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We propose and test logarithmic Krylov (logK) complexity, an operator growth measure akin to Krylov
complexity defined through a replica approach, as a viable probe of early time operator scrambling without
false positives. In finite-dimensional quantum systems, such as the Lipkin-Meshkov-Glick (LMG) model
and the mixed-field Ising model at the chaotic point, we provide numerical evidence that logK-complexity
discriminates between genuine and saddle-dominated scrambling at early times, correctly avoiding the
exponential contribution coming from the unstable saddle in the former case, and closely tracking the
conventional Krylov complexity in the latter. In integrable quantum systems admitting infinite-dimensional
Krylov subspaces, such as the SYK, model and the quantum inverted harmonic oscillator, we show that by
modifying the Krylov spreading operator, obtained through generalizing the analytic continuation
procedure in the replica trick, the logK complexity can be refined to capture the integrable properties
of the theories. We supplement these analyses by extending the Krylov formalism in classical dynamical
systems and defining classical versions of these operator growth measures, showing that the false positives

arising from unstable saddles in classical phase space are nonexistent.
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I. INTRODUCTION

Over the past several decades, chaos has been a central
topic in a wide range of fields, including physics, math-
ematics, biology, and even neural networks [I-5]. In
classical dynamical systems, rigorously described within
the framework of ergodic theory [6,7], chaos (mixing)
reflects the unpredictability of nonintegrable dynamics and
sensitivity to initial conditions. In classical K-mixing
systems, this behavior is quantitatively characterized by
the presence of a positive Lyapunov exponent. In contrast,
chaos in quantum systems still lacks a rigorous formu-
lation, although more recent efforts have also made
progress toward a description of this phenomenon in terms
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of a quantum ergodic theory (see, e.g., [8—10]). In practical
terms, quantum chaos in closed quantum systems is
generally associated with thermalization [11-13] and
information scrambling [14], although it is often opera-
tionally defined through the presence of Hamiltonian
spectral statistics and eigenvector distributions consistent
with those of random matrices, following semiclassical
arguments [15]. In terms of operator growth, out-of-time
order correlators (OTOCs) [16] are a well-studied probe of
scrambling. These have also provided powerful insights
into the physics of black holes in holography [17-21] and
in condensed matter systems [14,22].

Scrambling generally refers to a phenomenon in inter-
acting quantum systems in which initially localized infor-
mation spreads over a large number of degrees of freedom
by time evolution, essentially rendering it inaccessible by
any local measurement [14]. In thermalizing quantum
systems with a large number of degrees of freedom per
site, it is typically identified by an early time exponential
growth of the double commutator

=([V(5). W) = WV () V()W) + (VI () WV (0))
= 2Re((VI (W' V(1) W)). (1)
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where V,W are local operators and where
(VI(t)WTV(1)W) = OTOC(). In this context, the expo-
nent is considered to be the quantum counterpart of the
classical Lyapunov exponent.' Recently, a different notion
of operator growth known as Krylov complexity [23] has
also been shown to have a regime of exponential growth in
nonintegrable many-body quantum systems. A generaliza-
tion of this notion to quantum states, Krylov state (or
spread) complexity [24] has also been shown to acquire
characteristic features in such systems [25-32]. However,
scrambling is not unique to quantum systems with random
matrix spectral statistics, since it can also emerge in
integrable quantum systems that possess isolated unstable
saddle points [33-36], a finding usually summarized in the
statement that “scrambling is necessary but not sufficient
for chaos” [37]. Given the close connection between the
early time dynamics of OTOCs and the semiclassical
butterfly effect, as well as the intimate relation between
the former and Krylov complexity, it is an important
endeavor to understand how to avoid these false positives
when probing the early time dynamics of nonintegrable
quantum systems using different notions of operator
growth.

Motivated by recent work that tackles this problem by
generalizing OTOCs using a replica approach [38,39], the
main goal of this manuscript is to propose and test an
operator growth measure akin to Krylov complexity,
logarithmic Krylov complexity (logK-complexity), as a
viable probe of early time scrambling without false
positives. The key idea being that by performing a correct
average over phase space, it should be possible to avoid the
exponentially growing contributions from the classically
unstable saddle points in otherwise integrable systems. This
quantity is defined through a replica approach to a higher-
order generalization of Krylov complexity.

To test this measure, we consider quantum systems with
finite- and infinite-dimensional Krylov spaces exhibiting
early time scrambling, as captured by the exponential
growth of Krylov complexity. This allows us to benchmark
and test logarithmic Krylov complexity and to refine its
definition in infinite-dimensional systems. To complement
this analysis, we also consider the Lanczos algorithm in
classical dynamical systems, which in the past was
restricted to the study of autocorrelation functions and
Lanczos coefficients using a classical version of the
recursion method [40]. We extend the existing framework
and define classical versions of Krylov and logK complex-
ity using a classical analog of the spreading operator in the
Krylov basis. Our analytical and numerical results suggest
that logarithmic Krylov complexity can be refined to serve

'We should remark, nonetheless, that some authors refer to
scrambling as the late-time vanishing of out-of-time order
correlators (OTOCs), which is independent of an early time
exponential decay.

as a viable probe of early time scrambling in finite and
infinite-dimensional Krylov subspaces.

Our manuscript is organized as follows: In Sec. II, we
briefly review the basic properties of Krylov complexity
and provide general details of the construction of the
Krylov complexity. In Sec. III, we define the logarithmic
Krylov complexity and its exponentiated form, elogK-
complexity, by applying the replica trick to higher-order
versions of the usual Krylov complexity. In Sec. IV, we
analytically compute logK complexity in the low energy
(conformal) limit of the g-body Sachdev-Ye-Kitaev (SYK)
model. Then, in Sec. V, we numerically examine the logK
complexity in the Lipkin-Meshkov-Glick (LMG) model
and the mixed-field Ising model at the chaotic point. In
Sec. VI, we extend our analytical analysis to the inverted
harmonic oscillator, finding similarity to the SYK case. In
Secs. VII and VIII, we formulate the Krylov approach in
classical phase space and apply it to the study of saddle-
dominated scrambling in classical systems, finding that
both classical Krylov and elogK complexity exhibit sub-
exponential growth in these cases. In Sec. IX we define a
refined Krylov spreading operator which includes infor-
mation about the system and operator while retaining the
universal information from Krylov complexity. We show
how this notion resolves the tension found in the integrable
g =2 SYK and in the inverted harmonic oscillator and
propose a way in which it could arise from a generalization
of the standard analytic continuation used in the replica
trick. Finally, in Secs. X and XI we discuss our results and
offer some conclusions.”

Notation: We denote the usual operators in the algebra
A(H) := {A:H — H} with a hat |, and superoperators in
the GNS algebra A(Hgns) = {B:Hgns = Hgns ) using a
breve accent .

II. OVERVIEW OF KRYLOV COMPLEXITY

Krylov complexity [23] is a growth measure for oper-
ators undergoing Heisenberg time evolution @(t) =
¢ D¢~ generated by a time-independent Hamiltonian
H. Through the Gelfand-Naimark-Segal (GNS) construc-
tion, operators O are promoted to GNS states |O) whose
time evolution is naturally constrained to the Krylov
subspace /C, a subspace of the full GNS Hilbert space K <
Hgns generated by successive commutation of the initial
operator with the Hamiltonian. A requirement for the GNS
construction involves choosing an inner product. In sys-
tems at finite temperature, a common choice is the
Wightman inner product, defined by

Tr(ePH2ATe~PHI2B)

N T

; (2)

*We work in units where 7 = 1 = kp.
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where =T~ is the inverse temperature, H is the
Hamiltonian of the system, and |A), |B) are GNS states
associated with the operators A, B respectively.” The
dimension of the Krylov subspace Dy = dim(K) will
generally depend on the dynamics, as well as on the choice
of the initial operator O. As argued in [42], in thermalizing
quantum systems, the dimension of Krylov space is
generally bounded by

1 <D =dim(K) <D =D + 1, (3)

where D = dim(H) is the dimension of the physical
Hilbert space H, which we assume to be finite at this
time. However, the dimension of the Krylov subspace Dy
could be much smaller than the maximum allowed value if
the quantum system is integrable or if the operator is close
to being a conserved quantity.

Using the Gram-Schmidt orthogonalization procedure,
in this context called the Lanczos algorithm, one can
recursively construct a complete orthonormal basis, called
the Krylov basis {|K,)}, in the Krylov subspace K with
respect to a choice of inner product. This essentially
translates the problem of solving the Heisenberg equation
into solving a Schrodinger-like equation in a one-dimen-
sional chain, called the Krylov chain (see, e.g., [43,44] for
details). After obtaining the Krylov basis, one can expand
the time-evolved GNS state as follows:

Di—1

0() = e10g) = > ", (1K), (4)
n=0

where L is the Liouvillian (GNS Hamiltonian) £ = [A, -]
and |O) = |OQ,) is taken as the initial GNS state in the
Lanczos algorithm. Since the Krylov basis is complete and

orthonormal, the functions @, (1) := i7" (I, |e"*|0,) can be
interpreted as wave functions, whose squared sum is
normalized to 1 and which describe the hopping of a
particle in the Krylov chain. In particular, the initial wave
function (1) := (Oy|O(1)), called the autocorrelation
function, plays a key role in this approach, as all subsequent
@, (1) can be obtained from it through a recursion relation.
The Krylov complexity K(t) associated with the growth of
the operator |O) = |O,) is defined as

Dy—1

K(1) = (Ogle el ®|0g) = > nlp, (0P, (5)

n=0

*Different choices of inner products lead to different GNS
Hilbert spaces and the Wightman inner product is not the only
possibility at finite temperature. For details on the GNS con-
struction and details on different inner products at finite temper-
ature, the reader may refer to Appendix A of [41].

where it == 3P n|IC, ) (K,| is the Krylov “spreading”
superoperator, which measures the average position of the
GNS state |O(7)) in the Krylov chain at time 7.

From its inception [23], Krylov complexity was pro-
posed to probe features of nonintegrable quantum dynam-
ics. In quantum many-body systems, such as the large-N,
limit of the ¢ = 4 Sachdev-Ye-Kitaev (SYK) model [45,46]
with N, Majorana fermions, this is characterized by a time

window of exponential growth K () ~ e*«’, similar to how
OTOCs probe scrambling through a similar exponential
decay.4 This exponential growth of the Krylov complexity
is intimately tied to the growth rate of the elements of the
Liouvillian in the Krylov basis: (K,_;|£|K,) = b,. The
operator growth hypothesis [23] states that in nonintegrable
many-body quantum systems, the b,, should grow as fast as
possible, which due to locality constraints should be linear
in n, namely

b,~an+y+0(1) forl<nsS§, (6)
where y is a constant that depends on the operator. The
connection being that, under general conditions, 1 = 2a,
and therefore, a regime of linear growth of the Lanczos
coefficients implies the existence of a regime of exponential
growth of the Krylov complexity.5 However, subsequent
works showed that this behavior can also occur in inte-
grable systems with instabilities, especially those domi-
nated by unstable saddle points [33-36]. Although the
authors in [36] provided evidence that saddle-dominated
scrambling can be distinguished from genuine scrambling
by examining the long-time behavior of Krylov complexity,
it remains necessary to understand how Krylov complexity
can be refined to discriminate between saddle-dominated
and genuine scrambling at early times (r < O(log(S))) in
finite-dimensional systems.

III. LOGARITHMIC KRYLOV COMPLEXITY

To address this issue and motivated by the definition of
logarithmic OTOC [38,39], we introduce a closely related
quantity, which we call logarithmic Krylov (logK) com-
plexity L (z), which we heuristically define through the
following expression involving the expectation value of the
(matrix) logarithm of the spreading superoperator

“In finite dimensional quantum systems, this exponential
behavior is found around early times 0 < 7 < log(S), where S
is the number of degrees of freedom in the system, which is
usually related to the dimension of the Hilbert space D via D ~ e5.
For the SYK,, this result was originally found in the thermody-
namic limit N, — oo, where strictly speaking log(S) — .

>There are many subtleties with this statement that we will not
discuss in this work. For example, the presence of IR scales may
induce “staggering” of the Lanczos sequences [47,48], leading to
a different relation between the Krylov exponent Agx and the
growth rate(s) of the b,. The reader is encouraged to see [43,44]
for details.
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L (1) = (O] log(#(1))|O), (7)

where J7i(t) == e"*'iie’*" is the time-evolved spreading
superopelra'[or.6 Since it is in general difficult to evaluate
log(7) explicitly, we instead consider a different working
definition for logK-complexity. We think of logK-complex-
ity as arising from the application of the replica trick to the
expectation value of the higher-order spreading superop-
erator, namely

d
:_K(m) t
P SO

. (8)

m—0

Li(1) = 2 (Ol (1))

m—0

where K(")(f) is the operator analog of the higher-order
spread complexity for integer m proposed in [49-511,
defined by

Dy—1

K (1) = (Ol (1]00) = Y 0", (1)

n=0

0

and where 72" (t) = e~"*/(i?")e*". Thus, in our approach,
we consider the higher-order Krylov complexities with
integer m to be replica copies of the standard Krylov
complexity. Importantly, to compute the derivative of the
higher-order Krylov complexity K" () and subsequently
the limit m — 0, we need to analytically continue K" (f)
with integer m to real m, a step that will be crucial in our
discussion for systems with infinite-dimensional Hilbert
spaces.

To make a closer comparison with Krylov complexity
(5), we also define the exponentiated logK-complexity,
which we call elogK-complexity, by

Eg(f) = el — 1, (10)

where we chose the constant factor so that Ex(0) = 0. Our
expectation, following the works by D. Trunin [38,39],
being that whenever we have a truly chaotic system, we
should find a time window where K(f) o Eg(t) ~ ¢! +

- where the ellipsis denotes subleading terms, and
therefore log(K (7)) &« Lg(t) ~ Agxt + - - -, whereas in non-
chaotic quantum systems we instead expect in general
log(K (1)) # Lg(1), or equivalently log((Oo|it(7)|Op)) #
(Op|log(i())|Op).

We can ask whether (10) defines a cost function whose
minimization with respect to different bases in the Krylov
space yields a notion of quantum complexity of the GNS
state |Oy). Since E() is a monotonic function of L(7),
we can restate the question in terms of Lg(z) and ask

®Note that it and ei’?’ do not commute, and therefore
log(i(1)) = e~ log (i) e’ # log(it).

See [52] for a discussion of the holographic duals of higher-
order and logK state complexities.

whether it is minimized by the Krylov basis, at least for
small times. To achieve this, we first perform the replica
trick (8) with the simplifying assumgtion that the
GNS Hilbert space is finite dimensional.” Applying the
replica trick to the spreading superoperator, we find
am;lm|m—>0 = ZDK—IZnZO log(n)|IC”)(lCn|, where we per-
formed the standard analytic continuation /" = ¢”1°2(") to
real m. This leads to a logarithmic divergence at n = 0,
which we need to remove to obtain a finite quantity.
Assuming the following holds,

one way to perform the regularization of Lg(¢) is by
subtracting the divergent contribution at n =0 from
amﬁm|m—>0:

wﬂ<m

m—0

amﬁm|m—>0 - amilllm|m—>0 - (log(n)‘](:0>(lc0|)|n—>0 (12)

This results in the following regularized expression of
logK-complexity:

Dy—1

Li(1)= > log(n)(Ople K, (Kl Op).  (13)

This expression is equivalent to (8), after subtracting the
logarithmic divergence at n — 0, in finite-dimensional
systems or in infinite-dimensional systems whenever the
derivative of (9) with respect to the index m is absolutely
convergent.

Although we focus on operator complexity, several
arguments derived for the optimality of the Krylov basis
at small times for spread complexity [24] also hold for
K-complexity, after fixing the inner product. In particular,
Corollary 1 in [24] shows the optimality of the Krylov basis
around ¢ = 0 [minimization of (5)], where n is replaced by
any sequence of monotonically increasing coefficients «,,.
In our case, namely (13), x, = log(n) is a monotonically
increasing sequence in n, and thus we also expect the
Krylov basis to yield the minimum of logK-complexity
around t = O over all possible choices of bases and for a
fixed inner product.9 In the Appendix A, we show that
the universal initial time growth of logK-complexity is
given by

8Otherwise, we have to assume that the series of derivatives
converges uniformly so that we can exchange the derivative over
the replica index and the sum.

Some authors view the ambiguity of the inner product as an
additional parameter over which one should further minimize the
complexity functionals. We do not take that approach in this
section and we instead restrict ourselves to the choice of
Wightman inner product, which yields the slowest growth for
Krylov complexity over all other finite-temperature inner prod-
ucts [41].
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log(2)
4

Lg(t) ~ b3b3t* + O(1°), (small 1), (14)
where by, b, are Lanczos coefficients. We verify this in our
numerical calculations for various physical systems, and it
is the first difference from the conventional Krylov com-
plexity, which has a universal early time growth o« b3#2. It is
also worthwhile analyzing the long-time regime in thermal-
izing systems, following [53,54]. After the exponential
growth regime 0 < 7 < O(log(S)), Krylov complexity tran-
sitions to a linear growth for O(log(S)) <t < O(e?)
before saturating to a value K (7,) ~ K; &« O(Dy/2) around
t~t,~ O0(e?). At this time, the initial GNS state |Oy)
would have become fully delocalized in the Krylov space
K. A way to study what happens here is to consider the
long-time behavior of logK-complexity

_ 1T
LK = 711_1;120? A dtLK(t) (15)

In the Appendix B, we show that for a fully delocalizing
initial operator O, this average is given by DLK_ log((2)p,.—2)»
where (x), == I'(x + n)/I(x) is the Pochhammer symbol.
In this same limit, we find the long-time average of
the elogK-complexity (10) to be Ex ~T(Dy)/Px),
Comparing this with the long-time average of the
Krylov complexity K ~ Dy /2, we see that generically,
Krylov complexity will saturate to a higher value than the

elogK-complexity, although their ratio is constant and
given by ¢/2 =~ 1.35914.

IV. LOGARITHMIC KRYLOV COMPLEXITY IN
THE CONFORMAL LIMIT OF THE SYK

To have a better idea of the behavior of logK-complexity,
it is very illustrative to compute it explicitly in the
paradigmatic example of the SYK model [45,46] at low
energies, where the theory exhibits conformal invariance.
Here we follow [23] and [55,56]. The SYK, model is a
model of N, Majorana fermions with g-body interactions
described by the Hamiltonian

Ay = i1 Lo iy, (16)

1<i) <...<i <N

where [y, |, = Wp; + 0 ;p; = 6;; are N, Majorana
fermions and where J; i, are antisymmetric random
couplings sampled from a Gaussian distribution with zero

mean and variance o := J; ; = N;(q_]>(q - 1)I1J? As
is well-known (see, e.g., [57]), this model is solvable in the
large-N s limit. Moreover, at finite and low temperatures
pJ > 1, this model exhibits an emergent conformal
invariance accurately described by a chiral conformal field

theory (CFT) with SL(2,R) symmetry. For an initial

operator of the form @0 =2, and using the
Wightman inner-product (2), the autocorrelation function
ol (1) = 2011 i ()" becomes

@ (1) = (cosh(xt/p)) /1, (17)

with associated Lanczos coefficients b, = (7/f)x

v/n(n—1+2/q). This is a particular example of a more

general class of autocorrelation functions of CFT, primary
fields that transform under specific representations of the
SL(2,R) algebra. For example, the thermal (Wightman)

autocorrelation function of a chiral primary field @0 with
scaling dimension A = h is given precisely by (17), where
h = 1/q. More generally, for an autocorrelation function of
the form ¢((z) = (cosh(ar))™, it is possible to find a
closed form expression for the wave functions ¢,,(¢), which
satisfy the recursion relation

do, (1)
dr

where the Lanczos coefficients are b, = ay/n(n — 1+ 7).
Here, a and # are related to the representation of primary
SL(R, 2) states using SU(1, 1) Perelomov coherent states
[55], with « related to the energy scale of the Liouvillian
and 7 to the weight & of the primary. In this case, the ¢, (1)
are given by

= b, @u_1(t) = by 19,11 (1), (18)

I'(n + n) tanh” (at)
n!l'(n) cosh’(at)’

@u(t) = (19)

Setting n =2h =2/q, a = x/f, we recover the wave
functions for the conformal limit of the SYK at low
temperatures (17). With them, we can directly compute
the Krylov complexity (5), which is given by

0

K(1) = nlg, (1) = nsinh?(ar), (20)
n=0

and which shows the late-time exponential growth K(7) o
e>=.) discussed in the Introduction in the context
of the universal operator growth hypothesis, where
t, = log(4n)/2a. Using (19) and the definition (9), we
find that the m-th order Krylov complexity for integer 1 <
n € Z™ has the following formal expression for | < meZ*

K1) = ", (1)
n=0

n—1

=sech(at)! Y " k(n.i)Li_y . (tanh?(ar)),  (21)
i=0

where Li,(z) is the polylogarithm (Jonquiere’s function),
which is defined for any complex n and z as the analytic

106004-5
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continuation of the Dirichlet series Y 2, z¥/k". The
polylogarithm Li,(z) is absolutely convergent for all
neC and for all z€C inside the unit disk |z] <1 [58].
In (21), the (n, i) are numerical coefficients given by

Si(n.i+1)]

. on21&0<i<p-1, (22
(n—1)!

k(n,i) =

where S (n, k) are Stirling numbers of the first kind, which
have the following generating function

o (log io: Si(n (23)

n=k

Before computing the logK-complexity, it is worth exam-
ining the behavior of K(")(¢) given by (21) for fixed index
m > 1. Let us momentarily focus on # = 1 for simplicity,
corresponding to a chiral primary with scaling dimension
A=h=1/2. In this case, the sum in the mth order
Krylov complexity contains only one term: K (”’)(t)|,]:1 =
Li_,, (tanh?(at))sech?(at). At early times, it behaves as
K" (1)],oy = @® + (2" = 5/3)a*t* — 0(a®1®), whereas
at late times it has a leading exponential growth given
by K(’”)(t)|,7:1 o e?@m where we directly note that the
index m enhances the late-time growth rate of the usual
Krylov complexity (20). To be more precise, the mth order
Krylov complexity for = 1 and integer | < m€ Z* can
be written as

m
~(1 i
)= D R

j==m

1\m
= l?gr}’)_me—Zmal 4+ <—> + . +’%;(’r})m eZmat,

2
(24)

with K‘m)m = K‘Sn) m=27"I'(m +1)/T(1) and where ...

denote terms containing terms e*¥’ with powers
1 <|j| £ (m—=1). From (24) we find that the leading
behavior at large ¢ is dominated by the term with the
largest exponent, given by j = m. Note that the represen-
tation (24) holds only when 1 <me&Z™". In fact, this
leading late-time behavior o " is also present for larger
integer 7 > 1, namely for heavier SL(2, R) primaries. This
can be seen from the fact that, in general, the sum of
polylogarithms in (9) contributes at late times with a
leading factor proportional to 2" +1(@) Thus, the leading
large-time behavior of the higher-order Krylov complexity
for general integer n > 1 is given by

K(m)(t) ~ D2 =200t 62(m+17)(at) o e2amt (25)

’

where the first factor comes from the late-time behavior of
sech?(at). Similarly, the initial-time behavior of K™ (t)
for general integer 7 > 1 is of the form

3
K(m)(t) ~ 7’]0!2[2 +g <2 (14n)2" — (2 + 3,7)) ot

— 0(a®f%). (26)

To find the logK complexity, we take the higher-order
Krylov complexities with index m (21) as replica copies of
the Krylov complexity (20). Note that the polylogarithm
Li_(, (tanh?(at)) is well defined and absolutely con-
vergent for any (m + i) given that | tanh?(az)| < 1 and in
particular, for finite ¢ and for any real and finite o, we have
| tanh?(at)| < 1. This is because the polylogarithm Li,(z)
is an analytic function of the power n for fixed argument z.
As a consequence, K" (t) can be analytically continued to
noninteger m by the standard analytic continuation
n™ > e™og()  Thuys, we are able to differentiate K" (r)
(21) with respect to the replica index m and take the limit
m — 0 to find the logK-complexity, which has the follow-
ing formal expression

0
= lim — (K™
Li() = lim — (K")(1)

n—1

= —sech(at)* Z c(n

=0

£)Li’_,(tanh?(ar)), (27)

where Li},(z) == dLi,(z)/dn is the derivative of the poly-
logarithm Li,(z) with respect to the power n, and where
c(n, ) are numerical coefficients given by

1
C(’]a f) = Z T , (28)
1<j1<js....jp<n—171 2. ]p

where {ji, j», ..., jo} are sequences of integers of length f
which represents all possible subsets from 1,2, ...,n7 — 1!

Note that we would not have obtained this result if we had
used an expression such as (24), which is only valid for
integer m. We also remark that, since the polylogarithm is
absolutely convergent, we could have found the same
expression if we used the regularized expression (13)
instead. A careful analysis of the logK complexity (27)
shows that its large-time behavior is given in general by

"By convention, we set ¢(;7,0) = 1 for all #. For example,
when 7 =1, and £ =0, ¢(1,0) = 1. For n = 2, although # can
be 0, 1 but the only subset is {1}. Therefore,
¢(2,0) = ¢(3,0) = 1. The first nontrivial example is 5 = 3.

When 7 =0, it is assumed to be 1. When ¢ = 1, all subsets

are {{1},{2}}, whichleads to ¢(3,1) =1 +2 2 Whenf =2,
there is only one subset: {{1,2}}, which gives c(3 2) 12 =
Similarly, we can find: ¢(4,0) =1, ¢(4,1) =1 —|— +14 3= 6

c(4.2) = 12"‘23"‘13_1 c(4, 3):ﬁ_%

._.Np_‘
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Ly (1) ~2at — 2271, (large 1), (29)

whereas its early time behavior is given by

1
L (1) zwmg(z)oﬂﬂ —0(@),  (30)
which is consistent with (14).
It is clear that in this case we have the relation
log(K(#)) ~ Lg(r) at late times. In fact, they give the same
late-time growth rate, or Krylov exponent

d d
Ak = tlirgalog(l((t))EZaEtlirglod—LK(t) = AL (31)
Thus, this is an example where both log(K(#)) and L g(¢)
agree in the same leading, linear late-time behavior. Note
that the Krylov exponent nor their late-time linear-growth
rely on the details of the CFT, and this behavior holds also
for integrable CFTs, and by natural extension, to the low-
energy/low temperature limit of SYK, (yn = 1), which
is integrable. We discuss this result in more detail in
Sec. IX and in X. We can also compare the Krylov
complexity and the exponentiated logK complexity, the
elogK-complexity (10)

Eg(r) = b0 — 1~ e20(=1) - (large 1), (32)
where ¥ = 2277 /2a. In Fig. 1, we compare the elogK (32)
and usual Krylov complexity (20) for specific values of #
and a.

We end this discussion with a remark. The authors in
[56] relied on the Toda hierarchy method to compute the
Lanczos coefficients for the d-dimensional free massless
boson and free fermion at finite temperature. In this
approach, an analytical expression for the Lanczos coef-
ficients is obtained through the Toda functions, which can
be used to find the late-time 7> ¢, growth rate of the
Krylov complexity, assuming a specific pole-structure of
the autocorrelation function. However, it does not auto-
matically yield the wave functions. Since we do not know
the precise relation between the pole structure of the
autocorrelation function and the linear growth of logK-
complexity, we believe that possessing only the Lanczos

20
- Log(K)

I Log(EK)’-”__.-—"'-

0
ol

0 2 4 6 8 10

Log(Complexity)

FIG. 1. Comparison of log(K(z)) (20) (blue, dashed) and
log(Eg(t)) (32) (orange) for n = a = 1.

coefficients, as given by the Toda method, is insufficient for
determining logK-complexity. We leave this analysis for
future work.

V. LOGARITHMIC KRYLOV COMPLEXITY IN
MANY-BODY MODELS

In this section, we present numerical comparisons of
Krylov and elogK complexities in finite-dimensional
quantum systems that contain classically unstable saddles,
but which are otherwise both classically Liouville inte-
grable and quantum mechanically integrable (although not
necessarily Bethe-Ansatz-integrable). In such systems, it is
known that both the OTOC and Krylov complexity grow
exponentially up to the scrambling time ¢, ~log(S)
[34,34,36,38,39,59].

Following the introduction, we expect logK complexity
L (1) to display integrable behavior in saddle-dominated
systems while retaining its sensitivity to chaos in truly
chaotic systems. In order to show this numerically, we
consider the Lipkin-Meshkov-Glick (LMG) model [60] and
the mixed-field Ising model at the chaotic point. To better
compare it with the Krylov complexity K(¢), we will
compute the elogK complexity Eg(z) defined in (10).
As we will see later in this section, the elogK-complexity
Ex(7) displays a dampened growth in this saddle-domi-
nated model, in contrast to the conventional Krylov
complexity K(r), whereas at the chaotic point of the
mixed-field Ising model, Eg(7) exhibits exponential
growth, closely matching K(¢) at early times.

A. The LMG model

We first compute the E g (¢) in the LMG model, which is
described by the following quantum Hamiltonian:

. S, S\?
Hive ==+ J(f) =i+ J2, (33)

where S'X and S‘z are spin operators in the spin-s repre-
sentation of SU(2), which can be given as spin operators of
a collection of 2J self interacting particles using Pauli
matrices: S, = >, 6%/2, and (J) is a coupling constant, and
{%.9,2} = {8,/5.8,/5.5./s}. In the classical limit, it is
described by the Hamiltonian H; ;g = x + 2z, where x, y,
z satisfy the Lie-Poisson algebra {x,y} =z and the
constraint x> + y*> + z?> = 1. From the classical phase space
analysis, one can find an unstable classical saddle point at
(x,v,z) = (1,0,0) with exponent Ay = +/2j — I. For
later discussions, we follow the convention in [33] by
setting J = 2. In this context, the parameter 1 /s can be used
as an effective 7. whose limit A — O (s — oo) leads to a
semiclassical limit.

For numerical calculations, we choose the operator Z,
which grows exponentially around the unstable saddle. As
shown in Fig. 2, E(t) deviates significantly from K(7) at
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FIG. 2. Krylov complexity K(¢) and elogK complexity E(7)

in the LMG model for initial operator Z with classical exponent
Asaddie = V/3. The horizontal axis is scaled with the slope of b, by
a, whereas the vertical axis is scaled by the Krylov dimension
Dy = 1300. Upper left panel: K(r) (blue, dashed) and E(r)
(orange) for s = 25. The inset is the log plot where the red dashed
line is of slope Agqqe = /3. Upper right panel: The correspond-
ing Lanczos coefficients with linear fitting by a = 0.8701.
Middle left panel: K(¢) for s = 25. The blue dot-dashed data
are from numerical calculation. The red dashed curve is the initial
time fitting of the quadratic polynomial function at 0 < #;, < 1.
The black curve is the exponential function fitting up to the
scrambling time #*. Middle right panel: E(7) for s = 25. The
orange dot-dashed data are from numerical calculation. The red
dashed curve is the initial time fitting of the quartic polynomial
function at 0 < 1, < 1. The black curve is the fitting up to the
scrambling time #*. Lower left panel: Comparison of K(#) and
Ex(t) for s =25 and s =75. Lower right panel: Late-time
saturation of K(#) and Eg(r) for s = 25. For s = 25, the least
numerical precision of the Krylov basis is on the order of 1070,
whereas for s = 75, it is on the order of 107190,

early times. While K(¢) exhibits exponential growth at
early times, Ex(7) follows a subexponential behavior, with
both fitting functions given by

K(t
K@) ~ 0.00015¢" () (34)
D)C alatlat*

Ex() ~ 0.0059¢~ 13917 a) - (35)
D/C alatSat*

where a is the slope of the linear growth of b, and at* «
alog(2s + 1)/ Agade ® 1.9752 is the scrambling time. The

functional dependence of Eg(#)/Dy in terms of at was
found numerically and currently we do not have an
understanding whether it could arise as a consequence of
first principles or whether it also holds for other saddle-
dominated systems. We leave this study for future work.

From Fig. 2, we confirm our analytical initial-time
predictions for K(¢) and Eg(¢), that is, for 0 <t K(r)
grows quadratically and Eg(7) grows quartically. This
behavior is given by

K
k() ~0.0013(ar)?, (36)
DIC O<at<a

E

ExOl £ 0.00047(ar)’. (37)
D’C 0<at<a

B. The mixed-field Ising model

In this subsection, we numerically compute the logK
complexity in a genuinely chaotic system: the mixed-field
Ising model at the chaotic point. In this case, we expect that
the elogK complexity should behave similarly to the
conventional Krylov complexity, at least in terms of early
time exponential growth. As we will see below, this
expectation is supported by our numerical calculations.
We consider a one-dimensional mixed-field Ising model
with open boundary conditions, described by the following
Hamiltonian:

L-1 L
Ay == 8585, => (87 + 1.5, (38)
i=1 i

i=1

where L is the total number of sites, i, and h, are
parameters controlling the strength of transverse and
longitudinal magnetic fields, respectively. This model is
integrable when either parameter vanishes; otherwise, it
enters a nonintegrable phase for finite values of the
parameters. In particular, its energy spectrum exhibits
Wigner-Dyson statistics when the parameters are chosen
as h,=-1.05 and h, =0.5 [61,62]. In our numerical
evaluation, since the model preserves a parity symmetry,
we restrict our analysis to an individual parity sector.

In our numerical implementation, we set L = 10 and
study the operator S'g + S‘g at the chaotic point at early
times. As shown in the upper right panel in Fig. 3, the
elogK complexity and the conventional Krylov complexity
exhibit similar behavior at early times. The linear growth of
b, from the upper left panel in Fig. 3 indicates the
exponential growth of the Krylov complexity in the form
~e?* The parallel growth of the elogK complexity with
the Krylov complexity at early times suggests the same
form of exponential growth for Ex(7), as well as the
linear growth of L(7), summarized in the Table I. This
numerical analysis supports our expectation that the elogK
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FIG. 3. Upper left panel: Lanczos coefficients for the operator
§% + 8 in the mixed-field Ising model with h, = —1.05, h_ =
0.5 with sites L = 10 in the negative parity sector. The linear
growth with slope a = 0.8516 indicates the exponential growth
of Krylov complexity. Upper right panel: K(¢) (blue, dashed) and
E(t) (orange) for the same parameters and operator in the
negative parity sector. The horizontal axis is scaled with the slope
of b, by a, whereas the vertical axis is scaled by the Krylov
dimension Dy = 245521. The inset is the log plot. Lower panel:
Late-time saturation of K(f) and Ex(7) in the negative parity
sector with Krylov dimension Dy = 3081 for sites L =7 and
operator S'% + S’g with slope a = 1.0848. For L = 10, the least
numerical precision of the Krylov basis is on the order of 10736,
whereas for L = 7, it is on the order of 107820,

complexity has a window of exponential growth in chaotic
finite-dimensional many-body systems. We also show the
late-time saturation of both with sites L = 7 in the lower
panel in Fig. 3. They all saturate lower than the upper
bounds (B4) and (B8) as expected, since this is not a
maximally chaotic/thermalizing model.

To summarize, our numerical analysis in this section
showed that elogK complexity is highly suppressed in
integrable systems dominated by saddles, while exhibiting
exponential growth in genuine chaotic systems. The

TABLE 1.

behaviors of logK and elogK complexities are listed in
Table I and compared with the conventional Krylov
complexity.

VI. LOGARITHMIC KRYLOV COMPLEXITY IN
THE QUANTUM INVERTED HARMONIC
OSCILLATOR

Another interesting setup for studying logK complexity
is the inverted harmonic oscillator in quantum mechanics.
This setup has been used in the past as another simple
model for saddle-dominated scrambling in which probes
such as OTOCs and Krylov complexity exhibit exponential
growth [26,63]. Similarly to the conformal/low energy limit
of the SYK model, discussed in Sec. IV, we want to
compute the higher-order Krylov complexities and the
logK and elogK complexity in this setup. The starting
point is the Hamiltonian

N A
Hpo = E(XPJFPX), (39)

where [%, p] = i, A€ R and where {&, p} are related to the
canonical position and momentum operators in quantum
mechanics by {X = (¥ = p)/v2.P = (3 + p)/V2}. The
energy spectrum of the Hamiltonian (39), which can be
written as a generator of dilatations Hyo = —iA(%0, +
1/2) with p = —id,, is continuous and unbounded from
above and below. As a consequence, the Gibbs/KMS
thermal state e=##mo does not exist in this case for any
>0, and the partition function Z(f) = Tr(e o)
diverges. There are a few ways to overcome this difficulty.
While some involve restringing the operator algebra or
introducing cutoffs in the energy spectrum, an alternative is
to consider the infinite temperature limit f — O of the
Wightman inner product (the Hilbert-Schmidt (HS) inner
product) and consider operators that are normalizable with
respect to it. Such a class of operators includes Gaussian
operators of the form

Summary of initial and early time growth, and late-time saturation of complexity measures K(¢) and Ex(¢) and their

logarithmic forms log(K(z)) and L () from analytical analyzes based on perturbation solutions for the Schrodinger equation (A3),
numerical analysis in Sec. V, and late-time average (15), respectively. Detailed explanations of [*] are given in Sec. V B.

Complexity measure Logarithmic form

Timescale K(7) E (1) log(K(1)) L (1)

Tnitial growth (0 < 1) v 1og(2) 224 bir? 82 23t

Early time growth (¢ < 7,) in the LMG model el ee 't Aat ekt
(from numerical fittings in the Fig. 2)

Early time growth (7 < £,) in the chaotic mixed-field Ising model o2 24l 20t 214
(from numerical data in the Fig. 3)

Late-time saturation value in chaotic systems Dy /2 [(Dy)/Pr) log(Dy/2) log((2)pyc—2)

Dy
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o 2\ /4 o
OO = <—> e a, (40)

T

where a > 0 is a constant that labels different Gaussian
operators and is related to the variance of the Gaussian

probability distribution (x|®,)."" The class of operators
(40) are normalized with respect to the Hilbert-Schmidt
(HS) norm where the trace can be expanded in position
eigenstates

H@OH2 = <(A90|(A90)HS = Tr(@é@o)

A

_ /_+°° W) Op(x) =1, (41)

(e8]

and where we omitted the divergent factor 1/Z(0) in the

inner product. Using the solutions to the classical equations

of motion x(¢) = ¢*x(0), the unitary time evolution of O,

can be found in a straightforward way to be given by

@O(Z) — eifﬁlmo(’)oe—ilﬁlmo = <£> 1/4e_#, (42)
a
which we can normalize for all ¢ with respect to the HS
inner product by redefining it to Oy(¢) := (2/za)"/*
eM/2e=¢"¥/a Ag noted in [26], the Krylov basis of
operators can be written in terms of even Hermite poly-
nomials H,,(z) as

N 2\ /4 1 2 g
b - (2) o ((5)e 5
o (2n)127 a

In the Appendix C. we show that the wave functions
@u(1) = i7" (K,| Oy (1))PS take the general form

(2n)!  tanh”(Ar)
2"n!  (cosh(4r))!/?’

ou(t) = (=1)" (44)

and are thus formally a particular case of the wave functions
discussed in the conformal limit of the SYK (19). Setting
n = 1/2 in the latter, these wave functions coincide up to
the factor (—1)". For example, the Krylov complexity
computed from the wave functions (44) is given by

1
Ko(r) =5 sinh? (A7), (45)
which matches (20) for y = 1/2 and a = 4."2

"'Of course, (40) is not properly normalized as a probability
distribution but rather as an operator with respect to the HS norm.
Note that the parameter « appearing in the Gaussian operator
(40) disappears from the wave functions ¢,(7), the Lanczos

coefficients b, = A/n(n — 1/2) and from the Krylov complex-
ity (45), because the integrals of products of Hermite polynomials
through the HS inner product are independent of the scale of x.

Using the definition (9), we can formally write the
higher-order Krylov complexity for integer 1 <meZ™" as

m 1 3
K59>(f) =l 1(—

2,...,2:1, ..., 1;tanh?
ymtim=1\ 522 S o ytan (/11‘)>

m—1 m—1

x sech(At) tanh?(At), (46)
where ,F q(a; b;z) is the generalized hypergeometric
function, where a = (a],...,ap), and b = (bl,...,bq).
Note that this is different from (21) in general, since that
expression was valid only for = 1. However, in general, it
also has a similar formal expression to (24). In fact, for
integer 1 <meZ", Eq. (46) can be written as

K (1) = sech(Ar)cosh!+2m (1) zm: 1S, (m, k)|
k=1
%tmhmz)mch%m—@(m, 47)

where S, (m, k) are Stirling numbers of the second kind,
which have the following generating function

%(e"—l)k:i&(”’k)z_r;- (48)

n=k

From (47) we see that for integer 1 < m€& Z*, the mth
order Krylov complexity has the form

m
Kg")(t) _ Z 17,11,,'62“'

j=—m
rg rg

_ 1322: m3) “2mirt . 1322: m3) it (49)
212 (3) 212mp(3)

with 2, _, =0y, =27172"T(1/2+m)/T'(3/2), and where
... denotes terms e**" with powers 1 < |j| < (m —1). So,
similarly to Sec. IV, Eq. (24), the mth order Krylov
complexity has a leading large-t behavior dominated by
o ¥ The initial-time behavior for integer m is instead
given by

. 20 .om _ 14
Ké)(t)z%Jr%muo(zﬁﬁ), (50)

which exactly matches the early time behavior (26) for
n = 1. This strengthens our intuition that this analysis is
mathematically very close to the # = 1 CFT case.

In order to analytically continue the higher-order com-
plexities (47) to real m € R and find the logK complexity, it
is useful to rewrite the higher-order complexities for integer
m in the following way:
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2 n"(2n)!
Kg")(t) = sech(1r) Z%tanh(ltﬁ"
22°"(n!)

— sech(dr) inm<2n> Z— (51)

n=0 n

where y = tanh?(A¢) and |y| < 1. Since this series (51) is
absolutely convergent for m € Z*, we can perform the
standard analytic continuation n” > ¢”1°¢(") and perform
the replica trick, yielding a formal series expression for
logK

.0 (m
Lo(t) = ,E_%%Kg )

= sech(4r) i log(n) <2n> M, (52)

n
n=1 n 4

where we arrived at a regularized expression by subtracting
the logarithmic divergence at n = 0 following (12).

To see the large A behavior of (52), corresponding to the
limit y — 1, we can perform an expansion of the formal
series using

> togtn) ()

<5 1= (g ({1 ) =y e
+0((1=y)"*log(1 - y)), (53)

where y is the Euler-Mascheroni constant. Multiplying this
expression by sech(4f) and using the identities 1—y=
sech(41)?, log((1—y)~")=log(cosh?(1t))=2log(cosh(1r)),
and sech(At)(1 —y)~'/? = sech(At) cosh(At) = 1, we find
the asymptotic large Ar behavior of (52) to be

Lo(f) ~ At — g —2 log(2), (large ). (54)

This shows that, similarly to the SYK, at low energies and
temperatures, in this case, and for the specific choice of
Gaussian initial operator (40), the logarithmic complexity
itself is incapable of accurately avoiding the instability
from the classical unstable saddle. Although this could be
due to the fact that the Krylov subspace is also infinite
dimensional for this particular choice of operator, an
additional exponential growth is already present in
Oo(t) x e*/2e=¢*'%/2 Nevertheless, this brings into ques-
tion the use of logK complexity to resolve the unstable
saddle issue in infinite dimensional systems. In Sec. IX we
return to this issue with a possible resolution. However, it
would be also useful to understand whether classical
notions of Krylov and logK complexity are able to bypass
this problem. This is the focus of the next sections.

VII. CLASSICAL PHASE SPACE ANALYSIS

To understand the main difference between logK com-
plexity and K-complexity as probes of scrambling in finite-
dimensional dynamical systems, it is illustrative to study
their behavior in classical systems with unstable saddles.
Before doing so, in this section we review the Krylov
formalism in classical phase space. We emphasize that, as
noted in [23], the recursion method has been extensively
discussed in the context of classical dynamics [40,64] to
study various properties of many-body systems such as
transport coefficients and even classical Lyapunov expo-
nents [65,66]. However, to a large extent this classical
analysis has focused on the properties of classical auto-
correlation functions and their related moments, Lanczos
coefficients and continued fraction expansions. To bridge
the gap between the quantum formalism of Krylov com-
plexity and the recursion method in classical dynamics, we
give an overview of the basic framework and define
classical notions of Krylov and logK complexity.

A. The algebra of functions in classical phase space

In (bosonic) classical mechanical systems, phase space S
is a real 2N-dimensional symplectic manifold [67], where
the dynamics (phase flow) are generated by a Hamiltonian
vector field Xy, related to the system’s Hamiltonian H,
through the Poisson brackets {-, -}pg

K=y (0 B0 o (59

k=1 apk aqk a‘]k apk

where {q = (¢',....¢"),p = (pi1,.... py)} are canonical
(Darboux) coordinates in phase space S, H = H(q, p), and
where the symplectic formis @ = ), dp; A qu.13 In this
sense, the Hamiltonian vector field X is the classical
analog of the Liouvillian: £ := [H,-] = —{H, - }pg = Xy
Similarly, the classical analog of quantum observables
(Hermitian operators) in the operator algebra A(H) are
real-valued and smooth functions C*(S) in phase space S,
which together with pointwise multiplication, define an
associative and commutative algebra: the algebra of
classical observables .A(S). Time evolution in phase space
is given by the 1-parameter family of diffeomorphisms
generated by Xy, h,: S > S, t€R, such that i,(q,p) =
(q(1),p(1)), where (q(z),p(t)) satisfy Hamilton’s equa-
tions: ¢ := dg*/dt = Xy (g*) = 0H/dp; and p; ==dp;/
dt = Xy (py) = —0H /04", for all k = 1,..., N, and where
(q(0) = q,p(0) = p). In other words

BFor simplicity, here we focus on bosonic phase space.
Classical fermionic phase spaces are equipped instead with a
symmetric positive-definite bilinear form, a metric g,,. See, e.g.,
[68] for details and references therein.
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d

t=0

This defines the Hamiltonian phase flow in S. Intuitively,
this means that along the integral curves of X, we have
Xy = d/dt, and consequently, the integral curves of Xy
satisfy Hamilton’s equations. In general, given a classical
observable f:S—> R, feA(S), with f(h(q,p)) =
f(q(t),p(?)) :== f,(q,p) that does not depend explicitly
on time, its time evolution is described by the differential
equation

d
5.][‘[ = XH(ft) = _{vat}PB' (57)

One may think of (57) as a differential equation for the
family of functions f,€.A(S) with initial condition
fiq,p)|,—o = f(q,p). Importantly, we can enhance the
algebraic structure of measurable classical observables
s C A(S) by introducing an inner-product. If x =
{x o xNy=1{4".....4", pi,....py} are canonical
coordinates in S and f€Xgs is a measurable function,
we can define its phase-space average by

1
Ns=1s /9 (%) £ (x). (8)

where 41:S — R is a measure in S and u(S) = [5du(x),
such that (I)s = 1, where I(x) := 1 for all x€S. We also
require that the measure p is preserved under
Hamiltonian flow: u(h,;(F)) = u(F) for all F €T, where
I' C X is any measurable subset of 2. In particular, this
implies that the phase space average (58) is invariant
under phase flow, namely

1
ds =75, /S du(x) £ (1, (x))

1

- [wmrm=tns 9

where y = h,(x), since u(h,(F)) = u(F) = u(h;'(F)) for
all measurable F eIl C Xs implies u(y) = u(x). This
allows us to define an inner product of classical observ-
ables as follows: If f,g€Xs then we define their inner
product (with respect to u) as

(fr9) = 9s—{fs(9s- (60)

Note that here we defined (f,g) = (g,f) as the con-
nected two-point correlation function between f and g.
Thus, the positive definiteness of (60) is equivalent to the
condition that ||f|]*> := (f, f) = (f*)s — (f)% > 0, which
can be interpreted as the requirement that the variance of

f in S with respect to the measure u be non—negaltive.]4

Finally, in order for (60) to properly define a positive-
definite inner product, we take the quotient of X5 by the
null space of observables with vanishing variance:
N, :={fe€Z|f #0.]|f|* =0}. Thus, the algebra of
measurable observables will be the (completion under
the norm topology of the) quotient of Xs by the null

space N, Ss = (Zg/N ), which is essentially equivalent
to ﬂ_z(ZS,//l>.

B. The recursion method

Given a measurable function f el s, We now consider
the following sequence of nested Poisson brackets for f:

{Ffo=Ff.F1=—~{H fl....}. (61)

This sequence is comprised of observables f, that contain
all mixed derivatives of f up to order n in phase space
combined with derivatives of the Hamiltonian H of the
same order, with

}n = (—1)”{H, e {H’ {va}PB}PB-'-}PB- (62)

(n times)

Given this sequence, we construct an orthonormal basis of
functions {K,} in £ using the inner product (60) via the
Gramm-Schmidt procedure:

- ko
ko=fo, Ko= ;
O T k|
2 = - (f1.ko) ky
k - - k ) - ) ﬁ =T
1 fli mioko, Myo (ko ko) 1 k)|
k }‘ i 71,k ~ <j‘faki> IS kf (63)
= —_ MpiK;, m P = s = s
‘ ‘ i—0 o ‘ <ki’ki> ‘ kaH

where this procedure stops upon reaching a vanishing k; for
some [ > 1. In this case, the set of functions { & ,} forms an
orthonormal basis (&, K,) =6,,, of a subset of all
measurable observables X, C is starting from f (with
respect to the measure y). These orthonormal functions
are the classical phase space analog of the quantum Krylov
basis, with X, being the classical counterpart to the
quantum Krylov subspace K.

14Using this definition of inner product, functions of the form
f(x) = k where k € R will trivially have zero norm. This includes
the unit function I(x) := 1 with unit expectation value. To avoid
this, we could simply consider (f, g) := (f - g)s. Alternatively,
one could focus on nonvanishing “centered” observables f —

f'=f=s
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The Gramm-Schmidt procedure (63) can typically be
simplified into a classical analog of the Lanczos algorithm.
Starting from

by =: v/ (fo. To) = [Ifo

for n > 1, we define

fo = fo.

. to=Tfo/bo, (64)

fn = _{H7 tn—l} + bn—lrn—27

b}’l = \% <fn9fn> = ||fﬂ

r, = fn/bn’ (65)

’

where r_; =0 and where we assume f,ef; with
0<j<n-—1. Analogously to the general Gramm-
Schmidt procedure described above, this process stops
once we reach an [>1 such that b, =0. By direct
comparison, the {t,} with 0 <n </—1 form an ortho-
normal basis (r,,t,,) = 8,, of the classical Krylov sub-
space Dy that is isomorphic to {&,} 0 <n < /- 1. In this
approach, the {b,} are the classical Lanczos coefficients
and similarly to the quantum case, carry information about
the time evolution of the observable f,. Their properties
have been amply discussed in [40]. The only difference
between (63) and (65) is that the orthogonality between
different Krylov basis elements is directly implemented in
the former, while in the latter it is assumed that the Poisson
brackets generate a new direction in the subalgebra ﬁf,
which is not always guaranteed. Thus, in (65) one needs to
verify (often manually) that each new basis element f, is
linearly independent from all previous ones.

A general class of classical observables are polynomials
of the phase space coordinates

f=a%+ Zagl)xi + Zaﬁ)xka + ...
i K

+ Z anfﬁZZNxfl ceextN (66)
fo

with i; +--- 4+ i,y = 2N and where for bosonic phase
space, only the completely symmetric part of af]"> i
(1<n<2N and i; +---+1i, <2N) is nonvanishing.
For a given polynomial of degree 0 < d < 2N that depends
on k < dim(S) = 2N phase space coordinates, the Krylov
basis will generically consist of at most (k + d)!/(k!d!)
elements, and thus for this type of classical observables, the
dimension of the classical Krylov subspace satisfies the
inequalities

(k+d)! _ (4N)!
Kd' = (2N

1 < Dy, = dim(X) < (67)

Thus, the problem of finding a classic Krylov basis for a
given classical observable directly translates to the problem

of finding a specific family of multivariate orthogonal

polynomials with respect to a given phase space mea-
sure [64,65].

C. Classical Krylov and logK-complexity

Since the functions (63) [or equivalently (65)] form a
complete basis in X, this means that we can write the time-
evolved f, as a linear combination of them, namely

ft = ch(t)ﬁnv

n>0

en(t) = (fr. Ry).  (68)

We can also define the classical analog of the spreading
operator N : 5 — X/ by

n>0

With it, and in analogy to the definition (5), we define the
classical Krylov complexity of the classical observable
f(x) as the “expectation value” of the spreading operator
N with respect to f,, in other words, by

o (fs N(f0) _ Dol (frs K)
MO=TG gy T AP
— En20n|cn(t)|2
S asolea (D)

(70)

In this classical approach, we can still think that the
orthonormal basis {&,} defines an auxiliary one-dimen-
sional and discrete space where each index n labels the
“position” along this space; a classical version of the
Krylov chain. Thus, we can still think of the operational
interpretation of Krylov complexity K /() as measuring the
mean position of the observable f, in the Krylov chain
generated by {&,}. Substituting (68) into (57) and using
the recursion relation (65), where we identify ¢, = &, we
can find a recursion relation for the coefficients ¢, (¢)

an (t)
dr

= bncn—l ([) - bn—‘rlcn—H (t>7 (71)

for n >0 with ¢_(7) =0 and ¢, (1 = 0) x &,0.
A replica generalization of the classical spreading

operator (69) is the mth order classical spreading operator
(69), which we define as

Nm(ft) = N<N(ft)> :ancn(t)@n' (72)
—_—

) n>0
m times

With it, we define the classical higher-order Krylov and
logK complexity following Egs. (9) and (8), namely
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(m) . <ft’Nm(ft)> _ anonm|cn(t)|2
K;7(1) = TR YA (73a)
KM 3, tog(n)le, (1)
L (1) = Py mﬁg: Zlnzolcn O (73b)

where we used the fact that the classical Krylov subspace of
an observable of the form (66) is always finite dimensional.
We remark that in the above construction, we take &, to be
functions of the initial phase space coordinates x(0) = x.
Thus, when computing the coefficients ¢, () in Eq. (68),
we evolve the observable f in time via f,(x) = f(x(7))
while keeping the basis functions {&,} fixed at the initial
time. This leads to the question of whether we can consider
the time dependence in the basis functions &, while
keeping the initial observable f fixed. Due to the invariance
of the measure y(x) with respect to the Hamiltonian phase
flow, we can show that (f-g,)s= (f_;-¢)s, for any
f.ge3s and as a consequence,(f, g,) = (f_;, g). Thus,
for any &,

cn(t) = (fr. ) = (f. Ku(-1)) =, (-1). (74)

In other words, these two kinds of coefficients are,
in general, related to each other by time reflection. As
a consequence, if instead we evolve the Krylov basis
in time, the time-evolved spreading operator N, =
Y ons0 Ku(1)(K,(1),-) gives rise to the Krylov complexity

N Sl
K = = Sl OF

which is in general related to (70) by K (1) = K;(—t),

since ||f[[> =II/I]’, given that (f,(x).f,(x))=(f(h;"
(h(x))).f (%)) = {f(h_(h(x))).f(x)) = {f(x).f(x)). We
discuss these subtleties in detail and provide examples of
the Krylov formalism in classical phase space in the
Appendix D.

(75)

D. Quantum to classical transition

A different question that is independent of the classical
phase space formalism described above is the quantum-to-
classical transition. This transition can be achieved in
different ways, two of which are the Husimi Q representa-
tion [69] and the Wigner-Weyl quasiprobability method
[70]. Generally speaking, the Husimi Q representation
maps a quantum Hamiltonian & o through a coherent basis
{|s, m)} to a classical version of said Hamiltonian Hc. This
approach works when we are given a quantum Hamiltonian
ﬁIQ that is constructed from SU(2) (pseudo)spin operators
{8;} (ie{x,y,z}) satisfying the 81(2) algebra. The key
idea being that taking the limit of the spin representation s
to infinity s — oo amounts to taking a semiclassical limit

hiee ~ 1/s — 0, which, when applied to the expectation
value of the Hamiltonian with respect to the coherent states,
gives the semiclassical limit of the quantum Hamiltonian.
Consider spin coherent states defined by

) = 75+ s, —5), (76)

where {|s,m)} are eigenstates of {$?,S.}. Then, the
quantum Hamiltonian I:IQ can be mapped to its classical
version H by taking the following limit

(77)

Observables in the operator algebra can be mapped to
classical phase space observables in the same way. In
this case, the dynamics of phase space coordinates
{Re(a),Im(a)} are governed by the Hamilton equations
obtained from H¢(a, a*). See, e.g., [71] for details of this
approach in the context of the LMG model.

A different, but related approach to map quantum
operators to classical observables is through the Wigner-
Weyl transform,'” which schematically takes the following
form

1 Yix Y\ i
A(q.p) ’=ﬂ—h/dY<‘I+§‘A‘q—§>e pY/h o (78)

where {q,p} are classical phase space coordinates and
where we temporarily reinstated /. Equation (78) becomes
the Wigner function whenever Aisa density operator p.
The Wigner representation naturally induces a Moyal
bracket (see, e.g., [73]):

{{A.B}} = —{A. B}py + O(?). (79)
The equations of motion derived from this representation

naturally include quantum corrections on top of the
classical function:

A(q.p) = A%(q.p) + Y _h¥A (q.p).  (80)
i=1

which is a solution of the Moyal equations of motion
At = {{H’Al}} = _{HvAr}PB + O(flz), (81)

where H is a classical Hamiltonian. Eq. (81) reduces to (57)
in the limit 2 — 0. One strength of the Wigner function is
that it allows us to find the classical analog of quantum

"See [72] for a recent work on studying Krylov complexity
from Wigner’s method. It will be interesting to explore con-
nections between their work and our formalism.
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states. Intuitively, given a density operator p, its classical
analog is a (quasi)probability measure ;. For more details
of the Wigner approach to the study of operator growth in
phase space, see [72,74,75].

E. Classical measures arising from quantum states

In this direction, we can also ask what is the classical
analog of the Wightman inner product (2). Given py =
ePH and Zy = tr(pp), it is straightforward to verify using
the Wigner function formalism that the thermal density
operator ps induces the statistical Boltzmann-Gibbs mea-
sure in classical phase space given by

dus(q.p) = e PH@Pdqdp, (82)

where H is the corresponding classical Hamiltonian to the
quantum Hamiltonian A. Thus, the thermal expectation
value (-); = tr(py)/ 24 in quantum mechanics induces the
statistical (canonical) Boltzmann-Gibbs expectation value
in classical phase space

1
=S /S dqdpe 1O f(q.p).  (83)

with u4(S) = [ dqdpe#H(aP) being the classical analog
of the thermal partition function Z4. As a consequence, the
Wightman inner product, as well as other thermal inner
products such as the Kubo inner product, become

gy = f - g = % [g dus(q.p)f (. p)9(q. D).

(84)

where here f, geis are centered observables (vanishing
expectation value (f)s =0 = (g)g). Therefore, the
Wightman inner product (2) becomes the Boltzmann-
Gibbs inner product (84) in the classical limit:
(flg)¥ = (f.g) where |f),|g) are the GNS states cor-

responding to the operators ]A‘, g and where f, g are the
corresponding classical observables, which we can also
obtain using the Wigner—Weyl transform. In contrast, the
density operator corresponding to a single energy eigen-
state pr = |E)(E| gives rise to the microcanonical measure

ue(q.p) given by

dug(q,p) = 6(H(q,p) — E)dqdp, (85)

which intuitively corresponds to the constraint that the orbit
in phase space {q(7), p(¢)} remains confined to a constant-
energy hypersurface £ = H(q, p). It is worth noting that
the phase space trajectories in integrable systems do not go
through the whole energy surface; while in chaotic systems,
it could be ergodic in the long-time limit. In this case,

ue(S) = [dug(q,p) = Z(E). Finally, the symplectic form
@ = dp A dq induces a natural symplectic volume over the
phase space, given by the Liouville measure dy; (q, p) =
o' /n! =dg' Adp; A ... AdgN A dpy = dqdp. It rep-
resents a uniform distribution over the whole phase space
S. In this case, y; (S) = [du;(q,p) = Vol(S) represents
the volume of S. Finally, a key observation is that the
measures {ug (82),up (85),u;} are invariant under
Hamiltonian phase flow. This is true also for yx; even
though it does not depend explicitly on the Hamiltonian.
The reason is that the symplectic form @ is indeed
preserved under Hamiltonian phase flow [67]. On the other
hand, us and pp are invariant under phase flow if the
Hamiltonian present in their expression is the same one that
gives rise to the phase flow.

We emphasize that our description of the classical phase
space approach is independent of choices of (semi)classical
mapping from the quantum level. Therefore, in principle,
our classical algorithm applies to any well-defined and
bounded functions in classical phase space. See for
example [76] for an application in the context of OTOCs.

VIII. APPLICATIONS TO CLASSICAL SADDLE
DOMINATED SCRAMBLING

Given this general formalism, in this section, we discuss
its application to identify scrambling coming from a single
isolated saddle. For simplicity, consider a dynamical
system with a two-dimensional phase space S, which
has an isolated unstable saddle at (af,a;). By this we
mean that the solutions to the linearized equations of
motion around this point (ay, ay ) + (8a*,da”), given by

dsa™ (1)
dr

~ +Aada* (1), (86)

have the following exponential behavior:

sa* (1) = daf ettt sa=(t) = Sage™', (87)
with Sai := da*(t =0), but behave regularly away
from (ai,ay). Such would be the case in a classically
integrable system that has a single isolated unstable saddle,
such as the LMG model. In this context, (6a™,da™) are
called normal coordinates. The linearized Hamiltonian
giving rise to (86) is of the form H; ~ Ay 8a’da~, which
is related to the Hamiltonian of an inverted harmonic
oscillator, Hyyo = Aq(p? —¢*)/2, by a x/4-rotation:
sat = —(q+ p)/V2, ba~ = (¢ — p)/\/2. One can verify
that in these coordinates the Poisson bracket has the same
form as (55), where da™ acts as a generalized coordinate
and da~ as its conjugate momentum.

The exponential behavior (87) is typically constrained to
occur near the saddle point (a, a;) within a narrow strip
Ss(t) C S of the full phase space [33,38,39]
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FIG. 4. Schematic figure for the phase space trajectory of the
linearized dynamics around the unstable saddle point. The blue
curve represents the solution (87). The orange and dashed region
is the strip (88) within which the orbit of the initial phase space
point (8aj,day) evolves exponentially.

S5(t) = {(6a™.6a™) € S||6a*| < e~ /2, |5a7| < 6/2}.
(88)

with a volume Vol(Ss(t)) = 8¢, for early times ¢ <
t, ~log(S) and sufficiently close to the saddle point § < 1.
A schematic plot of this growth is shown in Fig. 4. Note the
exponential decay of the volume Vol(S;(¢)) around the
saddle point. This is to counteract the exponential growth of
the positive normal coordinate da* () o e*’ and is an
implementation of the constraint that Sa™ () grows expo-
nentially only sufficiently near the saddle point (a;, ay).
The authors in [33] argue that the fact that the volume of the
strip decays exponentially along the solution (87) is the
reason why the classical unnormalized “OTOC,” computed
by the unnormalized phase space average of the following
Poisson bracket squared,
)
S5(1)

C..(1) = Vol(85(1)) x <H5a+m (Sa__}pg

2
~ Vol($,(1) NP0,
‘Vousg(r))/sé@)d”(‘s 0 )'2 5ag
_ A WA
Vol(Ss(1)) x 1 ¢ (89)

grows as o e %1’ in the LMG model and not as o e*%, as
it would in a truly chaotic system [33]. In (89), we used the
Liouville measure dy; = d(Sa*t)d(8a™) in the phase space
average (58) constrained to the strip Ss(¢) to compute the
expectation value of the Poisson bracket. In their case,
the phase space average is normalized with respect to the
surface area of the unit 2-sphere S?, which highlights an
important difference between our approaches. To be pre-
cise, it is clear that if we normalize the OTOC (89) by the
volume of the strip, this would contribute a positive
exponential factor: C.(r) = ([{6a" (1), 6a }pp|*)5,,) =
|6a*t (1)/6ag|> = e**, leading to a different semiclassical
bound on the quantum Lyapunov exponent A; > 24,
contradicting their claim. One way to make sense of this

apparent contradiction is that the authors in [33] use
coordinates defined in S? to compute an equivalent expect-
ation value in the strip, where normalizing with respect to
the surface area of S? is the natural choice in their setup.

We now ask whether we can compute the Krylov and
logK-complexity of classical observables in this setup, and
how does it compare with the behavior of the classical
unnormalized OTOC: C.(t) = §*e*'/4. An important
remark is that, regardless of the normalization factor in
the phase space average, integrating functions f(éa™, da™)
with respect to the Liouville measure over the strip will lead
to additional time-dependent factors in their associated
Krylov bases, while at the same time spoiling the equiv-
alence ||f;|| =||f||- In other words, even though the
measure dy; is invariant under phase flow, integrating
observables or Krylov basis elements over the strip Sj(7)
produces additional and exponentially suppressing factors.
Thus, omitting the normalization factor in the phase space
average may not be enough to remove the additional
exponentially suppressing factors arising from integrating
over the strip (88), as we discuss below.

Ideally, we would like to compute these complexities
for an observable that is linear in normal coordinates
f~ébat,8a”. Choosing f,- =68a® or f,- =da~ leads
to a one-dimensional classical Krylov subspace
dm(Z, )=1= dim(Zfa .) [as can be seen in (67)] with
vanishing Krylov and logK complexities. This is simply
because the sequence of nested Poisson brackets (61)
satisfies f, o /131}0 V n > 1 and the resulting Krylov basis
elements vanish identically &, =0V n >0, with & :=
fo/(Ifoll) being the only nonvanishing element. This
makes complete sense, since a nonzero Krylov/logK com-
plexity requires at least a two/three dimensional classical
Krylov subspace X, and we need a single properly normal-
ized polynomial to describe the full time evolution of such
type of observables. The same is true for observables of the
form f7, = (8a*)” or f4- = (6a™)” with £ > 1, as in this
case onme has Dy =dim(X;) < (1+(£—-1))!/F1=1
[where we removed the contribution from the Oth order
monomial, i.e., the constant term in (66)].

Thus, the simplest observable with a nontrivial classical
Krylov complexity is f(dat,da™) = A da’ + A_da~. To
make a connection with the canonical coordinate of the
inverted harmonic oscillator ¢ = (da~ —da™)/\/2, we
choose A_=1/V2= —A,, that is, f(éa",da"):=
q(Sa*,8a™). In this case, a straightforward computation
of the Krylov basis (63), which as mentioned above carries
an inherent time dependence due to the phase space average
being computed in the strip (88), leads to the following
classical Krylov complexity (70)

Kq(l) _ |cl<t)|2

TP + (P~ (0
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which is independent of § and, moreover, is also indepen-
dent of the choice of normalization factor 1/u(Ss(¢)) =
1/Vol(Ss(¢)) in the phase space average (58). This
Krylov complexity has an initial time behavior K, (1)~
2412 + O(1*), consistent with expectations, but does not
grow according to sinh(1y?)*> beyond this early time
behavior. However, an interesting feature of this quantity
is that it saturates to a value K_q = sz /2 =1, which
signals the finiteness of the Krylov subspace of f,.

If we do not normalize the Krylov complexity (70) by the
factor 1/(||f,]|*) and if we keep a generic normalization of
the phase space average with 1/Vol(S), we instead find a
behavior of the form

s*te=?kat sinh(Ayt)?
12Vol(8) cosh(Ayt) -

K (0) =le(n)] = (1)
Choosing Vol(S) — Vol(S?) =1 as in [33] leads to
slower early time growth K, (1) ~ 5*((4qt)*/12 = (Aat)*/
6+ O(t*)) and late-time vanishing K q(t)’i’f’o. Instead,
choosing Vol(S) = Vol(Ss(t)) = e~ in (91) leads to
the following expression

2

R, (1)l5,0) = S sinh(32(1 ~ tanh(Ggr)).  (92)

This expression has an initial growth K «(Dls,0
(62/12)((Aat)? = (Aqt)®> + O(t*/3)) and a late time satu-
ration K q| Ss(1) = 52/24. Both (91) and (92) grow slower
than (90). Thus, none of these quantities has an exponen-
tially growing behavior similar to C, (). But is it a sensible
comparison? The unnormalized OTOC (89) is computed
for the Poisson brackets of the normal coordinates
{8a*(t),6a=(0)}pg. However, the Krylov complexity
(90) is computed for the observable ¢(éa™,da”) =
(a~ — 6a*)/+/2. Thus, a more sensible comparison would
be between (90) and the following unnormalized OTOC

Cyp(t) = Vol(S5(1)) x ({q(1), p(0) }p[*)s, 1)
_ Vol(S5(1)) N
= e A | duloa’ 3 cosh(i)
= Vol(Ss(t)) x (cosh(dy1)?) = 8*e cosh(Ay1)?
= %Z(e‘”d’ + e~hal 4 elat), (93)

where we still find a late time exponential growth o et
beyond the initial exponentially decaying-behavior gov-
erned by « e™3%’ So, even though at small times the
classical Krylov complexity (90) grows faster than the
OTOC (93), the latter will continue to grow exponentially
at a timescale where the former has already saturated. These
observations suggest that the classical version of Krylov

1 oF s
2 2
8 3
F! S
: :
(&) o

FIG. 5. Left panel: normalized Krylov complexity K(¢) (90)
(blue) and unnormalized Krylov complexity (92) with strip
constraint 12K (¢) /8> (orange) for initial function ¢. Right panel:
normalized Krylov complexity K(¢) (94) (blue) and elogK
complexity (orange) E g (7) from (95) (orange) for initial function
g*. We chose 1, = 1 for both plots.

complexity (70) is insensitive to the exponentially growing
contribution from the unstable saddle.

For completeness, it is also illustrative to compute the
logarithmic complexity. As discussed above, the first non-
trivial example where we can compute logK involves
quadratic polynomials of phase-space coordinates. For
simplicity, we choose the initial function as f(p, q) = ¢°.
Following the classical Krylov formalism, we find the
associated normalized Krylov and logK complexities:

4sinh? (1)
Kp(t)=s———
(1) =375 cosh (200
(9 +79 cosh (2¢1) + 10 cosh (414)) (94)
(5 +2 cosh (2144))> ’
40 log(2)sinh* (22,
La(f) = og(2)sinit (i) (95)

29 cosh (2144) + 5(3 + cosh (4144))

Their behavior is shown in Fig. 5 for 44 = 1. From this
figure we see that, similarly to the numerical results in
Sec. V, the elogK is suppressed at early times compared to
Krylov complexity. Thus, both K »(¢) and L » (¢) behave as
they would in an otherwise integrable classical system; see
Appendix D for a comparison. In the next section, we
discuss a possible resolution of the insensitivity of logK to
suppress the exponential growth in the infinite-dimensional
quantum cases of the integrable ¢ = 2 SYK and the inverted
harmonic oscillator.

IX. REVISITING THE REPLICA APPROACH AND
A NEW OPERATOR GROWTH MEASURE

In this section, we discuss a possible resolution to the
observations in Secs. IV, VI regarding the behavior of logK
complexity in the conformal limit of the SYK and in the
inverted harmonic oscillator, respectively. We outline a
direction that goes beyond the universal information
accessible to Krylov complexity by taking into account
details of the underlying theory and operator. At the end of
this section, we also connect it to the higher-order Krylov
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complexities used to define the logarithmic Krylov com-
plexity via the replica trick.

A. Basic idea and intuition

One of the key differences between the SYK, and the
inverted harmonic oscillator and those described in Sec. V
is the dimensionality of the Krylov space. This suggests
that the implementation of the replica trick (8) in infinite-
dimensional Krylov spaces is still unable to accurately
capture the integrable properties of the underlying theory
from the perspective of operator growth. At the same time,
it is also unable to offer a precise distinction between
scrambling coming from an unstable saddle, as in the case
of the inverted harmonic oscillator, and scrambling asso-
ciated with a genuine chaotic theory in the spectral sense, as
in the g > 2 SYK,, case.

In the case of the SYK, at low energies and temper-
atures, the description of the Krylov complexity and its
higher-order generalizations relied entirely on the SL(2, R)
symmetries of the chiral CFT, which gave an exact form of
the wave functions ¢, (¢). In such a derivation, no details of
the CFT are present, namely whether it is an integrable or a
large-c holographic CFT,. Similarly, in the case of the
inverted harmonic oscillator, the computation of the Krylov
complexity for Gaussian operators relied on the fact that we
could find an exact form of the wave functions which in this
case relied on the special choice of initial operator. It would
seem that we need to incorporate more fine-grained
information about the integrability details of the theory
or about the particular choice of operator if we want to
solve this issue.

A way to do this is to consider a function of the spreading

superoperator (1) = e~£'jieiL! that is sensitive to theory
and operator-dependent information &g (i1, info(L)). In

9

general, we propose that such a function &4 (7, info(L))
can be written as a subtraction of two terms. The first one
consisting of a function of the spreading superoperator that
weighs directly the locality of the Hamiltonian through an
exponent that takes into account the particular interplay
between a given operator and the Liouvillian, and the
second one a regularized version version of the first one,
that takes into account universal (operator-independent)
information about the underlying theory. Schematically,
this can be expressed by the following formula

o Py

8 (i, info(L)) ~ Bare(it"(©-£)) — Reg(#" (), (96)

where F(O, L) is a function that depends on the particular
class of operators and details of the theory captured by the
Liouvillian. For example, in k-local theories, it would be
desirable for such a function to weight the change in
operator size As increasingly more as the operators in the
theory become more nonlocal in the whole operator Hilbert
space and not just in its own Krylov subspace. In this way,

one could gain better insight into how to engineer concrete
probes of operator growth that accurately capture the
dynamics.

B. General idea and realization in the SYKq model

We now outline concretely what we mean by this in the
case of the SYK,,. Recall the g-body SYK Hamiltonian for
N; Majorana fermions given by (16). Let us focus on the
case where Ny and g are even. We propose a g-sensitive
measure of operator growth that accurately distinguishes
between the integrable ¢ = 2 and the chaotic ¢ > 4 cases

0 (1) = (O(1)|86 (12, 9)|O(1)), (97)

where |O) is a GNS state corresponding to an operator Oin
the algebra of bounded linear operators B(H) in the SYK
Hilbert space H, and where 5 (i1, q) is a function of the
spreading superoperator 71 that crucially takes into account
the details of the precise theory, encoded in the g-body
interaction, as well as the specific details about the operator,
such as its relative size compared to the basis elements of
B(H). To be concrete, in the case of operators of the
form O « 1/;, we propose a precise form of 84 (i1, q) to be
given by

So(it.q) = v (i, q) = 1p(7t. q). (98)

where v;,(71, ) and yg (i1, q) are g-weighted functions of
the spreading operator given by

vy (i, q) = Atz (99)

rolit q) ==A<ﬁ# - (1-1(q) 17 —I(q)<1 —(O—),”>i>,

n:

(100)

respectively, where n := (i1) is the expectation value of the
spreading superoperator in the Krylov basis, (a), = T'(a +
k)/T(a) is the Pochhammer symbol, A is related to the
effective dimension of B(*H) probed by O, 1 is the identity
operator in the GNS Hilbert space and where I(g) is a
selector defined by

1(q) = 7““75?;‘1__2)2 ),

such that 1(2) = lim,_, I(¢) = 1 and I(g) = 0 for g > 4
and hence I(q) = 6,, for integer g > 2. The g-weighted
functions (99) and (100) similarly define g-sensitive
notions of operator growth

(101)

T (1) = (O(1)

vp(it. q)|O(1)), (102)
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T4 (1) = (O(Dlre (i1, )| O®)).

To see what these g-weighted functions v (99) and y (100)
physically mean, let us study separately the ¢ =2 and
g >4 cases. For g =2, their expectation values with
respect to the time evolved operator () using the
Wightman inner product yield

(103)

Y9 (1) = (O(1)|AR|O(1) = A,
r2(1) = (WA - (1 - (0),/a)1)|O())
A(1 = (1= |go()[?)) = Acosh=(xt/B),

(104)

where we used the wave functions (19) with # = 2/¢q and
a = rr/f, corresponding to the wave functions of an initial
operator @0 x r; with respect to the Wightman inner
product at low temperatures, namely

_ [I(n+2/q) tanh"(zt/p)
oalt) = \| nT(2/q) cosh¥4(nt/p)’ (105)
Thus, in this case, Eq. (97) yields
05 (1) = Atanh(nt/B) (g = 2). (106)

where A sets the late-time saturation value of Q;,zl )(t).
Similarly, for ¢ > 4, we have

2

T (1) = (O(1)|AHT|O(1)

r@@:(@gA@#—

N
=c
~_—
S
—
~
N—
~_

= a(x570 - Lol (107)
and thus
O (1) = Asinh®(zt/B) (g = 4). (108)

for g > 4. Here, K(4=2)/2(¢) are the higher-order complex-
ities with integer m = (g — 2)/2. In the expressions above,
we used again the fact that for operators of the form
Oy x 1r,, the wave functions are unchanged and given by
(105). Now let us analyze these results.

Tg ) (1) is a bare g-sensitive complexity that weights
directly the g-locality of the SYK Hamiltonian. The
exponent (¢ — 2)/2 is no accident: it represents the increase
in size that a single Majorana, our initial operator O«
undergoes as it commutes with the SYK Hamiltonian (16)
initially. Before discussing this in more detail below, let us

point out that however, this quantity by itself has two
issues: (1) it remains constant and equal to the scale A for
g =2, and (2) at late times, it grows according to
 e™4=2)!/F by analogy with the higher-order complexities.
Thus, for g > 4, the growth rate of this bare complexity
exceeds the (conjectured) generalized chaos bound
Ak < 2x/p, where A is the Krylov exponent. To account
for this exceeding growth, we have to subtract a regularized

g-sensitive complexity Fg ) (1), which has a leading growth

similar to Tg’) (1), but from which we subtract the universal
aspect of the operator growth: (1) for ¢ = 2 the probability
amplitude of the autocorrelation function | ()]?, and
(2) for g > 4 the Krylov complexity Ky(¢). Subtracting
Tg’) (1) and Fg” (1) thus provides a g-sensitive quantity (97)
that retains the universal aspect of the usual Krylov
complexity, while also accurately capturing the integrable
properties of the theory. Computationally, it would have
made sense to just consider the difference (98), but
conceptually it is important to note that it arises from
the difference of two g-sensitive notions of operator growth
that nevertheless, by themselves, suffer from similar issues
to the usual higher-order Krylov complexities.

An important aspect to note is that in this case, where the

initial operator is a simple Majorana fermion O ~ 1j;, the
g-sensitive complexity (97) reduces to a subtraction of
higher-order complexities regulated by universal informa-
tion: the probability amplitude of the autocorrelation
function for ¢ = 2 and the Krylov complexity for g > 4.
If we instead wanted to engineer the function 6¢(i, ¢) for
different initial operators, say, for strings of Majorana
fermions, we would need to account for this through the
exponent in vy(it,q) and through the subtraction in
vo(i, q), while at the same time considering that in this
case the wave functions would certainly be different from
(105). For example, as we will discuss below, one would
change 7(472)/2 1 j*(A5u/2) where Asy, reflects the
“typical” increase in operator size induced by the action
of the Liouvillian and « is an effective exponent. At the
same time, the selector /(g) and universal subtractions
would need to be adjusted.

C. Details of operator size in the SYK, model

Let us now be precise on where the factor (¢ — 2) comes
from in (99), (100) and the selector (101). To do this, we
have to discuss the increase in size of a strings of Majorana
fermions through their commutation with the g-body
Hamiltonian (16). We follow the general arguments out-
lined in [77,78] (see also [79] for a recent application of
these ideas in Brownian spin SYK models). Consider the
g-Majorana monomials

Yrs=yi Wi, I={ij < <ig}, (109)

q
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which contain ordered products of g-Majorana fermions.
We will use them to define a basis for the operator algebra
in terms of Majorana strings. For each subset A C Sy =

{1,...,N f} define a Majorana string ‘i’A associated with the
subset A by

By = iR T,

acA

(110)

where we define ‘i‘@ := 1. The size of the Majorana string
‘i’A is defined as the cardinality of the subset

s(W,) = |A]. (111)
The Majorana strings are Hermitian operators ‘i‘; =y,
that are orthonormal with respect to the Hilbert-
Schmidt inner product (W, |¥p)HS:=2V/2tr (¥, W5) =6 5.
Moreover, they form a complete basis of the algebra of
linear bounded operators in the SYK Hilbert space H with
respect to the HS inner product, B(H). Since there is a
single basis element for a given subset A C S Ny =
{1,...,N,}, this means that there are 2Ns basis elements

in B(H). Because of this, the operator size s(¥,) = |A|
induces a direct-sum decomposition of B(H)

Ny A
BH)=&V,, V, =span{¥,: |A| =5}, (112)
s=0

where dim(V,) = N/!/(s!(N;—s)!). Intuitively, this
implies that “most” operators live near s ~ N/2, while
simple operators are supported at small s.

At the same time, any operator @EB(H) can be
uniquely expanded in the Majorana string basis

O= 3" (,]0)sd,,

ACSy,

(113)

and can be projected to a fixed size s sector by the
projection operator

ﬁs(b = Z(@A‘O)HS@A.
|A|=s

(114)

Now, given two subsets A, B C Sy = the Clifford algebra for

the Majorana fermions {y;} implies that the products of
Majorana strings satisfy

‘i"A‘i!B = U(AsB)@AAI% (115)

where (A, B) € {£1} is just a sign that can be directly
computed, and where AAB:= (AU B)— (ANB) is the
symmetric difference [80]. As a consequence, the size of

@A‘i’g is determined by

s(¥,¥5) = [AAB| = |A| + |B| - 2|A n B|

= s(‘i’A) + s(‘i‘B) —2rup, (116)

where we defined ryp:=|ANB|. Since the SYK,
Hamiltonian can be seen as a sum of size-¢g Majorana
strings, it can be schematically written as

[:\IéqY?K — iQ/zzJI‘ijl.
17|=q

(117)

Now, taking a single Majorana string ¥; with |/| = ¢ and
commuting it with a basis element ¥, we get

26(1,A)¥;rs  for odd rpy,

0 for even ryy.

0] = { (118)

As a consequence, if the initial size of W, is s, and if its size
after acting on it with the Liouvillian

L& (W) = (A P = 92 1[990, (119)
[Il=¢

is given by s’ = |IAA|, then the increase in the size of the

operator v, through the action of the Liouvillian is given
by

As:=5"—s = |IAA| - |A|

=\I| =2/l NA| =g —2rp. (120)
Moreover, since ﬁsbgﬁKﬁS, =0 unless g —2r;, for odd
ria €1, min(s, g)], this means that the Liouvillian only
connects size sectors separated exactly by
As=q—-2r€{q-2,q—6,q—10,...}, (121)
and only through odd-overlap channels. In particular, this
means that for operators ¥, of size s = |A| with s < N 2
overlaps with r;4, > 3 are combinatorially suppressed. This
implies that the dominant early time growth channel in this

case, the r = 1 channel, gives As = g — 2. A way to state
this fact schematically is

Z:éqYéK : Vs - @

1<r<min(s,q)

Vs+q—2ra (122)

where r is odd. Thus, for s << N, the dominant block
resulting from the action of the Liouvillianis Vi > V.
This fact becomes a sharp statement if we consider a single
Majorana fermion 0 =y, i.e, s=1. A term in the
Hamiltonian ¥, contributes in the Liouvillian only if
i€l, in which case we have r = 1. Thus, acting once
with the Liouvillian on ; sends a size 1 string to a g — 1
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string: As = (¢ — 1) — 1 = g — 2. Moreover, in the large-
N limit, finite-size operators will increase their size to a
good approximation by As ~ g — 2. However, for finite N,
and for initial operators of size s ~ O(N), the overlaps
with = 3,5, ... are no longer combinatorially rare and the
Liouvillian can increase the operator size by (121) includ-
ing negative values, i.e., via shrinking channels. As the
initial operator continues to commute with the
Hamiltonian, the possible outcomes in oéperator size begin
to resemble a biased random walk.'® This is shown
schematically in Fig. 2 of [77]. In such a case, it is no
longer true that the increase in size is fixed to be
As =¢q—2, and thus a correct g-sensitive notion of
operator growth, such as (102) and (103) will have to be
modified in some way to account for this biased random
walk. Therefore, the factors of g —2 appearing in (99),
(100) and the selector (101) represent the dominant small-
size/early time growth channel generated by the SYK
Liouvillian.

D. The inverted harmonic oscillator

A similar logic can be applied to the case of the inverted
harmonic oscillator (39) for simple operators constructed
from {&, p}. Since the Liouvillian Lo = [Hyo. -] does
not generate new operator structures beyond the linear span
of {%, p} for any given initial operator written as a linear
combination of these two operators, repeated action by the
Liouvillian will never leave the size s = 1 subspace, where
here by size we mean the minimal number of factors of
{&, p} in a normally ordered monomial basis. This means
that the increase in size will always be As = 0. In this
sense, a correct probe of operator growth should not grow
in complexity under the Liouvillian, thus the only sensible
choice for (97) would be

(O(1)[80 (i1, As)|O(1)"
= (O(0)| A =7 + (1= (0),/n1))|O(1)"
AL = lgo(1) ). (123)

05°(1)

which in the case where O = % yields

OMO (1) = A(1 — sech(4z)). (124)
This behavior is qualitatively similar to the results from the
classical phase space analysis described in the previous
section for classical integrable systems with unstable
saddles (90),

(1-0HO(1)/A)* & 1—K,(1), (125)

'%See [81] for a discussion of the emergence of Krylov
complexity from quantum random walks on graphs.

where we set A = A for the comparison. This is perhaps the
cleanest connection between a classical notion of Krylov
complexity K,(¢) and its regularized quantum counterpart
0;, which agree on the integrable properties of the inverted
harmonic oscillator.

E. Connection to the replica trick

We end this section with a brief discussion of how this
approach could mathematically arise from the replica trick.
In Secs. IV and VI, we discussed the analytic continuation
of the higher-order spreading superoperator via the stan-
dard analytic continuation " > ¢”1°2(")  where
7" 2 m +— m € R. However, it is also possible to consider
different analytic continuations, such as

PN emlog(fz) + MF(}‘/;) = it(’m (F, 71),
T

(126)

which, for integer m € Z* reduces to the usual higher-order
spreading superoperator, but which for real m € R picks up
an additional phase proportional to a function F(it). In

particular, taking the derivative of 9t (F, it) with respect
to m and subsequently the limit m — 0 yields

lim — N (F, i) = log(it) — F(i).  (127)
In other words, the specific analytic continuation of 7" to
real m € R depends on the continuation scheme. This is
similar to computations of entanglement entropies, where
the integer values of the replica index are fixed by path
integrals but the analytic continuation to real numbers is not
fixed or unique without additional physical input, and
where subtractions correspond to defining a particular
renormalized entropy, e.g., vacuum-subtracted, or area-
law subtracted. In this case, the additional physical input is
represented by the function F(71). One advantage of this
generalized replica trick is that we can directly “remove”
the logarithmic divergence at (i1), = n — 0, which we
previously removed by subtracting it from the finite n > 1
contribution. Shifting F(it) to F(i1) = F(it) —log(i) not
only removes this divergence, but also completely changes
the behavior of the logarithmic Krylov complexity subject
to F. Therefore, a way to connect our discussion of the
theory- and operator-sensitive complexities and the replica
approach is to take

F(it) = 84(, info(L)), (128)
with ¢y given by (98) and (123) in the specific cases of the
SYK, and the inverted harmonic oscillator. In this way, the
replica trick applied to the spreading operator can be turned
into a probe of operator growth that is sensitive to physical
information about the system and class of operators beyond
the universal behavior of Krylov complexity, namely
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LE(1) = 2 (OIR" (0. A)OW)| = 0h(1).

m—0

(129)

We end this section with a remark. Our motivation to
define (96) came from the particular cases of the SYK, and
the inverted harmonic oscillator studied in the present
manuscript. It is unclear to us at the moment whether this
approach yields consistent results in other cases not
describable by a k-local Hamiltonian. A particular reason
why this approach has succeeded for these two models is
that we were able to reduce the information about integra-
bility/chaoticity to a single parameter, which we used to
construct the change in operator size As. This is generally
not possible. For example, in CFT),, integrability/rationality
relies on more details than just the ratio of the central
charge c¢ to the operator scaling dimension A, for example.
As a consequence, in such a case, it is not possible to
directly use our proposed approach. Nevertheless, we
would like to understand if similar approaches can be used
in such systems where the breaking of integrability and
emergence of chaotic behavior depend on the interplay of
more parameters. We leave this direction for future work.

X. DISCUSSION AND FUTURE DIRECTIONS
A. The definition of logK complexity

Let us recapitulate the regularization procedure of logK-
complexity described in Sec. IIl. The spreading super-
operator 71 is a positive and Hermitian operator on C, with a
spectrum contained in {0, 1,2, ...}. Applying our working
definition of logK-complexity through the replica trick (8)
required a regularization of the logarithmic divergence for
the “zeroth”-mode in the spectrum through (12). Another
way to perform the regularization of log(iz) would be to
consider a finite small shift in the spreading superoperator
i+ & = n, with ||€|| < ||i1]] with respect to the canonical
norm induced by the inner product. Then, taking
lim;,_ log(7i + &) = log(&) absorbs the logarithmic diver-
gence into the regulator €. To be precise, forany R 2 ¢ > 0,
let us define the shifted superoperator

(130)

n—n,=in+el,

which is positive and bounded from below. In this case,
log(i,) is a well-defined Hermitian superoperator for all 7,
which in the Krylov basis takes the form

log(# Zlog n+e)|C,) (K,

n>0

(131)

and whose expectation value is given by

L(1,¢) = (O(1)| log(#)|O(1))
= log(n + €)lp,(1)]?

n>0
= log(e)[go(1)[* + Y _log(n + €) |, ().
n>1

(132)

Thus, in the limit, ¢ — 0 the only divergence is given
precisely by log(e)|@o(#)|*. Our regularized logK-complex-
ity (13) is equivalent to the renormalized expression

L (1) = im(Lg*(1, €) — log(€) o (1))

- }E:log |¢n

n>1

(133)

B. Path integral logK-complexity

Our discussions on Krylov complexity in classical phase
space rely on the Hamiltonian formalism. Therefore, it
would be interesting to consider the construction of the
Krylov algorithm, Krylov complexity, and the logK com-
plexity in the Lagrangian formalism by using the path
integral in classical phase space [82]. In the quantum realm,
the path-integral description of Krylov complexity was
discussed in [83-87]. More recently, the Schwinger-
Keldyish formulation of Krylov complexity using a path-
integral approach was discussed in [88]. It would be
interesting to compare our approaches from classical and
quantum aspects, with possible applications to understand
our observations on (e)logK complexity. Further directions
would be to seek insights into path-integral complexity,
which could potentially build interconnections between
different notions of quantum complexities. We leave this
for future work.

C. Pollicott-Ruelle resonances

In Sec. VII, we provide a classical description of the
Lanczos algorithm and construct classical notions of
Krylov and logK complexities. Such a construction seems
to be general and applicable to study the classical Krylov
complexity of any quantum system with a well-defined
classical limit. Although in our context, we applied it
mainly to saddle-dominated systems, we see no obstruction
in using it to study quantum systems with a classical limit
where the spectrum gap indicates the Pollicott-Ruelle
resonances [89,90] that are known to govern the late-time
behavior of OTOCs after the Lyapunovian regime [91].
Since the classical Krylov complexity and the elogK
complexity saturate in finite-size systems, we expect that
it should be possible, at least in principle, to study how the
Policott-Ruelle resonances are encoded in the classical
Krylov (and logK) complexities. This is because the
wave functions used to construct both Krylov and logK
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complexity depend on the two-point (autocorrelation)
function, which also governs Pollicott-Ruelle resonances.

D. The thermodynamic limit of the LMG and the
mixed-field Ising

In Sec. V, we discussed the numerical computation of the
logarithmic K-complexity in finite-dimensional many-body
systems. In particular, we focus on the LMG and the mixed-
field Ising model at the chaotic point for a finite number of
degrees of freedom S. This allowed us to accurately study
their early time behavior and observe a clear distinction in
how close logK-complexity tracks the usual Krylov com-
plexity, despite both Lanczos sequences displaying a
similar linear behavior for n < log(S). However, if we take
the thermodynamic limit S — oo, V — 00, §/V finite, then
both Lanczos sequences b, are expected to become
indistinguishable. Then it is natural to ask whether logK
complexity would behave differently in these two systems,
since after all, from the perspective of the Lanczos
sequences they would be indistinguishable. Assuming
the thermodynamic limit entails a well-defined limit
limp, _,, of the higher-order Krylov complexities, it would
be interesting to understand what happens to the regular-
ized logarithmic K-complexity in such a limit. We leave
this question for future work.

E. Logarithmic Krylov complexity and OTOCs

In his works on logarithmic OTOCs [38,39], D. Trunin
claims that the refined Lyapunov exponent A, obtained
from the logarithmic OTOC is bounded by 2z T, similarly to
how the usual Lyapunov exponent A; satisfies the
Maldacena-Shenker-Stanford (MSS) chaos bound [21]. It
has been conjectured [23,92] that the Krylov exponent A
(or twice the growth rate of the Lanczos coefficients 2a)
provides a tighter bound to the Lyapunov exponent
than 2z7. It is then natural to ask whether the refined
Krylov exponent, defined through the logarithmic Krylov
complexity

. d(Lg (1)
A = lim —— == (134)
provides a tighter bound on the refined Lyapunov
exponent:

(135)

Since generally OTOCs cannot be determined by the
information of two-point functions (which are the basis
for computing the Krylov and logK-complexities), we
currently do not possess strong arguments that support
this conjecture, and we leave its study for future work.

F. Logarithmic Krylov complexity and C=Anything

Krylov complexity has been recently explored within
the AdS/CFT correspondence, where it has been shown
that in the context of two-dimensional gravity models
(such as Jackiw—Teitelboim gravity) in anti-de Sitter
space, it can be represented as the length of the two-sided
wormbhole [84,85,93,94]. This connection between Krylov
and a particular notion of holographic complexity begs
the question whether logarithmic K-complexity is a type
of holographic “Complexity=Anything” measure [95].
We would like to understand the connection better in
future work.

XI. CONCLUSION

In this manuscript, we proposed and tested a new notion
of complexity, the logarithmic Krylov complexity, along
with its exponentiated form. Our motivation to propose this
notion was to offer a plausible resolution to the “fake”
chaos signatures that arise in saddle-dominated scrambling
systems. In practice, we compute (a regularized version of)
the logarithmic Krylov complexity through a replica trick
applied to the higher-order generalizations of Krylov
complexity.

For a better understanding of this new quantity, we
provide an analytical analysis of the universal initial-time
growth of (e)logK complexity and the late-time saturation
in thermalizing many-body systems. Moreover, we exam-
ine (e)logK complexity in systems where calculations can
be carried out analytically, such as the SYK model and the
inverted harmonic oscillator. In the conformal limit of the
SYK, model, we find early time exponential growth in both
Krylov and elogK complexities, regardless of the value of
q. In the inverted harmonic oscillator, which is dominated
by unstable saddles, the Krylov complexity resembles the
ones from the SYK case with # = 1/2, and higher-order
Krylov and elogK complexities match with the SYK case
for = 1. Such a result seems to put in question the
usefulness of elogK complexity in resolving the instability
arising from unstable saddles. We argue that this is in part
due to the infinite-dimensional nature of the GNS Hilbert
space in these cases, which leads to issues with the replica
trick in practically defining the logK complexity. To solve
this issue without imposing an artificial cutoff, we propose
a new definition of the Krylov spreading operator in
Sec. IX. By using a new definition (98), which retains
universal information about the operator growth, but is also
sensitive to details of the systems and operators, we are able
to find early time subexponential growth of Krylov com-
plexity and late-time saturation for SYK,, and exponential
growth for g >4. Such a definition of the spreading
operator has its origins in previous considerations about
operator size in the SYK and similar systems.

Beyond the cases with infinite-dimensional GNS Hilbert
spaces, for finite-dimensional systems, our definition of
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(e)logK complexity seems to resolve the problem of early
time scrambling from unstable saddles. This is supported
by our numerical analyses of both conventional Krylov
complexity and elogK complexity in the LMG model,
which is integrable but with an unstable saddle point. Our
results show a significant distinction between elogK com-
plexity from the conventional Krylov complexity. To
further test the validity of our proposal, we examined
the mixed-field Ising model at the chaotic point. In this
case, both measures of complexity exhibit early time
exponential growth with negligible deviation between
them. Taken together, our numerical results support the
idea that (e)logK complexity successfully captures the
correct dynamical behavior in both saddle-dominated
scrambling and truly chaotic finite-dimensional systems.
While we cannot guarantee that logK-complexity is free
from “false-positives,” our results suggest at least a partial
resolution to the issue of early time scrambling in finite-
dimensional saddle-dominated systems. We thus believe
that (e)logK complexity offers a good starting point for a
refined definition of quantum complexity that can be used
as a reliable indicator of scrambling.

Note added. In recent work [72] the authors analyze the
problem of state/operator spreading under time evolution
described in terms of a Krylov basis in the Wigner-Weyl
phase space formulation of quantum mechanics. It would
be interesting to compare our approaches and determine
how theirs connects to ours. We thank the authors of [72]
for related discussions.

As we were completing our manuscript, we became
aware of [96], which also studies classical notions of
Krylov complexity. We thank the authors for the discus-
sions related to logK-complexity.
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APPENDIX A: INITIAL GROWTH OF LOGK
COMPLEXITY

In this appendix, we examine the behavior of (e)logK
complexity around ¢ = 0 using the generic properties of the
wave functions ¢, (¢) :=i7"(kK,|O(t)). This approach is
universal and does not depend on the dynamics L nor on

the choice of initial operator ®,. In the Lanczos algorithm,
an orthonormal basis in Krylov space IC called the Krylov
basis {|K,)} is explicitly constructed according to the
Gramm-Schmidt procedure

|An+l) = (Z - an)vcn) - bn“Cn—l)?

KC,) = b, |A,), (A1)
where two sequences {a,,b,}
ap = (’Cn|‘&|lcn)’ b, = (An|An)v (AQ’)

are the Lanczos coefficients, with the convention
a_y = by = 0. This algorithm stops whenever we find an
N > 1 suchthat by = 0. From (A1), (4) and the Heisenberg
equation, the wave functions ¢, (f) can be shown to satisfy
the Schrodinger-like equation:

af(pn(t) = ian¢z1(t> + bn¢n—1(t) - bn+1(pn+1<t)' (A3)
Given the conditions ¢_; (1) = 0 = b,'” and ¢, (0) = 8,0,
the Eq. (A3) implies the following conditions at = 0 for
@, and their derivatives

"The definition here is a bit different from the main text (64),
where we set b_; = 0.
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Pn (0) = 5n0a
@n(0) =

#(0)
—(a§ + b})8,0 + i(ag + ay)b15,1 + babi8yn. ...
(A4)

= iapbyo + b10,1,

Using these, we can solve the Schrodinger equation (A3)
order by order in ¢ to approximate the Krylov complexity
around 1 =0

. 1 1.
@o(t) =1+ taot—i(ag + b)) —gz((ag + (2a9+a;)b})r

1
+—(a§ +3a}bi + 2apa, b} + bi(al + b1+ b3))1*,

24
(A5)
1. »
(p1<t) ~ blt + El(ao + al)blt
1
—|—g(a%+a0a1 +a%+b%+b%)blt3, (A6)
1 2

After resumming the factors of aq and up to the leading
terms in {b, }, the wave functions can be shown to behave
near t = 0 according to

Po(t) = e -, p1(1) = eyt + -+

(A8)

1 .
(pz([) = Eemotblbztz + e

Note that for Hermitian initial operators, the coefficients a,,
vanish, which survive in open systems. However, here, we
keep our analysis general, and properties of a,, will not be
used in our discussions. These O < ¢ solutions have been
used to show that conventional Krylov complexity generi-
cally exhibits a power-law behavior around # = 0: K (7 —
0) = b%t2 + - -+ [97]. However, for logK complexity, this is
no longer true. As discussed in the main text, using the
replica trick (8), the logK complexity can be written as

L) = - (30,100

where we used the canonical analytic continuation
n™ > e™1°2(") Note that this is in general not equivalent
to Y- ,s010g(n)|@,(1)|* due to the divergence for n = 0. A
straightforward computation shows that the first wave
function contributing nontrivially to logK is ¢,(7), unlike
in K () where ¢ (¢) dominates around 7 = 0. Therefore, the
initial growth of logK complexity, as well as the elogK
complexity, is given by

, (A9)

m—0

log(2
Ex(t—0)=Lg(t—>0) = %b%b%t“ +0(1%). (A10)
This initial behavior has been verified in our numerical
computations for ¢ < 1. This quartic initial growth O(#*)
moreover indicates their inadequacy as distance measures
between operators, following the arguments of the authors

in [98].

APPENDIX B: LONG-TIME AVERAGE OF
LOGK-COMPLEXITY

Here we provide details on the long-time average of
logK-complexity, following the arguments detailed in [53].
In this analysis, we restrict ourselves to the time evolu-
tion in the Krylov subspace K. Consider the eigenvalues
and eigenstates of the Liouvillian L|w;) = w;|w;) with
i =0,...,Dg — 1, after resolving degeneracies in the spec-
trum arising from equal energy differences. Expanding the
wave functions in the Liouvillian eigenbasis |@;)

Dy—1

— 4 n E ezw t

on(t) = 7 (K, |O(1) 0|00 (K, |o;).

(B1)

Thus, the probabilities |¢, (#)|* can now be interpreted as
transition amplitudes from |OQy) to |K,) at time 7 and are
given by

Dy—1

lpa ()P ="D = x (@] Og) (K |;) (@K, ) (O )

i,j=0
(B2)

The long-time average of the probabilities is then given by

Di—1

> 1Ol PI(K, i) 2,
i=0

(B3)

1 [T
2:=lim — [ dt|p,(1)]* =
ol = fim 7 [ atlg

since the phase differences i # j cancel out and only
diagonal terms i = j contribute to the integral. This is
because, by construction, the spectrum of the Liouvillian
restricted to the Krylov subspace has no degeneracies. If the
Liouvillian eigenstates are fully delocalized on the Krylov
basis, this implies |(XC,|®;)|* o 1/Dy for all i, n, and thus
|p,|> ~ (1/D%) % (Dy) = 1/Dy for all n. In this case, the
long-time average of the K and logK complexities is given by

Dy—1

_ — DIC +1 DIC

K:Z”|¢n|2:7( 5 )%7, (B4)
n=0

and
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(BS)

where HE” =201/, 1€N is the (generalized) har-

monic number of order r and where we used the fact that

(r) l .
0H, log(j)
= _ AL B6
or /:22 j" (B6)
and
Zlog = log((2),,-1). (B7)

and where (x), =I'(x 4+ n)/I'(x) is the Pochhammer sym-
bol. In order to have a sensible comparison of their growth
rates, consider the large-time behavior of the elogK-com-
plexity:

Ex = elx — 1 xT(Dy)"/Px. (B8)
The ratio of the long-time averages of these two quantities in
the large Dy limit is given exactly by

e

Siie

where e is Euler’s number. It is also important to note that the
large time averages (B4) and (BS5) should be considered as
upper bounds, which will in principle only be saturated in
maximally thermalizing (chaotic) quantum systems where
the Liouvillian eigenbasis completely delocalizes in the
Krylov basis, such as in the SYK model [42]. However,
some integrable systems with a right-biased Krylov chain
may over-saturate these bounds [36].

APPENDIX C: DETAILS IN THE INVERTED
HARMONIC OSCILLATOR

In this appendix, we provide mathematical details on the
main computations in Sec. VI. First, we derive the
expression for the wave functions (44). Consider the
equation of motion of the X operator:

dx i .
[Hio, &] = 4%,

dt h (C1)

whose general solution is given by

k(1) = "%(0). (€2)

This Gaussian  operator @0 =

(2/za)/4e~*/a has the following Heisenberg evolution

implies that the

2 7 2 1/4 201 42
OO = Oo(t) = (-) e’“/ze_e - /a, (C3)

10

where ¢#/2 is the normalization factor that comes from the

condition [|O(1)|[? = (Oy(1)] Dp(1))FS = 1.
compute the wave functions ¢, (f) given by

Next, we

_ 1 2\12 At/2
/e \ra) €

X /oo dxH,, (\/26) em(I+e)e/a,
—co a

(C4)

(1) = (R0 | O 1))15 = / ™ de(xl K1 O (1))

where we omit the i ™" prefactor and where the Krylov basis
is given by (43). The integral above can be represented
schematically in the following way

In(g.p) = / " Ay, (gr)e . (C5)

where p = (e’ + 1)/a and ¢ = \/2/a. To evaluate this

integral, consider the generating function of the Hermite
polynomials:

M = 2T

(Co)

[oe] Hm
n;) m(!y )

From this, we choose y = gx and multiply both sides by
-7 We have

io:Hm (qx) Zme—px2 _ e2qxz—zz—px2' (C7)
m!
m=0
We can now perform the integral over x
/ N Z 2 anere = \F 7 (o)
p

Performing a Taylor series expansion on the right-hand
side, we have

([t Hou(gx) 0N b = [m(P/p=1)"
Z(/m T )ZZ =Z\/§ i

(C9)

106004-26



TOWARD A REFINEMENT OF KRYLOV COMPLEXITY: ...

PHYS. REV. D 114, 106004 (2026)

From this expression, we can identify the series coefficients
of z2" on both sides of the equality

) 2 _1\n
/+ g Honlax) e [mla/p-1)"
—oo (2n)! p n!
We thus find the result of the integral we are interested in

In(q.p) = \/g(znn!)! (%_ 1>n-

Returning to the wave function, after substituting in p, ¢
and the integral independent factor, we find

palt) = Y2V [ C‘ﬁ?" (c12)

(C10)

(C11)

n!2" 1 4 e\ 1 4 2

(2n)! (tanh(Ar))"
n!2" (cosh(ar))'/?’

= (=" (C13)
We can also verify that the probability amplitudes are
conserved

S lo (0 = 1. (C14)
n=0

APPENDIX D: EXAMPLES OF THE KRYLOV
FORMALISM IN CLASSICAL PHASE SPACE

In this appendix, we give further examples of the Krylov
formalism discussed in the context of bosonic classical
phase space.

1. Integrable system

Consider the classical Hamiltonian of a one-dimensional
simple harmonic oscillator written in terms of canonical
coordinates p, g as

1 1
H=—p>+-mw’q*.

2m 2 (D1)

For arbitrary initial position ¢(0) = ¢, and conjugate
momentum p(0) = p, the solution to Hamilton’s equa-
tions is given by

sin(wt
a(1) = g cos(wr) + POR@Y)
maw

p(t) = pocos(wt) — mwq, sin(wt). (D2)

Consider the Boltzmann-Gibbs measure dus(p.q) =

e PH@r)dpdg corresponding to the thermal probability
distribution in the canonical ensemble (82) as discussed in
the main text. In this case, the phase-space average of
functions f€Xs (58) becomes the thermal Boltzmann-
Gibbs ensemble average (83), which is given by

po _
)y =7, | dpdae@7f(g.p).  (D3)
Consider, for example, the quadratic observable

f(q. p) = ¢*. Using the inner product (f,g) = (f - 9p—
(f)p(g)s (84), we can find the orthonormal basis of
functions {&,} starting from f;, using (63) and where
the integral over p, g becomes an integral over initial
conditions ¢g,, po. We find that the only nonvanishing
elements of the basis are given by

mpw?
K = 2
0 \/§ 90
K = pwqypo,
Y/
K, = ——p3, D4
2 \ﬁmpo ( )

where f(qo. po) = fo = V28¢/(mpw?). Thus, the time

evolution of f(p, q), f,(p,q) = f(q(t), p(t)) along curves
of constant energy in phase space, given by f,(p,q) =
q(1)? with ¢(t) given by (D2), satisfies

f1(q0, Po)
=co()Ro + 1 ()R + 2(1) K2

V2 cos(wt)? sin(2wt) V2 sin(wt)?
 mpa? o+ mpw? St mpw? 2.

(D5)

Then, the classical Krylov complexity of the function
fi(q.p) = q(t)? (70) is given by

K (1) = 2sin(wr)?.

(Do)
Note that the dependence on the thermal scale mf dis-
appears due to the presence of the normalization of the
observable ||f,||* = ||fol]> = 2/(mpw?)? in the denomi-
nator of the Krylov complexity. Also note that (D6) is
proportional to the quantum Krylov complexity of the
position operator X of the quantum simple harmonic
oscillator given by K;(¢) = sin’(wt), but not of the squared
position operator 42, which instead has a nontrivial temper-
ature dependence (see Appendix A of [27]). In contrast, the
classical logK-complexity (8) is given by

L (1) = log(2) sin(wt)*.

q (D7)

2. Integrable system with an unstable saddle

As an example of a bosonic classical system with an
unstable saddle, consider the repulsive potential
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~ a*U
U@q)=—>—%

a’>+g*’ (D8)

with a®> = 1/(mw?*) and Uy:=U(G=0)>0. For g~
Vveq and small € (1> ¢ > 0), we can write (D8) as a
power series in €

¢ ¢
Ue(q)zUO(l —?64—?62—0(63)). (D9)

Now, take the Hamiltonian of a particle moving in the
approximate potential (D9) up to quadratic order in €

Hezip%rU 1—q—2e+q—4€2 (D10)
2m 0 a at )

For an arbitrary initial position ¢(0) = ¢, and momentum
p(0) = po, Hamilton’s equations can be solved up to linear
order in € exactly, and the solutions are given by

Po sinh(Q51)
mQS ’

pe(t) = pocosh(Q§t) + mq, sinh(QG¢),

q° (1) = qo cosh(€1) +
(DI1)

where we defined QS := w+/2Uye. In other words, (D11)
provide an approximate solution to Hamilton’s equations
for the repulsive potential (D8) near g = 0. Because of this,
the Hamiltonian (D10) evaluated for (D11) is only approx-
imately conserved for small e

2
Hs ~ L0 4+ Uy (1 = moPqde + ...).

o (D12)

where the ellipsis denotes terms of order O(e?) and higher,
and which are time-dependent. The unstable saddle point is
located at {gg, ps} = {0, 0}, around which the solution has
a classic Lyapunov exponent 4., = Qf = @/2Uye. Here, €
is used to keep track of the perturbation order around the
saddle point {gg, ps}, but we can absorb it into the
coordinates {g¢, p€} by defining 6q = \/eq®,5p = \/ep©
and solving Hamilton’s equations up to linear order in 6g.

Keeping the quartic term ¢* in (D10) allows us to
consider the same thermal measure in the phase space
average as in (D3). In this case,

M(S) = ZZ, = /dqdpe_ﬂHé(Psq)

i e pU, PUy
e (1(5) 4 (5)) e

where 7,(z) is the modified Bessel function of the first
kind. Here we once again consider the Boltzmann-Gibbs
ensemble average

1 e
<f>; = Z—;/dpdqe_ﬂH <q‘p)f(q’ p). (D14)

Similarly to the integrable case, we consider the quadratic
observable f(g, p) = ¢* and construct the Krylov basis of
functions using (63), but limiting ourselves to contributions
at most linear in € and quadratic in combinations of g, pg

K :AOQ(Z)’
K =A1qopo.
p
K, = —p2, D15
2 \/imp() ( )

where AO :Ao(ﬂ, Uo,(l), 6) and Al :Al(ﬁ’ Uo,a),é')
involve sums of modified Bessel functions of the first
kind. Thus, the time evolution of f(g, p) evaluated along

the approximate solution (D11), f(¢°(t), p*(¢)) = f:(q. p),
is given by

f1(qo. Po) = co() Ko + 1 (1)K + c2(1) K,
= Ay cosh(Q§t)> K, + A, sinh(2Q§1) K |
: 0OE +\2
V2sinh(@G0)* ¢ (D16)
mp()?
where Ay = Ay(f, Uy, w, €) := (f,, K)/(cosh(Q¢)?) and
A =A(B,Uy,w,¢) = (f,, K)/(sinh(2Q§¢)). From (D16)
we can compute the classical K and logK complexity of
f = ¢q*> using Egs. (70) and (73b). This can be done
analytically, although their functional form is not particu-
larly illuminating. Instead, in Fig. 6 we display the behavior
of K;(t) and E () = e™/() — 1 computed for a choice of
parameters. From this figure we see that, as expected for a
system with a single unstable saddle (see Table I), at early
times the elogK-complexity grows slower than K-complex-
ity and at long times it saturates to a smaller value. This
behavior can also be seen for other choices of parameters,
suggesting that logK complexity successfully avoids the
exponential growth coming from the unstable saddle point.

15 s
0.06 .
= = Ke(h) > S K
3 ! S 10 !
E 0.04r— E »(r) E — Egl)
§ 0.02 805 ﬁ—
0.00f === 0.0

200 400 600 800 1000
t t

FIG. 6. Left panel: K »(t) (blue, dashed) and E > () =l _]
(orange, solid) at early times for parameters e = 1/100,
Uy=1/10, m=1/5, w=1/10, and p = 1. Right panel:
K /(1) (blue, dashed) and "/ — 1 (orange, solid) at long times
for the same choice of parameters.
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APPENDIX E: CLASSICAL K AND LOGK
COMPLEXITY IN THE LMG MODEL

In this section, we provide an example of Krylov
complexity in the LMG model using the classical phase
space formalism and provide definitions for higher-order
Krylov complexities. To begin with, we briefly review the
phase space dynamical analysis. The classical Hamiltonian
of the LMG model is given as

H=x+272%, (E1)
where x, y, z are the classical correspondences of gen-
erators of SU(2) spin that live on a unit sphere, satisfying:

+yr+2=1. (E2)
This is a noncanonical formulation in the spin classical
phase space. Therefore, instead of the Poisson bracket, they
satisfy the Lie-Poisson bracket:
{xix;} = epx, (E3)
in our case of SU(2). These coordinates live on a compact
S? sphere in contrast with the canonical coordinates. As a
consequence, the symplectic manifold is not flat, but
controlled by the Kirillov—Kostant—Souriau form. The
integral measure can be written as
dp o« 5(x* 4+ y* + 2% — 1)dxdydz, (E4)
subject to the constraint (E2). One main inference from this
is that in contrast with canonical phase space, the phase
space volume in this formalism is finite due to its compact-

ness, which is set to be 1 in the main text. The dynamics of
these coordinates are controlled by Hamilton’s equations:

x={H,x} =4yz, (ES)
y={H,y} =z—-4xz, (E6)
:={H,z} = —-y. (E7)

By evaluating the Jacobian, we could find the fixed point
with positive eigenvalues:
(x,y,2z) = (1,0,0). (E8)

The dynamics of variation of coordinates near this unstable
saddle-point is
ox =0, oy = =36z, oz = —dy.  (E9)

The solution of such equations of motion can be found as

ox(1) = xo, 5Y (1) = SY el 8Z(t) = 5Ze™!,

(E10)

where ¥ = Ayz +y, Z = A4z —y, and 1y = /3. Rewrite
the solutions in (x,y, z) coordinate

5
52(1) = 8z cosh(Ayt) — % sinh(Zqt), (E11)

cl

Sy(t) = 8yg cosh(Aqt) — A6z sinh(A1). (E12)

Following our numerical study in Sec. VA, we choose Z as
the initial operator. Classically, we start with the initial
function in phase space as

62(1)(6y0. 62 (E13)

which is not necessarily a function of dx; due to the
measure on S: 5(6x3 + 8yg + 6z3 — 1). By performing a
change of phase space coordinates, one can find

Sx(f) = 8xg,  8Y(1) = 8Yge ™!, SZ(1) = 6Zye!,

(E14)

where Y =lyz+y, Z=2Aqz—y, and i, =+/3. The
exponential growth is restricted to the strip

—6/2 < 6Yy < 6/2, (E15)
—de 1|2 < 8Zy < de ™! )2, (E16)

We can then find the strip in (x,y,z) coordinates by

performing a reverse coordinate change: z = %IZ and
y = %52, The determinant of the Jacobian is
WL 05Z
. 0z @ ’lcl -1 o
e el [F
0z ay cl
The integration is thus changed as
1
dy()dZ() - dYodZO, (E18)
22
with the relation of the associated measure as
Hy,zy = Srehal = Zlclﬂyozo' (Elg)

We can therefore perform the integral in terms of coor-
dinates &Y, 6Z, with the associated measure.

Following the classical Krylov algorithm (63), we can
find the following time-evolved Krylov basis:
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_ 2\/BeThl (Y e + 5Z,)

0 e Ty (E20)
2V/3e 7t [EEH (57t — Y )
K =- = (E21)

After setting 1, = v/3 and § = 1, we can find the transition
amplitudes

leo()]? = %(1 _ tanh (v/31)), (E22)
e () = 7—125inh2 (V31)(1 —tanh (v37)).  (E23)

Therefore, the un-normalized classical Krylov complexity
is

K@) =lei(nP (E24)

= 7i2sinh2 (v/31)(1 — tanh (v/31)).

(E25)
While the normalized one has a simpler form
e (1)
K(r) = (E26)
leo()]” + ler ()
= tanh? (v/31). (E27)

Both complexities grow quadratically at the initial time as
expected from their quantum correspondence:

2
ROlomsg  KWloom3f.  (E28)
Both K(¢) and K(t) exhibit similar behavior with a scale
difference. More importantly, they both show a subexpo-
nential growth and vanish at late times, which is the
expected behavior from integrable systems. Because the
phase space is two-dimensional, so based on the definition
of logK complexity, it vanished identically, which produces
no exponent. It is therefore fair to say that the logK
definition indeed suppresses the exponent since no classi-
cal chaos exists in a 2-dimensional phase space due to
the Poincaré-Bendixson theorem for isolated systems.
Moreover, Krylov complexity itself in classical phase space
already indicates no scrambling behavior, unlike OTOC.
Therefore, classical Krylov complexity is a good enough
indicator to eliminate fake scrambling, which thus tells us
that quantum scrambling cannot imply classical scrambling
or chaos. To consider nontrivial contributions from (e)
logK, we study a quadratic function

8z2(1), (E29)

for which the nested Lie-Poisson brackets give three
independent functions

{822(1), —46y(1)52(1)), 26> (1) + 667(1)}. (E30)
Similarly, after performing the coordinate change to

{6Y¢,6Zy} coordinates, we follow the classical Krylov
algorithm to obtain three orthonormal bases

4V 157241 (8Y ) 4 65Zye*a’)?
Ry = ISV + 02 ) gy
8V/3e~al 10724 + 3

K = —6\/Ee‘ﬂcl’(5Y0 + 6Zye*al)
((38Yo — 56Z¢)e* " + 55Y, — 36Z,)
821/156 cosh(227) + 45 cosh(4Ayt) + 55

(E32)
P g[(455Y§ —568Y¢0Z + 458Z3) !
: 7 5V 2eMal 4 15¢Mat + 15
258Y2 + 25672 ¢*at
0 £20%¢ (E33)

 V2e + [5e% + 15)

The transition amplitudes for each basis are given as

e=2V31(5 cosh (2v/31) + 19)?

co(t)]? = , E34
<o)l 155520(3 cosh (2v/31) + 5) (E34)
| ([)|2 26—6\/§t(64\/§t _ 1)2
c = s
! 405(156 cosh (2v/31) + 45 cosh (44/31) + 55)
(E35)
|Cz<t)|2 _ 7e—6x/§t(62\/§z _ 1)4 (E36)

5184(45 cosh (2v/31) + 3)

where we have specified 6 = 1,1, = \/3. Therefore, we
can explicitly give the results for both unnormalized and
normalized classical Krylov complexities:

12x1074F o

-
N

8x10% - K

4x107° _f_

o
©

1
o

Complexity
I e
>
Complexity

FIG. 7. Unnormalized and normalized Krylov and elogK
complexities in the LMG model for initial function §%z(¢) from
classical phase space analysis. Left panel: unnormalized Krylov
complexity (E37) (blue, dashed) and unnormalized elogK com-
plexity using (E39) (orange), right panel: normalized Krylov
complexity (E38) (blue, dashed) and normalized elogK complex-
ity using (E40) (orange).
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K(1) = |e (1) +2[ea (1)
e=2V315inh? (v/31)
- 9720
(332 cosh (24/31) + 105 cosh (41/31) — 53)
(3 cosh (2v/31) + 5)(15 cosh (24/31) + 1) ~
(E37)
K(1) = 1 ()]> 4 2ea (1)
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Their behaviors at the vicinity of (=0 are:
K(t)|,20 z%’%, and K(1)],_0 mz'lg—‘tz In this case, we are

able to compute logK complexity explicitly

o L T VI(V3 — 1) log(2)
L (1) = log(2)|ex(1)]* = 5184(45 cosh (2v/31) 4+ 3)
(E39)

log(2)|cy(1)[*
K0 = @ + laOF + P
2240 log(2)sinh*(v/31)
9(156 cosh (2v/3t) + 45 cosh (4v/3t) 4 55)
(E40)

Their initial time behaviors are given as: Ly (f)|,_o ~

Tlog(2) .4 . 3510g(2) 4 . .
17g2(8)f and L ()], N#t , which matches with

our analytical analysis. Figure 7 compares the behavior of
the un-normalized and normalized Krylov and log-Krylov
complexities.
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