PHYSICAL REVIEW D 112, 104019 (2025)

Matter accumulations and accretion tori around wormholes
Kristian Gjorgjieski®" and Jutta Kunz®'
Department of Physics, Carl von Ossietzky University of Oldenburg, 26111 Oldenburg, Germany

Petya Nedkova :

Department of Theoretical Physics, Sofia University, Sofia 1164, Bulgaria
® (Received 7 August 2025; accepted 4 October 2025; published 10 November 2025)

We study circular orbits and accretion structures around symmetric wormholes. As exemplary solutions
we choose three different wormhole spacetimes, namely rotating traversable wormholes from the Teo class,
the rotating Simpson-Visser metric with the parameter spectrum corresponding to wormholes and a static
wormhole from beyond Horndeski theories. We show the existence of a spectrum of circular orbits at the
wormhole throat for each of these wormhole solutions and analyze the boundaries of this spectrum across
the respective wormhole parameter range. For each of the solutions we identified that vast regions of the
parameter space correspond to stable orbits. The presence of this orbit spectrum can be linked through
accretion disk models to matter accumulations which may form at the throat. We present here examples of
such disk solutions by implementing the Polish doughnut model. In some cases, these matter
accumulations are encapsulating the throat and could imply central bright regions of the wormhole
spacetime. Furthermore, the combined analysis of the equatorial Keplerian orbits and the throat orbits,
leads to a set of different disk configurations, where matter accumulations at the throat may be present with
outer tori around them, in some cases also as a connected structure. Our results may hint to possible
instabilities of wormholes, especially if they have an ergoregion. Moreover, wormholes with such disks,
may appear more starlike when it comes to their observational signature, due to the centralized and more

spherical emission profile associated with the possible matter accumulations at the throat.
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I. INTRODUCTION

Observational signatures in the form of emission spectra
play a fundamental role when it comes to the search for
astrophysical bodies. If we observe signatures from an
object in the electromagnetic spectrum and if they are not
reflections, either the observed object is self-emitting,
which is the case for stars, or it is surrounded by
accumulations of emitting matter. These accumulations
of matter are called accretion disks, which represent
structures composed of hot gases and plasma that form
around compact objects. Strong gravitational fields lead to
the attraction of matter over long periods of time and the
attracted matter settles on orbits around the central object.
Usually these orbits are of circular shape, resulting in a
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circular flow of the disk particles within the disk. The
morphology of the forming structures is representing
therefore a disk or a torus. The properties of these disks
or tori are mainly influenced by the properties of the
spacetime, which in turn are determined by the properties
of the central object. The theoretical analysis of possible
accretion structures around hypothetical objects could
therefore give hints on their observational signatures. For
some objects this could perhaps be one of the few
possibilities to actually differentiate and identify them,
as it is the case for various black hole mimickers.

The term black hole mimicker generally describes a type
of object, which might appear similar to a black hole for a
distant observer. These objects are characterized by a
missing radiation profile, as they do not emit or reflect
any radiation. Thus, they have a central dark region similar
to a black hole shadow. Their observable signatures
originate from possible accretion structures, which may
form around them. One class of such objects are worm-
holes. In general, wormholes are objects that connect two
arbitrary distant regions of spacetime through a tunnellike
connection. Both ends of the wormhole can be located
within the same connected spacetime or in two separate
spacetimes. The latter case would correspond to a

Published by the American Physical Society


https://orcid.org/0000-0002-3581-2813
https://orcid.org/0000-0001-7990-8713
https://ror.org/033n9gh91
https://orcid.org/0000-0002-7612-8348
https://ror.org/02jv3k292
https://crossmark.crossref.org/dialog/?doi=10.1103/s7tm-sj4c&domain=pdf&date_stamp=2025-11-10
https://doi.org/10.1103/s7tm-sj4c
https://doi.org/10.1103/s7tm-sj4c
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GJORGIIESKI, KUNZ, and NEDKOVA

PHYS. REV. D 112, 104019 (2025)

wormhole, that connects one universe to another. The first
concepts of wormholes were introduced in the first half of
the last century [1-3]. However, they did not describe stable
connections. In the second half of the last century, concepts
were developed further [4-6] and a class of wormholes was
conceptualized, which is referred to as traversable worm-
holes [7-9]. These objects describe wormhole solutions,
which are free of any horizons and singularities.
Furthermore, it is possible for physical entities to cross
from each of the two sides through the tunnellike con-
nection to the other side. This connection is also called the
wormhole throat and it has to fulfill special constraints. For
an open and lasting connection a negative energy density is
required, which is a property of a proposed exotic type of
matter that could stabilize the wormhole throat. However,
there are various proposals how this constraint could be met
without the introduction of exotic matter [10-14].

In this work we will investigate accretion structures
and matter accumulations around different wormhole
geometries. The analyzed wormhole solutions consist
of wormholes from the Teo class [9], which is a rotating
generalization of the Morris-Thorne wormhole [7].
Furthermore, we analyze the rotating generalization of
the Simpson-Visser metric within the wormhole regime
[15], as well as a traversable wormhole from beyond
Horndeski theories [14]. The phenomenology of these
solutions in the electromagnetic spectrum has been
studied in a series of works including investigations of
the shadow [16-19], the thin accretion disks [20], the
quasiperiodic oscillations [21,22], and the polarization of
the emission from an accretion disk [23].

As a model for accretion structures we will use the thick
disk model, which models the accretion disk as a body
composed of non-self-gravitating fluid particles [24-30].
The solutions represent geometrically thick tori structures
with a high opacity. Within the Thick Disk model, we will
consider the Polish doughnut solutions, which describe
nonmagnetized perfect fluid disks. These solutions are fully
analytical and as such a useful model to capture qualita-
tively the main properties of possible accretion structures.
Disk solutions are constructed on the basis of circular
geodesics of the spacetime and their stability properties,
which may lead to different kind of disk structures.
Especially the presence of circular geodesics at the worm-
hole throat [31] may lead to distinctive accretion structures
as we will show.

This work is structured as follows. In Sec. II we
introduce the different wormhole solutions that we are
analyzing and afterward in Sec. III a brief introduction to
the Polish doughnut model will follow. Section IV will
present an analysis on the possibility of matter accumu-
lations at the wormhole throat. This analysis will be
expanded in Sec. V by the investigation of the Keplerian
circular orbits of the spacetime and the possible accretion
structures which may form. The crucial findings of our

results will be summarized in a conclusion at the end of this
paper. Throughout this work we will use geometrized units
with G = ¢ = 1, where G is the gravitational constant and
c is the speed of light.

II. TRAVERSABLE WORMHOLES

Traversable wormhole solutions were popularized by
Michael S. Morris and Kip S. Thorne in [7]. By formulating
a set of conditions for the metric functions they obtained a
class of metrics, which describes the geometry of a
wormhole and further on ensures its traversability for
observers. This class of metric solutions is known as the
Morris-Thorne wormhole and it describes a static, spheri-
cally symmetric and asymptotically flat spacetime, whose
squared line element can be written as

p\ -1
ds?=—e®dr* + <1 ——> dr? + r*(d6* +sin*0dg?), (1)
r

where @ and b are functions of the radial coordinate r. This
class of static solutions was generalized by Edward Teo in
[9] to axially symmetric solutions by including rotation of
the wormhole spacetime. These rotating traversable worm-
holes describe a class of solutions, whose generalized
squared line element can be written as

b -1
ds? = —N2%df* + (1 - —) dr?

r

+ r?K?(d6? + sin’0(dg — wdt)?), (2)

where the metric functions N, b, K, and @ are regular on the
symmetry axis and only depend on r and 6. By considering
the physical implications of these functions, it is possible to
further define conditions, which they must obey in order to
describe the geometrical characteristics of rotating worm-
holes and to ensure their traversability. The metric function
N is related to the gravitational redshift and should there-
fore be finite and nonzero throughout the definition range.
The metric function b is also called the shape function,
since it determines the shape of the wormhole throat, which
is located where g, becomes singular. The shape function
should fulfill the so-called flare-out condition at the throat,
d,.b < 1. The metric function K is a measure of the radial
distance to the origin and should therefore be a non-
negative and increasing function. The quantity 2zrK sin 6
can geometrically be interpreted as the proper circum-
ference of a circle (around the coordinate origin) located at
the coordinates (r, ) with ¢ going from 0 to 2z. For the
circumference coordinate R = rK it follows therefore, that
d,R > 0. The metric function w describes the rotation of the
wormhole and it is the angular velocity experienced by a
free falling particle from infinity at the coordinates (r, 9).
These constraints determine a class of metric functions,
which describe two spacetime regions joined together at the
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wormhole throat. The radial coordinate takes thereby the
range r € [ry, ), with ry designating the location of the
wormhole throat in the local coordinates. Furthermore,
imposing also asymptotical flatness leads to further restric-
tions on the behavior of the metric functions in the limit for
r — oo, namely

r

N = 1; K -1, w—0. (3)
In particular, if the expansions of N and w at spatial

infinity have the form

M 1 2J 1
:1—— — | = — - 4
N r+0<r2>, w r3+o<r4>, )

then M and J can be identified as the ADM mass and the
total angular momentum of the wormhole, respectively. In
this work we will investigate an exemplary wormhole
solution of the Teo class, which fulfills all described
constraints and whose metric functions are given by

2J
P’

(5)

N:exp<—@>; b=ry; K=1;, w=
r
where the mass of the wormhole is given by M = r,,.
Furthermore, it is possible to introduce a global radial
coordinate / by the relation,

dl ro %
—=x1-— 6
dr < r) (6)

=(r) = i<r\/1——776 +roln (\/r=79 + ﬁ)) (7)

which is well behaved across the wormhole throat. The
global radial coordinate / extends from —oo to +o0 and
gives the proper radial distance to the throat, with the
wormbhole throat being located at / = 0. We will define the
region / € (—o0, 0] as the lower side of the wormhole and
l€[0,00) as the upper side of the wormhole. For a
normalized mass, M = ry = 1, the squared line element
of the metric can then be written as,

2
TE: ds* = —exp | ——— |dt* + dI?
r(1)
2 g2 2 2a g
+r(l)*( do° +sin’0( dp ———dt | |, (8)
r(1)

where we introduced the dimensionless spin parameter a =
# and where we designate the metric as 7& (7 for Teo
class and £ for the exponential character of N). Since r is a
symmetric function of [/, both sides are symmetric with
respect to the throat and mirror images of each other. The

wormhole spacetime described by this metric possesses an
ergoregion, if the transcendental equation

4a*sin?0 — r(1)* exp <— %) =0, 9)

has a solution. Solving numerically leads to the threshold
value ap = 0.184 above which the spacetime possesses an
ergoregion enclosing the wormhole throat.

As a second wormhole solution we will analyze the
generalization of the Simpson-Visser metric to rotating
spacetimes, which was derived in [15]. It describes a
stationary and axially symmetric spacetime, which sim-
plifies for vanishing rotation to the Simpson-Visser metric.
For a normalized mass, M = 1, the squared line element of
the metric is given by

2V + &
b3

4asin®O+/ 12 + 2

z

Y
RSV: ds2:—<l— )dt2+Kd12

+ 2dO* -

dtdy

Asin?6
o

do?, (10)

where we designate the metric as RSV (standing for
rotating Simpson-Visser) and where

A=P+8+a>-2\/P+&
(11)

A= (P+ &+ d*)? - Ad’sin’0, (12)

¥ =P+ &+ a*cos?0;

with [ as the global radial coordinate, & as the regularization
parameter of the spacetime and a as the dimensionless spin
parameter again. The spacetime structure described by this
metric depends on the parameter range of £ and a. Here we
will restrict ourselves to the parameter range, which
corresponds to traversable wormholes. For wormholes,
the spacetime is defined for /€ (—o00,00) with [ =0
designated to the wormhole throat. The upper and lower
side are both asymptotically flat and also symmetric
to the throat. The shape of the wormhole throat is described
by the regularization parameter £, and the necessary
condition for wormhole solutions is, that the outer horizon
l; is exceeded by the wormhole throat, which corresponds
to the inequality

I =1+V1-a* <& (13)

Thus, for £ > 2 the metric describes always a traversable
wormbhole, independent of a. This is also the case fora > 1,
independent of &, as [ is not real for values of a greater
than one. Furthermore, £ = 1 marks the threshold up to
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which wormhole solutions can exist for a < 1. The
traversable wormhole solutions also can possess an ergo-
region, if additionally the condition

E<1+V1—a%os? =1}, (14)

is satisfied. Thus, solutions with ergoregions only appear in
the parameter range of /}; < £ < 2 and a < 1. In this work
we will investigate both, solutions with an ergoregion and
solutions without an ergoregion, for the rotating Simpson-
Visser wormholes as well as for the Teo wormhole.

As a third class of wormhole solutions we will analyze
traversable wormholes in beyond Horndeski theories,
which were constructed in [14]. They are described by a
static and spherically symmetric spacetime, whose squared
line element can be written in general form as

dr?

ds? = —hdr*
s + e

+ r2(d6? + sin?0d¢?),  (15)

where the metric functions # and W only depend on r and
are constrained by the conditions the spacetime has to
fulfill. In our case we demand metric functions, which
could describe a traversable wormhole and are symmetric
with respect to the wormhole throat, as well as asymptoti-
cally flat. We orient ourselves on [18] and specify the
following metric functions,

= \/&TM r
h=1+—(1-4/2=2); W'l=1-"2(1-Vh), (16
+2a( r )’ /Ir( \/_) (16)

where M is the mass and the parameters (r(, 4, ) determine
the structure of the spacetime. In the case of a normalized
mass, the parameter range for wormhole solutions is given
by either A>0and a > 1,or 1 >0, a <1 and ryg < ry,
with 7 being the horizon given by ri; =1+ v/1 —a and
ro being the location of the throat. We restrict ourselves
here to these conditions in order to analyze traversable
wormholes. By the introduction of a global coordinate
I? = r? — r}, the wormhole spacetime is defined again from
—oo to +oo0 with the throat located at / = 0. The squared
line element of the metric can then be written as,

BH: ds* = —H(l)dt> + F(1)~'dl?
+ (P + r3)(d6? + sin?0dg?),  (17)

where we designate the metric as BH (for beyond
Horndeski) and where r, represents the location of the
wormhole throat. The metric functions H and F' are for a
normalized mass given by

H(l) =1

+lz+r(2) (1 8a )
2a ([2—|—r%)% ’

F(l) = (H<1 ‘w—“l— m))(p )

(18)

In our analysis we will vary the parameter « as well as
the location of the throat r, and fix the parameter 1 = 1,
since it does not influence the properties of possible
accretion structures around the wormhole.

III. CIRCULAR ORBITS AND POLISH
DOUGHNUTS

In this section we will present the basics of circular orbits
and the Polish doughnut model. Considering an axisym-
metric and stationary spacetime, the line element for the
equatorial plane (df = 0) can be written in general form as

dsgq = g, dt* + g,dI* + 2g,,dtde + gwd(pz, (19)

where the metric components g, gy, gy,» and g, only
depend on the radial coordinate, since the polar coordinate
is set to @ = 7. The motion of a force-free massive test
particle is described by a timelike geodesic. If it is circular,
the tangential four-velocity of the test particle can be
written as ¥ = (u',0,0,u?) = u' (" + Q&E*), with #*
and & being the two Killing vector fields for the cyclic
coordinates ¢ and ¢, and € being the angular velocity of the
test particle, Q :‘;—T. The equations of motion can be
derived by minimizing the variation of the action S,

1
S= E/gm,u"u”dr. (20)

From the equation of motion one can derive with the
cyclic coordinates ¢ and ¢ the constants of motion, namely
the energy and the angular momentum, given by
E:_gtti‘"i_gt(pgb:_ut; L:_ngpi"'—g(pqa(p:u(p' (21)

Using the constants of motion and the normalization
condition, u,u* = —1, the equation of motion for the

radial coordinate / can be derived, which is then given
in the form of

_ g(/;(/)Ez + gtle + ZQt(pEL

gtzr,u ~YppY1t

g”ZZ + 1 :g”zz—i—V:O. (22)

Circular orbits are characterized by a fixed value
of the radial coordinate, i = 0. Therefore the effective
potential V [Eq. (22)] and its derivative d;V must vanish for
circular orbits. Stability requires furthermore 97V > 0. In
general, marginally stable orbits are thus given by
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Lys ={1o: Vi, =010 V|, =0A 012V|z:10 =0}. The
innermost stable circular orbit is called the /jgco, and is
defined as ligco = min(l,,,). For radial values with [ <
lisco no stable circular orbits exist. Unstable bound orbits
exist up to the innermost marginally bound orbit. For
normalized mass-energy marginally bound orbits are
given by I, ={ly:V|_;,=0A0,V|_,, =0AE[_, =1}
For radial values with [ < [,;, a particle coming from
infinity would fall into the central object or escape into
infinity, depending on the boundary conditions. For a given
spacetime the described systems of equations can be solved
for the energy, the angular momentum and the radial
coordinate /. However, starting with the assumption of
circular motion the energy and angular momentum can be
rewritten in terms of the angular velocity €,

Q
E—_ 9182 + G (23)
\/gqa(pgz - th(pQ — 9u
Yoo+ 91y (24)

L = .
\/g(/upgz - 2gt(/;Q — i

Considering geodesic motion, the angular velocity of a
test particle on a circular geodesic can be derived by using
the normalization condition and solving a, = 0 for €. The
resulting Keplerian angular velocity QF is then given by the
metric components and the derivatives of the metric
components by

4 _algt(p + \/(algtgo)z - algttalg(p(p

K alg(p(/)

, (25)

where the + sign is referring to prograde motion of the test
particle and the — sign to retrograde motion of the test
particle. Inserting Q% into Eqs. (23) and (24) gives the
energy and the angular momentum of a Keplerian circular
orbit. By using this pair of fixed values for the energy and
angular momentum, the systems of equations governing the
marginally stable and bound orbits can be reduced to one
equation in each case, which can be solved for the radial
coordinate. Using the energy and angular momentum the
Keplerian specific angular momentum can be defined as

_ Ly _ _g(mgli( + i

f[j(: — I — k)
E]% gt(pQIjE + Gu

(26)

which will play an important role in the classification of
accretion disk solutions. The simplest form of thick disk
solution is the Polish doughnut model. In this model the
accretion disk is modeled as a perfect fluid, governed by a
barotropic equation of state, where the pressure is only a
function of the rest mass density, and the stress-energy
tensor of the disk is given solely by the fluid terms, leaving

other inner-physical disk phenomena as viscosity and heat
transfer out of account. Despite its simplicity, the Polish
doughnut model is a suitable tool to analyze accretion disks
fully analytically and still capture their characterizing
features. The construction of thick disks is derived from
the relativistic Euler equations, which connect thermody-
namic quantities to kinematic quantities of the disk. They
can be written in integral form as

1 -1 = ——dr
n|ut| n|(ut)1n| éin 1 _Q(f/)bﬂ/

P 1 ,
o /p p(P)h(p') 4 @7)

where u, is the mass-normalized energy, ¢ is the specific
angular momentum, € is the angular velocity, p is the
pressure, p and £ are the rest mass density and specific
enthalpy and where the subscript in is referring to the inner
edge of the disk. Assuming a constant specific angular
momentum distribution of the disk, the integral term over
the specific angular momentum vanishes and with the
definition of an effective potential W = In|u,|, W, =
In|(u,);,| the Eq. (27) simplifies to

p 1
W =W, :—/ - dp’
oo P(P)R(p) T

h1
:—/ —dh = —Inh, (28)
hinh

since p;, = h;, = 0. The effective potential at the inner
edge of the disk, W, is a specifiable parameter, which is
lower bounded by the effective potential at the disk center,
and upper bounded by zero, since an effective potential of
zero corresponds to marginally bound orbits. The effective
potential V depends only on the metric components and on
the specific angular momentum 7, of the disk, which is a
free parameter since we assume a uniform specific angular
momentum distribution,

1 Gip = 9ud
W =1In =—In ¢ e . 29
|Mt| 2 <f2gtt + 2fgt(p + g(p(/) ( )

Since the specific enthalpy of the disk is fully determined
by Eq. (28) through the effective potential, also the rest
mass density and pressure are fully determined by the
effective potential, since they can be written as a function of
the specific enthalpy and therefore as a function of W. As a
consequence the equipotential surfaces of the disk coincide
with the equipressure and equidensity surfaces. The effec-
tive potential W visualizes therefore the disk morphology
and is a suitable quantity for the analyses of disk solutions.
In the Polish doughnut model the disk properties are thus
fully determined by the metric components, the specific
angular momentum of the disk 7, and the effective
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potential at the inner edge of the disk W,,. Depending on
the chosen values for ¢, and W,,, disk solutions can vary
highly for the same spacetime. The effective potential at the
center of the disk, W, is determined by the specific angular
momentum of the disk 7. At the disk center the acting
forces of the fluid particles cancel each other out and the
motion becomes geodesic. The specific angular momentum
at the disk center corresponds therefore to the specific
angular momentum of a Keplerian circular orbit, #%. The
Keplerian specific angular momentum of the spacetime
determines thus the possible types of disk solutions. The
intersection of the disk momentum 7, with £ marks the
center location r.. of the disk. If £ # £x(r) V rthereisno
disk solution. If Z is nonmonotonic, there could be more
intersections of £, with . The slope of £ determines in
this case the disk properties: If 0,£% > 0, then the inter-
section with £ marks a center for prograde motion and a
cusp for retrograde motion, if 9,5 < 0 the intersection
marks a center for retrograde motion and a cusp for
prograde motion. At the cusp, the geodesic motion is
not stable and the equipotential surface of the disk
intersects itself. Since the equi-potential surface is open
toward the central object at the cusp, the unstable motion of
the fluid particles could lead to an accretion process apart
from any inner-physical effects of the accretion disk. The
value of ¢, determines therefore the type of disk and the
distribution of £k determines the possible types of disk
solutions.

IV. MATTER ACCUMULATIONS AT
WORMHOLE THROATS

The existence of circular orbits at the throat could lead to
matter accumulations, which form an equilibrium state at
the throat. For symmetrical wormholes the pressure

|

gradient vanishes exactly at the junction of the upper
and lower side of the wormhole, as the acting forces of
the inflowing matter cancel each other out. As a conse-
quence a central bright region could be present for a
wormhole spacetime, where the emission is originating
from an accretion structure enveloping the wormhole
throat. In [31] it was shown, that not only one, but a
whole spectrum of circular orbits in the parameter space
could exist at the wormhole throat, depending on the
properties of the metric components at the throat. We will
apply this analysis of circular orbits at the throat here to
the selected wormhole solutions and expand it by includ-
ing the thick disk model, which infers the existence of
circular orbits to mass accumulations at the throat. For the
analysis, we apply the parameter space boundaries given
in [31] explicitly for the given wormhole solutions and
evaluate the resulting parameter spectrum of solutions.
The boundaries of existence depend on the sign of g,, at
the throat, which corresponds to the absence or presence
of an ergoregion around the wormhole throat. If there is no
ergoregion present, the boundaries of existence for bound
circular orbits are given by £, € [}, £3], with £, being the
specific angular momentum of a test particle at the throat,
and where ¢ are given by

—Gip + \/(g?(/) - gttg(//qa)(l + gtt)

‘=
5 i

(30)

1=0

If an ergoregion is present, the parameter space for
bound circular orbits is given by £ € ((—o0, £3]V[£5, 0)).
The stability of the orbits is bounded by the limits £3,

Da%gt(p - gt(pa%D + \/(gt(pa%D - Dalzgt(,/)>2 - (gtta%D - Dalzgtt><g¢(pa%D - Da%g(p(p)

&5

where D = g, — 9,9,,- If the expression g,,07D — Dd}g,,
is positive at the throat, all possible orbits are stable within
the interval £, € [, £5]. If the expression is negative, all
possible orbits are stable for £ € ((—o0, Z5]V[£{, 00)).

A. T € wormbhole

For the 7& wormhole solutions the boundaries of
existence for bound orbits at the throat are a function of
the spin parameter a. They are approximately given by,

. 14724 +2a+0.318
BT 4a2-0135

(32)

gzzalzD - Dalzgn

: (31)

|

where the root of the denominator, a = 0.184 := ap, marks
the onset of wormhole solutions with an ergoregion. The
parameter space for orbits at the throat undergoes a phase
transition at this critical value of a, which is depicted
in Fig. 1.

Up to the critical value ap the parameter space is
confined between the boundaries #7, from a; onward
the parameter space is located outside the interval between
¢%. For increasing a this interval shrinks and the interval
size converges asymptotically to zero. As a consequence
the parameter space for bound orbits at the throat
approaches asymptotically ¢ € (—o0, o0). A small region
of unstable orbits exists, which only extends to positive
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FIG. 1.

(b)

-4.0

(a) and (b) showcase the parameter space with regard to the spin parameter a and the specific angular momentum £, of a test

particle for circular orbits at the throat. The blue colored area showcases the region for which stable orbits exist, the red colored region
showcases the region for which the orbits are unstable. The thin blue curves represent the boundaries of existence for bound orbits, ff;,
and the red dotted dashed curves showcase the impact parameters for the photon orbits located at the throat, #%. The dashed vertical line
and the abbreviation ER indicate the onset of an ergoregion surrounding the throat, for all values of a right of the line. (c) presents the
effective potential }V in the equatorial plane for three exemplary disk solutions. The left half of the plot illustrates the lower side of the
wormbhole, the right half illustrates the upper side of the wormhole with the throat at / = 0. (a) 7 £: Parameter space for throat orbits.
(b) T&: Close-up on unstable region. (¢c) 7 &: Exemplary disk solutions.

values of Z;, and also shrinks with increasing a. Figure 1(c)
showcases exemplary disk solutions for selected points of
the parameter space. These disk solutions represent equi-
librium states of matter accumulations around the throat of
the wormhole. Matter flows in from both sides of the throat,
leading to a vanishing pressure gradient and thus to a
balance of forces at the wormhole throat. The following
Fig. 2 showcases exemplary cross section plots of the
density distribution of such throat disks.

In case of the spherical disk solutions the specific
angular momentum of the disk vanishes. As a consequence
all centrifugal terms in the effective potential vanish and
only terms remain which solely depend on the radial
coordinate. The resulting disk solutions correspond to

established at the throat between gravitational attraction
and pressure. Thus, they do not represent a typical accretion
disk, but more a starlike structure when it comes to their
observational signature and possible radiation profile. For a
nonvanishing specific angular momentum, the disk struc-
tures enclose the wormhole throat with matterless areas
near the poles. It represents an open torus, which encap-
sulates the throat, with a high degree of spherical symmetry.
Thus, we conclude that these matter accumulations around
the throat in general may appear more starlike due to their
central bright region.

B. RSV wormbholes

In case of the RSV wormholes the boundaries of

spherical structures in which a hydrostatic equilibrium is existence for bound orbits are functions of the two
logi0 P logio 0 logio o

0.00 r 1 0.00 0.00
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§ -2.00 § 0 ‘ 2.00 § 2.00
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-3.00 3.00 3.00
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3 -4.00 ) s o 3 '4‘ -4.00 3 4.00
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(a) (b)

(c)

FIG. 2. Meridional cross section of the density distribution for selected disk solutions. (a) and (b) showcase a cross section of the
density distribution for £, = 0 and arbitrary a. (c) showcases a disk solution for the selected point @ = 0.1 and £, = 1 of the parameter
space. The radial coordinate here is given by R = /I*> + rj, where [ is the global radial coordinate and r, designates the location of the
throat, with r, = 1 for this case. The gray circle represents thus the wormhole throat. (a) 7°E: Spherical disk solution with £, = 0.
(b) 7&: Close-up on spherical disk solution. (¢) 7 &: Disk solution for a = 0.1 and £, = 1.
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FIG. 3. & = 1.8:(a) and (b) showcase the parameter space with regard to the spin parameter a and the specific angular momentum £
of a test particle for circular orbits at the throat. The blue colored area showcases the region for which stable orbits exist, the red colored
region showcases the region for which the orbits are unstable. The thin blue curves represent the boundaries of existence for bound
orbits, 7 f, and the red dotted dashed curves showcase the impact parameters for the photon orbits located at the throat, ¢ ,i;. (c) showcases
the effective potential YV in the equatorial plane for three exemplary solutions. The left half of the plot illustrates the lower side of the
wormhole, the right half illustrates the upper side of the wormhole with the throat at / = 0. (a) RSV: Parameter space for throat orbits.
(b) RSV: Close-up on unstable region. (c) RSV: Exemplary disk solutions.

parameters of the spacetime, namely the spin parameter a
and the regularization parameter &,

2(a £ \/a* + & - 2¢)
2-¢ ’
We analyze the behavior of the parameter space for fixed
values of £ and varying a, as well as in a three-dimensional
presentation where both a and ¢ are varied. For fixed values
of & we picked £€{1.8,2.1,2.5}. The & = 1.8 solutions
represent wormholes with an ergoregion, however worm-
hole solutions only exist for a > 0.6, as solutions with a
smaller spin parameter represent black holes. The Fig. 3
showcases phase diagrams and exemplary disk solutions
for £ =1.8.
In case of £ = 1.8 the wormhole has an ergoregion,
which surrounds the wormhole throat. As a consequence the

f%(a? 5) - (33)

parameter space for bound circular orbits at the throat
extends from (—oo,#3| and [/}, 00). With increasing
rotation the parameter space shrinks, since the interval
between the boundaries #3 grows. A narrow region of
unstable orbits exists within the interval a € (0.877,
4.483). However, this region only extends to positive values
of £, thus all retrograde orbits (£, < 0) are stable orbits.
The existence of such a spectrum for bound orbits, which
extends to infinity, may hint to instabilities of the spacetime,
as the possibilities for the formation of matter structures
around the wormhole throat scale with it. The following
Fig. 4 showcases the parameter space for £ = 2.1.

For the £ = 2.1 wormhole the parameter space for bound
orbits is confined between the boundaries ¢ and £3.
Almost the whole parameter space for bound orbits also
consists of stable orbits, only a small region for positive

10 15 9 0.0
A — S
- 8 -0.2 —
0 g
7 -0.4
-10 6 by~ —0.6
-20 \ e
< ° 2 \\ - 2 -0.8
< i e
-30 4 \, -7 -1.0
\.\ —
—-40 3 T Ly .
—50{[O Stable Orbits 2 -1.4
@ Unstable Orbits 1
—607|—— Photon Orbits £=21 | £=21 -1.6 E=2.1
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 00 . 2 4 5 6 0 2 4
a !
(a) (b) (c)

FIG. 4. & =2.1: (a) and (b) showcase the parameter space with regard to the spin parameter a and the specific angular momentum ¢,
of a test particle for circular orbits at the throat. The blue colored area showcases the region for which stable orbits exist, the red colored
region showcases the region for which the orbits are unstable. The thin blue curves represent the boundaries of existence for bound, #7,
and the ted dotted dashed curves showcase the impact parameters for the photon orbits located at the throat, #%. (c) showcases the
effective potential W in the equatorial plane for three exemplary solutions. The left half of the plot illustrates the lower side of the
wormbhole, the right half illustrates the upper side of the wormhole. (a) RSV: Parameter space for throat orbits. (b) RSV: Close-up on
unstable region. (c) RSV: Exemplary disk solutions.
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FIG.5. & =2.5:(a) and (b) showcase the parameter space with regard to the spin parameter a and the specific angular momentum &,
of a test particle for circular orbits at the throat. The blue colored area showcases the region for which stable orbits exist, the red colored
region showcases the region for which the orbits are unstable. The thin blue curves represent the boundaries of existence for bound
orbits, zf’j,?, and the red dotted dashed curves showcase the impact parameters for the photon orbits located at the throat, f%. (c) showcases
the effective potential JV in the equatorial plane of three exemplary solutions. The left half of the plot illustrates the lower side of the
wormbhole, the right half illustrates the upper side of the wormhole. (a) RSV: Parameter space for throat orbits. (b) RSV: Close-up on

unstable region. (c) RSV: Exemplary disk solutions.

specific angular momenta corresponds to unstable orbits.
Unstable orbits exist within the interval a € (0.796, 5). An
increasing rotation corresponds to a growing of the param-
eter space, which in turn increases the possible configura-
tions for matter accumulations at the wormhole throat. Since
the course of the lower limit £} is steeper with respect to a,
the parameter space shifts more and more to negative values
for the specific angular momentum. This could increase the
likelihood of counterrotating disk structures around the
wormbhole throat. The Fig. 5 showcases the phase space
for £ =2.5.

For the £ = 2.5 wormhole the parameter space is less
affected by the spin parameter a and furthermore it shrinks
down compared to the £ = 2.1 wormhole. The region of
unstable orbits continues to be limited only to positive values of

the specific angular momentum, however it extends now from
a €(0.664,5.663). Compared to the £ = 1.8 and & = 2.1
wormholes, the exemplary disk solutions for the same param-
eters are less energetically bound as the minima are less deep.
We note, that an increase in £ decreases the influence of a as
well as the parameter spectrum for circular orbits at the throat.
Moreover an increase in & corresponds to a larger parameter
region for unstable orbits as well as to less energetically bound
disk configurations around the wormhole throat. From this we
conclude, that the likelihood of stable matter accumulations
around the wormhole throat is greater for smaller values of £, as
the parameter space gives more possibilities for disk configu-
rations, which are also stronger bound.

To illustrate this, the Fig. 6 presents three-dimensional
plots, showcasing the behavior of the minima of the

(a) (b)

FIG. 6. Contour map of the effective potential at the throat W, for £ € {1.8,2.1, 2.5} across the parameter space with regard to a and
¢y. The colors of the color map represent the value of the a, with blue tones corresponding to small values of a and red tones to higher
values of a. The curves in the background in the £, — WW,-plane are projections of the three-dimensional plot for fixed a, colored in the
same way by their corresponding value of a. It should be noted, that in subfigure (a) some regions reach deeper than the lower limit of the
W, axis, but in view of clearer depiction of the structure the lower limit of the axis was set to W, = =2. (a) RSV: £ = 1.8. (b) RSV:
E=2.1.(c) RSV: £=25.
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FIG. 7. RSV: Boundaries for bound circular orbits inside
parameter space for varying a and &. The surfaces represent
the boundaries %, whereby the upper surface is £ and the lower
surface is £};. The surfaces are colored with respect to the value of
a within the parameter space, blueish tones represent lower
values of a, whereas yellowish tones represent higher values of a.
The curves in the & — £y-plane represent projections of the
surfaces for fixed values of a and they are colored in their
corresponding values of a. Bound circular orbits only exist
between the surfaces.

effective potential, e.g., the values of the effective potential
at the throat W, for all possible disk configurations across
the parameter space for the analyzed & values.

If an ergoregion is present, disk configurations which are
closer located to the boundaries for bound circular orbits in
the parameter space have a smaller absolute value of the
effective potential at the throat, representing therefore less
energetically bound accumulations of matter at the throat.
Far away from the boundaries disk configurations are more
deeply bound. This drop-off is steeper for slower rotating
wormholes. In case of the absence of an ergoregion, the
effective potential is a quadratic function in the parameter
space with regard to ¢, illustrated by the projected curves
in the £y — Wy-plane, which are parabolas. The effective
potential at the wormhole throat thus is minimized exactly

by £in = f;%f‘*. Disk solutions closer to the center of the
parameter space correspond therefore to more deeply
bound configurations.

For a more comprehensive picture of the parameter space
behavior in relation to the wormhole parameters, the Fig. 7
showcases a three-dimensional representation of the boun-
daries £ across the parameter space with respect to a
and £&.

C. B'H wormbholes

The BH wormholes are static wormholes and the
parameter space for bound circular orbits at the throat
depends here on the wormhole parameter @ and the location

of the throat r3,
1-, /1435
0
2a+r(2)<1 - /1 +§—§’>
0

where the influence of @ on the boundaries decreases for an
increasing throat radius r,. The parameter space for orbits
at the throat becomes thus more constant for greater values
of ro with regard to a, which is depicted in Fig. 8. Since
greater values for a are considered unphysical, we restrict
our analysis to the interval a € [0, 1.5].

Since the BH wormholes are static wormholes, the
parameter space for bound orbits at the throat is symmetric
with respect to £, = 0, as there is no difference between the
orientations of rotation due to the spherical symmetry of the
spacetime. Throughout the interval ry € (2,2.5] all orbits
are stable for the analyzed range of « values. The parameter
space is a decreasing function of both, the wormhole
parameter « and the throat radius ry. As a consequence,
the maximal parameter space is given for a =0, with

£ = +r}

, (34)

for the midpoint of the interval between ¢ and £, given — £,€[-9.38,9.38] for ry=2.1 and ¢,€[-5,5] for
10.0 10.0 0.0
X ro=2.5
75 75
_____ L5 -0.2
5.0 ]
25 25 e
< 00 < 00 2
=25 -25 -0.6
by
-50{ T -5.0 a=0.4, =25
-0.8 —— =21, a=11, £=25
-75 O Stable Orbits -75 O Stable Orbits —— ro=2.5, a=04, £,=25
7 —:— Photon Orbits —:— Photon Orbits F~ ro=25 a=11, fp=2 5’
1090 02 o4 o6 o8 10 12 14 1090 02 04 o6 o8 10 12 14 LT g 2 a 6
o a i
(a) (b) (c)
FIG. 8. (a) and (b) showcase the parameter space with regard to a for wormhole solutions where the throat is located at ry = 2.1 and

ro = 2.5, respectively. The colored region represents the region for which bound orbits exist at the throat. The blue curves are the
boundaries #7 and the red dashed dotted curves indicate the impact parameters of the photon orbits, £7. (c) showcases the effective
potential W of disk solutions for different parameters. (a) BH: Throat orbits for ry = 2.1. (b) BH: Throat orbits for r, = 2.5. (c) BH:

Exemplary disk solutions.
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1.5

1.52 5

FIG. 9. BH: Boundaries for bound circular orbits inside the
parameter space for varying a and throat radius ry. The surfaces
represent the boundaries ¢, whereby the upper surface is £ and
the lower surface is 4. The surfaces are colored with respect to
the value of @ within the parameter space, blueish tones represent
lower values of a, whereas yellowish tones represent higher
values of a. The curves in the £ — £-plane represent projections
of the surfaces for fixed values of a and they are colored in their
corresponding values of a. Bound circular orbits only exist
between the surfaces.

ro = 2.5. The shape of the effective potential for different
disk configurations across the parameter space appears
similar, as illustrated exemplarily in Fig. 8(c), only close to
the throat their shapes deviate from each other. A three-
dimensional representation of the parameter space boun-
daries can be found in Fig. 9. In the limit ry — 2 we
have |£3| — co.

V. ACCRETION TORI AROUND WORMHOLES

In this section we will continue our analysis by inves-
tigating thick accretion disks around the wormholes. We

2.26

analyze hereby the Keplerian circular orbit distribution
within the equatorial plane to determine the types of
possible accretion structures and furthermore combine this
analysis with the results from the previous section. As we
will show, matter accumulations at the throat may form
greater structures with accretion tori around the throat.

A. T € wormbhole

In case of the 7& wormhole solutions, the Keplerian
specific angular momentum, £, extends to the throat for
prograde motion across the spin parameter range. For
retrograde motion, the £ distribution follows a similar
shape as for rotating black holes for higher spin parameter.
This behavior can be linked to the presence of an
ergoregion, which pushes the innermost stable circular
orbits for retrograde motion outward for higher spin
parameter. Furthermore, in case of prograde motion, a
small spin parameter space exists, for which an inner and
outer marginally stable orbit is present, as depicted
in Fig. 10.

For a€(0.0145,0.0167] £} has an inner and outer
extremum corresponding to an inner and outer marginally
stable orbit. The circular orbits in between the inner and
outer marginally stable orbit are unstable. In general, only a
small range of the parameter range harbors unbound orbits
for prograde motion (a < 0.01). Furthermore, for a >
0.017 all orbits are stable and the ¢} distribution extends
up to the throat. As a consequence, the disk solutions
associated with the £ distribution are mostly composed of
equilibrium tori, and since f} extends to the throat,
accretion structures could be arbitrary close to the throat.
Moreover, combining the results from the last section with
the #% distribution leads to a combination of disk
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FIG. 10. (a) Keplerian specific angular momentum ¢’ in the equatorial plane for different spin parameter a. The black curve sections
mark regions where no bound orbits exist. The extrema indicate marginally stable orbits. (b) £ for solutions with an inner and outer
marginally stable orbit. The pink and purple circles indicate the inner and outer marginally stable orbit, /22" and [SU°', (c) Marginally
stable and marginally bound orbits versus the spin parameter a. The solid curves correspond to prograde motion, the dashed curves to
retrograde motion. Blue colored curves mark marginally stable orbits /5, while red colored curves mark the marginally bound orbits
I£,. The gray solid curve marks the radial location of the ergosphere in the equatorial plane, /. The zoom-in plot showcases a close up
of the marginally stable and bound orbits for prograde motion, which only exist for small values of a. (a) 7 €: Equatorial £}. (b) 7 E:
Solutions with two R,,,. (c) 7 &: Marginally bound and stable orbits.
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FIG. 11. (a) Phase space for the different possible disk configurations composed of matter accumulations at the throat and accretion
tori around the wormhole. The throat center region is a region of the parameter space, for which only matter accumulations at the throat
exist. The throat center—outer center is a region of parameter space, where matter accumulations at the throat and an accretion disk
around the wormhole exists. The throat center—cusp—outer center region, is a region where matter accumulations at the throat are
connected to an outer accretion torus through a cusp. The throat cusp—outer center region, is a region where the effective potential has a
maximum at the throat. Thus, the disk configuration is a connected structure, with an outer disk reaching up to the throat, where it has a
cusp. The outer center region, is a region where no matter accumulations at the throat are present and only the usual disk solutions,
associated with the £3 distribution, exist. It should be noted, that since the retrograde marginally stable orbits are far extending in the
equatorial plane for higher values of @, the maximal and minimal values of #% considered for this plot, are chosen so that all marginally
stable orbits are captured for this diagram. (b) Effective potential in the equatorial plane for examples of the different possible types of
disk configurations. The colors of the curves and the abbreviations in the legend match the colors and the description of the parameter
space plot in (a). On the right side of the plot a zoom-in is inserted, which highlights the region close to zero and showcases the minima
and maxima of the TC-Cu-OC and TC-OC configuration. (a) 7 €: Parameter space of different disk configurations. (b) 7 &: Types of
disk configurations.

configurations, composed of the matter accumulations at
the throat and the accretion tori around the throat. An
extended parameter space diagram for the different scenar-
ios is presented in Fig. 11.

The extended parameter space is divided into five
different regions, which correspond each to different disk
configurations. Table I showcases the conditions by which
the different disk configurations are governed. Besides the
basic configurations of an usual accretion torus around the
wormhole, and the matter accumulations at the throat from
the last section, also combined structures exist. Three
different scenarios are possible here. In two of them, the
matter present at the throat is much more compactified than
in the outer torus. As a consequence the density values are
several orders of magnitude higher at the wormhole throat.

TABLE L.

The structure at the throat is either closed toward the
outside and disconnected from the outer torus, or connected
by a cusp with the outer torus. The latter scenario
corresponds to a continuous accretion structure, composed
of two density maxima. In the third scenario the effective
potential possesses a maximum at the throat and one
minimum close to the throat. The accretion disk is thus
connected through a cusp to the other side of the wormhole.

B. RSV wormbholes

In Fig. 12 the £ distribution for the RSV wormholes is
shown. As for the 7 & wormholes, the distribution for the
retrograde £ appears similar to the one for rotating black
holes, with a marginally stable and marginally bound orbit

Properties at the throat and parameter range for the different possible disk configurations. It should be noted that this only

applies for wormholes without an ergoregion. If an ergoregion is present, then the condition ¢, € [¢};, ¢5] must be replaced with the
condition ¢, & (¢3,7¢3), and the condition £y & [£}, ¢3] must be replaced with £, € (£3,¢3).

Disk configuration

Motion at throat

¢ range

Throat center Stable CoECE CRl N Ey & CF
Throat center—outer center Stable Co€E[CS. Cl ANy ECE
Throat center—cusp-outer center Stable o€y, €5 A 1Eo| € (1€ msls 1Empl]
Throat cusp—outer center Unstable CoECE, C5l AN EYELE

Outer center

b0 65,05 A byl
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FIG. 12. Keplerian specific angular momentum #% for the RSV wormholes and different values of £ Black curve sections mark
regions where no bound orbits exist. The extrema indicate marginally stable orbits. (a) RSV: Equatorial £5 for & = 1.8. (b) RSV:
Equatorial % for & = 2.1. (¢) RSV: Equatorial #% for & = 2.5.

for all spin parameters. There exist therefore retrograde disk
solutions with a cusp for all spin parameter values. For
higher values of £ the differences for different values of a
grow and also orbits closer to the throat exist.

In case of prograde motion marginally bound and
marginally stable orbits exist only up to a certain value
of the spin parameter. Thus, circular orbits extend up to the
throat for faster rotating wormholes, with all orbits also
being stable. The critical values of a for which the unbound
and unstable regions disappear depend on the parameter .
For greater values of £ marginally bound and stable orbits
exist up to higher values of a, thus the parameter spectrum
for unstable motion grows. Since the high spin parameter
solutions are strictly monotonic, only equilibrium tori may
form around the wormhole. However, combining again the
matter accumulations at the throat with the disks associated
with the equatorial 5 distribution, leads again to a set of
different disk configurations, which are depicted with a plot

%.0 0.3 0.6 0.9 1.2 1.5
a

(a)

FIG. 13.

of the marginal orbits in Fig. 13. Since the distribution of
the marginal orbits, as well as the f% distribution is similar
for the selected values of &, we choose here £ = 2.1 as an
exemplary solution. However, it should be noted that for
the £ = 1.8 solution, the parameter space diagram has a
different form due to the presence of the ergoregion.
Nevertheless, the possible disk configurations remain the
same, also with a similar volume inside the parameter
space. The possible disk configurations are the same as for
the 7& wormhole solutions. As a major difference, the
throat center—cusp—outer center configuration has a larger
parameter space volume for disk configurations with
prograde flow.

C. B'H wormbholes

In the case of the BH wormhole solutions, the #%
distribution (depicted in Fig. 14) is again similar across the

Lo
o

_%.O 02 04 06 08 10 1.2 1.4
a

O Throat Center
© Throat Center - Outer Center
Q Throat Center - Cusp - Outer Center

© Throat Cusp - Outer Center
O Outer Center
O No Disk

(b)

(a) Marginal orbits and stable orbits for retrograde and prograde motion with regard to the spin parameter a for £ = 2.1. The

solid curves mark the marginal orbits for prograde motion, the dashed curves mark the marginal orbits for retrograde motion.
(b) Extended parameter space for the different possible combined disk configurations. The different types are the same as for the 7€
wormholes depicted in Fig. 11. Since retrograde marginally stable orbits are far extending in the equatorial plane for higher values of a,
the maximal and minimal values of £ considered for this plot, are chosen so that all marginally stable orbits are captured for this
diagram. (a) RSV: Marginally bound and stable orbits. (b) RSV: Parameter space of different disk configurations for & = 2.1.
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(a) and (b) showcase the Keplerian specific angular momentum f% for the BH wormholes and for the throat radii

ro€42.1,2.5}. Black curve sections mark regions where no bound orbits exist. The extrema indicate marginally stable orbits.
(c) Marginally bound and stable orbits for the selected throat radii. Red colored curves illustrate the marginally bound orbits and blue
colored curves the marginally stable orbits. (a) BH: Equatorial £ for ry = 2.1. (b) BH: Equatorial #% for ry = 2.5. (c) BH: Marginally

bound and stable orbits.

wormhole parameter range. For small values of a the
distribution closely resembles that of a Schwarzschild black
hole and with increasing « the distribution moves closer to
the throat. The difference between the different throat radii
ro is only noticeable for higher values of a. For both
analyzed values of r, the distributions have a region with
no bound orbits, which moves closer to the throat for higher
values of a. Thus, in both cases marginally bound and
stable orbits exist across the whole analyzed parameter
range for « [depicted in Fig. 14(c)]. As a consequence also
accretion tori with a cusp can exist across the whole
analyzed parameter range.

Since the distribution of ¢% is similar for the different
throat radii, we select the r, = 2.1 solution as an example
for the parameter space diagram of different disk configu-
rations, which is shown in Fig. 15. Most of the parameter
space corresponds to matter accumulations around the
throat, only for a small region combined accretion

5.0

300 02 04 06 08 10 12 14
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O Throat Center
@ Throat Center - Outer Center

O Throat Center - Cusp - Outer Center
O Outer Center

FIG. 15. Parameter space of different disk configurations for
ro = 2.1. The possible disk configurations and the colors
representing them are the same as for the 7€ and RSV worm-
holes. The upper limit of #% considered for this parameter space
diagram is selected such, that it corresponds to a circular orbit at a
distance to the throat which is given by r = 10r,.

structures exist. Since all orbits at the throat are stable
for the analyzed parameter range of a, only disk configu-
rations with a density maximum at the throat exist. Thus,
the configuration with a cusp at the throat, which is possible
for the 7 & and RSY wormhole solutions, does not exist for
the depicted parameter range. However it should be noted,
that for the 7€ and RSV wormholes, disk configurations
with a cusp at the throat only exist for @ > 0. In their
corresponding static solutions, where a = 0, also no cusp
solutions exist. The existence of unstable orbits at the throat
and thus also the existence of disk configurations with a
cusp at the throat can therefore possibly be linked to the
rotating of the spacetime, and is for rotating wormholes
more likely to appear.

We conclude that, there exists a plethora of possibilities
for different disk configurations at and around wormholes,
even solutions which represent connected structures of
accretion tori and accumulations of matter at the throat. The
formation of central accretion structures around perhaps
natural occurring wormholes seems to be therefore within
the bounds of possibility.

VI. CONCLUSION

In this work we investigated possible matter accumula-
tions and accretion tori in symmetric wormhole spacetimes.
Methodically, we analyzed the presence of circular orbits at
the throat, as well as the equatorial Keplerian orbit distri-
bution and linked them to accretion structures with the use of
the Polish doughnut model. As exemplary wormholes we
selected three traversable wormhole spacetimes, namely a
constructed rotating wormhole from the Teo class, desig-
nated by 7¢&, the rotating Simpson-Visser wormhole,
designated by RSV, and a static traversable wormhole in
beyond Horndeski theories, designated by BH.

In case of symmetrical wormholes, where both sides are
connected smoothly by a global coordinate, it can be shown
that a spectrum of circular orbits may be present at the
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throat. We analyzed here the boundaries of this spectrum
for the different wormhole solutions, where we varied the
main wormhole parameters in view of a broad analysis
across the parameter range. The varied parameters are
the spin parameter a for the 7€ and RSV solutions, the
regularization parameter £ for the RSV solution, and the
throat location r( as well as the wormhole parameter a for
the BH solution.

For the 7 € wormholes we found a phase transition of the
parameter space for circular orbits at the throat, caused by
the appearance of an ergoregion for spin parameters above
the critical spin parameter ayp = 0.184, which marks
the onset of solutions with an ergoregion. The size of the
parameter space grows for increasing a and within the
parameter space corresponding to an ergoregion, it extends
from —oo to co with the exclusion of a small interval close
to zero. A small interval above zero also corresponds to a
region of unstable orbits at the throat. Nevertheless, the vast
majority of the parameter space corresponds to stable
orbits. The presence of stable orbits can be extended
through accretion disk models to the presence of matter
accumulations at the throat, where the inflow of matter
from both sides of the wormhole is in equilibrium at the
throat. Due to the symmetry the acting forces cancel each
other out, the pressure gradient vanishes and a deeply
bound potential minimum forms at the throat. The resulting
accretion structures are closely surrounding the wormhole
and appear more spherical for smaller values of the specific
angular momentum of the matter particles. Due to their
encapsulating nature with regard to the wormhole throat,
possible observational signatures are dominated by a more
spherical radiation profile of these structures. Thus, they
could appear similar to starlike objects for a distant
observer, due to the presence of a central bright region.

We found that similar structures may also form for the
other analyzed wormhole spacetimes, where also a spectrum
of bound circular orbits exists at the throat. In case of the
RSV wormholes, we analyzed three different solutions, for
£e{1.8,2.1,2.5}, where the first one is representing a
solution with an ergoregion. For the absence of an ergoregion
we found again a growing parameter space for increasing a.
However, as £ grows, the parameter space shrinks and is less
affected by the wormhole rotation. Since the effective
potential WV of the disk is a quadratic function of the disk
specific angular momentum Z, the deepest minimum of Y at
the throat is exactly given by the midpoint of the parameter
space interval, which we illustrated by three-dimensional
plots across the parameter space.

In case of the static BH wormhole solutions we analyzed
two different solutions with different throat radii, namely

ro€{2.1,2.5} and varied the wormhole parameter a. We
found a decreasing parameter space with regard to an
increase of a and the throat radius ry. Moreover, for
increasing r, the parameter space boundaries are less
affected by « and follow thus a more constant distribution.

The combination of the circular orbit spectrum at the
throat and the equatorial Keplerian orbit distribution leads
to a variety of different disk configurations. Here, we
identified five different types. The two most simple ones
are given by the usual accretion tori, which may form
around the wormhole and by the matter accumulations
which may form around the throat. Within small regions of
the parameter space, there also exist disk configurations,
that correspond to a combined structure of the matter
accumulations at the throat and the accretion tori around it.
This combined structure can be disconnected, representing
a small torus at the throat and a large torus around it, or it
can be connected. If it is a connected structure, the torus
around the throat is joined through a cusp with the outer
torus. However, in case of unstable geodesic motion at the
throat, there exists a cusp exactly at the throat, connected to
a density maximum of an outer torus. A matter flow
through the cusp at the throat through the wormhole toward
the other side of the wormhole is possible.

The phase diagrams show for each of the analyzed
wormhole solutions, that vast regions of the parameter
space can be associated with some type of accretion disk
configuration at or around the wormhole. We conclude, that
this may hint to central bright regions which may be
associated with wormhole spacetimes, instead of central
dark regions, and furthermore that the presence of circular
orbits at the throat may hint to instabilities of the spacetime,
as it can be linked to matter accumulations at the wormhole
for a vast spectrum of the parameter space.
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