

for Λb,

Δþ ¼
Rωc
0 dσ ρHQLðσÞσ expð−σ=EþÞRωc
0 dσ ρHQLðσÞ expð−σ=EþÞ

: ð23Þ

C. Three-point correlation function

To extract the FOMEs, we consider the following three-
point correlation function:

Πðp1; p2Þ ¼ i2
Z

d4xd4ye−ip1·xþip2·y

× h0jTfJðyÞΓ6ð0ÞJ̄ðxÞgj0i; ð24Þ

where Γ6 denotes a four-quark operator as given in Eq. (9).
Note that in Dirac space, Πðp1; p2Þ is a 4 × 4 matrix.
Following the standard QCD sum rule procedure, the

correlation function is evaluated both at the hadronic level
and at the QCD level. At the hadronic level, after inserting a
complete set of baryonic states and including the contri-
bution from the negative-parity baryon, we obtain

Πhadðp1; p2Þ

¼ λþλþ
ð=p2 þMþÞðaþþ þ bþþγ5Þð=p1 þMþÞ

ðp2
2 −M2þÞðp2

1 −M2þÞ

þ λþλ−
ð=p2 þMþÞðaþ− þ bþ−γ5Þð=p1 −M−Þ

ðp2
2 −M2þÞðp2

1 −M2
−Þ

þ λ−λþ
ð=p2 −M−Þða−þ þ b−þγ5Þð=p1 þMþÞ

ðp2
2 −M2

−Þðp2
1 −M2þÞ

þ λ−λ−
ð=p2 −M−Þða−− þ b−−γ5Þð=p1 −M−Þ

ðp2
2 −M2

−Þðp2
1 −M2

−Þ
þ � � � : ð25Þ

Here, Mþð−Þ and λþð−Þ denote the mass and pole residue of
Λbð1=2þð−ÞÞ, respectively; the ellipsis represents the con-
tributions from excited states and the continuum; and a��,
b�� are defined through the following conventions:

hΛbþðq0; s0ÞjΓ6jΛbþðq; sÞi ¼ ūþðq0; s0Þðaþþ þ bþþγ5Þuþðq; sÞ;
hΛbþðq0; s0ÞjΓ6jΛb−ðq; sÞi ¼ ūþðq0; s0Þðaþ− þ bþ−γ5Þðiγ5Þu−ðq; sÞ;
hΛb−ðq0; s0ÞjΓ6jΛbþðq; sÞi ¼ ū−ðq0; s0Þðiγ5Þða−þ þ b−þγ5Þuþðq; sÞ;
hΛb−ðq0; s0ÞjΓ6jΛb−ðq; sÞi ¼ ū−ðq0; s0Þðiγ5Þða−− þ b−−γ5Þðiγ5Þu−ðq; sÞ: ð26Þ

In Eq. (26), the factors of ðiγ5Þ are introduced for convenience. For the forward scattering matrix elements in Eq. (9), one
can show that
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hΛbþðq; sÞjΓ6jΛbþðq; sÞi ¼ 2aþþmΛb
; ð27Þ

which implies that only the parameter aþþ in Eq. (26) is
relevant to the forward scattering matrix element. For
further details, see Ref. [8].
At the QCD level, the OPE calculation is performed,

where contributions from operators up to dimension-6 are
included. Analogous to the case of the two-point correla-
tion function, the quark condensate and mixed condensate
contributions vanish, while the gluon condensate contri-
bution is highly suppressed [8]. The dominant contribu-
tions included in our calculation are illustrated in Fig. 2.
The calculation results of the correlation function in
Eq. (24) can be formally expressed as

ΠQCDðp1; p2Þ ¼ fA1; A2; A3; A4; A5; A6; A7; A8g
:f=p2

=p1; =p2; =p1; 1; =p2γ5 =p1; =p2γ5; γ5 =p1; γ5g;
ð28Þ

where the coefficients Ai are further written in terms of
double dispersion relations,

Aiðp2
1; p

2
2; q

2Þ ¼
Z

∞
ds1

Z
∞
ds2

ρAiðs1; s2; q2Þ
ðs1 − p2

1Þðs2 − p2
2Þ
;

ð29Þ

and the spectral density functions ρAiðs1; s2; q2Þ are evalu-
ated using the Cutkosky cutting rules. The corresponding
cutting rules is illustrated in the perturbative diagram of
Fig. 2. The explicit expressions for these spectral densities
can be found in Appendix B.

The sum rules are constructed by equating Eqs. (25) and
(28) and then invoking quark-hadron duality to eliminate
the contributions from excited states and the continuum.
Equating the coefficients of identical Dirac structures yields
eight equations for the eight unknown parameters a�� and
b��. In particular, after performing the Borel transform,
one obtains

aþþ ¼ fM2
−;M−;M−; 1g · fBA1;BA2;BA3;BA4g

λ2þðMþ þM−Þ2

× exp
�
2M2þ
T2

�
; ð30Þ

where BAi are the doubly Borel-transformed coefficients,

BAi ¼
Z

s0
ds1

Z
s0
ds2ρAiðs1; s2; q2Þ exp

�
−
s1 þ s2
T2

�
;

ð31Þ

with s0 and T2 being the continuum threshold parameter
and the Borel parameter, respectively.

1. Heavy-quark limit

We now derive the heavy-quark limit of the full-QCDSR
for the FOMEs. It should be emphasized that this procedure
is nontrivial for three-point correlation functions, where
complex mathematics may be involved.
Before performing the Borel transform, Eq. (30) reverts

to the following form:

λ2þðMþ þM−Þ2aþþ 1

ðM2þ − p2
1ÞðM2þ − p2

2Þ
¼

Z
s0
ds1

Z
s0
ds2fM2

−;M−;M−; 1g:fρA1 ; ρA2 ; ρA3 ; ρA4g 1

ðs1 − p2
1Þðs2 − p2

2Þ
:

ð32Þ

We introduce the following variable replacements:

M� ¼ ðmb þ Δ�Þ; p2
1ð2Þ ¼ ðmb þ ω1ð2ÞÞ2; s1ð2Þ ¼ ðmb þ σ1ð2ÞÞ2; s0 ¼ ðmb þ ωcÞ2: ð33Þ

FIG. 2. Feynman diagrams for the perturbative and four-quark condensate contributions to the three-point correlation functions
considered in this work.
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Then, to leading power in 1=mb, Eq. (32) can be rewritten as

λ2þaþþ 1

ðΔþ − ω1ÞðΔþ − ω2Þ
¼

Z
ωc

dσ1

Z
ωc

dσ2 ρHQLðσ1; σ2Þ
1

ðσ1 − ω1Þðσ2 − ω2Þ
; ð34Þ

where ρHQLðσ1; σ2Þ denotes the leading power in 1=mb of fM2
−;M−;M−; 1g:fρA1 ; ρA2 ; ρA3 ; ρA4g. After performing the

double Borel transform on Eq. (34), we obtain

λ2þaþþ exp

�
−
2Δþ
F

�
¼

Z
ωc

dσ1

Z
ωc

dσ2 ρHQLðσ1; σ2Þ exp
�
−
σ1 þ σ2

F

�
; ð35Þ

where F is the new Borel parameter. In Ref. [9], F ¼ 2Eþ is adopted. In this work, however, we treat these two Borel
parameters independently.
We now present the heavy quark limit expressions for L1. The spectral density function ρHQLðσ1; σ2Þ is obtained as

ρHQLðσ1; σ2Þ ¼ ρðpertÞðσ1; σ2Þ þ ρðD¼6Þðσ1; σ2Þhq̄qi2 þ � � � ; ð36Þ

where the perturbative term and the four-quark condensate term are, respectively, given by

ρðpertÞðσ1; σ2Þ ¼ −
3

8π6

�
θðσ1 − σ2Þσ52

�
σ22
105

−
σ1σ2
30

þ σ21
30

�
þ ðσ1 ↔ σ2Þ

�
;

ρðD¼6Þðσ1; σ2Þ ¼ −
1

24π2
fσ22δðσ1Þ þ σ21δðσ2Þ þ σ1σ2δðσ1 − σ2Þg: ð37Þ

The first two terms of ρðD¼6Þ are associated with the four-
quark condensate diagrams dim-6-2,3 and dim-6-4,3, while
the last term corresponds to dim-6-2,4, as can be seen in
Fig. 2. Most of the calculations of taking the heavy quark
limit are straightforward, while that for dim-6-2,4 is rather
nontrivial, involving taking some limit of a theta function to
yield a delta function, as can be seen in Appendix C. Our
analytical expressions obtainedhere are consistentwith those
in Ref. [9], noting that the operator definition in the present
work differs from that in Ref. [9] by a factor of (−4).

D. Some notes on the parameter selection
in QCD sum rules

The continuum threshold parameter and the Borel param-
eter are two important parameters in QCD sum rules. In this
work, we attempt to treat all these quantities merely as
“parameters” as much as possible, without introducing
additional artificial assumptions. Moreover, different sum
rules are treated completely independently. This means that
the optimal continuum threshold parameters and Borel para-
meters determined from different sum rules are, in principle,
completely independent of each other. Therefore, even for
the determination of the same physical quantity, the optimal
continuum threshold parameters obtained from full-QCDSR
and HQET-SR may deviate slightly from the ideal relation,

ωc ¼ ffiffiffiffiffi
s0

p
−mb: ð38Þ

We first derive some general conclusions about the Borel
parameters. For the two-point correlation function, by

comparing Eq. (16) with Eq. (21), we obtain the exact
correspondence between the Borel parameters in full-
QCDSR and HQET-SR,

T2þ ¼ 2mbEþ: ð39Þ

Similarly, for the three-point correlation function, by
comparing Eq. (30) with Eq. (35), we obtain

T2 ¼ 2mbF: ð40Þ

We expect that both Eþ and F are of OðΛQCDÞ. Therefore,
we conclude that the typical Borel parameter in the full
theory is of order Oð2mbΛQCDÞ.
We further provide some rough numerical estimates. For

the two-point HQET-SR, Eq. (21) contains the exponential
factor,

exp

�
−
σ − Δþ
Eþ

�
: ð41Þ

Taking

Eþ ¼ Δþ ¼ 0.9 GeV; ð42Þ

we immediately obtain, from Eq. (39), the corresponding
Borel parameter in full-QCDSR,

T2þ ≈ 10 GeV2: ð43Þ
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For the three-point HQET-SR, Eq. (35) contains the
exponential factor,

exp

�
−
ðσ1 − ΔþÞ þ ðσ2 − ΔþÞ

F

�
: ð44Þ

This motivates the estimate,

F ¼ 2Δþ ¼ 2 × 0.9 GeV: ð45Þ

Using Eq. (40), we immediately obtain the corresponding
Borel parameter in full-QCDSR,

T2 ≈ 20 GeV2: ð46Þ

Consequently, based on the above reasonable estimates,
we obtain

F3pt ¼ 2Eþ;2pt; ð47Þ

T2
3pt ¼ 2T2

þ;2pt: ð48Þ

The relation in Eq. (47) is exactly the prescription adopted
in Ref. [9]. In addition, the relation in Eq. (48) has also been
used in some previous works.
The above estimation of the scale of the Borel parameters

plays the role of the Borel window in the QCDSR analysis
of this work. Subsequently, we determine the optimal
continuum threshold parameter by requiring that the
physical quantity exhibits maximal stability around the
Borel window.

III. NUMERICAL RESULTS

A. Inputs

For the numerical analysis, we adopt the following input
parameters. The up and down quark masses are negligible
and are therefore set to zero. The bottom quark mass is
taken as the pole mass mb ¼ 4.80� 0.06 GeV [35,36].

The masses of the Λbð1=2�Þ baryons are chosen as
Mþ ¼ mΛbð1=2þÞ ¼ 5.620 GeV and M− ¼ mΛbð1=2−Þ ¼
5.912 GeV, respectively [37]. For the quark condensate,
we adopt the standard value hq̄qið1 GeVÞ ¼ ð−0.24�
0.01 GeVÞ3 [36].

B. The pole residue, mass, and binding energy

Within the full-QCDSR framework, we study the pole
residue and mass of Λb, while in HQET-SR, we investigate
the pole residue and binding energy. The dependence of
these quantities on the Borel parameter is shown in Figs. 3
and 4, and the corresponding numerical results are listed in
Table I. For a complete uncertainty analysis, please refer to
the following Sec. III D and Table II therein.
Some comments are in order.
(i) In QCDSR analyses, the Borel window represents

the reasonable range of the Borel parameter and
serves as a crucial reference. In Sec. II D above, we
model-independently obtain the Borel window T2þ ∼
Oð2mbΛQCDÞ in full-QCDSR, and Eþ ∼OðΛQCDÞ
in HQET-SR.

(ii) In the full-QCDSR analysis, the pole residue of the
Λb baryon is determined from Eq. (16). By requiring
that the physical quantity of interest (the pole
residue) is as insensitive as possible to the unphys-
ical Borel parameter around the Borel window, we
obtain the optimal value s0 ¼ 36.0 GeV2. The un-
certainty induced by the continuum threshold
parameter is conservatively estimated by varying
this optimal value by 1.0 GeV2. When calculating
the pole residue using Eq. (16), the experimental
masses M� of the positive- and negative-parity Λb
baryons are taken as inputs. Meanwhile, the theo-
retical prediction for the positive-parity baryon mass
obtained from Eq. (17) is mtheo

Λbð1=2þÞ ≈ 5.619 GeV.

This result is only used as an auxiliary criterion to
verify the reliability of the sum rule in Eq. (16).

FIG. 3. The pole residue in full-QCDSR (left) and HQET-SR (right).
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(iii) Following the same logic, in the HQET-SR analysis,
when calculating the pole residue using Eq. (21), the
binding energy of the Λb baryon, ΔΛb

¼ 0.9�
0.1 GeV, is taken as an input. This value is extracted
from the relation mΛb

¼ mb þ ΔΛb
. We obtain the

optimal effective continuum threshold parameter
ωc ¼ 1.30 GeV. The corresponding theoretical pre-
diction for the binding energy obtained from
Eq. (23) is Δtheo

Λbð1=2þÞ ≈ 0.900 GeV. Similarly, this

result only serves as an auxiliary criterion to test the
reliability of the sum rule in Eq. (21).

(iv) The HQET-SR result for the pole residue is
consistent with that from full-QCDSR within un-
certainties. The residual difference can naturally be
attributed to higher-order corrections in 1=mb.

C. The four-quark operator matrix elements

The FOMEs in Eq. (9) are parametrized in terms of a set
of hadronic parameters. In the numerical analysis, we have

used mB ¼ 5.280 GeV and fB ¼ 186 MeV [5]. Corres-
ponding numerical results are shown in Fig. 5 and Table I.
For a complete uncertainty analysis, please refer to the
following Sec. III D and Table II therein.
Some comments are in order.
(i) The spectral density in Eq. (31) also depends on

q2 ≡ ðp1 − p2Þ2. For the forward scattering matrix
elements of interest, q2 → 0− is understood.

(ii) We do not perform separate calculations for L3 and
L4, because for the perturbative contributions and
four-quark condensate contributions considered in
this work, the first and third operators, as well as the
second and fourth operators in Eq. (9), differ only by
a factor of (−1) in color space. That is, L3 ¼ −L1

and L4 ¼ −L2 hold exactly in this work.
(iii) In the heavy quark limit, L2 ¼ ð−1=2ÞL1 holds

exactly for the perturbative contribution and four-
quark condensate contribution considered in this
work. Therefore, in Fig. 5 and Table I, we do not
show the results for L2 in HQET-SR.

TABLE I. Numerical results for the pole residue, mass, binding energy and L1;2. In the heavy quark limit, L2 ¼ ð−1=2ÞL1 holds
exactly in this work. For full-QCDSR (HQET-SR), we have considered the uncertainties arising from the b-quark mass (binding energy)
and the threshold parameter s0 (effective threshold parameter ωc). For a complete uncertainty analysis, please refer to the following
Sec. III D and Table II therein.

Method λþ=GeV3 mΛb
ðΔΛb

Þ=GeV L1 L2 B̃

Full-QCDSR 0.0148� 0.0026 5.619� 0.003 −0.119� 0.041 0.0591� 0.0235 1
HQET-SR 0.0204� 0.0037 0.900� 0.006 −0.159� 0.044 1

FIG. 4. The mass in full-QCDSR (left) and the binding energy in HQET-SR (right). Up to the next-to-leading power in 1=mb, we have
mΛb

¼ mb þ ΔΛb
.

TABLE II. Uncertainty estimates.

Method Quantity Central value s0=ωc (%) mb=Δ (%) NLO μ (%) OPE (%) hq̄qi (%) 1=mb (%) Total error

Full-QCDSR λþ=GeV3 0.0148 14 11 ≈33% 16 ≲1 2 ≈ 41%

L1 −0.119 34 8 ≈15% 12 ≲1 15 ≈43%

HQET-SR λþ=GeV3 0.0204 8 5 ≈33% 10 ≲1 2 12 ≈38%
L1 −0.159 19 12 ≈15% 15 ≲1 11 11 ≈35%
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(iv) From Table I, we can see that the full-QCDSR and
HQET-SR results for L1 are in good agreement. The
small deviations are expected to be of Oð1=mbÞ.

(v) In this work, we treat the threshold parameter as an
independent parameter, allowing different sum rules
to take different threshold values. In full-QCDSR, the
continuum threshold s0 for the pole residue is varied
in the range s0 ¼ 35.0–37.0 GeV2, while forL1;2 it is
varied in s0 ¼ 36.0–38.0 GeV2. In HQET-SR, the
effective threshold ωc for the pole residue is varied in
ωc ¼ 1.25–1.35 GeV, whereas for L1 it is varied in
ωc ¼ 1.37–1.47 GeV. The ideal continuum threshold
parameters should, of course, be identical or satisfy the
relation in Eq. (38), and the uncertainty arising from
this difference should also be of Oð1=mbÞ.

Upon comparison, we find that L1;2 obtained in present
work are close to those in our earlier work [8], but differ
significantly from those in Ref. [9]. In more detail, the main
reasons include the following aspects:

(i) First, Eq. (39) of Ref. [9] adopts the so-called local
quark-hadron duality, where only the perturbative
contribution is retained. In the present work, we also
include the four-quark condensate contribution. In
fact, for typical values of the threshold parameter
and the Borel parameter in our HQET-SR analysis,
the four-quark condensate contribution is only about
20% of the perturbative contribution for the two-point

correlation function, while for the three-point corre-
lation function, the four-quark condensate contribu-
tion is about twice the perturbative contribution. To
identify a stability region, we are forced to raise the
value of the effective threshold parameter ωc. In this
work, the effective threshold parameter for L1 is
varied in the range ωc ¼ 1.37–1.47 GeV, which
is higher than the range ωc ¼ 1.1–1.3 GeV adopted
in Ref. [9]. As a result, the central value of L1 is
significantly increased by several times compared to
that in Ref. [9].

(ii) Second, comparing the full-QCDSR calculation in
this work with our earlier work [8], the most signifi-
cant difference lies in the choice of the b quark mass.
In this work, we adopt the pole mass of the b quark,
mpole

b ¼ 4.8 GeV,whereas in Ref. [8], we adopted the

MS scheme, i.e.,mMS
b ¼ 4.18 GeV. The pole residue

is sensitive to the heavy quark mass; whereas it seems
that L1;2 do not appear to be so.

(iii) Third, as also mentioned in the Introduction, another
important difference between the full-QCDSR cal-
culation in this work and our earlier work [8] is the
choice of the renormalization scale. In this work, we
choose the scale to be 1 GeV; while in Ref. [8], our
scale was μ ¼ mb.

(iv) Fourth, in Ref. [9], the authors adopted the
assumption that the Borel parameter for the

L

F

L

L

FIG. 5. L1 calculated in full-QCDSR (top left) and HQET-SR (top right), and L2 calculated in full-QCDSR (bottom). In the heavy
quark limit, L2 ¼ ð−1=2ÞL1 holds exactly in this work.
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three-point correlation function is twice that for the
two-point correlation function. In contrast, in the
present work, we treat the two Borel parameters
independently. Of course, this uncertainty is very
small, as can be seen from Eq. (47) together with
Figs. 3 and 5.

D. The uncertainty analysis

In the following, we consider all the major sources of
uncertainty that we can identify and summarize them in
Table II.
(1) Uncertainty from threshold parameters. See Figs. 3

and 5.
(2) mb=Δ uncertainty. In the full-QCDSR calculation, we

include the uncertainty induced by the heavy-quark
mass choicempole

b ¼ 4.80� 0.06 GeV. In theHQET-
SR calculation, we include the uncertainty associated
with the binding energy Δ ¼ 0.9� 0.1 GeV.

(3) The next-to-leading order (NLO) uncertainty esti-
mate. The NLO contribution can only be obtained
through a full computation of the corresponding
one-loop radiative corrections. The general strategy
would be perform IBP reduction of the loop diagrams,

reduce them to master integrals, and finally, evaluate
themaster integrals using cutting rules.We leave such
a detailed analysis to future work. At present, we can
only provide a very rough estimate of the NLO
contribution. Following the method used in Ref. [12],
we estimate the full NLO correction using the αs
correction to the heavy-quark pole mass,

mpole
b ¼ mbðμÞ

�
1þ 4αsðμÞ

3π

�
: ð49Þ

By computing the relevant quantities at LO and NLO
and comparing the results, we obtain an estimated
uncertainty of about 33% for the pole residue and
about 15% for L1. For HQET-SR, a reliable NLO
estimate is far beyond the scope of our present work;
we can only very roughly assume that similar un-
certainties may arise as in the full-QCDSR case.

(4) Scale-dependence uncertainty. In the full-QCDSR
calculation, the central values are obtained in the
pole-mass scheme, where the heavy-quark mass is
scale independent. The scale dependence is esti-
mated by evolving the condensates from μ ¼ 1 GeV
to μ ¼ 0.5 GeV, resulting in uncertainties of about
16% for the pole residue and 12% for L1. The same
procedure in HQET-SR leads to uncertainties of
about 10% and 15%, respectively.

(5) OPE truncation uncertainty. To estimate this uncer-
tainty, we further include the dimension-8 contribu-
tion for the pole residue, as shown in Fig. 6, and find
that it vanishes due to special gamma-matrix struc-
tures. For L1, we include both dimension-8 and
dimension-9 contributions, as shown in Fig. 7, and
find that the dimension-9 contribution also vanishes
for the same reason, while the dimension-8 contri-
bution is several orders of magnitude smaller than

FIG. 6. The Feynman diagrams corresponding to the dimen-
sion-8 condensate contributions in the two-point correlation
function.

FIG. 7. The Feynman diagrams corresponding to the dimension-8 and dimension-9 condensate contributions in the three-point
correlation function.
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the perturbative and four-quark condensate contri-
butions. In Ref. [8], we computed the dimension-4
gluon condensate contribution and found it to be
several orders of magnitude smaller than the per-
turbative contribution. Based on this, we expect the
dimension-7 contribution to also be much smaller
than the perturbative contribution.

(6) Uncertainty from condensate parameters. This un-
certainty is straightforward to estimate. In this
work, we have only used the quark condensate
value hq̄qi ¼ ð−0.24� 0.01 GeVÞ3.

(7) 1=mb power-correction uncertainty in HQET-SR.
We uniformly set the continuum threshold parameter
to s0 ¼ 37 GeV2 for all full-QCDSR analyses and
ωc ¼ 1.28 GeV for all HQET-SR analyses. Taking
typical values of the Borel parameters, we recalculate
λþ and L1. The results are summarized in Table III,
from which, we conclude that the higher-order 1=mb
corrections missing in the HQET-SR contribute un-
certainties of approximately 12% and 11% to λþ
and L1, respectively. Note that here we estimate all
higher-order power corrections beyond the leading
1=mb term.

IV. CONCLUSIONS

Heavy quark expansion theory provides a good explan-
ation for the lifetimes of weakly decaying heavy-flavor
hadrons. The matrix elements of four-quark operators are
the primary source for understanding the lifetime
differences among hadrons containing the same heavy
quark; therefore, precise calculations of these matrix
elements are of significant theoretical importance.
In this work, we first obtain the leading-order results for

the four-quark operator matrix elements within the frame-
work of full QCD sum rules. At the OPE level, we consider
the perturbative contribution and the four-quark condensate
contribution. Our main emphasis is to highlight that the
HQET sum rule results can be obtained by taking the heavy
quark limit of the full QCD sum rules. For different
dimension contributions, the calculations of taking the
heavy quark limit are quite straightforward; however, for
some contributions, they are rather nontrivial.
We also perform a detailed numerical analysis and

uncertainty analysis in full-QCDSR and HQET-SR. The

results show that the outcomes obtained within the two
theoretical frameworks are consistent with each other. We
also analyze in detail the sources of the large discrepancies
between full-QCDSR and HQET-SR results reported in the
literature.
This work contributes to a deeper understanding of the

relationship between the two sum-rule approaches and is
expected to facilitate future applications of QCD and
HQET sum rules in the study of heavy-flavor hadrons. It
is anticipated that the results of this work will provide
insights for both practitioners of QCD sum rules and
researchers in effective field theories.
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APPENDIX A: SPECTRAL DENSITIES
OF THE TWO-POINT CORRELATION

FUNCTION IN FULL-QCDSR

In this subsection, we adopt the notation of Fig. 1, where
k1;2;3 and m1;2;3 denote the momenta and masses of the b
quark and the two light quarks, respectively. The momen-
tum p is the total momentum introduced in the definition of
the two-point correlation function in Eq. (11), and s≡ p2.
The Källén function is defined as

λða; b; cÞ≡ a2 þ b2 þ c2 − 2ðabþ bcþ caÞ: ðA1Þ
The calculation of the spectral densities of the perturba-

tive contribution is the foundation of the two-point corre-
lation function analysis. Here, we provide some details of
the derivation. After applying the cutting rules, we obtain
the following three-body phase space:

Φ½1;2;3� ≡
Z

d4k1d4k2d4k3δðk21 −m2
1Þδðk22 −m2

2Þ

× δðk23 −m2
3Þδ4ðp − k1 − k2 − k3Þ: ðA2Þ

By inserting the identities,Z
d4k23δ4ðk23 − k2 − k3Þ ¼ 1; ðA3Þ

and Z
dm2

23δðk223 −m2
23Þ ¼ 1; ðA4Þ

TABLE III. To estimate the higher-order 1=mb corrections in
HQET-SR. We uniformly set the continuum threshold parameter
to s0 ¼ 37 GeV2 for all full-QCDSR analyses and ωc ¼
1.28 GeV for all HQET-SR analyses. Typical values of the Borel
parameters are taken.

Method λþ=GeV3 L1

Full-QCDSR 0.0175 −0.0845
HQET-SR 0.0198 −0.0954
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the three-body phase space can be rewritten as

Φ½1;2;3� ¼
Z

dm2
23Φ½1;23� ×Φ½2;3�; ðA5Þ

where

Φ½1;23� ≡
Z

d4k1d4k23δðk21 −m2
1Þδðk223 −m2

23Þδ4ðp − k1 − k23Þ;

Φ½2;3� ≡
Z

d4k2d4k3δðk22 −m2
2Þδðk23 −m2

3Þδ4ðk23 − k2 − k3Þ: ðA6Þ

Therefore, the original three-body phase space is factorized into two two-body phase spaces.
The final results for the spectral densities are given below. The spectral densities of the perturbative contribution are

fρpert1 ; ρpert2 g ¼ 3

32π6

Z ð ffiffi
s

p
−m1Þ2

0

dm2
23

(
π2m2

23ðsþm2
1 −m2

23Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1; m
2
23Þ

p
4s2

;
π2m1m2

23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

1; m
2
23Þ

p
2s

)
; ðA7Þ

where

m2
23 ≡ ðk2 þ k3Þ2: ðA8Þ

The spectral densities of the four-quark condensate
contributions are

fρdim 6
1 ; ρdim 6

2 g ¼ hq̄qi2
24

× δðs −m2
1Þ × f4; 4m1g: ðA9Þ

APPENDIX B: SPECTRAL DENSITIES
OF THE THREE-POINT CORRELATION

FUNCTION IN FULL-QCDSR

In this subsection, we first specify the conventions for
the quark momenta and masses. As shown in the pertur-
bative diagram in Fig. 2, k1;2;3;4;5 denote the momenta of the
five quark propagators, respectively. Among them, k1 and
k5 correspond to the momenta of the b quarks, while the
others represent the momenta of the light quarks. To keep
the notation consistent, their corresponding masses are
denoted by m1;2;3;4;5.
The momenta p1 and p2 are introduced in the definition

of the three-point correlation function in Eq. (24), and we
define

q ¼ p1 − p2: ðB1Þ
Furthermore, we denote

s1;2 ≡ p2
1;2: ðB2Þ

Since we are interested in the forward-scattering matrix
elements, the limit,

q2 → 0−; ðB3Þ
is understood throughout this section.

We provide some details on the calculation of the
spectral densities of the perturbative contribution. After
applying the cutting rules, we obtain the following gener-
alized phase-space integral:

P½1;2;3;4;5� ≡
Z

d4k1d4k2d4k3d4k4d4k5δðk21 −m2
1Þ

× δðk22 −m2
2Þδðk23 −m2

3Þδðk24 −m2
4Þδðk25 −m2

5Þ
× δ4ðp1 − k1 − k2 − k3Þδ4ðp2 − k3 − k4 − k5Þ:

ðB4Þ

By inserting the identities,

Z
d4k12δ4ðk12 − k1 − k2Þ ¼ 1; ðB5Þ

Z
dm2

12δðk212 −m2
12Þ ¼ 1; ðB6Þ

and

Z
d4k45δ4ðk45 − k4 − k5Þ ¼ 1; ðB7Þ

Z
dm2

45δðk245 −m2
45Þ ¼ 1; ðB8Þ

the generalized phase-space integral can be factorized as

P½1;2;3;4;5� ¼
Z

dm2
12dm

2
45Δ½12;3;45� ×Φ½1;2� ×Φ½4;5�; ðB9Þ

where
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Δ½12;3;45� ≡
Z

d4k12d4k3d4k45δðk212 −m2
12Þδðk23 −m2

3Þδðk245 −m2
45Þδ4ðp1 − k12 − k3Þδ4ðp2 − k3 − k45Þ;

Φ½1;2� ≡
Z

d4k1d4k2δðk21 −m2
1Þδðk22 −m2

2Þδ4ðk12 − k1 − k2Þ;

Φ½4;5� ≡
Z

d4k4d4k5δðk24 −m2
4Þδðk25 −m2

5Þδ4ðk45 − k4 − k5Þ: ðB10Þ

Therefore, the generalized phase-space integral P½1;2;3;4;5� is transformed into a convolution of two two-body phase spaces
and one triangle phase space.
The final results are given below. The spectral densities of the perturbative contribution are

fρpertA1
; ρpertA2

; ρpertA3
; ρpertA4

g ¼
�
−

3

256π9

�Z
s1

m2
1

dm2
12

Z
s2

m2
1

dm2
45Δ½12;3;45�Φ½1;2�Φ½4;5�f4m1½m2

45a122B45t2 þm2
12a454B12t1�;

4½m2
1s1a122a454t1 þm2

12m
2
45B12B45t2�;

4½m2
1s2a122a454t2 þm2

12m
2
45B12B45t1�;

4m1½m2
45s1a122B45t1 þm2

12s2a454B12t2�g; ðB11Þ

where

a122 ¼
m2

12 −m2
1 þm2

2

2m2
12

; a454 ¼
m2

45 þm2
4 −m2

5

2m2
45

;

B12 ¼ 4b1200 þ b1211; B45 ¼ 4b4500 þ b4511;

b1200 ¼
ðm2

12Þ2 þ ðm2
1 −m2

2Þ2 − 2m2
12ðm2

1 þm2
2Þ

12ðm2
12Þ2

;

b1211 ¼
ðm2

12Þ2 − 2ðm2
1 −m2

2Þ2 þm2
12ðm2

1 þm2
2Þ

6ðm2
12Þ2

;

b4500 ¼
ðm2

45Þ2 þ ðm2
4 −m2

5Þ2 − 2m2
45ðm2

4 þm2
5Þ

12ðm2
45Þ2

;

b4511 ¼
ðm2

45Þ2 − 2ðm2
4 −m2

5Þ2 þm2
45ðm2

4 þm2
5Þ

6ðm2
45Þ2

;

t1 ¼ −
1
2
ð−m2

12 þm2
3 þ s1Þs2 − 1

4
ðm2

3 −m2
45 þ s2Þð−q2 þ s1 þ s2Þ

−s1s2 þ 1
4
ð−q2 þ s1 þ s2Þ2

;

t2 ¼ −
1
2
s1ðm2

3 −m2
45 þ s2Þ − 1

4
ð−m2

12 þm2
3 þ s1Þð−q2 þ s1 þ s2Þ

−s1s2 þ 1
4
ð−q2 þ s1 þ s2Þ2

: ðB12Þ

The results for the two-body phase spaces and the triangle phase space are

Φ½1;2� ¼
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

12; m
2
1; m

2
2Þ

p
2m2

12

;

Φ½4;5� ¼
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

45; m
2
4; m

2
5Þ

q
2m2

45

;

Δ½12;3;45� ¼
π

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð2s1 þ 2s2 − q2; s1; s2Þ

p Θ½−s1s2q2 − ðm2
45Þ2s1 − ðm2

12Þ2s2 − ðm2
3Þ2q2

þ ð−s1 þ s2 þ q2Þðm2
45s1 þm2

12m
2
3Þ þ ðs1 − s2 þ q2Þðm2

12s2 þm2
3m

2
45Þ

þ ðs1 þ s2 − q2Þðm2
3q

2 þm2
12m

2
45Þ�: ðB13Þ
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The calculations of the two-body phase spaces are
relatively straightforward and can usually be found in
standard quantum field theory textbooks. For the tri-
angle phase space, it is convenient to perform the
calculation in the rest frame of p1 þ p2. Although

Eq. (B11) can be further simplified, we do not perform
this simplification in order to keep the expression more
transparent.
The spectral densities of the four-quark condensate

contribution from dim-6-2,3 are

fρdim 623
A1

; ρdim 623
A2

; ρdim 623
A3

; ρdim 623
A4

g ¼
�
−
hq̄qi2
192π3

�
× δðs1 −m2

1Þπm1

�
1 −

m2
1

s2

�
2

×

�
1; m1;

s2
m1

; s2

�
: ðB14Þ

The spectral densities of the four-quark condensate contribution from dim-6-4,3 can be obtained in an analogous way.
The spectral densities of the four-quark condensate contribution from dim-6-2,4 are

fρdim 624
A1

; ρdim 624
A2

; ρdim 624
A3

; ρdim 624
A4

g ¼
�
−
hq̄qi2
192π3

�
× Θ½−q2ðm2

1 − s1Þðm2
1 − s2Þ −m2

1ðs1 − s2Þ2�
2π

λ3=2ðs1; s2; q2Þ
× fm1½2m2

1q
2 − q2ðs1 þ s2Þ þ ðs1 − s2Þ2�;

ðm4
1 − s1s2Þðq2 þ s1 − s2Þ;

ðm4
1 − s1s2Þðq2 − s1 þ s2Þ;

−m1fm2
1½ðs1 − s2Þ2 − q2ðs1 þ s2Þ� þ 2q2s1s2gg: ðB15Þ

It should be emphasized that the q2 dependence in the theta function should never be omitted. The underlying reason will
become clear from the detailed derivation in the next section.

APPENDIX C: HEAVY-QUARK LIMIT OF THE SPECTRAL DENSITY OF DIM-6-2,4

Up to an overall coefficient ð− hq̄qi2
192π3

Þ, the spectral density of the dim-6-2,4 contribution in full-QCDSR is given by

ρðs1; s2; q2Þ ¼
8πm1q2ðm4

1 − s1s2Þ
½q4 þ ðs1 − s2Þ2 − 2q2ðs1 þ s2Þ�3=2

Θ½−q2ðm2
1 − s1Þðm2

1 − s2Þ −m2
1ðs1 − s2Þ2�; ðC1Þ

where ρ ¼ fM2
−;M−;M−; 1g:fρA1 ; ρA2 ; ρA3 ; ρA4g, and we

have adopted the approximation M− ≈m1.
To take the heavy-quark limit, we introduce the varia-

bles,

si ¼ ðm1 þ σiÞ2; Σ ¼ σ1 þ σ2
2

; Δ ¼ σ1 − σ2;

ðC2Þ

and rewrite

q2 ¼ −Q2; Q > 0: ðC3Þ

In the heavy-quark limit, one obtains

m4
1 − s1s2 ¼ −4m3

1ΣþOðm2
1Þ; ðC4Þ

and

q4þðs1− s2Þ2 − 2q2ðs1þ s2Þ ¼ 4m2
1ðΔ2þQ2ÞþOðm1Þ:

ðC5Þ

However, for the argument of the Θ function, instead of
taking the heavy-quark limit, we simply rewrite it as

− q2ðm2
1 − s1Þðm2

1 − s2Þ −m2
1ðs1 − s2Þ2

¼ m2
1ð2m1 þ σ1 þ σ2Þ2ða2 − Δ2Þ; ðC6Þ

where

a ¼ Q
m1

ffiffiffiffiffiffiffiffiffi
σ1σ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2m1 þ σ1Þð2m1 þ σ2Þ

p
2m1 þ σ1 þ σ2

: ðC7Þ

For the coefficient of the Θ function, we retain only the
leading term in the 1=m1 expansion. The spectral density
then reduces to

ρðs1; s2; q2Þ ¼ 4πm1Σ
Q2

ðΔ2 þQ2Þ3=2Θða
2 − Δ2Þ: ðC8Þ

Since
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a
Q

→ 0 ðC9Þ

in the heavy-quark limit, within the support region jΔj < a,
one can make the replacement,

ðΔ2 þQ2Þ3=2 → Q3: ðC10Þ

Therefore, the spectral density further simplifies to

ρðs1; s2; q2Þ ¼
4πm1Σ

Q
Θða2 − Δ2Þ: ðC11Þ

Since jΔj < a and a → 0, we have Δ → 0. Using the
rectangular representation of the delta function,

lim
a→0

1

2a
Θða2 − Δ2Þ ¼ δðΔÞ; ðC12Þ

we finally obtain

ρðs1; s2; q2Þ →
4πm1Σ

Q
2aδðΔÞ → 8πσ1σ2δðσ1 − σ2Þ:

ðC13Þ
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