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We investigate the thermal properties of hadrons in two-color quantum chromodynamics (QC,D) using
the functional renormalization group method, with particular focus on modifications of the U(1) axial
anomaly effects. The hadrons are described by a linear sigma model based on the Pauli-Giirsey SU(4)
symmetry, which incorporates both low-lying 0¥ mesons and diquark baryons. We find that all quartic
couplings are comparably suppressed when physical values of the pion mass and decay constant are taken
as inputs, for which a reasonably smooth chiral symmetry restoration at finite temperature is reproduced.
Consequently, mass differences among chiral partners remain small. Despite these tiny mass differences,
mass degeneracies of chiral partners in the hot medium are clearly demonstrated, consistent with chiral
symmetry restoration. Moreover, we find that the couplings responsible for the U(1) axial anomaly are
enhanced upon entering the finite-temperature regime. Baryonic fluctuations also provide sizable
contributions to these enhancements. Finally, the fate of the topological susceptibility in the hot QC,D

medium is examined.
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I. INTRODUCTION

The U(1) axial anomaly, being responsible for the origin
of a large ' meson mass, is one of the most important
symmetry properties of quantum chromodynamics (QCD).
Unlike the breakdown of chiral symmetry, the U(1),
anomaly does not arise from spontaneous symmetry break-
ing but is caused by topological fluctuations of gluons,
i.e., instantons [1]. Delineating the effects of the U(1),
anomaly in the hadronic regime helps illuminate inter-
actions that cannot be fully explained by chiral sym-
metry alone.

In the hadronic regime, within chiral effective models,
such as the linear sigma model (LSM), the U(1), anomaly
effects can be well incorporated by the so-called
Kobayashi-Maskawa—"t Hooft (KMT) determinant [1-4].
The coefficient of the KMT term is proportional to the
instanton density in the underlying theory, according to a
weak coupling calculation on an instanton background.
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Thus, one can easily predict the disappearance of the
anomaly, and, therefore, the determinant contribution of
KMT in the effective model, at the high temperature and/or
density limit, due to the Debye screening of electric gluons
[5,6]. At intermediate temperature ranges, on the other
hand, the U(1), anomaly effects on hadrons are not well
understood [7].

In Refs. [8,9], based on a functional renormalization
group (FRG) treatment for the Ny = 2 + 1 LSM, a scenario
where the U(1), anomaly effects are strengthened at finite
temperature due to mesonic fluctuations was proposed.
Motivated by this finding, in this paper, we investigate the
fate of the anomaly effects at finite temperature in two-
color QCD (QC,D), in order to theoretically confirm
whether the anomaly enhancement is universal to the
number of colors. In what follows, we apply the FRG
method to a LSM of QC,D with two flavors (N; = 2),
which was introduced in Ref. [10]. This version of the LSM
has been developed mainly to investigate the cold and
dense properties of QC,D matter extensively [11-13] (for a
review, see [14]).

The FRG, as a mathematical tool, is one of the most
promising functional methods in quantum field theory,
capable of capturing essential features of strongly inter-
acting quantum systems [15,16]. To the best of our
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knowledge, there have been no attempts using the FRG
method to describe the thermodynamics of QC,D with both
mesonic and baryonic degrees of freedom included. In
addition to exploring the thermal behavior of the U(1),
anomaly, this paper also aims to establish an FRG-based
framework capable of accounting for the thermodynamic
properties of two-color QCD in low-energy regimes [17].

In QC,D, (anti)diquarks composed of two (anti)quarks
are counted as color singlet hadrons. These (anti)diquark
baryons can be treated on an equal footing with mesons due
to the pseudoreality of the color group SU(2): 2~2. In
terms of chiral representation, this property is reflected by
an extension of chiral symmetry; in QC,D, SU(N), x
SU(N)g chiral symmetry is extended to an SU(2N ;) one,
where (anti)diquark baryons and mesons belong to the same
multiplet [18,19]. This extended symmetry is often referred
to as the Pauli-Giirsey SU(2N;) symmetry [20,21].

Since the LSM in QC,D is constructed upon the Pauli-
Giirsey symmetry, one can naturally incorporate baryonic
contributions in addition to mesonic ones in evaluating the
U(1), anomaly effects. The diquark contributions cannot
be easily captured in ordinary three-color QCD, and, thus,
we will pay particular attention to separating baryonic and
mesonic contributions in order to gain insights into
fluctuations specific to QC,D.

In-medium properties of QC,D are currently being
investigated by first-principles lattice simulations, espe-
cially due to the absence of the sign problem at finite
baryon chemical potential [22—26]. Therefore, in the future,
one may expect numerical experiments on the lattice,
which are capable of testing our current findings. In
QC,D, there is no a priori physical point. In the present
analysis, we take physical values of the pion mass and the
pion decay constant, while # mass is considered as a free
parameter, in order to investigate the U(1), anomaly effects
in a wider range. We also examine the fate of the anomaly
effects as well as hadron mass modifications in a hot
medium to provide useful information for future numerical
experiments.

This article is organized as follows. In Sec. I, we briefly
review the emergence of the Pauli-Giirsey SU(4) symmetry
in QC,D with N, = 2 and introduce our LSM. In Sec. III,
our approach, based on the FRG framework, is explained,
and RG flow equations for the couplings are derived.
Then, in Sec. IV, we present numerical results on the
anomaly coefficients, hadron masses, and the topological
susceptibility at finite temperature, by solving the flow
equations. Section V is devoted to detailed analyses of
baryonic contributions. Finally, Sec. VI is devoted to the
conclusions.

II. TWO-FLAVOR LSM IN QC,D

In this section, we briefly review the two-flavor LSM in
QGC,D introduced in Ref. [10].

In QC,D with N, =2, the Lagrangian of quarks
interacting with gluons is concisely expressed by a quartet
of W= (yr.)" = (ug.dg.ity.dp)’ with = o*c2y”
(6" and 7¢ are the Pauli matrices inhabiting spinor and
color spaces, respectively) as

Laoc,p = wiDy
= WiighD, W, (1)

where in the second line we made use of the pseudorealities
70 = 72(t9)"7? and o' = —6°(6')"6? [18,19]. In Eq. (1),
the covariant derivative reads D, = 9, — ig,Ayz¢ with the
strong coupling constant g, and ¢* = (1,¢'). Intuitively
speaking, the second line in Eq. (1) implies that gluons
cannot distinguish quarks and antiquarks due to the pseudo-
reality of the SU(2), group and they can be described by a
single multiplet ¥ collectively. As a result, the Lagrangian
with massless quarks possesses the so-called Pauli-Giirsey
SU(4) symmetry, as an extension of SU(2), x SU(2),
chiral symmetry [20,21].

Chiral effective models in QC,D must respect the Pauli-
Giirsey SU(4) symmetry in order to accurately describe
low-energy hadronic excitations. In particular, the LSM is
based on the linear representation of this SU(4) symmetry,
in which hadron fields are arranged into a 4 x 4 matrix X.
The transformation of X under the SU(4) group is given by
an underlying quark bilinear: ¥;; ~ Y1 o> 02¥; (i, j = 1-4).
Hence, X transforms as

T - g%g", with geSU(4). (2)

In this representation, the hadrons are assigned to be
Y= (8- iP")XE, (3)

where §¢ and P* (a = 0-5) are defined through the meson
fields

P! ¥ iP?
n="P° = ¥ =P3,
V2
S! 7 i8?
c=28", ag = ag =&, (4)
V2 ’
and baryon fields
B—PS iP* B_P5+1P4
V2 V2
& —ist o, S +ist
B :7\/z , B :7\/z . (5)

Here, B (B) and B’ (B') are 0% and 0~ (anti)diquark
baryons, respectively. We note that mesons (gg) and
baryons (gq) are treated in a unified way reflecting the
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pseudoreality of SU(2) color group: 2 ~ 2. In Eq. (3), 4 x 4
matrices X¢ are generators belonging to the algebra of
G/H =8U(4)/Sp(4):

a=1-3 _

(o er)

o o) O

where T;l» (a = 1-3) are the Pauli matrices acting on

flavor space, D** = sz.f, and D?:5 = irj%. Furthermore,

X0 = 14x4/(2\/§)’ and

E_<—01 (1)> @)

is the 4 x 4 symplectic matrix.

It should be noted that, in QC,D with Ny =2, the
breaking pattern of chiral symmetry is SU(4) — Sp(4),
leading to appearance of five Nambu-Goldstone bosons:
three pions, a diquark baryon, and an antidiquark baryon.

With Eq. (3), the Lagrangian of LSM takes the form
of [10,14]

‘CLSM = tr[a”ZTa’lZ] + Eex bl V, (8)
where the first term is a usual kinetic term. The second term
Loy = ctr[¢TE 4 Z7¢] )

represents the explicit breaking of the Pauli-Giirsey SU(4)
symmetry, which generates finite masses of pion and 0"
diquark. Practically, the spurion field ¢ is replaced by a
quark mass { — () = m,E, resulting in

Lex = tmytr[ETS 4 Z7E]. (10)

The potential part V contains all possible terms up to O(Z4)
preserving SU(4) symmetry but breaking U(1), due to the
axial anomaly. Defining invariants

I, = w[E73],
1 ) 2
I, = tr[(ETZ - Ztr[fZ]l) ] ,
| [
Iy =5 (£ +£72T], (11)

Wlth 211 = %el‘jklzkl’ 1% I‘eads

V:m211+/11]%+/12]2+QIA+C11124+62]1]A, (12)

where 1, is responsible for the U(1), anomaly, since

u(1)

> lemaye=i0a — ¢~2i%% As for other anomalous terms,

we may think of incorporating the KMT determinant
detX 4 det XF additionally. This, however, is not an inde-
pendent invariant due to an identity of detX + detX =
T4 + %51, — 4 I3; therefore, it must be omitted from the
potential.'

We note that our LSM contains 12 hadrons in total, listed
in Egs. (4) and (5), for which the Pauli-Giirsey SU(4)
symmetry of the potential (12) in the presence of the U(1),
anomaly is properly respected. This structure is mandatory
to derive a closed set of flow equations as will be seen in
Sec. III. An FRG analysis of QC,D in the absence of the
anomaly, including only the o, z, B, and B as hadrons
within the (Polyakov-)quark-meson-diquark model, was
done in [27].

In the following analysis, we will consider the quantum
version of the classical theory of Eq. (8). We will consider
the system at some finite temperature 7, meaning that from
here on we will work in Euclidean space with a compacti-
fied time direction corresponding to the inverse temper-
ature. That is, all momentum integrals in the timelike
direction become a finite-temperature Matsubara sum.

III. FRG APPROACH

A. Basics

In this section, we introduce the concept of the FRG
method and derive flow equations for the couplings of
the LSM to incorporate quantum and thermal fluctuations.
We do not intend to give a comprehensive description on
the technique; the reader is referred to the following
reviews [15,16].

The core of the FRG formalism lies on the scale-
dependent quantum effective action I';, which, unlike
the ordinary quantum effective action I, incorporates
fluctuations only with momenta g = k, where k plays the
role of a scale separation variable. This construction is
achieved by introducing a momentum-dependent mass
term into the classical action, usually called the regulator,
which gives a large mass to the IR modes, effectively
freezing and, thus, excluding them from the path integral.
As k — 0, one demands that the regulator vanishes, leading
to I'h—y =TI, while for k — oo (or practically some UV
cutoff Ayy) requires that the regulator tends to infinity for

'In Eq. (12) the terms containing A, and 1, are rearranged as
A
M+ M1, = (/11 - f) (r[ZFE])? + Lu[(ZFE)?]. (13)
Thus, matching with the standard notation

I (r[ZFE))? + A, tr[(ZT2)?]

yields 2, = A, —A,/4 and 1, = 4,.
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all modes, realizing that I',_ ., = S, S being the classical
action, upon which our quantum field theory is built.

The scale-dependent effective action I';, obeys the
Wetterich equation [28]:

1
oI, = ETr{akRk[FZ + Ry, (14)

where I'} is the second functional derivative of I', with
respect to the fields and the trace operation needs to be
taken both in the matrix and in the functional sense. By
introducing the differential operator

~ d
O = akRka—Rk? (15)

Eq. (14) can be conveniently written as

1~
0krk = EakTrLog[FZ + Rk]’ (16)

where, once again, both the Tr and Log operations need to
be taken in the functional and matrix senses. One may also
say that 0, is a differential operator that acts on only the k
dependence of Rj.

The right-hand side (rhs) of Eq. (14) or (16) is generally
nonlocal, since I'} remains as a function of S%(x) and
P*(x). In the present analysis, however, we employ the
local potential approximation (LPA) and ignore nonlocal-
ities. In the LPA, the scale-dependent effective action is
approximated as ([, = [ d*x)

Iy = / [w[0Z70%) + eul¢ =+ 2T+ Vi) (17)

X

where V, is now a local function, called the scale-
dependent effective potential. Note that we have adopted
the Euclidean signature compared to Eq. (8). Also note that
the explicit symmetry-breaking term does not depend on
the separation scale k, which follows from the fact that
couplings corresponding to linear terms in the field variable
do not renormalize. By employing the LPA ansatz (17),
what we need to establish is a flow equation for V.

Using Eq. (17), the second derivative of I'; with respect
to the fields in Fourier space reads

Ti(p.q) = (P> + V{)é(p +q). (18)
where the momentum variables contain both the frequen-
cies and the three-momenta; therefore, in accordance, p? =
w? +p? with w, = 2anT (n€7Z) being the Matsubara
frequencies. In the present analysis, we adopt the so-called

3D Litim regulator [29], which, in Fourier space, depends
only on the three-momentum:

-p*)0(k* - p?), (19)
and it is considered diagonal in flavor space. Plugging

Eq. (18) into Eq. (16), we can perform the functional trace
operation to arrive at

-3 [ 55

Ri(p) = (k2

0ktr10g Z+pP+Vi+ Rk(p)],

(20)

where now both the trace and log operations need to be
considered only in the matrix sense, and the rhs includes
one single-momentum integral only. Note that, owing to the
LPA, wave function renormalizations of all field variables
are omitted. The summation over n stands for the infinite
sum of the Matsubara frequencies w,,, explicitly showing
that we are working at some finite temperature 7. At the
UV scale k = Ayy, and V_,, is reduced to the classical
potential (12), while V;_, becomes the full quantum effec-
tive potential. In solving the flow equation, we need to
integrate from k = Ayy to k = 0 using the initial condition
dictated by Eq. (12).

B. General structures

Since chiral symmetry is realized linearly in our frame-
work, the effective action (and, thus, the effective potential)
inherits the symmetry properties of the classical action.
That is, V; can depend on only independent chiral
invariants, V, = V,(I,1,,1,). Within the present LSM
framework, the spontaneous breaking of chiral symmetry is
triggered by the appearance of a nonzero S” mean field,
6o = (S). In this vacuum configuration, the I, invariant
vanishes: (I,) = 0. After taking into account quantum
corrections to the effective potential, higher orders of /5,
ie, I5, I3, ..., are expected to be generated. These are,
however, nonrenormalizable interactions, which are
expected to produce only small contributions during the
flows. For this reason, we employ the following ansatz for
the potential at the quantum level:

Vil 1o, 1) 2 Up(11, 1) + Co(11, I4) L. (21)
Using Eq. (20), one, in principle, can derive functional flow
equations for the U; and C, functions. In this exploratory
study, however, we restrict ourselves for the first few Taylor
coefficients and approximate U; and C; as

U = mply + A 05 + aldy + eyl 4 coudila,
Cr = Ay (22)
where m% A ks Gks €1 ks Co x> and A, are field-independent

flowing coupling constants. Note that the structure of
Eq. (22) is unchanged from the classical one (12), meaning
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that only renormalizable operators are taken into account.
Each coupling explicitly contains a subscript k stressing
that they are defined at scale k.

Introducing the notation (I'})~(p, q)
from Eq. (18) we have

=Di(p)é(qg + p),

(D)*8(p) = (@i +p* + Ri(p)) 8 + (VI)*2,  (23)
with
PV, PV,
IINAB S e 7
(Vk) - ()ZVk P vV, (24)
oP*aS? P oPP

We note that both (D;')A8 and (V)8 are 12 x 12
matrices, since in total 12 hadrons are considered. Using
the above notation, from Eq. (20) we have

0V, = 22/

sotrlog(Di)(p).  (25)

C. Flowing couplings

Flow equations for the coupling constants, defined in
Eq. (22), can be derived by expanding both sides of
Eq. (25) in terms of the invariants /,, 14, and /,. To this
end, we expand the rhs of Eq. (25) up to O(Z*) as

2
%Ez / @%éktr[paﬂ
+= Z/

__z/

where we have separated V{ into O(X°) and O(%?)
1"

contributions, denoted by Vi, and V’(’z)k, respectively:

6ka 0ktrln D + V” :|

)k

6ktr D() kV’(’) ]

6ktr D() kV( 2)k ,D(),kv/(lz)k:| s (26)

Vi = V?’O)k + V’(’z)k, and the inverse of the propagator

matrix is also divided as D;' = Dy} + V’(’z) ,» Where

Dyl = o +p* + Ri(p) + V” (27)

(0)&:

The first term in Eq. (26) corresponds to the vacuum
energy, which has nothing to do with the flow equations of
the couplings. It is the second and third terms which
determine the latter in the end.

Here, as a simple demonstration, we focus on

3
Z/ d ()ktr DOkV// ]

which leads to flow equations for m; and a;. The trace of
Eq. (28) is readily performed, since only one D, is
included. With the help of the Matsubara-summation
formula

oV = (28)

1+ 2f5(e)l. (29)

1
Zw2+ 2 ?

where fz(€) = 1/(e“/T — 1) is the Bose-Einstein distribu-
tion function, akv< ) is expressed as

WV = o Vi, + oV, (30)
where
3
2) 1 &p ~
.V, == 0
kY M.k 2/(2”)3 k

) (z;l Vipen®

+ Vi os0®?

25T [1+2f5(E)]

31 Viigus® + Vi pope?

i 1+ 2fB<E;>1>

(31)

and

S

y 1 [ &p
0, V2 — 0
k' Bk 2/(2;:)3 k
2

k.P“P“( )+ Vi P‘PS( )

"
x ( 2E]

Vl/ ( ) + V// ( )
kS*S* kS S® —
HASS Sy ). (32

(14 2f5(E])]

representing contributions that arise from mesonic and
baryonic fluctuations, respectively. In these expressions,

Ef = \/P2 + Ry(p) +

of the fluctuations, where the k-dependent effective masses
m; , read

:t 2 . . .
(mgg,)” are the dispersion relations

(megei)? = mi + ay. (33)

We note that E: corresponds to o, 7, and B (B), while Ey
for n, ay, and B’ (B).
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Since ang,z,?k and akvg%}{ are proportional to quadratic
forms in terms of & and P“, due to symmetry their sum
must combine into contributions proportional to /| and 7,
appropriately, i.e.,

6kV1(V2,?k = ak‘/\/jlvll.kll + ak‘,\/fl;\[,kIA —|— 0k5V45,k,

relates mesons and baryons, and it drops out from 9, V,i2> in

Eq. (30). Here, we stress only that, when considering
mesonic and baryonic contributions separately in Sec. V,
we will omit 6V s ;. Inserting (34) into (30) yields

vy = 0V, + Ve )+ (Vi + 0V ) as

O Vir = 0V + 0 Vit Iy — 08V s i, (34) (35)
where 5V5 ;. is a function of P4, P°, §%, and S°. This 6V s,
appears to ensure the SU(4)-symmetry property, which  where
|
A 1 d3p ~ 4C1k+12C2k+20/11k+312k
Vi =5 | — : : L1+ 2fp(Ef
kY Mk 2/(27[)3 k( 4E2r [ + fB( k)]
dei i —12 204 31
+ oz o IOt (1o, 7)) (36)
k
A 1 d3p ~ 4C2k+811k+2/12k _4C2k+8/11k+2/12k
oV =— 0 ’ ' K 4+ 2f5(EF ' ~ KM 4+ 2f5(ED)] ). 37
Vi =3 [ Gt (IR g + AR g ep)] ). (9
A, 1 d3p ~ 2001k+12c2k+4)“1k_3)“2k
o Vi == - ’ ’ K+ 2f5(EF
kY Mk 2/(27[)3 k< 4EZ [ + fB( k)]

4 —206‘1’/( + 1262’/( - 4/11’/( + 3/12’/(

4E;

and

PR :l/ &p 3 8cix + 4o — 2404
Bk=2 | (2x)3 4ET

Therefore, the flow equations for m? and a; can be easily
obtained as

oemi = 0V + Vi

day = o Vis + Vi, (40)

and we note once again that the d;, operator acts only on R,
in Egs. (36)-(39). We stress that, in Eq. (40), mesonic and
baryonic contributions are intentionally separated, as it
turns out to be useful for later analysis. The d;, operation in
the rhs is easily handled by means of Eq. (A15). Note that,
since 0R;(p) ~ ®(k*> —p?), all momentum integrals are
restricted to |p| €[0, k], leading to p* + R;(p) — k? in the
integrands. As a result, all integrals become trivial, and one
formally substitutes [d°p/(27)* — k°/6x°.

Unlike demonstrated above, the third term in the rhs of
Eq. (26) contains three types of contributions, i.e., purely
mesonic ones, purely baryonic ones, and those that mix the

[1+2f5(ED)] +

[1+ 2fB<E;)]>, (38)

- 4 2
Bt oo 2 [1+2fB(E;)])- (39)
k

|
two. In accordance, in the forthcoming analysis, we define
the first one as the purely mesonic contribution, while the
second and third ones will belong to the contributions
classified as baryonic. This separation enables us to obtain
flow equations for Ay, Ay, 14, and ¢y as a sum of
mesonic and baryonic fluctuations. We do not go through
the explicit calculations for the aforementioned flows; they
are summarized in Appendix A.

Before closing this subsection, we comment on the
anomalous structure of the effective potential. When the
U(1), anomaly is switched off, a; = 0 = ¢;; = ¢, holds.
In this case, the U(1l) axial charges are conserved,
or, intuitively speaking, chirality-flipping processes of a
single quark do not occur. As a result, all fluctuations
universally obey the dispersion relation of E = Ey =

7/ p* + Ri(p) + m?. Consequently, all the anomalous com-

: RS - o1
ponents of the potential vanish: va‘;’k = Vf;k =V =

AIE\ (7111a (7111a
VB.k - VM,k - VM,k =0.
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IV. NUMERICAL RESULTS

In this section, we proceed with numerical analyses by
solving the flow equations derived in Sec. III C.

First, in Sec. IVA, our criterion to fix initial conditions
for the flow equations is explained. Then, in Secs. IV B and
IV C, we present our main results on the hadron masses and
modifications of the anomaly coefficients at finite temper-
ature. Finally, in Sec. IV D, numerical results on the
topological susceptibility are shown.

A. Inputs

We have six parameters in the potential (12), which also
correspond to initial conditions of the flow equations. In the
present analysis, we assume the large N. ansatz for the
potential for the UV potential, where the double-trace terms
and the anomalous four-point interactions are suppressed
[30,31], leading to A, 5 =441 [see Eq. (13)] and
cia = ¢ 5 = 0. In addition, it is found in the numerics
that 4, , must satisfy 4, , <5 to produce a reasonable
reduction of the chiral condensate at finite temperature.”
Hence, we adopt 4, , = 5 and accordingly 4; , = 1.25 as
an adequate demonstration. The quadratic couplings at the
UV scale m3 and a, are then fixed by fitting the pion and
the # meson masses in the vacuum. The former will be fixed
to M » = 0.14 GeV, while for the latter we investigate three
different scenarios, I\O/I,7 =0.3,0.5,0.95 GeV.’ The reason is
that our main motivation in this study is to explore the fate
of U(1), anomaly at finite temperature, and one might
be curious about such dependencies as a function of the
anomaly strength itself. All the masses are evaluated at
T = 0, after integrating down the flow equations to k = 0;
see their respective expressions, (B1). Finally, the explicit
breaking parameter ¢m, in Eq. (10) is determined by
the decay constant f, = 0.093 GeV, which equals to the
vacuum expectation value 6, due to the corresponding
Ward identity. In our study, the initial UV scale is set to be
Ayv = 1 GeV, and all the numerical values of the deter-
mined parameters are summarized in Table I. We also
note that current lattice simulations in QC,D are being
carried out with a heavy pion mass, e.g., M2 ~ 0.7 GeV
[22,24,25]. Hence, predictions of our present work may
also be considered as an important benchmark for future
lattice computations with lighter pion masses.

B. Hadron masses at finite 7'

In this subsection, we examine 7' dependencies of the
hadron masses by solving the flow equations. Their analytic
mass formulas are summarized in Appendix B, which

*When choosing 4, 2 5, the chiral condensate can increase at
finite 7', which is obviously unphysical.

The symbol M stands for the corresponding vacuum value.
Also, in what follows, we will omit the subscript 0 representing
k = 0 in the masses and parameters, as a shorthand notation.

TABLE I. The parameters at k = Ayy for 1f/1,7 =0.3, 0.5, and
0.95 GeV with Ayy =1 GeV.

M,7 [GGV] mf\ [GeVz] ana [GeV] /11‘/\ )'Z,/\ Cl,/\ CoA
0.3 —0.0426 -0.032 125 5 0 0
0.5 0.0465 -0.108 125 5 0 0
0.95 0.385 —0.427 125 5 0 0

indicate that M, = Mpp) while M, = Mp g, at any T,
stemming from the pseudoreality 2 ~ 2 of QC,D [10,14].
Figure 1 shows the resultant hadron masses for

I\O/I,7 = 0.3, 0.5, and 0.95 GeV at finite 7. All the masses

are mostly dominated by the quadratic terms m? and a,

since the quartic couplings are suppressed; particularly, 4,
(and, accordingly, A, = 4,/4) are found to remain small
throughout the flow. Hence, from the mass formulas of
the hadrons provided in Egs. (B1) and (B2), mass differ-
ences between ¢ and 7z or between a, and 7 are always
small as M2, M2 ~m?*+ a while M2, M3} ~m* —a. We
note that this approximation applies to any k throughout
the flow.

Within the present approximation, the strength of ther-
mal excitations is determined by the size of the effective
masses (33); smaller values of m% , throughout the flows
yield more thermal effects in the end. Thus, from the above
argument, one can understand that a smaller value of Z\O/I,7
results in more significant thermal contributions to the
potential. This property is also reflected by the reduction
rate of the chiral condensate, as shown in Fig. 4. In fact,
this figure indicates that the smaller ]\0/1,7 we take, the more
rapidly the chiral condensate drops. The pseudocritical
temperature read off from Fig. 4 is T}, 2 0.25 GeV, which
is higher than the one for N. = 3, where T is estimated to
be Ty ~0.15 GeV. The slightly higher T is also our
prediction for QC,D with a light pion mass.

Figure 1 indicates that the 6 meson mass is always Z\O/I,, ~
0.18 GeV at vanishing temperature, which is smaller than

the two-pion threshold 21l°4,, = 0.28 GeV. That is, our
current analysis predicts a stable ¢ meson in QC,D with
the physical pion mass, unlike the N, = 3 world. It would
be interesting to see whether future lattice simulations can
confirm such a light ¢ meson.

In order to take a closer look at mass degeneracies of the
chiral partners, we depict the 7" dependencies of

AM(an)EMﬂ—M”, AM( =M

—M, (41)

ag.) o n
in Fig. 2. At finite 7', the mass differences reduce because of
chiral symmetry restoration, for which the chiral partner
structures are also clearly realized. Similar mass degener-
acies were also found at the high-density limit with

vanishing temperature [10,13]. We note that AM, ,) and
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FIG. 1. T dependencies of the masses of 5, 7, o, and a; mesons with AO/I,I = 0.3, 0.5, and 0.95 GeV.
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FIG. 3. T dependencies of the normalized anomaly coefficients @, ¢, and ¢, defined in Eq. (42), with 1l°/l,1 =0.3,0.5, and 0.95 GeV.

AM ,, , are at most of O(10) MeV, regardless of the value

of 1\0/1,1, since the # meson mass is predominantly generated
by the axial anomaly, as shown in Eq. (B6), and the ano-
maly does not play a significant role in the mass degen-
eracies of chiral partners. The mass difference AM , ) gets
enhanced for a heavier  meson, which mainly results from
the increase of ¢,. We note that, when the anomaly is turned
off, the tendency is opposite; the mass difference AM 5 is

o

reduced for heavier M, when a = ¢; = ¢, =0.

C. Enhancement of anomaly effects at finite T

Here, we numerically study modifications of the
anomaly coefficients a, ¢y, and ¢, at finite temperature.
Depicted in Fig. 3 are the resultant 7" dependencies of the
coefficients normalized by their respective vacuum values:

a (&) Cy

a E]E

O
)
i

: : (42)
ar=0 C1.1=0 C2,1=0
For any values of M »» all the coefficients exhibit significant
increase at finite temperature; that is, the anomaly enhance-
ment in hot medium is predicted to be similar in QC,D to
the case of (three-color) QCD [8].

The enhancement of the quadratic anomaly coefficient
a is milder than the quartic ones, c¢; and c,, where a larger
I\O/I,7 leads to a smaller increase. For ¢; and c¢,, the same
ordering of the enhancement is seen up to 7' ~ 0.2 GeV,
while at higher temperatures it is flipped. In general, the
coefficients show a significant increase at low 7, while at
high T the enhancements become tempered and begin to
decrease. Note that the inversions occur when the chiral
condensate starts to reduce (see Fig. 4). In addition, such
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FIG. 4. T dependencies of the mean field ¢, with A°4,7 =0.3,
0.5, and 0.95 GeV.

nonmonotonic behaviors appear at lower 7' for smaller
values of 1\04,7. We also note that a < 0, ¢; <0, and ¢, > 0
at any 7.

D. Topological susceptibility

Here, we present numerical results on the topological
susceptibility at finite 7, which is regarded a useful
observable to study the U(1), anomaly effects.

The topological susceptibility y,, is defined as a
spacetime-integrated correlation function of a gluon topo-
logical operator Q = (g7/64x%)e""°G4,G¢4,, which reads

Ty = —i / FR0[TO)Q0)0).  (43)

In terms of the fermionic language, this quantity can be
reexpressed through two-point functions of pseudoscalar
operators yiysy and wiysTiy, by the virtue of axial Ward-
Takahashi identities [32,33]. Then, within the LSM, impos-
ing matching conditions appropriately, the topological
susceptibility is evaluated as (for the detailed derivation,
see Ref. [11])

M35}
)_(top =i—=
4

[Dn (O> -
where
D)5 = [ dx{0fte (e 00},
D)= [axomnoers @

are pion and #-meson propagators, respectively, in momen-
tum space.

In the present work, D, and D, are always simply
expressed by D, = i/(p?> — M%) and D, = i/(p* — M}),
respectively. Note that their functional forms do not
differ even at finite 7, owing to the absence of diquark

0.25F tor ]L:In = 0.95GeV+
—— M, = 0.5GeV
R 0.20t —— M, = 0.3GeV ]
ie]
=< 0.15}
5
< 0.10} p
=2 NI, = 095 Gev
0.05} . 37, —05Gev
=== M, = 0.3GeV
0.00
0.0 0.1 0.2 0.3 0.4
T [GeV]
FIG. 5. T dependencies of the normalized topological suscep-

tibilities i, (solid lines) and 7, (dashed lines) defined
in Egs. (46) and (47), respectively, with llo/lﬂ =0.3, 0.5, and
0.95 GeV.

condensates [11]. Hence, the susceptibility reads

— °2
_ X Mz [ 1 1
)(lop=M72r&%_T<m_ﬁ3’ ) (46)

where we have defined the dimensionless topological
susceptibility y;qp, normalized by the constant AO/I,ZF&%. The
mass difference between the n meson and the pion is
generated solely by anomaly effects [see Eq. (B6)]; there-
fore, it is beneficial to define

5 M (1 1
)(top = 4 (szr M]z[ + 52M<n7”)> ’ (47)
with M (n7) = M,? - M,2, Jiwop Can serve as a reference, for
which the effects resulting from the enhancement of the
anomaly in the medium can be properly quantified.
Depicted in Fig. 5 are the resulting 7 dependencies of
the normalized topological susceptibilities y,, and Zp
with 1\0/1,1 = 0.3, 0.5, and 0.95 GeV. Differences between the
solid and dashed curves are always tiny, meaning that
the anomaly enhancement effects do not generate sizable
contributions to the topological susceptibility. Mean-
while, the dependence of the # meson mass on the topo-
logical susceptibility is manifest only for larger M »» Which
increases the magnitude of y,,. Up to T~ 0.1 GeV, the
susceptibilities are almost constant for any values of 1\04,1,
while above this temperature they start to reduce. This
reduction is understood by the smooth chiral symmetry
restoration exhibited in Fig. 4, since the 7" dependence of
the susceptibility (46) is governed by

)_(topN_ﬂ—CXGOv (48)

assuming M, < M,, followed from Eq. (B4).
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V. IMPORTANCE OF BARYONIC
CONTRIBUTIONS

In the previous section, modifications of the hadron
masses and anomaly coefficients were examined. In this
section, we shed light on the role of baryonic contribu-
tions in the FRG framework to gain insight into fluctua-
tions specific to QC,D, where diquark baryons are also
counted as hadrons. Here, we concentrate on the case
where Aodn =0.5 GeV.

In order to study baryonic contributions, on top of the
full solution, we also solve the flow equations containing
solely mesonic contributions (e.g., dymj = 0, V}y , for m?)
with inputs of M, = 0.14 GeV, M, = 0.5 GeV, A, =
Ao p/4, and ¢ 5 = ¢y 5 = 0. The value of 4, , is adjusted
such that 1\0/16 ~ (.18 GeV. Then, we compare the cases
with and without baryons.

The parameters m3, a;, and 4, at k =0 are roughly
determined by the masses of the pion, 1, and ¢ mesons,
respectively, and, hence, those values in the truncated and
in the full analysis do not differ much. On the other hand,
c1x and ¢, are simply fixed to vanish at k = Ayy, and,
thus, their scale evolutions are expected to be a useful
measure to see the differences between the two approaches.
Depicted in Fig. 6 are the resultant k dependencies for ¢y ;
and ¢, at T = 0, evaluated separately for the full solution
and that containing only mesonic contributions. This figure
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-0.06 : : - -
00 02 04 06 08 1.0
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-
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0.20}
x

& 0.15}
0.10F T~ meson ]
005p el T ;
ooof TS
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k [GeV]

meson + baryon

FIG. 6. k dependencies of the anomaly coefficients c¢; ; and ¢, ;
evaluated by the full (solid lines) and truncated (dashed lines)
analyses at 7 = 0, with 1\04,1 = 0.5 GeV. Note that the UV scale is
set to be Ayy =1 GeV.

clearly shows that the evolutions of ¢ and ¢, start to
deviate in the two cases, soon after departing from
k = Ayy. As aresult, at k = 0, the coefficients containing
both mesonic and baryonic contributions are significantly
magnified compared to the truncated case, indicating the
important role of baryonic fluctuations. Such enhance-
ments can be simply understood by an increase in the
degrees of freedom in the flows.

Finally, we also depict in Figs. 7 and 8 the temperature
dependencies of the anomaly coefficients at k = 0, evalu-
ated using the full and the truncated analyses. In Fig. 8, for
instance, Aa is defined by

Aa

Ad = R
Aalr_

where
Aa = a|meson+bary0n ~ Qlmeson> (50)
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FIG. 7. T dependencies of the anomaly coefficients a, ¢, and
¢, evaluated by the full (solid lines) and truncated (dashed lines)

analyses, with Ao/ln = 0.5 GeV.
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FIG. 8. T dependencies of Aa, A¢,, and A¢, defined in
Eq. (49), with M, = 0.5 GeV.

measuring differences with and without baryonic contri-
butions. The same applies to A¢; and A¢,. These figures
also show the importance of baryonic contributions at any
temperature with regards to the anomaly coefficients.

VI. CONCLUSIONS

In this paper, we have investigated modifications of
U(1), anomaly effects at finite temperature in QC,D with
two flavors, by means of the FRG technique. We have
adopted the LSM developed in Ref. [10] to properly take
into account fluctuations of the low-lying scalar and
pseudoscalar mesons, as well as baryons, based on a linear
representation of the Pauli-Giirsey SU(4) symmetry.

As a result, we have found that quartic couplings of the
LSM need to be suppressed, in order to properly reproduce
a reasonable reduction of the chiral condensate at finite
temperature. Accordingly, mass differences between the
chiral partners ¢ and 7, or a, and 7, are always found to be
tiny, regardless of the U(1) axial anomaly strength, i.e., the

mass of the z meson. At higher temperatures, mass
degeneracies of the chiral partners in accordance with
chiral symmetry restoration are realized. We note that
masses of the 0" and 0~ (anti)diquark baryons degenerate
with those of z and a, respectively, owing to the Pauli-
Giirsey SU(4) symmetry. The topological susceptibility at
high temperature is found to be suppressed due to the
reduction of chiral condensate.

Once we enter the finite-temperature regime, all of the
couplings responsible for the U(1) axial anomaly become
magnified, and, hence, we have concluded that, due to
hadronic fluctuations, the axial anomaly is enhanced in a
hot medium for QC,D. Similar anomaly enhancements
were also discussed in three-color QCD analyses [8]. At
high temperatures, the increase in the quartic couplings
is gradually suppressed and eventually diminishes. Our
results also confirm that baryonic fluctuations play a
substantial role in the enhancements.

The thermal properties of QC,D can be tested via lattice
QCD simulations; therefore, we expect that the present
analysis will provide useful insights into hadron masses,
particularly from the perspective of chiral symmetry
restoration and U(1), anomaly effects in a hot medium,
for future simulations with a light pion mass.

We note that, while the U(1), anomaly effects are
enhanced at finite temperature within the hadronic model
LSM, it is known that, at sufficiently high temperature
and/or density, instantons melt due to the Debye screening
of electric gluons, for which the U(1), symmetry is
effectively restored [5,6]. In order to smoothly connect
those two behaviors, it would be necessary to implement a
crossover transition to quark matter, but it is beyond the
scope of the present study.

We have seen that, unlike the anomalous couplings,
the topological susceptibility decreases monotonically with
increasing temperature. This behavior is analogous to the
three-flavor scenario and suggests that y,, may not be the
most reliable indicator of the strength of the anomaly at
finite temperature. The primary reason for the monotonic
decrease of yp, is its close connection with the chiral
condensate [cf. Eq. (48)]. As the condensate melts, y,,, also
decreases, even though all anomalous interactions between
the corresponding hadrons increase with temperature. This
indicates that, when performing lattice simulations of the
system, one must carefully choose observables that appro-
priately capture the anomalous breaking of U(1),.

Our analysis can also be applied to the case of a finite
chemical potential. In the low-temperature and high-
density regime, the emergence of a baryon superfluid
phase, characterized by the condensation of positive-parity
diquarks, has been demonstrated in lattice QCD simula-
tions [22-26] and model analyses [10,14,19,34,35]. In this
phase, in particular, the possibility of enhanced U(1),
anomaly effects has been discussed by comparing the
lattice data with LSM analyses of the hadron mass
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spectrum and topological susceptibilities [10,11]. Hence,
investigating the fate of the U(1), anomaly effects in the
superfluid phase is considered an important direction for
future work.

Finally, we provide some comments regarding diquarks.
In three-color QCD, the chiral dynamics of diquarks is
reflected in the spectrum of singly heavy baryons, which
consist of a heavy quark Q and a light diquark, either [g¢]
or [sq] (¢ =u, d). In this context, it is suggested that
the U(1), anomaly effects lead to the so-called inverse
mass hierarchy of Mz, (172~ < M 1/2-), O, in terms of
diquarks, Mz, 0-) < M{4q)(0-)> despite their quark contents
[36-38]. QC,D also serves as a useful testing ground to
explore possible diquark properties. The present LSM
analysis can be straightforwardly extended to the N, =
2 + 1 case, where both [gq] and [sq] diquarks are included.
Therefore, it is worthwhile to investigate the fate of the
inverse mass hierarchy at finite temperature, particularly in
relation to possible anomaly enhancements. This is left for
future work.
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APPENDIX A: DERIVATION OF FLOW
EQUATIONS FOR A'lk’ le, Ciks AND Cor

In Sec. III C, it is demonstrated that the flow equations
for m; and a; can be obtained via evaluating part of the
effective potential that is quadratic in the field variables. In
this appendix, we show derivations of flow equations for
the remaining quartic couplings: Az, Aoy, €1, and cop.

According to the expansion (26), the O(X*) part of the
potential flow reads

vy E__Z/

aktr DQ kV DOkV/(/Z)k] s (Al)

(2)k

where the definitions of D,; and V/(/z)k are given by

Eq. (27); see also the explanations below Eq. (26). As
long as we stick to the zero chemical potential, D, is
diagonal and no Matsubara frequencies w, appear in any
numerator; thus, the evaluation of the rhs of Eq. (A1) can be
performed in a straightforward way. Making use of the
identity

I A 1 (a2)
(iw,)? — €2 2¢ \iw, —€ iw, +e€

to decompose the propagators, the Matsubara summations
are readily done by virtue of (w,, = 2znT)

_fB(€2) — fa(er)
TZ lwn_el) i@, — €) €1 — € ’
T fs(e2) — fle)
Tzn:(ia)n —e)? —€121_r{16 €—6
B dfg(e)
T de (A3)

with the Bose-Einstein distribution function fz(e) =
1/(e/T —1). Then, the flow of V,(:l) is evaluated as

akvl(c) (akVMk+ak Bk)ll (ak p + 0k Bk)12+(ak Mk+ak Bk>12 (ak ”A+ak IIIA)I Iy, (A4)
where
P ‘A/[% - 1 d3p a 16(6%,]{+3cl,k62,k+36%]{+4cl,kﬂl,k+9C2,k/11,k+7/1%,k) + 12(02’](+2/11’k)/12’k+3ﬂ§’k}7 E+
CMET T4 ) (2a)3 " 8(Ey ) (B0
16(ct = 3¢t Cop + 363 44t phi g — 9o+ TAT ) = 12(cop — 241 1) Ao + 343, ~
+ —) Fy (Ek)
8(Ey)
16c%k —32¢y A+ 16&%,( + 3/1§k
+ : ———— - . FZ(E“L,E‘)), (A5)
AE[E; ke k
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o1 L[ dp o (Qeay+ 4+ Aoi)? (2c24 = M = Aa)* G
V) =—-- : : = F(Ef : : = F(E; — = _F.(E ,E7) |, (A6
kY Bk 4/(271_)3 k< 4(E2»)2 ]( k>+ 4(E;)2 l( k)+2E2-E]: 2( k k) ( )

- 1 [ &@p ~ (4eip+coap+ Ao 4(cix — o+ Aok
oVt =_- 0 * * K2k P (EF * * K2R p (Er
kY Mk 4/(27[)3 k( (E]j)z 1( k)+ (E;)Q 1( k)

2(801,k — 8% — /12,k>/12,k _
J2Beu=Sumhdbip g ), (a7
kB

o L[ dPp - [ 20, _

V= ~ Wak —ﬁFz(Eif»Ek) ; (A8)
P ‘A/Ii - 1 d3p - 16(76’%’]( + 96’1,1{02’/c + 36’%’/( + 4c1,k/11,k + 36’2,1{/11’1{ + j’%k) - 12(26’1’]c + Cz,k)/lz,k + 3/1%’]( F (E+)
Wi =3 | 8(E; )? W

16(7¢1 ) = 9¢1 4Cop + 3¢5 4 4cy phix = 3eaphig + A7) +12(=2¢1 4 + o) Aoy + 343, _
+ : : > : =F\(Ey)
8(E%)
166% Kk 3261 kll k + 16&% k + 3/1% k
——L AL : *Fy(EFED) ). A9
AE{E; 2(Ex k)> (A9)

(401,k - 202,k - /12,k)2
4(Ep)?

. 1 [ &p ~ (4 20y 1 — A )?
no_ / p <( Crx+ 2005 —Aag) F(E])+

T FAED) - 51 FaELED) ). (A0

2E[E;

P ‘A/[l]A - _l/ d3p - 16(26‘%,,( + 6C|ka2yk + 3C%,k + 8C1,kil,k + 6C2,kl]$k + 2/1%’]() + 12(Cl.k - j’],k)jﬂ,k - 3j'%k F (E+>
kY Mk — 4 (271.)3 k 4(E]j)2 1 k
16(26’%]( - 6C1.k02,k —+ 3C%,k + 8cl,k/11.k - 662,kj'1.k + 2&%]() + 12(C1’k —/11’/()/12’]( - 3/1%’]{ _
- =5 Fi(E;) ) (A1)
4(Ey)
and
- 1 [ &p 5 ((Aerp+2¢, = Aos) 2eoy + 4 + Aog)
av"’A:——/ ’ ’ ’ - ’ K F(EF
it =3 [ G 2E; ()
(dein =200 = M) Cean = 4k — Aau)

: : : : : =~ F|(E; Al2
+ 2(EE)2 1( k) ( )

I
are representing contributions of mesonic and baryonic ~ Here, the first terms in F,(e¢) and F,(e,¢,) stand for
fluctuations to the respective coefficients. In addition, we  particle-antiparticle contributions, while the second ones

: for particle-hole contributions, respectively.
note that E; = \/ 24 Re(p) + (m. )2 with (m%, )2 =  Stand forp » T8Sp Y .
k- P (p) + (m5ir ) (megr.) Using Egs. (A5)-(A12), flow equations for the quartic
m? + a,, and 9y is a differential operator acting only on the couplings are obtained by
regulator R,. In the above equations, we have also defined

1 dfp(e) e e
Fi(e) =—(1 +2fg(e)) — L2 O = 0Va i + Vi

2e de
O = Vi + AV .
(1+ fp(er) + fa(e)) K2k = OV p T OV Bk
€]+ €

A2 A2
Okcrre = OV + 0V
_fB(el) fB(€2)' (A13) . NSO a1
€] — € 0kc2k = 0kVM’k + 6kVB,k . (A14)

Fy(e1,6) =
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The 0, derivatives are evaluated using

dp - _
/(27)30k-7:k<E2_’Ek)

—
QU
s
S
=
=~
S5}
|
]
\_‘:’

3[R OB EE)
— Ez aEz Ef= k2+(meiff,k>2
K 1 OF(Ef, E;
K [_a M} . (Al
6n° ~ |Ef  OE} E=/I ()
where
OE; _ 5k —p*)( —p?) Ok —p*)k
ok Ef E
. 2 _p2
pinegral_ O(k" —p)k (Al6)

k* + (mE; )*

is adopted.

APPENDIX B: HADRON MASS FORMULAS

Here, we show analytic formulas for the hadron masses,
which are the eigenvalues of the second derivative matrix
(24) of the potential (21) in the homogeneous background,
oy. Using Eq. (22), the resultant formulas read

2 _ .2 2 2
Mﬂ,k = my — ay + 4x05 — €1 10p,
2 a2 a2
M, = MB,k = Mg,k
= mi + ap + A 405 + (c14 + €24)05
= my T di 1.k00 Cik T C2k)0p,

(B1)

and

M2, = mg + ayg + 34 405+ 3(c1 1 + c21)05,
2 a2 a2
Mao,k = MB’A,k = MB’,k

A
= m% — (lk + (/11’]( + %) 0'(2) - Cl,kag' (B2)
The gap equation that determines o is
\/Em c
m% + ay + ll,ko-% + (Cl,k + C2_k)0'(2) = O_Oq s (B3)

where m ¢ does not depend on the separation scale k. Thus,
one can find

M2 6y = V/2m,¢ = (const), (B4)

at any k and temperature. In the chiral limit m,¢c — 0,
inserting Eq. (B3) into Eq. (B1) leads to M,zr_k =
M.
B(B).
Goldstone bosons corresponding to the breaking pattern
of SU(4) - Sp(4).
From Egs. (B1) and (B2), one can confirm

, = 0, which yields the appearance of five Nambu-

2 2 2
My, =M, =2(d1x = crx — C24)0%,

(B5)

Hence, when chiral symmetry is restored, oy — 0, the
chiral partner structures M, = M, and M, = M, ; are
realized, as they should.
Under the assumption that ¢, ; and ¢, ; are negligible, the
mass difference between # and 7z is approximated as
M%,k = —2ak - (26‘1,1( + Cz_k)G%

~ M2

~ Mﬂ,k - 2ak, (B6)
indicating that the # mass is dominantly generated by the
quadratic anomalous term.
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