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We investigate the thermal properties of hadrons in two-color quantum chromodynamics (QC2D) using
the functional renormalization group method, with particular focus on modifications of the Uð1Þ axial
anomaly effects. The hadrons are described by a linear sigma model based on the Pauli-Gürsey SUð4Þ
symmetry, which incorporates both low-lying 0� mesons and diquark baryons. We find that all quartic
couplings are comparably suppressed when physical values of the pion mass and decay constant are taken
as inputs, for which a reasonably smooth chiral symmetry restoration at finite temperature is reproduced.
Consequently, mass differences among chiral partners remain small. Despite these tiny mass differences,
mass degeneracies of chiral partners in the hot medium are clearly demonstrated, consistent with chiral
symmetry restoration. Moreover, we find that the couplings responsible for the Uð1Þ axial anomaly are
enhanced upon entering the finite-temperature regime. Baryonic fluctuations also provide sizable
contributions to these enhancements. Finally, the fate of the topological susceptibility in the hot QC2D
medium is examined.
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I. INTRODUCTION

The Uð1Þ axial anomaly, being responsible for the origin
of a large η0 meson mass, is one of the most important
symmetry properties of quantum chromodynamics (QCD).
Unlike the breakdown of chiral symmetry, the Uð1ÞA
anomaly does not arise from spontaneous symmetry break-
ing but is caused by topological fluctuations of gluons,
i.e., instantons [1]. Delineating the effects of the Uð1ÞA
anomaly in the hadronic regime helps illuminate inter-
actions that cannot be fully explained by chiral sym-
metry alone.
In the hadronic regime, within chiral effective models,

such as the linear sigma model (LSM), the Uð1ÞA anomaly
effects can be well incorporated by the so-called
Kobayashi-Maskawa–’t Hooft (KMT) determinant [1–4].
The coefficient of the KMT term is proportional to the
instanton density in the underlying theory, according to a
weak coupling calculation on an instanton background.

Thus, one can easily predict the disappearance of the
anomaly, and, therefore, the determinant contribution of
KMT in the effective model, at the high temperature and/or
density limit, due to the Debye screening of electric gluons
[5,6]. At intermediate temperature ranges, on the other
hand, the Uð1ÞA anomaly effects on hadrons are not well
understood [7].
In Refs. [8,9], based on a functional renormalization

group (FRG) treatment for theNf ¼ 2þ 1 LSM, a scenario
where the Uð1ÞA anomaly effects are strengthened at finite
temperature due to mesonic fluctuations was proposed.
Motivated by this finding, in this paper, we investigate the
fate of the anomaly effects at finite temperature in two-
color QCD (QC2D), in order to theoretically confirm
whether the anomaly enhancement is universal to the
number of colors. In what follows, we apply the FRG
method to a LSM of QC2D with two flavors (Nf ¼ 2),
which was introduced in Ref. [10]. This version of the LSM
has been developed mainly to investigate the cold and
dense properties of QC2D matter extensively [11–13] (for a
review, see [14]).
The FRG, as a mathematical tool, is one of the most

promising functional methods in quantum field theory,
capable of capturing essential features of strongly inter-
acting quantum systems [15,16]. To the best of our
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knowledge, there have been no attempts using the FRG
method to describe the thermodynamics of QC2Dwith both
mesonic and baryonic degrees of freedom included. In
addition to exploring the thermal behavior of the Uð1ÞA
anomaly, this paper also aims to establish an FRG-based
framework capable of accounting for the thermodynamic
properties of two-color QCD in low-energy regimes [17].
In QC2D, (anti)diquarks composed of two (anti)quarks

are counted as color singlet hadrons. These (anti)diquark
baryons can be treated on an equal footing with mesons due
to the pseudoreality of the color group SUð2Þ: 2 ≃ 2̄. In
terms of chiral representation, this property is reflected by
an extension of chiral symmetry; in QC2D, SUðNfÞL ×
SUðNfÞR chiral symmetry is extended to an SUð2NfÞ one,
where (anti)diquark baryons and mesons belong to the same
multiplet [18,19]. This extended symmetry is often referred
to as the Pauli-Gürsey SUð2NfÞ symmetry [20,21].
Since the LSM in QC2D is constructed upon the Pauli-

Gürsey symmetry, one can naturally incorporate baryonic
contributions in addition to mesonic ones in evaluating the
Uð1ÞA anomaly effects. The diquark contributions cannot
be easily captured in ordinary three-color QCD, and, thus,
we will pay particular attention to separating baryonic and
mesonic contributions in order to gain insights into
fluctuations specific to QC2D.
In-medium properties of QC2D are currently being

investigated by first-principles lattice simulations, espe-
cially due to the absence of the sign problem at finite
baryon chemical potential [22–26]. Therefore, in the future,
one may expect numerical experiments on the lattice,
which are capable of testing our current findings. In
QC2D, there is no a priori physical point. In the present
analysis, we take physical values of the pion mass and the
pion decay constant, while η mass is considered as a free
parameter, in order to investigate theUð1ÞA anomaly effects
in a wider range. We also examine the fate of the anomaly
effects as well as hadron mass modifications in a hot
medium to provide useful information for future numerical
experiments.
This article is organized as follows. In Sec. II, we briefly

review the emergence of the Pauli-Gürsey SUð4Þ symmetry
in QC2D with Nf ¼ 2 and introduce our LSM. In Sec. III,
our approach, based on the FRG framework, is explained,
and RG flow equations for the couplings are derived.
Then, in Sec. IV, we present numerical results on the
anomaly coefficients, hadron masses, and the topological
susceptibility at finite temperature, by solving the flow
equations. Section V is devoted to detailed analyses of
baryonic contributions. Finally, Sec. VI is devoted to the
conclusions.

II. TWO-FLAVOR LSM IN QC2D

In this section, we briefly review the two-flavor LSM in
QC2D introduced in Ref. [10].

In QC2D with Nf ¼ 2, the Lagrangian of quarks
interacting with gluons is concisely expressed by a quartet
of Ψ ¼ ðψR; ψ̃LÞT ¼ ðuR; dR; ũL; d̃LÞT with ψ̃ ≡ σ2τ2cψ

�
(σa and τac are the Pauli matrices inhabiting spinor and
color spaces, respectively) as

LQC2D ¼ ψ̄i =Dψ

¼ Ψ†iσμDμΨ; ð1Þ

where in the second line we made use of the pseudorealities
τac ¼ τ2cðτacÞTτ2c and σi ¼ −σ2ðσiÞTσ2 [18,19]. In Eq. (1),
the covariant derivative reads Dμ ¼ ∂μ − igsAa

μτ
a
c with the

strong coupling constant gs and σμ ¼ ð1; σiÞ. Intuitively
speaking, the second line in Eq. (1) implies that gluons
cannot distinguish quarks and antiquarks due to the pseudo-
reality of the SUð2Þc group and they can be described by a
single multiplet Ψ collectively. As a result, the Lagrangian
with massless quarks possesses the so-called Pauli-Gürsey
SUð4Þ symmetry, as an extension of SUð2ÞL × SUð2ÞR
chiral symmetry [20,21].
Chiral effective models in QC2D must respect the Pauli-

Gürsey SUð4Þ symmetry in order to accurately describe
low-energy hadronic excitations. In particular, the LSM is
based on the linear representation of this SUð4Þ symmetry,
in which hadron fields are arranged into a 4 × 4 matrix Σ.
The transformation of Σ under the SUð4Þ group is given by
an underlying quark bilinear: Σij ∼ΨT

j σ
2τ2cΨi (i, j ¼ 1–4).

Hence, Σ transforms as

Σ → gΣgT; with g∈ SUð4Þ: ð2Þ

In this representation, the hadrons are assigned to be

Σ ¼ ðSa − iPaÞXaE; ð3Þ

where Sa and Pa (a ¼ 0–5) are defined through the meson
fields

η ¼ P0; π� ¼ P1 ∓ iP2ffiffiffi
2

p ; π0 ¼ P3;

σ ¼ S0; a�0 ¼ S1 ∓ iS2ffiffiffi
2

p ; a00 ¼ S3; ð4Þ

and baryon fields

B ¼ P5 − iP4ffiffiffi
2

p ; B̄ ¼ P5 þ iP4ffiffiffi
2

p ;

B0 ¼ S5 − iS4ffiffiffi
2

p ; B̄0 ¼ S5 þ iS4ffiffiffi
2

p : ð5Þ

Here, B (B̄) and B0 (B̄0) are 0þ and 0− (anti)diquark
baryons, respectively. We note that mesons (q̄q) and
baryons (qq) are treated in a unified way reflecting the
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pseudoreality of SUð2Þ color group: 2 ≃ 2̄. In Eq. (3), 4 × 4
matrices Xa are generators belonging to the algebra of
G=H ¼ SUð4Þ=Spð4Þ:

Xa¼1–3 ¼ 1

2
ffiffiffi
2

p
� τaf 0

0 ðτafÞT
�
;

Xa¼4;5 ¼ 1

2
ffiffiffi
2

p
� 0 Da

f

ðDa
fÞ† 0

�
; ð6Þ

where τaf (a ¼ 1–3) are the Pauli matrices acting on

flavor space, Da¼4 ¼ τ2f, and Da¼5
f ¼ iτ2f. Furthermore,

X0 ¼ 14×4=ð2
ffiffiffi
2

p Þ, and

E ¼
�

0 1

−1 0

�
ð7Þ

is the 4 × 4 symplectic matrix.
It should be noted that, in QC2D with Nf ¼ 2, the

breaking pattern of chiral symmetry is SUð4Þ → Spð4Þ,
leading to appearance of five Nambu-Goldstone bosons:
three pions, a diquark baryon, and an antidiquark baryon.
With Eq. (3), the Lagrangian of LSM takes the form

of [10,14]

LLSM ¼ tr½∂μΣ†
∂
μΣ� þ Lex − V; ð8Þ

where the first term is a usual kinetic term. The second term

Lex ¼ c̄tr½ζ†Σþ Σ†ζ� ð9Þ

represents the explicit breaking of the Pauli-Gürsey SUð4Þ
symmetry, which generates finite masses of pion and 0þ
diquark. Practically, the spurion field ζ is replaced by a
quark mass ζ → hζi ¼ mqE, resulting in

Lex → c̄mqtr½ETΣþ Σ†E�: ð10Þ

The potential part V contains all possible terms up toOðΣ4Þ
preserving SUð4Þ symmetry but breaking Uð1ÞA due to the
axial anomaly. Defining invariants

I1 ¼ tr½Σ†Σ�;

I2 ¼ tr
��

Σ†Σ −
1

4
tr½Σ†Σ�1

�
2
�
;

IA ¼ 1

2
tr
�
Σ̃Σþ Σ̃†Σ†�; ð11Þ

with Σ̃ij ¼ 1
2
ϵijklΣkl, V reads

V ¼ m2I1 þ λ1I21 þ λ2I2 þ aIA þ c1I2A þ c2I1IA; ð12Þ

where IA is responsible for the Uð1ÞA anomaly, since

Σ !Uð1ÞAe−iθAΣe−iθA ¼ e−2iθAΣ. As for other anomalous terms,

we may think of incorporating the KMT determinant
detΣþ detΣ† additionally. This, however, is not an inde-
pendent invariant due to an identity of detΣþ detΣ† ¼
1
4
I2A þ 1

2
I2 − 1

8
I21; therefore, it must be omitted from the

potential.1

We note that our LSM contains 12 hadrons in total, listed
in Eqs. (4) and (5), for which the Pauli-Gürsey SUð4Þ
symmetry of the potential (12) in the presence of the Uð1ÞA
anomaly is properly respected. This structure is mandatory
to derive a closed set of flow equations as will be seen in
Sec. III. An FRG analysis of QC2D in the absence of the
anomaly, including only the σ, π, B, and B̄ as hadrons
within the (Polyakov-)quark-meson-diquark model, was
done in [27].
In the following analysis, we will consider the quantum

version of the classical theory of Eq. (8). We will consider
the system at some finite temperature T, meaning that from
here on we will work in Euclidean space with a compacti-
fied time direction corresponding to the inverse temper-
ature. That is, all momentum integrals in the timelike
direction become a finite-temperature Matsubara sum.

III. FRG APPROACH

A. Basics

In this section, we introduce the concept of the FRG
method and derive flow equations for the couplings of
the LSM to incorporate quantum and thermal fluctuations.
We do not intend to give a comprehensive description on
the technique; the reader is referred to the following
reviews [15,16].
The core of the FRG formalism lies on the scale-

dependent quantum effective action Γk, which, unlike
the ordinary quantum effective action Γ, incorporates
fluctuations only with momenta q≳ k, where k plays the
role of a scale separation variable. This construction is
achieved by introducing a momentum-dependent mass
term into the classical action, usually called the regulator,
which gives a large mass to the IR modes, effectively
freezing and, thus, excluding them from the path integral.
As k → 0, one demands that the regulator vanishes, leading
to Γk¼0 ¼ Γ, while for k → ∞ (or practically some UV
cutoff ΛUV) requires that the regulator tends to infinity for

1In Eq. (12) the terms containing λ1 and λ2 are rearranged as

λ1I21 þ λ2I2 ¼
�
λ1 −

λ2
4

�
ðtr½Σ†Σ�Þ2 þ λ2tr½ðΣ†ΣÞ2�: ð13Þ

Thus, matching with the standard notation

λ̄1ðtr½Σ†Σ�Þ2 þ λ̄2tr½ðΣ†ΣÞ2�

yields λ̄1 ¼ λ1 − λ2=4 and λ̄2 ¼ λ2.
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all modes, realizing that Γk→∞ ¼ S, S being the classical
action, upon which our quantum field theory is built.
The scale-dependent effective action Γk obeys the

Wetterich equation [28]:

∂kΓk ¼
1

2
Tr
	
∂kRk½Γ00

k þ Rk�−1


; ð14Þ

where Γ00
k is the second functional derivative of Γk with

respect to the fields and the trace operation needs to be
taken both in the matrix and in the functional sense. By
introducing the differential operator

∂̃k ¼ ∂kRk
∂

∂Rk
; ð15Þ

Eq. (14) can be conveniently written as

∂kΓk ¼
1

2
∂̃kTrLog½Γ00

k þ Rk�; ð16Þ

where, once again, both the Tr and Log operations need to
be taken in the functional and matrix senses. One may also
say that ∂̃k is a differential operator that acts on only the k
dependence of Rk.
The right-hand side (rhs) of Eq. (14) or (16) is generally

nonlocal, since Γ00
k remains as a function of SaðxÞ and

PaðxÞ. In the present analysis, however, we employ the
local potential approximation (LPA) and ignore nonlocal-
ities. In the LPA, the scale-dependent effective action is
approximated as (

R
x ≡
R
d4xE)

Γk ¼
Z
x

�
tr½∂iΣ†

∂iΣ� þ c̄tr½ζ†Σþ Σ†ζ� þ Vk

�
; ð17Þ

where Vk is now a local function, called the scale-
dependent effective potential. Note that we have adopted
the Euclidean signature compared to Eq. (8). Also note that
the explicit symmetry-breaking term does not depend on
the separation scale k, which follows from the fact that
couplings corresponding to linear terms in the field variable
do not renormalize. By employing the LPA ansatz (17),
what we need to establish is a flow equation for Vk.
Using Eq. (17), the second derivative of Γk with respect

to the fields in Fourier space reads

Γ00
kðp; qÞ ¼ ðp2 þ V 00

kÞδðpþ qÞ; ð18Þ

where the momentum variables contain both the frequen-
cies and the three-momenta; therefore, in accordance, p2 ¼
ω2
n þ p2 with ωn ¼ 2πnT (n∈Z) being the Matsubara

frequencies. In the present analysis, we adopt the so-called
3D Litim regulator [29], which, in Fourier space, depends
only on the three-momentum:

RkðpÞ ¼ ðk2 − p2ÞΘðk2 − p2Þ; ð19Þ

and it is considered diagonal in flavor space. Plugging
Eq. (18) into Eq. (16), we can perform the functional trace
operation to arrive at

∂kVk ¼
T
2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr log

�
ω2
n þ p2 þ V 00

k þ RkðpÞ
�
;

ð20Þ

where now both the trace and log operations need to be
considered only in the matrix sense, and the rhs includes
one single-momentum integral only. Note that, owing to the
LPA, wave function renormalizations of all field variables
are omitted. The summation over n stands for the infinite
sum of the Matsubara frequencies ωn, explicitly showing
that we are working at some finite temperature T. At the
UV scale k ¼ ΛUV, and Vk¼ΛUV

is reduced to the classical
potential (12), while Vk¼0 becomes the full quantum effec-
tive potential. In solving the flow equation, we need to
integrate from k ¼ ΛUV to k ¼ 0 using the initial condition
dictated by Eq. (12).

B. General structures

Since chiral symmetry is realized linearly in our frame-
work, the effective action (and, thus, the effective potential)
inherits the symmetry properties of the classical action.
That is, Vk can depend on only independent chiral
invariants, Vk ¼ VkðI1; I2; IAÞ. Within the present LSM
framework, the spontaneous breaking of chiral symmetry is
triggered by the appearance of a nonzero S0 mean field,
σ0 ≡ hS0i. In this vacuum configuration, the I2 invariant
vanishes: hI2i ¼ 0. After taking into account quantum
corrections to the effective potential, higher orders of I2,
i.e., I22, I

3
2, …, are expected to be generated. These are,

however, nonrenormalizable interactions, which are
expected to produce only small contributions during the
flows. For this reason, we employ the following ansatz for
the potential at the quantum level:

VkðI1; I2; IAÞ ≈UkðI1; IAÞ þ CkðI1; IAÞI2: ð21Þ

Using Eq. (20), one, in principle, can derive functional flow
equations for the Uk and Ck functions. In this exploratory
study, however, we restrict ourselves for the first few Taylor
coefficients and approximate Uk and Ck as

Uk ≈m2
kI1 þ λ1;kI21 þ akIA þ c1;kI2A þ c2;kI1IA;

Ck ≈ λ2;k; ð22Þ

where m2
k, λ1;k, ak, c1;k, c2;k, and λ2;k are field-independent

flowing coupling constants. Note that the structure of
Eq. (22) is unchanged from the classical one (12), meaning
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that only renormalizable operators are taken into account.
Each coupling explicitly contains a subscript k stressing
that they are defined at scale k.
Introducing the notation ðΓ00

kÞ−1ðp;qÞ ¼ DkðpÞδðqþ pÞ,
from Eq. (18) we have

ðD−1
k ÞABðpÞ ¼ �ω2

n þ p2 þ RkðpÞ
�
δAB þ ðV 00

kÞAB; ð23Þ

with

ðV 00
kÞAB ¼

0@ ∂
2Vk

∂Sa
∂Sb

∂
2Vk

∂Sa
∂Pb

∂
2Vk

∂Pa
∂Sb

∂
2Vk

∂Pa
∂Pb

1A: ð24Þ

We note that both ðD−1
k ÞAB and ðV 00

kÞAB are 12 × 12

matrices, since in total 12 hadrons are considered. Using
the above notation, from Eq. (20) we have

∂kVk ¼
T
2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr logðD

−1
k ÞðpÞ: ð25Þ

C. Flowing couplings

Flow equations for the coupling constants, defined in
Eq. (22), can be derived by expanding both sides of
Eq. (25) in terms of the invariants I1, IA, and I2. To this
end, we expand the rhs of Eq. (25) up to OðΣ4Þ as

∂kVk ¼
T
2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr ln

h
D−1

0;k þ V 00
ð2Þk
i

≈
T
2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr

�
D−1

0;k

�
þ T

2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr

�
D0;kV 00

ð2Þk
�

−
T
4

X
n

Z
d3p
ð2πÞ3 ∂̃ktr

h
D0;kV 00

ð2ÞkD0;kV 00
ð2Þk
i
; ð26Þ

where we have separated V 00
k into OðΣ0Þ and OðΣ2Þ

contributions, denoted by V 00
ð0Þk and V 00

ð2Þk, respectively:

V 00
k ¼ V 00

ð0Þk þ V 00
ð2Þk, and the inverse of the propagator

matrix is also divided as D−1
k ¼ D−1

0;k þ V 00
ð2Þk, where

D−1
0;k ¼ ω2

n þ p2 þ RkðpÞ þ V 00
ð0Þk: ð27Þ

The first term in Eq. (26) corresponds to the vacuum
energy, which has nothing to do with the flow equations of
the couplings. It is the second and third terms which
determine the latter in the end.

Here, as a simple demonstration, we focus on

∂kV
ð2Þ
k ≡ T

2

X
n

Z
d3p
ð2πÞ3 ∂̃ktr

�
D0;kV 00

ð2Þk
�
; ð28Þ

which leads to flow equations for mk and ak. The trace of
Eq. (28) is readily performed, since only one D0;k is
included. With the help of the Matsubara-summation
formula

T
X
n

1

ω2
n þ ϵ2

¼ 1

2ϵ
½1þ 2fBðϵÞ�; ð29Þ

where fBðϵÞ ¼ 1=ðeϵ=T − 1Þ is the Bose-Einstein distribu-

tion function, ∂kV
ð2Þ
k is expressed as

∂kV
ð2Þ
k ¼ ∂kV

ð2Þ
M;k þ ∂kV

ð2Þ
B;k; ð30Þ

where

∂kV
ð2Þ
M;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

×

 P
3
a¼1 V

00
k;PaPa

ð2Þ þ V 00
k;S0S0

ð2Þ

2Eþ
k

�
1þ 2fBðEþ

k Þ
�

þ
P

3
a¼1 V

00
k;SaSa

ð2Þ þ V 00
k;P0P0

ð2Þ

2E−
k

½1þ 2fBðE−
k Þ�
!

ð31Þ

and

∂kV
ð2Þ
B;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

×

 
V 00
k;P4P4

ð2Þ þ V 00
k;P5P5

ð2Þ

2Eþ
k

�
1þ 2fBðEþ

k Þ
�

þ
V00
k;S4S4

ð2Þ þ V 00
k;S5S5

ð2Þ

2E−
k

½1þ 2fBðE−
k Þ�
!
; ð32Þ

representing contributions that arise from mesonic and
baryonic fluctuations, respectively. In these expressions,

E�
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ RkðpÞ þ ðm�

eff;kÞ2
q

are the dispersion relations

of the fluctuations, where the k-dependent effective masses
m�

eff;k read

ðm�
eff;kÞ2 ¼ m2

k � ak: ð33Þ

We note that Eþ
k corresponds to σ, π, and B (B̄), while E−

k
for η, a0, and B0 (B̄0).
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Since ∂kV
ð2Þ
M;k and ∂kV

ð2Þ
B;k are proportional to quadratic

forms in terms of Sa and Pa, due to symmetry their sum
must combine into contributions proportional to I1 and IA
appropriately, i.e.,

∂kV
ð2Þ
M;k ¼ ∂kV̂

I1
M;kI1 þ ∂kV̂

IA
M;kIA þ ∂kδV45;k;

∂kV
ð2Þ
B;k ¼ ∂kV̂

I1
B;kI1 þ ∂kV̂

IA
B;kIA − ∂kδV45;k; ð34Þ

where δV45;k is a function of P4, P5, S4, and S5. This δV45;k
appears to ensure the SUð4Þ-symmetry property, which

relates mesons and baryons, and it drops out from ∂kV
ð2Þ
k in

Eq. (30). Here, we stress only that, when considering
mesonic and baryonic contributions separately in Sec. V,
we will omit δV45;k. Inserting (34) into (30) yields

∂kV
ð2Þ
k ¼ �∂kV̂I1

M;k þ ∂kV̂
I1
B;k

�
I1 þ

�
∂kV̂

IA
M;k þ ∂kV̂

IA
B;k

�
IA;

ð35Þ

where

∂kV̂
I1
M;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

�
4c1;k þ 12c2;k þ 20λ1;k þ 3λ2;k

4Eþ
k

�
1þ 2fBðEþ

k Þ
�

þ 4c1;k − 12c2;k þ 20λ1;k þ 3λ2;k
4E−

k

�
1þ 2fBðE−

k Þ
��

; ð36Þ

∂kV̂
I1
B;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

�
4c2;k þ 8λ1;k þ 2λ2;k

4Eþ
k

�
1þ 2fBðEþ

k Þ
�þ −4c2;k þ 8λ1;k þ 2λ2;k

4E−
k

�
1þ 2fBðE−

k Þ
��

; ð37Þ

∂kV̂
IA
M;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

�
20c1;k þ 12c2;k þ 4λ1;k − 3λ2;k

4Eþ
k

�
1þ 2fBðEþ

k Þ
�

þ −20c1;k þ 12c2;k − 4λ1;k þ 3λ2;k
4E−

k

�
1þ 2fBðE−

k Þ
��

; ð38Þ

and

∂kV̂
IA
B;k ¼

1

2

Z
d3p
ð2πÞ3 ∂̃k

�
8c1;k þ 4c2;k − 2λ2;k

4Eþ
k

�
1þ 2fBðEþ

k Þ
�þ −8c1;k þ 4c2;k þ 2λ2;k

4E−
k

�
1þ 2fBðE−

k Þ
��

: ð39Þ

Therefore, the flow equations for m2
k and ak can be easily

obtained as

∂km2
k ¼ ∂kV̂

I1
M;k þ ∂kV̂

I1
B;k;

∂kak ¼ ∂kV̂
IA
M;k þ ∂kV̂

IA
B;k; ð40Þ

and we note once again that the ∂̃k operator acts only on Rk
in Eqs. (36)–(39). We stress that, in Eq. (40), mesonic and
baryonic contributions are intentionally separated, as it
turns out to be useful for later analysis. The ∂̃k operation in
the rhs is easily handled by means of Eq. (A15). Note that,
since ∂kRkðpÞ ∼ Θðk2 − p2Þ, all momentum integrals are
restricted to jpj∈ ½0; k�, leading to p2 þ RkðpÞ → k2 in the
integrands. As a result, all integrals become trivial, and one
formally substitutes

R
d3p=ð2πÞ3 → k3=6π2.

Unlike demonstrated above, the third term in the rhs of
Eq. (26) contains three types of contributions, i.e., purely
mesonic ones, purely baryonic ones, and those that mix the

two. In accordance, in the forthcoming analysis, we define
the first one as the purely mesonic contribution, while the
second and third ones will belong to the contributions
classified as baryonic. This separation enables us to obtain
flow equations for λ1;k, λ2;k, c1;k, and c2;k as a sum of
mesonic and baryonic fluctuations. We do not go through
the explicit calculations for the aforementioned flows; they
are summarized in Appendix A.
Before closing this subsection, we comment on the

anomalous structure of the effective potential. When the
Uð1ÞA anomaly is switched off, ak ¼ 0 ¼ c1;k ¼ c2;k holds.
In this case, the Uð1Þ axial charges are conserved,
or, intuitively speaking, chirality-flipping processes of a
single quark do not occur. As a result, all fluctuations
universally obey the dispersion relation of Eþ

k ¼ E−
k ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ RkðpÞ þm2
k

q
. Consequently, all the anomalous com-

ponents of the potential vanish: V̂IA
M;k ¼ V̂IA

B;k ¼ V̂
I2A
M;k ¼

V̂
I2A
B;k ¼ V̂I1IA

M;k ¼ V̂I1IA
M;k ¼ 0.
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IV. NUMERICAL RESULTS

In this section, we proceed with numerical analyses by
solving the flow equations derived in Sec. III C.
First, in Sec. IVA, our criterion to fix initial conditions

for the flow equations is explained. Then, in Secs. IV B and
IV C, we present our main results on the hadron masses and
modifications of the anomaly coefficients at finite temper-
ature. Finally, in Sec. IV D, numerical results on the
topological susceptibility are shown.

A. Inputs

We have six parameters in the potential (12), which also
correspond to initial conditions of the flow equations. In the
present analysis, we assume the large Nc ansatz for the
potential for the UV potential, where the double-trace terms
and the anomalous four-point interactions are suppressed
[30,31], leading to λ2;Λ ¼ 4λ1;Λ [see Eq. (13)] and
c1;Λ ¼ c2;Λ ¼ 0. In addition, it is found in the numerics
that λ2;Λ must satisfy λ2;Λ ≲ 5 to produce a reasonable
reduction of the chiral condensate at finite temperature.2

Hence, we adopt λ2;Λ ¼ 5 and accordingly λ1;Λ ¼ 1.25 as
an adequate demonstration. The quadratic couplings at the
UV scale m2

Λ and aΛ are then fixed by fitting the pion and
the ηmeson masses in the vacuum. The former will be fixed
to M̊π ¼ 0.14 GeV, while for the latter we investigate three
different scenarios, M̊η ¼ 0.3, 0.5, 0.95 GeV.3 The reason is
that our main motivation in this study is to explore the fate
of Uð1ÞA anomaly at finite temperature, and one might
be curious about such dependencies as a function of the
anomaly strength itself. All the masses are evaluated at
T ¼ 0, after integrating down the flow equations to k ¼ 0;
see their respective expressions, (B1). Finally, the explicit
breaking parameter c̄mq in Eq. (10) is determined by
the decay constant fπ ¼ 0.093 GeV, which equals to the
vacuum expectation value σ̊0 due to the corresponding
Ward identity. In our study, the initial UV scale is set to be
ΛUV ¼ 1 GeV, and all the numerical values of the deter-
mined parameters are summarized in Table I. We also
note that current lattice simulations in QC2D are being
carried out with a heavy pion mass, e.g., M̊lattice

π ∼ 0.7 GeV
[22,24,25]. Hence, predictions of our present work may
also be considered as an important benchmark for future
lattice computations with lighter pion masses.

B. Hadron masses at finite T

In this subsection, we examine T dependencies of the
hadron masses by solving the flow equations. Their analytic
mass formulas are summarized in Appendix B, which

indicate that Mπ ¼ MBðB̄Þ while Ma0 ¼ MB0ðB̄0Þ at any T,
stemming from the pseudoreality 2 ≃ 2̄ of QC2D [10,14].
Figure 1 shows the resultant hadron masses for

M̊η ¼ 0.3, 0.5, and 0.95 GeV at finite T. All the masses
are mostly dominated by the quadratic terms m2 and a,
since the quartic couplings are suppressed; particularly, λ2
(and, accordingly, λ1 ¼ λ2=4) are found to remain small
throughout the flow. Hence, from the mass formulas of
the hadrons provided in Eqs. (B1) and (B2), mass differ-
ences between σ and π or between a0 and η are always
small as M2

σ;M2
π ∼m2 þ a while M2

a0 ;M
2
η ∼m2 − a. We

note that this approximation applies to any k throughout
the flow.
Within the present approximation, the strength of ther-

mal excitations is determined by the size of the effective
masses (33); smaller values of m�

eff;k throughout the flows
yield more thermal effects in the end. Thus, from the above
argument, one can understand that a smaller value of M̊η

results in more significant thermal contributions to the
potential. This property is also reflected by the reduction
rate of the chiral condensate, as shown in Fig. 4. In fact,
this figure indicates that the smaller M̊η we take, the more
rapidly the chiral condensate drops. The pseudocritical
temperature read off from Fig. 4 is Tpc ≳ 0.25 GeV, which
is higher than the one for Nc ¼ 3, where Tpc is estimated to
be Tpc ∼ 0.15 GeV. The slightly higher Tpc is also our
prediction for QC2D with a light pion mass.
Figure 1 indicates that the σ meson mass is always M̊σ ∼

0.18 GeV at vanishing temperature, which is smaller than
the two-pion threshold 2M̊π ¼ 0.28 GeV. That is, our
current analysis predicts a stable σ meson in QC2D with
the physical pion mass, unlike the Nc ¼ 3 world. It would
be interesting to see whether future lattice simulations can
confirm such a light σ meson.
In order to take a closer look at mass degeneracies of the

chiral partners, we depict the T dependencies of

ΔMðσ;πÞ ≡Mσ −Mπ; ΔMða0;ηÞ ≡Ma0 −Mη ð41Þ

in Fig. 2. At finite T, the mass differences reduce because of
chiral symmetry restoration, for which the chiral partner
structures are also clearly realized. Similar mass degener-
acies were also found at the high-density limit with
vanishing temperature [10,13]. We note that ΔMðσ;πÞ and

TABLE I. The parameters at k ¼ ΛUV for M̊η ¼ 0.3, 0.5, and
0.95 GeV with ΛUV ¼ 1 GeV.

Mη [GeV] m2
Λ [GeV2] aΛ [GeV] λ1;Λ λ2;Λ c1;Λ c2;Λ

0.3 −0.0426 −0.032 1.25 5 0 0
0.5 0.0465 −0.108 1.25 5 0 0
0.95 0.385 −0.427 1.25 5 0 0

2When choosing λ2 ≳ 5, the chiral condensate can increase at
finite T, which is obviously unphysical.

3The symbol M̊ stands for the corresponding vacuum value.
Also, in what follows, we will omit the subscript 0 representing
k ¼ 0 in the masses and parameters, as a shorthand notation.
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ΔMða0;ηÞ are at most ofOð10Þ MeV, regardless of the value

of M̊η, since the η meson mass is predominantly generated
by the axial anomaly, as shown in Eq. (B6), and the ano-
maly does not play a significant role in the mass degen-
eracies of chiral partners. The mass difference ΔMðσ;πÞ gets
enhanced for a heavier η meson, which mainly results from
the increase of c2. We note that, when the anomaly is turned
off, the tendency is opposite; the mass difference ΔMðσ;πÞ is
reduced for heavier M̊η when a ¼ c1 ¼ c2 ¼ 0.

C. Enhancement of anomaly effects at finite T

Here, we numerically study modifications of the
anomaly coefficients a, c1, and c2 at finite temperature.
Depicted in Fig. 3 are the resultant T dependencies of the
coefficients normalized by their respective vacuum values:

ã≡ a
aT¼0

; c̃1 ≡ c1
c1;T¼0

; c̃2 ≡ c2
c2;T¼0

: ð42Þ

For any values of M̊η, all the coefficients exhibit significant
increase at finite temperature; that is, the anomaly enhance-
ment in hot medium is predicted to be similar in QC2D to
the case of (three-color) QCD [8].
The enhancement of the quadratic anomaly coefficient

a is milder than the quartic ones, c1 and c2, where a larger
M̊η leads to a smaller increase. For c1 and c2, the same
ordering of the enhancement is seen up to T ∼ 0.2 GeV,
while at higher temperatures it is flipped. In general, the
coefficients show a significant increase at low T, while at
high T the enhancements become tempered and begin to
decrease. Note that the inversions occur when the chiral
condensate starts to reduce (see Fig. 4). In addition, such

FIG. 2. T dependencies of the mass differences ΔMðσ:πÞ and ΔMða0:ηÞ with M̊η ¼ 0.3, 0.5, and 0.95 GeV.

FIG. 1. T dependencies of the masses of η, π, σ, and a0 mesons with M̊η ¼ 0.3, 0.5, and 0.95 GeV.

FIG. 3. T dependencies of the normalized anomaly coefficients ã, c̃1, and c̃2 defined in Eq. (42), with M̊η ¼ 0.3, 0.5, and 0.95 GeV.
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nonmonotonic behaviors appear at lower T for smaller
values of M̊η. We also note that a < 0, c1 < 0, and c2 > 0

at any T.

D. Topological susceptibility

Here, we present numerical results on the topological
susceptibility at finite T, which is regarded a useful
observable to study the Uð1ÞA anomaly effects.
The topological susceptibility χ̄top is defined as a

spacetime-integrated correlation function of a gluon topo-
logical operator Q ¼ ðg2s=64π2ÞϵμνρσGa

μνGa
ρσ, which reads

χ̄top ≡ −i
Z

d4xh0jTQðxÞQð0Þj0i: ð43Þ

In terms of the fermionic language, this quantity can be
reexpressed through two-point functions of pseudoscalar
operators ψ̄ iγ5ψ and ψ̄iγ5τafψ , by the virtue of axial Ward-
Takahashi identities [32,33]. Then, within the LSM, impos-
ing matching conditions appropriately, the topological
susceptibility is evaluated as (for the detailed derivation,
see Ref. [11])

χ̄top ¼ i
M̊4

πσ̊
2
0

4
½Dπð0Þ −Dηð0Þ�; ð44Þ

where

DπðpÞδab ¼
Z

d4xh0jTπaðxÞπbð0Þj0ieip·x;

DηðpÞ ¼
Z

d4xh0jTηðxÞηð0Þj0ieip·x ð45Þ

are pion and η-meson propagators, respectively, in momen-
tum space.
In the present work, Dπ and Dη are always simply

expressed by Dπ ¼ i=ðp2 −M2
πÞ and Dη ¼ i=ðp2 −M2

ηÞ,
respectively. Note that their functional forms do not
differ even at finite T, owing to the absence of diquark

condensates [11]. Hence, the susceptibility reads

χtop ≡ χ̄top

M̊2
πσ̊

2
0

¼ M̊2
π

4

�
1

M2
π
−

1

M2
η

�
; ð46Þ

where we have defined the dimensionless topological
susceptibility χtop, normalized by the constant M̊2

πσ̊
2
0. The

mass difference between the η meson and the pion is
generated solely by anomaly effects [see Eq. (B6)]; there-
fore, it is beneficial to define

χ̃top ≡ M̊2
π

4

�
1

M2
π
−

1

M2
π þ δ2Mðη;πÞ

�
; ð47Þ

with δ2Mðη;πÞ ≡ M̊2
η − M̊2

π . χ̃top can serve as a reference, for
which the effects resulting from the enhancement of the
anomaly in the medium can be properly quantified.
Depicted in Fig. 5 are the resulting T dependencies of

the normalized topological susceptibilities χtop and χ̃top
with M̊η ¼ 0.3, 0.5, and 0.95 GeV. Differences between the
solid and dashed curves are always tiny, meaning that
the anomaly enhancement effects do not generate sizable
contributions to the topological susceptibility. Mean-
while, the dependence of the η meson mass on the topo-
logical susceptibility is manifest only for larger M̊η, which
increases the magnitude of χtop. Up to T ∼ 0.1 GeV, the

susceptibilities are almost constant for any values of M̊η,
while above this temperature they start to reduce. This
reduction is understood by the smooth chiral symmetry
restoration exhibited in Fig. 4, since the T dependence of
the susceptibility (46) is governed by

χ̄top ∼
M̊2

π

4

1

M2
π
∝ σ0; ð48Þ

assuming Mπ ≪ Mη, followed from Eq. (B4).

FIG. 5. T dependencies of the normalized topological suscep-
tibilities χtop (solid lines) and χ̃top (dashed lines) defined

in Eqs. (46) and (47), respectively, with M̊η ¼ 0.3, 0.5, and
0.95 GeV.

FIG. 4. T dependencies of the mean field σ0 with M̊η ¼ 0.3,
0.5, and 0.95 GeV.
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V. IMPORTANCE OF BARYONIC
CONTRIBUTIONS

In the previous section, modifications of the hadron
masses and anomaly coefficients were examined. In this
section, we shed light on the role of baryonic contribu-
tions in the FRG framework to gain insight into fluctua-
tions specific to QC2D, where diquark baryons are also
counted as hadrons. Here, we concentrate on the case
where M̊η ¼ 0.5 GeV.
In order to study baryonic contributions, on top of the

full solution, we also solve the flow equations containing
solely mesonic contributions (e.g., ∂km2

k ¼ e∂kV̂I1
M;k for m

2
k)

with inputs of M̊π ¼ 0.14 GeV, M̊η ¼ 0.5 GeV, λ1;Λ ¼
λ2;Λ=4, and c1;Λ ¼ c2;Λ ¼ 0. The value of λ1;Λ is adjusted
such that M̊σ ≈ 0.18 GeV. Then, we compare the cases
with and without baryons.
The parameters m2

k, ak, and λ1;k at k ¼ 0 are roughly
determined by the masses of the pion, η, and σ mesons,
respectively, and, hence, those values in the truncated and
in the full analysis do not differ much. On the other hand,
c1;k and ck;2 are simply fixed to vanish at k ¼ ΛUV, and,
thus, their scale evolutions are expected to be a useful
measure to see the differences between the two approaches.
Depicted in Fig. 6 are the resultant k dependencies for c1;k
and c2;k at T ¼ 0, evaluated separately for the full solution
and that containing only mesonic contributions. This figure

clearly shows that the evolutions of c1;k and c2;k start to
deviate in the two cases, soon after departing from
k ¼ ΛUV. As a result, at k ¼ 0, the coefficients containing
both mesonic and baryonic contributions are significantly
magnified compared to the truncated case, indicating the
important role of baryonic fluctuations. Such enhance-
ments can be simply understood by an increase in the
degrees of freedom in the flows.
Finally, we also depict in Figs. 7 and 8 the temperature

dependencies of the anomaly coefficients at k ¼ 0, evalu-
ated using the full and the truncated analyses. In Fig. 8, for
instance, Δã is defined by

Δã≡ Δa
ΔajT¼0

; ð49Þ

where

Δa ¼ ajmesonþbaryon − ajmeson; ð50Þ

FIG. 6. k dependencies of the anomaly coefficients c1;k and c2;k
evaluated by the full (solid lines) and truncated (dashed lines)
analyses at T ¼ 0, with M̊η ¼ 0.5 GeV. Note that the UV scale is
set to be ΛUV ¼ 1 GeV.

FIG. 7. T dependencies of the anomaly coefficients a, c1, and
c2 evaluated by the full (solid lines) and truncated (dashed lines)
analyses, with M̊η ¼ 0.5 GeV.
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measuring differences with and without baryonic contri-
butions. The same applies to Δc̃1 and Δc̃2. These figures
also show the importance of baryonic contributions at any
temperature with regards to the anomaly coefficients.

VI. CONCLUSIONS

In this paper, we have investigated modifications of
Uð1ÞA anomaly effects at finite temperature in QC2D with
two flavors, by means of the FRG technique. We have
adopted the LSM developed in Ref. [10] to properly take
into account fluctuations of the low-lying scalar and
pseudoscalar mesons, as well as baryons, based on a linear
representation of the Pauli-Gürsey SUð4Þ symmetry.
As a result, we have found that quartic couplings of the

LSM need to be suppressed, in order to properly reproduce
a reasonable reduction of the chiral condensate at finite
temperature. Accordingly, mass differences between the
chiral partners σ and π, or a0 and η, are always found to be
tiny, regardless of the Uð1Þ axial anomaly strength, i.e., the

mass of the η meson. At higher temperatures, mass
degeneracies of the chiral partners in accordance with
chiral symmetry restoration are realized. We note that
masses of the 0þ and 0− (anti)diquark baryons degenerate
with those of π and a0, respectively, owing to the Pauli-
Gürsey SUð4Þ symmetry. The topological susceptibility at
high temperature is found to be suppressed due to the
reduction of chiral condensate.
Once we enter the finite-temperature regime, all of the

couplings responsible for the Uð1Þ axial anomaly become
magnified, and, hence, we have concluded that, due to
hadronic fluctuations, the axial anomaly is enhanced in a
hot medium for QC2D. Similar anomaly enhancements
were also discussed in three-color QCD analyses [8]. At
high temperatures, the increase in the quartic couplings
is gradually suppressed and eventually diminishes. Our
results also confirm that baryonic fluctuations play a
substantial role in the enhancements.
The thermal properties of QC2D can be tested via lattice

QCD simulations; therefore, we expect that the present
analysis will provide useful insights into hadron masses,
particularly from the perspective of chiral symmetry
restoration and Uð1ÞA anomaly effects in a hot medium,
for future simulations with a light pion mass.
We note that, while the Uð1ÞA anomaly effects are

enhanced at finite temperature within the hadronic model
LSM, it is known that, at sufficiently high temperature
and/or density, instantons melt due to the Debye screening
of electric gluons, for which the Uð1ÞA symmetry is
effectively restored [5,6]. In order to smoothly connect
those two behaviors, it would be necessary to implement a
crossover transition to quark matter, but it is beyond the
scope of the present study.
We have seen that, unlike the anomalous couplings,

the topological susceptibility decreases monotonically with
increasing temperature. This behavior is analogous to the
three-flavor scenario and suggests that χtop may not be the
most reliable indicator of the strength of the anomaly at
finite temperature. The primary reason for the monotonic
decrease of χtop is its close connection with the chiral
condensate [cf. Eq. (48)]. As the condensate melts, χtop also
decreases, even though all anomalous interactions between
the corresponding hadrons increase with temperature. This
indicates that, when performing lattice simulations of the
system, one must carefully choose observables that appro-
priately capture the anomalous breaking of Uð1ÞA.
Our analysis can also be applied to the case of a finite

chemical potential. In the low-temperature and high-
density regime, the emergence of a baryon superfluid
phase, characterized by the condensation of positive-parity
diquarks, has been demonstrated in lattice QCD simula-
tions [22–26] and model analyses [10,14,19,34,35]. In this
phase, in particular, the possibility of enhanced Uð1ÞA
anomaly effects has been discussed by comparing the
lattice data with LSM analyses of the hadron mass

FIG. 8. T dependencies of Δã, Δc̃1, and Δc̃2 defined in
Eq. (49), with M̊η ¼ 0.5 GeV.
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spectrum and topological susceptibilities [10,11]. Hence,
investigating the fate of the Uð1ÞA anomaly effects in the
superfluid phase is considered an important direction for
future work.
Finally, we provide some comments regarding diquarks.

In three-color QCD, the chiral dynamics of diquarks is
reflected in the spectrum of singly heavy baryons, which
consist of a heavy quark Q and a light diquark, either [qq]
or [sq] (q ¼ u, d). In this context, it is suggested that
the Uð1ÞA anomaly effects lead to the so-called inverse
mass hierarchy of MΞQð1=2Þ− < MΛQð1=2−Þ, or, in terms of
diquarks, M½sq�ð0−Þ < M½qq�ð0−Þ, despite their quark contents
[36–38]. QC2D also serves as a useful testing ground to
explore possible diquark properties. The present LSM
analysis can be straightforwardly extended to the Nf ¼
2þ 1 case, where both [qq] and [sq] diquarks are included.
Therefore, it is worthwhile to investigate the fate of the
inverse mass hierarchy at finite temperature, particularly in
relation to possible anomaly enhancements. This is left for
future work.
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APPENDIX A: DERIVATION OF FLOW
EQUATIONS FOR λ1k, λ2k, c1k, AND c2k

In Sec. III C, it is demonstrated that the flow equations
for mk and ak can be obtained via evaluating part of the
effective potential that is quadratic in the field variables. In
this appendix, we show derivations of flow equations for
the remaining quartic couplings: λ1k, λ2k, c1k, and c2k.
According to the expansion (26), the OðΣ4Þ part of the

potential flow reads

∂kV
ð4Þ
k ≡ −

T
4

X
n

Z
d3p
ð2πÞ3 ∂̃ktr

�
D0;kV 00

ð2ÞkD0;kV 00
ð2Þk
�
; ðA1Þ

where the definitions of D0;k and V 00
ð2Þk are given by

Eq. (27); see also the explanations below Eq. (26). As
long as we stick to the zero chemical potential, D0;k is
diagonal and no Matsubara frequencies ωn appear in any
numerator; thus, the evaluation of the rhs of Eq. (A1) can be
performed in a straightforward way. Making use of the
identity

1

ðiωnÞ2 − ϵ2
¼ 1

2ϵ

�
1

iωn − ϵ
−

1

iωn þ ϵ

�
ðA2Þ

to decompose the propagators, the Matsubara summations
are readily done by virtue of (ωn ¼ 2πnT)

T
X
n

1

ðiωn − ϵ1Þðiωn − ϵ2Þ
¼ fBðϵ2Þ − fBðϵ1Þ

ϵ1 − ϵ2
;

T
X
n

1

ðiωn − ϵÞ2 ¼ lim
ϵ2→ϵ

fBðϵ2Þ − fBðϵÞ
ϵ − ϵ2

¼ −
dfBðϵÞ
dϵ

; ðA3Þ

with the Bose-Einstein distribution function fBðϵÞ ¼
1=ðeϵ=T − 1Þ. Then, the flow of Vð4Þ

k is evaluated as

∂kV
ð4Þ
k ¼



∂kV̂

I2
1

M;k þ ∂kV̂
I2
1

B;k

�
I21 þ



∂kV̂

I2
M;k þ ∂kV̂

I2
B;k

�
I2 þ



∂kV̂

I2A
M;k þ ∂kV̂

I2A
B;k

�
I2A þ



∂kV̂

I1IA
M;k þ ∂kV̂

I1IA
B;k

�
I1IA; ðA4Þ

where

∂kV̂
I2
1

M;k ¼ −
1

4

Z
d3p
ð2πÞ3 ∂̃k

�
16ðc21;k þ 3c1;kc2;k þ 3c22;k þ 4c1;kλ1;k þ 9c2;kλ1;k þ 7λ21;kÞ þ 12ðc2;k þ 2λ1;kÞλ2;k þ 3λ22;k

8ðEþ
k Þ2

F1ðEþ
k Þ

þ 16ðc21;k − 3c1;kc2;k þ 3c22;k þ 4c1;kλ1;k − 9c2;kλ1;k þ 7λ21;kÞ− 12ðc2;k − 2λ1;kÞλ2;k þ 3λ22;k
8ðE−

k Þ2
F1ðE−

k Þ

þ 16c21;k − 32c1;kλ1;k þ 16λ21;k þ 3λ22;k
4Eþ

k E
−
k

F2ðEþ
k ;E

−
k Þ
�
; ðA5Þ
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∂kV̂
I2
1

B;k ¼ −
1

4

Z
d3p
ð2πÞ3 ∂̃k

�ð2c2;k þ 4λ1;k þ λ2;kÞ2
4ðEþ

k Þ2
F1ðEþ

k Þ þ
ð2c2;k − 4λ1;k − λ2;kÞ2

4ðE−
k Þ2

F1ðE−
k Þ þ

λ22;k
2Eþ

k E
−
k
F2ðEþ

k ; E
−
k Þ
�
; ðA6Þ

∂kV̂
I2
M;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�
4ðc1;k þ c2;k þ λ1;kÞλ2;k

ðEþ
k Þ2

F1ðEþ
k Þ þ

4ðc1;k − c2;k þ λ1;kÞλ2;k
ðE−

k Þ2
F1ðE−

k Þ

−
2ð8c1;k − 8λ1;k − λ2;kÞλ2;k

Eþ
k E

−
k

F2ðEþ
k ; E

−
k Þ
�
; ðA7Þ

∂kV̂
I2
B;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�
−

2λ22;k
Eþ
k E

−
k
F2ðEþ

k ; E
−
k Þ
�
; ðA8Þ

∂kV̂
I2A
M;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�
16ð7c21;k þ 9c1;kc2;k þ 3c22;k þ 4c1;kλ1;k þ 3c2;kλ1;k þ λ21;kÞ− 12ð2c1;k þ c2;kÞλ2;k þ 3λ22;k

8ðEþ
k Þ2

F1ðEþ
k Þ

þ 16ð7c21;k − 9c1;kc2;k þ 3c22;k þ 4c1;kλ1;k − 3c2;kλ1;k þ λ21;kÞ þ 12ð−2c1;k þ c2;kÞλ2;k þ 3λ22;k
8ðE−

k Þ2
F1ðE−

k Þ

−
16c21;k − 32c1;kλ1;k þ 16λ21;k þ 3λ22;k

4Eþ
k E

−
k

F2ðEþ
k ; E

−
k Þ
�
; ðA9Þ

∂kV̂
I2A
B;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�ð4c1;k þ 2c2;k − λ2;kÞ2
4ðEþ

k Þ2
F1ðEþ

k Þ þ
ð4c1;k − 2c2;k − λ2;kÞ2

4ðE−
k Þ2

F1ðE−
k Þ−

λ22;k
2Eþ

k E
−
k
F2ðEþ

k ;E
−
k Þ
�
; ðA10Þ

∂kV̂
I1IA
M;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�
16ð2c21;k þ 6c1;kc2;k þ 3c22;k þ 8c1;kλ1;k þ 6c2;kλ1;k þ 2λ21;kÞ þ 12ðc1;k − λ1;kÞλ2;k − 3λ22;k

4ðEþ
k Þ2

F1ðEþ
k Þ

−
16ð2c21;k − 6c1;kc2;k þ 3c22;k þ 8c1;kλ1;k − 6c2;kλ1;k þ 2λ21;kÞ þ 12ðc1;k − λ1;kÞλ2;k − 3λ22;k

4ðE−
k Þ2

F1ðE−
k Þ
�
; ðA11Þ

and

∂kV̂
I1IA
B;k ¼ −

1

4

Z
d3p
ð2πÞ3 ∂̃k

�ð4c1;k þ 2c2;k − λ2;kÞð2c2;k þ 4λ1;k þ λ2;kÞ
2ðEþ

k Þ2
F1ðEþ

k Þ

þ ð4c1;k − 2c2;k − λ2;kÞð2c2;k − 4λ1;k − λ2;kÞ
2ðE−

k Þ2
F1ðE−

k Þ
�

ðA12Þ

are representing contributions of mesonic and baryonic
fluctuations to the respective coefficients. In addition, we

note that E�
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ RkðpÞ þ ðm�

eff;kÞ2
q

with ðm�
eff;kÞ2 ¼

m2
k � ak, and e∂k is a differential operator acting only on the

regulator Rk. In the above equations, we have also defined

F1ðϵÞ≡ 1

2ϵ
ð1þ 2fBðϵÞÞ −

dfBðϵÞ
dϵ

;

F2ðϵ1; ϵ2Þ≡ 1

ϵ1 þ ϵ2

�
1þ fBðϵ1Þ þ fBðϵ2Þ

�
−
fBðϵ1Þ − fBðϵ2Þ

ϵ1 − ϵ2
: ðA13Þ

Here, the first terms in F1ðϵÞ and F2ðϵ1; ϵ2Þ stand for
particle-antiparticle contributions, while the second ones
stand for particle-hole contributions, respectively.
Using Eqs. (A5)–(A12), flow equations for the quartic

couplings are obtained by

∂kλ1k ¼ ∂kV̂
I2
1

M;k þ ∂kV̂
I2
1

B;k;

∂kλ2k ¼ ∂kV̂
I2
M;k þ ∂kV̂

I2
B;k;

∂kc1k ¼ ∂kV̂
I2A
M;k þ ∂kV̂

I2A
B;k;

∂kc2k ¼ ∂kV̂
I1IA
M;k þ ∂kV̂

I1IA
B;k : ðA14Þ
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The ∂̃k derivatives are evaluated using

Z
d3p
ð2πÞ3 ∂̃kF kðEþ

k ; E
−
k Þ

¼
Z

d3p
ð2πÞ3 θðk

2 − p2Þ

×
X
α¼�

�
k
Eα
k

∂F kðEþ
k ; E

−
k Þ

∂Eα
k

�
E�
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þðm�

eff;kÞ2
p

¼ k4

6π2
X
α¼�

�
1

Eα
k

∂F kðEþ
k ; E

−
k Þ

∂Eα
k

�
E�
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þðm�

eff;kÞ2
p ; ðA15Þ

where

∂E�
k

∂k
¼ δðk2 − p2Þðk2 − p2Þ

E�
k

þ θðk2 − p2Þk
E�
k

!p integral θðk2 − p2Þkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ðm�

eff;kÞ2
q ðA16Þ

is adopted.

APPENDIX B: HADRON MASS FORMULAS

Here, we show analytic formulas for the hadron masses,
which are the eigenvalues of the second derivative matrix
(24) of the potential (21) in the homogeneous background,
σ0. Using Eq. (22), the resultant formulas read

M2
η;k ¼ m2

k − ak þ λ1;kσ
2
0 − c1;kσ20;

M2
π;k ¼ M2

B;k ¼ M2
B̄;k

¼ m2
k þ ak þ λ1;kσ

2
0 þ ðc1;k þ c2;kÞσ20; ðB1Þ

and

M2
σ;k ¼ m2

k þ ak þ 3λ1;kσ
2
0 þ 3ðc1;k þ c2;kÞσ20;

M2
a0;k

¼ M2
B0;k ¼ M2

B̄0;k

¼ m2
k − ak þ

�
λ1;k þ

λ2;k
2

�
σ20 − c1;kσ20: ðB2Þ

The gap equation that determines σ0 is

m2
k þ ak þ λ1;kσ

2
0 þ ðc1;k þ c2;kÞσ20 ¼

ffiffiffi
2

p
mqc̄

σ0
; ðB3Þ

wheremqc̄ does not depend on the separation scale k. Thus,
one can find

M2
π;kσ0 ¼

ffiffiffi
2

p
mqc̄ ¼ ðconstÞ; ðB4Þ

at any k and temperature. In the chiral limit mqc̄ → 0,
inserting Eq. (B3) into Eq. (B1) leads to M2

π;k ¼
M2

BðB̄Þ;k ¼ 0, which yields the appearance of five Nambu-

Goldstone bosons corresponding to the breaking pattern
of SUð4Þ → Spð4Þ.
From Eqs. (B1) and (B2), one can confirm

M2
σ;k −M2

π;k ¼ 2ðλ1;k − c1;k − c2;kÞσ20;

M2
a0;k

−M2
η;k ¼

λ2;k
2

σ20: ðB5Þ

Hence, when chiral symmetry is restored, σ0 → 0, the
chiral partner structuresMσ;k ¼ Mπ;k andMa0;k ¼ Mη;k are
realized, as they should.
Under the assumption that c1;k and c2;k are negligible, the

mass difference between η and π is approximated as

M2
η;k ¼ −2ak − ð2c1;k þ c2;kÞσ20

≈M2
π;k − 2ak; ðB6Þ

indicating that the η mass is dominantly generated by the
quadratic anomalous term.

[1] Gerard ’t Hooft, Symmetry breaking through Bell-Jackiw
anomalies, Phys. Rev. Lett. 37, 8 (1976).

[2] M. Kobayashi and T. Maskawa, Chiral symmetry and eta-x
mixing, Prog. Theor. Phys. 44, 1422 (1970).

[3] M. Kobayashi, H. Kondo, and T. Maskawa, Symmetry
breaking of the chiral u(3) x u(3) and the quark model, Prog.
Theor. Phys. 45, 1955 (1971).

[4] Gerard ’t Hooft, Computation of the quantum effects due to
a four-dimensional pseudoparticle, Phys. Rev. D 14, 3432
(1976); 18, 2199(E) (1978).

[5] David J. Gross, Robert D. Pisarski, and Laurence G. Yaffe,
QCD and instantons at finite temperature, Rev. Mod. Phys.
53, 43 (1981).

[6] R. Rapp, Thomas Schäfer, Edward V. Shuryak, and M.
Velkovsky, High density QCD and instantons, Ann. Phys.
(N.Y.) 280, 35 (2000).

[7] G. Fejos, Functional dependence of axial anomaly via
mesonic fluctuations in the three flavor linear sigma model,
Phys. Rev. D 92, 036011 (2015).

GERGELY FEJŐS and DAIKI SUENAGA PHYS. REV. D 112, 114028 (2025)

114028-14

https://doi.org/10.1103/PhysRevLett.37.8
https://doi.org/10.1143/PTP.44.1422
https://doi.org/10.1143/PTP.45.1955
https://doi.org/10.1143/PTP.45.1955
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.18.2199.3
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1006/aphy.1999.5991
https://doi.org/10.1006/aphy.1999.5991
https://doi.org/10.1103/PhysRevD.92.036011


[8] G. Fejos and A. Hosaka, Thermal properties and evolution
of the UAð1Þ factor for 2þ 1 flavors, Phys. Rev. D 94,
036005 (2016).

[9] G. Fejos and A. Patkos, Backreaction of mesonic fluctua-
tions on the axial anomaly at finite temperature, Phys. Rev.
D 105, 096007 (2022).

[10] Daiki Suenaga, Kotaro Murakami, Etsuko Itou, and Kei
Iida, Probing the hadron mass spectrum in dense two-color
QCD with the linear sigma model, Phys. Rev. D 107,
054001 (2023).

[11] Mamiya Kawaguchi and Daiki Suenaga, Fate of the topo-
logical susceptibility in two-color dense QCD, J. High
Energy Phys. 08 (2023) 189.

[12] Mamiya Kawaguchi and Daiki Suenaga, Sound velocity
peak induced by the chiral partner in dense two-color QCD,
Phys. Rev. D 109, 096034 (2024).

[13] Daiki Suenaga, Kotaro Murakami, Etsuko Itou, and Kei
Iida, Mass spectrum of spin-one hadrons in dense two-color
QCD: Novel predictions by extended linear sigma model,
Phys. Rev. D 109, 074031 (2024).

[14] Daiki Suenaga, Chiral effective model of cold and dense
two-color QCD: The linear sigma model approach,
Symmetry 17, 124 (2025).

[15] Juergen Berges, Nikolaos Tetradis, and Christof Wetterich,
Nonperturbative renormalization flow in quantum field
theory and statistical physics, Phys. Rep. 363, 223 (2002).

[16] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.
Pawlowski, M. Tissier, and N. Wschebor, The nonpertur-
bative functional renormalization group and its applications,
Phys. Rep. 910, 1 (2021).

[17] G. Fejos and D. Suenaga, Chiral symmetry restoration in
QC2D from an effective model using the functional re-
normalization group, Phys. Rev. D 111, 076018 (2025).

[18] J. B. Kogut, Misha A. Stephanov, and D. Toublan, On two
color QCD with baryon chemical potential, Phys. Lett. B
464, 183 (1999).

[19] J. B. Kogut, Misha A. Stephanov, D. Toublan, J. J. M.
Verbaarschot, and A. Zhitnitsky, QCD—like theories at
finite baryon density, Nucl. Phys. B582, 477 (2000).

[20] W. Pauli, On the conservation of the Lepton charge, Nuovo
Cimento 6, 204 (1957).

[21] Feza Gürsey, Relation of charge independence and baryon
conservation to Pauli’s transformation, Nuovo Cimento 7,
411 (1958).

[22] Tamer Boz, Pietro Giudice, Simon Hands, and Jon-Ivar
Skullerud, Dense two-color QCD towards continuum and
chiral limits, Phys. Rev. D 101, 074506 (2020).

[23] P. V. Buividovich, D. Smith, and L. von Smekal,
Electric conductivity in finite-density SUð2Þ lattice gauge
theory with dynamical fermions, Phys. Rev. D 102, 094510
(2020).

[24] N. Astrakhantsev, V. V. Braguta, E. M. Ilgenfritz, A. Yu.
Kotov, and A. A. Nikolaev, Lattice study of thermodynamic
properties of dense QC2D, Phys. Rev. D 102, 074507
(2020).

[25] Kei Iida, Etsuko Itou, Kotaro Murakami, and Daiki
Suenaga, Lattice study on finite density QC2D towards
zero temperature, J. High Energy Phys. 10 (2024) 022.

[26] Victor V. Braguta, Phase diagram of dense two-color QCD
at low temperatures, Symmetry 15, 1466 (2023).

[27] Nils Strodthoff and Lorenz von Smekal, Polyakov-Quark-
Meson-Diquark model for two-color QCD, Phys. Lett. B
731, 350 (2014).

[28] Christof Wetterich, Exact evolution equation for the effec-
tive potential, Phys. Lett. B 301, 90 (1993).

[29] Daniel F. Litim, Optimized renormalization group flows,
Phys. Rev. D 64, 105007 (2001).

[30] Edward Witten, Baryons in the 1/n expansion, Nucl. Phys.
B160, 57 (1979).

[31] P. Di Vecchia and G. Veneziano, Chiral dynamics in the
large n limit, Nucl. Phys. B171, 253 (1980).

[32] A. Gómez Nicola and J. Ruiz de Elvira, Pseudoscalar
susceptibilities and quark condensates: Chiral restoration
and lattice screening masses, J. High Energy Phys. 03
(2016) 186.

[33] Mamiya Kawaguchi, Shinya Matsuzaki, and Akio Tomiya,
Analysis of nonperturbative flavor violation at chiral
crossover criticality in QCD, Phys. Rev. D 103, 054034
(2021).

[34] Claudia Ratti and WolframWeise, Thermodynamics of two-
colour QCD and the Nambu Jona-Lasinio model, Phys. Rev.
D 70, 054013 (2004).

[35] Gao-feng Sun, Lianyi He, and Pengfei Zhuang, BEC-BCS
crossover in the Nambu-Jona-Lasinio model of QCD, Phys.
Rev. D 75, 096004 (2007).

[36] Masayasu Harada, Yan-Rui Liu, Makoto Oka, and Kei
Suzuki, Chiral effective theory of diquarks and the UAð1Þ
anomaly, Phys. Rev. D 101, 054038 (2020).

[37] Daiki Suenaga and Makoto Oka, Axial anomaly effect on
the chiral-partner structure of diquarks at high temperature,
Phys. Rev. D 108, 014030 (2023).

[38] Daiki Suenaga and Makoto Oka, Fate of Σc, Ξ0
c and Ωc

baryons at high temperature with chiral restoration, Phys.
Rev. D 111, 074032 (2025).

ENHANCEMENT OF AXIAL ANOMALY EFFECTS IN HOT … PHYS. REV. D 112, 114028 (2025)

114028-15

https://doi.org/10.1103/PhysRevD.94.036005
https://doi.org/10.1103/PhysRevD.94.036005
https://doi.org/10.1103/PhysRevD.105.096007
https://doi.org/10.1103/PhysRevD.105.096007
https://doi.org/10.1103/PhysRevD.107.054001
https://doi.org/10.1103/PhysRevD.107.054001
https://doi.org/10.1007/JHEP08(2023)189
https://doi.org/10.1007/JHEP08(2023)189
https://doi.org/10.1103/PhysRevD.109.096034
https://doi.org/10.1103/PhysRevD.109.074031
https://doi.org/10.3390/sym17010124
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1103/PhysRevD.111.076018
https://doi.org/10.1016/S0370-2693(99)00971-5
https://doi.org/10.1016/S0370-2693(99)00971-5
https://doi.org/10.1016/S0550-3213(00)00242-X
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02827771
https://doi.org/10.1007/BF02747705
https://doi.org/10.1007/BF02747705
https://doi.org/10.1103/PhysRevD.101.074506
https://doi.org/10.1103/PhysRevD.102.094510
https://doi.org/10.1103/PhysRevD.102.094510
https://doi.org/10.1103/PhysRevD.102.074507
https://doi.org/10.1103/PhysRevD.102.074507
https://doi.org/10.1007/JHEP10(2024)022
https://doi.org/10.3390/sym15071466
https://doi.org/10.1016/j.physletb.2014.03.008
https://doi.org/10.1016/j.physletb.2014.03.008
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1016/0550-3213(79)90232-3
https://doi.org/10.1016/0550-3213(79)90232-3
https://doi.org/10.1016/0550-3213(80)90370-3
https://doi.org/10.1007/JHEP03(2016)186
https://doi.org/10.1007/JHEP03(2016)186
https://doi.org/10.1103/PhysRevD.103.054034
https://doi.org/10.1103/PhysRevD.103.054034
https://doi.org/10.1103/PhysRevD.70.054013
https://doi.org/10.1103/PhysRevD.70.054013
https://doi.org/10.1103/PhysRevD.75.096004
https://doi.org/10.1103/PhysRevD.75.096004
https://doi.org/10.1103/PhysRevD.101.054038
https://doi.org/10.1103/PhysRevD.108.014030
https://doi.org/10.1103/PhysRevD.111.074032
https://doi.org/10.1103/PhysRevD.111.074032

	Enhancement of axial anomaly effects in hot two-color QCD: FRG approach in the linear sigma model
	I. INTRODUCTION
	II. TWO-FLAVOR LSM IN QC2D
	III. FRG APPROACH
	A. Basics
	B. General structures
	C. Flowing couplings

	IV. NUMERICAL RESULTS
	A. Inputs
	B. Hadron masses at finite T
	C. Enhancement of anomaly effects at finite T
	D. Topological susceptibility

	V. IMPORTANCE OF BARYONIC CONTRIBUTIONS
	VI. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: DERIVATION OF FLOW EQUATIONS FOR &lambda;1k, &lambda;2k, c1k, AND c2k
	APPENDIX B: HADRON MASS FORMULAS
	References


