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We uncover a surprising universal soft behavior (USB) of a de Sitter (dS) S-matrix for all exceptional
effective field theories (EFTs) in dS space, stemming from the recently proposed generalized energy
conservation condition. At leading order in the soft limit, the dS S matrices for all exceptional EFTs in four
spacetime dimensions exhibit no scaling with the soft momentum, i.e., limk→0 AðkÞ ∼Oð1Þ, a feature we
term USB. We specifically show that USB fixes the four-point amplitudes in Dirac-Born-Infeld theory and
Special Galileon, and six-point amplitude in SUðNÞ nonlinear sigma model given the minimal derivative
count. We then conjecture USB fixes the interactions of all exceptional EFTs to all orders, thereby
providing a unification criterion for them. Our result further underpins the idea that Δ ≥ 4 exceptional
theories in dS are characterized by the spectrum and stability requirement alone, resonating with the low
energy theory of gravity-general relativity.
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Introduction. The recently proposed generalized energy
conservation (GEC) for de Sitter (dS) scattering amplitude
defined on an extended Poincare patch serves as a powerful
tool to constrain theories living in dS space [1,2]. The
extended Poincare patch is defined by analytically contin-
uing the conformal time η from ð−∞; 0Þ to ð−∞;þ∞Þ,
which is mandated by the realization of the full de Sitter
isometry, an Anti-de Sitter version of the argument can be
found in [3], therefore in and out states can be consistently
prepared on the far past and far future boundary. Since there
is no global time translation symmetry in (extended) dS
space, energy conservation shouldn’t be imposed as a prior
condition. GEC thus refers to the vanishing requirement of
the non–energy-conserving part of the amplitude

AkT≠0 ¼ 0; ð1Þ

where kT ≡P
a∈ in jk⃗ja −

P
b∈ out jk⃗jb adhering to cosmol-

ogists’ convention. Given the exceptional series in four-
dimensional dS group representation theory [4,5] where the
conformal dimension Δ ≥ 4 is an integer, and the corre-
sponding mass spectrum is given by m2 ¼ −ΔðΔ − 3ÞH2,
it was shown in [2] that the scalar four-point dS amplitude
can be uniquely fixed by imposing GEC [6], which can be

simply regarded as the requirement for the absence of
instability within the theory [7]. It is therefore conjectured
the full theory could be uniquely fixed by the GEC
condition given a particular exceptional series mass spec-
trum. The theories that satisfy GEC are precisely the
exceptional effective field theories (EFTs) stemmed from
symmetries and brane world constructions [8–10].
Scalar theories that carry long range force in flat space,

however, cannot be uniquely fixed by the spectrum, addi-
tional conditions such as soft limits [11–13] and nonlinear
symmetries [14,15] are entailed for the sake of pinning
down the unique interactions. For instance, Dirac-Born-
Infeld (DBI) is the unique PðXÞ theory where X ¼ ð∂ϕÞ2
and PðXÞ is a polynomial of X that enjoys an enhanced
Adler zero AðpÞ ∼Oðp2Þ, i.e., the scattering amplitude of
DBI vanishes faster than naively expected upon sending
one momentum soft. The enhanced Adler zeros are
inextricably related to the nonlinear symmetries [15–18].
The soft scaling AðpÞ ∼OðpσÞ provides a classification
scheme for EFTs in flat space [17], where σ ¼ 2 corre-
sponds to DBI, σ ¼ 3 corresponds to special Galileon, and
no single scalar theory exists beyond σ ¼ 3. The same
theories are also studied in the context of the wave function
coefficients in flat space [18] and in de Sitter space [19].
The exceptional EFTs wherein the interactions are fixed up
to a single coupling constant in dS space thereby appear
more fundamental than their flat space counterparts, since
we need nothing more than the spectrum and stability
requirement to fix the dS theories.
In the present work, we bridge the two criteria used to

classify EFTs in dS and flat space by examining the soft
behavior of dS amplitudes for the exceptional EFTs.
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Surprisingly, unlike in flat space where different theories
exhibit different soft limits, we find that the exceptional
EFTs in four-dimensional dS space enjoy a universal soft
behavior (USB), where the dS amplitudes exhibit no
scaling with the soft momentum,

lim
k→0

AðkÞ ∼Oð1Þ: ð2Þ

This is the main result of the paper. USB can be derived from
Ward-Takahashi identities with respect to known nonlinear
symmetries of the exceptional theories as is shown in
Supplementary Material [20], thus making it a nonperturba-
tive property of the dS amplitudes. We also prove USB for
four-point dS amplitudes by imposing GEC for Δ ≥ 4
theories. Conversely, one can also use USB to uniquely
bootstrap the four-point dS amplitudes. The non–energy-
conserving part of the dS amplitude AkT≠0 violates USB for
all Δ ≥ 4 exceptional EFTs, therefore imposing GEC by
demanding the vanishing ofAkT≠0, is equivalent to imposing
USB. In short, for Δ ≥ 4 exceptional EFTs, we have

GEC ⇔ USB: ð3Þ
Moreover, it goes without saying, USB and GEC are robust
against any perturbative field redefinition since they are
properties of the scattering amplitude. Practically, one needs
to invoke highly nontrivial distribution identities involving
Dirac-Delta and its derivatives to verify the field basis
independence. The verification is done for all exceptional
theories by showing amplitudes computed from diverse field
basis converge to an identical expression.
A subtlety encountered in [2] is that for Δ ¼ 3 or

massless scalar theories, GEC doesn’t pick out the
SUðNÞ nonlinear sigma model (henceforth referred to as
NLSM) [23,24], which describes the low energy dynamics
of the Nambu-Goldstone mode corresponding to the chiral
symmetry breaking SUðNÞ × SUðNÞ=SUðNÞ. The on-shell
avatar of flat space SUðNÞ NLSM is extensively studied in
[11,25–31]. GEC [2] suggests that any two derivative
massless scalar theory appears to be healthy from the dS
S-matrix point of view. The result is sensible, as the coset of
SUðNÞ NLSM is blind to the background space-time
geometry it is living in. This further suggests that DBI
and Special Galileon are more fundamental than SUðNÞ
NLSM in dS, where the former two theories can be
uniquely determined by their spectrum and GEC (stability
requirement) alone. USB, however, should fix the dS
amplitude in SUðNÞ NLSM as a consequence of the
nonlinearly realized symmetry.
We show that the six-point partial amplitude in a generic

two-derivative flavour-ordered scalar theory is uniquely
fixed by the four-point coupling constant upon imposing
USB and that the resulting theory is precisely SUðNÞ
NLSM. The USB bootstrap thus complements the GEC
conditions proposed in [2], as we are able to include Δ ¼ 3
to our family of exceptional theories.

Notation. We denote k≡ jk⃗j as the magnitude of
3-momentum, which we often refer to as the energy of
the exceptional series scalars, sij ¼ −2kikj þ 2k⃗i · k⃗j as
the Mandelstam variables, H as the Hubble constant, and
R ¼ 1=H the Hubble radius.

Universal soft behavior from generalized energy
conservation. We start by reviewing the dS S-matrix
construction proposed in [1] and GEC imposition for
Δ ≥ 4 exceptional EFTs in dS [2]. The main idea is to
analytically continue the conformal time η defined on the
Poincare patch of dS space from ð−∞; 0Þ to ð−∞;þ∞Þ.
The metric in the extended patch thus takes the following
form

ds2 ¼ −dη2 þ dx2

H2η2
; η∈ ð−∞;þ∞Þ; ð4Þ

where the η ¼ 0 singularity requires special care as we will
explain later in the Section. The benefit of defining such
extension is that we are granted with the privilege to prepare
asymptotic free states in both the far past and far future, such
that scattering experiments can be consistently performed.
The dS S-matrix is computed by the Dyson series

Sβα ¼ hβjT fe−i
R

Hintdηgjαi≡ 1þ ið2πÞ4Aδ3ðk⃗β − k⃗αÞ;
ð5Þ

where β and α are out and in states in the interaction picture,
respectively, Hint is the interaction Hamiltonian in the
interaction picture, and T is the time ordering operator.
The scalar mode expansion in D ¼ 4 is given by

ϕðxÞ ¼
Z

d3k
ð2πÞ3 fkðηÞe

ik⃗·x⃗ak⃗ þ c:c:; ð6Þ

where ak⃗ is the annihilation operator, and the mode function
fkðηÞ is given by

fkðηÞ ¼
ffiffiffi
π

p
H

2
ð−ηÞ32eiπ2ðν−1=2ÞHð1Þ

ν ð−kηÞ; ð7Þ

where ν ¼ Δ − 3
2
and Hð1Þ

ν ðxÞ is the Hankel function of the
first kind. For exceptional series scalars with integer Δ ≥ 3,
the mode function has no branch cut. Therefore for such
theories, the interaction Hamiltonian in the Dyson expansion
only contains Laurent polynomials of η, leading to the
following dS amplitude ansatz

A ¼ Að�Þ
kT≠0 þ

X
m

AðmÞδðmÞðkTÞ; ð8Þ

where δðmÞðkTÞ denotes the mth derivative of δðkTÞ.
The non–energy-conserving part of the amplitude Að�Þ

kT≠0
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emanates from the part of the integrand that diverges at
η ¼ 0. The upper index (�) denotes two choices of time
integration contour deformation at η ¼ 0; one goes above the
pole and one goes below. The integration contour is
explicitly shown in Figs. 1 and 2 in [2]. If the contour goes
above the pole, then the time integral only has support when
kT ≥ 0, namely eternal energy annihilation; if the contour
goes below the pole, then the time integral only has support
when kT ≤ 0, namely eternal energy creation. In either case,

the non–energy-conserving part Að�Þ
kT≠0 could lead to poten-

tial instability, therefore the GEC condition of [2] is given by
demanding the absence of potential instability

Að�Þ
kT≠0 ¼ 0: ð9Þ

As we shall see, the GEC condition strongly constrains the
coupling constants of the theories, leading to known excep-
tional EFTs and evidence for new theories. In the following
examples, we study the consequence of GEC imposition on
soft behaviors of four-point amplitudes inΔ ≥ 4 exceptional
theories, while postponing the discussion of the Δ ¼ 3 case
to the next chapter.
Δ ¼ 4 The generic Lagrangian for Δ ¼ 4 theory up to

quartic interaction and four derivatives is given by

LΔ¼4ffiffiffiffiffiffi−gp ¼ −
1

2
ð∂ϕÞ2 þ 2H2ϕ2 þ dð4Þ0 H4ϕ4 þ dð4Þ4 ð∂ϕÞ4…

ð10Þ
The non–energy-conserving part of the amplitude reads [2]

Að�Þ
4 jkT≠0 ¼ −ðdð4Þ0 þ 8dð4Þ4 ÞH4i

36

35
θð�kTÞ

ð3ðk71 þ k72 þ k73 þ k74Þ − 7½k21k22ðk31 þ k32Þ þ 5perms�Þ
k21k

2
2k

2
3k

2
4

¼ ðdð4Þ0 þ 8dð4Þ4 ÞKΔ¼4
1; kT≠0 × ðk−21 Þ; ð11Þ

where KΔ¼4
a;kT≠0 denotes the kinematic dependence regular

in k1, i.e.,

lim
k1→0

KΔ¼4
a;kT≠0 ∼Oð1Þ; ð12Þ

it exhibits no scaling with the soft momentum at leading
order in k1. The subscript a simply serves as a label. GEC

requires a vanishing Að�Þ
kT≠0, leading to the tuning

dð4Þ0 ¼ −8dð4Þ4 , which corresponds to the DBI action
[2,10] in dS space. The DBI four-point amplitude has
the following soft behavior

ADBI
4 ¼ KΔ¼4

0 δðkTÞ þ KΔ¼4
1 δð1ÞðkTÞ

þ KΔ¼4
2 δð2ÞðkTÞ þ KΔ¼4

3 × ðk1Þδð3ÞðkTÞ
þ KΔ¼4

4 × ðk21Þδð4ÞðkTÞ: ð13Þ

The KΔ¼4
a here again denotes kinematic dependence that is

regular and starts at Oð1Þ in the soft momentum expansion.
We therefore see the GEC condition implies the soft behavior

lim
k1→0

Aðk1Þ ∼Oð1Þ: ð14Þ

Conversely, since the non–energy-conserving part of the
amplitude scales with the soft momentum as

lim
k1→0

Að�Þ
kT

∼Oðk−21 Þ; ð15Þ

imposing the soft behavior implies GEC as (11) violates
USB. Therefore we have shown at the level of four-point
interactions, GEC is equivalent to USB.

Δ ¼ 5 The generic Lagrangian for Δ ¼ 5 theory up to
quartic interaction and six derivatives is given by

LΔ¼5ffiffiffiffiffiffi−gp ¼ −
1

2
ð∂ϕÞ2 þ 5H2ϕ2 þ dð5Þ0 H6ϕ4

þ dð5Þ4 H2ð∂ϕÞ4 þ dð5Þ6 ð∂ϕÞ2ð∇μ∇νϕÞ2 þ… ð16Þ
The non–energy-conserving part of the amplitude has the
following soft behavior [2],

Að�Þ
kT≠0 ¼

��
dð5Þ0 þ 125

6
dð5Þ4

�
KΔ¼5

1;kT≠0

þ
�
dð5Þ0 −

500

3
dð5Þ6

�
KΔ¼5

2;kT≠0

�
× ðk−31 Þ; ð17Þ

Again imposing GEC is equivalent to imposing USB (2)
and vice versa. Both criteria lead to the theory of Special
Galileon in dS space [10,19].
Δ ≥ 6 Despite not knowing the full spectrum for these

new theories found in [2], we do have full control of the
scalar four-point self interaction. We find the non–energy-
conserving part of the amplitude diverges in the soft limit
for all exceptional series scalars (Δ ≥ 3) with generic
interactions as

lim
k→0

Að�Þ
kT≠0 ∼Oðk−Δþ2Þ; ð18Þ

which can be schematically understood by the soft expan-
sion of the mode function (7)

lim
k→0

fkðηÞ ∝
1ffiffiffi
k

p k−Δþ2; ð19Þ
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where the normalization factor 1ffiffi
k

p is canceled by theffiffiffi
k

p
factor from the action of creation (annihilation) operator

on the vacuum state when computing the dS amplitudes, i.e.,

ffiffiffiffiffi
2k

p
a†
k⃗
j0i ¼ jk⃗i: ð20Þ

Therefore both GEC and USB are violated if the interactions
are kept generic (without tuning). The imposition of GEC
and USB thus lead to the same unique coupling tuning since

they both require a vanishing Að�Þ
kT≠0. Remarkably, the

unique tuning consistently results in USB (2) for the
energy-conserving part of the amplitudes, for which we
present a symmetry based proof in Supplemental
Material [20].

Nonlinear sigma model at six point. The Lagrangian of the
SUðNÞ NLSM can be written as [23]

Lffiffiffiffiffiffi−gp ¼ −
f2π
4
Tr½∂μU∂

μU†�; ð21Þ

where fπ is the pion decay constant, and the unitary matrix
U is parametrized by

U ¼ exp

�
i

ffiffiffi
2

p πa
fπ

Ta

�
; ð22Þ

with πa denoting the pion fields and Ta the generators of
the coset SUðNÞ × SUðNÞ=SUðNÞ. The equivalence
between GEC and USB fails to hold for SUðNÞ NLSM
(Δ ¼ 3). Since the massless mode function

fkðηÞ ¼
He−ikηffiffiffiffiffiffiffi

2k3
p ð1þ ikηÞ; ð23Þ

lacks a term linear in η [32] in the expansion around η ¼ 0,
the time integrand in any derivatively coupled massless
scalar theory does not contain a 1

η factor, and the non–
energy-conserving part of the amplitude, Að�Þ

kT≠0, which
arises from the residue of the time integrand, always
vanishes. A detailed analysis of the vanishing residue of
the time integrand is presented in [2]. This suggests SUðNÞ
NLSM cannot be uniquely fixed by spectrum and GEC.
However, owing to the presence of the nonlinear symmetry,
SUðNÞ NLSM exhibits the same USB as other exceptional
theories, so we should be able to fix the theory by imposing
the USB condition. In [2], it was shown that for massless
scalars, the presence of any potential term—regardless of
additional interactions—violates GEC and hence USB
according to (18) even for Δ ¼ 3, therefore we only
consider scalar theories with two derivatives in this Section.

The tree-level amplitude for a generic massless two-
derivative scalar theory equipped with a flavor-ordered
group decomposition structure [25–28,30] is given by

An ¼
X

non-cyclic perms

TrðTa1…TanÞMðk⃗a1 ;…; k⃗anÞ; ð24Þ

where Mðk⃗a1 ;…; k⃗anÞ is referred to as the partial ampli-
tude. The decomposition is unmodified in dS space since
the symmetry is strictly internal. The four-point partial
amplitude is computed by summing over s12 and s14
invariant contributions according to the Feynman rules
proposed in [28] while putting the momenta on-shell, i.e.,

M4 ¼ Mð0Þ
4 δðkTÞ þMð1Þ

4 δð1ÞðkTÞ þMð2Þ
4 δð2ÞðkTÞ; ð25Þ

where the amplitude coefficients are given by

Mð0Þ
4 ¼ g4

2

k1k2k3ðk1 þ k2 þ k3Þ2
× ðk21ðk23 þ k⃗1 · k⃗3Þðk1 þ 2k2 þ k3Þ
þ k⃗1 · k⃗3½ð2k1 þ k2 þ k3Þðk22 þ k2k3 þ k23Þþk21k3�Þ;

ð26Þ

Mð1Þ
4 ¼ g4

2

k1k2k3ðk1 þ k2 þ k3Þ
× ððk1 þ k3Þ½k21k23 − k⃗1 · k⃗3ðk1 þ k2Þðk2 þ k3Þ�Þ;

ð27Þ

Mð2Þ
4 ¼ g4s13: ð28Þ

The four-point coupling g4 is related to the pion decay rate
by g4 ¼ H2

2f2π
. It can be easily checked that USB is trivially

satisfied here, analogous to the case where the four-point
amplitude in flat space SUðNÞ NLSM trivially satisfies
Adler zero by momentum conservation and deriva-
tive count.
The six-point amplitude can be split into the contact

contribution and exchange contribution

M6 ¼ Mcontact
6 þMexchange

6 : ð29Þ

The contact term can also be directly computed via the
Feynman rules and putting the momenta on-shell. The full
expression of the amplitude is unwieldy, here we present
only the leading order soft behavior, which is the main
focus of our analysis
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Mð0Þcontact
6 ¼ g6

2

k2k3k4k5

�
−k32 − k33 þ ð−k⃗2 · k⃗3 þ k⃗2 · k⃗5 − k⃗3 · k⃗4 þ k⃗3 · k⃗5 þ k22 þ k23Þ

�
k5 þ

k22 þ k23 þ k24
k1 þ k2 þ k3 þ k4 þ k5

�

þ k42 þ k43 − 3k23k
2
4 − 4k22k

2
3 − k22k

2
4

k1 þ k2 þ k3 þ k4 þ k5

�
× ðk−11 Þ þOð1Þ; ð30Þ

Mð1Þcontact
6 ¼ g6

2

k2k3k4k5

h
k2k3ðk2 þ k3Þ2 þ ðk32 þ k33Þk4 þ ðk22 þ k23Þðk24 þ k25Þ

− ððk2 þ k3 þ k4Þð−k⃗2 · k⃗3 þ k⃗2 · k⃗5 − k⃗3 · k⃗4 þ k⃗3 · k⃗5Þ þ ðk2 þ k3Þk2k3 þ ðk22 þ k23Þk4Þk5
i
× ðk−11 Þ þOð1Þ;

ð31Þ
Mð2Þcontact

6 ¼ g6
2

k2k3k4k5

h
ð−k⃗2 · k⃗3 þ k⃗2 · k⃗5 − k⃗3 · k⃗4 þ k⃗3 · k⃗5Þðk2k3k4 þ k2k3k5 þ k2k4k5 þ k3k4k5Þ þ k23k

2
4k5

þ k2k23ðk2 þ k4Þk4 þ k2k3ðk2 þ k3Þk4k5 − ðk2k3ðk2 þ k3Þ þ ðk22 þ k23Þk4Þk25 þ k22k
2
3k5

i
× ðk−11 Þ þOð1Þ;

ð32Þ

Mð3Þcontact
6 ¼ −g6ð−s23 þ s25 − s34 þ s35Þ × ðk−11 Þ þOð1Þ; ð33Þ

Mð4Þcontact
6 ¼ g6ð−s23 þ s25 − s34 þ s35Þ þOðk1Þ; ð34Þ

where g6 is the six-point coupling constant, the superscript (p) in MðpÞ
n denotes the amplitude coefficient index associated

with the number of derivatives on δðkTÞ, and the subscript n denotes the number of external legs. The exchange contribution
is computed by an exchange energy integral

Mexchange
6 ¼

Z þ∞

−∞

dω

ω2 − ðk⃗1 þ k⃗2 þ k⃗3Þ2
V123ðωÞV456ð−ωÞ þ cyclic; ð35Þ

where the propagator we employed here is the usual Feynman propagator proposed in [1] up to a normalization factor. The four-
point vertex Vabc can be decomposed into an energy delta function and its derivatives thereof according to the general ansatz (8)

VabcðωÞ ¼
X2
m¼0

VðmÞ
abcδ

ðmÞðωþ ka þ kb þ kcÞ: ð36Þ

The vertex coefficients are given by

Vð0Þ
abc ¼ g4

�
2k2b
kakc

−
2

kakbkcðka þ kb þ kcÞ2
ðk⃗a · k⃗b þ k⃗b · k⃗c þ k2bÞðk3a þ 2k2aðkb þ kcÞ þ ð2ka þ kb þ kcÞðk2b þ kbkc þ k2cÞÞ

�
;

ð37Þ

Vð1Þ
abc ¼ g4

2

kakbkcðka þ kb þ kcÞ
ððk⃗a · k⃗b þ k⃗b · k⃗cÞðka þ kbÞðka þ kcÞðkb þ kcÞ − k2b½k2aðka þ kbÞ þ k2cðkb þ kcÞ�Þ; ð38Þ

Vð2Þ
abc ¼ −g4ðsab þ sbcÞ: ð39Þ

Notice the four-point amplitude (26)–(28) can be obtained
by evaluating the four-point vertex V123ðωÞ in the on-shell
limit

ω2 ¼ ðk⃗1 þ k⃗2 þ k⃗3Þ2; ð40Þ

as expected from factorization. Upon integration by part,
one can repackage (35) into the same form as the contact
term abiding to the general ansatz (8). Both Mcontact

6 and

Mexchange
6 diverge in the soft limit and scale as Oðk−1Þ.

Therefore a collaboration between the two is required for
USB to hold, analogous to the mechanism ensuring
(enhanced) Adler zeros in flat space SUðNÞ NLSM,
DBI, and special Galileon. For simplicity, let us evaluate
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the amplitude coefficient associated with δð3ÞðkTÞ, the exchange contribution is obtained via integration by part

Mð3Þexchange
6 ¼ −g24

1

ðk1 þ k2 þ k3Þ2 − ðk⃗1 þ k⃗2 þ k⃗3Þ2
�
Vð1Þ
123V

ð2Þ
456 þ Vð1Þ

456V
ð2Þ
123 þ

4ðk1 þ k2 þ k3ÞVð2Þ
123V

ð2Þ
456

ðk1 þ k2 þ k3Þ2 − ðk⃗1 þ k⃗2 þ k⃗3Þ2
�

þ cyclic: ð41Þ

The overall contribution from both contact and exchange terms is then

Mð3Þ
6 ¼ Mð3Þcontact

6 þMð3Þexchange
6 ¼ ð−g6 þ g24Þð−s23 þ s25 − s34 þ s35Þ × ðk−11 Þ þOð1Þ: ð42Þ

USB thus requires the following coupling tuning

g6 ¼ g24; ð43Þ

which precisely corresponds to SUðNÞ NLSM [23,24,28].

One can show imposing USB on Mð0Þ
6 ;Mð1Þ

6 and Mð2Þ
6

leads to the same coupling tuning in all cases. Therefore, we
conclude the six-point dS amplitude in SUðNÞ NLSM is
completely fixed by imposing USB.

Universal soft behavior from symmetries.

Discussion. In this work we have studied the soft limits of a
dS S-matrix for all exceptional EFTs in four spacetime
dimensions and found they exhibit a universal soft behavior
(2), wherein the soft amplitude is regular in the soft
momentum expansion. Specifically, we showed that USB
is satisfied for all exceptional EFTs discovered in [2] at the
level of four-point amplitudes, and imposing USB is
equivalent to imposing GEC. We therefore conjecture the
equivalence between USB and GEC holds to all orders for
all Δ ≥ 4 exceptional theories. In addition, we showed that
USB uniquely fixes the six-point partial amplitude in terms
of four-point coefficients for a generic flavor-ordered two-
derivative scalar theory, where the resulting theory precisely
corresponds to SUðNÞ NLSM. This leads us to conjecture
that USB entirely fixes tree-level dS amplitudes for SUðNÞ
NLSM by recursion relations, along the same lines as the
flat space analysis [13,26,27,30,31]. The proof of the
conjecture requires our detailed knowledge of the analytical
structure of the dS amplitude and the soft behavior for each
amplitude coefficient, which are absent in our current
analysis. To test the conjecture, a necessary step is to
compute the six-point amplitudes for all exceptional

theories. The technical obstruction is that except for
NLSM, any other exceptional theories have explicit space-
time dimension dependence. Therefore we expect that to see
the cancelation among different diagrams, it is necessary to
invoke dimension dependent identities for the external
momenta that are highly nonlinear. Numerical implemen-
tation in accordance with [12] seems to be unavoidable. We
will leave the higher-point test to future works.
Despite the universality across all exceptional theories, it

is worth emphasizing that the soft behavior (2) is not a
necessary criterion for a theory to be healthy. Instead, it
should be regarded as a distinctive feature of the excep-
tional theories. GEC, on the other hand, is a fundamental
requirement for a healthy theory, as its violation could lead
to potential instabilities. Theories that can be uniquely fixed
by GEC, such as DBI and Special Galileon, are considered
more fundamental than those requiring additional condi-
tions such as USB, as in the case of SUðNÞNLSM, for their
uniqueness. The former can be placed on the same footing
as the low energy theory for gravity—general relativity,
where the theory is uniquely fixed by the spectrum and
stability requirements alone [33]. It is nonetheless interest-
ing to study theories that cannot be uniquely fixed by GEC
but can be by USB, such as SUðNÞ NLSM.
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