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We propose and test logarithmic Krylov (logK) complexity, an operator growth measure akin to Krylov
complexity defined through a replica approach, as a viable probe of early time operator scrambling without
false positives. In finite-dimensional quantum systems, such as the Lipkin-Meshkov-Glick (LMG) model
and the mixed-field Ising model at the chaotic point, we provide numerical evidence that logK-complexity
discriminates between genuine and saddle-dominated scrambling at early times, correctly avoiding the
exponential contribution coming from the unstable saddle in the former case, and closely tracking the
conventional Krylov complexity in the latter. In integrable quantum systems admitting infinite-dimensional
Krylov subspaces, such as the SYK2 model and the quantum inverted harmonic oscillator, we show that by
modifying the Krylov spreading operator, obtained through generalizing the analytic continuation
procedure in the replica trick, the logK complexity can be refined to capture the integrable properties
of the theories. We supplement these analyses by extending the Krylov formalism in classical dynamical
systems and defining classical versions of these operator growth measures, showing that the false positives
arising from unstable saddles in classical phase space are nonexistent.
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I. INTRODUCTION

Over the past several decades, chaos has been a central
topic in a wide range of fields, including physics, math-
ematics, biology, and even neural networks [1–5]. In
classical dynamical systems, rigorously described within
the framework of ergodic theory [6,7], chaos (mixing)
reflects the unpredictability of nonintegrable dynamics and
sensitivity to initial conditions. In classical K-mixing
systems, this behavior is quantitatively characterized by
the presence of a positive Lyapunov exponent. In contrast,
chaos in quantum systems still lacks a rigorous formu-
lation, although more recent efforts have also made
progress toward a description of this phenomenon in terms

of a quantum ergodic theory (see, e.g., [8–10]). In practical
terms, quantum chaos in closed quantum systems is
generally associated with thermalization [11–13] and
information scrambling [14], although it is often opera-
tionally defined through the presence of Hamiltonian
spectral statistics and eigenvector distributions consistent
with those of random matrices, following semiclassical
arguments [15]. In terms of operator growth, out-of-time
order correlators (OTOCs) [16] are a well-studied probe of
scrambling. These have also provided powerful insights
into the physics of black holes in holography [17–21] and
in condensed matter systems [14,22].
Scrambling generally refers to a phenomenon in inter-

acting quantum systems in which initially localized infor-
mation spreads over a large number of degrees of freedom
by time evolution, essentially rendering it inaccessible by
any local measurement [14]. In thermalizing quantum
systems with a large number of degrees of freedom per
site, it is typically identified by an early time exponential
growth of the double commutator

−h½V̂ðtÞ; Ŵ�2i ¼ hŴ†V̂†ðtÞV̂ðtÞŴi þ hV̂†ðtÞŴ†Ŵ V̂ðtÞi
− 2ReðhV̂†ðtÞŴ†V̂ðtÞŴiÞ; ð1Þ
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where V̂; Ŵ are local operators and where
hV̂†ðtÞŴ†V̂ðtÞŴi≡ OTOCðtÞ. In this context, the expo-
nent is considered to be the quantum counterpart of the
classical Lyapunov exponent.1 Recently, a different notion
of operator growth known as Krylov complexity [23] has
also been shown to have a regime of exponential growth in
nonintegrable many-body quantum systems. A generaliza-
tion of this notion to quantum states, Krylov state (or
spread) complexity [24] has also been shown to acquire
characteristic features in such systems [25–32]. However,
scrambling is not unique to quantum systems with random
matrix spectral statistics, since it can also emerge in
integrable quantum systems that possess isolated unstable
saddle points [33–36], a finding usually summarized in the
statement that “scrambling is necessary but not sufficient
for chaos” [37]. Given the close connection between the
early time dynamics of OTOCs and the semiclassical
butterfly effect, as well as the intimate relation between
the former and Krylov complexity, it is an important
endeavor to understand how to avoid these false positives
when probing the early time dynamics of nonintegrable
quantum systems using different notions of operator
growth.
Motivated by recent work that tackles this problem by

generalizing OTOCs using a replica approach [38,39], the
main goal of this manuscript is to propose and test an
operator growth measure akin to Krylov complexity,
logarithmic Krylov complexity (logK-complexity), as a
viable probe of early time scrambling without false
positives. The key idea being that by performing a correct
average over phase space, it should be possible to avoid the
exponentially growing contributions from the classically
unstable saddle points in otherwise integrable systems. This
quantity is defined through a replica approach to a higher-
order generalization of Krylov complexity.
To test this measure, we consider quantum systems with

finite- and infinite-dimensional Krylov spaces exhibiting
early time scrambling, as captured by the exponential
growth of Krylov complexity. This allows us to benchmark
and test logarithmic Krylov complexity and to refine its
definition in infinite-dimensional systems. To complement
this analysis, we also consider the Lanczos algorithm in
classical dynamical systems, which in the past was
restricted to the study of autocorrelation functions and
Lanczos coefficients using a classical version of the
recursion method [40]. We extend the existing framework
and define classical versions of Krylov and logK complex-
ity using a classical analog of the spreading operator in the
Krylov basis. Our analytical and numerical results suggest
that logarithmic Krylov complexity can be refined to serve

as a viable probe of early time scrambling in finite and
infinite-dimensional Krylov subspaces.
Our manuscript is organized as follows: In Sec. II, we

briefly review the basic properties of Krylov complexity
and provide general details of the construction of the
Krylov complexity. In Sec. III, we define the logarithmic
Krylov complexity and its exponentiated form, elogK-
complexity, by applying the replica trick to higher-order
versions of the usual Krylov complexity. In Sec. IV, we
analytically compute logK complexity in the low energy
(conformal) limit of the q-body Sachdev-Ye-Kitaev (SYK)
model. Then, in Sec. V, we numerically examine the logK
complexity in the Lipkin-Meshkov-Glick (LMG) model
and the mixed-field Ising model at the chaotic point. In
Sec. VI, we extend our analytical analysis to the inverted
harmonic oscillator, finding similarity to the SYK case. In
Secs. VII and VIII, we formulate the Krylov approach in
classical phase space and apply it to the study of saddle-
dominated scrambling in classical systems, finding that
both classical Krylov and elogK complexity exhibit sub-
exponential growth in these cases. In Sec. IX we define a
refined Krylov spreading operator which includes infor-
mation about the system and operator while retaining the
universal information from Krylov complexity. We show
how this notion resolves the tension found in the integrable
q ¼ 2 SYK and in the inverted harmonic oscillator and
propose a way in which it could arise from a generalization
of the standard analytic continuation used in the replica
trick. Finally, in Secs. X and XI we discuss our results and
offer some conclusions.2

Notation: We denote the usual operators in the algebra
AðHÞ ≔ fÂ∶H → Hg with a hat ^, and superoperators in
the GNS algebra AðHGNSÞ ¼ fB̆∶HGNS → HGNSg using a
breve accent .̆

II. OVERVIEW OF KRYLOV COMPLEXITY

Krylov complexity [23] is a growth measure for oper-
ators undergoing Heisenberg time evolution ÔðtÞ ¼
eitĤÔe−itĤ generated by a time-independent Hamiltonian
Ĥ. Through the Gelfand-Naimark-Segal (GNS) construc-
tion, operators Ô are promoted to GNS states jO) whose
time evolution is naturally constrained to the Krylov
subspace K, a subspace of the full GNS Hilbert space K ≤
HGNS generated by successive commutation of the initial
operator with the Hamiltonian. A requirement for the GNS
construction involves choosing an inner product. In sys-
tems at finite temperature, a common choice is the
Wightman inner product, defined by

ðAjBÞW ≔
Trðe−βĤ=2Â†e−βĤ=2B̂Þ

Trðe−βĤÞ ; ð2Þ
1We should remark, nonetheless, that some authors refer to

scrambling as the late-time vanishing of out-of-time order
correlators (OTOCs), which is independent of an early time
exponential decay. 2We work in units where ℏ ¼ 1 ¼ kB.
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where β ¼ T−1 is the inverse temperature, Ĥ is the
Hamiltonian of the system, and jAÞ; jB) are GNS states
associated with the operators Â; B̂ respectively.3 The
dimension of the Krylov subspace DK ¼ dimðKÞ will
generally depend on the dynamics, as well as on the choice
of the initial operator Ô. As argued in [42], in thermalizing
quantum systems, the dimension of Krylov space is
generally bounded by

1 ≤ DK ¼ dimðKÞ ≤ D2 −Dþ 1; ð3Þ

where D ¼ dimðHÞ is the dimension of the physical
Hilbert space H, which we assume to be finite at this
time. However, the dimension of the Krylov subspace DK
could be much smaller than the maximum allowed value if
the quantum system is integrable or if the operator is close
to being a conserved quantity.
Using the Gram-Schmidt orthogonalization procedure,

in this context called the Lanczos algorithm, one can
recursively construct a complete orthonormal basis, called
the Krylov basis fjKnÞg, in the Krylov subspace K with
respect to a choice of inner product. This essentially
translates the problem of solving the Heisenberg equation
into solving a Schrödinger-like equation in a one-dimen-
sional chain, called the Krylov chain (see, e.g., [43,44] for
details). After obtaining the Krylov basis, one can expand
the time-evolved GNS state as follows:

jOðtÞÞ ¼ eitL̆jO0Þ ¼
XDK−1

n¼0

inφnðtÞjKnÞ; ð4Þ

where L̆ is the Liouvillian (GNS Hamiltonian) L̆≡ ½Ĥ; ·�
and jOÞ ¼ jO0) is taken as the initial GNS state in the
Lanczos algorithm. Since the Krylov basis is complete and
orthonormal, the functions φnðtÞ ≔ i−nðKnjeitL̆jO0Þ can be
interpreted as wave functions, whose squared sum is
normalized to 1 and which describe the hopping of a
particle in the Krylov chain. In particular, the initial wave
function φ0ðtÞ ≔ ðO0jOðtÞÞ, called the autocorrelation
function, plays a key role in this approach, as all subsequent
φnðtÞ can be obtained from it through a recursion relation.
The Krylov complexity KðtÞ associated with the growth of
the operator jOÞ≡ jO0) is defined as

KðtÞ ≔ ðO0je−iL̆tn̆eiL̆tjO0Þ ¼
XDK−1

n¼0

njφnðtÞj2; ð5Þ

where n̆ ≔
PDK−1

n¼0 njKnÞðKnj is the Krylov “spreading”
superoperator, which measures the average position of the
GNS state jOðtÞÞ in the Krylov chain at time t.
From its inception [23], Krylov complexity was pro-

posed to probe features of nonintegrable quantum dynam-
ics. In quantum many-body systems, such as the large-Nf

limit of the q ¼ 4 Sachdev-Ye-Kitaev (SYK) model [45,46]
with Nf Majorana fermions, this is characterized by a time
window of exponential growth KðtÞ ∼ eλKt, similar to how
OTOCs probe scrambling through a similar exponential
decay.4 This exponential growth of the Krylov complexity
is intimately tied to the growth rate of the elements of the
Liouvillian in the Krylov basis: ðKn−1jL̆jKnÞ ¼ bn. The
operator growth hypothesis [23] states that in nonintegrable
many-body quantum systems, the bn should grow as fast as
possible, which due to locality constraints should be linear
in n, namely

bn ∼ αnþ γ þOð1Þ for 1 ≪ n≲ S; ð6Þ

where γ is a constant that depends on the operator. The
connection being that, under general conditions, λK ¼ 2α,
and therefore, a regime of linear growth of the Lanczos
coefficients implies the existence of a regime of exponential
growth of the Krylov complexity.5 However, subsequent
works showed that this behavior can also occur in inte-
grable systems with instabilities, especially those domi-
nated by unstable saddle points [33–36]. Although the
authors in [36] provided evidence that saddle-dominated
scrambling can be distinguished from genuine scrambling
by examining the long-time behavior of Krylov complexity,
it remains necessary to understand how Krylov complexity
can be refined to discriminate between saddle-dominated
and genuine scrambling at early times (t≲OðlogðSÞÞ) in
finite-dimensional systems.

III. LOGARITHMIC KRYLOV COMPLEXITY

To address this issue and motivated by the definition of
logarithmic OTOC [38,39], we introduce a closely related
quantity, which we call logarithmic Krylov (logK) com-
plexity LKðtÞ, which we heuristically define through the
following expression involving the expectation value of the
(matrix) logarithm of the spreading superoperator n̆

3Different choices of inner products lead to different GNS
Hilbert spaces and the Wightman inner product is not the only
possibility at finite temperature. For details on the GNS con-
struction and details on different inner products at finite temper-
ature, the reader may refer to Appendix A of [41].

4In finite dimensional quantum systems, this exponential
behavior is found around early times 0 ≲ t≲ logðSÞ, where S
is the number of degrees of freedom in the system, which is
usually related to the dimension of the Hilbert spaceD viaD ∼ eS.
For the SYKq, this result was originally found in the thermody-
namic limit Nf → ∞, where strictly speaking logðSÞ → ∞.

5There are many subtleties with this statement that we will not
discuss in this work. For example, the presence of IR scales may
induce “staggering” of the Lanczos sequences [47,48], leading to
a different relation between the Krylov exponent λK and the
growth rate(s) of the bn. The reader is encouraged to see [43,44]
for details.
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LKðtÞ ≐ ðO0j logðn̆ðtÞÞjO0Þ; ð7Þ

where n̆ðtÞ ≔ e−iL̆tn̆eiL̆t is the time-evolved spreading
superoperator.6 Since it is in general difficult to evaluate
logðn̆Þ explicitly, we instead consider a different working
definition for logK-complexity. We think of logK-complex-
ity as arising from the application of the replica trick to the
expectation value of the higher-order spreading superop-
erator, namely

LKðtÞ ≔
∂

∂m
ðO0jn̆mðtÞjO0Þ

����
m→0

¼ ∂

∂m
KðmÞðtÞ

����
m→0

; ð8Þ

where KðmÞðtÞ is the operator analog of the higher-order
spread complexity for integer m proposed in [49–51],7
defined by

KðmÞðtÞ ≔ ðO0jn̆mðtÞjO0Þ ¼
XDK−1

n¼0

nmjφnðtÞj2; ð9Þ

and where n̆mðtÞ ¼ e−iL̆tðn̆mÞeiL̆t. Thus, in our approach,
we consider the higher-order Krylov complexities with
integer m to be replica copies of the standard Krylov
complexity. Importantly, to compute the derivative of the
higher-order Krylov complexity KðmÞðtÞ and subsequently
the limit m → 0, we need to analytically continue KðmÞðtÞ
with integer m to real m, a step that will be crucial in our
discussion for systems with infinite-dimensional Hilbert
spaces.
To make a closer comparison with Krylov complexity

(5), we also define the exponentiated logK-complexity,
which we call elogK-complexity, by

EKðtÞ ≔ eLKðtÞ − 1; ð10Þ

where we chose the constant factor so that EKð0Þ ¼ 0. Our
expectation, following the works by D. Trunin [38,39],
being that whenever we have a truly chaotic system, we
should find a time window where KðtÞ ∝ EKðtÞ ∼ eλKt þ
� � � where the ellipsis denotes subleading terms, and
therefore logðKðtÞÞ ∝ LKðtÞ ∼ λKtþ � � �, whereas in non-
chaotic quantum systems we instead expect in general
logðKðtÞÞ ≠ LKðtÞ, or equivalently logððO0jn̆ðtÞjO0ÞÞ ≠
ðO0j logðn̆ðtÞÞjO0Þ.
We can ask whether (10) defines a cost function whose

minimization with respect to different bases in the Krylov
space yields a notion of quantum complexity of the GNS
state jO0). Since EKðtÞ is a monotonic function of LKðtÞ,
we can restate the question in terms of LKðtÞ and ask

whether it is minimized by the Krylov basis, at least for
small times. To achieve this, we first perform the replica
trick (8) with the simplifying assumption that the
GNS Hilbert space is finite dimensional.8 Applying the
replica trick to the spreading superoperator, we find
∂mn̆mjm→0 ¼

P
DK−1≥n≥0 logðnÞjKnÞðKnj, where we per-

formed the standard analytic continuation n̆m ¼ em logðn̆Þ to
real m. This leads to a logarithmic divergence at n ¼ 0,
which we need to remove to obtain a finite quantity.
Assuming the following holds,

∂

∂m
KðmÞðtÞ

����
m→0

≡
�
O0ðtÞ

����� ∂

∂m
n̆m

�����
m→0

����O0ðtÞ
�
; ð11Þ

one way to perform the regularization of LKðtÞ is by
subtracting the divergent contribution at n ¼ 0 from
∂mn̆mjm→0:

∂mn̆mjm→0 → ∂mn̆mjm→0 − ðlogðnÞjK0ÞðK0jÞjn→0: ð12Þ

This results in the following regularized expression of
logK-complexity:

LKðtÞ≡
XDK−1

n¼1

logðnÞðO0je−iL̆tjKnÞðKnjeiL̆tjO0Þ: ð13Þ

This expression is equivalent to (8), after subtracting the
logarithmic divergence at n → 0, in finite-dimensional
systems or in infinite-dimensional systems whenever the
derivative of (9) with respect to the index m is absolutely
convergent.
Although we focus on operator complexity, several

arguments derived for the optimality of the Krylov basis
at small times for spread complexity [24] also hold for
K-complexity, after fixing the inner product. In particular,
Corollary 1 in [24] shows the optimality of the Krylov basis
around t ¼ 0 [minimization of (5)], where n is replaced by
any sequence of monotonically increasing coefficients κn.
In our case, namely (13), κn ¼ logðnÞ is a monotonically
increasing sequence in n, and thus we also expect the
Krylov basis to yield the minimum of logK-complexity
around t ¼ 0 over all possible choices of bases and for a
fixed inner product.9 In the Appendix A, we show that
the universal initial time growth of logK-complexity is
given by

6Note that n̆ and e�iL̆t do not commute, and therefore
logðn̆ðtÞÞ ¼ e−iL̆t logðn̆ÞeiL̆t ≠ logðn̆Þ.

7See [52] for a discussion of the holographic duals of higher-
order and logK state complexities.

8Otherwise, we have to assume that the series of derivatives
converges uniformly so that we can exchange the derivative over
the replica index and the sum.

9Some authors view the ambiguity of the inner product as an
additional parameter over which one should further minimize the
complexity functionals. We do not take that approach in this
section and we instead restrict ourselves to the choice of
Wightman inner product, which yields the slowest growth for
Krylov complexity over all other finite-temperature inner prod-
ucts [41].
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LKðtÞ ≈
logð2Þ

4
b21b

2
2t

4 þOðt6Þ; ðsmall tÞ; ð14Þ

where b1, b2 are Lanczos coefficients. We verify this in our
numerical calculations for various physical systems, and it
is the first difference from the conventional Krylov com-
plexity, which has a universal early time growth ∝ b21t

2. It is
also worthwhile analyzing the long-time regime in thermal-
izing systems, following [53,54]. After the exponential
growth regime 0≲ t≲OðlogðSÞÞ, Krylov complexity tran-
sitions to a linear growth for OðlogðSÞÞ≲ t≲Oðe2SÞ
before saturating to a value KðtsÞ ≈ Ks ∝ OðDK=2Þ around
t ≈ ts ∼Oðe2SÞ. At this time, the initial GNS state jO0)
would have become fully delocalized in the Krylov space
K. A way to study what happens here is to consider the
long-time behavior of logK-complexity

L̄K ≔ lim
T→∞

1

T

Z
T

0

dtLKðtÞ: ð15Þ

In the Appendix B, we show that for a fully delocalizing
initial operator Ô0, this average is given by

1
DK

logðð2ÞDK−2Þ,
where ðxÞn ≔ Γðxþ nÞ=ΓðxÞ is the Pochhammer symbol.
In this same limit, we find the long-time average of
the elogK-complexity (10) to be ĒK ∼ ΓðDKÞð1=DKÞ.
Comparing this with the long-time average of the
Krylov complexity K̄ ∼DK=2, we see that generically,
Krylov complexity will saturate to a higher value than the
elogK-complexity, although their ratio is constant and
given by e=2 ≈ 1.35914.

IV. LOGARITHMIC KRYLOV COMPLEXITY IN
THE CONFORMAL LIMIT OF THE SYK

To have a better idea of the behavior of logK-complexity,
it is very illustrative to compute it explicitly in the
paradigmatic example of the SYK model [45,46] at low
energies, where the theory exhibits conformal invariance.
Here we follow [23] and [55,56]. The SYKq model is a
model of Nf Majorana fermions with q-body interactions
described by the Hamiltonian

ĤðqÞ
SYK ¼ iq=2

X
1≤i1≤…≤iq≤Nf

Ji1…iq ψ̂ i1 � � � ψ̂ iq ; ð16Þ

where ½ψ̂ i; ψ̂ j�þ ≔ ψ̂ iψ̂ j þ ψ̂ jψ̂ i ¼ δij are Nf Majorana
fermions and where Ji1…iq are antisymmetric random
couplings sampled from a Gaussian distribution with zero

mean and variance σ2q ≔ J2i1…iq
¼ N−ðq−1Þ

f ðq − 1Þ!J 2. As

is well-known (see, e.g., [57]), this model is solvable in the
large-Nf limit. Moreover, at finite and low temperatures
βJ ≫ 1, this model exhibits an emergent conformal
invariance accurately described by a chiral conformal field
theory (CFT) with SLð2;RÞ symmetry. For an initial

operator of the form Ô0 ¼
ffiffiffi
2

p
ψ̂1 and using the

Wightman inner-product (2), the autocorrelation function
φW
0 ðtÞ ≔ 2ðψ̂1jψ̂1ðtÞÞW becomes

φW
0 ðtÞ ¼ ðcoshðπt=βÞÞ−2=q; ð17Þ

with associated Lanczos coefficients bn ¼ ðπ=βÞ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1þ 2=qÞp

. This is a particular example of a more
general class of autocorrelation functions of CFT2 primary
fields that transform under specific representations of the
SLð2;RÞ algebra. For example, the thermal (Wightman)
autocorrelation function of a chiral primary field Ô0 with
scaling dimension Δ ¼ h is given precisely by (17), where
h ¼ 1=q. More generally, for an autocorrelation function of
the form φ0ðtÞ ¼ ðcoshðαtÞÞ−η, it is possible to find a
closed form expression for the wave functions φnðtÞ, which
satisfy the recursion relation

dφnðtÞ
dt

¼ bnφn−1ðtÞ − bnþ1φnþ1ðtÞ; ð18Þ

where the Lanczos coefficients are bn ¼ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1þ ηÞp

.
Here, α and η are related to the representation of primary
SLðR; 2Þ states using SUð1; 1Þ Perelomov coherent states
[55], with α related to the energy scale of the Liouvillian
and η to the weight h of the primary. In this case, the φnðtÞ
are given by

φnðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðnþ ηÞ
n!ΓðηÞ

s
tanhnðαtÞ
coshηðαtÞ : ð19Þ

Setting η ¼ 2h ¼ 2=q, α ¼ π=β, we recover the wave
functions for the conformal limit of the SYK at low
temperatures (17). With them, we can directly compute
the Krylov complexity (5), which is given by

KðtÞ ¼
X∞
n¼0

njφnðtÞj2 ¼ η sinh2ðαtÞ; ð20Þ

and which shows the late-time exponential growth KðtÞ ∝
e2αðt−t�Þ discussed in the Introduction in the context
of the universal operator growth hypothesis, where
t� ¼ logð4ηÞ=2α. Using (19) and the definition (9), we
find that the m-th order Krylov complexity for integer 1 ≤
η∈Zþ has the following formal expression for 1 ≤ m∈Zþ

KðmÞðtÞ¼
X∞
n¼0

nmjφnðtÞj2

¼ sechðαtÞ2η
Xη−1
i¼0

κðη; iÞLi−ðmþiÞðtanh2ðαtÞÞ; ð21Þ

where LinðzÞ is the polylogarithm (Jonquière’s function),
which is defined for any complex n and z as the analytic
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continuation of the Dirichlet series
P∞

k¼1 z
k=kn. The

polylogarithm LinðzÞ is absolutely convergent for all
n∈C and for all z∈C inside the unit disk jzj < 1 [58].
In (21), the κðη; iÞ are numerical coefficients given by

κðη; iÞ ¼ jS1ðη; iþ 1Þj
ðη − 1Þ! ; η ≥ 1 & 0 ≤ i ≤ η − 1; ð22Þ

where S1ðn; kÞ are Stirling numbers of the first kind, which
have the following generating function

1

k!
ðlogð1þ xÞÞk ¼

X∞
n¼k

S1ðn; kÞ
xn

n!
: ð23Þ

Before computing the logK-complexity, it is worth exam-
ining the behavior of KðmÞðtÞ given by (21) for fixed index
m ≥ 1. Let us momentarily focus on η ¼ 1 for simplicity,
corresponding to a chiral primary with scaling dimension
Δ ¼ h ¼ 1=2. In this case, the sum in the mth order
Krylov complexity contains only one term: KðmÞðtÞjη¼1 ¼
Li−mðtanh2ðαtÞÞsech2ðαtÞ. At early times, it behaves as
KðmÞðtÞjη¼1 ≈ α2t2 þ ð2m − 5=3Þα4t4 −Oðα6t6Þ, whereas
at late times it has a leading exponential growth given
by KðmÞðtÞjη¼1 ∝ e2αmt, where we directly note that the
index m enhances the late-time growth rate of the usual
Krylov complexity (20). To be more precise, the mth order
Krylov complexity for η ¼ 1 and integer 1 ≤ m∈Zþ can
be written as

KðmÞðtÞjη¼1¼
Xm
j¼−m

κ̃ð1Þm;je
2αjt

¼ κ̃ð1Þm;−me−2mαtþ���þ
�
−
1

2

�
m
þ���þ κ̃ð1Þm;me2mαt;

ð24Þ

with κ̃ð1Þm;m ¼ κ̃ð1Þm;−m ¼ 2−2mΓðmþ 1Þ=Γð1Þ and where …
denote terms containing terms e2αjt with powers
1 ≤ jjj ≤ ðm − 1Þ. From (24) we find that the leading
behavior at large t is dominated by the term with the
largest exponent, given by j ¼ m. Note that the represen-
tation (24) holds only when 1 ≤ m∈Zþ. In fact, this
leading late-time behavior ∝ e2mαt is also present for larger
integer η ≥ 1, namely for heavier SLð2;RÞ primaries. This
can be seen from the fact that, in general, the sum of
polylogarithms in (9) contributes at late times with a
leading factor proportional to e2ðmþηÞðαtÞ. Thus, the leading
large-time behavior of the higher-order Krylov complexity
for general integer η ≥ 1 is given by

KðmÞðtÞ ∼ 22ηe−2αηt × e2ðmþηÞðαtÞ ∝ e2αmt; ð25Þ

where the first factor comes from the late-time behavior of
sech2ηðαtÞ. Similarly, the initial-time behavior of KðmÞðtÞ
for general integer η ≥ 1 is of the form

KðmÞðtÞ ≈ ηα2t2 þ η

3

�
3

2
ð1þ ηÞ2m − ð2þ 3ηÞ

�
α4t4

−Oðα6t6Þ: ð26Þ

To find the logK complexity, we take the higher-order
Krylov complexities with index m (21) as replica copies of
the Krylov complexity (20). Note that the polylogarithm
Li−ðmþiÞðtanh2ðαtÞÞ is well defined and absolutely con-
vergent for any (mþ i) given that j tanh2ðαtÞj ≤ 1 and in
particular, for finite t and for any real and finite α, we have
j tanh2ðαtÞj < 1. This is because the polylogarithm LinðzÞ
is an analytic function of the power n for fixed argument z.
As a consequence, KðmÞðtÞ can be analytically continued to
noninteger m by the standard analytic continuation
nm ↦ em logðnÞ. Thus, we are able to differentiate KðmÞðtÞ
(21) with respect to the replica index m and take the limit
m → 0 to find the logK-complexity, which has the follow-
ing formal expression

LKðtÞ ¼ lim
m→0

∂

∂m
ðKðmÞðtÞÞ

¼ −sechðαtÞ2η
Xη−1
l¼0

cðη;lÞLi0−lðtanh2ðαtÞÞ; ð27Þ

where Li0nðzÞ ≔ ∂LinðzÞ=∂n is the derivative of the poly-
logarithm LinðzÞ with respect to the power n, and where
cðη;lÞ are numerical coefficients given by

cðη;lÞ ≔
X

1≤j1≤j2…;jl≤η−1

1

j1j2…jl
; ð28Þ

where fj1; j2;…; jlg are sequences of integers of length l,
which represents all possible subsets from 1; 2;…; η − 1.10

Note that we would not have obtained this result if we had
used an expression such as (24), which is only valid for
integer m. We also remark that, since the polylogarithm is
absolutely convergent, we could have found the same
expression if we used the regularized expression (13)
instead. A careful analysis of the logK complexity (27)
shows that its large-time behavior is given in general by

10By convention, we set cðη; 0Þ ¼ 1 for all η. For example,
when η ¼ 1, and l ¼ 0, cð1; 0Þ ¼ 1. For η ¼ 2, although l can
be 0, 1 but the only subset is f1g. Therefore,
cð2; 0Þ ¼ cð3; 0Þ ¼ 1. The first nontrivial example is η ¼ 3.
When l ¼ 0, it is assumed to be 1. When l ¼ 1, all subsets
are ff1g; f2gg, which leads to cð3; 1Þ ¼ 1þ 1

2
¼ 3

2
. When l ¼ 2,

there is only one subset: ff1; 2gg, which gives cð3; 2Þ ¼ 1
1·2 ¼ 1

2
.

Similarly, we can find: cð4; 0Þ ¼ 1, cð4; 1Þ ¼ 1þ 1
2
þ 1

3
¼ 11

6
,

cð4; 2Þ ¼ 1
1·2 þ 1

2·3 þ 1
1·3 ¼ 1, cð4; 3Þ ¼ 1

1·2·3 ¼ 1
6
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LKðtÞ ∼ 2αt − 22−η; ðlarge tÞ; ð29Þ

whereas its early time behavior is given by

LKðtÞ ≈
ηð1þ ηÞ

2
logð2Þα4t4 −Oðα6t6Þ; ð30Þ

which is consistent with (14).
It is clear that in this case we have the relation

logðKðtÞÞ ∼LKðtÞ at late times. In fact, they give the same
late-time growth rate, or Krylov exponent

λK ≔ lim
t→∞

d
dt
logðKðtÞÞ≡2α≡ lim

t→∞

d
dt
LKðtÞ≔ λLK

: ð31Þ

Thus, this is an example where both logðKðtÞÞ and LKðtÞ
agree in the same leading, linear late-time behavior. Note
that the Krylov exponent nor their late-time linear-growth
rely on the details of the CFT, and this behavior holds also
for integrable CFTs, and by natural extension, to the low-
energy/low temperature limit of SYK2 (η ¼ 1), which
is integrable. We discuss this result in more detail in
Sec. IX and in X. We can also compare the Krylov
complexity and the exponentiated logK complexity, the
elogK-complexity (10)

EKðtÞ ¼ eLKðtÞ − 1 ∼ e2αðt−tE� Þ; ðlarge tÞ; ð32Þ

where tE� ¼ 22−η=2α. In Fig. 1, we compare the elogK (32)
and usual Krylov complexity (20) for specific values of η
and α.
We end this discussion with a remark. The authors in

[56] relied on the Toda hierarchy method to compute the
Lanczos coefficients for the d-dimensional free massless
boson and free fermion at finite temperature. In this
approach, an analytical expression for the Lanczos coef-
ficients is obtained through the Toda functions, which can
be used to find the late-time t ≫ t� growth rate of the
Krylov complexity, assuming a specific pole-structure of
the autocorrelation function. However, it does not auto-
matically yield the wave functions. Since we do not know
the precise relation between the pole structure of the
autocorrelation function and the linear growth of logK-
complexity, we believe that possessing only the Lanczos

coefficients, as given by the Toda method, is insufficient for
determining logK-complexity. We leave this analysis for
future work.

V. LOGARITHMIC KRYLOV COMPLEXITY IN
MANY-BODY MODELS

In this section, we present numerical comparisons of
Krylov and elogK complexities in finite-dimensional
quantum systems that contain classically unstable saddles,
but which are otherwise both classically Liouville inte-
grable and quantum mechanically integrable (although not
necessarily Bethe-Ansatz-integrable). In such systems, it is
known that both the OTOC and Krylov complexity grow
exponentially up to the scrambling time t� ∼ logðSÞ
[34,34,36,38,39,59].
Following the introduction, we expect logK complexity

LKðtÞ to display integrable behavior in saddle-dominated
systems while retaining its sensitivity to chaos in truly
chaotic systems. In order to show this numerically, we
consider the Lipkin-Meshkov-Glick (LMG) model [60] and
the mixed-field Ising model at the chaotic point. To better
compare it with the Krylov complexity KðtÞ, we will
compute the elogK complexity EKðtÞ defined in (10).
As we will see later in this section, the elogK-complexity
EKðtÞ displays a dampened growth in this saddle-domi-
nated model, in contrast to the conventional Krylov
complexity KðtÞ, whereas at the chaotic point of the
mixed-field Ising model, EKðtÞ exhibits exponential
growth, closely matching KðtÞ at early times.

A. The LMG model

We first compute the EKðtÞ in the LMG model, which is
described by the following quantum Hamiltonian:

ĤLMG ¼ Ŝx
s
þ J

�
Ŝz
s

�2

¼ x̂þ Jẑ2; ð33Þ

where Ŝx and Ŝz are spin operators in the spin-s repre-
sentation of SU(2), which can be given as spin operators of
a collection of 2J self interacting particles using Pauli
matrices: Ŝα ¼

P
i σ̂

i
α=2, and (J) is a coupling constant, and

fx̂; ŷ; ẑg ¼ fŜx=s; Ŝy=s; Ŝz=sg. In the classical limit, it is
described by the HamiltonianHLMG ¼ xþ 2z2, where x, y,
z satisfy the Lie-Poisson algebra fx; yg ¼ z and the
constraint x2 þ y2 þ z2 ¼ 1. From the classical phase space
analysis, one can find an unstable classical saddle point at
ðx; y; zÞ ¼ ð1; 0; 0Þ with exponent λLMG ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2j − 1
p

. For
later discussions, we follow the convention in [33] by
setting J ¼ 2. In this context, the parameter 1=s can be used
as an effective ℏeff whose limit ℏeff → 0 (s → ∞) leads to a
semiclassical limit.
For numerical calculations, we choose the operator ẑ,

which grows exponentially around the unstable saddle. As
shown in Fig. 2, EKðtÞ deviates significantly from KðtÞ at

Log(K)
Log(EK)

0 2 4 6 8 10
�10

0

10

20

t

Lo
g(
C
om
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ex
ity
)

FIG. 1. Comparison of logðKðtÞÞ (20) (blue, dashed) and
logðEKðtÞÞ (32) (orange) for η ¼ α ¼ 1.
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early times. While KðtÞ exhibits exponential growth at
early times, EKðtÞ follows a subexponential behavior, with
both fitting functions given by

KðtÞ
DK

����
α≲αt≲αt�

≈ 0.00015e1.99ðαtÞ; ð34Þ

EKðtÞ
DK

����
α≲αt≲αt�

≈ 0.0059e−13.91e
−1.99ðαtÞðαtÞ; ð35Þ

where α is the slope of the linear growth of bn and αt� ∝
α logð2sþ 1Þ=λsaddle ≈ 1.9752 is the scrambling time. The

functional dependence of EKðtÞ=DK in terms of αt was
found numerically and currently we do not have an
understanding whether it could arise as a consequence of
first principles or whether it also holds for other saddle-
dominated systems. We leave this study for future work.
From Fig. 2, we confirm our analytical initial-time

predictions for KðtÞ and EKðtÞ, that is, for 0≲ t, KðtÞ
grows quadratically and EKðtÞ grows quartically. This
behavior is given by

KðtÞ
DK

����
0≲αt≲α

≈ 0.0013ðαtÞ2; ð36Þ

EKðtÞ
DK

����
0≲αt≲α

≈ 0.00047ðαtÞ4: ð37Þ

B. The mixed-field Ising model

In this subsection, we numerically compute the logK
complexity in a genuinely chaotic system: the mixed-field
Ising model at the chaotic point. In this case, we expect that
the elogK complexity should behave similarly to the
conventional Krylov complexity, at least in terms of early
time exponential growth. As we will see below, this
expectation is supported by our numerical calculations.
We consider a one-dimensional mixed-field Ising model
with open boundary conditions, described by the following
Hamiltonian:

ĤMFI ¼ −
XL−1
i¼1

Ŝzi Ŝ
z
iþ1 −

XL
i¼1

ðhxŜxi þ hzŜ
z
i Þ; ð38Þ

where L is the total number of sites, hx and hz are
parameters controlling the strength of transverse and
longitudinal magnetic fields, respectively. This model is
integrable when either parameter vanishes; otherwise, it
enters a nonintegrable phase for finite values of the
parameters. In particular, its energy spectrum exhibits
Wigner-Dyson statistics when the parameters are chosen
as hx ¼ −1.05 and hz ¼ 0.5 [61,62]. In our numerical
evaluation, since the model preserves a parity symmetry,
we restrict our analysis to an individual parity sector.
In our numerical implementation, we set L ¼ 10 and

study the operator Ŝz5 þ Ŝz6 at the chaotic point at early
times. As shown in the upper right panel in Fig. 3, the
elogK complexity and the conventional Krylov complexity
exhibit similar behavior at early times. The linear growth of
bn from the upper left panel in Fig. 3 indicates the
exponential growth of the Krylov complexity in the form
∼e2αt. The parallel growth of the elogK complexity with
the Krylov complexity at early times suggests the same
form of exponential growth for EKðtÞ, as well as the
linear growth of LKðtÞ, summarized in the Table I. This
numerical analysis supports our expectation that the elogK
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FIG. 2. Krylov complexity KðtÞ and elogK complexity EKðtÞ
in the LMG model for initial operator ẑ with classical exponent
λsaddle ¼

ffiffiffi
3

p
. The horizontal axis is scaled with the slope of bn by

α, whereas the vertical axis is scaled by the Krylov dimension
DK ¼ 1300. Upper left panel: KðtÞ (blue, dashed) and EKðtÞ
(orange) for s ¼ 25. The inset is the log plot where the red dashed
line is of slope λsaddle ¼

ffiffiffi
3

p
. Upper right panel: The correspond-

ing Lanczos coefficients with linear fitting by α ¼ 0.8701.
Middle left panel: KðtÞ for s ¼ 25. The blue dot-dashed data
are from numerical calculation. The red dashed curve is the initial
time fitting of the quadratic polynomial function at 0 < tIn ≲ 1.
The black curve is the exponential function fitting up to the
scrambling time t�. Middle right panel: EKðtÞ for s ¼ 25. The
orange dot-dashed data are from numerical calculation. The red
dashed curve is the initial time fitting of the quartic polynomial
function at 0 < tIn ≲ 1. The black curve is the fitting up to the
scrambling time t�. Lower left panel: Comparison of KðtÞ and
EKðtÞ for s ¼ 25 and s ¼ 75. Lower right panel: Late-time
saturation of KðtÞ and EKðtÞ for s ¼ 25. For s ¼ 25, the least
numerical precision of the Krylov basis is on the order of 10−600,
whereas for s ¼ 75, it is on the order of 10−100.
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complexity has a window of exponential growth in chaotic
finite-dimensional many-body systems. We also show the
late-time saturation of both with sites L ¼ 7 in the lower
panel in Fig. 3. They all saturate lower than the upper
bounds (B4) and (B8) as expected, since this is not a
maximally chaotic/thermalizing model.
To summarize, our numerical analysis in this section

showed that elogK complexity is highly suppressed in
integrable systems dominated by saddles, while exhibiting
exponential growth in genuine chaotic systems. The

behaviors of logK and elogK complexities are listed in
Table I and compared with the conventional Krylov
complexity.

VI. LOGARITHMIC KRYLOV COMPLEXITY IN
THE QUANTUM INVERTED HARMONIC

OSCILLATOR

Another interesting setup for studying logK complexity
is the inverted harmonic oscillator in quantum mechanics.
This setup has been used in the past as another simple
model for saddle-dominated scrambling in which probes
such as OTOCs and Krylov complexity exhibit exponential
growth [26,63]. Similarly to the conformal/low energy limit
of the SYK model, discussed in Sec. IV, we want to
compute the higher-order Krylov complexities and the
logK and elogK complexity in this setup. The starting
point is the Hamiltonian

ĤIHO ¼ λ

2
ðx̂ p̂þp̂ x̂Þ; ð39Þ

where ½x̂; p̂� ¼ i, λ∈R and where fx̂; p̂g are related to the
canonical position and momentum operators in quantum
mechanics by fX̂ ¼ ðx̂ − p̂Þ= ffiffiffi

2
p

; P̂ ¼ ðx̂þ p̂Þ= ffiffiffi
2

p g. The
energy spectrum of the Hamiltonian (39), which can be
written as a generator of dilatations ĤIHO ¼ −iλðx̂∂x þ
1=2Þ with p̂ ¼ −i∂x, is continuous and unbounded from
above and below. As a consequence, the Gibbs/KMS
thermal state e−βĤIHO does not exist in this case for any
β > 0, and the partition function ZðβÞ ¼ Trðe−βĤIHOÞ
diverges. There are a few ways to overcome this difficulty.
While some involve restringing the operator algebra or
introducing cutoffs in the energy spectrum, an alternative is
to consider the infinite temperature limit β → 0 of the
Wightman inner product (the Hilbert-Schmidt (HS) inner
product) and consider operators that are normalizable with
respect to it. Such a class of operators includes Gaussian
operators of the form
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FIG. 3. Upper left panel: Lanczos coefficients for the operator
Ŝz5 þ Ŝz6 in the mixed-field Ising model with hx ¼ −1.05, hz ¼
0.5 with sites L ¼ 10 in the negative parity sector. The linear
growth with slope α ¼ 0.8516 indicates the exponential growth
of Krylov complexity. Upper right panel: KðtÞ (blue, dashed) and
EKðtÞ (orange) for the same parameters and operator in the
negative parity sector. The horizontal axis is scaled with the slope
of bn by α, whereas the vertical axis is scaled by the Krylov
dimension DK ¼ 245521. The inset is the log plot. Lower panel:
Late-time saturation of KðtÞ and EKðtÞ in the negative parity
sector with Krylov dimension DK ¼ 3081 for sites L ¼ 7 and
operator Ŝz3 þ Ŝz5 with slope α ¼ 1.0848. For L ¼ 10, the least
numerical precision of the Krylov basis is on the order of 10−360,
whereas for L ¼ 7, it is on the order of 10−820.

TABLE I. Summary of initial and early time growth, and late-time saturation of complexity measures KðtÞ and EKðtÞ and their
logarithmic forms logðKðtÞÞ and LKðtÞ from analytical analyzes based on perturbation solutions for the Schrodinger equation (A3),
numerical analysis in Sec. V, and late-time average (15), respectively. Detailed explanations of [*] are given in Sec. V B.

Complexity measure Logarithmic form

Timescale KðtÞ EKðtÞ logðKðtÞÞ LKðtÞ
Initial growth (0≲ t) b21t

2 logð2Þ
4

b21b
2
2t

4 b21t
2 logð2Þ

4
b21b

2
2t

4

Early time growth ðt < t�Þ in the LMG model
(from numerical fittings in the Fig. 2)

eλclt ee
−λcl tt λclt e−λcltt

Early time growth ðt < t�Þ in the chaotic mixed-field Ising model
(from numerical data in the Fig. 3)

e2λt e2λt½�� 2λt 2λt½��

Late-time saturation value in chaotic systems DK=2 ΓðDKÞð1=DKÞ logðDK=2Þ logðð2ÞDK−2Þ
DK
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Ô0 ¼
�

2

πα

�
1=4

e−
x̂2
α ; ð40Þ

where α > 0 is a constant that labels different Gaussian
operators and is related to the variance of the Gaussian
probability distribution hxjÔ0i.11 The class of operators
(40) are normalized with respect to the Hilbert-Schmidt
(HS) norm where the trace can be expanded in position
eigenstates

jjÔ0jj2 ¼ ðÔ0jÔ0ÞHS ¼ TrðÔ†
0Ô0Þ

¼
Z þ∞

−∞
dxÔ†

0ðxÞÔ0ðxÞ ¼ 1; ð41Þ

and where we omitted the divergent factor 1=Zð0Þ in the
inner product. Using the solutions to the classical equations
of motion xðtÞ ¼ eλtxð0Þ, the unitary time evolution of Ô0

can be found in a straightforward way to be given by

Ô0ðtÞ ¼ eitĤIHOÔ0e−itĤIHO ¼
�

2

πα

�
1=4

e−
e2λt x̂2

α ; ð42Þ

which we can normalize for all t with respect to the HS
inner product by redefining it to Ô0ðtÞ ≔ ð2=παÞ1=4
eλt=2e−e

2λtx̂2=α. As noted in [26], the Krylov basis of
operators can be written in terms of even Hermite poly-
nomials H2nðzÞ as

K̂n ¼
�

2

πα

�
1=4 1ffiffiffiffiffiffiffiffiffiffiffið2nÞ!p

2n
H2n

� ffiffiffi
2

α

r
x̂

�
e−

x̂2
α : ð43Þ

In the Appendix C. we show that the wave functions
φnðtÞ ≔ i−nðK̂njÔ0ðtÞÞHS take the general form

φnðtÞ ¼ ð−1Þn
ffiffiffiffiffiffiffiffiffiffiffið2nÞ!p
2nn!

tanhnðλtÞ
ðcoshðλtÞÞ1=2 ; ð44Þ

and are thus formally a particular case of the wave functions
discussed in the conformal limit of the SYK (19). Setting
η ¼ 1=2 in the latter, these wave functions coincide up to
the factor ð−1Þn. For example, the Krylov complexity
computed from the wave functions (44) is given by

KOðtÞ ¼
1

2
sinh2ðλtÞ; ð45Þ

which matches (20) for η ¼ 1=2 and α ¼ λ.12

Using the definition (9), we can formally write the
higher-order Krylov complexity for integer 1 ≤ m∈Zþ as

KðmÞ
O ðtÞ ¼ 1

2
mFm−1

�
3

2
; 2;…; 2|fflfflffl{zfflfflffl}

m−1

; 1;…; 1|fflfflffl{zfflfflffl}
m−1

; tanh2ðλtÞ
�

× sechðλtÞ tanh2ðλtÞ; ð46Þ

where pFqða; b; zÞ is the generalized hypergeometric
function, where a ¼ ða1;…; apÞ, and b ¼ ðb1;…; bqÞ.
Note that this is different from (21) in general, since that
expression was valid only for η ¼ 1. However, in general, it
also has a similar formal expression to (24). In fact, for
integer 1 ≤ m∈Zþ, Eq. (46) can be written as

KðmÞ
O ðtÞ ¼ sechðλtÞcosh1þ2mðλtÞ

Xm
k¼1

jS2ðm; kÞj

×
Γð1=2þ kÞ
Γð1=2Þ tanh2kðλtÞsech2ðm−kÞðλtÞ; ð47Þ

where S2ðm; kÞ are Stirling numbers of the second kind,
which have the following generating function

1

k!
ðex − 1Þk ¼

X∞
n¼k

S2ðn; kÞ
xn

n!
: ð48Þ

From (47) we see that for integer 1 ≤ m∈Zþ, the mth
order Krylov complexity has the form

KðmÞ
O ðtÞ ¼

Xm
j¼−m

ν̃m;je2λjt

¼ Γð1
2
þmÞ

21þ2mΓð3
2
Þe

−2mλtþ �� �þ Γð1
2
þmÞ

21þ2mΓð3
2
Þe

2mλt; ð49Þ

with ν̃m;−m¼ ν̃m;m¼2−1−2mΓð1=2þmÞ=Γð3=2Þ, and where
… denotes terms e2jλt with powers 1 ≤ jjj ≤ ðm − 1Þ. So,
similarly to Sec. IV, Eq. (24), the mth order Krylov
complexity has a leading large-t behavior dominated by
∝ e2mλt. The initial-time behavior for integer m is instead
given by

KðmÞ
O ðtÞ ≈ λ2t2

2
þ ð9 · 2m − 14Þ

24
λ4t4 þOðλ6t6Þ; ð50Þ

which exactly matches the early time behavior (26) for
η ¼ 1. This strengthens our intuition that this analysis is
mathematically very close to the η ¼ 1 CFT case.
In order to analytically continue the higher-order com-

plexities (47) to realm∈R and find the logK complexity, it
is useful to rewrite the higher-order complexities for integer
m in the following way:

11Of course, (40) is not properly normalized as a probability
distribution but rather as an operator with respect to the HS norm.

12Note that the parameter α appearing in the Gaussian operator
(40) disappears from the wave functions φnðtÞ, the Lanczos
coefficients bn ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn − 1=2Þp

and from the Krylov complex-
ity (45), because the integrals of products of Hermite polynomials
through the HS inner product are independent of the scale of x.
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KðmÞ
O ðtÞ ¼ sechðλtÞ

X∞
n¼0

nmð2nÞ!
22nðn!Þ2 tanhðλtÞ

2n

¼ sechðλtÞ
X∞
n¼0

nm
�
2n

n

�
yn

4n
; ð51Þ

where y ¼ tanh2ðλtÞ and jyj ≤ 1. Since this series (51) is
absolutely convergent for m∈Zþ, we can perform the
standard analytic continuation nm ↦ em logðnÞ and perform
the replica trick, yielding a formal series expression for
logK

LOðtÞ ¼ lim
m→0

∂

∂m
KðmÞ

O

¼ sechðλtÞ
X∞
n¼1

logðnÞ
�
2n

n

�
tanhðλtÞ2n

4n
; ð52Þ

where we arrived at a regularized expression by subtracting
the logarithmic divergence at n ¼ 0 following (12).
To see the large λt behavior of (52), corresponding to the

limit y → 1, we can perform an expansion of the formal
series using

X∞
n¼1

logðnÞ
�
2n

n

�
yn

≈
1

2
ð1 − yÞ−1=2

�
log

�
1

1 − y

�
− γ − logð2Þ

�
þOðð1 − yÞ1=2 logð1 − yÞÞ; ð53Þ

where γ is the Euler-Mascheroni constant. Multiplying this
expression by sechðλtÞ and using the identities 1−y¼
sechðλtÞ2, logðð1−yÞ−1Þ¼logðcosh2ðλtÞÞ¼2logðcoshðλtÞÞ,
and sechðλtÞð1 − yÞ−1=2 ¼ sechðλtÞ coshðλtÞ ¼ 1, we find
the asymptotic large λt behavior of (52) to be

LOðtÞ ∼ λt −
γ

2
− 2 logð2Þ; ðlarge tÞ: ð54Þ

This shows that, similarly to the SYKq at low energies and
temperatures, in this case, and for the specific choice of
Gaussian initial operator (40), the logarithmic complexity
itself is incapable of accurately avoiding the instability
from the classical unstable saddle. Although this could be
due to the fact that the Krylov subspace is also infinite
dimensional for this particular choice of operator, an
additional exponential growth is already present in
Ô0ðtÞ ∝ eλt=2e−e

2λtx̂2=2. Nevertheless, this brings into ques-
tion the use of logK complexity to resolve the unstable
saddle issue in infinite dimensional systems. In Sec. IX we
return to this issue with a possible resolution. However, it
would be also useful to understand whether classical
notions of Krylov and logK complexity are able to bypass
this problem. This is the focus of the next sections.

VII. CLASSICAL PHASE SPACE ANALYSIS

To understand the main difference between logK com-
plexity and K-complexity as probes of scrambling in finite-
dimensional dynamical systems, it is illustrative to study
their behavior in classical systems with unstable saddles.
Before doing so, in this section we review the Krylov
formalism in classical phase space. We emphasize that, as
noted in [23], the recursion method has been extensively
discussed in the context of classical dynamics [40,64] to
study various properties of many-body systems such as
transport coefficients and even classical Lyapunov expo-
nents [65,66]. However, to a large extent this classical
analysis has focused on the properties of classical auto-
correlation functions and their related moments, Lanczos
coefficients and continued fraction expansions. To bridge
the gap between the quantum formalism of Krylov com-
plexity and the recursion method in classical dynamics, we
give an overview of the basic framework and define
classical notions of Krylov and logK complexity.

A. The algebra of functions in classical phase space

In (bosonic) classical mechanical systems, phase space S
is a real 2N-dimensional symplectic manifold [67], where
the dynamics (phase flow) are generated by a Hamiltonian
vector field XH, related to the system’s Hamiltonian H,
through the Poisson brackets f·; ·gPB

XH ≔
XN
k¼1

�
∂H
∂pk

∂·
∂qk

−
∂H
∂qk

∂·
∂pk

�
≡ −fH; ·gPB; ð55Þ

where fq ¼ ðq1;…; qNÞ;p ¼ ðp1;…; pNÞg are canonical
(Darboux) coordinates in phase space S,H ¼ Hðq;pÞ, and
where the symplectic form is ω ¼ P

k dpk ∧ dqk.13 In this
sense, the Hamiltonian vector field XH is the classical
analog of the Liouvillian: L̂ ≔ ½H; ·� → −fH; ·gPB ≡ XH.
Similarly, the classical analog of quantum observables
(Hermitian operators) in the operator algebra AðHÞ are
real-valued and smooth functions C∞ðSÞ in phase space S,
which together with pointwise multiplication, define an
associative and commutative algebra: the algebra of
classical observables AðSÞ. Time evolution in phase space
is given by the 1-parameter family of diffeomorphisms
generated by XH, ht∶ S → S, t∈R, such that htðq;pÞ ¼
ðqðtÞ;pðtÞÞ, where ðqðtÞ;pðtÞÞ satisfy Hamilton’s equa-
tions: q̇k ≔ dqk=dt ¼ XHðqkÞ ¼ ∂H=∂pk and ṗk ≔ dpk=
dt ¼ XHðpkÞ ¼ −∂H=∂qk, for all k ¼ 1;…; N, and where
ðqð0Þ ¼ q;pð0Þ ¼ pÞ. In other words

13For simplicity, here we focus on bosonic phase space.
Classical fermionic phase spaces are equipped instead with a
symmetric positive-definite bilinear form, a metric gab. See, e.g.,
[68] for details and references therein.
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d
dt
ðhtðq;pÞÞ

����
t¼0

¼ XHðq;pÞ: ð56Þ

This defines the Hamiltonian phase flow in S. Intuitively,
this means that along the integral curves of XH we have
XH ¼ d=dt, and consequently, the integral curves of XH
satisfy Hamilton’s equations. In general, given a classical
observable f∶S → R, f∈AðSÞ, with fðhtðq;pÞÞ ¼
fðqðtÞ;pðtÞÞ ≔ ftðq;pÞ that does not depend explicitly
on time, its time evolution is described by the differential
equation

d
dt
ft ¼ XHðftÞ ¼ −fH; ftgPB: ð57Þ

One may think of (57) as a differential equation for the
family of functions ft ∈AðSÞ with initial condition
ftðq;pÞjt¼0 ¼ fðq;pÞ. Importantly, we can enhance the
algebraic structure of measurable classical observables
ΣS ⊂ AðSÞ by introducing an inner-product. If x ¼
fx1;…; x2Ng ¼ fq1;…; qN; p1;…; pNg are canonical
coordinates in S and f∈ΣS is a measurable function,
we can define its phase-space average by

hfiS ≔
1

μðSÞ
Z
S
dμðxÞfðxÞ; ð58Þ

where μ∶S → R is a measure in S and μðSÞ ≔ R
S dμðxÞ,

such that hIiS ¼ 1, where IðxÞ ≔ 1 for all x∈S. We also
require that the measure μ is preserved under
Hamiltonian flow: μðhtðFÞÞ ¼ μðFÞ for all F∈Γ, where
Γ ⊆ ΣS is any measurable subset of ΣS. In particular, this
implies that the phase space average (58) is invariant
under phase flow, namely

hftiS ¼ 1

μðSÞ
Z
S
dμðxÞfðhtðxÞÞ

¼ 1

μðSÞ
Z
S
dμðyÞfðyÞ ¼ hfiS; ð59Þ

where y ¼ htðxÞ, since μðhtðFÞÞ ¼ μðFÞ ¼ μðh−1t ðFÞÞ for
all measurable F∈Γ ⊂ ΣS implies μðyÞ ¼ μðxÞ. This
allows us to define an inner product of classical observ-
ables as follows: If f; g∈ΣS then we define their inner
product (with respect to μ) as

hf; gi ≔ hf · giS − hfiShgiS: ð60Þ

Note that here we defined hf; gi≡ hg; fi as the con-
nected two-point correlation function between f and g.
Thus, the positive definiteness of (60) is equivalent to the
condition that jjfjj2 ≔ hf; fi ¼ hf2iS − hfi2S ≥ 0, which
can be interpreted as the requirement that the variance of

f in S with respect to the measure μ be non-negative.14

Finally, in order for (60) to properly define a positive-
definite inner product, we take the quotient of ΣS by the
null space of observables with vanishing variance:
Nμ ≔ ff∈ΣSjf ≠ 0; jjfjj2 ≡ 0g. Thus, the algebra of
measurable observables will be the (completion under
the norm topology of the) quotient of ΣS by the null

space Nμ, Σ̂S ≔ gðΣS=NμÞ, which is essentially equivalent
to L2ðΣS; μÞ.

B. The recursion method

Given a measurable function f∈ Σ̂S, we now consider
the following sequence of nested Poisson brackets for f:

ff̃0 ¼ f; f̃1 ¼ −fH; fgPB;…g: ð61Þ

This sequence is comprised of observables f̃n that contain
all mixed derivatives of f up to order n in phase space
combined with derivatives of the Hamiltonian H of the
same order, with

f̃n ≔ ð−1ÞnfH;…; fH; fH; fgPBgPB…|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}gPB
ðn timesÞ

: ð62Þ

Given this sequence, we construct an orthonormal basis of
functions fKng in Σ̂S using the inner product (60) via the
Gramm-Schmidt procedure:

k0¼ f̃0; K0¼
k0

jjk0jj
;

k1¼ f̃1−m̃10k0
..
.

; m̃10¼
hf̃1;k0i
hk0;k0i
..
.

; K1¼
k1

jjk1jj
..
.

;

kl¼ f̃l−
Xl−1
i¼0

m̃liki; m̃li¼
hf̃l;kii
hki;kii

; Kl¼
kl

jjkljj
; ð63Þ

where this procedure stops upon reaching a vanishing kl for
some l ≥ 1. In this case, the set of functions fKng forms an
orthonormal basis hKm;Kni ¼ δmn of a subset of all
measurable observables Σf ⊂ Σ̂S starting from f (with
respect to the measure μ). These orthonormal functions
are the classical phase space analog of the quantum Krylov
basis, with Σf being the classical counterpart to the
quantum Krylov subspace K.

14Using this definition of inner product, functions of the form
fðxÞ ¼ kwhere k∈Rwill trivially have zero norm. This includes
the unit function IðxÞ ≔ 1 with unit expectation value. To avoid
this, we could simply consider hf; gi ≔ hf · giS. Alternatively,
one could focus on nonvanishing “centered” observables f →
f0 ¼ f − hfiS
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The Gramm-Schmidt procedure (63) can typically be
simplified into a classical analog of the Lanczos algorithm.
Starting from

f0 ¼ f0; b0≕
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hf0; f0i

p ≡ jjf0jj; r0 ¼ f0=b0; ð64Þ

for n ≥ 1, we define

fn ¼ −fH; rn−1g þ bn−1rn−2;

bn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hfn; fni

p ≡ jjfnjj;
rn ¼ fn=bn; ð65Þ

where r−1 ≡ 0 and where we assume fn∝fj with
0 ≤ j ≤ n − 1. Analogously to the general Gramm-
Schmidt procedure described above, this process stops
once we reach an l ≥ 1 such that bl ¼ 0. By direct
comparison, the frng with 0 ≤ n ≤ l − 1 form an ortho-
normal basis hrn; rmi ¼ δnm of the classical Krylov sub-
spaceDΣf

that is isomorphic to fKng 0 ≤ n ≤ l − 1. In this
approach, the fbng are the classical Lanczos coefficients
and similarly to the quantum case, carry information about
the time evolution of the observable f0. Their properties
have been amply discussed in [40]. The only difference
between (63) and (65) is that the orthogonality between
different Krylov basis elements is directly implemented in
the former, while in the latter it is assumed that the Poisson
brackets generate a new direction in the subalgebra Σ̂f,
which is not always guaranteed. Thus, in (65) one needs to
verify (often manually) that each new basis element fn is
linearly independent from all previous ones.
A general class of classical observables are polynomials

of the phase space coordinates

f ¼ að0Þ þ
X
i

að1Þi xi þ
X
j;k

að2Þjk x
jxk þ…

þ
X

i1;…;i2N

að2NÞ
i1…i2N

xi1 � � � xi2N ; ð66Þ

with i1 þ � � � þ i2N ¼ 2N and where for bosonic phase

space, only the completely symmetric part of aðnÞi1…in
(1 ≤ n ≤ 2N and i1 þ � � � þ in ≤ 2N) is nonvanishing.
For a given polynomial of degree 0 ≤ d ≤ 2N that depends
on k ≤ dimðSÞ ¼ 2N phase space coordinates, the Krylov
basis will generically consist of at most ðkþ dÞ!=ðk!d!Þ
elements, and thus for this type of classical observables, the
dimension of the classical Krylov subspace satisfies the
inequalities

1 ≤ DΣf
≔ dimðΣfÞ ≤

ðkþ dÞ!
k!d!

≤
ð4NÞ!

ðð2NÞ!Þ2 : ð67Þ

Thus, the problem of finding a classic Krylov basis for a
given classical observable directly translates to the problem

of finding a specific family of multivariate orthogonal
polynomials with respect to a given phase space mea-
sure [64,65].

C. Classical Krylov and logK-complexity

Since the functions (63) [or equivalently (65)] form a
complete basis in Σf, this means that we can write the time-
evolved ft as a linear combination of them, namely

ft ¼
X
n≥0

cnðtÞKn; cnðtÞ ≔ hft;Kni: ð68Þ

We can also define the classical analog of the spreading
operator N ∶Σ̂S → Σf by

N ð·Þ ≔
X
n≥0

nKnhKn; ·i: ð69Þ

With it, and in analogy to the definition (5), we define the
classical Krylov complexity of the classical observable
fðxÞ as the “expectation value” of the spreading operator
N with respect to ft, in other words, by

KfðtÞ ≔
hft;N ðftÞi
hft; fti

≡
P

n≥0njhft;Knij2
jjftjj2

¼
P

n≥0njcnðtÞj2P
n≥0jcnðtÞj2

: ð70Þ

In this classical approach, we can still think that the
orthonormal basis fKng defines an auxiliary one-dimen-
sional and discrete space where each index n labels the
“position” along this space; a classical version of the
Krylov chain. Thus, we can still think of the operational
interpretation of Krylov complexity KfðtÞ as measuring the
mean position of the observable ft in the Krylov chain
generated by fKng. Substituting (68) into (57) and using
the recursion relation (65), where we identify rn ≡Kn, we
can find a recursion relation for the coefficients cnðtÞ

dcnðtÞ
dt

¼ bncn−1ðtÞ − bnþ1cnþ1ðtÞ; ð71Þ

for n ≥ 0 with c−1ðtÞ ¼ 0 and cnðt ¼ 0Þ ∝ δn0.
A replica generalization of the classical spreading

operator (69) is the mth order classical spreading operator
(69), which we define as

N mðftÞ ≔ N ð� � �N ðftÞ � � �Þ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
m times

¼
X
n≥0

nmcnðtÞKn: ð72Þ

With it, we define the classical higher-order Krylov and
logK complexity following Eqs. (9) and (8), namely
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KðmÞ
f ðtÞ ≔ hft;N mðftÞi

hft; fti
¼

P
n≥0n

mjcnðtÞj2P
n≥0jcnðtÞj2

; ð73aÞ

LfðtÞ ≔
∂KðmÞ

f ðtÞ
∂m

�����
m→0

≡
P

n≥1 logðnÞjcnðtÞj2P
n≥0jcnðtÞj2

; ð73bÞ

where we used the fact that the classical Krylov subspace of
an observable of the form (66) is always finite dimensional.
We remark that in the above construction, we takeKn to be
functions of the initial phase space coordinates xð0Þ ¼ x.
Thus, when computing the coefficients cnðtÞ in Eq. (68),
we evolve the observable f in time via ftðxÞ ≔ fðxðtÞÞ
while keeping the basis functions fKng fixed at the initial
time. This leads to the question of whether we can consider
the time dependence in the basis functions Kn while
keeping the initial observable f fixed. Due to the invariance
of the measure μðxÞ with respect to the Hamiltonian phase
flow, we can show that hf · gtiS ≡ hf−t · giS, for any
f; g∈ Σ̂S and as a consequence,hf; gti ¼ hf−t; gi. Thus,
for any Kn

cnðtÞ ¼ hft;Kni≡ hf;Knð−tÞi ≔ c̃nð−tÞ: ð74Þ

In other words, these two kinds of coefficients are,
in general, related to each other by time reflection. As
a consequence, if instead we evolve the Krylov basis
in time, the time-evolved spreading operator N t ¼P

n≥0KnðtÞhKnðtÞ; ·i gives rise to the Krylov complexity

K̃fðtÞ ≔
hf;N tðfÞi

hf; fi ¼
P

n≥0njc̃nðtÞj2P
n≥0jcnð0Þj2

; ð75Þ

which is in general related to (70) by KfðtÞ ¼ K̃fð−tÞ,
since jjftjj2 ≡ jjfjj2, given that hftðxÞ;ftðxÞi¼hfðh−1t
ðhtðxÞÞÞ;fðxÞi¼hfðh−tðhtðxÞÞÞ;fðxÞi¼hfðxÞ;fðxÞi. We
discuss these subtleties in detail and provide examples of
the Krylov formalism in classical phase space in the
Appendix D.

D. Quantum to classical transition

A different question that is independent of the classical
phase space formalism described above is the quantum-to-
classical transition. This transition can be achieved in
different ways, two of which are the Husimi Q representa-
tion [69] and the Wigner-Weyl quasiprobability method
[70]. Generally speaking, the Husimi Q representation
maps a quantum Hamiltonian ĤQ through a coherent basis
fjs;mig to a classical version of said HamiltonianHC. This
approach works when we are given a quantum Hamiltonian
ĤQ that is constructed from SU(2) (pseudo)spin operators
fŜig (i∈ fx; y; zg) satisfying the suð2Þ algebra. The key
idea being that taking the limit of the spin representation s
to infinity s → ∞ amounts to taking a semiclassical limit

ℏeff ∼ 1=s → 0, which, when applied to the expectation
value of the Hamiltonian with respect to the coherent states,
gives the semiclassical limit of the quantum Hamiltonian.
Consider spin coherent states defined by

jαi ¼ eα
�Ŝþjs;−si; ð76Þ

where fjs;mig are eigenstates of fŜ2; Ŝzg. Then, the
quantum Hamiltonian ĤQ can be mapped to its classical
version HC by taking the following limit

ĤQ ↦ HCðα; α�Þ ≔ lim
s→∞

hαjĤQjαi
hαjαi : ð77Þ

Observables in the operator algebra can be mapped to
classical phase space observables in the same way. In
this case, the dynamics of phase space coordinates
fReðαÞ; ImðαÞg are governed by the Hamilton equations
obtained from HCðα; α�Þ. See, e.g., [71] for details of this
approach in the context of the LMG model.
A different, but related approach to map quantum

operators to classical observables is through the Wigner-
Weyl transform,15 which schematically takes the following
form

Aðq;pÞ ≔ 1

πℏ

Z
dy

�
qþ y

2

����Â����q −
y
2

�
e−ip·y=ℏ; ð78Þ

where fq;pg are classical phase space coordinates and
where we temporarily reinstated ℏ. Equation (78) becomes
the Wigner function whenever Â is a density operator ρ̂.
The Wigner representation naturally induces a Moyal
bracket (see, e.g., [73]):

ffA; Bgg ¼ −fA;BgPB þOðℏ2Þ: ð79Þ

The equations of motion derived from this representation
naturally include quantum corrections on top of the
classical function:

Atðq;pÞ ¼ AC
t ðq;pÞ þ

X∞
i¼1

ℏ2iAðiÞ
t ðq;pÞ; ð80Þ

which is a solution of the Moyal equations of motion

Ȧt ¼ ffH;Atgg ¼ −fH;AtgPB þOðℏ2Þ; ð81Þ

whereH is a classical Hamiltonian. Eq. (81) reduces to (57)
in the limit ℏ → 0. One strength of the Wigner function is
that it allows us to find the classical analog of quantum

15See [72] for a recent work on studying Krylov complexity
from Wigner’s method. It will be interesting to explore con-
nections between their work and our formalism.
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states. Intuitively, given a density operator ρ̂, its classical
analog is a (quasi)probability measure μρ̂. For more details
of the Wigner approach to the study of operator growth in
phase space, see [72,74,75].

E. Classical measures arising from quantum states

In this direction, we can also ask what is the classical
analog of the Wightman inner product (2). Given ρ̂β ¼
e−βĤ and Zβ ≔ trðρ̂βÞ, it is straightforward to verify using
the Wigner function formalism that the thermal density
operator ρ̂β induces the statistical Boltzmann-Gibbs mea-
sure in classical phase space given by

dμβðq;pÞ ≔ e−βHðq;pÞdqdp; ð82Þ

where H is the corresponding classical Hamiltonian to the
quantum Hamiltonian Ĥ. Thus, the thermal expectation
value h·iβ ¼ trðρ̂β·Þ=Zβ in quantum mechanics induces the
statistical (canonical) Boltzmann-Gibbs expectation value
in classical phase space

hfiβS ≔
1

μβðSÞ
Z
S
dqdpe−βHðq;pÞfðq;pÞ; ð83Þ

with μβðSÞ≡
R
S dqdpe

−βHðq;pÞ being the classical analog
of the thermal partition function Zβ. As a consequence, the
Wightman inner product, as well as other thermal inner
products such as the Kubo inner product, become

hf; giβ ≔ hf · giβS ≡ 1

μβðSÞ
Z
S
dμβðq;pÞfðq;pÞgðq;pÞ;

ð84Þ

where here f; g∈ Σ̂S are centered observables (vanishing
expectation value hfiS ¼ 0 ¼ hgiS). Therefore, the
Wightman inner product (2) becomes the Boltzmann-
Gibbs inner product (84) in the classical limit:
ðfjgÞW ↦ hf; giβ, where jfÞ; jg) are the GNS states cor-

responding to the operators f̂; ĝ and where f, g are the
corresponding classical observables, which we can also
obtain using the Wigner–Weyl transform. In contrast, the
density operator corresponding to a single energy eigen-
state ρ̂E ¼ jEihEj gives rise to the microcanonical measure
μEðq;pÞ given by

dμEðq;pÞ ≔ δðHðq;pÞ − EÞdqdp; ð85Þ

which intuitively corresponds to the constraint that the orbit
in phase space fqðtÞ;pðtÞg remains confined to a constant-
energy hypersurface E ¼ Hðq;pÞ. It is worth noting that
the phase space trajectories in integrable systems do not go
through the whole energy surface; while in chaotic systems,
it could be ergodic in the long-time limit. In this case,

μEðSÞ ¼
R
dμEðq;pÞ≡ ZðEÞ. Finally, the symplectic form

ω ¼ dp ∧ dq induces a natural symplectic volume over the
phase space, given by the Liouville measure dμLðq;pÞ ≔
ω∧n

=n! ¼ dq1 ∧ dp1 ∧ … ∧ dqN ∧ dpN ¼ dqdp. It rep-
resents a uniform distribution over the whole phase space
S. In this case, μLðSÞ ≔

R
dμLðq;pÞ≡ VolðSÞ represents

the volume of S. Finally, a key observation is that the
measures {μβ (82); μE (85); μL} are invariant under
Hamiltonian phase flow. This is true also for μL even
though it does not depend explicitly on the Hamiltonian.
The reason is that the symplectic form ω is indeed
preserved under Hamiltonian phase flow [67]. On the other
hand, μβ and μE are invariant under phase flow if the
Hamiltonian present in their expression is the same one that
gives rise to the phase flow.
We emphasize that our description of the classical phase

space approach is independent of choices of (semi)classical
mapping from the quantum level. Therefore, in principle,
our classical algorithm applies to any well-defined and
bounded functions in classical phase space. See for
example [76] for an application in the context of OTOCs.

VIII. APPLICATIONS TO CLASSICAL SADDLE
DOMINATED SCRAMBLING

Given this general formalism, in this section, we discuss
its application to identify scrambling coming from a single
isolated saddle. For simplicity, consider a dynamical
system with a two-dimensional phase space S, which
has an isolated unstable saddle at ðaþs ; a−s Þ. By this we
mean that the solutions to the linearized equations of
motion around this point ðaþs ; a−s Þ þ ðδaþ; δa−Þ, given by

dδa�ðtÞ
dt

≈�λclδa�ðtÞ; ð86Þ

have the following exponential behavior:

δaþðtÞ ¼ δaþ0 e
þλclt; δa−ðtÞ ¼ δa−0 e

−λclt; ð87Þ

with δa�0 ≔ δa�ðt ¼ 0Þ, but behave regularly away
from ðaþs ; a−s Þ. Such would be the case in a classically
integrable system that has a single isolated unstable saddle,
such as the LMG model. In this context, ðδaþ; δa−Þ are
called normal coordinates. The linearized Hamiltonian
giving rise to (86) is of the form HL ≈ λclδaþδa−, which
is related to the Hamiltonian of an inverted harmonic
oscillator, HIHO ¼ λclðp2 − q2Þ=2, by a π=4-rotation:
δaþ ¼ −ðqþ pÞ= ffiffiffi

2
p

, δa− ¼ ðq − pÞ= ffiffiffi
2

p
. One can verify

that in these coordinates the Poisson bracket has the same
form as (55), where δaþ acts as a generalized coordinate
and δa− as its conjugate momentum.
The exponential behavior (87) is typically constrained to

occur near the saddle point ðaþs ; a−s Þ within a narrow strip
SδðtÞ ⊂ S of the full phase space [33,38,39]
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SδðtÞ ¼ fðδaþ; δa−Þ∈Sjjδaþj < δe−λclt=2; jδa−j < δ=2g;
ð88Þ

with a volume VolðSδðtÞÞ ¼ δ2e−λclt, for early times t <
t� ∼ logðSÞ and sufficiently close to the saddle point δ ≪ 1.
A schematic plot of this growth is shown in Fig. 4. Note the
exponential decay of the volume VolðSδðtÞÞ around the
saddle point. This is to counteract the exponential growth of
the positive normal coordinate δaþðtÞ ∝ eλclt and is an
implementation of the constraint that δaþðtÞ grows expo-
nentially only sufficiently near the saddle point ðaþs ; a−s Þ.
The authors in [33] argue that the fact that the volume of the
strip decays exponentially along the solution (87) is the
reason why the classical unnormalized “OTOC,” computed
by the unnormalized phase space average of the following
Poisson bracket squared,

C�ðtÞ ¼ VolðSδðtÞÞ ×
�����	δaþðtÞffiffiffi

2
p ;

δa−ffiffiffi
2

p



PB

����2�
SδðtÞ

¼ VolðSδðtÞÞ
VolðSδðtÞÞ

Z
SδðtÞ

dμðδaþ; δa−Þ
���� 12 δaþðtÞδaþ0

����2
¼ VolðSδðtÞÞ ×

�
eþ2λclt

4

�
¼ δ2

4
eþλclt; ð89Þ

grows as ∝ eþλclt in the LMG model and not as ∝ eþ2λclt, as
it would in a truly chaotic system [33]. In (89), we used the
Liouville measure dμL ¼ dðδaþÞdðδa−Þ in the phase space
average (58) constrained to the strip SδðtÞ to compute the
expectation value of the Poisson bracket. In their case,
the phase space average is normalized with respect to the
surface area of the unit 2-sphere S2, which highlights an
important difference between our approaches. To be pre-
cise, it is clear that if we normalize the OTOC (89) by the
volume of the strip, this would contribute a positive
exponential factor: C̄�ðtÞ ¼ hjfδaþðtÞ; δa−gPBj2iSδðtÞ ¼
jδaþðtÞ=δaþ0 j2 ¼ e2λclt, leading to a different semiclassical
bound on the quantum Lyapunov exponent λL ≥ 2λcl,
contradicting their claim. One way to make sense of this

apparent contradiction is that the authors in [33] use
coordinates defined in S2 to compute an equivalent expect-
ation value in the strip, where normalizing with respect to
the surface area of S2 is the natural choice in their setup.
We now ask whether we can compute the Krylov and

logK-complexity of classical observables in this setup, and
how does it compare with the behavior of the classical
unnormalized OTOC: C�ðtÞ ¼ δ2eλclt=4. An important
remark is that, regardless of the normalization factor in
the phase space average, integrating functions fðδaþ; δa−Þ
with respect to the Liouville measure over the strip will lead
to additional time-dependent factors in their associated
Krylov bases, while at the same time spoiling the equiv-
alence jjftjj ¼ jjfjj. In other words, even though the
measure dμL is invariant under phase flow, integrating
observables or Krylov basis elements over the strip SδðtÞ
produces additional and exponentially suppressing factors.
Thus, omitting the normalization factor in the phase space
average may not be enough to remove the additional
exponentially suppressing factors arising from integrating
over the strip (88), as we discuss below.
Ideally, we would like to compute these complexities

for an observable that is linear in normal coordinates
f ∼ δaþ; δa−. Choosing faþ ¼ δaþ or fa− ¼ δa− leads
to a one-dimensional classical Krylov subspace
dimðΣfa− Þ ¼ 1 ¼ dimðΣfaþ Þ [as can be seen in (67)] with
vanishing Krylov and logK complexities. This is simply
because the sequence of nested Poisson brackets (61)
satisfies f̃n ∝ λnclf̃0 ∀ n ≥ 1 and the resulting Krylov basis
elements vanish identically Kn ≡ 0 ∀ n ≥ 0, with K0 ≔
f̃0=ðjjf̃0jjÞ being the only nonvanishing element. This
makes complete sense, since a nonzero Krylov/logK com-
plexity requires at least a two/three dimensional classical
Krylov subspace Σf and we need a single properly normal-
ized polynomial to describe the full time evolution of such
type of observables. The same is true for observables of the
form flaþ ¼ ðδaþÞl or fla− ¼ ðδa−Þl with l ≥ 1, as in this
case one has DΣf

¼ dimðΣfÞ ≤ ð1þ ðl − 1ÞÞ!=l!≡ 1

[where we removed the contribution from the 0th order
monomial, i.e., the constant term in (66)].
Thus, the simplest observable with a nontrivial classical

Krylov complexity is fðδaþ; δa−Þ ¼ Aþδaþ þ A−δa−. To
make a connection with the canonical coordinate of the
inverted harmonic oscillator q ¼ ðδa− − δaþÞ= ffiffiffi

2
p

, we
choose A− ¼ 1=

ffiffiffi
2

p ¼ −Aþ, that is, fðδaþ; δa−Þ ≔
qðδaþ; δa−Þ. In this case, a straightforward computation
of the Krylov basis (63), which as mentioned above carries
an inherent time dependence due to the phase space average
being computed in the strip (88), leads to the following
classical Krylov complexity (70)

KqðtÞ ¼
jc1ðtÞj2

jc0ðtÞj2 þ jc1ðtÞj2
¼ tanhðλcltÞ2; ð90Þ

FIG. 4. Schematic figure for the phase space trajectory of the
linearized dynamics around the unstable saddle point. The blue
curve represents the solution (87). The orange and dashed region
is the strip (88) within which the orbit of the initial phase space
point ðδaþ0 ; δa−0 Þ evolves exponentially.
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which is independent of δ and, moreover, is also indepen-
dent of the choice of normalization factor 1=μðSδðtÞÞ ¼
1=VolðSδðtÞÞ in the phase space average (58). This
Krylov complexity has an initial time behavior KqðtÞ≈
λ2clt

2 þOðt4Þ, consistent with expectations, but does not
grow according to sinhðλcltÞ2 beyond this early time
behavior. However, an interesting feature of this quantity
is that it saturates to a value Kq ¼ DΣf

=2 ¼ 1, which
signals the finiteness of the Krylov subspace of fq.
If we do not normalize the Krylov complexity (70) by the

factor 1=ðjjftjj2Þ and if we keep a generic normalization of
the phase space average with 1=VolðSÞ, we instead find a
behavior of the form

K̃qðtÞ ¼ jc1ðtÞj2 ¼
δ4e−2λclt

12VolðSÞ
sinhðλcltÞ2
coshðλcltÞ

: ð91Þ

Choosing VolðSÞ ↦ VolðS2Þ ¼ 1 as in [33] leads to
slower early time growth K̃qðtÞ ≈ δ4ððλcltÞ2=12 − ðλcltÞ3=
6þOðt4ÞÞ and late-time vanishing K̃qðtÞ !t→∞

0. Instead,
choosing VolðSÞ ↦ VolðSδðtÞÞ ¼ δ2e−λclt in (91) leads to
the following expression

K̃qðtÞjSδðtÞ ¼
δ2

12
sinhðλcltÞ2ð1 − tanhðλcltÞÞ: ð92Þ

This expression has an initial growth K̃qðtÞjSδðtÞ ≈
ðδ2=12ÞððλcltÞ2 − ðλcltÞ3 þOðt4=3ÞÞ and a late time satu-

ration K̃qjSδðtÞ ¼ δ2=24. Both (91) and (92) grow slower
than (90). Thus, none of these quantities has an exponen-
tially growing behavior similar to C�ðtÞ. But is it a sensible
comparison? The unnormalized OTOC (89) is computed
for the Poisson brackets of the normal coordinates
fδaþðtÞ; δa−ð0ÞgPB. However, the Krylov complexity
(90) is computed for the observable qðδaþ; δa−Þ ¼
ðδa− − δaþÞ= ffiffiffi

2
p

. Thus, a more sensible comparison would
be between (90) and the following unnormalized OTOC

CqpðtÞ ¼ VolðSδðtÞÞ × hjfqðtÞ; pð0ÞgPBj2iSδðtÞ
¼ VolðSδðtÞÞ

VolðSδðtÞÞ
Z
SδðtÞ

dμðδaþ; δa−Þj coshðλcltÞj2

¼ VolðSδðtÞÞ × ðcoshðλcltÞ2Þ ¼ δ2e−λclt coshðλcltÞ2

¼ δ2

4
ðe−3λclt þ e−λclt þ eλcltÞ; ð93Þ

where we still find a late time exponential growth ∝ eþλclt

beyond the initial exponentially decaying-behavior gov-
erned by ∝ e−3λclt. So, even though at small times the
classical Krylov complexity (90) grows faster than the
OTOC (93), the latter will continue to grow exponentially
at a timescale where the former has already saturated. These
observations suggest that the classical version of Krylov

complexity (70) is insensitive to the exponentially growing
contribution from the unstable saddle.
For completeness, it is also illustrative to compute the

logarithmic complexity. As discussed above, the first non-
trivial example where we can compute logK involves
quadratic polynomials of phase-space coordinates. For
simplicity, we choose the initial function as fðp; qÞ ¼ q2.
Following the classical Krylov formalism, we find the
associated normalized Krylov and logK complexities:

Kq2ðtÞ ¼
4sinh2ðtλclÞ

2þ 5 coshð2tλclÞ

×
ð9þ 79 cosh ð2tλclÞþ 10 coshð4tλclÞÞ

ð5þ 2 coshð2tλclÞÞ2
; ð94Þ

Lq2ðtÞ ¼
40 logð2Þsinh4ðtλclÞ

29 cosh ð2tλclÞ þ 5ð3þ cosh ð4tλclÞÞ
: ð95Þ

Their behavior is shown in Fig. 5 for λcl ¼ 1. From this
figure we see that, similarly to the numerical results in
Sec. V, the elogK is suppressed at early times compared to
Krylov complexity. Thus, bothKq2ðtÞ andLq2ðtÞ behave as
they would in an otherwise integrable classical system; see
Appendix D for a comparison. In the next section, we
discuss a possible resolution of the insensitivity of logK to
suppress the exponential growth in the infinite-dimensional
quantum cases of the integrable q ¼ 2 SYK and the inverted
harmonic oscillator.

IX. REVISITING THE REPLICA APPROACH AND
A NEW OPERATOR GROWTH MEASURE

In this section, we discuss a possible resolution to the
observations in Secs. IV, VI regarding the behavior of logK
complexity in the conformal limit of the SYK and in the
inverted harmonic oscillator, respectively. We outline a
direction that goes beyond the universal information
accessible to Krylov complexity by taking into account
details of the underlying theory and operator. At the end of
this section, we also connect it to the higher-order Krylov

0 2 4 6 8 10
0

0.5

1.

0 2 4 6 8 10
0

1

2

FIG. 5. Left panel: normalized Krylov complexity KðtÞ (90)
(blue) and unnormalized Krylov complexity (92) with strip
constraint 12K̃ðtÞ=δ2 (orange) for initial function q. Right panel:
normalized Krylov complexity KðtÞ (94) (blue) and elogK
complexity (orange) EKðtÞ from (95) (orange) for initial function
q2. We chose λcl ¼ 1 for both plots.
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complexities used to define the logarithmic Krylov com-
plexity via the replica trick.

A. Basic idea and intuition

One of the key differences between the SYKq and the
inverted harmonic oscillator and those described in Sec. V
is the dimensionality of the Krylov space. This suggests
that the implementation of the replica trick (8) in infinite-
dimensional Krylov spaces is still unable to accurately
capture the integrable properties of the underlying theory
from the perspective of operator growth. At the same time,
it is also unable to offer a precise distinction between
scrambling coming from an unstable saddle, as in the case
of the inverted harmonic oscillator, and scrambling asso-
ciated with a genuine chaotic theory in the spectral sense, as
in the q > 2 SYKq case.
In the case of the SYKq at low energies and temper-

atures, the description of the Krylov complexity and its
higher-order generalizations relied entirely on the SLð2;RÞ
symmetries of the chiral CFT2 which gave an exact form of
the wave functions φnðtÞ. In such a derivation, no details of
the CFT are present, namely whether it is an integrable or a
large-c holographic CFT2. Similarly, in the case of the
inverted harmonic oscillator, the computation of the Krylov
complexity for Gaussian operators relied on the fact that we
could find an exact form of the wave functions which in this
case relied on the special choice of initial operator. It would
seem that we need to incorporate more fine-grained
information about the integrability details of the theory
or about the particular choice of operator if we want to
solve this issue.
Away to do this is to consider a function of the spreading

superoperator n̆ðtÞ ¼ e−iL̆tn̆eiL̆t that is sensitive to theory
and operator-dependent information δÔðn̆; infoðL̆ÞÞ. In
general, we propose that such a function δÔðn̆; infoðL̆ÞÞ
can be written as a subtraction of two terms. The first one
consisting of a function of the spreading superoperator that
weighs directly the locality of the Hamiltonian through an
exponent that takes into account the particular interplay
between a given operator and the Liouvillian, and the
second one a regularized version version of the first one,
that takes into account universal (operator-independent)
information about the underlying theory. Schematically,
this can be expressed by the following formula

δÔðn̆; infoðL̆ÞÞ ∼ Bareðn̆FðÔ;L̆ÞÞ − Regðn̆FðÔ;L̆ÞÞ; ð96Þ

where FðÔ; L̆Þ is a function that depends on the particular
class of operators and details of the theory captured by the
Liouvillian. For example, in k-local theories, it would be
desirable for such a function to weight the change in
operator size Δs increasingly more as the operators in the
theory become more nonlocal in the whole operator Hilbert
space and not just in its own Krylov subspace. In this way,

one could gain better insight into how to engineer concrete
probes of operator growth that accurately capture the
dynamics.

B. General idea and realization in the SYKq model

We now outline concretely what we mean by this in the
case of the SYKq. Recall the q-body SYK Hamiltonian for
Nf Majorana fermions given by (16). Let us focus on the
case where Nf and q are even. We propose a q-sensitive
measure of operator growth that accurately distinguishes
between the integrable q ¼ 2 and the chaotic q ≥ 4 cases

QðqÞ
Ô
ðtÞ ¼ ðOðtÞjδÔðn̆; qÞjOðtÞÞ; ð97Þ

where jO) is a GNS state corresponding to an operator Ô in
the algebra of bounded linear operators BðHÞ in the SYK
Hilbert space H, and where δOðn̆; qÞ is a function of the
spreading superoperator n̆ that crucially takes into account
the details of the precise theory, encoded in the q-body
interaction, as well as the specific details about the operator,
such as its relative size compared to the basis elements of
BðHÞ. To be concrete, in the case of operators of the
form Ô ∝ ψ̂ i, we propose a precise form of δÔðn̆; qÞ to be
given by

δÔðn̆; qÞ ≔ υÔðn̆; qÞ − γÔðn̆; qÞ; ð98Þ

where υÔðn̆; qÞ and γÔðn̆; qÞ are q-weighted functions of
the spreading operator given by

υÔðn̆; qÞ ≔ Λn̆
q−2
2 ; ð99Þ

γÔðn̆; qÞ ≔ Λ
�
n̆

q−2
2 − ð1 − IðqÞÞ q

2
n̆ − IðqÞ

�
1 −

ð0Þn
n!

�
1̆

�
;

ð100Þ

respectively, where n ≔ hn̆iK is the expectation value of the
spreading superoperator in the Krylov basis, ðaÞk ≔ Γðaþ
kÞ=ΓðaÞ is the Pochhammer symbol, Λ is related to the
effective dimension of BðHÞ probed by Ô, 1̆ is the identity
operator in the GNS Hilbert space and where IðqÞ is a
selector defined by

IðqÞ ≔ sinðπðq − 2ÞÞ
πðq − 2Þ ; ð101Þ

such that Ið2Þ ≔ limq→2 IðqÞ ¼ 1 and IðqÞ ¼ 0 for q ≥ 4

and hence IðqÞ ¼ δq2 for integer q ≥ 2. The q-weighted
functions (99) and (100) similarly define q-sensitive
notions of operator growth

ϒðqÞ
O ðtÞ ≔ ðOðtÞjυÔðn̆; qÞjOðtÞÞ; ð102Þ
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ΓðqÞ
O ðtÞ ≔ ðOðtÞjγÔðn̆; qÞjOðtÞÞ: ð103Þ

To see what these q-weighted functions υ (99) and γ (100)
physically mean, let us study separately the q ¼ 2 and
q ≥ 4 cases. For q ¼ 2, their expectation values with
respect to the time evolved operator ÔðtÞ using the
Wightman inner product yield

ϒð2Þ
O ðtÞ ¼ ðOðtÞjΛn̆0jOðtÞÞ ¼ Λ;

Γð2Þ
O ðtÞ ¼ ðOðtÞjΛðn̆0 − ð1 − ð0Þn=n!Þ1̆ÞjOðtÞÞ

¼ Λð1 − ð1 − jφ0ðtÞj2ÞÞ ¼ Λcosh−2ðπt=βÞ;
ð104Þ

where we used the wave functions (19) with η ¼ 2=q and
α ¼ π=β, corresponding to the wave functions of an initial
operator Ô0 ∝ ψ̂1 with respect to the Wightman inner
product at low temperatures, namely

φnðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðnþ 2=qÞ
n!Γð2=qÞ

s
tanhnðπt=βÞ
cosh2=qðπt=βÞ : ð105Þ

Thus, in this case, Eq. (97) yields

Qð2Þ
ψ̂1
ðtÞ ¼ Λtanh2ðπt=βÞ ðq ¼ 2Þ; ð106Þ

where Λ sets the late-time saturation value of Qð2Þ
ψ̂1
ðtÞ.

Similarly, for q ≥ 4, we have

ϒðqÞ
O ðtÞ ¼ ðOðtÞjΛn̆q−2

2 jOðtÞÞ ¼ ΛKðq−2
2
Þ

O ðtÞ;

ΓðqÞ
O ðtÞ ¼

�
OðtÞ

����Λ�n̆q−2
2 −

q
2
n̆

�����OðtÞ
�

¼ Λ
�
K

ðq−2
2
Þ

O ðtÞ − q
2
KOðtÞ

�
; ð107Þ

and thus

QðqÞ
ψ̂1
ðtÞ ¼ Λsinh2ðπt=βÞ ðq ≥ 4Þ; ð108Þ

for q ≥ 4. Here, Kðq−2Þ=2ðtÞ are the higher-order complex-
ities with integer m ¼ ðq − 2Þ=2. In the expressions above,
we used again the fact that for operators of the form
Ô0 ∝ ψ̂1, the wave functions are unchanged and given by
(105). Now let us analyze these results.

ϒðqÞ
O ðtÞ is a bare q-sensitive complexity that weights

directly the q-locality of the SYK Hamiltonian. The
exponent ðq − 2Þ=2 is no accident: it represents the increase
in size that a single Majorana, our initial operator Ô ∝ ψ̂ i,
undergoes as it commutes with the SYK Hamiltonian (16)
initially. Before discussing this in more detail below, let us

point out that however, this quantity by itself has two
issues: (1) it remains constant and equal to the scale Λ for
q ¼ 2, and (2) at late times, it grows according to
∝ eπðq−2Þt=β, by analogy with the higher-order complexities.
Thus, for q > 4, the growth rate of this bare complexity
exceeds the (conjectured) generalized chaos bound
λK ≤ 2π=β, where λK is the Krylov exponent. To account
for this exceeding growth, we have to subtract a regularized

q-sensitive complexity ΓðqÞ
O ðtÞ, which has a leading growth

similar to ϒðqÞ
O ðtÞ, but from which we subtract the universal

aspect of the operator growth: (1) for q ¼ 2 the probability
amplitude of the autocorrelation function jφ0ðtÞj2, and
(2) for q > 4 the Krylov complexity KOðtÞ. Subtracting
ϒðqÞ

O ðtÞ and ΓðqÞ
O ðtÞ thus provides a q-sensitive quantity (97)

that retains the universal aspect of the usual Krylov
complexity, while also accurately capturing the integrable
properties of the theory. Computationally, it would have
made sense to just consider the difference (98), but
conceptually it is important to note that it arises from
the difference of two q-sensitive notions of operator growth
that nevertheless, by themselves, suffer from similar issues
to the usual higher-order Krylov complexities.
An important aspect to note is that in this case, where the

initial operator is a simple Majorana fermion Ô ∼ ψ̂ i, the
q-sensitive complexity (97) reduces to a subtraction of
higher-order complexities regulated by universal informa-
tion: the probability amplitude of the autocorrelation
function for q ¼ 2 and the Krylov complexity for q ≥ 4.
If we instead wanted to engineer the function δOðn̆; qÞ for
different initial operators, say, for strings of Majorana
fermions, we would need to account for this through the
exponent in υOðn̆; qÞ and through the subtraction in
γOðn̆; qÞ, while at the same time considering that in this
case the wave functions would certainly be different from
(105). For example, as we will discuss below, one would
change n̆ðq−2Þ=2 ↦ n̆κðΔstyp=2Þ, where Δstyp reflects the
“typical” increase in operator size induced by the action
of the Liouvillian and κ is an effective exponent. At the
same time, the selector IðqÞ and universal subtractions
would need to be adjusted.

C. Details of operator size in the SYKq model

Let us now be precise on where the factor (q − 2) comes
from in (99), (100) and the selector (101). To do this, we
have to discuss the increase in size of a strings of Majorana
fermions through their commutation with the q-body
Hamiltonian (16). We follow the general arguments out-
lined in [77,78] (see also [79] for a recent application of
these ideas in Brownian spin SYK models). Consider the
q-Majorana monomials

ψ̂ I ≔ ψ̂ i1 � � � ψ̂ iq ; I ¼ fi1 < � � � < iqg; ð109Þ
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which contain ordered products of q-Majorana fermions.
We will use them to define a basis for the operator algebra
in terms of Majorana strings. For each subset A ⊂ SNf

≔
f1;…; Nfg define a Majorana string Ψ̂A associated with the
subset A by

Ψ̂A ≔ ijAjðjAj−1Þ=2
Y
a∈A

ψ̂a; ð110Þ

where we define Ψ̂∅ ≔ 1̂. The size of the Majorana string
Ψ̂A is defined as the cardinality of the subset

sðΨ̂AÞ ≔ jAj: ð111Þ

The Majorana strings are Hermitian operators Ψ̂†
A ¼ Ψ̂A

that are orthonormal with respect to the Hilbert-
Schmidt inner product ðΨ̂AjΨ̂BÞHS≔2Nf=2trðΨ̂AΨ̂BÞ¼δAB.
Moreover, they form a complete basis of the algebra of
linear bounded operators in the SYK Hilbert space H with
respect to the HS inner product, BðHÞ. Since there is a
single basis element for a given subset A ⊂ SNf

¼
f1;…; Nfg, this means that there are 2Nf basis elements

in BðHÞ. Because of this, the operator size sðΨ̂AÞ ¼ jAj
induces a direct-sum decomposition of BðHÞ

BðHÞ ¼ ⨁
Nf

s¼0

Vs; Vs ¼ spanfΨ̂A∶ jAj ¼ sg; ð112Þ

where dimðVsÞ ¼ Nf!=ðs!ðNf − sÞ!Þ. Intuitively, this
implies that “most” operators live near s ∼ Nf=2, while
simple operators are supported at small s.
At the same time, any operator Ô∈BðHÞ can be

uniquely expanded in the Majorana string basis

Ô ¼
X
A⊂SNf

ðΨ̂AjÔÞHSΨ̂A; ð113Þ

and can be projected to a fixed size s sector by the
projection operator

Π̂sÔ ≔
X
jAj¼s

ðΨ̂AjÔÞHSΨ̂A: ð114Þ

Now, given two subsets A; B ⊂ SNf
, the Clifford algebra for

the Majorana fermions fψ̂ ig implies that the products of
Majorana strings satisfy

Ψ̂AΨ̂B ¼ σðA;BÞΨ̂A△B; ð115Þ

where σðA; BÞ∈ f�1g is just a sign that can be directly
computed, and where A△B ≔ ðA ∪ BÞ − ðA ∩ BÞ is the
symmetric difference [80]. As a consequence, the size of
Ψ̂AΨ̂B is determined by

sðΨ̂AΨ̂BÞ ¼ jA△Bj ¼ jAj þ jBj − 2jA ∩ Bj
¼ sðΨ̂AÞ þ sðΨ̂BÞ − 2rAB; ð116Þ

where we defined rAB ≔ jA ∩ Bj. Since the SYKq

Hamiltonian can be seen as a sum of size-q Majorana
strings, it can be schematically written as

ĤðqÞ
SYK ¼ iq=2

X
jIj¼q

JIΨ̂I: ð117Þ

Now, taking a single Majorana string Ψ̂I with jIj ¼ q and
commuting it with a basis element Ψ̂A we get

½Ψ̂I; Ψ̂A� ¼
	
2σðI; AÞΨ̂I△A for odd rIA;

0 for even rIA:
ð118Þ

As a consequence, if the initial size of Ψ̂A is s, and if its size
after acting on it with the Liouvillian

L̆ðqÞ
SYKðΨ̂AÞ ≔ ½ĤðqÞ

SYK; Ψ̂A�≡ iq=2
X
jIj¼q

JI½Ψ̂I; Ψ̂A�; ð119Þ

is given by s0 ¼ jI△Aj, then the increase in the size of the
operator Ψ̂A through the action of the Liouvillian is given
by

Δs ≔ s0 − s ¼ jI△Aj − jAj
¼ jIj − 2jI ∩ Aj ¼ q − 2rIA: ð120Þ

Moreover, since Π̂sL̆
ðqÞ
SYKΠ̂s0 ¼ 0 unless q − 2rIA for odd

rIA ∈ ½1;minðs; qÞ�, this means that the Liouvillian only
connects size sectors separated exactly by

Δs ¼ q − 2rIA ∈ fq − 2; q − 6; q − 10;…g; ð121Þ

and only through odd-overlap channels. In particular, this
means that for operators Ψ̂A of size s ¼ jAj with s ≪ Nf,
overlaps with rIA ≥ 3 are combinatorially suppressed. This
implies that the dominant early time growth channel in this
case, the r ¼ 1 channel, gives Δs ¼ q − 2. A way to state
this fact schematically is

L̆ðqÞ
SYK∶ Vs → ⨁

1≤r≤minðs;qÞ
Vsþq−2r; ð122Þ

where r is odd. Thus, for s ≪ Nf the dominant block
resulting from the action of the Liouvillian is Vs ↦ Vsþq−2.
This fact becomes a sharp statement if we consider a single
Majorana fermion Ô ¼ ψ̂ i, i.e., s ¼ 1. A term in the
Hamiltonian Ψ̂I contributes in the Liouvillian only if
i∈ I, in which case we have r ¼ 1. Thus, acting once
with the Liouvillian on ψ̂ i sends a size 1 string to a q − 1
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string: Δs ¼ ðq − 1Þ − 1 ¼ q − 2. Moreover, in the large-
Nf limit, finite-size operators will increase their size to a
good approximation by Δs ≈ q − 2. However, for finite Nf

and for initial operators of size s ∼OðNfÞ, the overlaps
with r ¼ 3; 5;… are no longer combinatorially rare and the
Liouvillian can increase the operator size by (121) includ-
ing negative values, i.e., via shrinking channels. As the
initial operator continues to commute with the
Hamiltonian, the possible outcomes in operator size begin
to resemble a biased random walk.16 This is shown
schematically in Fig. 2 of [77]. In such a case, it is no
longer true that the increase in size is fixed to be
Δs ¼ q − 2, and thus a correct q-sensitive notion of
operator growth, such as (102) and (103) will have to be
modified in some way to account for this biased random
walk. Therefore, the factors of q − 2 appearing in (99),
(100) and the selector (101) represent the dominant small-
size/early time growth channel generated by the SYK
Liouvillian.

D. The inverted harmonic oscillator

A similar logic can be applied to the case of the inverted
harmonic oscillator (39) for simple operators constructed
from fx̂; p̂g. Since the Liouvillian L̆IHO ¼ ½ĤIHO; ·� does
not generate new operator structures beyond the linear span
of fx̂; p̂g for any given initial operator written as a linear
combination of these two operators, repeated action by the
Liouvillian will never leave the size s ¼ 1 subspace, where
here by size we mean the minimal number of factors of
fx̂; p̂g in a normally ordered monomial basis. This means
that the increase in size will always be Δs ¼ 0. In this
sense, a correct probe of operator growth should not grow
in complexity under the Liouvillian, thus the only sensible
choice for (97) would be

QIHO
O ðtÞ ¼ ðÔðtÞjδOðn̆;ΔsÞjÔðtÞÞHS

¼ ðÔðtÞjΛðn̆Δs − n̆Δs þ ð1 − ð0Þn=n!ÞÞjÔðtÞÞHS
¼ Λð1 − jφ0ðtÞj2Þ; ð123Þ

which in the case where Ô ¼ x̂ yields

QIHO
x̂ ðtÞ ¼ Λð1 − sechðλtÞÞ: ð124Þ

This behavior is qualitatively similar to the results from the
classical phase space analysis described in the previous
section for classical integrable systems with unstable
saddles (90),

ð1 −QIHO
x̂ ðtÞ=ΛÞ2 ↔ 1 − KqðtÞ; ð125Þ

where we set λ ¼ λcl for the comparison. This is perhaps the
cleanest connection between a classical notion of Krylov
complexity KqðtÞ and its regularized quantum counterpart
Qx̂, which agree on the integrable properties of the inverted
harmonic oscillator.

E. Connection to the replica trick

We end this section with a brief discussion of how this
approach could mathematically arise from the replica trick.
In Secs. IV and VI, we discussed the analytic continuation
of the higher-order spreading superoperator via the stan-
dard analytic continuation n̆m ↦ em logðn̆Þ, where
Zþ ∋ m ↦ m∈R. However, it is also possible to consider
different analytic continuations, such as

n̆m ↦ em logðn̆Þ þ sinðmπÞ
π

Fðn̆Þ ≔ N̆ðmÞðF; n̆Þ; ð126Þ

which, for integerm∈Zþ reduces to the usual higher-order
spreading superoperator, but which for real m∈R picks up
an additional phase proportional to a function Fðn̆Þ. In
particular, taking the derivative of N̆ðmÞðF; n̆Þ with respect
to m and subsequently the limit m → 0 yields

lim
m→0

∂

∂m
N̆ðmÞðF; n̆Þ ¼ logðn̆Þ − Fðn̆Þ: ð127Þ

In other words, the specific analytic continuation of n̆m to
real m∈R depends on the continuation scheme. This is
similar to computations of entanglement entropies, where
the integer values of the replica index are fixed by path
integrals but the analytic continuation to real numbers is not
fixed or unique without additional physical input, and
where subtractions correspond to defining a particular
renormalized entropy, e.g., vacuum-subtracted, or area-
law subtracted. In this case, the additional physical input is
represented by the function Fðn̆Þ. One advantage of this
generalized replica trick is that we can directly “remove”
the logarithmic divergence at hn̆iK ¼ n → 0, which we
previously removed by subtracting it from the finite n ≥ 1

contribution. Shifting Fðn̆Þ to F̃ðn̆Þ ≔ Fðn̆Þ − logðn̆Þ not
only removes this divergence, but also completely changes
the behavior of the logarithmic Krylov complexity subject
to F. Therefore, a way to connect our discussion of the
theory- and operator-sensitive complexities and the replica
approach is to take

F̃ðn̆Þ≡ δÔðn̆; infoðL̆ÞÞ; ð128Þ

with δO given by (98) and (123) in the specific cases of the
SYKq and the inverted harmonic oscillator. In this way, the
replica trick applied to the spreading operator can be turned
into a probe of operator growth that is sensitive to physical
information about the system and class of operators beyond
the universal behavior of Krylov complexity, namely

16See [81] for a discussion of the emergence of Krylov
complexity from quantum random walks on graphs.
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LðδÞ
O ðtÞ≡ ∂

∂m
ðOðtÞjN̆mðδO; n̆ÞjOðtÞÞ

����
m→0

≡Qδ
OðtÞ:

ð129Þ

We end this section with a remark. Our motivation to
define (96) came from the particular cases of the SYKq and
the inverted harmonic oscillator studied in the present
manuscript. It is unclear to us at the moment whether this
approach yields consistent results in other cases not
describable by a k-local Hamiltonian. A particular reason
why this approach has succeeded for these two models is
that we were able to reduce the information about integra-
bility/chaoticity to a single parameter, which we used to
construct the change in operator size Δs. This is generally
not possible. For example, in CFT2, integrability/rationality
relies on more details than just the ratio of the central
charge c to the operator scaling dimension Δ, for example.
As a consequence, in such a case, it is not possible to
directly use our proposed approach. Nevertheless, we
would like to understand if similar approaches can be used
in such systems where the breaking of integrability and
emergence of chaotic behavior depend on the interplay of
more parameters. We leave this direction for future work.

X. DISCUSSION AND FUTURE DIRECTIONS

A. The definition of logK complexity

Let us recapitulate the regularization procedure of logK-
complexity described in Sec. III. The spreading super-
operator n̆ is a positive and Hermitian operator onK, with a
spectrum contained in f0; 1; 2;…g. Applying our working
definition of logK-complexity through the replica trick (8)
required a regularization of the logarithmic divergence for
the “zeroth”-mode in the spectrum through (12). Another
way to perform the regularization of logðn̆Þ would be to
consider a finite small shift in the spreading superoperator
n̆þ ϵ̆ ¼ n̆ϵ with kϵ̆k ≪ kn̆k with respect to the canonical
norm induced by the inner product. Then, taking
limn̆→0 logðn̆þ ϵ̆Þ ¼ logðϵ̆Þ absorbs the logarithmic diver-
gence into the regulator ϵ̆. To be precise, for anyR ∋ ϵ > 0,
let us define the shifted superoperator

n̆ ↦ n̆ϵ ¼ n̆þ ϵ1̆; ð130Þ

which is positive and bounded from below. In this case,
logðn̆ϵÞ is a well-defined Hermitian superoperator for all n,
which in the Krylov basis takes the form

logðn̆ϵÞ ¼
X
n≥0

logðnþ ϵÞjKnÞðKnj; ð131Þ

and whose expectation value is given by

Lbare
K ðt; ϵÞ ¼ ðOðtÞj logðn̆ϵÞjOðtÞÞ

¼
X
n≥0

logðnþ ϵÞjφnðtÞj2

¼ logðϵÞjφ0ðtÞj2 þ
X
n≥1

logðnþ ϵÞjφnðtÞj2:

ð132Þ

Thus, in the limit, ϵ → 0 the only divergence is given
precisely by logðϵÞjφ0ðtÞj2. Our regularized logK-complex-
ity (13) is equivalent to the renormalized expression

Lren
K ðtÞ ≔ lim

ϵ→0
ðLbare

K ðt; ϵÞ − logðϵÞjφ0ðtÞj2Þ

¼
X
n≥1

logðnÞjφnðtÞj2: ð133Þ

B. Path integral logK-complexity

Our discussions on Krylov complexity in classical phase
space rely on the Hamiltonian formalism. Therefore, it
would be interesting to consider the construction of the
Krylov algorithm, Krylov complexity, and the logK com-
plexity in the Lagrangian formalism by using the path
integral in classical phase space [82]. In the quantum realm,
the path-integral description of Krylov complexity was
discussed in [83–87]. More recently, the Schwinger-
Keldyish formulation of Krylov complexity using a path-
integral approach was discussed in [88]. It would be
interesting to compare our approaches from classical and
quantum aspects, with possible applications to understand
our observations on (e)logK complexity. Further directions
would be to seek insights into path-integral complexity,
which could potentially build interconnections between
different notions of quantum complexities. We leave this
for future work.

C. Pollicott-Ruelle resonances

In Sec. VII, we provide a classical description of the
Lanczos algorithm and construct classical notions of
Krylov and logK complexities. Such a construction seems
to be general and applicable to study the classical Krylov
complexity of any quantum system with a well-defined
classical limit. Although in our context, we applied it
mainly to saddle-dominated systems, we see no obstruction
in using it to study quantum systems with a classical limit
where the spectrum gap indicates the Pollicott-Ruelle
resonances [89,90] that are known to govern the late-time
behavior of OTOCs after the Lyapunovian regime [91].
Since the classical Krylov complexity and the elogK
complexity saturate in finite-size systems, we expect that
it should be possible, at least in principle, to study how the
Policott-Ruelle resonances are encoded in the classical
Krylov (and logK) complexities. This is because the
wave functions used to construct both Krylov and logK
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complexity depend on the two-point (autocorrelation)
function, which also governs Pollicott-Ruelle resonances.

D. The thermodynamic limit of the LMG and the
mixed-field Ising

In Sec. V, we discussed the numerical computation of the
logarithmic K-complexity in finite-dimensional many-body
systems. In particular, we focus on the LMG and the mixed-
field Ising model at the chaotic point for a finite number of
degrees of freedom S. This allowed us to accurately study
their early time behavior and observe a clear distinction in
how close logK-complexity tracks the usual Krylov com-
plexity, despite both Lanczos sequences displaying a
similar linear behavior for n≲ logðSÞ. However, if we take
the thermodynamic limit S → ∞; V → ∞; S=V finite, then
both Lanczos sequences bn are expected to become
indistinguishable. Then it is natural to ask whether logK
complexity would behave differently in these two systems,
since after all, from the perspective of the Lanczos
sequences they would be indistinguishable. Assuming
the thermodynamic limit entails a well-defined limit
limDK→∞ of the higher-order Krylov complexities, it would
be interesting to understand what happens to the regular-
ized logarithmic K-complexity in such a limit. We leave
this question for future work.

E. Logarithmic Krylov complexity and OTOCs

In his works on logarithmic OTOCs [38,39], D. Trunin
claims that the refined Lyapunov exponent λ̄L obtained
from the logarithmic OTOC is bounded by 2πT, similarly to
how the usual Lyapunov exponent λL satisfies the
Maldacena-Shenker-Stanford (MSS) chaos bound [21]. It
has been conjectured [23,92] that the Krylov exponent λK
(or twice the growth rate of the Lanczos coefficients 2α)
provides a tighter bound to the Lyapunov exponent
than 2πT. It is then natural to ask whether the refined
Krylov exponent, defined through the logarithmic Krylov
complexity

λLK
≔ lim

t→∞

dðLKðtÞÞ
dt

; ð134Þ

provides a tighter bound on the refined Lyapunov
exponent:

λ̄L ≤ λLK
≤ 2πT: ð135Þ

Since generally OTOCs cannot be determined by the
information of two-point functions (which are the basis
for computing the Krylov and logK-complexities), we
currently do not possess strong arguments that support
this conjecture, and we leave its study for future work.

F. Logarithmic Krylov complexity and C=Anything

Krylov complexity has been recently explored within
the AdS/CFT correspondence, where it has been shown
that in the context of two-dimensional gravity models
(such as Jackiw–Teitelboim gravity) in anti–de Sitter
space, it can be represented as the length of the two-sided
wormhole [84,85,93,94]. This connection between Krylov
and a particular notion of holographic complexity begs
the question whether logarithmic K-complexity is a type
of holographic “Complexity=Anything” measure [95].
We would like to understand the connection better in
future work.

XI. CONCLUSION

In this manuscript, we proposed and tested a new notion
of complexity, the logarithmic Krylov complexity, along
with its exponentiated form. Our motivation to propose this
notion was to offer a plausible resolution to the “fake”
chaos signatures that arise in saddle-dominated scrambling
systems. In practice, we compute (a regularized version of)
the logarithmic Krylov complexity through a replica trick
applied to the higher-order generalizations of Krylov
complexity.
For a better understanding of this new quantity, we

provide an analytical analysis of the universal initial-time
growth of (e)logK complexity and the late-time saturation
in thermalizing many-body systems. Moreover, we exam-
ine (e)logK complexity in systems where calculations can
be carried out analytically, such as the SYK model and the
inverted harmonic oscillator. In the conformal limit of the
SYKq model, we find early time exponential growth in both
Krylov and elogK complexities, regardless of the value of
q. In the inverted harmonic oscillator, which is dominated
by unstable saddles, the Krylov complexity resembles the
ones from the SYK case with η ¼ 1=2, and higher-order
Krylov and elogK complexities match with the SYK case
for η ¼ 1. Such a result seems to put in question the
usefulness of elogK complexity in resolving the instability
arising from unstable saddles. We argue that this is in part
due to the infinite-dimensional nature of the GNS Hilbert
space in these cases, which leads to issues with the replica
trick in practically defining the logK complexity. To solve
this issue without imposing an artificial cutoff, we propose
a new definition of the Krylov spreading operator in
Sec. IX. By using a new definition (98), which retains
universal information about the operator growth, but is also
sensitive to details of the systems and operators, we are able
to find early time subexponential growth of Krylov com-
plexity and late-time saturation for SYK2, and exponential
growth for q ≥ 4. Such a definition of the spreading
operator has its origins in previous considerations about
operator size in the SYK and similar systems.
Beyond the cases with infinite-dimensional GNS Hilbert

spaces, for finite-dimensional systems, our definition of
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(e)logK complexity seems to resolve the problem of early
time scrambling from unstable saddles. This is supported
by our numerical analyses of both conventional Krylov
complexity and elogK complexity in the LMG model,
which is integrable but with an unstable saddle point. Our
results show a significant distinction between elogK com-
plexity from the conventional Krylov complexity. To
further test the validity of our proposal, we examined
the mixed-field Ising model at the chaotic point. In this
case, both measures of complexity exhibit early time
exponential growth with negligible deviation between
them. Taken together, our numerical results support the
idea that (e)logK complexity successfully captures the
correct dynamical behavior in both saddle-dominated
scrambling and truly chaotic finite-dimensional systems.
While we cannot guarantee that logK-complexity is free
from “false-positives,” our results suggest at least a partial
resolution to the issue of early time scrambling in finite-
dimensional saddle-dominated systems. We thus believe
that (e)logK complexity offers a good starting point for a
refined definition of quantum complexity that can be used
as a reliable indicator of scrambling.

Note added. In recent work [72] the authors analyze the
problem of state/operator spreading under time evolution
described in terms of a Krylov basis in the Wigner-Weyl
phase space formulation of quantum mechanics. It would
be interesting to compare our approaches and determine
how theirs connects to ours. We thank the authors of [72]
for related discussions.
As we were completing our manuscript, we became

aware of [96], which also studies classical notions of
Krylov complexity. We thank the authors for the discus-
sions related to logK-complexity.
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APPENDIX A: INITIAL GROWTH OF LOGK
COMPLEXITY

In this appendix, we examine the behavior of (e)logK
complexity around t ¼ 0 using the generic properties of the
wave functions φnðtÞ ≔ i−nðKnjOðtÞÞ. This approach is
universal and does not depend on the dynamics L̂ nor on
the choice of initial operator Ô0. In the Lanczos algorithm,
an orthonormal basis in Krylov space K called the Krylov
basis fjKnÞg is explicitly constructed according to the
Gramm-Schmidt procedure

jAnþ1Þ ≔ ðL̆ − anÞjKnÞ − bnjKn−1Þ;
jKnÞ ≔ b−1n jAnÞ; ðA1Þ

where two sequences fan; bng

an ¼ ðKnjL̂jKnÞ; bn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðAnjAnÞ

p
; ðA2Þ

are the Lanczos coefficients, with the convention
a−1 ¼ b0 ¼ 0. This algorithm stops whenever we find an
N ≥ 1 such that bN ¼ 0. From (A1), (4) and the Heisenberg
equation, the wave functions φnðtÞ can be shown to satisfy
the Schrödinger-like equation:

∂tφnðtÞ ¼ ianφnðtÞ þ bnφn−1ðtÞ − bnþ1φnþ1ðtÞ: ðA3Þ

Given the conditions φ−1ðtÞ ¼ 0 ¼ b0
17 and φnð0Þ ¼ δn0,

the Eq. (A3) implies the following conditions at t ¼ 0 for
φn and their derivatives

17The definition here is a bit different from the main text (64),
where we set b−1 ¼ 0.
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φnð0Þ ¼ δn0; φ̇nð0Þ ¼ ia0δn0 þ b1δn1;

φ̈nð0Þ ¼ −ða20 þ b21Þδn0 þ iða0 þ a1Þb1δn1 þ b2b1δn2;…

ðA4Þ

Using these, we can solve the Schrödinger equation (A3)
order by order in t to approximate the Krylov complexity
around t ¼ 0:

φ0ðtÞ≈ 1þ ia0t−
1

2
ða20þb21Þt2 −

1

6
iðða30þð2a0þa1Þb21Þt3

þ 1

24
ða40þ 3a20b

2
1þ 2a0a1b21þb21ða21þb21þb22ÞÞt4;

ðA5Þ

φ1ðtÞ ≈ b1tþ
1

2
iða0 þ a1Þb1t2

þ 1

6
ða20 þ a0a1 þ a21 þ b21 þ b22Þb1t3; ðA6Þ

φ2ðtÞ ≈
1

2
b1b2t2: ðA7Þ

After resumming the factors of a0 and up to the leading
terms in fbng, the wave functions can be shown to behave
near t ¼ 0 according to

φ0ðtÞ ¼ eia0t þ � � � ; φ1ðtÞ ¼ eia0tb1tþ � � � ;

φ2ðtÞ ¼
1

2
eia0tb1b2t2 þ � � � ;…: ðA8Þ

Note that for Hermitian initial operators, the coefficients an
vanish, which survive in open systems. However, here, we
keep our analysis general, and properties of an will not be
used in our discussions. These 0≲ t solutions have been
used to show that conventional Krylov complexity generi-
cally exhibits a power-law behavior around t ¼ 0: Kðt →
0Þ ¼ b21t

2 þ � � � [97]. However, for logK complexity, this is
no longer true. As discussed in the main text, using the
replica trick (8), the logK complexity can be written as

LKðtÞ ¼
∂

∂m

�X
n
nmjφnðtÞj2

�����
m→0

; ðA9Þ

where we used the canonical analytic continuation
nm ↦ em logðnÞ. Note that this is in general not equivalent
to

P
n≥0 logðnÞjφnðtÞj2 due to the divergence for n ¼ 0. A

straightforward computation shows that the first wave
function contributing nontrivially to logK is φ2ðtÞ, unlike
inKðtÞwhere φ1ðtÞ dominates around t ¼ 0. Therefore, the
initial growth of logK complexity, as well as the elogK
complexity, is given by

EKðt→ 0Þ≡LKðt→ 0Þ ¼ logð2Þ
4

b21b
2
2t

4þOðt6Þ: ðA10Þ

This initial behavior has been verified in our numerical
computations for t≲ 1. This quartic initial growth Oðt4Þ
moreover indicates their inadequacy as distance measures
between operators, following the arguments of the authors
in [98].

APPENDIX B: LONG-TIME AVERAGE OF
LOGK-COMPLEXITY

Here we provide details on the long-time average of
logK-complexity, following the arguments detailed in [53].
In this analysis, we restrict ourselves to the time evolu-
tion in the Krylov subspace K. Consider the eigenvalues
and eigenstates of the Liouvillian L̂jωiÞ ¼ ωijωi) with
i ¼ 0;…; DK − 1, after resolving degeneracies in the spec-
trum arising from equal energy differences. Expanding the
wave functions in the Liouvillian eigenbasis jωi)

φnðtÞ ¼ i−nðKnjOðtÞÞ ¼ i−n
XDK−1

j¼0

eiωjtðωjjO0ÞðKnjωjÞ:

ðB1Þ

Thus, the probabilities jφnðtÞj2 can now be interpreted as
transition amplitudes from jO0) to jKn) at time t and are
given by

jφnðtÞj2¼
XDK−1

i;j¼0

eiðωj−ωiÞt×ðωjjO0ÞðKnjωjÞðωijKnÞðO0jωiÞ:

ðB2Þ

The long-time average of the probabilities is then given by

jφnj2 ≔ lim
T→∞

1

T

Z
T

0

dtjφnðtÞj2 ¼
XDK−1

i¼0

jðO0jωiÞj2jðKnjωiÞj2;

ðB3Þ

since the phase differences i ≠ j cancel out and only
diagonal terms i ¼ j contribute to the integral. This is
because, by construction, the spectrum of the Liouvillian
restricted to the Krylov subspace has no degeneracies. If the
Liouvillian eigenstates are fully delocalized on the Krylov
basis, this implies jðKnjωiÞj2 ∝ 1=DK for all i, n, and thus

jφnj2 ∼ ð1=D2
KÞ � ðDKÞ ¼ 1=DK for all n. In this case, the

long-time average of the K and logK complexities is given by

K̄ ¼
XDK−1

n¼0

njφnj2 ¼
ðDK þ 1Þ

2
≈
DK

2
; ðB4Þ

and
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L̄K ¼ lim
m→0

∂

∂m

�XDK−1

n¼0

nm

DK

�

¼ lim
m→0

∂

∂m

�
Hð−mÞ

DK−1

DK

�
¼ 1

DK

XDK−1

j¼2

logðjÞ

¼ 1

DK
logðð2ÞDK−2Þ; ðB5Þ

where HðrÞ
l ≡P

l
j¼1 1=j

r; l∈N is the (generalized) har-
monic number of order r and where we used the fact that

∂HðrÞ
l

∂r
¼ −

Xl

j¼2

logðjÞ
jr

; ðB6Þ

and

Xa
j¼2

logðjÞ≡ logðð2Þa−1Þ; ðB7Þ

and where ðxÞn ≡ Γðxþ nÞ=ΓðxÞ is the Pochhammer sym-
bol. In order to have a sensible comparison of their growth
rates, consider the large-time behavior of the elogK-com-
plexity:

ĒK ¼ eL̄K − 1 ≈ ΓðDKÞ1=DK : ðB8Þ

The ratio of the long-time averages of these two quantities in
the large DK limit is given exactly by

K̄
ĒK

¼ e
2
> 1; ðB9Þ

where e is Euler’s number. It is also important to note that the
large time averages (B4) and (B5) should be considered as
upper bounds, which will in principle only be saturated in
maximally thermalizing (chaotic) quantum systems where
the Liouvillian eigenbasis completely delocalizes in the
Krylov basis, such as in the SYK model [42]. However,
some integrable systems with a right-biased Krylov chain
may over-saturate these bounds [36].

APPENDIX C: DETAILS IN THE INVERTED
HARMONIC OSCILLATOR

In this appendix, we provide mathematical details on the
main computations in Sec. VI. First, we derive the
expression for the wave functions (44). Consider the
equation of motion of the x̂ operator:

dx̂
dt

¼ i
ℏ
½ĤIHO; x̂� ¼ λx̂; ðC1Þ

whose general solution is given by

x̂ðtÞ ¼ eλtx̂ð0Þ: ðC2Þ

This implies that the Gaussian operator Ô0 ¼
ð2=παÞ1=4e−x̂2=α has the following Heisenberg evolution

Ô0 ↦ Ô0ðtÞ ¼
�

2

πα

�
1=4

eλt=2e−e
2λtx̂2=α; ðC3Þ

where eλt=2 is the normalization factor that comes from the
condition jjÔ0ðtÞjj2 ¼ ðÔ0ðtÞjÔ0ðtÞÞHS ¼ 1. Next, we
compute the wave functions φnðtÞ given by

φnðtÞ≔ ðK̂njÔ0ðtÞÞHS¼
Z

∞

−∞
dxhxjK̂†

nÔ0ðtÞjxi

¼ 1ffiffiffiffiffiffiffiffiffiffiffið2nÞ!p
2n

�
2

πα

�
1=2

eλt=2

×
Z

∞

−∞
dxH2n

� ffiffiffi
2

α

r
x

�
e−ð1þe2λtÞx2=α;

ðC4Þ

where we omit the i−n prefactor and where the Krylov basis
is given by (43). The integral above can be represented
schematically in the following way

IHðq; pÞ ¼
Z

∞

−∞
dxH2nðqxÞe−px2 ; ðC5Þ

where p ¼ ðe2λt þ 1Þ=α and q ¼ ffiffiffiffiffiffiffiffi
2=α

p
. To evaluate this

integral, consider the generating function of the Hermite
polynomials:

X∞
m¼0

HmðyÞ
m!

zm ¼ e2zy−z
2

: ðC6Þ

From this, we choose y ¼ qx and multiply both sides by
e−px

2

. We have

X∞
m¼0

HmðqxÞ
m!

zme−px
2 ¼ e2qxz−z

2−px2 : ðC7Þ

We can now perform the integral over xZ þ∞

−∞
dx

X∞
m¼0

HmðqxÞ
m!

zme−px
2 ¼

ffiffiffiffi
π

p

r
eð

q2

p−1Þz2 : ðC8Þ

Performing a Taylor series expansion on the right-hand
side, we have

X∞
n¼0

�Z þ∞

−∞
dx

H2nðqxÞ
ð2nÞ! e−px

2

�
z2n¼

X∞
n¼0

ffiffiffiffi
π

p

r ðq2=p−1Þn
n!

z2n:

ðC9Þ
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From this expression, we can identify the series coefficients
of z2n on both sides of the equalityZ þ∞

−∞
dx

H2nðqxÞ
ð2nÞ! e−px

2 ¼
ffiffiffiffi
π

p

r ðq2=p − 1Þn
n!

: ðC10Þ

We thus find the result of the integral we are interested in

IHðq; pÞ ¼
ffiffiffiffi
π

p

r ð2nÞ!
n!

�
q2

p
− 1

�
n

: ðC11Þ

Returning to the wave function, after substituting in p, q
and the integral independent factor, we find

φnðtÞ ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffið2nÞ!p
n!2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eλt

1þ e2λt

s �
1 − e2λt

1þ e2λt

�
n

ðC12Þ

¼ ð−1Þn
ffiffiffiffiffiffiffiffiffiffiffið2nÞ!p
n!2n

ðtanhðλtÞÞn
ðcoshðλtÞÞ1=2 : ðC13Þ

We can also verify that the probability amplitudes are
conserved X∞

n¼0

jφnðtÞj2 ¼ 1: ðC14Þ

APPENDIX D: EXAMPLES OF THE KRYLOV
FORMALISM IN CLASSICAL PHASE SPACE

In this appendix, we give further examples of the Krylov
formalism discussed in the context of bosonic classical
phase space.

1. Integrable system

Consider the classical Hamiltonian of a one-dimensional
simple harmonic oscillator written in terms of canonical
coordinates p, q as

H ¼ 1

2m
p2 þ 1

2
mω2q2: ðD1Þ

For arbitrary initial position qð0Þ ¼ q0 and conjugate
momentum pð0Þ ¼ p0, the solution to Hamilton’s equa-
tions is given by

qðtÞ ¼ q0 cosðωtÞ þ
p0 sinðωtÞ

mω
;

pðtÞ ¼ p0 cosðωtÞ −mωq0 sinðωtÞ: ðD2Þ

Consider the Boltzmann-Gibbs measure dμβðp; qÞ ≔
e−βHðq;pÞdpdq corresponding to the thermal probability
distribution in the canonical ensemble (82) as discussed in
the main text. In this case, the phase-space average of
functions f∈ΣS (58) becomes the thermal Boltzmann-
Gibbs ensemble average (83), which is given by

hfiβ ¼
βω

2π

Z
S
dpdqe−βHðq;pÞfðq; pÞ: ðD3Þ

Consider, for example, the quadratic observable
fðq; pÞ ≔ q2. Using the inner product hf; gi ¼ hf · giβ −
hfiβhgiβ (84), we can find the orthonormal basis of
functions fKng starting from f0 using (63) and where
the integral over p, q becomes an integral over initial
conditions q0, p0. We find that the only nonvanishing
elements of the basis are given by

K0 ¼
mβω2ffiffiffi

2
p q20;

K1 ¼ βωq0p0;

K2 ¼
βffiffiffi
2

p
m
p2
0; ðD4Þ

where fðq0; p0Þ≡ f0 ¼
ffiffiffi
2

p
K0=ðmβω2Þ. Thus, the time

evolution of fðp; qÞ, ftðp; qÞ ≔ fðqðtÞ; pðtÞÞ along curves
of constant energy in phase space, given by ftðp; qÞ ¼
qðtÞ2 with qðtÞ given by (D2), satisfies

ftðq0; p0Þ
¼ c0ðtÞK0 þ c1ðtÞK1 þ c2ðtÞK2

¼
ffiffiffi
2

p
cosðωtÞ2
mβω2

K0 þ
sinð2ωtÞ
mβω2

K1 þ
ffiffiffi
2

p
sinðωtÞ2
mβω2

K2:

ðD5Þ

Then, the classical Krylov complexity of the function
ftðq; pÞ ≔ qðtÞ2 (70) is given by

Kq2ðtÞ ¼ 2 sinðωtÞ2: ðD6Þ

Note that the dependence on the thermal scale mβ dis-
appears due to the presence of the normalization of the
observable jjftjj2 ≡ jjf0jj2 ¼ 2=ðmβω2Þ2 in the denomi-
nator of the Krylov complexity. Also note that (D6) is
proportional to the quantum Krylov complexity of the
position operator x̂ of the quantum simple harmonic
oscillator given by Kx̂ðtÞ ¼ sin2ðωtÞ, but not of the squared
position operator x̂2, which instead has a nontrivial temper-
ature dependence (see Appendix A of [27]). In contrast, the
classical logK-complexity (8) is given by

Lq2ðtÞ ¼ logð2Þ sinðωtÞ4: ðD7Þ

2. Integrable system with an unstable saddle

As an example of a bosonic classical system with an
unstable saddle, consider the repulsive potential
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Uðq̃Þ ≔ a2U0

a2 þ q̃2
; ðD8Þ

with a2 ¼ 1=ðmω2Þ and U0 ≔ Uðq̃ ¼ 0Þ > 0. For q̃ ∼ffiffiffi
ϵ

p
q and small ϵ (1 ≫ ϵ > 0), we can write (D8) as a

power series in ϵ

UϵðqÞ ≈U0

�
1 −

q2

a2
ϵþ q4

a4
ϵ2 −Oðϵ3Þ

�
: ðD9Þ

Now, take the Hamiltonian of a particle moving in the
approximate potential (D9) up to quadratic order in ϵ

Hϵ ¼ 1

2m
p2 þ U0

�
1 −

q2

a2
ϵþ q4

a4
ϵ2
�
: ðD10Þ

For an arbitrary initial position qð0Þ ¼ q0 and momentum
pð0Þ ¼ p0, Hamilton’s equations can be solved up to linear
order in ϵ exactly, and the solutions are given by

qϵðtÞ ¼ q0 coshðΩ̃ϵ
0tÞ þ

p0 sinhðΩ̃ϵ
0tÞ

mΩ̃ϵ
0

;

pϵðtÞ ¼ p0 coshðΩ̃ϵ
0tÞ þmΩ̃ϵ

0q0 sinhðΩ̃ϵ
0tÞ; ðD11Þ

where we defined Ω̃ϵ
0 ≔ ω

ffiffiffiffiffiffiffiffiffiffiffi
2U0ϵ

p
. In other words, (D11)

provide an approximate solution to Hamilton’s equations
for the repulsive potential (D8) near q̃ ¼ 0. Because of this,
the Hamiltonian (D10) evaluated for (D11) is only approx-
imately conserved for small ϵ

Hϵ
0 ≈

p2
0

2m
þU0ð1 −mω2q20ϵþ…Þ; ðD12Þ

where the ellipsis denotes terms of order Oðϵ2Þ and higher,
and which are time-dependent. The unstable saddle point is
located at fqS; pSg ¼ f0; 0g, around which the solution has
a classic Lyapunov exponent λcl ≡ Ω̃ϵ

0 ¼ ω
ffiffiffiffiffiffiffiffiffiffiffi
2U0ϵ

p
. Here, ϵ

is used to keep track of the perturbation order around the
saddle point fqS; pSg, but we can absorb it into the
coordinates fqϵ; pϵg by defining δq ¼ ffiffiffi

ϵ
p

qϵ; δp ¼ ffiffiffi
ϵ

p
pϵ

and solving Hamilton’s equations up to linear order in δq.
Keeping the quartic term q4 in (D10) allows us to

consider the same thermal measure in the phase space
average as in (D3). In this case,

μðSÞ≡ Zϵ
β ¼

Z
dqdpe−βH

ϵðp;qÞ

¼ π3=2e−
7βU0
8

2ω
ffiffiffiffiffi
βϵ

p
�
I1
4

�
βU0

8

�
þ I−1

4

�
βU0

8

��
; ðD13Þ

where InðzÞ is the modified Bessel function of the first
kind. Here we once again consider the Boltzmann-Gibbs
ensemble average

hfiϵβ ¼
1

Zϵ
β

Z
dpdqe−βH

ϵðq;pÞfðq; pÞ: ðD14Þ

Similarly to the integrable case, we consider the quadratic
observable fðq; pÞ ¼ q2 and construct the Krylov basis of
functions using (63), but limiting ourselves to contributions
at most linear in ϵ and quadratic in combinations of q0, p0

K0 ¼ A0q20;

K1 ¼ A1q0p0;

K2 ¼
βffiffiffi
2

p
m
p2
0; ðD15Þ

where A0 ¼ A0ðβ; U0;ω; ϵÞ and A1 ¼ A1ðβ; U0;ω; ϵÞ
involve sums of modified Bessel functions of the first
kind. Thus, the time evolution of fðq; pÞ evaluated along
the approximate solution (D11), fðqϵðtÞ; pϵðtÞÞ ¼ ftðq; pÞ,
is given by

ftðq0; p0Þ ¼ c0ðtÞK0 þ c1ðtÞK1 þ c2ðtÞK2

¼ Ã0 coshðΩ̃ϵ
0tÞ2K0 þ Ã1 sinhð2Ω̃ϵ

0tÞK1

þ
ffiffiffi
2

p
sinhðΩ̃ϵ

0tÞ2
mβðΩ̃ϵ

0Þ2
K2; ðD16Þ

where Ã0 ¼ Ã0ðβ; U0;ω; ϵÞ ≔ hft;K0i=ðcoshðΩ̃ϵ
0tÞ2Þ and

Ã1 ¼ Ã1ðβ;U0;ω;ϵÞ ¼ hft;K1i=ðsinhð2Ω̃ϵ
0tÞÞ. From (D16)

we can compute the classical K and logK complexity of
f ¼ q2 using Eqs. (70) and (73b). This can be done
analytically, although their functional form is not particu-
larly illuminating. Instead, in Fig. 6 we display the behavior
of KfðtÞ and EfðtÞ ¼ eLfðtÞ − 1 computed for a choice of
parameters. From this figure we see that, as expected for a
system with a single unstable saddle (see Table I), at early
times the elogK-complexity grows slower than K-complex-
ity and at long times it saturates to a smaller value. This
behavior can also be seen for other choices of parameters,
suggesting that logK complexity successfully avoids the
exponential growth coming from the unstable saddle point.
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FIG. 6. Left panel: Kq2ðtÞ (blue, dashed) and Eq2ðtÞ¼eLq2ðtÞ −1
(orange, solid) at early times for parameters ϵ ¼ 1=100,
U0 ¼ 1=10, m ¼ 1=5, ω ¼ 1=10, and β ¼ 1. Right panel:
KfðtÞ (blue, dashed) and eLfðtÞ − 1 (orange, solid) at long times
for the same choice of parameters.
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APPENDIX E: CLASSICAL K AND LOGK
COMPLEXITY IN THE LMG MODEL

In this section, we provide an example of Krylov
complexity in the LMG model using the classical phase
space formalism and provide definitions for higher-order
Krylov complexities. To begin with, we briefly review the
phase space dynamical analysis. The classical Hamiltonian
of the LMG model is given as

H ¼ xþ 2z2; ðE1Þ

where x, y, z are the classical correspondences of gen-
erators of SUð2Þ spin that live on a unit sphere, satisfying:

x2 þ y2 þ z2 ¼ 1: ðE2Þ

This is a noncanonical formulation in the spin classical
phase space. Therefore, instead of the Poisson bracket, they
satisfy the Lie-Poisson bracket:

fxi; xjg ¼ ϵijkxk; ðE3Þ

in our case of SUð2Þ. These coordinates live on a compact
S2 sphere in contrast with the canonical coordinates. As a
consequence, the symplectic manifold is not flat, but
controlled by the Kirillov–Kostant–Souriau form. The
integral measure can be written as

dμ ∝ δðx2 þ y2 þ z2 − 1Þdxdydz; ðE4Þ

subject to the constraint (E2). One main inference from this
is that in contrast with canonical phase space, the phase
space volume in this formalism is finite due to its compact-
ness, which is set to be 1 in the main text. The dynamics of
these coordinates are controlled by Hamilton’s equations:

ẋ ¼ fH; xg ¼ 4yz; ðE5Þ

ẏ ¼ fH; yg ¼ z − 4xz; ðE6Þ

ż ¼ fH; zg ¼ −y: ðE7Þ

By evaluating the Jacobian, we could find the fixed point
with positive eigenvalues:

ðx; y; zÞ ¼ ð1; 0; 0Þ: ðE8Þ

The dynamics of variation of coordinates near this unstable
saddle-point is

δ̇x ¼ 0; δ̇y ¼ −3δz; δ̇z ¼ −δy: ðE9Þ

The solution of such equations of motion can be found as

δxðtÞ ¼ δx0; δYðtÞ ¼ δY0e−λclt; δZðtÞ ¼ δZ0eλclt;

ðE10Þ

where Y ¼ λclzþ y, Z ¼ λclz − y, and λcl ¼
ffiffiffi
3

p
. Rewrite

the solutions in ðx; y; zÞ coordinate

δzðtÞ ¼ δz0 coshðλcltÞ −
δy0
λcl

sinhðλcltÞ; ðE11Þ

δyðtÞ ¼ δy0 coshðλcltÞ − λclδz0 sinhðλcltÞ: ðE12Þ

Following our numerical study in Sec. VA, we choose ẑ as
the initial operator. Classically, we start with the initial
function in phase space as

δzðtÞðδy0; δz0Þ; ðE13Þ

which is not necessarily a function of δx0 due to the
measure on S2: δðδx20 þ δy20 þ δz20 − 1Þ. By performing a
change of phase space coordinates, one can find

δxðtÞ ¼ δx0; δYðtÞ ¼ δY0e−λclt; δZðtÞ ¼ δZ0eλclt;

ðE14Þ

where Y ¼ λclzþ y, Z ¼ λclz − y, and λcl ¼
ffiffiffi
3

p
. The

exponential growth is restricted to the strip

−δ=2 < δY0 < δ=2; ðE15Þ

−δe−λclt=2 < δZ0 < δe−λclt=2: ðE16Þ

We can then find the strip in ðx; y; zÞ coordinates by
performing a reverse coordinate change: z ¼ YþZ

2λcl
and

y ¼ Y−Z
2
. The determinant of the Jacobian is

J ¼
�����
"

∂δZ
∂z

∂δZ
∂y

∂δY
∂z

∂δY
∂y

#����� ¼
�����
"
λcl −1
λcl 1

#����� ¼ 2λcl: ðE17Þ

The integration is thus changed as

dy0dz0 ¼
1

2λcl
dY0dZ0; ðE18Þ

with the relation of the associated measure as

μY0Z0
¼ δ2e−λclt ¼ 2λclμy0z0 : ðE19Þ

We can therefore perform the integral in terms of coor-
dinates δY0; δZ0 with the associated measure.
Following the classical Krylov algorithm (63), we can

find the following time-evolved Krylov basis:
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K0 ¼
2

ffiffiffi
3

p
e−λcltðδY0e2λclt þ δZ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2e−4λcltðe6λclt þ 1Þ

p ; ðE20Þ

K1 ¼ −
2

ffiffiffi
3

p
e−λclt

ffiffiffiffiffiffiffiffiffiffiffiffi
δ2e2λclt

e6λcltþ1

q
ðδZ0e4λclt − δY0Þ

δ2
: ðE21Þ

After setting λcl ¼
ffiffiffi
3

p
and δ ¼ 1, we can find the transition

amplitudes

jc0ðtÞj2 ¼
1

72
ð1 − tanh ð

ffiffiffi
3

p
tÞÞ; ðE22Þ

jc1ðtÞj2 ¼
1

72
sinh2 ð

ffiffiffi
3

p
tÞð1 − tanh ð

ffiffiffi
3

p
tÞÞ: ðE23Þ

Therefore, the un-normalized classical Krylov complexity
is

K̃ðtÞ ¼ jc1ðtÞj2 ðE24Þ

¼ 1

72
sinh2 ð

ffiffiffi
3

p
tÞð1 − tanh ð

ffiffiffi
3

p
tÞÞ:
ðE25Þ

While the normalized one has a simpler form

KðtÞ ¼ jc1ðtÞj2
jc0ðtÞj2 þ jc1ðtÞj2

ðE26Þ

¼ tanh2 ð
ffiffiffi
3

p
tÞ: ðE27Þ

Both complexities grow quadratically at the initial time as
expected from their quantum correspondence:

K̃ðtÞjt→0 ≈
t2

24
; KðtÞjt→0 ≈ 3t2: ðE28Þ

Both KðtÞ and K̃ðtÞ exhibit similar behavior with a scale
difference. More importantly, they both show a subexpo-
nential growth and vanish at late times, which is the
expected behavior from integrable systems. Because the
phase space is two-dimensional, so based on the definition
of logK complexity, it vanished identically, which produces
no exponent. It is therefore fair to say that the logK
definition indeed suppresses the exponent since no classi-
cal chaos exists in a 2-dimensional phase space due to
the Poincaré-Bendixson theorem for isolated systems.
Moreover, Krylov complexity itself in classical phase space
already indicates no scrambling behavior, unlike OTOC.
Therefore, classical Krylov complexity is a good enough
indicator to eliminate fake scrambling, which thus tells us
that quantum scrambling cannot imply classical scrambling
or chaos. To consider nontrivial contributions from (e)
logK, we study a quadratic function

δz2ðtÞ; ðE29Þ

for which the nested Lie-Poisson brackets give three
independent functions

fδz2ðtÞ;−4δyðtÞδzðtÞÞ; 2δy2ðtÞ þ 6δz2ðtÞg: ðE30Þ

Similarly, after performing the coordinate change to
fδY0; δZ0g coordinates, we follow the classical Krylov
algorithm to obtain three orthonormal bases

K0 ¼
4

ffiffiffiffiffi
15

p
e−2λcltðδY0 þ δZ0e2λcltÞ2

δ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3e−4λclt þ 10e−2λclt þ 3

p ; ðE31Þ

K1 ¼ −6
ffiffiffiffiffi
10

p
e−λcltðδY0 þ δZ0e2λcltÞ

×
ðð3δY0 − 5δZ0Þe2λclt þ 5δY0 − 3δZ0Þ

δ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
156 coshð2λcltÞ þ 45 coshð4λcltÞ þ 55

p ;

ðE32Þ

K2 ¼
ffiffiffi
6

7

r �ð45δY2
0 − 56δY0δZ0 þ 45δZ2

0Þe2λclt
δ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2λclt þ 15e4λclt þ 15

p

−
25δY2

0 þ 25δZ2
0e

4λclt

δ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2λclt þ 15e4λclt þ 15

p
�
: ðE33Þ

The transition amplitudes for each basis are given as

jc0ðtÞj2 ¼
e−2

ffiffi
3

p
tð5 cosh ð2 ffiffiffi

3
p

tÞ þ 19Þ2
155520ð3 cosh ð2 ffiffiffi

3
p

tÞ þ 5Þ ; ðE34Þ

jc1ðtÞj2 ¼
2e−6

ffiffi
3

p
tðe4

ffiffi
3

p
t − 1Þ2

405ð156 cosh ð2 ffiffiffi
3

p
tÞ þ 45 cosh ð4 ffiffiffi

3
p

tÞ þ 55Þ ;

ðE35Þ

jc2ðtÞj2 ¼
7e−6

ffiffi
3

p
tðe2

ffiffi
3

p
t − 1Þ4

5184ð45 cosh ð2 ffiffiffi
3

p
tÞ þ 3Þ ; ðE36Þ

where we have specified δ ¼ 1; λcl ¼
ffiffiffi
3

p
. Therefore, we

can explicitly give the results for both unnormalized and
normalized classical Krylov complexities:
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FIG. 7. Unnormalized and normalized Krylov and elogK
complexities in the LMG model for initial function δ2zðtÞ from
classical phase space analysis. Left panel: unnormalized Krylov
complexity (E37) (blue, dashed) and unnormalized elogK com-
plexity using (E39) (orange), right panel: normalized Krylov
complexity (E38) (blue, dashed) and normalized elogK complex-
ity using (E40) (orange).
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K̃ðtÞ ¼ jc1ðtÞj2 þ 2jc2ðtÞj2

¼ e−2
ffiffi
3

p
tsinh2ð ffiffiffi

3
p

tÞ
9720

×
ð332 cosh ð2 ffiffiffi

3
p

tÞ þ 105 cosh ð4 ffiffiffi
3

p
tÞ − 53Þ

ð3 cosh ð2 ffiffiffi
3

p
tÞ þ 5Þð15 cosh ð2 ffiffiffi

3
p

tÞ þ 1Þ ;

ðE37Þ

KðtÞ ¼ jc1ðtÞj2 þ 2jc2ðtÞj2
jc0ðtÞj2 þ jc1ðtÞj2 þ jc2ðtÞj2

¼ 16 sinh2ð ffiffiffi
3

p
tÞ

9

×
ð332 cosh ð2 ffiffiffi

3
p

tÞ þ 105 cosh ð4 ffiffiffi
3

p
tÞ − 53Þ

ð3 cosh ð2 ffiffiffi
3

p
tÞ þ 5Þ2ð15 cosh ð2 ffiffiffi

3
p

tÞ þ 1Þ :

ðE38Þ

Their behaviors at the vicinity of t ¼ 0 are:

K̃ðtÞjt→0 ≈ δ4t2

360λ2cl
, and KðtÞjt→0 ≈

2λ2clt
2

3
. In this case, we are

able to compute logK complexity explicitly

L̃KðtÞ ¼ logð2Þjc2ðtÞj2 ¼
7e−6

ffiffi
3

p
tðe2

ffiffi
3

p
t − 1Þ4 logð2Þ

5184ð45 cosh ð2 ffiffiffi
3

p
tÞ þ 3Þ ;

ðE39Þ

LKðtÞ ¼
logð2Þjc2ðtÞj2

jc0ðtÞj2 þ jc1ðtÞj2 þ jc2ðtÞj2

¼ 2240 logð2Þsinh4ð ffiffiffi
3

p
tÞ

9ð156 cosh ð2 ffiffiffi
3

p
tÞ þ 45 cosh ð4 ffiffiffi

3
p

tÞ þ 55Þ :

ðE40Þ

Their initial time behaviors are given as: L̃KðtÞjt→0 ≈
7 logð2Þ
1728

t4 and LKðtÞjt→0 ≈
35 logð2Þ

4
t4, which matches with

our analytical analysis. Figure 7 compares the behavior of
the un-normalized and normalized Krylov and log-Krylov
complexities.
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