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We derived in [Phys. Rev. D 106, 056009 (2022), Phys. Rev. D 107, 096021 (2023)] a compact
expression for the Nth rank QED polarization tensorΠμ1���μN ðk1;…; kNÞ in a (0þ 1)-dimensional worldline
framework. This fully off-shell object, a function of N external photon 4-momenta, is a key ingredient in
high-order computations of cusp anomalous dimensions and lepton anomalous magnetic moments. We
demonstrate here that Πμ1���μN can further be expressed simply in terms of a small number of independent
“head” form factors [each representing ðN − 1Þ!=2 Feynman diagrams] which have a universal structure in
terms of sums over fermion Green’s functions and (proper time derivative of) their boson worldline
superpartners. This worldline representation bypasses explicit Wick contractions and avoids tensor
reductions to scalar loop integrals à la Passarino and Veltman, order by order in perturbation theory. We
give explicit expressions for the fourth and sixth rank head form factors and provide a computer script
generalizing these results to arbitrary N external photons. The multiplicity of heads, and their growth with
N, can be understood in terms of orbits of the permutation group. We employ the Burnside-Cauchy-

Frobenius lemma to show that it scales as eN−1=
ffiffiffiffi
N

p
terms as opposed to the eN−1N!=

ffiffiffiffi
N

p
terms in

conventional perturbation theory. We reexpress worldline parameter integrals that define the fourth rank
heads as Feynman parameter integrals to reproduce the seminal results by Karplus and Neuman for the on-
shell light-by-light amplitude and extend these to the fully off-shell case in massless QED employing a
tailored integration-by-parts procedure. In a follow-up paper, we will discuss the direct computation of
worldline integrals, potentially providing a further N! advantage relative to Feynman diagram compu-
tations at high orders in perturbation theory.

DOI: 10.1103/s6zt-srrr

I. INTRODUCTION

In Refs. [1,2], we developed a worldline reformu-
lation of QED as a Lorentz-covariant theory of superpairs
of (0þ 1)-dimensional worldlines interacting nonlocally
through the Lorentz force. In the worldline approach to
Quantum Field Theory (QFT), the gauge and matter fields

are integrated out explicitly, with the result being reexpressed
as 0þ 1-dimensional quantum mechanical path integrals of
pointlike trajectories of boson and Grassmann variables in
proper time. The internal degrees of freedom (spin and
helicity in the QED case) are naturally described by the
commutation relations of these degrees of freedom. An
attractive feature of the worldline formalism is that the
coupling of the bosonic andGrassmannvariables to external
gauge fields (respectively, particle rotation and spin pre-
cession therein) can be exponentiated in path ordered form
to all orders in the gauge coupling. For a comprehensive
review of the worldline formalism, see Ref. [3].
We discussed further an all-order S-matrix worldline

framework which provides a powerful mechanism to dis-
cuss nonperturbative features of gauge interactions that
elude a transparent treatment in conventional field theory.
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In particular, we showed how soft theorems and their
Abelian exponentiation follow naturally in this formulation.
These are encoded as long distance interactions between the
charged 0þ 1-dimensional worldline currents; we used this
insight to demonstrate for the first time an all-order proof in
QED of the cancellation of virtual IR divergences in the
Faddeev and Kulish (FK) S-matrix. This S-matrix, in contrast
to the standard Dyson S-matrix, provides a manifestly IR-safe
formulation of QED at the amplitude level [4,5]. For a
modern discussion, along the same lines, see also Ref. [6].
In particular, in Ref. [2], we extended the all-order proof

of the IR safety of the FK S-matrix to include transitions
accompanied by the emission and/or absorption of arbitrary
numbers of real photons. We showed how Low’s soft
theorem applies in the worldline framework [7], and
recovered Weinberg’s theorem [8] for the exponentiation
of soft IR divergences. The difference between the Dyson
and FK formalisms can be traced to the ordering of limits of
how the initial and final times, x0i;f →∓ ∞, and momentum
k → 0 are taken. In the Dyson framework, the former limit
is taken first, setting the contribution from asymptotic
worldline currents to zero, while in the FK framework, the
latter limit is taken first. In this case, the IR divergences
cancel between the asymptotic currents and the Dyson
current. We argued that such a description can be accom-
modated within a Wilsonian renormalization group formu-
lation of the worldline approach; this reasoning, for the
general case, is implicit in Weinberg’s paper, albeit at the
cross section level. The existence of such asymptotic
currents/charges (with the appropriate ordering of limits)
has been argued to arise as a consequence of these being the
Noether charges corresponding to generators of large gauge
transformations that do not annihilate the “Dyson” QED
vacuum [9,10]. The corresponding in-out asymptotic states
are coherent states of soft photons [4]. Analogous argu-
ments hold for the gravitational S-matrix [11,12].
Another feature of the worldline formalism we discussed

in Ref. [2] was the computational advantage (in additional
to the conceptual clarity provided) of this all-order S-matrix
worldline formalism. It provides a powerful alternative
approach for high-order perturbative calculations in QFT
without using Feynman diagrams [13], a program first laid
out using string-inspired methods in Ref. [14]. We showed
explicitly that multiloop QED vacuum-vacuum amplitudes
with l-fermion and n-photon loops can be expressed as the
convolution of l one-loop gauge-invariant Nth rank polari-
zation tensors, where N denotes the number of photons that
are attached to a particular fermion subgraph in the ampli-
tude. These Nth rank polarization tensors can be expressed
as the worldline expectation value of a product onN charged
particle currents. Awell-known limiting case [13] is that one
recovers the Bern-Kosower expression [15] for the one-loop
polarization tensor with an arbitrary number of external
photon legs. The Grassmann integrals in the Nth-rank
polarization tensor can be performed explicitly, allowing

us to obtain in Ref. [2] a novel compact expression
containing N-unordered proper time integrals and products
of very simple boson and fermion worldline propagators and
their proper time derivatives. This expression simultaneously
represented ðN − 1Þ!=2 Feynman diagrams (for N > 2) in
perturbation theory that correspond to the combinatorics of
the ordering of the propertime integrals.
In this work, we will explore the concrete implications of

applying the worldline formalism to compute high orders in
perturbation theory, connect these to well-known results
using Feynman perturbation theory, and provide several
novel and promising worldline results as part of this
exploration. Specifically, in this paper, as an interesting
test of the computational potential of the worldline for-
malism relative to techniques developed for conventional
perturbation theory, we will focus on computing explicitly
the fourth and sixth rank polarization tensors, that are,
respectively, the key building blocks of the four-loop, five-
loop, and six-loop cusp anomalous dimension in QED. In a
follow-up paper [16], we will develop a novel approach to
directly compute the worldline integrals corresponding to
these high rank polarization tensors. This is significant
because, as we will discuss later in this paper, the usual
computation of these integrals required ordering of the N!
diagrams involved, thereby losing some of the computational
advantage relative to conventional perturbation theory.
An important application of our work is the computation

of high-order cusp anomalous dimensions. At energies much
higher than the electron mass, the cusp anomalous dimen-
sion governs the resummation of IR singularities appearing
in scattering amplitudes to all orders in perturbation theory.
Further, a straightforward if nontrivial generalization of the
cusp worldline result corresponds to the computation of the
anomalous magnetic moment of the electron and the muon;
these provide the ultimate benchmark for precision compu-
tations employing Feynman diagrams in QFT [17–19]. Not
least, the cusp anomalous dimension in QCD plays a central
role in collider physics phenomenology [20–28].
To provide context for the importance of such studies, we

note that the study of the universal behavior of soft theorems
and their all-order exponentiation has endured as an impor-
tant area of research ever since the aforementioned pioneer-
ing work of Weinberg [8]. He demonstrated how the
exponentiation of soft IR divergences in charged-particle
transitions (to one-loop order) is entirely determined by the
appearance of the cusp anomalous dimension in the renorm-
alization group evolution (RGE) equations for both ampli-
tudes and for cross sections. These depend only on the
momenta of the charged particles in the initial and final states
and thus can be systematically factorized into a soft factor.1

1In theories with massless gauge bosons such as QCD, collinear
IR divergences further depend on the spin and representation of
the emitting parton and are analogously factorized from the hard
S-matrix into a jet function.
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In Abelian theories such as QED, where gauge bosons are
charge neutral, the cusp anomalous dimension reduces to a
sum of pairwise contributions—or dipole terms—of anoma-
lous dimensions between all pairs of charges in the initial
and final states. Each of these terms encodes the IR-divergent
part of the gauge interaction for the pair over infinitely long
distances, with the real part describing the radiative modes of
the virtual soft-photon exchanges and the imaginary part
corresponding to the classical Liénard-Wiechert/Coulomb
potentials. In non-Abelian theories, because gauge bosons
themselves carry charge, the cusp anomalous dimension
receives additional contributions from simultaneous long-
distance exchanges among more than two colored particles
in the initial or final states. These are sometimes referred to
as quadrupole terms, and they first appear at three and four
loops [29].
Before we discuss the worldline strategy for computing

cusp anomalous dimensions, we will first summarize the
state-of-the-art in Feynman perturbation theory. The full
angle dependence of the cusp anomalous dimension is
presently known to four loops [next-to-next-to-next-to-lead-
ing-order (N3LO) ] in massless QED [30]. In QCD, the
angle-dependent cusp anomalous dimension was computed
analytically to three loops [next-to-next-to-leading order
(N2LO)] [31,32], while more recently the lightlike cusp
anomalous dimension was obtained to four loops in massless
QCD [33–35]. The high-order computation of cusp anoma-
lous dimensions is a challenging task. In massless theories,
for instance, the two-loop [next-to-leading-order (NLO)]
non-Abelian cusp anomalous dimension was known for a
while from the first available next-to-leading computations
of the structure functions in deep inelastic scattering (DIS)
[36–38]. More than two decades elapsed before first results
at the next order were obtained from the three-loop
computation of the DGLAP splitting functions [39,40]. It
took yet another decade for first results at four and five
loops (N3LO and N4LO) to appear, either numerically [41],
analytically [34,35,42], or analytically from an extrapola-
tion of the N ¼ 4 supersymmetric Yang-Mills calculation
of cusp anomalous dimensions [33]. The state-of-the-art
approaches to these high-order computations rely on a
combination of different methods—such as integration by
parts (IBP) identities and difference or differential equation
methods [43–46], Mellin-Barnes integral representations
[47–52], techniques from Heavy Quark Effective Field
Theory [53], or the Wilson-loop operator product expan-
sions [54], among others.
Dedicated computer-algebra developments [55–58] are

then essential for the symbolic manipulation of the large
number of terms obtained in these computations, to
efficiently solve the systems of difference/differential
equations arising from IBP identities, including algorithms
to reduce them to a smaller basis of (scalar) master integrals
[45,46,59–62], or for finally implementing (numerically
stable) analytic solutions for these one-loop scalar N-point

functions [56,63–65] in terms of polylogarithm functions
and/or multiple nested expansions of transcendental func-
tions [66–68]. For instance, the family of integrals corre-
sponding to a specific four-loop contribution to the QED
cusp anomalous dimension involving the fourth-rank light-
by-light QED polarization tensor (whose external photon
legs are coupled to the external charged particle) consists of
roughly 500 master integrals [30]. For the QCD case,
alternative techniques reduce the computation to that of
294 master integrals [35]. Both results required extensive
numerical analysis employing high-performance computing.
Despite these state-of-the-art calculations becoming

extremely sophisticated, the feasibility of extending such
techniques to higher loops remains unclear, as the number of
Feynman diagrams is known to explode factorially. This
characteristic feature of conventional perturbation theory
poses a formidable challenge, with the existing theoretical
predictions perhaps approaching the limits of what can be
achieved analytically. The computation of scattering ampli-
tudes becomes quite involved also in subnuclear physics,
where accurate QCD predictions require summing a large
number of Feynman diagrams in nontrivial background gauge
fields when dealing with quarks and gluons. In particular,
large logarithmic edge of phase space contributions require
one to go beyond fixed-order perturbation theory and resum
systematically such contributions, to all loop orders, order
by order in perturbation theory. Another major challenge in
multiloop calculations is the appearance of elliptic obstruc-
tions, which already arise at two loops with massive propa-
gators and nontrivial thresholds, for example, in massive
Bhabha scattering and Higgs- or jet-production amplitudes
with internal masses. In such cases, no ϵ-factorized dlog form
exists for the canonical differential equation procedure, and
the expansion of the Feynman diagrams in terms of multiple
polylogarithms breaks down [69–72].
Spurred in part by these challenges, there has recently

been a surge of developments and exploratory work aimed
at deepening our understanding and reworking our for-
mulations of gauge theories and the structure of scattering
amplitudes, invoking significant developments in math-
ematical physics. The study of the structure of spacetime
as a twistor theory [73], and its connection to string theory
[74,75], has motivated over the last two decades the
creation (exploiting its Grassmannian nature) of a calculus
for scattering amplitudes in the twistor geometric approach
[76]. Recent developments along these lines, and sharing
the same goals, include studies of the connections of
Feynman integrals to projective geometry [77] and to
cohomology and intersection theory [78,79].
Our focus in this paper, and in Ref. [16], is to provide

an additional viewpoint, using methods that long predate
[80–82] the modern era of high-order computations, to
discuss possible solutions to the long-standing issue of the
factorial growth of Feynman diagrams in perturbation
theory. As a starting point, we will focus on a computation
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of the fully off-shell light-by-light amplitude in QED in the
worldline formalism. We are motivated by the fact that the
four-photon amplitude serves as a fundamental building
block for higher-loop amplitudes: it contributes, in particular,
to the three-loop term of the cusp anomalous dimension
through a self-energy correction to the leading-order vacuum
polarization and at four loops, through light-by-light scatter-
ing among virtual photons. See Fig. 1. Our framework
generalizes to the Nth rank polarization tensor, which is a
powerful ingredient in the strategy to compute cusps to even
high orders in the worldline formalism.
As noted earlier, the off-shell light-by-light polarization

tensor also provides one of the most nontrivial contribu-
tions to the four-loop cusp anomalous dimension in QCD,
when one replaces the external photon legs by gluon legs.
Within the worldline formalism itself, it provides the first
nontrivial example of a gauge-invariant set (or family) of
several Feynman diagrams, corresponding in perturbation
theory to different topologies representing permutations of
photon vertices and their mirror diagrams.
The first calculation of the light-by-light amplitude

employing Feynman diagrams dates back to the seminal
work of Karplus and Neuman, who provided the explicit
structure2 of the fourth rank QED vacuum polarization

tensor [84], together with the corresponding scattering
amplitude and cross section for nonlinear light-by-light
interactions, where the photons are on shell [85]. Several
additional interesting features were subsequently added
to the Karplus-Neuman computation by Dolen [86]. A
detailed calculation of the four-point amplitude was carried
out with two off-shell photon legs in Ref. [83]; see also
Refs. [87–89]. We note that in the standard perturbative
approach the full off-shell light-by-light diagram contribu-
tion to the cusp anomalous dimension was only computed
recently in massless QED [30]. An analytical result at zero
angle can be extracted indirectly from the full massless
calculation of the (mass-independent) electron anomalous
magnetic moment3 g − 2.
We will compute here for the first time the off-shell light-

by-light amplitude in the worldline formalism and shall
provide the tensor structure of the fourth rank tensor for off-
shell photons. There is currently no calculation of the light-
by-light scattering amplitude in this formalism for the fully
off-shell case—see Ref. [93] for a nice recent review—
although very recent results have been obtained for the
corresponding on-shell helicity amplitudes at three loops in
massless QED and QCD within standard diagrammatic
approaches [94]. (We will review as well related efforts
within the worldline framework [87,88].) We will show that
key features of the Karplus-Neuman formalism, namely,
the extensive use of Ward identities, can be fully ported

FIG. 1. Light-by-light worldline diagrams with N ¼ 4 photons entering the (a) three-loop and (b) four-loop N ¼ 4 calculation of the
anomalous dimension in the RGE of a cuspedWilson line Γcusp. Notice that each photon vertex is located at a worldline parameter τi that
will be integrated over τi ¼ ½0; 1�. These worldline diagrams encode all Feynman diagram topologies contributing to Γcusp.

2In some of the literature on the subject, the Karplus-Neuman
results are understood as applying only to the on-shell light-by-
light scattering amplitude. This is, however, a misunderstanding.
The derivation of the rank-4 QED vacuum polarization tensor in
the original papers, as also noted in Ref. [83], is completely
general and remains valid when all four external photons are off
shell. The four-photon amplitude is obtained in those works
simply by taking limits of the general result for the polarization
tensor for the specialized cases of interest.

3The mass-independent four-loop QED contribution to the
electron g − 2 is known analytically, a staggering calculation of
891 Feynman master integrals by Laporta [90], completing a
20 year effort since the completion of the three-loop calculation in
Ref. [91]. The muon’s QED contributions to g − 2 are known
numerically to five loops [92].
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to the worldline formalism. In particular, the Nth rank
polarization tensor can be classified into head, shoulder,
and tail form factors, with the latter two determined by the
head contributions. We will further explain how one sys-
tematizes this procedure and subsequently apply it to the
computation of the sixth rank vacuum polarization tensor in
the worldline formalism.
It is important to analyze this full tensor structure of the

off-shell N-photon amplitudes (and more generally, their
N-gluon extensions) for processes where the usual sim-
plifications obtained by tensorial reduction and/or on-shell
symmetrization methods in the helicity basis of external
states are not available. This is essential, for instance, in
many applications in QCD that are sensitive to gauge-
invariant products of field-strength tensors. A key example
is the extraction of nonperturbative operators in DIS
measurements at a future Electron-Ion Collider (EIC) that
provide fundamental insight into the dynamics of chiral
symmetry breaking and confinement [95]. Toward this end,
a novel and powerful result we will derive is that the head
form factors can be expressed in a universal form that does
not require extensive use of (worldline) integration-by-parts
identities.
The paper is organized as follows. In Sec. II, we will

review our derivation of the master formula for the QED
Nth rank polarization tensor (with N external photon legs)
within the worldline formalism. We will then demonstrate
in detail how to construct the tensor structure forN ¼ 2 and
N ¼ 4 by exploiting the symmetries of the problem to any
given order in perturbation theory. These allow us to
simplify the computation to the evaluation of only six
gauge-invariant head form factors. We provide the exact
expressions for these form factors to lowest order in the
worldline formalism. We then discuss the extension of this
procedure to obtain the structure for N ¼ 6. We give the
explicit form of the 40 irreducible form factors and a simple
script that automatizes this task to generate all Nth rank
tensors beyond N ¼ 6.
In Sec. III, we formally relate this problem to counting

equivalence classes, or orbits, under symmetries of the
permutation group. Using the Burnside-Cauchy-Frobenius
lemma,4 we directly obtain the minimal set of form factors
that fully determine the N-photon amplitude at arbitrary
order in perturbation theory. We also derive the large-N
asymptotics, demonstrating how the proposed method
leads to an N! factorial reduction in the number of tensor
form factors.
In Sec. IV, we match our results to the detailed

construction of the on-shell four-photon amplitude origi-
nally obtained by Karplus and Neuman using Feynman
diagrams in QED. To recover the Karplus-Neuman results,

we see that we need to introduce ordering of the worldline
diagrams. An unfortunate consequence is that this pro-
cedure removes an N! advantage the worldline approach
has relative to Feynman diagram computations. How to
restore this advantage has been a question of considerable
interest for sometime [87,88,93,96,97]. We will discuss this
issue at length in Ref. [16] where we develop a novel
approach to the problem.
Here, however, we make the explicit connection to the

Feynman diagram computation and recover the expressions
for the head form factors given by Karplus and Neuman.
We introduce an IBP procedure suited for this purpose that
can be used to efficiently recover their on-shell results
systematically. This approach, which differs from the IBP
procedures employed in the literature, is very powerful, and
we demonstrate how it can be used to extend the Karplus
and Neuman results to the completely off-shell amplitude.
Finally, in Sec. V, we summarize our results. Applications

include the aforementioned high-order worldline computa-
tions of the cusp anomalous dimension as well as refine-
ments of existing practical applications in high-energy
nuclear physics5 of the worldline formalism, to chiral kinetic
theory [102–104], to small x physics in DIS [105,106], to the
role of the chiral anomaly in polarized DIS [107–109], and to
deeply virtual Compton scattering (DVCS). These will be
developed in follow-up work [110].
Several key results are fleshed out in Appendixes A

through F. Appendix A provides an explicit derivation of all
the gauge-invariant form factors for the fourth rank vacuum
polarization tensor in the worldline formalism. Appendix B
presents the full transverse decomposition of the rank-4
tensor form factors using Ward identities and current
conservation. Appendix C lists the equivalence classes of
head form factors defined by the symmetry-group action
encoding the permutation symmetries of the tensors.
Appendix D provides the full result for the N ¼ 4 photon
amplitude, or rank-4 tensor in general kinematics, after
reduction to the minimal set of six independent form
factors. Appendix E presents the complete list of worldline
form factors that fully determine the sixth rank polarization
tensor. Finally, Appendix F reviews, and includes for
completeness, a calculation of the basis of one-loop scalar
four-point functions in massive and massless QED using
conventional methods, which are required to obtain the
corresponding N ¼ 4 form factors in closed form.

II. NTH RANK VACUUM POLARIZATION
TENSOR IN THE WORLDLINE FORMALISM

In this section, we will perform a detailed computation of
the fourth rank vacuum polarization tensor in QED in the
worldline formalism and discuss further its generalization

4This lemma was popularized by Burnside who attributed its
derivation to Frobenius, though it is now widely credited to
Cauchy.

5For related recent treatments employing Feynman perturba-
tion theory, see Refs. [98–100] (and references therein) for the
chiral anomaly in polarized DIS and Refs. [98,99,101] for DVCS.

EFFICIENT COMPUTATION OF THE N-TH RANK QED … PHYS. REV. D 114, 016019 (2026)

016019-5



to N ¼ 6 and beyond.6 Our goal is to illustrate how this
framework can be employed systematically for analytic
high-order evaluations of phenomenologically relevant
processes. The approach and results provided here will
serve as key building blocks for constructing high-order
analytical computations with applications of phenomeno-
logical interest. As discussed in the Introduction, out-
standing applications for which highly precise results
exist include cusp anomalous dimensions and the electron
and muon anomalous magnetic moments.

A. Worldline master formula for the one-loop
Nth photon amplitude

Our starting point is the closed form expression for
the Nth rank QED vacuum polarization tensor we derived
in [2]. It can be expressed as the normalized worldline
expectation value of a product of N-charged electromag-
netic worldline currents,

Πμ1…μN ðk1;…; kNÞ ¼ −hiJ̃μ1ðk1Þ � � � iJ̃μN ðkNÞi: ð2:1Þ

Each ith current insertion is given in terms of a world-
line superpair fxμðτÞ;ψμðτÞg with worldline parameter
τ∈ ½0; 1� as

J̃μðkÞ¼g
Z

1

0

dτ
h
ẋμðτÞþ iε0ψμðτÞψνðτÞkν

i
e−ik·xðτÞ: ð2:2Þ

Here, the commuting (bosonic) worldline xμðτÞ describes
the trajectory of a pointlike virtual particle with charge g
propagating in d-dimensional loop in Euclidean space-
time. Its anticommuting (fermionic) superpartner ψμðτÞ
encodes the local spin preccession along the path.
Besides, ki is the 4-momentum of the photon emitted
or absorbed at the corresponding current insertion along
the path and the parameter ε0 denotes the propertime of
the fermion. The normalized worldline expectation value
in Eq. (2.1) can then be written as a first-quantized but

fully Lorentz-invariant worldline path integral as7

hO½xðτÞ;ψðτÞ�i

¼ 1

2

Z
∞

0

dε0
ε0

e−ε0m
2

Z
P
D4x

Z
AP

D4ψ exp

�
−

1

4ε0

Z
1

0

dτẋ2μðτÞ

−
1

4

Z
1

0

dτψμðτÞψ̇μðτÞ
�
O½xðτÞ;ψðτÞ�; ð2:3Þ

with periodic (P) boundary conditions for xμðτÞ and
antiperiodic (AP) boundary conditions for ψμðτÞ, reflect-
ing the fact that the virtual particle describes a closed
loop in both Euclidean spacetime and spin coordinates. A
final integration is performed over all possible proper-
times ε0, weighted by expð−ε0m2Þ, where m is the virtual
fermion mass, effectively suppressing spacetime regions
with wavelengths much larger than its Compton wave-
length. It is an exact expression of the one-loop N-photon
amplitude as a path integral over all possible closed
worldline contours (representing quantum fluctuations)
of a pointlike fermion interacting N times with the gauge
field.
The path integrals can be evaluated for general N in

d-dimensional Euclidean spacetime, as explained in
Ref. [1], by introducing a pair of auxiliary Grassmann
variables and reexponentiating each current insertion, recov-
ering an earlier result due to Bern and Kosower [15]. In
Ref. [2], we showed further that the resulting Grassmann
integrals can also be performed for arbitrary N. This step is
essential because it yields a universal compact expression for
QED vacuum polarization tensors of any rank. Otherwise,
one is faced with the increasingly complex procedure, at
each order in perturbation theory, of performing explicit
Wick contractions of (0þ 1)-dimensional worldline super-
pair insertions fxμðτÞ;ψμðτÞg in terms of free bosonic and
fermionic worldline Green’s functions defined in a circle
with Dirichlet boundary conditions. The final result we
obtained for the Nth rank polarization tensor is [2]

Πμ1…μN ðk1;…; kNÞ ¼ −ð2πÞdδdðk1 þ � � � þ kNÞ
2gNμ2N−Nd=2

ð4πÞd=2

×
Z

1

0

dτ1…
Z

1

0

dτN

Z
∞

0

dε0
ε1þd=2
0

exp

�
−ε0m2 þ ε0

2

XN
i;j¼1

ki · kjGB
ij

�
Iμ1���μN ðk1;…; kNÞ; ð2:4Þ

where the polynomial in the integrand is defined to be

7We assume conventional UV renormalization and therefore omit the overall factor associated with the free energy contribution of the
QED vacuum, which serves as a Schwinger propertime counterterm in the worldline formalism.

6For a completely bottom-up treatment that the present work builds on, we refer the reader to our earlier papers [1] and [2].
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Iμ1���μN ðk1;…; kNÞ ¼
X

2NaþNbþ2Nc¼N

ð−1ÞNc

Na!Nb!Nc!Nc!
ϵi1j1…iNa jNam1…mNb

p1q1…pNcqNc
ϵi1j1…iNa jNa l1…lNb

r1s1…rNc sNc

×

(YNa

α¼1

Aiαjα

)(YNb

α¼1

Bmαlα

)(YNc

α¼1

Cpαqα

)(YNc

α¼1

Drαsα

)
: ð2:5Þ

Here, ϵi1i2…in is the conventional Levi-Civita symbol, with
the sum over repeated indices left implicit.
The coefficient functions Aij, Bij, Cij, and Dij are

defined in terms of worldline Green’s functions as

Aij ¼
ε0
2
δμiμj G̈

B
ij; Bij ¼ ε0

XN
l¼1

ðklÞμi
h
δijĠB

il þ δljGF
li

i
;

Cij ¼
1

2
δμiμjG

F
ij; Dij ¼

ε20
2
ki · kjGF

ij: ð2:6Þ

The periodic and antiperiodic worldline Green’s functions
are given by8

GB
ij ¼ jτi − τjjð1 − jτi − τjjÞ −

1

6
;

GF
ij ¼ signðτi − τjÞ:

ð2:7Þ

The numerators (corresponding Iμ1���μN ) are theory specific
and depend on the details of the interaction vertices in QED
(couplings, spin structures, derivatives, etc.). The denomi-
nator (expressed here as the Schwinger proper time integral
over the variable ε0) is universal in that it follows directly
from the free part of the QED Lagrangian, containing field
propagators already integrated over fermion loop momenta.
We will employ shorthand notations for compact defi-

nitions of derivatives and double derivatives of the world-
line Green’s functions:

ĠB
ij ≡ dGB

ij=dτi; G̈B
ij ≡ d2GB

ij=dτidτj: ð2:8Þ

These satisfy

ĠB
ij ¼ signðτi − τjÞ − 2ðτi − τjÞ ¼ −ĠB

ji;

G̈B
ij ¼ 2 − 2δðτi − τjÞ ¼ G̈B

ji; GF
ij ¼ −GF

ji: ð2:9Þ

Equation (2.4) is an exact result in QED and encodes the
(gauge-invariant) set of ðN − 1Þ!=2 Feynman diagrams9

(for N > 2) required to construct the Nth rank vacuum
polarization tensor, with each Feynman diagram corre-
sponding to one particular permutation of the photon lines.
Figure 2 provides a schematic representation of the polari-
zation tensor and illustrates the role of the boson and
fermion worldline Green’s functions for the N ¼ 2, N ¼ 4,
and general N cases. We recall that odd-N tensors vanish by
virtue of Furry’s theorem; a detailed discussion can be found
in Appendix A of Ref. [2]. The main purpose of the rest of
this section will be to show that in Eq. (2.1) one only needs
to evaluate the ðNa; Nb; NcÞ ¼ ð0; N; 0Þ terms in the tensor,
as the rest of terms in Eq. (2.5) follow from current
conservation.

B. N = 2: QED second-rank vacuum polarization tensor

As a simple example illustrating the usage of Eq. (2.1),
we will consider the second rank QED polarization tensor
with N ¼ 2 photons in worldline diagram (a) of Fig. 2. A
direct evaluation of Eq. (2.5) leads to three contributions
ðNa; Nb; NcÞ such that the total number of A, B, and C
factors satisfies 2Na þ Nb þ 2Nc ¼ 2, namely (1, 0, 0),
(0, 2, 0), and (0, 0, 1). Thus, from Eq. (2.5), one gets10

Iμ1μ2ðk1; k2Þ ¼ ϵi1j1ϵi1j1Ai1j1 þ
1

2
ϵm1m2

ϵl1l2Bm1l1Bm2l2

− ϵp1q1ϵr1s1Cp1q1Dr1s1 ; ð2:10Þ

which yields

Iμ1μ2ðk1; k2Þ ¼ A12 þ A21 þ ðB11B22 − B12B21Þ
− ðC12 − C21ÞðD12 −D21Þ: ð2:11Þ

Substituting Eqs. (2.6) then leads to

Iμ1μ2ðk1; k2Þ ¼ ε0δμ1μ2G̈
B
12 þ ε20ðk2Þμ1ðk1Þμ2ĠB

12Ġ
B
21

− ε20½δμ1μ2k1 · k2 − ðk2Þμ1ðk1Þμ2 �½GF
12�2:

ð2:12Þ

It is possible now to obtain a Lorentz-invariant structure of
this tensor which is transverse to the external photon
momenta; this is achieved by integrating by parts the

8In what follows, we will ignore the constant (1=6) zero-mode
term in the boson Green’s function. It drops from the calculation
because

P
i ki ¼ 0 and because the polynomial Iμ1…μN involves

only derivatives of GB.
9TheN! counts the total number of permutations, the factor 1=N

represents theN configurations related by cyclic rotations τi → τiþ1,
and the factor 1=2 accounts for the two identical configurations
related by reversal of the loop orientation τi → 1 − τi. Its generali-
zation to multiloop diagrams is straightforward [1].

10To avoid clutter, we leave implicit here the indices and
arguments in the r.h.s. of the equation. These are made explicit
when substituting the definitions in Eq. (2.6).
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double derivatives of the bosonic worldline Green’s func-
tion. Indeed, noting ĠB

12 ¼ −ĠB
21 from Eq. (2.9) and using

k2 ¼ −k1, one gets

Iμ1μ2ðk1; k2Þ ¼ ε20

nh
GF

12

i
2
−
h
ĠB

12

i
2
on

k21δμ1μ2

− ðk1Þμ1ðk1Þμ2
o
: ð2:13Þ

Upon replacement of Eqs. (2.7) and (2.9), this leads to the
standard Feynman diagram result for the N ¼ 2 tensor—
see Ref. [1].
Our goal here is to show that one can obtain the result of

the previous integration by parts procedure by only con-
sidering so-called head form factors, following the con-
vention of Karplus and Neuman [84]. For N ¼ 2, these are
the B terms in Eq. (2.11), which were defined in Eq. (2.6).
The procedure we will propose here is desirable at large
orders in perturbation theory, as our formula in Eq. (2.4) is
universal for general N. It allows for the construction of the
N-photon or N-gluon one-loop amplitude (the latter with
the appropriate color decomposition) without requiring any
set of rules for the integration-by-parts procedure, which
becomes increasingly complex at large N. Indeed, follow-
ing Karplus and Neuman, one starts by noting that the
tensor Eq. (2.1) is orthogonal to all photon momenta. In the
worldline formalism, this is naturally enforced due to
current conservation of worldline currents in Eq. (2.2).

Specifically, upon contracting the Nth rank tensor in
Eq. (2.1) with any external photon momentum, one can
factor out overall terms of the form

kμJ̃μðkÞ ¼ g
Z

1

0

dτ
h
kμẋμðτÞ þ iε0kμψμðτÞkνψνðτÞ

i
e−ik·xðτÞ

¼ 0: ð2:14Þ

The first contribution in the bracket cancels because it can be
expressed as a total derivative with respect to the worldline
parameter τ, and the commuting worldline xμðτÞ traverses a
closed loop trajectory with periodic boundary conditions
xμð1Þ ¼ xμð0Þ. The second contribution cancels because
kμkν is symmetric, whereas ψμðτÞψνðτÞ antisymmetric. The
QFT counterpart of the previous Ward identity is of course
well known. It follows from the integration by parts of
matrix elements or expectation values of time-ordered
products of fermion currents. The previous observation leads
to the two expected Ward identities

ðk1Þμ1Πμ1μ2ðk1; k2Þ ¼ 0; ðk2Þμ2Πμ1μ2ðk1; k2Þ ¼ 0:

ð2:15Þ

Now, either from Eqs. (2.1) and (2.5)—or from a direct
tensor analysis—the second rank tensor has the general form

Πμ1μ2ðk1; k2Þ ¼ ð2πÞdδðk1 þ k2Þ
�
Fðk1; k2Þδμ1μ2 þ

X
i1;i2¼1;2

ðki1Þμ1ðki2Þμ2Hi1i2ðk1; k2Þ
�

¼ ð2πÞdδðk1 þ k2Þ
n
Fðk1; k2Þδμ1μ2 þ ðk2Þμ1ðk1Þμ2H21ðk1; k2Þ

o
: ð2:16Þ

FIG. 2. Worldline diagrams for the QED vacuum polarization tensors at lowest order for (a) N ¼ 2, (b) N ¼ 4, and (c) general
N photons. Diagrams with oddN insertions vanish by Furry’s theorem. Each photon vertex, located at the worldline parameter τi, will be
integrated over τi ¼ ½0; 1�, with both numerator and denominator expressions depending on all boson and fermion worldline Green’s
functions GB;Fðτi; τjÞ in the problem. In this manner, the worldline diagrams encode all ðN − 1Þ! possible ordering permutations of
Feynman diagrams in conventional perturbation theory.
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The so-called tail form factor Fðk1; k2Þ (in the Karplus-
Neuman convention) can be constructed explicitly from the
Na ¼ 1 and Nc ¼ 1 terms in Eq. (2.5) with N ¼ 2; these
are the contributions containing the A, C, and D functions
in Eq. (2.11). The head form factor H21ðk1; k2Þ arises
solely from the Nb ¼ 2 terms, which are the contributions
containing the B functions in Eq. (2.11). Note that the head
form factors corresponding to i1 ¼ 1 and i2 ¼ 2 in
Eq. (2.16) vanish identically by the definition of B in
Eq. (2.6). Instead of constructing the form factors explic-
itly, we project the tensor in the direction ðk1Þμ1 and
observe that from ðk1Þμ1Πμ1μ2ðk1; k2Þ ¼ 0, one immediately
gets Fðk1; k2Þ ¼ −ðk1 · k2ÞH21ðk1; k2Þ. Hence,

Πμ1μ2ðk1; k2Þ ¼ ð2πÞdδðk1 þ k2Þ
n
ðk1Þ2δμ1μ2

− ðk1Þμ1ðk1Þμ2
o
H21ðk1; k2Þ; ð2:17Þ

where we used k1 ¼ −k2. In this way, we avoid having to
evaluate the tail form factor. From the Nb ¼ 2 terms in
Eq. (2.5), one obtains for the head form factor

H21ðk1; k2Þ ¼ −2
ðgμ2−d=2Þ2
ð4πÞd=2 Γð2− d=2Þ

Z
1

0

dτ1dτ2
h
ðGF

12Þ2

− ðĠB
12Þ2

ih
m2 þ k21G

B
12

i
d=2−2

: ð2:18Þ

As promised, it is now easy to see that the procedure
outlined above (for the decomposition of a tensor mani-
festly transverse to the external photon momenta) is
equivalent to a direct evaluation of Eq. (2.4) for N ¼ 2
by integration by parts in τ1 or τ2, as shown explicitly in
Eq. (2.13). Of course, in both cases, one should recover the
standard form for the second rank tensor. In particular, upon
substitution of Eqs. (2.7) and (2.9),

H21ðk1; k2Þ ¼ −8
ðgμ2−d=2Þ2
ð4πÞd=2 Γð2 − d=2Þ

Z
1

0

dτ1dτ2

×
jτ1 − τ2jð1 − jτ1 − τ2jÞ

½m2 þ k21jτ1 − τ2jð1 − jτ1 − τ2jÞ�2−d=2
:

ð2:19Þ

However, as we will see in the next section, the procedure
described here, relying only on the knowledge of the head
form factors, admits a closed universal expression for
arbitrary N and therefore offers a much more efficient
route to computing the polarization tensor for large N.
Another important aspect of the proposed procedure is

that it allows one to efficiently reconstruct11 gauge-invariant
operator structures when the off-shell tensor is used as part
of a larger amplitude, such as Feynman diagrams in the

presence of background or dynamical gauge fields. Indeed,
in such problems, the polarization tensor in Eq. (2.1) is
projected onto arbitrary products of gauge fields,

Πμ1…μN ðk1;…; kNÞAμ1ðk1Þ…AμN ðkNÞ
¼ −hiJ̃μ1ðk1Þ � � � iJ̃μN ðkNÞiAμ1ðk1Þ…AμN ðkNÞ: ð2:20Þ

Typically, for on-shell amplitudes and cross sections, it is
necessary to present the final result of computing the
correlator of the worldline currents in Eq. (2.20) in terms
of combinations of gauge-invariant operators of the gauge
fields, for example, products of field strengths Fμν.
Obtaining such gauge-invariant structures directly from
off-shell amplitude computations is nontrivial, since gauge
invariance is not manifest at the level of single Feynman
diagrams. The result of the procedure discussed here,
however, yields gauge-invariant results which appear nat-
urally by construction of the tensor as a product of
conserved charged electromagnetic worldline currents
in Eq. (2.1).
For the simple example of interest here, we get directly

from Eq. (2.17),

Πμ1μ2ðk1; k2ÞAμ1ðk1ÞAμ2ðk2Þ
¼ ð2πÞdδðk1 þ k2Þ

n
∂μAνðk1Þ∂μAνðk2Þ

− ∂μAνðk1Þ∂νAμðk2Þ
o
H21ðk1; k2Þ

¼ ð2πÞdδðk1 þ k2Þ
1

2
Fμνðk1ÞFμνðk2ÞH21ðk1; k2Þ: ð2:21Þ

We will show that the Nth rank polarization tensors can in
general be written in terms of gauge-invariant form factors,
which will allow us to project out gauge-invariant combi-
nations of background fields, providing an elegant solution
to this long-standing problem.

C. N = 4: QED fourth rank vacuum polarization tensor

The fourth rank (N ¼ 4) polarization tensor is a key
quantity in evaluating the light-by-light scattering ampli-
tude and cross section. We will adopt the compact notation
of Ref. [85] where the ith photon momentum symbol is
replaced by its label i when there is no ambiguity. In other
words, we will replace the momentum symbols k1, k2, k3,
and k4 of photons by 1, 2, 3, and 4, respectively. We will
also replace the μith Lorentz index by i; subindices
μ1μ2μ3μ4 become 1234. With this compact notation, the
fourth rank tensor can be rewritten as

Πμ1μ2μ3μ4ðk1; k2; k3; k4Þ → Π1234ð1234Þ; ð2:22Þ

where we also got rid of the commas separating the
momentum labels in the arguments of the function. The
direct substitution of Eqs. (2.6) into Eq. (2.5) leads to
the following Lorentz-invariant form for the fourth rank11See also Refs. [83–85].
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QED polarization tensor in terms of the allowed tensorial structures12:

Π1234ð1234Þ ¼ ð2πÞdδdðk1 þ k2 þ k3 þ k4Þ

×

�
δ12δ34F1ð1234Þ þ δ13δ24F2ð1234Þ þ δ14δ23F3ð1234Þ

þ
X
i3¼1;2;4
i4¼1;2;3

δ12ði3Þ3ði4Þ4G1;i3i4ð1234Þ þ
X
i2¼1;3;4
i4¼1;2;3

δ13ði2Þ2ði4Þ4G2;i2i4ð1234Þ þ
X
i2¼1;3;4
i3¼1;2;4

δ14ði2Þ2ði3Þ3G3;i2i3ð1234Þ

þ
X
i1¼2;3;4
i4¼1;2;3

δ23ði1Þ1ði4Þ4G4;i1i4ð1234Þ þ
X
i1¼2;3;4
i3¼1;2;4

δ24ði1Þ1ði3Þ3G5;i1i3ð1234Þ þ
X
i1¼2;3;4
i2¼1;3;4

δ34ði1Þ1ði2Þ2G6;i1i2ð1234Þ

þ
X
i1¼2;3;4
i2¼1;3;4

X
i3¼1;2;4
i4¼1;2;3

ði1Þ1ði2Þ2ði3Þ3ði4Þ4Hi1i2i3i4ð1234Þ
�
: ð2:23Þ

Here, as shown explicitly in Appendix A, the F, G, and H
“form factors” are linear combinations of the A, B, C, and
D expressions in terms of worldline Green’s functions that
we introduced in Eq. (2.6). In the nomenclature of Karplus
and Neuman [84,85], the three Fð1234Þ Lorentz-invariant
form factors in Eq. (2.23) are tails, the 6 � 32ð¼ 54Þ
Gijð1234Þ terms are shoulders, and the 34ð¼ 81Þ
Hijklð1234Þ terms are the heads. Pseudovector (antisym-
metric tensor) contributions lead to terms that can either be
expressed as combinations of the above tensor structures, or
yield pseudoscalar quantities when contracted with the
photon polarization vectors. Imposing current conservation
and permutation symmetry further constrains the decom-
position of the tensor into its independent tensor structures.
In particular, because of current conservation, it suffices to
know only the heads (the 81 Hijkl invariants for N ¼ 4

photons) to fully determine any polarization tensor. One
can obtain expressions for the tails and shoulders in terms

of the heads and thereby greatly simplify the calculation of
the tensor.
This point is extremely relevant to the general worldline

formulation of the QED Nth rank polarization tensors
because it is straightforward, from Eqs. (2.1) and (2.5), to
extract an identity for the head form factors which has a
universal structure in terms of worldline Green’s functions
for arbitrary N. To obtain this identity, we simply note that
the head factors accompany the tensor forms ði1Þ1ði2Þ2 � � �
ðiNÞN in Eq. (2.23) and therefore can only arise from the
ðNa; Nb; NcÞ ¼ ð0; N; 0Þ term for arbitrary N in the sum of
Eq. (2.5), namely,

Ið0;N;0Þ
μ1���μN ð12 � � �NÞ

¼ 1

N!
ϵm1…mN

ϵl1…lNBm1l1Bm2l2 � � �BmNlN ¼ detB; ð2:24Þ

so that they are given in closed form by

Hi1i2…iN ð12 � � �NÞ

¼ −2
ðgμ2−d=2ÞN
ð4πÞd=2 ΓðN − d=2Þ

Z
1

0

dτ1dτ2 � � � dτN ½Dð12 � � �N; τ1;…; τNÞ�N−d=2Pi1i2���iN ðτ1; τ2;…; τNÞ: ð2:25Þ

Here, we carried out the trivial integration over propertime parameter ε0 to obtain the standard quadratic form of the
worldline denominator as a function of the available kinematic invariants (constructed out of the external photon momenta),
which takes the well-known form

Dð12 � � �N; τ1;…; τNÞ ¼ m2 −
1

2

XN
i;j¼1

GBðτi; τjÞki · kj: ð2:26Þ

The numerator is a polynomial constructed solely from worldline Green’s functions. It admits the following universal
representation for a general number of photons N,

12As in the N ¼ 2 case addressed in the previous section, the various restrictions on the summations over i1, i2, i3, i4 in Eq. (2.23) are
obtained directly in our approach because the contributions i1 ¼ 1, i2 ¼ 2, i3 ¼ 3 and i4 ¼ 4 vanish by construction of Eq. (2.6). In
contrast, in the conventional perturbative construction, to maintain such a symmetrical form for the tensor, one must sum over Feynman
diagrams, impose momentum conservation, and choose three independent momentum variables for each term in the tensor. Further, the
latter must be done such that it becomes independent of the momentum index they carry.
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Pi1i2…iN ðτ1; τ2;…; τNÞ

¼
XN

j1;j2;…jN¼1

ϵj1j2���jN
h
δ1j1Ġ

B
1i1

þ δj1i1G
F
i11

ih
δ2j2Ġ

B
2i2

þ δj2i2G
F
i22

i
� � �

h
δNjN Ġ

B
NiN

þ δjNiNG
F
iNN

i
: ð2:27Þ

This expression is a Levi-Civita weighted sum over bosonic
and fermionic Green’s functions (the dot represents the
propertime derivative) automatically implementing the
ðN ¼ 1Þ supersymmetry algebra of bosonic and fermionic
worldline contractions in the tensor. Because ϵj1…jN is
nonzero only when ðj1;…; jNÞ is a permutation of
ð1;…; NÞ, we can also write this expression in terms of
permutations σ ∈ SN , where SN denotes the permutation
group. Letting jk ¼ σðkÞ and noting ϵj1…jN ¼ sgnðσÞ in
particular,

Pi1i2…iN ðτ1; τ2;…; τNÞ

¼
X
σ ∈ SN

sgnðσÞ
YN
k¼1

n
δk;σðkÞĠB

k;ik
þ δσðkÞ;ikG

F
ik;k

o
: ð2:28Þ

Equations (2.25) and (2.27)–(2.28) constitute the central
result of this paper. They allow one to explicitly construct and
identify, using the symmetries of the problem, the unique
head form factors completely specifying the Nth rank
vacuum polarization tensor in QED. As we will demonstrate
shortly, the novel procedure outlined here bypasses the
factorial growth of form factors ∼ expðN logNÞ ∼ N!, as
well as the N! Feynman diagrams in each form factor, at
arbitrary Nth order in perturbation theory.
Returning to N ¼ 4, and following the previously out-

lined procedure for the N ¼ 2 case, we write the four Ward
identities for the tensor,

ð1Þ1Π1234ð1234Þ ¼ 0; ð2:29Þ

ð2Þ2Π1234ð1234Þ ¼ 0; ð2:30Þ

ð3Þ3Π1234ð1234Þ ¼ 0; ð2:31Þ

ð4Þ4Π1234ð1234Þ ¼ 0: ð2:32Þ

These relations will enable the three tails F and the 54 shoul-
ders Gij to be expressed in terms of the 81 heads Hijkl. We
will only outline here this tensor decomposition and reduc-
tion procedure for the first of the required terms; we will
elaborate on it further and present the final results in
Appendix B.
Starting from the Ward identity in Eq. (2.29), and

substituting then Eq. (2.23) into Eq. (2.29), the reduced
tensor involves only the components μ2, μ3, and μ4. For
this tensor to be zero for any value of ki, i ¼ 1, 2, 3, 4, the
factor multiplying each tensor structure has to vanish.

In particular, collecting the factors multiplying the structure
containing one metric tensor, plugging Eq. (2.23) into
Eq. (2.29), one obtains the following identities:

ð1Þ2δ34 ×
"
F1ð1234Þ þ

X
i1≠1

ð1 · i1ÞG6;i11ð1234Þ
#
¼ 0;

ð2:33Þ

ð3Þ2δ34 ×
"X
i1≠1

ð1 · i1ÞG6;i13ð1234Þ
#
¼ 0; ð2:34Þ

ð4Þ2δ34 ×
"X
i1≠1

ð1 · i1ÞG6;i14ð1234Þ
#
¼ 0: ð2:35Þ

ð1Þ3δ24 ×
"
F2ð1234Þ þ

X
i1≠1

ð1 · i1ÞG5;i11ð1234Þ
#
¼ 0;

ð2:36Þ

ð2Þ3δ24 ×
"X
i1≠1

ð1 · i1ÞG5;i12ð1234Þ
#
¼ 0; ð2:37Þ

ð4Þ3δ24 ×
"X

i≠1
ð1 · i1ÞG5;i14ð1234Þ

#
¼ 0: ð2:38Þ

ð1Þ4δ23 ×
"
F3ð1234Þ þ

X
i≠1

ð1 · i1ÞG4;i11ð1234Þ
#
¼ 0;

ð2:39Þ

ð2Þ4δ23 ×
"X

i≠1
ð1 · i1ÞG4;i12ð1234Þ

#
¼ 0; ð2:40Þ

ð3Þ4δ23 ×
"X

i≠1
ð1 · i1ÞG4;i13ð1234Þ

#
¼ 0: ð2:41Þ

Equations (2.33), (2.36), and (2.39) express the tails
F1ð1234Þ, F2ð1234Þ, and F3ð1234Þ as linear combinations
of the shoulders G6;ijð1234Þ, G5;ijð1234Þ, and G4;ijð1234Þ.
We note that additional but equivalent expressions are
obtained from the use of any of the other three Ward
identities in Eqs. (2.30)–(2.32). Further identities satisfied
among the shoulders are also obtained in this way from
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Eqs. (2.34)–(2.35), (2.37)–(2.38), and (2.40)–(2.41). These can be used to simplify the resulting expressions when needed.
Likewise, collecting terms without metric tensors yields the identities

ð1Þ2ð1Þ3ð1Þ4 ×
"
G1;11ð1234Þ þ G2;11ð1234Þ þ G3;11ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi1111ð1234Þ
#
¼ 0; ð2:42Þ

ð1Þ2ði3Þ3ð1Þ4 ×
"
G1;i31ð1234Þ þ G3;1i3ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi11i31ð1234Þ
#
¼ 0; i3 ¼ 2; 4; ð2:43Þ

ð1Þ2ð1Þ3ði4Þ4 ×
"
G1;1i4ð1234Þ þ G2;1i4ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi111i4ð1234Þ
#
¼ 0; i4 ¼ 2; 3; ð2:44Þ

ð1Þ2ði3Þ3ði4Þ4 ×
"
G1;i3i4ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi11i3i4ð1234Þ
#
¼ 0; i3 ¼ 2; 4; i4 ¼ 2; 3: ð2:45Þ

These relations now allow us to express some of the
shoulders in terms of the heads and therefore some of the
tails in terms of the heads. By collecting the rest of terms in
the tensor coming from the contraction with k1, one finds
additional relations generated by Eq. (2.29). We streamline
this transverse decomposition and collect all such identities
using Eqs. (2.29)–(2.32) to solve for all tails and shoulders in
terms of the heads in Appendix B. This procedure allows us,
as a first step, to reduce the calculation of 138 form factors
down to the evaluation of the 34 ¼ 81 heads.
As noted by Karplus and Neuman [85], because the

worldline currents in Eq. (2.1) commute (essentially
because photons are Bose particles), the tensor in
Eq. (2.23) is invariant under the 24 simultaneous permu-
tations of momenta ki, kj and indices μi, μj. This invariance
provides identities among head form factors reducing the
calculation further, from 81 down to only 6. In conventional
QFT, the same symmetry is realized only by including all
three ð4 − 1Þ!=2 Feynman diagrams, already encoded in the
master formula of Eq. (2.23). In other words, a given
Feynman diagram (a time ordered product of fermion
currents after Wick expansion of the action) never satisfies
this Bose symmetry on its own.
Note also that these symmetries are general. They remain

valid for the fourth rank tensor at arbitrary loop order in
perturbation theory. To find relations of these type, let us
consider, for instance, the form factor H4443ð4321Þ. By
exchanging the third momentum k2 with the fourth momen-
tum k1, we obtain the identity13

H4443ð4321Þ ¼ H3343ð4312Þ: ð2:46Þ
This identity can be extracted directly from the worldline
master formula in Eq. (2.25) as follows. The polynomial
numerators of the two heads H4443ðk4; k3; k2; k1Þ and
H3343ðk4; k3; k1; k2Þ are given by Eq. (2.27) and take the
explicit form

P4443ðτ1; τ2; τ3; τ4Þ ¼ ĠB
14Ġ

B
24

h
ðGF

34Þ2 − ðĠB
34Þ2

i
;

P3343ðτ1; τ2; τ3; τ4Þ ¼ ĠB
13Ġ

B
23

h
ðGF

34Þ2 − ðĠB
34Þ2

i
: ð2:47Þ

After exchanging the third and fourth momentum arguments
in the first head H4443ðk4; k3; k2; k1Þ, its denominator given
by Eq. (2.26) changes, since the momentum invariants
accompanying the GBðτi; τjÞ functions when τi;j ¼ τ3;4 are
now changed. One may then relabel τ3 ↔ τ4 to restore
the denominator to its original form. Under the exchange
τ3 ↔ τ4, the factors ðGF

34Þ2 and ðĠB
34Þ2 in the numerator

P4443 remain invariant, while the product ĠB
14Ġ

B
24 transforms

into ĠB
13Ġ

B
23, thereby reproducing the polynomial numerator

P3343, leading thus to the relation in Eq. (2.46).
This permutation symmetry satisfied by the tensor head

form factors can be formally defined and generalized for
arbitraryN as follows. LetHi1…iN ða1…aNÞ be a head in the
Nth rank tensor, where we recall, by construction, each
index ik refers to the (momentum) argument in the kth
position, as seen in Eq. (2.23). Let also σ ¼ ðpqÞ be a two
element transposition exchanging p and q in the permu-
tation group SN . Then, σðpÞ ¼ q, σðqÞ ¼ p and σðkÞ ¼ k
for k ≠ p, q (all other elements unchanged). Current
conservation implies

Hi1i2…iN ða1a2…aNÞ
¼ Hσðiσ−1ði1ÞÞσðiσ−1ði2ÞÞ…σðiσ−1ðiN ÞÞðaσði1Þaσði2Þ…aσðiNÞÞ: ð2:48Þ

13Note that the specific labeling of the arguments as ð4321Þ ¼
ðk4; k3; k2; k1Þ is irrelevant; they could equally well be denoted
ða1a2a3a4Þ. The subscripts 4443 here refer to the fourth and
third momentum arguments, namely, k1 and k2, in this case.
H4443ð4321Þ multiplies the tensor structure ð1Þ1ð1Þ2ð1Þ3ð2Þ4 ¼ðk1Þμ1ðk1Þμ2ðk1Þμ3ðk2Þμ4 .
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Here, σðkÞ specifies which original argument moves into
position k after the exchange. Similarly, σ−1ðkÞ identifies
where the kth position came from, so iσ−1ðkÞ is the index that
originally sat in that position. Finally, σðiσ−1ðkÞÞ mirrors the
same transposition in the indices. To apply this to the
example, we just considered, the transposition of the third
and fourth momentum arguments σ ¼ ð1Þð2Þð34Þ corre-
sponds to the map

σð1Þ ¼ 1; σð2Þ ¼ 2; σð3Þ ¼ 4; σð4Þ ¼ 3:

ð2:49Þ

Accordingly, its inverse satisfies σ−1ð1Þ ¼ 1; σ−1ð2Þ ¼ 2;
σ−1ð3Þ ¼ 4; σ−1ð4Þ ¼ 3. Substituting this permutation into
Eq. (2.48), then the group element action on a head element
defines the equivalence, in this case, to be

Hi1i2i3i4ða1a2a3a4Þ ¼ Hσði1Þσði2Þσði4Þσði3Þða1a2a4a3Þ:
ð2:50Þ

For the example under consideration, one immediately finds
the previous identification H4443ð4321Þ ¼ H3343ð4312Þ.

The usefulness of the general expression in Eq. (2.48),
formulated in terms of permutation group symmetries for
arbitrary N, will become much clearer in the next section
when we address the computation of higher rank tensors.
Wewill apply there the Burnside-Cauchy-Frobenius lemma
to count the number of equivalence classes and determine
the number of independent form factors that fully specify
the N-photon amplitude at arbitrary loop order in pertur-
bation theory.
For N ¼ 4, starting with any arbitrary head, there

are 4! ¼ 24 permutations of the arguments in S4 that
can be realized always as a composition of operations of
the type in Eq. (2.48). Repeated application of Eq. (2.48)
then generates the list of 24 head form factors that are
related by virtue of the permutation symmetry of the
polarization tensor and hence belong to the same equiv-
alence class defined by this symmetry. For N ¼ 4, this
reduces the original list of 81 head form factors needed to
define the tensor down to the computation of only six
representatives of each orbit under Eq. (2.48). As a
particular illustration, starting with H2111ð1234Þ and
applying Eq. (2.48) sequentially, one generates the set
of relations14

H2111ð1234Þ ¼ H2111ð1243Þ ¼ H3111ð1324Þ ¼ H4111ð1342Þ ¼ H3111ð1423Þ ¼ H4111ð1432Þ
¼ H2122ð2134Þ ¼ H2122ð2143Þ ¼ H3313ð2314Þ ¼ H4441ð2341Þ ¼ H3313ð2413Þ ¼ H4441ð2431Þ
¼ H2322ð3124Þ ¼ H2422ð3142Þ ¼ H3323ð3214Þ ¼ H4442ð3241Þ ¼ H4443ð3421Þ ¼ H3343ð3412Þ
¼ H2322ð4123Þ ¼ H2422ð4132Þ ¼ H3323ð4213Þ ¼ H4442ð4231Þ ¼ H4443ð4321Þ ¼ H3343ð4312Þ: ð2:51Þ

We next select a head form factor not present in the above set and continue the procedure. The complete list of identities
among the head form factors for N ¼ 4 is given in Appendix C. The explicit expression for the fourth rank polarization
tensor is given in Appendix D. This follows after substitution in Eq. (2.23) of all tail and shoulder form factors in terms of
heads [by means of the Ward identities in Eqs. (B11) to (B67)], and after substitution of the resulting heads by one of the six
representatives of each class using Eqs. (2.51) and (C1)–(C5).
Repeated heads appear within each equivalence class generated in this way; they share the same indices but differ by

permutations of the photon-momentum arguments. For example, the set in Eq. (2.51) contains only twelve independent
heads, while the set in Eq. (C5) contains only three independent heads. For this reason, counting equivalence classes
(independent heads) is less trivial than it may seem and must proceed either by explicit bookkeeping (as done in here and
Appendix C following Karplus and Neuman [84]) or by using the Burnside-Cauchy-Frobenius lemma, as we will discuss in
detail in Sec. III. We emphasize that the central result of this work, the worldline master formula for the tensor form factors
in Eq. (2.25), automatically satisfies the aforementioned permutation group symmetries.
Our treatment here of the computation of the fourth-rank polarization tensor in QED is valid to any arbitrary loop order in

perturbation theory and completely general. We shall focus on giving the explicit expressions to lowest order Oðg4Þ in
perturbation theory using the worldline master expression. Specializing Eq. (2.27) to N ¼ 4, one immediately finds

14Since the manipulation of these identities may be unfamiliar, let us further pick at random among the identities in Eq. (2.51) and
demonstrate explicitly the equality H3313ð2314Þ ¼ H2422ð4132Þ. We first observe σð1Þ ¼ 4; σð2Þ ¼ 3; σð3Þ ¼ 2; σð4Þ ¼ 1, indicating
that the term in the first position within the parentheses of the head on the l.h.s., is moved to the fourth position in the parenthesis in the
head on the r.h.s., and so on. Conversely, the inverse permutations (the positions where the expressions in the parenthesis on the r.h.s.
came from) are σ−1ð1Þ ¼ 4; σ−1ð2Þ ¼ 3; σ−1ð3Þ ¼ 2; σ−1ð4Þ ¼ 1. The r.h.s. of the formula in Eq. (2.48) then gives
Hσði

σ−1ði1ÞÞ;σðiσ−1ði2ÞÞ;σðiσ−1ði3ÞÞ;σðiσ−1ði4ÞÞ
ð4132Þ ¼ Hσði4Þ;σði3Þ;σði2Þ;σði1Þð4132Þ ¼ Hσð3Þ;σð1Þ;σð3Þ;σð3Þð4132Þ ¼ H2422ð4132Þ, for i1 ¼ i2 ¼ i4 ¼ 3

and i3 ¼ 1, which proves the identity.
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Hijklð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γð4 − d=2Þ
Z

1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1; τ2; τ3; τ4Þ�d=2−4Pijklðτ1; τ2; τ3; τ4Þ; ð2:52Þ

where the polynomial numerator is defined in terms of periodic and antiperiodic worldline Green’s functions as

Pijklðτ1;…; τ4Þ ¼
X4

m;n;r;s¼1

ϵmnrs

n
δ1mĠB

1i þ δmiGF
i1

on
δ2nĠB

2j þ δnjGF
j2

on
δ3rĠB

3k þ δrkGF
k3

on
δ4sĠB

4l þ δslGF
l4

o
: ð2:53Þ

and the denominator

Dð1234; τ1;…; τ4Þ ¼ m2 − k1 · k2GB
12 − k1 · k3GB

13 − k1 · k4GB
14 − k2 · k3GB

23 − k2 · k4GB
24 − k3 · k4GB

34: ð2:54Þ

It is straightforward to check at this point that Eq. (2.52)
preserves the permutation symmetry due to the commuta-
tion of any two electromagnetic currents in the tensor,
automatically satisfying the large set of identities we
advanced in Eq. (2.51), and Eqs. (C1) to (C5) of Appen-
dix C, from purely symmetry considerations. As we will
see in a moment, while this is true for Eq. (2.52), it is not
true for the ð4 − 1Þ!=2 ¼ 3 Feynman diagrams this ex-
pression encodes: each Feynman diagram does not preserve
permutation symmetry, but only their gauge-invariant sum.
Because the expression we have for the heads is universal
and valid for any N, the result for the vacuum polarization
tensor toOðgNÞ encoding ðN − 1Þ!=2 Feynman diagrams is
straightforward in this approach.
It only remains to evaluate explicitly the functional form

of the six independent heads, H2111ð1234Þ, H2121ð1234Þ,
H2123ð1234Þ,H2311ð1234Þ,H2143ð1234Þ, andH2341ð1234Þ.
The other 75 heads are obtained from these by permutations
of momentum arguments. These enter the expression only
through the polynomial denonominator in Eq. (2.54). The full
result for the tensor is listed in Appendix D. The six unique
polynomial numerators are easy to obtain and given by

P2111ðτ1;τ2;τ3;τ4Þ ¼ ĠB
13Ġ

B
14

h
ðGF

12Þ2− ðĠB
12Þ2

i
;

P2121ðτ1;τ2;τ3;τ4Þ ¼ ĠB
14Ġ

B
23

h
ðGF

12Þ2− ðĠB
12Þ2

i
;

P2123ðτ1;τ2;τ3;τ4Þ ¼ ĠB
23Ġ

B
34

h
ðGF

12Þ2− ðĠB
12Þ2

i
;

P2311ðτ1;τ2;τ3;τ4Þ ¼ ĠB
14

h
ĠB

12Ġ
B
13Ġ

B
23−GF

12G
F
13G

F
23

i
;

P2143ðτ1;τ2;τ3;τ4Þ ¼
h
ðGF

12Þ2− ðĠB
12Þ2

ih
ðGF

34Þ2− ðĠB
34Þ2

i
;

P2341ðτ1;τ2;τ3;τ4Þ ¼GF
12G

F
14G

F
23G

F
34 − ĠB

12Ġ
B
14Ġ

B
23Ġ

B
34:

ð2:55Þ

Recall from Eqs. (2.7) and (2.9) that the worldline Green’s
functions are defined as

GB
ij ≡ jτi − τjjð1 − jτi − τjjÞ;

ĠB
ij ¼ signðτi − τjÞ − 2ðτi − τjÞ; GF

ij ¼ signðτi − τjÞ:

The structure of these six master heads contains a nu-
merator that always expands into a small sum of monomials
built from free bosonic and fermionic worldline Green’s
functions [Eqs. (2.55)] and, in the denominator, a quadratic
form in the available invariants and bosonic Green’s func-
tions] Eq. (2.54)]. Because the integrand is invariant under
global shifts τ0i ¼ τi þ δ due to the functional form of the
worldline Green’s functions, one may therefore fix this
invariance by choosing, for instance, δ ¼ 1 − τ1, which sets
one of the parameters to τ01 ¼ 1 and allows one then to
perform the corresponding integral trivially. As a result, for
general N, the worldline integrals depend on only N − 1
independent τ-parameters, reflecting the cyclic symmetry of
the diagram.
Further, as promised, the manifest N ¼ 1 supersym-

metry of the six head form factors entering the tensor
allows for a simple check of the results: replace each
ĠB

ij function byG
F
ij in the expressions above, and check that

the amplitude yields zero. ThisN ¼ 1 supersymmetry will
hold for general N and can be traced back to the fully
symmetric form of the polynomials in Eq. (2.27).
Equations (2.55) can alternatively be obtained by a

symmetric partial integration of the tail form-factor contri-
butions, as explained in the previous section, followed by a
final application of the corresponding N ¼ 1 supersym-
metry substitution rules for the spinor amplitude; see
Refs. [15,111] for the on-shell case. The resulting expres-
sions in terms of worldline Green’s functions can also be
classified and interpreted in terms of cyclic permutations
together with “tail” contributions.15 However, it remains
unclear how the latter integration-by-parts approach (see also
Refs. [87,88]) can be generalized to the full reconstruction of
the off-shell amplitude and tensor and/or used to determine,
for instance, the minimal number of head form factors
required to fully specify this physical object for arbitrary N.
The novel approach we have outlined here has a

straightforward logic and is extremely powerful, especially
at high orders, and large N, as it allows one to easily

15This tail terminology shall not be confused with the tail form
factors we define in this work following the usage introduced by
Karplus and Neuman [84].
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identify the number of independent head form factors that are required to completely specify the N-photon amplitude and,
further, to construct them through the universal form in Eqs. (2.25) and (2.27)–(2.28) valid for arbitrary N. These
expressions automatically encode the result of thisN ¼ 1 integration-by-parts procedure and generalize it unambigously at
arbitrary loop order.
As noted previously, the structure of the six irreducible head form factors from Eq. (2.52) is deeply tied to gauge-invariant

field-strength operator structures in QED, that appear when the rank-4 tensor is projected onto arbitrary (on-shell or off-
shell) gauge-field configurations, as in the context of a larger amplitude,

Π1234ð1234ÞA1ð1ÞA2ð2ÞA3ð3ÞA4ð4Þ; AiðjÞ≡ AμiðkjÞeikj·x: ð2:56Þ

For instance, projecting the part of the rank-4 tensor accompanying the head term H2143ð1234Þ in the equivalence class of
Eq. (D5) and substituting ðjÞiAlðjÞ ¼ −i∂iAlðjÞ leads to16

H2143ð1234Þ
h
ð2Þ1ð3Þ2ð4Þ3ð1Þ4 − � � �

i
A1ð1ÞA2ð2ÞA3ð3ÞA4ð4Þ ¼ H2143ð1234Þ

h
ð∂1A2Þð∂2A3Þð∂3A4Þð∂4A1Þ þ � � �

i
; ð2:57Þ

where � � � in the brackets on the r.h.s. indicates the remaining Lorentz tensors appearing in the corresponding term of Eq. (D5).
The result can be cast in terms of gauge-invariant combinations of field-strength tensors yielding17

H2143ð1234Þ
h
ð2Þ1ð3Þ2ð4Þ3ð1Þ4 − � � �

i
A1ð1ÞA2ð2ÞA3ð3ÞA4ð4Þ ¼

1

4
H2143ð1234ÞF12ð1ÞF21ð2ÞF34ð3ÞF43ð4Þ: ð2:58Þ

These features become particularly relevant to the extraction
of nonperturbative physics in the broader context of
perturbative QCD calculations, which take the form of
gauge-invariant products of field-strength operators. A nice
example of this is seen in the analogous computation of the
one-loop quark box diagram, respectively in polarized DIS
and in DVCS, where the nonperturbative operators carry
information on the chiral anomaly (polarized DIS) and trace
anomaly (unpolarized DVCS), both of which are central to
understanding chiral symmetry breaking and confinement
[98,99,107–110].
The fact that six is the minimal number of polynomial

numerators in the worldline formalism–and hence the min-
imal number of head form factors required to fully determine
the rank-4 QED vacuum-polarization tensor–admits a deeper
explanation in terms of the symmetries of the permutation

group18 that we will give in Sec. III, and generalize for
arbitrary N. We will demonstrate there a drastic N! reduction
of the number of head form factors in perturbation theory by
using this procedure. As is well known [3], each of these head
form factors (with unordered τ-parameters) encodes itself
ðN − 1Þ!=2 number of Feynman diagrams. This will be
demonstrated explicitly in Sec. IV, where we recover exactly
the results of Karplus and Neuman.

D. N = 6 and beyond: Higher rank QED vacuum
polarization tensors

When the number of photons N becomes large, the
above procedure can—and must—be made systematic. The
transverse decomposition of the polarization tensor, dic-
tated by current conservation, follows from general prin-
ciples, as we illustrated explicitly for theN ¼ 4 case. In this
section, we therefore focus on the efficient use of the
worldline master formula in Eq. (2.23) to compute higher
rank tensors, or equivalently, N-photon amplitudes.
In particular, using Eq. (2.23), we will provide, for

the first time, the explicit worldline representation of
the 40 independent form factors—out of the original

17Likewise, one can demonstrate that the projection of the
H2143ð1324Þ terms of Eq. (D5) produce H2143ð1324Þ×
½ð3Þ1ð4Þ2ð1Þ3ð2Þ4− � � ��A1ð1ÞA2ð2ÞA3ð3ÞA4ð4Þ¼ 1

4
H2143ð1324Þ×

F13ð1ÞF31ð3ÞF24ð2ÞF42ð4Þ, and those corresponding to
H2143ð4321Þ of Eq. (D5) produce H2143ð4321Þ½ð4Þ1ð3Þ2 ×
ð2Þ3ð1Þ4 − � � ��A1ð1ÞA2ð2ÞA3ð3ÞA4ð4Þ ¼ 1

4
H2143ð4321ÞF14ð1Þ×

F41ð4ÞF23ð2ÞF32ð3Þ.

18Our construction determines the number of independent Bose-
symmetric gauge-invariant structures compatible with S4 and the
Ward identities for products of N ¼ 4 field-strength tensors. These
structures form a basis, although not necessarily an orthogonal one.
An orthogonal basis could be obtained by applying the appropriate
Young symmetrizers to project the tensors onto irreducible
representations of S4. In that case, the same amplitude could be
expressed equivalently in terms of six orthogonal Bose-symmetric
and gauge-invariant structures.

16After projection, each term looks like ð∂μAið·ÞÞð∂νAjð·ÞÞ×ð∂ρAlð·ÞÞð∂σAmð·ÞÞ. Because of momentum conservation, total
derivatives vanish, ∂α½Aið1ÞAjð2ÞAlð3ÞAmð4Þ� ¼ iðk1 þ k2 þ
k3 þ k4ÞαAið1ÞAjð2ÞAlð3ÞAmð4Þ ¼ 0, and this allows each
derivative to be freely reassigned between fields to reconstruct
it in terms of antisymmetric and gauge-invariant field-strength
combinations.
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ðN − 1ÞN → 56 ¼ 15625 terms—that completely determine
the rank-6 QED vacuum-polarization tensor. We will also
provide the N ¼ 8 and N ¼ 10 results in the form of an
algorithm that automatically implements Eq. (2.23) for
general N and identifies the minimal set of head form factors
required to fully specify the tensor. The script is provided as
an ancillary file with this manuscript [112]. It generates all
head form factors for arbitrary N and then explicitly counts
equivalence classes, or orbits, by sequentially applying
permutations σ ∈ SN to each element, generalizing the pro-
cedure outlined in the previous section.
For N ¼ 6, the solution follows from Eq. (2.27) to be

Hi1i2i3i4i5i6ð123456Þ

¼ −2
ðgμ2−d=2ÞN
ð4πÞd=2 Γð6 − d=2Þ

Z
1

0

dτ1dτ2 � � � dτN
× ½Dð123456; τ1;…; τ6Þ�6−d=2Pi1i2i3i4i5i6ðτ1;…; τ6Þ:

ð2:59Þ

The denominator is universal, given by

Dð123456; τ1;…; τ6Þ ¼ m2 −
1

2

X6
i;j¼1

GB
ijki · kj: ð2:60Þ

Therefore, the main task is to determine the polynomial
numerators for this case from the general expression in
Eq. (2.28) comprising Levi-Civita weighted sums of fermion
and (derivatives of) boson worldline Green’s functions:

Pi1i2i3i4i5i6ðτ1;…; τ6Þ

¼
X
σ ∈ S6

sgnðσÞ
Y6
k¼1

n
δk;σðkÞĠB

k;ik
þ δσðkÞ;ikG

F
ik;k

o
: ð2:61Þ

We will demonstrate in the next section, using the
Burnside-Cauchy-Frobenius lemma, the minimal set of head
form factors that fully determines the rank-6 tensor contains
40 elements. Each of these is a sum of two monomials built
from six bosonic and fermionic Green’s functions, for
example,

P211111ðτ1;…; τ6Þ
¼ ĠB

12Ġ
B
21Ġ

B
31Ġ

B
41Ġ

B
51Ġ

B
61 − ĠB

31Ġ
B
41Ġ

B
51Ġ

B
61G

F
12G

F
21:

ð2:62Þ

The complete list of the remaining 39 form factors that fully
determine the tensor is provided in Appendix E. For N ¼ 8
and N ¼ 10, the head form factors are likewise linear
combinations of monomials involving products of 8 and
10 boson and fermion worldline Green’s functions, respec-
tively. This list, too, can be directly obtained using the
computer script accompanying this manuscript [112].

We will also discuss in the next section the general problem
of counting the number of equivalence classes at large N and
shall determine the asymptotic scaling of the reduction in
the number of independent form factors achieved by this
method.

III. LARGE-N ASYMPTOTICS OF ORBIT
COUNTING: BURNSIDE-CAUCHY-FROBENIUS

LEMMA

In this section, we will employ the Burnside-Cauchy-
Frobenius lemma to count the number of orbits (corre-
sponding to each of the independent head form factors) that
are required to fully specify the QED vacuum-polarization
tensor at arbitrary order in perturbation theory. The
Burnside-Cauchy-Frobenius lemma allows one to count
distinct heads modulo an equivalence relation, which in our
case is the (Bose) permutation symmetry of the tensor. We
will derive in this section a compact expression for this
orbit counting for arbitrary N, corresponding to the number
of distinct head form factors needed to completely deter-
mine theNth rank vacuum polarization tensor (orN-photon
amplitude).
As we saw in Sec. II C (see also Appendix C), heads are

classified into equivalence classes according to the pattern
of their subindex structure. We therefore focus solely on
studying these subindex patterns and disregard for our
current discussion the momentum arguments. We formally
define the set of all index patterns in the head form factors as

XN ¼ fði1;…; iNÞ∈ f1;…; NgN∶ ik ≠ k for all kg:
ð3:1Þ

Note that there are jXN j ¼ ðN − 1ÞN such N-tuples, which
corresponds to the total number of tensor heads before
reduction. Let SN be the group of permutations of
f1;…; Ng. Then, any two heads with subindices given
by N-tuples ði; jÞ∈XN are said to be equivalent, or related
by permutation symmetry, if there exists a permutation
operation σ ∈ SN which sends one set element into another,

jk ≡ ðσ · iÞk ¼ σðiσ−1ðkÞÞ; k ¼ 1;…; N; ð3:2Þ

where in what follows σ · i denotes formally the action of a
permutation σ on an N-tuple of subindices i. This is what
we implemented explicitly in Sec. II C and in Appendix C.
The Burnside-Cauchy-Frobenius lemma states that the

number of equivalence classes #ðXN=SNÞ, or orbits, is
given by

#orbits ¼ #ðXN=SNÞ ¼
1

jSN j
X
σ ∈ SN

jFixðσÞj; ð3:3Þ

where jSN j ¼ N! and FixðσÞ is the set of elements that are
fixed (left invariant) by σ:

X. FEAL, A. TARASOV, and R. VENUGOPALAN PHYS. REV. D 114, 016019 (2026)

016019-16



FixðσÞ ¼ fi∈XN∶ σ · i ¼ ig: ð3:4Þ

As opposed to Eq. (3.2), which relates different N-tuples of
indices j and i, thereby establishing an equivalence among
them, the invariance conditions are the set of N equations,

ik ¼ ðσ · iÞk ¼ σðiσ−1ðkÞÞ; k ¼ 1; 2;…; N; ð3:5Þ

that define the N-tuples that remain fixed under a permu-
tation σ. Therefore, rather than explicitly generating all heads
and counting equivalence classes, as done in Appendix C, a
procedure that becomes impractical for large N, the lemma
proceeds by first classifying permutations according to their

cycle structure, determining how many elements of XN are
fixed (left invariant) by each permutation type, and finally
summing over all permutations σ ∈ SN .
A cycle of length m (m < N), or an m-cycle, is a

permutation of m elements:

σði1Þ ¼ i2; σði2Þ ¼ i3;…; σðimÞ ¼ i1: ð3:6Þ

In cycle notation, ði1i2…imÞ denotes the permutation
i1 → i2; i2 → i3...im → i1. For clarity, we illustrate the usage
of this lemma for orbit counting first in the case N ¼ 4,
thereby recovering our previous result. The set of head index
patterns is given in this case by

X4 ¼ fði1; i2; i3; i4Þ∈ f1; 2; 3; 4g4 j i1 ≠ 1; i2 ≠ 2; i3 ≠ 3; i4 ≠ 4g; ð3:7Þ

so that jX4j ¼ ð4 − 1Þ4 ¼ 81, corresponding to the total
number of head form factors before reduction. As discussed
above, the goal is to determine how many inequivalent
4-tuples exist under permutation symmetry.
Toward this end, one starts classifying each σ ∈ S4 by its

cycle structure, in order to sum first over cycle types. For
N ¼ 4, the possible cycle structures are:
(1) Trivial permutation. This corresponds to the iden-

tity, σ ¼ ð1Þð2Þð3Þð4Þ ¼ e, i.e., σðkÞ ¼ k for all k.
All elements of X4 (indices of the head form factors)
are invariant under this action; hence,

jFixðeÞj ¼ jX4j ¼ 81; ð3:8Þ

and the contribution to the orbit count is there-
fore 1 · 81 ¼ 81.

(2) Single 2-cycle. There are six such permutations. Con-
sider, for instance, σ ¼ ð12Þð3Þð4Þ, with σð1Þ ¼ 2,
σð2Þ ¼ 1, σð3Þ ¼ 3, and σð4Þ ¼ 4. The invariance
condition ik ¼ σðiσ−1ðkÞÞ gives i1 ¼ σði2Þ, i2 ¼ σði1Þ,
i3 ¼ σði3Þ, and i4 ¼ σði4Þ. Because σð3Þ ¼ 3 and
σð4Þ ¼ 4, together with i3 ≠ 3 and i4 ≠ 4, one
must have i3 ¼ 4 and i4 ¼ 3. The remaining con-
ditions i1 ¼ σði2Þ and i2 ¼ σði1Þ yield ði1; i2Þ ¼
ð2; 1Þ; ð3; 3Þ; or ð4; 4Þ, excluding (1,2) because
of the constraints i1 ≠ 1 and i2 ≠ 2, and only one
2-cycle is permitted. Thus,

jFixð2-cycleÞj ¼ 3 ð3:9Þ

With six such permutations, the total contribution
is 6 · 3 ¼ 18.

(3) Single 3-cycle. These are permutations consisting
of one 3-cycle and one fixed point; there are three
such permutations. Consider σ ¼ ð123Þð4Þ, with
σð1Þ ¼ 2, σð2Þ ¼ 3, σð3Þ ¼ 1, and σð4Þ ¼ 4. The
invariance conditions imply i4 ¼ σði4Þ, which
forces i4 ¼ 4. Since this violates i4 ≠ 4, there are

no invariant elements,

jFixð3-cycleÞj ¼ 0: ð3:10Þ

The total contribution is therefore 3 · 0 ¼ 0.
(4) Two 2-cycles. There are three such permuta-

tions. Consider (12)(34), with σð1Þ ¼ 2, σð2Þ ¼ 1,
σð3Þ ¼ 4 and σð4Þ ¼ 3. Invariance requires
ði1; i2Þ ¼ ði; σðiÞÞ with i ≠ 1, so i∈ 2, 3, 4. Like-
wise, ði3; i4Þ ¼ ðj; σðjÞÞ with j ≠ 3, so j∈ 1, 2, 4.
Hence,

jFixðtwo 2-cyclesÞj ¼ 3 · 3 ¼ 9: ð3:11Þ

With three such permutations, the total contribution
is 3 · 9 ¼ 27.

(5) Single 4-cycle. There are six such permutations.
Consider σ ¼ ð1234Þ, with σð1Þ ¼ 2, σð2Þ ¼ 3,
σð3Þ ¼ 4, and σð4Þ ¼ 1. Invariance forces
ði1; i2; i3; i4Þ ¼ ði; σðiÞ; σ2ðiÞ; σ3ðiÞÞ. Since i1 ≠ 1,
we have i∈ f2; 3; 4g, and all the resulting tuples
satisfy ik ≠ k. Therefore,

jFixð4-cycleÞj ¼ 3: ð3:12Þ

There are 4!=4 ¼ 6 such 4-cycles, so the total
contribution is 3 · 6 ¼ 18.

Finally, applying the Burnside lemma, Eq. (3.3),

#orbits ¼ #ðX4=S4Þ

¼ 1

24
ð81þ 6 · 3þ 3 · 0þ 3 · 9þ 6 · 3Þ

¼ 144

24
¼ 6; ð3:13Þ

in agreement with the direct counting we performed in
Appendix C.
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Remarkably, the previous discussion can be generalized
for arbitrary N. To this end, we note that, as with N ¼ 4,
any permutation σ ∈ SN can be written as a product of nm
cycles of length m, m ¼ 1;…; N. The cycle structure is
fully specified by the integers n1;…; nm. It follows that the
sum over m and nm, for each particular cycle structure, is
subject to the constraint

XN
m¼1

nmm ¼ N: ð3:14Þ

For a given cycle structure, the number of distinct permu-
tations in SN with that structure is

N!Q
N
m¼1 m

nmnm!
: ð3:15Þ

Here, we start from the total number of orderings jSN j ¼ N!
and divide by two sources of overcounting. First, for each
fixed m, the nm cycles of length m can be permuted among
themselves in nm! indistinguishable ways. Second, each
individual cycle of length m admits exactly m equivalent
cyclic rotations that represent the same permutation. Since
there are nm such cycles, this produces a factor mnm.
Dividing by the product of these factors yields Eq. (3.15).
Consider an m-cycle of σ on the set of positions

ðk1;…; kmÞ. The fixed-point condition in Eq. (3.5) implies

ik1 ¼ σðikmÞ;
ik2 ¼ σðik1Þ;
..
.

ikm ¼ σðikm−1
Þ: ð3:16Þ

By successive substitution, one obtains

ik1 ¼ σðikmÞ ¼ σ2ðikm−1
Þ ¼ � � � ¼ σmðik1Þ; ð3:17Þ

hence, the system (3.16) is equivalent to the single
condition

σmðik1Þ ¼ ik1 : ð3:18Þ

Then, all remaining values ikj are determined by Eq. (3.16),
and there is no extra freedom once the integer ik1 is chosen.
We now count the number of integers i∈ f1;…; Ng

satisfying σmðiÞ ¼ i. Every element i belongs to exactly
one of the disjoint cycles of σ. If i lies in a cycle of σ of
length d, then σmðiÞ ¼ i holds if and only if djm (where we
use the notation for d is a divisor of m). Since there are nd
cycles of length d, the number of solutions of σmðiÞ ¼ i is

Sm ¼
X
djm

ndd < N: ð3:19Þ

Imposing the constraint ik1 ≠ k1 removes exactly one
solution, so the number of allowed values for ik1 is
Sm − 1. Because there are nm such cycles of length m
for m ¼ 1;…; N, the number of fixed points of σ is

jFixðσÞj ¼
YN
m¼1

�X
djmdnd − 1

�
nm
: ð3:20Þ

Using jSN j ¼ N! and combining Eqs. (3.15) and (3.20), we
obtain

#ðXN=SNÞ

¼
X

n1 ;…;nN≥0P
N
m¼1

mnm¼N

"YN
m¼1

1

mnmnm!

#"YN
m¼1

�X
djmdnd − 1

�
nm
#
:

ð3:21Þ

Equation (3.21) yields the orbit count directly, without
explicitly constructing all head form factors and organizing
them into equivalence classes—a task that becomes rapidly
impractical as N grows. An implementation of Eq. (3.21) is
also included in the computer script accompanying this
work, and its validity can be verified through direct
comparison with the explicit counting of the equivalence
classes for any value of N.
We can now use Eq. (3.21) to treat larger values of N.

The resulting number of orbits—the number of equivalence
classes, or independent heads required to fully specify the
off-shell rank-N tensor in QED—is summarized in Table I.
The Burnside sum in Eq. (3.21) shows that #ðXN=SNÞ
grows exponentially with rate eN , with slow subexponential
corrections coming from the cycle-structure-dependent
factors. In contrast, the total number of head form factors
before reduction, using the Stirling formula, grows faster
than factorially:

#ðXN=SNÞ ∼
1ffiffiffiffi
N

p eN−1; ðN − 1ÞN ∼
eN−1ffiffiffiffiffiffiffiffiffi
2πN

p N!:

ð3:22Þ

TABLE I. Number of orbits #ðXN=SNÞ of index patterns for
head tensors under permutation symmetry as a function of N and
their ratios to the total number of tensor heads ðN − 1ÞN . Odd N
configurations vanish by Furry’s theorem.

N #ðXN=SNÞ #ðXN=SNÞ=ðN − 1ÞN
2 1 1
4 6 7.41 × 10−2

6 40 2.56 × 10−3

8 291 5.05 × 10−5

10 2273 6.52 × 10−7

12 18264 5.82 × 10−9
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IV. FEYNMAN DIAGRAM CORRESPONDENCE

In this section, wewill discuss the computation of the light-
by-light scattering amplitude. We will demonstrate how
worldline master integrals generate the Feynman diagrams
of conventional perturbation theory and connect these results
with the previously known expressions due to Karplus and
Neuman [85] for the four-point amplitude. Their derivation for
the amplitude, however, only considered the case where the
four external photons in thepolarization tensor are put on shell,
and the squared amplitude admits a familiar first-line sim-
plification in the spinor-helicity basis. Here, we will discuss
the efficiencyof such calculations for the full tensor amplitude,
allowing all photon momenta to be off shell. This is relevant
for applications where the amplitude enters as a subgraph of
higher-point diagrams, such as in the computation of cusp
anomalous dimensions or lepton anomalous magnetic
moments, or in processes where interference effects may
become relevant; examples include ultraperipheral nuclear
collisions at the Relativistic Heavy Ion Collider (RHIC) and
the Large Hadron Collider (LHC), or in DIS at the EIC. A
more extensive treatment of the off-shell case, and its role in
determining the three- and four-loop contributions to the cusp
anomalous dimension, will appear in Ref. [16].
Toward recovering the Karplus and Neuman expressions

explicitly, and connecting directly with Feynman diagram
results, we will split the integration of the corresponding
worldline integrals into ordered sectors.19 For the N ¼ 4
photon amplitude, there are ð4 − 1Þ!=2 ¼ 3 integration
regions in the worldline master integrals for the head form
factors in Eq. (2.52). These correspond to the orderings

ðaÞ τ1 ¼ 1 > τ2 > τ3 > τ4;

ðbÞ τ1 ¼ 1 > τ3 > τ2 > τ4;

ðcÞ τ1 ¼ 1 > τ2 > τ4 > τ3; ð4:1Þ

plus the three contributions corresponding to the invariance
of the integrand under τ0i ¼ 1 − τi transformations, that are
equal to (a), (b), and (c), respectively, under reflection
symmetry. For the (a) contribution, we change worldline
integration variables to Feynman parameter variables, with
the substitutions

y1 ¼ τ1 − τ2 ¼ 1 − τ2; y2 ¼ τ2 − τ3;

y3 ¼ τ3 − τ4; y4 ¼ τ4; ð4:2Þ

such that y1; y2; y3; y4 ≥ 0 and y1 þ y2 þ y3 þ y4 ¼ 1. The
contributions from (b) and (c) can be obtained directly by
exchanging k3 ↔ k2 and k4 ↔ k3 in the arguments in the
expression for (a). As a result, we can write

Hijklð1234Þ ¼ HðaÞ
ijklð1234Þ þHðaÞ

ijklð1324Þ
þHðaÞ

ijklð1243Þ; ð4:3Þ

where we used the superscript (a) to denote the restriction
of the integrations in the head form factors to the (a) region.
The r.h.s. therefore corresponds to three Feynman dia-
grams, while the l.h.s. corresponds to the full worldline
diagram, at this particular order Oðg4Þ in perturbation
theory. We find

HðaÞ
ijklð1234Þ ¼ −2

g4μ8−2d

ð4πÞd=2 Γð4 − d=2Þ
Z

∞

−∞
dy1dy2dy3dy4θðy1Þθðy2Þθðy3Þθðy4Þδð1 − y1 − y2 − y3 − y4Þ

× 2Pijklðy1; y2; y3; y4Þ½Dð1234; y1; y2; y3; y4Þ�d=2−4; ð4:4Þ
where we carefully accounted for the factor 2 coming from the use of the symmetry of Hijklð1234Þ under τ0i → 1 − τi to
reduce the number of integrals. The polynomial denominator becomes

Dð1234; y1; y2; y3; y4Þ ¼ m2 þ y1y2k22 þ y1y3ðk2 þ k3Þ2 þ y1y4k21 þ y2y3k23 þ y2y4ðk1 þ k2Þ2 þ y3y4k24: ð4:5Þ
We employed here 4-momentum conservation k1 þ k2 þ k3 þ k4 ¼ 0, as specified the δ-function in Eq. (2.23). The six
polynomial numerators in Eq. (2.55) transform to

2P2111ðy1; y2; y3; y4Þ ¼ 8y1ðy2 þ y3 þ y4Þðy1 þ y2 − y3 − y4Þðy1 þ y2 þ y3 − y4Þ;
2P2121ðy1; y2; y3; y4Þ ¼ 8y1ðy2 þ y3 þ y4Þðy4 − y1 − y2 − y3Þðy1 þ y3 þ y4 − y2Þ;
2P2123ðy1; y2; y3; y4Þ ¼ 8y1ðy2 þ y3 þ y4Þðy1 þ y3 þ y4 − y2Þðy1 þ y2 þ y4 − y3Þ;
2P2311ðy1; y2; y3; y4Þ ¼ 2ðy4 − y1 − y2 − y3Þ½ðy2 þ y3 þ y4 − y1Þðy3 þ y4 − y1 − y2Þðy1 þ y3 þ y4 − y2Þ − 1�;
2P2143ðy1; y2; y3; y4Þ ¼ 32y1y3ðy2 þ y3 þ y4Þðy1 þ y2 þ y3Þ;
2P2341ðy1; y2; y3; y4Þ ¼ 2½1 − ðy2 þ y3 þ y4 − y1Þðy4 − y1 − y2 − y3Þðy1 þ y3 þ y4 − y2Þðy1 þ y2 þ y4 − y3Þ�: ð4:6Þ

19In Ref. [16], we will discuss a framework, whereby one bypasses this step of converting worldline integrals into Feynman parameter
integrals and, instead, computes the gauge-invariant form factors directly. This opens up a path toward addressing the long-standing
issue of the factorial growth of Feynman diagrams in perturbation theory.
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The equations in Eq. (4.6) reproduce exactly the polynomial numerators originally derived by Karplus and Neuman (see
Eqs. (30a) to (35b) of Ref. [84]) through an evaluation of the fourth rank tensor using the corresponding Feynman diagrams.
A convenient basis for evaluating the integrals outlined above is provided by the one-loop scalar four-point function (see

Appendix F for details),

Idn1;n2;n3;n4ð1234Þ ¼
Γð4 − d

2
Þ

ð4πÞd=2
Z

∞

−∞
d4yθðy1Þθðy2Þθðy3Þθðy4Þδð1 − y1234Þyn1−11 yn2−12 yn3−13 yn4−14

× ½m2 þ y1y2k22 þ y1y3k223 þ y1y4k21 þ y2y3k23 þ y2y4k212 þ y3y4k24�d=2−4; ð4:7Þ

where k12 ¼ k1 þ k2, k23 ¼ k2 þ k3, and y1234 ¼ y1 þ y2 þ y3 þ y4. We take all photon external momenta ki to be
incoming and work in Euclidean spacetime, so that all Lorentz invariants entering the above expression are non-negative.
The analytic continuation to Minkowski spacetime, which restores the branch cut structure of the amplitude, can always be
performed at the end of the calculation. The one-loop scalar four-point basis function in Eq. (4.7) with ni ¼ 1, i ¼ 1, 2, 3, 4,
(no powers of Feynman parameters in the polynomial numerator) corresponds to

Id1;1;1;1ð1234Þ ¼
Z

ddp
ð2πÞd

1

½ðpþ k1Þ2 þm2�½ðpþ k1 þ k2Þ2 þm2�½ðpþ k1 þ k2 þ k3Þ2 þm2�½p2 þm2� : ð4:8Þ

The values of ni, with i ¼ 1, 2, 3, 4, can be directly inferred from the polynomials appearing in the numerators of Eq. (4.6)
and all head form factors expressed as linear combinations of Idn1;n2;n3;n4ð1234Þ. Omitting, for clarity, the photon-momentum
arguments (1234), one obtains in this basis

HðaÞ
2111ð1234Þ ¼ 16g4

h
Id2;1;1;4 þ Id2;1;2;3 − Id2;1;3;2 − Id2;1;4;1 − Id2;2;1;3 − 2Id2;2;2;2 − Id2;2;3;1 − Id2;3;1;2 þ Id2;3;2;1

þ Id2;4;1;1 − 2Id3;1;1;3 − 2Id3;1;2;2 þ 2Id3;2;2;1 þ 2Id3;3;1;1 þ Id4;1;1;2 þ Id4;1;2;1 þ Id4;2;1;1
i
; ð4:9Þ

HðaÞ
2121ð1234Þ ¼ −16g4

h
Id2;1;1;4 þ Id2;1;2;3 − Id2;1;3;2 − Id2;1;4;1 − Id2;2;1;3 − 2Id2;2;2;2 − Id2;2;3;1 − Id2;3;1;2 þ Id2;3;2;1

þ Id2;4;1;1 − 2Id3;1;2;2 − 2Id3;1;3;1 − 2Id3;2;2;1 − Id4;1;1;2 − Id4;1;2;1 − Id4;2;1;1
i
; ð4:10Þ

HðaÞ
2123ð1234Þ ¼ −16g4

h
Id2;1;1;4 þ Id2;1;2;3 − Id2;1;3;2 − Id2;1;4;1 þ Id2;2;1;3 þ 2Id2;2;2;2 þ Id2;2;3;1 − Id2;3;1;2 þ Id2;3;2;1

− Id2;4;1;1 þ 2Id3;1;1;3 þ 2Id3;1;2;2 þ 2Id3;2;1;2 þ Id4;1;1;2 þ Id4;1;2;1 þ Id4;2;1;1
i
; ð4:11Þ

HðaÞ
2311ð1234Þ ¼ 4g4

h
−Id1;1;1;2 þ Id1;1;1;5 þ Id1;1;2;1 þ 2Id1;1;2;4 − 2Id1;1;4;2 − Id1;1;5;1 þ Id1;2;1;1 − 2Id1;2;1;4 − 4Id1;2;2;3

− 2Id1;2;3;2 þ 2Id1;3;2;2 þ 2Id1;3;3;1 þ 2Id1;4;1;2 − Id1;5;1;1 þ Id2;1;1;1 − 2Id2;1;1;4 − 4Id2;1;2;3 − 2Id2;1;3;2

þ 4Id2;2;1;3 þ 4Id2;2;2;2 − 2Id2;3;1;2 þ 2Id3;1;2;2 þ 2Id3;1;3;1 − 2Id3;2;1;2 þ 2Id3;3;1;1 þ 2Id4;1;1;2 − Id5;1;1;1
i
; ð4:12Þ

HðaÞ
2143ð1234Þ ¼ −64g4

h
Id2;1;3;2 þ Id2;1;4;1 þ Id2;2;2;2 þ 2Id2;2;3;1 þ Id2;3;2;1 þ Id3;1;2;2 þ Id3;1;3;1 þ Id3;2;2;1

i
; ð4:13Þ

HðaÞ
2341ð1234Þ ¼ −4g4

h
Id1;1;1;1 − Id1;1;1;5 þ 2Id1;1;3;3 − Id1;1;5;1 þ 2Id1;3;1;3 þ 2Id1;3;3;1 − Id1;5;1;1 þ 8Id2;2;2;2

þ 2Id3;1;1;3 þ 2Id3;1;3;1 þ 2Id3;3;1;1 − Id5;1;1;1
i
: ð4:14Þ

Note that the above decomposition is general and valid for arbitrary external photon kinematics.20 This procedure can be
made systematic for generalN using first Eq. (2.52) to identify the independent head form factors that completely determine

20For on-shell kinematics, identities like I4n1;n2;n3;n4ð1234Þ ¼ Idn3;n4;n1;n2ð1234Þ, and Idn1;n2;n3;n4ð1234Þ ¼ Idn2;n1;n4;n3ð3214Þ can be
further used, if desired, to partially simplify the number of terms entering Eqs. (4.9) to (4.14).
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the rank-N polarization tensor and then the polynomial
numerators in Eq. (2.27) to translate them directly to
Feynman diagrams; this allows for a systematic procedure
in the above basis of scalar integrals.
In Appendix F, we present an explicit computation of

I41;1;1;1 for on-shell photon kinematics with finite fermion
mass, where the integrals are free of both UV and IR
singularities in d ¼ 4 dimensions. The result is given by
Eq. (F17) in terms of logarithms and dilogarithms of the
kinematic invariants k212 and k

2
23, which becomeMandelstam

s and t variables, respectively, after Wick rotation to
Minkowski time. The analytic structure of the integral is
determined by the standard branch cuts associated with
Landau singularities, given in this case by the roots in
Eqs. (F12) and (F14):

y�t ¼ 1

2
� 1

2

�
1þ 4m2

k223

�
1=2

; y�s ¼ 1

2
� 1

2

�
1þ 4m2

k223

�
1=2

;

y�ts ¼
1

2
� 1

2

�
1þ 4m2

�
1

k223
þ 1

k212

��
1=2

: ð4:15Þ

The computation of the IR divergent massless limit of I41;1;1;1
is also explicitly performed in Appendix F. The result is
given in Eq. (F23) in d ¼ 4 dimensions or, analogously, by
Eq. (F26) in d ¼ 4 − 2ϵ dimensions.
The remaining integrals Idn1;n2;n3;n4 could, in principle, be

evaluated case by case, as done in Ref. [85], with the results
expressed, in each case, in terms of rational functions of the
above kinematic invariants and polylogarithms of maxi-
mum weight 2. In this way, one will recover explicitly the
Karplus-Neuman expressions for the six head form factors.
A direct comparison, however, is extremely cumbersome
due to the complexity and length of the resulting expres-
sions.21 Moreover, it is unclear how this method can be
readily extended to the computation of scalar integrals in
more complicated cases with general kinematic configu-
rations, such as the fully off-shell case, or to higher-point
functions with N > 4.
It is therefore preferable to adopt an alternative general

procedure. A more systematic approach [114,115] consists
of reducing the problem to the computation of a single
scalar basis integral Id1;1;1;1—for which analytic results are
known [63] (see also Ref. [116]) and implemented in
several publicly available software packages [56,64,65]—
with all other integrals obtained by differentiation with
respect to the kinematic invariants. This method, however,
requires knowledge of the basis integral Id1;1;1;1 in general
d ¼ 4 − 2ϵ dimensions, throughOðϵÞ, even in cases where

it is free from UVand IR singularities. In the massive case,
it also requires extending Eq. (4.8) to include four distinct
(dummy) internal fermion masses during the differentiation
procedure. In practice, this approach can be as involved—
if not more so—than computing the required integrals
directly in d ¼ 4 on a case-by-case basis, where their
evaluation is typically simpler. Moreover, in the fully off-
shell case, the basis integral Id1;1;1;1 is known in general
d ¼ 4 − 2ϵ dimensions only in terms of a generalized
hypergeometric series [117] without fully explicit analytic
continuation or, analytically, in terms of a basis of
32 dilogarithms [118]. The resulting expressions are difficult
to implement, as they require a case-by-case treatment of
different kinematic regions before the differentiation pro-
cedure of Refs. [114,115] can be applied effectively.
We introduce here an alternative systematic method to

evaluate the remaining integrals. In what follows, we will
extend the light-by-light calculation of Karplus and Neuman
to the fully off-shell case and outline a general strategy to
compute all contributions entering Eqs. (4.9)–(4.14). As
mentioned earlier, a novel approach that streamlines this task
directly in the worldline formalism—thereby avoiding the
proliferation of Feynman diagrams—will be presented in
Ref. [16]. The procedure developed here is instead suited for
mapping and translating our worldline results into standard
Feynman diagram techniques efficiently. We present the
strategy for the computation of the massless off-shell case;
however, the extension to massive configurations, including
the on-shell calculation of Karplus and Neuman discussed
above, is in principle straightforward.
The key observation is that the power of the polynomial

denominator in all terms of Eqs. (4.9)–(4.14) is fixed, with
N − d=2 ¼ 2þ ϵ for all contributions. As a consequence,
our definition of the basis integrals in Eq. (4.7) differs from
the standard one used in IBP procedures that is given in
Eq. (F1) of Appendix F. In conventional IBP bases, that we
denote with Id

n1;n2;n3;n4 in Appendix F the indices ni encode
both powers of propagator denominators and, in the
equivalent representation of Eq. (F5), also generate powers
of Feynman parameters in the numerator. The choice in
Eq. (F1) is therefore better suited to conventional
Passarino-Veltman and IBP reductions in Feynman dia-
gram calculations, where the reduction of tensor structures
generate integrals with shifted propagator powers.
In contrast, in our worldline approach, the rank-N tensor

is systematically reduced to a smaller set of independent
head form factors, scaling relatively as ∼1=N! at large N,
with the power N − d=2 of the polynomial denominator
fixed for all terms contributing to the rank-N tensor.22 The
tensor structure is instead absorbed directly into the

21See, in particular, Eqs. (A1)–(A10) in Appendix A of
Ref. [85], expressed in terms of three transcendental functions
defined in Eqs. (B1)–(B3) of Appendix B; explicit results were
also derived in the corresponding dispersive framework in
Refs. [83,113].

22This feature avoids the appearance of spurious UV diver-
gences in individual Feynman diagrams, which are only can-
celed after summing over different diagrams in conventional
approaches.
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polynomial numerators of worldline Green’s functions
[specified in Eq. (2.27)], which can, as we discussed, be
translated into Feynman parameters after splitting the world-
line integrals into ordered sectors. As a result, complexity in
the worldline approach is shifted systematically from
denominators to numerators.
Remarkably, this shift does not introduce additional

complications; rather, it enables a more transparent and
systematic organization of the computation. In particular, it
allows for the identification of a minimal set of independent
head form factor numerators, as encoded in the universal
expression for the polynomial numerators in the worldline
approach in Eq. (2.27), valid for arbitrary N.
A further advantage of this approach emerges at this

stage, when translating these results into the language of
Feynman diagrams: it simplifies the implementation of an
equivalent IBP reduction in this basis, leading to a finite
linear algebraic system of equations relating integrals with
shifted indices. To demonstrate this, we first perform the
integral over one of the Feynman parameters in Eq. (4.7),
obtaining

I4n1;n2;n3;n4ð1234Þ

¼ 1

ð4πÞ2
Z

y1 ;y2 ;y3≥0
y1þy2þy3≤1

dy1dy2dy3

×
yn1−11 yn2−12 yn3−13 ð1 − y1 − y2 − y3Þn4−1

Dðy1; y2; y3Þ2
; ð4:16Þ

where in the off-shell massless case

Dðy1; y2; y3Þ
¼ y1y2k22 þ y1y3k223 þ y1ð1 − y1 − y2 − y3Þk21
þ y2y3k23 þ y2ð1 − y1 − y2 − y3Þk212
þ y3ð1 − y1 − y2 − y3Þk24: ð4:17Þ

The result for the massless integral I41;1;1;1ð1234Þ in off-shell
kinematics is well known (see, for instance, Refs. [50,115])
and is computed explicitly in Euclidean spacetime in
Appendix F; the result is given in Eq. (F42).
Having determined I41;1;1;1 there, we now consider the

evaluation of I42;1;1;1. The latter differs from the former by
a single power of y1 in the numerator. The idea is to
express this factor y1 in terms of a suitable polynomial
in the kinematic invariants and ∂y1D. Indeed, from
Eq. (4.17),

∂y1Dðy1; y2; y3Þ ¼ −2k21y1 þ aðy2; y3Þ;
aðy2; y3Þ ¼ y2ðk22 − k21 − k212Þ

þ y3ðk214 − k21 − k24Þ þ k21; ð4:18Þ

where we used k1 þ k2 þ k3 þ k4 ¼ 0, so

y1 ¼
1

2k21

n
aðy2; y3Þ − ∂y1D

o
; ð4:19Þ

and

y1
D2

¼ 1

2k21

�
y2
D2

ðk22 − k21 − k212Þ þ
y3
D2

ðk214 − k21 − k24Þ

þ 1

D2
k21 −

1

D2
∂y1D

�
: ð4:20Þ

Integrating both sides of the previous equation for
y1; y2; y3 ≥ 0 and y1 þ y2 þ y3 ≤ 1 and dividing by
ð4πÞ2, following our definition in Eq. (4.16), one obtains

I42;1;1;1ð1234Þ ¼
1

2k21
ðk22 − k21 − k212ÞI41;2;1;1ð1234Þ þ

1

2k21
ðk214 − k21 − k24ÞI41;1;2;1ð1234Þ þ

1

2
I41;1;1;1ð1234Þ

þ 1

2k21

1

ð4πÞ2
Z

y1 ;y2 ;y3≥0
y1þy2þy3≤1

dy1dy2dy3∂y1
1

Dðy1; y2; y3Þ
: ð4:21Þ

The integral over y1 of the term in the second line readily produces

Z
y1 ;y2 ;y3≥0
y1þy2þy3≤1

dy1dy2dy3∂y1
1

Dðy1; y2; y3Þ
¼

Z
y2 ;y3≥0
y2þy3≤1

dy2dy3

�
1

Dð1 − y2 − y3; y2; y3Þ
−

1

Dð0; y2; y3Þ
�
: ð4:22Þ

From the structure of Eq. (4.17), the two terms on the right-hand side can be identified with standard triangle integrals. The
first involves propagators built from the momenta k3, k2, and k2 þ k3, yielding I41;1;1ð3; 2; 2þ 3Þ, while the second involves
k3, k3 þ k4, and k4, giving I41;1;1ð3; 3þ 4; 4Þ. These contributions can be interpreted as boundary terms of the four-point
(box) configuration, where two photons are effectively merged (or pinched) into a single one, producing a three-point
(triangle) configuration. We therefore write
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I42;1;1;1ð1; 2; 3; 4Þ ¼
1

2k21
ðk22 − k21 − k212ÞI41;2;1;1ð1; 2; 3; 4Þ þ

1

2k21
ðk214 − k21 − k24ÞI41;1;2;1ð1; 2; 3; 4Þ

þ 1

2
I41;1;1;1ð1; 2; 3; 4Þ þ

1

2k21
½I41;1;1ð3; 2; 2þ 3Þ − I41;1;1ð3; 3þ 4; 4Þ�: ð4:23Þ

The above equation expresses I42;1;1;1 in terms I41;1;1;1 and I41;2;1;1 and I41;1;2;1, the latter two still being unknown. To derive
corresponding equations for these integrals, one proceeds analogously by solving for y2 and y3 in terms of ∂y2D and ∂y3D,
respectively. One obtains

I41;2;1;1ð1; 2; 3; 4Þ ¼
1

2k212
ðk22 − k21 − k212ÞI42;1;1;1ð1; 2; 3; 4Þ þ

1

2k212
ðk23 − k234 − k24ÞI41;1;2;1ð1; 2; 3; 4Þ

þ 1

2
I41;1;1;1ð1; 2; 3; 4Þ þ

1

2k212
½I41;1;1ð2þ 3; 2; 3Þ − I41;1;1ð1þ 4; 1; 4Þ�; ð4:24Þ

and

I41;1;2;1ð1; 2; 3; 4Þ ¼
1

2k24
ðk214 − k21 − k24ÞI42;1;1;1ð1; 2; 3; 4Þ þ

1

2k24
ðk23 − k234 − k24ÞI41;2;1;1ð1; 2; 3; 4Þ

þ 1

2
I41;1;1;1ð1; 2; 3; 4Þ þ

1

2k24
½I41;1;1ð2; 2þ 3; 3Þ − I41;1;1ð2; 1; 1þ 2Þ�: ð4:25Þ

Note that, since there are only three independent Feynman parameters, with y4 ¼ 1 − y1 − y2 − y3, the fourth integral
I41;1;1;2 can be expressed directly in terms of the others using Eq. (4.16):

I41;1;1;2ð1; 2; 3; 4Þ ¼ I41;1;1;1ð1; 2; 3; 4Þ − I41;2;1;1ð1; 2; 3; 4Þ − I41;1;2;1ð1; 2; 3; 4Þ: ð4:26Þ

The resulting linear algebraic system of equations can now be compactly written in matrix form as

G

0
B@

I2;1;1;1ð1; 2; 3; 4Þ
I1;2;1;1ð1; 2; 3; 4Þ
I1;1;2;1ð1; 2; 3; 4Þ

1
CA ¼ 1

2

0
B@

J1
J2
J3

1
CA; or

0
B@

I2;1;1;1ð1; 2; 3; 4Þ
I1;2;1;1ð1; 2; 3; 4Þ
I1;1;2;1ð1; 2; 3; 4Þ

1
CA ¼ 1

2
G−1

0
B@

J1
J2
J3

1
CA; ð4:27Þ

where the inhomogeneous terms consist only of box and triangle integrals without Feynman parameters in the numerator:

J1 ¼ k21I
4
1;1;1;1ð1; 2; 3; 4Þ þ I41;1;1ð3; 2; 2þ 3Þ − I41;1;1ð3; 3þ 4; 4Þ;

J2 ¼ k212I
4
1;1;1;1ð1; 2; 3; 4Þ þ I41;1;1ð2þ 3; 2; 3Þ − I41;1;1ð1þ 4; 1; 4Þ;

J3 ¼ k2123I
4
1;1;1;1ð1; 2; 3; 4Þ þ I41;1;1ð2; 2þ 3; 2Þ − I41;1;1ð2; 1; 1þ 2Þ: ð4:28Þ

Using momentum conservation k1234 ¼ 0, the symmetric matrix G can be written as

G ¼

2
64

k21 k1 · k12 k1 · k123
k12 · k1 k212 k12 · k123
k123 · k1 k123 · k12 k2123

3
75: ð4:29Þ

It therefore coincides with the Gram matrix Gij¼qi ·qj, with q1¼k1, q2 ¼ k12 ¼ k1 þ k2, q3¼k123¼k1þk2þk3¼−k4.
The solution is then obtained by inverting the Gram matrix

G−1
ij ¼ 1

detG
adjðGÞij ð4:30Þ

acting on the source vector J1, J2 and J3. Here,
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detG ¼ 1

3!
ϵijkϵlmnðqi · qlÞðqj · qmÞðqk · qnÞ

¼ ðq1 ∧ q2 ∧ q3Þ2; ð4:31Þ

is the square of the 3-volume of the parallelepiped spanned
by q1 ¼ k1, q2 ¼ k1 þ k2 and q3 ¼ k1 þ k2 þ k3 in four-
dimensional Euclidean space, and

adjðGÞij ¼
1

2
ϵiklϵjmnGkmGln: ð4:32Þ

For our case, one obtains

detG¼ q21q
2
2q

2
3 þ 2ðq1 · q2Þðq2 · q3Þðq3 · q1Þ− q21ðq2 · q3Þ2

− q22ðq1 · q3Þ2 − q23ðq1 · q2Þ2 ð4:33Þ

and

adjðGÞ11 ¼ q22q
2
3 − ðq2 · q3Þ2;

adjðGÞ22 ¼ q21q
2
3 − ðq1 · q3Þ2;

adjðGÞ33 ¼ q21q
2
2 − ðq1 · q2Þ2;

adjðGÞ12 ¼ ðq1 · q3Þðq2 · q3Þ − q23ðq1 · q2Þ
adjðGÞ13 ¼ ðq1 · q2Þðq2 · q3Þ − q22ðq1 · q3Þ;
adjðGÞ23 ¼ ðq1 · q2Þðq1 · q3Þ − q21ðq2 · q3Þ: ð4:34Þ

The computation of the basis box I41;1;1;1 and triangle I41;1;1
integrals in the totally off-shell case is carried out explicitly
in Appendix F, with the corresponding results given in
Eqs. (F42) and (F47), respectively. The integrals I42;1;1;1,
I41;2;1;1, I

4
1;1;2;1, and I41;1;1;2 are then obtained directly and

algebraically from Eqs. (4.27) and (4.28), with the inverse
Gram matrix determined23 explicitly through Eqs. (4.33)
and (4.34).
The remaining integrals required to determine com-

pletely the six head form factors of the massless rank-4
tensor in fully off-shell kinematics, Eqs. (4.9)–(4.14), can
be generated recursively in the same way. For instance, the
contributions for which the total power of Feynman
parameters is 2 consist of the six terms corresponding to
index permutations of I42;2;1;1, together with the four terms
corresponding to permutations of I43;1;1;1. The correspond-
ing relations can be readily derived following the pro-
cedure outlined above, together with a judicious use of the
constraint y1234 ¼ 1 to obtain additional identities among
them, such as

I42;1;1;2ð1; 2; 3; 4Þ ¼ I42;1;1;1ð1; 2; 3; 4Þ − I43;1;1;1ð1; 2; 3; 4Þ
− I42;2;1;1ð1; 2; 3; 4Þ − I42;1;2;1ð1; 2; 3; 4Þ:

ð4:35Þ

Since the computation of all head form factors involves
at most total Feynman-parameter degree 4, the recursion
terminates at that level.
We note that conventional IBP identities can also be

formulated equivalently in Feynman parametric form
[119]; see Ref. [77] for a recent discussion. However, in
all these standard approaches (based on tensorial reductions
and differential equations together with IBP reductions to
master integrals), the resulting identities relate integrals
with different propagator powers and/or shifted space-time
dimensions. By contrast, our construction of the amplitude
operates at fixed denominator power and performs the
reduction entirely within the space of numerator insertions,
yielding a finite closed algebraic system that can be solved
explicitly using a recursive relation.
To summarize this section, we presented here a systematic

comparison between the worldline and Feynman diagram
approaches in the nontrivial case of light-by-light scattering.
We recovered explicitly in the former the expressions in the
latter (à la Karplus and Neuman) for the six head form
factors. We developed a more efficient procedure relative to
the latter to compute all scalar integrals entering their
decomposition in fully off-shell kinematics. Our framework
thereby extends the original results of Karplus and Neuman
to the full off-shell rank-4 vacuum polarization tensor in
massless QED.
Specifically, starting from the explicit evaluation of the

basis box I41;1;1;1 and triangle I41;1;1, we showed that all
remaining integrals with Feynman-parameter insertions
can be obtained algebraically through a finite linear system
derived from differentiation/IBP identities in parameter
space. This system is naturally organized in terms of the
Gram matrix and its inverse, leading to compact and
explicit solutions in terms of lower-point functions. The
specialization to other kinematic configurations can sim-
ilarly be implemented straightforwardly.

V. CONCLUSIONS

In this work, we showed how the Nth rank vacuum
polarization tensor in QED acquires a particularly simple
and universal structure in a (0þ 1)-dimensional worldline
representation. In particular, we demonstrated that this fully
off-shell N-photon tensor can be written, for arbitrary N, as
an N ¼ 1 supersymmetric combination of bosonic and
fermionic worldline Green’s functions, which is universal
for arbitrary N. This representation requires neither Wick
contractions of the bosonic and fermionic worldlines nor
integrations over loop momenta followed by reduction to
scalar loop integrals. It also does not rely on anN ¼ 1 IBP

23When the Gram determinant vanishes, the integral can be
treated separately in the degenerate kinematic configuration,
where it reduces or simplifies accordingly.
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approach for the reconstruction of the full amplitude,
thereby avoiding ambiguities associated with this approach.
We further demonstrated that the fully off-shell worldline

representation of the Nth rank polarization tensor can be
expressed systematically in terms of a remarkably small set
of independent head form factors. The reduction in the
number of independent tensor structures follows from key
ingredients intrinsic to the worldline master formula; these
are current conservation, the permutation symmetry of the
N-boson insertions, and the explicitN ¼ 1 supersymmetry
algebra satisfied by the resulting (0þ 1)-dimensional rep-
resentation of the theory in terms of worldlines. Together,
these naturally organize the tensor into equivalence classes
under the permutation group symmetries of SN for general
N, thereby allowing the amplitude to be reconstructed from a
minimal basis of independent head form factors.
We provided explicit expressions for the form factors as

well as the rank-4 and rank-6 QED vacuum polarization
tensors. A computer program is provided that generalizes
this construction to an arbitrary number N of external off-
shell photons. We showed that the counting of independent
heads for arbitrary N is naturally formulated in terms of their
equivalence classes, and we used the Burnside-Cauchy-
Frobenius lemma to demonstrate how the multiplicity of
independent head form factors grows asymptotically. We
find that the number of such irreducible structures scales as
eN−1=

ffiffiffiffi
N

p
, in contrast to the eN−1N!=

ffiffiffiffi
N

p
characteristic

behavior of conventional perturbation theory employing
Feynman diagrams.
The classification of the Nth rank polarization tensors

entirely in terms of the small number of head form factors
followed from the repeated and systematic use of Ward
identities. As a consequence, QED amplitudes computed in
background fields can be expressed as gauge-invariant
combinations of these background fields multiplied by
the head form factors. Importantly, the classification of the
heads into equivalence classes (or orbits) indicates a similar
classification of the relevant gauge-invariant field strength
operators. In certain cases, as noted, these observations also
apply to QCD. Whether the classification has broader
applicability to QCD processes is an outstanding question.
Finally, as a nontrivial check of the formalism, we

reproduced the classic Karplus-Neuman light-by-light scat-
tering result directly in the worldline representation. We
generalized their results to the fully off-shell case for massless
QED outlining a novel systematic integration-by-parts reduc-
tion to a minimal set of scalar box and the triangle basis
integrals, expressed in terms of an explicitly solvable system
of algebraic identities among basis integrals.
Our results confirm that the combination of worldline

current permutation symmetries and Ward identities, to-
gether with the N ¼ 1 worldline supersymmetry, provides
an extremely efficient framework for organizing and com-
puting multiphoton and multiloop amplitudes. The method
offers a clear path toward higher-point calculations and

suggests a viable alternative to the long-standing issue of the
factorial growth of tensor structures and Feynman diagrams
encountered in conventional perturbative approaches.
In a follow-up publication, we will discuss the direct

computation of the gauge-invariant set of head form factors
without ordering the calculation into N! Feynman dia-
grams. This potentially provides a further N! factorial
advantage to the worldline formalism. The framework
discussed here therefore provides a systematic and novel
way of performing perturbative calculations circumventing
N! proliferations of both tensor structures, and of Feynman
diagrams, encountered in conventional perturbation theory.
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APPENDIX A: EXPLICIT WORLDLINE
STRUCTURE OF THE RANK-4 TENSOR BEFORE

SYMMETRY REDUCTION

Wewill illustrate here the direct use of Eqs. (2.4) and (2.5)
to reconstruct all form factors of the rank-4 QED vacuum
polarization tensor solely in terms of bosonic and fermionic
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worldline Green’s functions. The construction does not rely
on current conservation or current commutation symmetries
to reduce the number of form factors from 138 to 6. Instead,
we explicitly obtain the 3 tails, 54 shoulders, and 81 heads
by direct substitution of the functions defined in Eqs. (2.6)
into Eqs. (2.4) and (2.5).
This representation is equivalent to the streamlined result

presented in Appendix D, where only six head form factors
are required. As emphasized earlier, infinitely many equiv-
alent representations of the tensor exist, differing by terms
orthogonal to kμi , i ¼ 1, 2, 3, 4. In the main text, we exploit

this freedom to avoid computing all contributions derived
explicitly here, focusing instead on the evaluation of the
head ðNb ¼ NÞ terms of the master formula in Eq. (2.5).
The explicit construction in this appendix also illustrates
that the reduction to only six head form factors is already a
substantial simplification for N ¼ 4, omitting redundan-
cies, and becomes dramatically more powerful as the
number of form factors grows factorially with N.
Specializing Eq. (2.5) to N ¼ 4 yields six distinct con-

tributions ðNa; Nb; NcÞ satisfying 2Na þ Nb þ 2Nc ¼ 4,
namely,

ðNa; Nb; NcÞ∶ð2; 0; 0Þ; ð0; 4; 0Þ ð0; 0; 2Þ; ð1; 2; 0Þ; ð0; 2; 1Þ; ð1; 0; 1Þ: ðA1Þ

For bookkeeping purposes, we therefore write the rank-4 QED vacuum polarization tensor—obtained by specializing
Eq. (2.1) to N ¼ 4—as

Πμ1μ2μ3μ4ð1234Þ
¼ Πð2;0;0Þ

μ1…μ4ð1234Þ þ Πð0;4;0Þ
μ1…μ4ð1234Þ þ Πð0;0;2Þ

μ1…μN ð1234Þ þ Πð1;2;0Þ
μ1…μ4ð1234Þ þ Πð0;2;1Þ

μ1…μ4ð1234Þ þ Πð1;0;1Þ
μ1…μ4ð1234Þ; ðA2Þ

with

ΠðNa;Nb;NcÞ
μ1μ2μ3μ4 ð1234Þ ¼ −ð2πÞdδdðk1 þ � � � þ k4Þ

2g4μ8−2d

ð4πÞd=2

×
Z

1

0

dτ1 � � �dτ4
Z

∞

0

dε0
ε1þd=2
0

exp

�
−ε0m2 þ ε0

2

X4
i;j¼1

ki · kjG
ij
B

�
IðNa;Nb;NcÞ
μ1���μ4 ; ðA3Þ

and

IðNa;Nb;NcÞ
μ1μ2μ3μ4 ¼ ð−1ÞNc

Na!Nb!Nc!Nc!
ϵi1j1…iNa jNam1…mNb

p1q1…pNcqNc
ϵi1j1…iNa jNa l1…lNb

r1s1…rNc sNc

×

(YNa

α¼1

Aiαjα

)(YNb

α¼1

Bmαlα

)(YNc

α¼1

Cpαqα

)(YNc

α¼1

Drαsα

)
: ðA4Þ

We proceed now to the evaluation of the 4-rank tensor in the worldline formalism term by term.
Term (2, 0, 0). Setting Na ¼ 2, Nb ¼ 0 and Nc ¼ 0 in Eq. (A4) gives

Ið2;0;0Þμ1μ2μ3μ4 ¼
1

2!

X4
i1;j1¼1

X4
i2;j2¼1

ϵi1j1i2j2ϵi1j1i2j2Ai1j1Ai2j2 : ðA5Þ

This sum contains 24 terms. Owing to the symmetry of the coefficients Aij ¼ Aji [see Eqs. (2.6) and (2.9)] and the
invariance under simultaneous permutations of i1 ↔ i2 and j1 ↔ j2, not all terms are distinct. We therefore split the sum in
the cases i < j, i ¼ j and i > j for each pair ði1; jiÞ and ði2; j2Þ. Noting that Aii ¼ 0, we obtain

Ið2;0;0Þμ1μ2μ3μ4 ¼
1

2!

X4
i1;j1¼1

X4
i2;j2¼1

ϵi1j1i2j2ϵi1j1i2j2Ai1j1Ai2j2 ¼ 2
X
i1<j1

X
i2<j2

ϵi1j1i2j2ϵi1j1i2j2Ai1j1Ai2j2 : ðA6Þ

Next, we use the symmetry under the simultaneous permutations i1 ↔ i2 and j1 ↔ j2 to further rewrite

Ið2;0;0Þμ1μ2μ3μ4 ¼ 4A12A34 þ 4A13A24 þ 4A14A23: ðA7Þ
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This reduces the sum from 24 terms down to 3. Substituting now the form of Aij from Eq. (2.6) into this expression, one
obtains

Ið2;0;0Þμ1μ2μ3μ4 ¼ ε20

n
δμ1μ2δμ3μ4G̈

B
12G̈

B
34 þ δμ1μ3δμ2μ4G̈

B
13G̈

B
24 þ δμ1μ4δμ2μ3G̈

B
14G̈

B
23

o
: ðA8Þ

These therefore correspond to tail contributions to the expression for the fourth rank polarization tensor in Eq. (2.23).
Plugging this back into Eq. (A2), one obtains

Πð2;0;0Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδðk1 þ k2 þ k3 þ k4Þ

×
n
ημ1μ2ημ3μ4f1ð1234Þ þ ημ1μ3ημ2μ4f2ð1234Þ þ ημ1μ4ημ2μ3f3ð1234Þ

o
; ðA9Þ

with

f1ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
2 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−2G̈B
12G̈

B
34: ðA10Þ

f2ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
2 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−2G̈B
12G̈

B
34: ðA11Þ

f3ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
2 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−2G̈B
12G̈

B
34: ðA12Þ

Here, we have carried out the trivial ε0-integration, thereby recovering the polynomial denominator in Eq. (2.54).
Term (0, 4, 0): Setting Na ¼ 0, Nb ¼ 4 and Nc ¼ 0 in Eq. (A4) produces

Ið0;4;0Þμ1μ2μ3μ4 ¼
1

4!

X4
m1;m2;m3;m4¼1

X4
l1;l2;l3;l4¼1

ϵm1m2m3m4
ϵl1l2l3l4Bm1l1Bm2l2Bm3l3Bm4l4 : ðA13Þ

The above sum contains 242 ¼ 576 terms although not all of them are distinct. The sum is invariant under simultaneous
permutations of mi ↔ mj and li ↔ lj. This suggests organizing the sum over the 4! possible orderings (for example
m1 < m2 < m3 < m4, m2 < m1 < m3 < m4, etc.), which makes it manifest that the resulting terms are equal to each other
under the previous symmetry. Accordingly,

Ið0;4;0Þμ1μ2μ3μ4 ¼
X4

l1;l2;l3;l4¼1

ϵl1l2l3l4B1l1B2l2B3l3B4l4 : ðA14Þ

This reduces the sum from ð4!Þ2 contributions to only 4!. Substituting now the function Bij from Eq. (2.6), we obtain

Ið0;4;0Þμ1μ2μ3μ4 ¼ ε40
X

α1¼2;3;4
α2¼1;3;4

X
α3¼1;2;4
α4¼1;2;3

ðkα1Þμ1ðkα2Þμ2ðkα3Þμ3ðkα4Þμ4
X4

l1;l2;l3;l4¼1

ϵl1l2l3l4

n
δ1l1Ġ

B
1α1

þ δl1α1G
F
α11

o

×
n
δ2l2Ġ

B
2α2

þ δl2α2G
F
α22

on
δ3l3Ġ

B
3α3

þ δl3α3G
F
α33

on
δ4l4Ġ

B
4α4

þ δl4α4G
F
α44

o
; ðA15Þ

where we have further restricted the sum over αi indices, noting that for α1 ¼ 1, α2 ¼ 2, α3 ¼ 3, and α4 ¼ 4 the
corresponding contributions vanish by virtue of Ġii

B ¼ Gii
F ¼ 0; see Eqs. (2.9).

Accordingly, one can show that these are the only contributions to the head form factors to the rank-4 tensor as defined in
Eq. (2.23) and more generally the class of head contributions identified for arbitrary N in Eq. (2.25). Plugging this
contribution back into Eq. (A2),

Πð0;4;0Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδðk1 þ k2 þ k3 þ k4Þ

X
α1¼2;3;4
α2¼1;3;4

X
α3¼1;2;4
α4¼1;2;3

ðkα1Þμ1ðkα2Þμ2ðkα3Þμ3ðkα4Þμ4Hα1α2α3α4ð1234Þ; ðA16Þ
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where the head form factor is given by

Hα1α2α3α4ð1234Þ

¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d=2−4

×
X4

l1;l2;l3;l4¼1

ϵl1l2l3l4

n
ĠB

1α1
þ δl1α1G

F
α11

on
δ2l2Ġ

B
2α2

þ δl2α2G
F
α22

on
δ3l3Ġ

B
3α3

þ δl3α3G
F
α33

on
δ4l4Ġ

B
4α4

þ δl4α4G
F
α44

o
; ðA17Þ

and the polynomial denominator is given in Eq. (2.54).
Term (0, 0, 2): Setting Na ¼ 0, Nb ¼ 0, and Nc ¼ 2 in Eq. (A4) gives

Ið0;0;2Þμ1μ2μ3μ4 ¼
1

ð2!Þ2
X4

p1;q1¼1

X4
p2;q2¼1

ϵp1q1p2q2Cp1q1Cp2q2

X4
r1;s1¼1

X4
r2;s2¼1

ϵr1s1r2s2Dr1s1Dr2s2 : ðA18Þ

The sum contains ð4!Þ2 ¼ 576 terms. Given that Cij ¼ −Cji and Dij ¼ −Dji, as follows from Eq. (2.6), we can exploit the
invariance of the above expression under the exchanges p1 ↔ q1, p2 ↔ q2, r1 ↔ s1, and r2 ↔ s2 to reduce the number of
distinct contributions from 576 to 36,

Ið0;0;2Þμ1μ2μ3μ4 ¼ 4
X
p1<q1

X
p2<q2

ϵp1q1p2q2Cp1q1Cp2q2

X
r1<s1

X
r2<s2

ϵr1s1r2s2Dr1s1Dr2s2 ; ðA19Þ

and, using the invariance under the simultaneous exchanges p1 ↔ p2 and q1 ↔ q2, or r1 ↔ r2 and s1 ↔ s2, the remaining
36 terms can be further reduced to 9,

Ið0;0;2Þμ1μ2μ3μ4 ¼ 16ðC12C34 − C13C24 −þC14C23ÞðD12D34 −D13D24 þD14D23Þ: ðA20Þ

Hence, substituting the values for the functions Cij and Dij from Eq. (2.6), one obtains

Ið0;0;2Þμ1μ2μ3μ4 ¼ ε40

n
ημ1μ2ημ3μ4G

F
12G

F
34 − ημ1μ3ημ2μ4G

F
13G

F
24 þ ημ1μ4ημ2μ3G

F
14G

F
23

o
×
n
ðk1 · k2Þðk3 · k4ÞGF

12G
F
34 − ðk1 · k3Þðk2 · k4ÞGF

13G
F
24 þ ðk1 · k4Þðk2 · k3ÞGF

14G
F
23

o
: ðA21Þ

These therefore correspond to tail type contributions to the rank-4 tensor. Plugging this back into Eq. (A2) and performing
the ε0 integration straightforwardly produces

Πð0;0;2Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδdðk1 þ k2 þ k3 þ k4Þ

×
n
ημ1μ2ημ3μ4f4ð1234Þ þ ημ1μ3ημ2μ4f5ð1234Þ þ ημ1μ4ημ2μ3f6ð1234Þ

o
; ðA22Þ

with the corresponding form factors—after performing the ε0-integration—given by

f4ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4GF
12G

F
34

×
n
ðk1 · k2Þðk3 · k4ÞGF

12G
F
34 − ðk1 · k3Þðk2 · k4ÞGF

13G
F
24 þ ðk1 · k4Þðk2 · k3ÞGF

14G
F
23

o
; ðA23Þ

f5ð1234Þ ¼ 2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4GF
13G

F
24

×
n
ðk1 · k2Þðk3 · k4ÞGF

12G
F
34 − ðk1 · k3Þðk2 · k4ÞGF

13G
F
24 þ ðk1 · k4Þðk2 · k3ÞGF

14G
F
23

o
; ðA24Þ
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f6ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4GF
14G

F
23

×
n
ðk1 · k2Þðk3 · k4ÞGF

12G
F
34 − ðk1 · k3Þðk2 · k4ÞGF

13G
F
24 þ ðk1 · k4Þðk2 · k3ÞGF

14G
F
23

o
; ðA25Þ

and the polynomial denominator given in Eq. (2.54).
Term (1, 2, 0): Setting Na ¼ 1, Nb ¼ 2 and Nc ¼ 0 in Eq. (A4) gives

Ið1;2;0Þμ1μ2μ3μ4 ¼
1

2!

X4
i1;j1¼1

X4
m1;m2¼1

X4
l1;l2¼1

ϵi1j1m1m2
ϵi1j1l1l2Ai1j1Bm1l1Bm2l2 : ðA26Þ

The sum contains 48 terms. Using the invariance of the above expression under the exchange i1 ↔ j1, and under the
simultaneous exchange m1 ↔ m2 and l1 ↔ l2, one finds

Ið1;2;0Þμ1μ2μ3μ4 ¼ 2
X
i1<j1

X
m1<m2

X4
l1;l2¼1

ϵi1j1m1m2
ϵi1j1l1l2Ai1j1Bm1l1Bm2l2 ; ðA27Þ

reducing the 48 terms in the sum to 6. After substituting Aij and Bij using Eq. (2.6), we obtain

Ið1;2;0Þμ1μ2μ3μ4 ¼ ε30
X
i1<j1

X
m1<m2

X4
α1;α2¼1

ημi1μj1 ðkα1Þμm1
ðkα2Þμm2

ϵi1j1m1m2
ϵi1j1l1l2

× G̈B
i1j1

X4
l1;l2¼1

n
δm1l1Ġ

B
m1α1 þ δα1l1G

F
α1m1

on
δm2l2Ġ

B
m2α2 þ δα2l2G

F
α2m2

o
: ðA28Þ

As before, the sums can be restricted to α1 ≠ m1 and α2 ≠ m2, since the corresponding contributions vanish due to
ĠB

ii ¼ GF
ii ¼ 0; see Eqs. (2.9). These correspond to shoulder-type form factor contributions to the rank-4 tensor. Substituting

this back into Eq. (A2) and performing the ε0 integration straightforwardly produces

Πð1;2;0Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδdðk1 þ k2 þ k3 þ k4Þ

×

8<
:

X
α3¼1;2;4
α4¼1;2;3

δμ1μ2ðkα3Þμ3ðkα4Þμ4g1;α3α4ð1234Þ þ
X

α2¼1;3;4
α4¼1;2;3

δμ1μ3ðkα2Þμ2ðkα4Þμ4g2;α2α4ð1234Þ

þ
X

α2¼1;3;4
α3¼1;2;4

δμ1μ4ðkα2Þμ2ðkα3Þμ3g3;α2α3ð1234Þ þ
X

α1¼2;3;4
α4¼1;2;3

δμ2μ3ðkα1Þμ1ðkα4Þμ4g4;α1α4ð1234Þ

þ
X

α1¼2;3;4
α3¼1;2;4

δμ2μ4ðkα1Þμ1ðkα3Þμ3g5;α1α3ð1234Þ þ
X

α1¼2;3;4
α2¼1;3;4

δμ3μ4ðkα1Þμ1ðkα2Þμ2g6;α1α2ð1234Þ
9=
;; ðA29Þ

where

g1;α3α4ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
12

X
l3;l4¼3;4

ϵ12l3l4

n
δ3l3Ġ

B
3α3

þ δα3l3G
F
α33

gfδ4l4ĠB
4α4

þ δα4l4G
F
α4l4

o
;

g2;α2α4ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
13

X
l2;l4¼2;4

ϵ1l23l4

n
δ2l2Ġ

B
2α2

þ δα2l2G
F
α22

gfδ4l4ĠB
4α4

þ δα4l4G
F
α4l4

o
; ðA30Þ
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g3;α2α3ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
14

X
l2;l3¼2;3

ϵ1l2l34
n
δ2l2Ġ

B
2α2

þ δα2l2G
F
α22

on
δ3l3Ġ

B
3α3

þ δα3l3G
F
α3l3

o
; ðA31Þ

g4;α1α4ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
23

X
l1;l4¼1;4

ϵl123l4

n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ4l4Ġ

B
4α4

þ δα4l4G
F
α4l4

o
; ðA32Þ

g5;α1α3ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
24

X
l1;l3¼1;3

ϵl12l34
n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ3l3Ġ

B
3α3

þ δα3l3G
F
α3l3

o
; ðA33Þ

g6;α1α2ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

× G̈B
34

X
l1;l2¼1;2

ϵl1l234
n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ2l2Ġ

B
2α2

þ δα2l2G
F
α2l2

o
; ðA34Þ

with the polynomial denominator the one in Eq. (2.54).
Term (0, 2, 1): Setting Na ¼ 0, Nb ¼ 2 and Nc ¼ 1 in Eq. (A4) produces

Ið0;2;1Þμ1μ2μ3μ4 ¼ −
1

2

X4
m1;m2¼1

X4
p1;q1¼1

X4
r1;s1¼1

ϵk1k2p1q1ϵl1l2r1s1Bm1m1
Bk2l2Cp1q1Dr1s1 : ðA35Þ

The sum contains 576 terms and can be reduced to 144 by applying the same symmetry considerations as in the previous
case,

Ið0;2;1Þμ1μ2μ3μ4 ¼ −4
X

m1<m2

X
p1<q1

X
r1<s1

ϵm1m2p1q1ϵl1l2r1s1Bm1l1Bm2l2Cp1q1Dr1s1 : ðA36Þ

Replacing now the coefficient functions Bij, Cij, and Dij in Eq. (2.6) yields

Ið0;2;1Þμ1μ2μ3μ4 ¼ −ε40
X

m1<m2

X
p1<q1

X
r1<s1

ημp1μq1 ðkα1Þμm1
ðkα2Þμm2

ϵm1m2p1q1G
F
p1q1

×
X
r1<s1

X4
l1;l2¼1

ϵl1l2r1s1

n
δm1l1Ġ

B
m1α1 þ δl1α1G

F
α1m1

on
δm2l2Ġ

B
m2α2 þ δl2α2G

F
α2m2

o
ðkr1 · ks1ÞGF

r1s1 : ðA37Þ

These correspond, as in the previous case, to shoulder-type form factor contributions to the rank-4 tensor. Substituting this
back into Eq. (A2) and performing the ε0 integration straightforwardly produces
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Πð0;2;1Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδdðk1 þ k2 þ k3 þ k4Þ

×

8<
:

X
α3¼1;2;4
α4¼1;2;3

δμ1μ2ðkα3Þμ3ðkα4Þμ4g7;α3α4ð1234Þ þ
X

α2¼1;3;4
α4¼1;2;3

δμ1μ3ðkα2Þμ2ðkα4Þμ4g8;α2α4ð1234Þ

þ
X

α2¼1;3;4
α3¼1;2;4

δμ1μ4ðkα2Þμ2ðkα3Þμ3g9;α2α3ð1234Þ þ
X

α1¼2;3;4
α4¼1;2;3

δμ2μ3ðkα1Þμ1ðkα4Þμ4g10;α1α4ð1234Þ

þ
X

α1¼2;3;4
α3¼1;2;4

δμ2μ4ðkα1Þμ1ðkα3Þμ3g11;α1α3ð1234Þ þ
X

α1¼2;3;4
α2¼1;3;4

δμ3μ4ðkα1Þμ1ðkα2Þμ2g12;α1α2ð1234Þ
9=
;; ðA38Þ

where

g7;α3α4ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

×GF
12

X4
l3;l4¼1

X
r1<s1

ϵl3l4r1s1ðkr1 · ks1Þ
n
δ3l3Ġ

B
3α3

þ δα3l3G
F
α33

on
δ4l4Ġ

B
4α4

þ δα4l4G
F
α4l4

o
;

g8;α2α4ð1234Þ ¼ þ2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

×GF
13

X4
l2;l4¼1

X
r1<s1

ϵl2l4r1s1ðkr1 · ks1Þϵ1l23l4
n
δ2l2Ġ

B
2α2

þ δα2l2G
F
α22

on
δ4l4Ġ

B
4α4

þ δα4l4G
F
α4l4

o
; ðA39Þ

g9;α2α3ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

×GF
14

X4
l2;l3¼1

X
r1<s1

ϵl2l3r1s1ðkr1 · ks1Þ
n
δ2l2Ġ

B
2α2

þ δα2l2G
F
α22

on
δ3l3Ġ

B
3α3

þ δα3l3G
F
α3l3

o
; ðA40Þ

g10;α1α4ð1234Þ ¼ þ2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

× GF
23

X4
l1;l4¼1

X
r1<s1

ϵl1l4r1s1ðkr1 · ks1Þ
n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ4l4Ġ

B
4α4

þ δα4l4G
F
α4l4

o
; ðA41Þ

g11;α1α3ð1234Þ ¼ −2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

× GF
24

X4
l1;l3¼1

X
r1<s1

ϵl1l3r1s1ðkr1 · ks1Þ
n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ3l3Ġ

B
3α3

þ δα3l3G
F
α3l3

o
; ðA42Þ

g12;α1α2ð1234Þ ¼ þ2
g4μ8−2d

ð4πÞd=2 Γ
�
4 −

d
2

�Z
1

0

dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−4

× GF
34

X4
l1;l2¼1

X
r1<s1

ϵl1l2r1s1ðkr1 · ks1Þ
n
δ1l1Ġ

B
1α1

þ δα1l1G
F
α11

on
δ2l2Ġ

B
2α2

þ δα2l2G
F
α2l2

o
; ðA43Þ

and the denominator given by Eq. (2.54).
Term (1, 0, 1): Setting Na ¼ 1, Nb ¼ 0, and Nc ¼ 1 in Eq. (A4) and using the same symmetry considerations to reduce

the number of terms produces
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Ið1;0;1Þμ1μ2μ3μ4 ¼ −
X4

i1;j1¼1

ϵi1j1p1q1ϵi1j1r1s1Ai1j1Cp1q1Dr1s1 ¼ −8
X
i1<j1

X
p1<q1

X
r1<s1

ϵi1j1p1q1ϵi1j1r1s1Ai1j1Cp1q1Dr1s1 : ðA44Þ

Substituting now the coefficient functions Aij, Cij, and Dij using Eq. (2.6), and noticing ðGF
ijÞ2 ¼ 1, this leads to

Ið1;0;1Þμ1μ2μ3μ4 ¼ −ε30
n
ημ1μ2ημ3μ4

	
k3 · k4G̈B

12 þ k1 · k2G̈B
34



þ ημ1μ3ημ2μ4

	
k2 · k4G̈B

13 þ k1 · k3G̈B
24



þ ημ1μ4ημ2μ3

	
k2 · k3G̈B

14 þ k2 · k3G̈B
23


o
: ðA45Þ

These are tail-type form factor contributions to the tensor. After substituting back this expression into Eq. (A2) and
performing the ε0 integration, one obtains

Πð1;0;1Þ
μ1μ2μ3μ4ð1234Þ ¼ ð2πÞdδdðk1 þ k2 þ k3 þ k4Þ

×
n
ημ1μ2ημ3μ4f7ð1234Þ þ ημ1μ3ημ2μ4f8ð1234Þ þ ημ1μ4ημ2μ3f9ð1234Þ

o
; ðA46Þ

with

f7ð1234Þ ¼ 2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

	
G̈B

12k3 · k4 þ G̈B
34k1 · k2



; ðA47Þ

f8ð1234Þ ¼ 2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

	
G̈B

13k2 · k4 þ G̈B
24k1 · k3



; ðA48Þ

f9ð1234Þ ¼ 2
g4μ8−2d

ð4πÞd=2 Γ
�
3 −

d
2

�Z
dτ1dτ2dτ3dτ4½Dð1234; τ1;…; τ4Þ�d2−3

	
G̈B

14k2 · k3 þ G̈B
23k1 · k4



: ðA49Þ

Final result:We can now collect the resulting form factors according to their tail, shoulder, and head classification, as in
Eq. (2.23), as follows:

F1ð1234Þ ¼ f1ð1234Þ þ f4ð1234Þ þ f7ð1234Þ;
F2ð1234Þ ¼ f2ð1234Þ þ f5ð1234Þ þ f8ð1234Þ; ðA50Þ

F3ð1234Þ ¼ f3ð1234Þ þ f6ð1234Þ þ f9ð1234Þ; ðA51Þ

and

G1;α3α4ð1234Þ ¼ g1;α3α4ð1234Þ þ g7;α3α4ð1234Þ; G2;α2α4ð1234Þ ¼ g2;α2α4ð1234Þ þ g8;α2α4ð1234Þ;
G3;α2α3ð1234Þ ¼ g3;α2α3ð1234Þ þ g9;α2α3ð1234Þ; G4;α1α4ð1234Þ ¼ g4;α1α4ð1234Þ þ g10;α1α4ð1234Þ; ðA52Þ

G5;α1α3ð1234Þ ¼ g5;α1α3ð1234Þ þ g11;α1α3ð1234Þ; G6;α1α2ð1234Þ ¼ g6;α1α2ð1234Þ þ g12;α1α2ð1234Þ: ðA53Þ

Note that the head form factor Hα1α2α3α4ð1234Þ arises uniquely from the Nb ¼ 4 contribution and is given therefore directly
by Eq. (A17), as stated in Sec. II.

APPENDIX B: TRANSVERSE TENSOR FORM DECOMPOSITION INTO HEADS
USING CURRENT CONSERVATION

In this appendix, we will streamline the procedure discussed in the main text for the transverse decomposition of the
tensor with respect to the Ward identities in Eqs. (2.29)–(2.32). We will also provide the complete list of solutions
expressing the tails and shoulders in terms of the heads, following the systematic approach oultlined in Sec. II C. From
Eq. (2.29), collecting the terms that do not involve metric-tensor structures, one finds the additional relations,
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ð3Þ2ð1Þ3ð1Þ4 ×
"
G2;31ð1234Þ þG3;31ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi1311ð1234Þ
#
¼ 0; ðB1Þ

ð3Þ2ð1Þ3ði4Þ4 ×
"
G2;3i4ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi131i4ð1234Þ
#
¼ 0; i4 ¼ 2; 3; ðB2Þ

ð3Þ2ði3Þ3ð1Þ4 ×
"
G3;3i3ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi13i31ð1234Þ
#
¼ 0; i3 ¼ 2; 4; ðB3Þ

ð3Þ2ði3Þ3ði4Þ4 ×
"X
i1≠1

ð1 · i1ÞHi13i3i4ð1234Þ
#
¼ 0; i3 ¼ 2; 4; i4 ¼ 2; 3: ðB4Þ

and

ð4Þ2ð1Þ3ð1Þ4 ×
"
G2;41ð1234Þ þG3;41ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi1411ð1234Þ
#
¼ 0; ðB5Þ

ð4Þ2ði3Þ3ð1Þ4 ×
"
G3;4i3ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi14i31ð1234Þ
#
¼ 0; i3 ¼ 2; 4; ðB6Þ

ð4Þ2ð1Þ3ði4Þ4 ×
"
G2;4i4ð1234Þ þ

X
i1≠1

ð1 · i1ÞHi141i4ð1234Þ
#
¼ 0; i4 ¼ 2; 3: ðB7Þ

ð4Þ2ði3Þ3ði4Þ4 ×
"X
i1≠1

ð1 · i1ÞHi14i3i4ð1234Þ
#
¼ 0; i3 ¼ 2; 4; i4 ¼ 2; 3: ðB8Þ

The same procedure can be straightforwardly extended to
obtain analogous relations from the three other Ward
identities in Eqs. (2.30)–(2.32). By successive elimination,
the tails can then be expressed in terms of the shoulders, and
the shoulders can be expressed in terms of the heads. Not all
identities among heads, shoulders, and tails obtained in this
way are independent. Moreover, the reduction is not unique;
different choices lead to alternative but equivalent represen-
tations of the fourth rank tensor, related by identities among
the head form factors implied by the Ward identities. These
later relations can be further used to cast the tensor in a more
compact form, as done by Karplus and Neuman [84].
However, this complicates the analysis of the pole structures
when the tensor appears within a large amplitude, in
kinematical regimes of relevance to discuss nonperturbative
physics, such as the Regge [86] or Bjorken limits [106].
For example, the fourth Ward identity in Eq. (2.32)

yields relations such as

ð2Þ1ð1Þ2ð2Þ3½ð4 · 1ÞH2121ð1234Þ þ ð4 · 2ÞH2122ð1234Þ
þ ð4 · 3ÞH2123ð1234Þ� ¼ 0; ðB9Þ

which, after substituting H2122ð1234Þ ¼ H2111ð2134Þ using
the permutation group symmetries of the equivalence class
in Eq. (2.51), proves—as conjectured—the vanishing of
Eq. (44a) in Karplus and Neuman [84]. Analogously,

ð2Þ1ð3Þ2ð1Þ3½ð4 · 1ÞH2311ð1234Þ þ ð4 · 2ÞH2312ð1234Þ
þ ð4 · 3ÞH2313ð1234Þ� ¼ 0; ðB10Þ

which, after substituting H2313ð1234Þ ¼ H2311ð3124Þ and
H2312ð1234Þ ¼ H2311ð2314Þ from Eq. (C3), proves the
vanishing of Eq. (44b) in their paper.
As observed in Ref. [86], the use of these additional

relations, although formally valid, introduces collinear
singularities which are spurious; the corresponding scalar
products of photon momenta ki · kj, ði; j ¼ 1; 2; 3; 4Þ give
singular expressions in the amplitude but cancel in the
complete expression for the polarization tensor. This quan-
tity is of course infrared safe in QED (for arbitrary N)
precisely due to the current conservation implied by
Eqs. (2.29)–(2.32).
For completeness, we provide below the full list of

solutions. The shoulder form factors G1;i3i4ð1234Þ with

EFFICIENT COMPUTATION OF THE N-TH RANK QED … PHYS. REV. D 114, 016019 (2026)

016019-33



i3 ≠ 3 and i4 ≠ 4 can be expressed in terms of the head
form factors as

G1;11ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH2i211ð1234Þ; ðB11Þ

G1;12ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1112ð1234Þ

þ
X
i3≠3

ð3 · i3ÞH31i32ð1234Þ; ðB12Þ

G1;13ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH2i213ð1234Þ; ðB13Þ

G1;21ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1121ð1234Þ

þ
X
i4≠4

ð4 · i4ÞH412i4ð1234Þ; ðB14Þ

G1;22ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1122ð1234Þ; ðB15Þ

G1;23ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1123ð1234Þ; ðB16Þ

G1;41ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH2i241ð1234Þ; ðB17Þ

G1;42ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1142ð1234Þ; ðB18Þ

G1;43ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH2i243ð1234Þ; ðB19Þ

Analogously, the solutions for the shoulder form factors
G2;i2i4ð1234Þ with i2 ≠ 2 and i4 ≠ 4 are

G2;11ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH31i31ð1234Þ; ðB20Þ

G2;12ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH31i32ð1234Þ; ðB21Þ

G2;13ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH31i33ð1234Þ

þ
X
i4≠4

ð4 · i4ÞH314i4ð1234Þ; ðB22Þ

G2;31ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1311ð1234Þ

þ
X
i4≠4

ð4 · i4ÞH431i4ð1234Þ; ðB23Þ

G2;32ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1312ð1234Þ; ðB24Þ

G2;33ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1313ð1234Þ; ðB25Þ

G2;41ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH34i31ð1234Þ; ðB26Þ

G2;42ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1412ð1234Þ; ðB27Þ

G2;43ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1413ð1234Þ: ðB28Þ

Solutions for G3;i2i3ð1234Þ with i2 ≠ 2 and i3 ≠ 3 are

G3;11ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH411i4ð1234Þ; ðB29Þ

G3;12ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH412i4ð1234Þ; ðB30Þ

G3;14ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH414i4ð1234Þ

þ
X
i3≠3

ð3 · i3ÞH41i33ð1234Þ; ðB31Þ

G3;31ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH431i4ð1234Þ; ðB32Þ

G3;32ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH432i4ð1234Þ; ðB33Þ

G3;34ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1341ð1234Þ; ðB34Þ

G3;41ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH441i4ð1234Þ

þ
X
i2≠2

ð2 · i2ÞH4i212ð1234Þ; ðB35Þ

G3;42ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1421ð1234Þ; ðB36Þ

G3;44ð1234Þ ¼ −
X
i1≠1

ð1 · i1ÞHi1441ð1234Þ: ðB37Þ

Solutions for G4;i1i4ð1234Þ with i1 ≠ 1 and i4 ≠ 4 are

G4;21ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH23i31ð1234Þ; ðB38Þ

X. FEAL, A. TARASOV, and R. VENUGOPALAN PHYS. REV. D 114, 016019 (2026)

016019-34



G4;22ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH23i32ð1234Þ; ðB39Þ

G4;23ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH23i33ð1234Þ

þ
X
i4≠4

ð4 · i4ÞH234i4ð1234Þ; ðB40Þ

G4;31ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH3i221ð1234Þ; ðB41Þ

G4;32ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH3i222ð1234Þ

þ
X
i4≠4

ð4 · i4ÞH342i4ð1234Þ; ðB42Þ

G4;33ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH3i223ð1234Þ; ðB43Þ

G4;41ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH4i221ð1234Þ; ðB44Þ

G4;42ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH43i32ð1234Þ; ðB45Þ

G4;43ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH4i223ð1234Þ: ðB46Þ

Solutions for G5;i1i3ð1234Þ with i1 ≠ 1 and i3 ≠ 3 are

G5;21ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH241i4ð1234Þ; ðB47Þ

G5;22ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH242i4ð1234Þ; ðB48Þ

G5;24ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH244i4ð1234Þ

þ
X
i3≠3

ð3 · i3ÞH24i33ð1234Þ; ðB49Þ

G5;31ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH3i212ð1234Þ; ðB50Þ

G5;32ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH342i4ð1234Þ; ðB51Þ

G5;34ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH3i242ð1234Þ; ðB52Þ

G5;41ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH4i212ð1234Þ; ðB53Þ

G5;42ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH4i222ð1234Þ

þ
X
i3≠3

ð3 · i3ÞH43i32ð1234Þ; ðB54Þ

G5;44ð1234Þ ¼ −
X
i2≠2

ð2 · i2ÞH4i242ð1234Þ: ðB55Þ

Solutions for G6;i1i2ð1234Þ with i1 ≠ 1 and i2 ≠ 2 are

G6;21ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH21i33ð1234Þ; ðB56Þ

G6;23ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH234i4ð1234Þ; ðB57Þ

G6;24ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH24i33ð1234Þ; ðB58Þ

G6;31ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH314i4ð1234Þ; ðB59Þ

G6;33ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH334i4ð1234Þ; ðB60Þ

G6;34ð1234Þ ¼ −
X
i4≠4

ð4 · i4ÞH344i4ð1234Þ

þ
X
i2≠2

ð2 · i2ÞH3i242ð1234Þ; ðB61Þ

G6;41ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH41i33ð1234Þ; ðB62Þ

G6;43ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH43i33ð1234Þ

þ
X
i2≠2

ð2 · i2ÞH4i223ð1234Þ; ðB63Þ

G6;44ð1234Þ ¼ −
X
i3≠3

ð3 · i3ÞH44i33ð1234Þ: ðB64Þ

The solution for F1ð1234Þ is

F1ð1234Þ ¼
X
i3≠3

ð1 · 2Þð3 · i3ÞH21i33ð1234Þ

þ
X
i4≠4

ð1 · 3Þð4 · i4ÞH314i4ð1234Þ

þ
X
i3≠3

ð1 · 4Þð3 · i3ÞH41i33ð1234Þ: ðB65Þ

The solution for F2ð1234Þ is
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F2ð1234Þ ¼
X
i4≠4

ð1 · 2Þð4 · i4ÞH241i4ð1234Þ þ
X
i2≠2

ð1 · 3Þð2 · i2ÞH3i212ð1234Þ þ
X
i2≠2

ð1 · 4Þð2 · i2ÞH4i212ð1234Þ: ðB66Þ

The solution for F3ð1234Þ is

F3ð1234Þ ¼
X
i3≠3

ð1 · 2Þð3 · i3ÞH23i31ð1234Þ þ
X
i2≠2

ð1 · 3Þð2 · i2ÞH3i221ð1234Þ þ
X
i2≠2

ð1 · 4Þð2 · i2ÞH4i221ð1234Þ: ðB67Þ

This completes the determination of all tail and shoulder form factors of the N ¼ 4 tensor in terms of the head form factors.

APPENDIX C: FULL LIST OF EQUIVALENCE CLASSES UNDER PERMUTATION GROUP
SYMMETRIES OF THE FOURTH RANK TENSOR

In Sec. II C, we observed that the compact master formula for the worldline representation of the head form factors of
Eq. (2.25) satisfies the permutation group symmetry in Eq. (2.48), in agreement with the fact that theN ¼ 1 supersymmetric
charged worldline currents trivially commute in the rank—N tensor of Eq. (2.1). Using Eq. (2.48), we generated the
equivalence class corresponding to the head form factor representative H2111ð1234Þ. In this appendix, we list the five
remaining equivalence classes defined by the action of this symmetry group. The elements of these classes are later used to
express the original tensor in terms of the reduced set of six head form-factor representatives, as done in Appendix D.
Starting with H2121ð1234Þ, a sequential application of the symmetry-group action in Eq. (2.48) generates the second

equivalence class,

H2121ð1234Þ ¼ H2112ð1243Þ ¼ H3311ð1324Þ ¼ H4411ð1342Þ ¼ H3113ð1423Þ ¼ H4141ð1432Þ
¼ H2112ð2134Þ ¼ H2121ð2143Þ ¼ H3113ð2314Þ ¼ H4141ð2341Þ ¼ H4411ð2431Þ ¼ H3311ð2413Þ
¼ H3322ð3124Þ ¼ H4422ð3142Þ ¼ H2323ð3214Þ ¼ H2442ð3241Þ ¼ H4343ð3412Þ ¼ H3443ð3421Þ
¼ H2323ð4123Þ ¼ H2442ð4132Þ ¼ H3322ð4213Þ ¼ H4422ð4231Þ ¼ H4343ð4321Þ ¼ H3443ð4312Þ: ðC1Þ

Likewise, starting from another element not contained in Eq. (2.51) or (C1), for instance,H2123ð1234Þ, Eq. (2.48) generates

H2123ð1234Þ ¼ H2142ð1243Þ ¼ H3312ð1324Þ ¼ H4421ð1342Þ ¼ H3413ð1423Þ ¼ H4341ð1432Þ
¼ H2113ð2134Þ ¼ H2141ð2143Þ ¼ H3112ð2314Þ ¼ H4121ð2341Þ ¼ H3411ð2413Þ ¼ H4311ð2431Þ
¼ H3321ð3124Þ ¼ H4412ð3142Þ ¼ H2321ð3214Þ ¼ H2412ð3241Þ ¼ H4143ð3412Þ ¼ H3143ð3421Þ
¼ H4323ð4123Þ ¼ H3442ð4132Þ ¼ H4322ð4213Þ ¼ H3422ð4231Þ ¼ H2343ð4321Þ ¼ H2443ð4312Þ: ðC2Þ

We repeat this procedure starting with H2311ð1234Þ, H2143ð1234Þ and H2341ð1234Þ to obtain

H2311ð1234Þ ¼ H2411ð1243Þ ¼ H3121ð1324Þ ¼ H4112ð1342Þ ¼ H3141ð1423Þ ¼ H4113ð1432Þ
¼ H3122ð2134Þ ¼ H4122ð2143Þ ¼ H2313ð2314Þ ¼ H2441ð2341Þ ¼ H4313ð2413Þ ¼ H3441ð2431Þ
¼ H2312ð3124Þ ¼ H2421ð3142Þ ¼ H3123ð3214Þ ¼ H4142ð3241Þ ¼ H3341ð3412Þ ¼ H4413ð3421Þ
¼ H2342ð4123Þ ¼ H2423ð4132Þ ¼ H3423ð4213Þ ¼ H4342ð4231Þ ¼ H4423ð4321Þ ¼ H3342ð4312Þ; ðC3Þ

as well as

H2143ð1234Þ ¼ H2143ð1243Þ ¼ H3412ð1324Þ ¼ H4321ð1342Þ ¼ H3412ð1423Þ ¼ H4321ð1432Þ
¼ H2143ð2134Þ ¼ H2143ð2143Þ ¼ H3412ð2314Þ ¼ H4321ð2341Þ ¼ H4321ð2431Þ ¼ H3412ð2413Þ
¼ H4321ð3124Þ ¼ H3412ð3142Þ ¼ H4321ð3214Þ ¼ H3412ð3241Þ ¼ H2143ð3421Þ ¼ H2143ð3412Þ
¼ H4321ð4123Þ ¼ H3412ð4132Þ ¼ H4321ð4213Þ ¼ H3412ð4231Þ ¼ H2143ð4312Þ ¼ H2143ð4321Þ; ðC4Þ

and
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H2341ð1234Þ ¼ H2413ð1243Þ ¼ H3421ð1324Þ ¼ H4312ð1342Þ ¼ H3142ð1423Þ ¼ H4123ð1432Þ
¼ H3142ð2134Þ ¼ H4123ð2143Þ ¼ H2413ð2314Þ ¼ H2341ð2341Þ ¼ H4312ð2413Þ ¼ H3421ð2431Þ
¼ H4312ð3124Þ ¼ H3421ð3142Þ ¼ H4123ð3214Þ ¼ H3142ð3241Þ ¼ H2341ð3412Þ ¼ H2413ð3421Þ
¼ H2341ð4123Þ ¼ H2413ð4132Þ ¼ H3421ð4213Þ ¼ H4312ð4231Þ ¼ H3142ð4312Þ ¼ H4123ð4321Þ: ðC5Þ

This completes the list, allowing any of the 81 head form
factors to be written now as a number of inverse permutation
in the momenta arguments of the six class representatives
above. We choose as representatives the first element
of each class: H2111ð1234Þ, H2121ð1234Þ, H2123ð1234Þ,
H2311ð1234Þ, H2143ð1234Þ, and H2341ð1234Þ. The choice
is arbitrary, and any alternative set would lead to an
equivalent result. The list provided here incorporates
corrections to typographical errors in the original manu-
script of Karplus and Neuman [84], previously identified
in Ref. [86].
Note that repeated heads appear within each equivalence

class, sharing the same indices but differing by permuta-
tions of the photon momentum arguments, as already
observed in Sec. II C. This leads to equivalence classes
of different cardinalities, so counting the number of
independent heads is not a trivial task. We provide in this
work a computational algorithm that automates this pro-
cedure and gives the results for general N. We emphasize
that the central result of this work, the worldline master
formula for the tensor form factors in Eq. (2.25), auto-
matically satisfies the aforementioned permutation group

symmetries, and thus is a systematic way of finding the
minimal set of independent form factors.

APPENDIX D: COMPLETE EXPRESSION FOR
THE RANK-4 QED VACUUM POLARIZATION

TENSOR

We present the result in tabular form, with the terms
organized according to the same six equivalence classes of
head form factors listed above. First, the expressions for
the tails [in Eqs. (B65)–(B67)] and shoulders [in
Eqs. (B11)–(B64)], each given in terms of the heads,
are substituted into Eq. (2.23). For each head form factor,
we then indicate its replacement using Eq. (2.51) and
Eqs. (C1)–(C5), together with the coefficient multiplying
it in the polarization tensor. The rank-4 tensor Π1234ð1234Þ
is then obtained by summing all the terms listed below. As
emphasized earlier, since the symmetries and identities
employed are completely general, the resulting expression
holds for the rank-4 tensor at any order in perturbation
theory in QED, with modifications affecting only the
explicit definition of the form factors Hijklð1234Þ.

Class 1

½H2111ð1234Þ → H2111ð1234Þ� × ½ð2Þ1ð1Þ2ð1Þ3ð1Þ4 − ð1 · 2Þδ12ð1Þ3ð1Þ4�;
½H3111ð1234Þ → H2111ð1324Þ� × ½ð3Þ1ð1Þ2ð1Þ3ð1Þ4 − ð1 · 3Þδ13ð1Þ2ð1Þ4�;
½H4111ð1234Þ → H2111ð1423Þ� × ½ð4Þ1ð1Þ2ð1Þ3ð1Þ4 − ð1 · 4Þδ14ð1Þ2ð1Þ3�;
½H2122ð1234Þ → H2111ð2143Þ� × ½ð2Þ1ð1Þ2ð2Þ3ð2Þ4 − ð1 · 2Þδ12ð2Þ3ð2Þ4�;
½H3313ð1234Þ → H2111ð3124Þ� × ½ð3Þ1ð3Þ2ð1Þ3ð3Þ4 − ð1 · 3Þδ13ð3Þ2ð3Þ4�;
½H4441ð1234Þ → H2111ð4123Þ� × ½ð4Þ1ð4Þ2ð4Þ3ð1Þ4 − ð1 · 4Þδ14ð4Þ2ð4Þ3�;
½H2322ð1234Þ → H2111ð2314Þ� × ½ð2Þ1ð3Þ2ð2Þ3ð2Þ4 − ð2 · 3Þδ23ð2Þ1ð2Þ4�;
½H2422ð1234Þ → H2111ð2413Þ� × ½ð2Þ1ð4Þ2ð2Þ3ð2Þ4 − ð2 · 4Þδ24ð2Þ1ð2Þ3�;
½H3323ð1234Þ → H2111ð3214Þ� × ½ð3Þ1ð3Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ23ð3Þ1ð3Þ4�;
½H4442ð1234Þ → H2111ð4231Þ� × ½ð4Þ1ð4Þ2ð4Þ3ð2Þ4 − ð2 · 4Þδ24ð4Þ1ð4Þ3�;
½H4443ð1234Þ → H2111ð4321Þ� × ½ð4Þ1ð4Þ2ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð4Þ1ð4Þ2�;
½H3343ð1234Þ → H2111ð3412Þ� × ½ð3Þ1ð3Þ2ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð3Þ1ð3Þ2�: ðD1Þ
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Class 2

½H2121ð1234Þ → H2121ð1234Þ� × ½ð2Þ1ð1Þ2ð2Þ3ð1Þ4 − ð1 · 2Þδ12ð2Þ3ð4Þ4�;
½H2112ð1234Þ → H2121ð1243Þ� × ½ð2Þ1ð1Þ2ð1Þ3ð2Þ4 − ð1 · 2Þδ12ð1Þ3ð2Þ4�;
½H3311ð1234Þ → H2121ð3142Þ� × ½ð3Þ1ð3Þ2ð1Þ3ð1Þ4 − ð1 · 3Þδ13ð3Þ2ð1Þ4�;
½H4411ð1234Þ → H2121ð4132Þ� × ½ð4Þ1ð4Þ2ð1Þ3ð1Þ4 − ð1 · 4Þδ14ð1Þ3ð4Þ2�;
½H3113ð1234Þ → H2121ð3124Þ� × ½ð3Þ1ð1Þ2ð1Þ3ð3Þ4 − ð1 · 3Þδ13ð1Þ2ð3Þ4�;
½H4141ð1234Þ → H2121ð4123Þ� × ½ð4Þ1ð1Þ2ð4Þ3ð1Þ4 − ð1 · 4Þδ14ð1Þ2ð4Þ3�;
½H3322ð1234Þ → H2121ð3241Þ� × ½ð3Þ1ð3Þ2ð2Þ3ð2Þ4 − ð2 · 3Þδ23ð3Þ1ð2Þ4�;
½H4422ð1234Þ → H2121ð2413Þ� × ½ð4Þ1ð4Þ2ð2Þ3ð2Þ4 − ð2 · 4Þδ24ð4Þ1ð2Þ3�;
½H2323ð1234Þ → H2121ð2341Þ� × ½ð2Þ1ð3Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ23ð2Þ1ð3Þ4�;
½H2442ð1234Þ → H2121ð2431Þ� × ½ð2Þ1ð4Þ2ð4Þ3ð2Þ4 − ð2 · 4Þδ24ð2Þ1ð4Þ3�;
½H4343ð1234Þ → H2121ð3412Þ� × ½ð4Þ1ð3Þ2ð4Þ3ð3Þ4 − ð4 · 3Þδ34ð4Þ1ð3Þ2�;
½H3443ð1234Þ → H2121ð4312Þ� × ½ð3Þ1ð4Þ2ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð3Þ1ð4Þ2�: ðD2Þ

Class 3

½H2123ð1234Þ → H2123ð1234Þ� × ½ð2Þ1ð1Þ2ð2Þ3ð3Þ4 − ð1 · 2Þδ12ð2Þ3ð3Þ4 − ð2 · 3Þδ34ð2Þ1ð1Þ2 þ ð1 · 2Þð2 · 3Þδ12δ34�;
½H2141ð1234Þ → H2123ð2143Þ� × ½ð2Þ1ð1Þ2ð4Þ3ð1Þ4 − ð1 · 2Þδ12ð4Þ3ð1Þ4�;
½H2142ð1234Þ → H2123ð1243Þ� × ½ð2Þ1ð1Þ2ð4Þ3ð2Þ4 − ð1 · 2Þδ12ð4Þ3ð2Þ4�;
½H3312ð1234Þ → H2123ð1324Þ� × ½ð3Þ1ð3Þ2ð1Þ3ð2Þ4 − ð1 · 3Þδ13ð3Þ2ð2Þ4 − ð2 · 3Þδ24ð3Þ1ð3Þ3 þ ð2 · 3Þð1 · 3Þδ13δ24�;
½H4421ð1234Þ → H2123ð1423Þ� × ½ð4Þ1ð4Þ2ð2Þ3ð1Þ4 − ð1 · 4Þδ14ð4Þ2ð4Þ3 − ð2 · 4Þδ23ð4Þ1ð1Þ4 þ ð1 · 4Þð2 · 4Þδ24δ23�;
½H3413ð1234Þ → H2123ð1342Þ� × ½ð4Þ1ð4Þ2ð2Þ3ð1Þ4 − ð1 · 3Þδ13ð4Þ2ð3Þ4�
½H4341ð1234Þ → H2123ð1432Þ� × ½ð4Þ1ð3Þ2ð4Þ3ð1Þ4 − ð1 · 4Þδ14ð3Þ2ð4Þ3�
½H2113ð1234Þ → H2123ð2134Þ� × ½ð2Þ1ð1Þ2ð1Þ3ð3Þ4 − ð1 · 2Þð1Þ3ð3Þ4δ12 − ð1 · 3Þδ34ð2Þ1ð1Þ2 þ ð1 · 2Þð1 · 3Þδ12δ34
½H2141ð1234Þ → H2123ð2143Þ� × ½ð2Þ1ð1Þ2ð4Þ3ð1Þ4 − ð1 · 2Þδ12ð4Þ3ð1Þ4�
½H3112ð1234Þ → H2123ð3124Þ� × ½ð3Þ1ð1Þ2ð1Þ3ð2Þ4 − ð1 · 2Þδ24ð3Þ1ð1Þ3 − ð1 · 3Þδ13ð1Þ2ð2Þ4 þ ð1 · 2Þð1 · 3Þδ13δ24�;
½H4121ð1234Þ → H2123ð4123Þ� × ½ð4Þ1ð1Þ2ð2Þ3ð1Þ4 − ð1 · 2Þδ23ð4Þ1ð1Þ4 − ð1 · 4Þð1Þ2ð2Þ3δ14 þ ð1 · 2Þð1 · 4Þδ14δ23�
½H3411ð1234Þ → H2123ð3142Þ� × ½ð1Þ1ð2Þ2ð3Þ3ð4Þ4 − ð1 · 3Þδ13ð4Þ2ð1Þ4�
½H4311ð1234Þ → H2123ð4132Þ� × ½ð4Þ1ð3Þ2ð1Þ3ð2Þ4 − ð1 · 4Þδ14ð3Þ2ð1Þ3�
½H3321ð1234Þ → H2123ð2314Þ� × ½ð3Þ1ð3Þ2ð2Þ3ð1Þ4 − ð2 · 3Þδ23ð3Þ1ð1Þ4 þ ð1 · 3Þð2 · 3Þδ14δ23�
½H4412ð1234Þ → H2321ð2413Þ� × ½ð4Þ1ð4Þ2ð1Þ3ð2Þ4 − ð1 · 4Þδ13ð4Þ2ð2Þ4 − ð2 · 4Þδ24ð4Þ1ð1Þ3 þ ð1 · 4Þð2 · 4Þδ13δ24�:
½H2321ð1234Þ → H2123ð3214Þ� × ½ð2Þ1ð3Þ2ð2Þ3ð1Þ4 − ð2 · 3Þδ23ð2Þ1ð1Þ4 þ ð1 · 2Þð2 · 3Þδ14δ23�
½H2412ð1234Þ → H2123ð4213Þ� × ½ð2Þ1ð4Þ2ð1Þ3ð2Þ4 − ð1 · 2Þδ13ð4Þ2ð2Þ4 − ð2 · 4Þδ24ð2Þ1ð1Þ3 þ δ13ð1 · 2Þð2 · 4Þ�;
½H4143ð1234Þ → H2123ð3412Þ� × ½ð4Þ1ð1Þ2ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð4Þ1ð1Þ2 þ ð1 · 4Þð3 · 4Þδ12δ34�;
½H3143ð1234Þ → H2123ð4312Þ� × ½ð3Þ1ð1Þ2ð4Þ3ð3Þ4 − ð3 · 4Þð3Þ1ð1Þ2δ34 þ ð1 · 3Þð3 · 4Þδ12δ34�
½H4323ð1234Þ → H2123ð2341Þ� × ½ð4Þ1ð3Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ23ð4Þ1ð3Þ4 − ð3 · 4Þδ14ð3Þ2ð2Þ3�
½H3442ð1234Þ → H2123ð2431Þ� × ½ð3Þ1ð4Þ2ð4Þ3ð2Þ4 − ð2 · 3Þδ23ð4Þ1ð3Þ4 − ð3 · 4Þδ14ð3Þ2ð2Þ3�
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½H4322ð1234Þ → H2123ð3241Þ� × ½ð4Þ1ð3Þ2ð2Þ3ð2Þ4 − ð2 · 3Þδ23ð4Þ1ð2Þ4 − ð2 · 4Þδ14ð3Þ2ð2Þ3�
½H3422ð1234Þ → H2123ð4231Þ� × ½ð3Þ1ð4Þ2ð2Þ3ð2Þ4 − ð2 · 4Þδ24ð3Þ1ð2Þ3�
½H2343ð1234Þ → H2123ð4321Þ� × ½ð2Þ1ð3Þ2ð4Þ3ð3Þ4 − ð2 · 3Þδ12ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð2Þ1ð3Þ2�
½H2443ð1234Þ → H2123ð3421Þ� × ½ð2Þ1ð4Þ2ð4Þ3ð3Þ4 − ð2 · 4Þδ12ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð2Þ1ð4Þ2�: ðD3Þ

Class 4

½H2311ð1234Þ → H2311ð1234Þ� × ½ð2Þ1ð3Þ2ð1Þ3ð1Þ4 − ð1 · 2Þδ13ð3Þ2ð1Þ4 − ð1 · 3Þδ23ð2Þ1ð1Þ4
− ð2 · 3Þδ12ð1Þ3ð1Þ4 þ ð1 · 2Þð1 · 3Þδ14δ23�;

½H2411ð1234Þ → H2311ð1243Þ� × ½ð2Þ1ð3Þ2ð1Þ3ð1Þ4 − ð1 · 4Þδ24ð2Þ1ð1Þ3
− ð2 · 4Þδ12ð1Þ3ð1Þ4 þ ð1 · 2Þð1 · 4Þδ13δ24�;

½H3121ð1324Þ → H2311ð1324Þ� × ½ð3Þ1ð1Þ2ð2Þ3ð1Þ4 − ð1 · 2Þδ23ð3Þ1ð1Þ4 − ð1 · 3Þδ12ð2Þ3ð1Þ4
þ ð2 · 3Þδ13ð1Þ2ð1Þ4 þ ð1 · 2Þð1 · 3Þδ14δ23�;

½H4112ð1234Þ → H2311ð1423Þ� × ½ð4Þ1ð1Þ2ð1Þ3ð2Þ4 − ð1 · 2Þð4Þ1ð1Þ3δ24 þ ð1 · 2Þδ14ð4Þ2ð1Þ3
− ð1 · 4Þδ12ð1Þ3ð2Þ4 − ð2 · 4Þδ14ð1Þ2ð1Þ3δ14 þ ð1 · 2Þð1 · 4Þδ13δ24�;

½H3141ð1234Þ → H2311ð1342Þ� × ½ð3Þ1ð1Þ2ð4Þ3ð1Þ4 þ ð1 · 4Þδ13ð1Þ2ð3Þ4 − ð1 · 4Þδ34ð3Þ1ð1Þ2
− ð3 · 4Þð1Þ2ð1Þ4ð3 · 4Þδ13 þ ð1 · 3Þð1 · 4Þδ12δ34�;

½H4113ð1234Þ → H2311ð1432Þ� × ½ð4Þ1ð1Þ2ð1Þ3ð3Þ4 − ð1 · 3Þδ34ð4Þ1ð1Þ2 þ ð1 · 3Þδ14ð1Þ2ð4Þ3
− ð3 · 4Þδ14ð1Þ2ð1Þ3 þ ð1 · 3Þð1 · 4Þδ12δ34�;

½H3122ð1234Þ → H2311ð2134Þ� × ½ð3Þ1ð1Þ2ð2Þ3ð2Þ4 − ð1 · 2Þδ23ð3Þ1ð2Þ4 − ð1 · 3Þδ12ð2Þ3ð2Þ4
þ ð2 · 3Þδ12ð1Þ3ð2Þ4 − ð2 · 3Þδ13ð1Þ2ð2Þ4�;

½H4122ð1234Þ → H2311ð2143Þ� × ½ð4Þ1ð1Þ2ð2Þ3ð2Þ4 − ð1 · 2Þδ24ð4Þ1ð2Þ3 − ð1 · 4Þδ12ð2Þ3ð2Þ4
þ ð2 · 4Þδ12ð2Þ3ð1Þ4 − ð2 · 4Þδ14δ14ð1Þ2ð2Þ3�;

½H2313ð1234Þ → H2311ð3124Þ� × ½ð2Þ1ð3Þ2ð1Þ3ð3Þ4 − ð1 · 2Þδ13ð3Þ2ð3Þ4 − ð1 · 3Þδ23ð2Þ1ð3Þ4
− ð2 · 3Þδ12ð1Þ3ð3Þ4�;

½H2441ð1234Þ → H2311ð4123Þ� × ½ð2Þ1ð4Þ2ð1Þ3ð1Þ4 − ð1 · 4Þδ24ð2Þ1ð1Þ3 − ð2 · 4Þδ12ð1Þ3ð1Þ4�;
½H4313ð1234Þ → H2311ð3142Þ� × ½ð4Þ1ð3Þ2ð1Þ3ð3Þ4 − ð1 · 3Þδ34ð4Þ1ð3Þ2 − ð1 · 4Þδ13ð3Þ2ð3Þ4

þ ð3 · 4Þδ13ð3Þ2ð1Þ4�;
½H3441ð1234Þ → H2311ð4132Þ� × ½ð3Þ1ð4Þ2ð4Þ3ð1Þ4 − ð1 · 3Þδ14ð4Þ2ð4Þ3 − ð1 · 4Þδ34ð3Þ1ð4Þ2

− ð3 · 4Þð4Þ2ð1Þ4δ13�;
½H2312ð1234Þ → H2311ð2314Þ� × ½ð2Þ1ð3Þ2ð1Þ3ð2Þ4 − ð1 · 2Þδ13ð3Þ2ð2Þ4 − ð1 · 3Þδ23ð2Þ1ð2Þ4�;
½H2421ð1234Þ → H2311ð2413Þ� × ½ð2Þ1ð4Þ2ð2Þ3ð1Þ4 − ð1 · 2Þδ14ð4Þ2ð2Þ3 − ð1 · 4Þδ24ð2Þ1ð2Þ3�;
½H3123ð1234Þ → H2311ð3214Þ� × ½ð3Þ1ð1Þ2ð1Þ3ð1Þ4 − ð1 · 2Þδ23ð3Þ1ð3Þ4 − ð1 · 3Þδ12ð2Þ3ð3Þ2

− ð2 · 3Þδ13ð1Þ2ð3Þ4�;
½H4142ð1234Þ → H2311ð4213Þ� × ½ð4Þ1ð1Þ2ð4Þ3ð2Þ4 − ð1 · 2Þδ24ð4Þ1ð4Þ3 − δ12ð1 · 4Þð4Þ3ð2Þ4

− ð2 · 4Þδ14ð1Þ2ð4Þ3�;
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½H3341ð1234Þ → H2311ð3412Þ� × ½ð3Þ1ð3Þ2ð4Þ3ð1Þ4 − ð1 · 3Þδ14ð3Þ2ð4Þ3 − ð1 · 4Þδ34ð3Þ1ð3Þ2�;
½H4413ð1234Þ → H2311ð4312Þ� × ½ð4Þ1ð4Þ2ð1Þ3ð3Þ4 − ð1 · 3Þδ34ð4Þ1ð4Þ2 − ð1 · 4Þδ13ð4Þ2ð3Þ4

− ð3 · 4Þδ14ð4Þ2ð1Þ3�;
½H2342ð1234Þ → H2311ð2341Þ� × ½ð2Þ1ð3Þ2ð4Þ3ð2Þ4 − ð2 · 4Þδ23ð2Þ1ð3Þ4 − ð2 · 4Þδ34ð2Þ1ð3Þ2

− ð3 · 4Þδ23ð2Þ1ð2Þ4�;
½H2423ð1234Þ → H2311ð2431Þ� × ½ð2Þ1ð4Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ34ð2Þ1ð4Þ2 þ ð2 · 3Þδ24ð2Þ1ð4Þ3

− ð3 · 4Þδ24ð2Þ1ð2Þ3�;
½H3423ð1234Þ → H2311ð3241Þ� × ½ð3Þ1ð4Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ34ð2Þ1ð4Þ2 − ð2 · 3Þδ24ð2Þ1ð4Þ3

− ð3 · 4Þδ24ð2Þ1ð2Þ3�;
½H4342ð1234Þ → H2311ð4231Þ� × ½ð4Þ1ð3Þ2ð4Þ3ð2Þ4 − ð2 · 3Þδ24ð4Þ1ð4Þ3 − ð3 · 4Þδ23ð4Þ1ð2Þ4

þ ð3 · 4Þδ24ð4Þ1ð2Þ3�;
½H4423ð1234Þ → H2311ð4321Þ� × ½ð4Þ1ð4Þ2ð2Þ3ð3Þ4 − ð2 · 3Þδ34ð4Þ1ð4Þ2 − ð2 · 4Þδ23ð4Þ1ð3Þ4

þ ð2 · 4Þδ34ð4Þ1ð3Þ2�;
½H3342ð1234Þ → H2311ð3421Þ� × ½ð2Þ1ð3Þ2ð1Þ3ð1Þ4 − ð2 · 3Þδ24ð3Þ1ð4Þ3

þ ð2 · 3Þδ34ð3Þ1ð4Þ2�: ðD4Þ

Class 5

½H2143ð1234Þ → H2143ð1234Þ� × ½ð2Þ1ð1Þ2ð4Þ3ð3Þ4 − ð1 · 2Þδ12ð4Þ3ð3Þ4 − ð3 · 4Þδ34ð2Þ1ð1Þ2
þ ð1 · 2Þð3 · 4Þδ12δ34�;

½H3412ð1234Þ → H2143ð1324Þ� × ½ð3Þ1ð4Þ2ð1Þ3ð2Þ4 − ð1 · 3Þδ13ð4Þ2ð2Þ4 − ð2 · 4Þδ24ð3Þ1ð1Þ3
þ ð1 · 3Þð2 · 4Þδ13δ24�;

½H4321ð1234Þ → H2143ð4321Þ� × ½ð4Þ1ð3Þ2ð2Þ3ð1Þ4 − ð2 · 3Þδ23ð4Þ1ð1Þ4 − ð1 · 4Þδ14ð3Þ2ð2Þ3
þ ð1 · 4Þð2 · 3Þδ14δ23�: ðD5Þ

Class 6

½H2341ð1234Þ → H2341ð1234Þ� × ½ð2Þ1ð3Þ2ð4Þ3ð1Þ4 − ð1 · 2Þδ14ð3Þ2ð4Þ3 − ð2 · 3Þδ12ð4Þ3ð1Þ4
þ ð1 · 4Þδ23ð2Þ1ð3Þ4 − ð1 · 4Þδ34ð2Þ1ð3Þ2 − ð3 · 4Þδ23ð2Þ1ð1Þ4
þ ð1 · 2Þð3 · 4Þδ14δ23�;

½H2413ð1234Þ → H2341ð1243Þ� × ½ð2Þ1ð4Þ2ð1Þ3ð3Þ4 − ð1 · 2Þδ13ð4Þ2ð3Þ4 − ð1 · 3Þδ34ð2Þ1ð4Þ2
þ ð1 · 3Þδ24ð2Þ1ð4Þ3 − ð2 · 4Þδ12ð1Þ3ð3Þ4 − ð3 · 4Þδ24ð2Þ1ð1Þ3
þ ð1 · 2Þð3 · 4Þδ14δ24�;

½H3421ð1234Þ → H2341ð1324Þ� × ½ð3Þ1ð4Þ2ð2Þ3ð1Þ4 − ð1 · 3Þδ14ð4Þ2ð2Þ3 − ð2 · 3Þδ13ð2 · 3Þð4Þ2ð1Þ4
þ ð1 · 4Þδ23ð3Þ1ð2Þ4 − ð1 · 4Þδ24ð3Þ1ð2Þ3 − ð2 · 4Þδ23ð3Þ1ð1Þ4
þ ð1 · 3Þð2 · 4Þδ14δ23�

½H4312ð1234Þ → H2341ð1423Þ� × ½ð4Þ1ð3Þ2ð1Þ3ð2Þ4 − ð1 · 3Þδ23ð4Þ1ð2Þ4 þ ð1 · 3Þδ24ð4Þ1ð2Þ3
− ð2 · 3Þð4Þ1ð1Þ3 − ð1 · 4Þδ13ð3Þ2ð2Þ4 þ ð2 · 3Þδ14ð4Þ2ð1Þ3
þ ð2 · 4Þδ13ð3Þ2ð1Þ4 − ð2 · 4Þδ14ð3Þ2ð1Þ3 þ ð1 · 4Þð2 · 3Þδ13δ24�;
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½H3142ð1234Þ → H2341ð1342Þ� × ½ð3Þ1ð1Þ2ð4Þ3ð2Þ4 − ð1 · 2Þδ24ð3Þ1ð4Þ3 − ð1 · 3Þδ12ð4Þ3ð2Þ4
þ ð1 · 2Þδ34ð3Þ1ð4Þ2 þ δ13ð2 · 4Þð1Þ2ð3Þ4 − ð2 · 4Þδ34ð3Þ1ð1Þ2
þ ð3 · 4Þδ12ð1Þ3ð2Þ4 − ð3 · 4Þδ13ð1Þ2ð2Þ4 þ ð1 · 3Þð2 · 4Þδ12δ34�;

½H4123ð1234Þ → H2341ð1432Þ� × ½ð1Þ1ð2Þ2ð3Þ3ð4Þ4 − ð1 · 2Þδ23ð4Þ1ð3Þ4 þ ð1 · 2Þδ34ð4Þ1ð3Þ2
− ð2 · 3Þð4Þ1ð1Þ2δ34 − ð1 · 4Þδ12ð2Þ3ð3Þ4 þ ð2 · 3Þδ14ð1Þ2ð4Þ3
þ ð3 · 4Þδ12ð2Þ3ð1Þ4 − ð3 · 4Þδ14ð1Þ2ð2Þ3 þ ð1 · 4Þð2 · 3Þδ12δ34�: ðD6Þ

APPENDIX E: FORM FACTORS OF
THE N = 6TH RANK TENSOR

We list here the results for the numerators of the 40
independent sixth rank heads:

P211111 ¼ ĠB
12Ġ

B
21Ġ

B
31Ġ

B
41Ġ

B
51Ġ

B
61 − ĠB

31Ġ
B
41Ġ

B
51Ġ

B
61G

F
12G

F
21

ðE1Þ

P211112 ¼ ĠB
12Ġ

B
21Ġ
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41Ġ
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B
62 − ĠB

31Ġ
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41Ġ
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62G

F
12G

F
21

ðE2Þ

P211113 ¼ ĠB
12Ġ
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ðE3Þ
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B
21Ġ
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B
41Ġ
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ðE4Þ

P211123 ¼ ĠB
12Ġ
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31Ġ
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41Ġ
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ðE5Þ
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12Ġ
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21Ġ
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41Ġ
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ðE6Þ
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B
21Ġ

B
31Ġ
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B
53Ġ
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ðE9Þ

P211165¼ ĠB
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ðE12Þ
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P211265¼ ĠB
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B
64 − ĠB
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B
43Ġ
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B
56Ġ
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B
56Ġ
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B
54Ġ
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B
21Ġ
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P214365¼ ĠB
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B
65− ĠB

12Ġ
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B
23Ġ
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B
23Ġ
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B
54Ġ
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B
64þĠB

12Ġ
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B
23Ġ
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B
23Ġ
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APPENDIX F: ONE-LOOP SCALAR INTEGRALS
FOR N-POINT FEYNMAN DIAGRAMS

In this appendix, we discuss the calculation of the one-
loop scalar Euclidean N-point functions used throughout
the paper. Closed-form results for these integrals in
Minkowski spacetime have long been available, starting
with the seminal work of ’tHooft and Veltman [63], and
subsequently improved and implemented in publicly avail-
able software such as LoopTools [64], QCDLoop [65,120], and
Collier [121], among others. These implementations provide
efficient and numerically stable evaluations across a wide
range of kinematic configurations. Comprehensive over-
views of these methods and results can be found in
Refs. [56,65,116].
Although some of the results discussed here are well

known, we were unable to find a closed form expression in
the literature in at least one of the cases discussed in the
paper. Reference [118] provides the analytic result for the
scalar four-point integral for arbitrary internal masses, so
the massive on-shell box, relevant to light-by-light scatter-
ing is, in principle, obtained as a limiting expression of that
result. In practice, however, extracting from their formulas
a closed form expression in terms of dilogarithms for this
specific kinematics is nontrivial. Reference [50] also
provides explicit expressions for massive N-point functions
in terms of generalized hypergeometric functions. Again,
the limiting case of interest is nontrivial, and the results
require analytic continuation to specific kinematic regions.
For completeness then, we revisit here these calculations

and present a detailed derivation of the three cases of
phenomenological relevance for our goal. We will illustrate
the technical structure of such computations, which will be
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important to compare with results from our forthcoming worldline calculation in Ref. [16]. As mentioned in the main text,
direct computation of the worldline integrals avoid the N! decomposition into Feynman diagrams.
We start by introducing the one-loop scalar N-point function:

Id
n1;…;nN ðm1;…; mN ; k1;…; kNÞ ¼

Z
ddp
ð2πÞd

1

½ðpþ k1Þ2 þm2
1�n1

� � � 1

½ðpþ k1 þ � � � þ kNÞ2 þm2
N �nN

: ðF1Þ

We denote the loop momentum by p and the external momenta by ki, with i ¼ 1;…; N, all taken as incoming and satisfying
k1 þ � � � þ kN ¼ 0. We present our results in Euclidean spacetime, where all Lorentz invariants are positive definite. The
corresponding expressions in Minkowski spacetime [115] can be obtained by a Wick rotation of the final result, with branch
cuts restored through the usual iϵ prescription in logarithms and related functions.
A standard method for evaluating Eq. (F1) is to introduce Schwinger parameters:

Id
n1;…;nN ðm1;…; mN ; k1;…; kNÞ ¼

1

Γðn1Þ
� � � 1

ΓðnNÞ
Z

∞

−∞
ds1 � � � dsNθðs1Þ � � � θðsNÞsn1−11 � � � snN−1N

×
Z

ddp
ð2πÞd e

−s1ðpþk1Þ2−s1m2
1
−���−sNðpþk1þ���þkNÞ2−sNm2

N : ðF2Þ

The introduction of Heaviside step functions is convenient for passing to the Feynman parameter representation, where the
integration domain is constrained by Dirac delta functions that are consistently imposed only when the original integrals
extend over Rn. The integration over p then becomes Gaussian and can be carried out straightforwardly. As is well known,
the Feynman parameter representation is subsequently obtained by inserting one (or several) factors of the form

1 ¼
Z

∞

−∞

ds
s
θðsÞδð1 − s0=sÞ; ðF3Þ

with the parameter s0 > 0 chosen to be a suitable combination of the Schwinger parameters. Different choices lead to
different, but equivalent, Feynman parameter representations of the same integral. A standard choice is to treat all scalar
propagators in Eq. (F1) on equal footing by combining all of them through Feynman parameters at once. This corresponds
to setting s0 ¼ s123…N in Eq. (F3), where

s123…N ¼ s1 þ s2 þ s3 þ � � � þ sN: ðF4Þ

The Feynman parameter representation then follows immediately by rescaling each si → yi ¼ si=s and performing the
trivial integration over s.
Other choices consist of combining propagators sequentially. In this approach, one inserts a Dirac delta via Eq. (F3) for

each subset of propagators to be treated on equal footing, choosing s’ as the sum of the corresponding Schwinger
parameters. Additional Dirac delta constraints are then introduced to combine the different subsets. Depending on the
specific problem, one or the other method may be more convenient; both correspond to different implementations of the
Cheng-Wu theorem. (See for example, Ref. [122].) We quote the result for general N in the standard form:

Id
n1;…;nN ðm1;…; mN ; k1;…; kNÞ ¼

Γðn1…N − d=2Þ
Γðn1Þ � � �ΓðnNÞ

1

ð4πÞd=2
Z þ∞

−∞
dy1 � � � dyNθðy1Þ � � � θðyNÞδð1 − y12…NÞ

× yn1−11 � � � ynN−1N

"XN
i¼1

m2
i yi þ

X
1≤i<j≤N

yiyjðkiþ1 þ � � � þ kjÞ2
#
d=2−n1…N

: ðF5Þ

Note that only for ni ¼ 1, i ¼ 1, 2, 3, 4, does the basis of
scalar integrals naturally appearing in the worldline con-
struction of the rank-N tensor in our work [introduced in
Eq. (4.7) for N ¼ 4], coincide exactly with the integral
basis in Eq. (F5) used in conventional differential equation
and IBP reduction approaches:

Id1;…;1ð123…NÞ ¼ Id
1;…;1ðm;…; m; k1;…; kNÞ: ðF6Þ

In this specific case, both representations describe the
same scalar N-point integral with n1 þ � � � þ nN ¼ N
propagators. For any other choice of ni, Eq. (F1) describes
integrals with N propagators raised to powers ni, while
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Idn1;…;nN ð123…NÞ has the power of the combined denom-
inator fixed to the value N − d=2 in all cases.
We will now focus on the scalar box (the one-loop scalar

four-point function), which enters the evaluation of the rank-
4 tensor. We present the derivation for the cases relevant to
our computation: the on-shell configuration for the light-by-
light scattering amplitude and its massless limit as well as the
massless four-point and three-point amplitudes with all four
off-shell photon momenta.

1. Massive one-loop scalar four-point function:
On-shell kinematics

In Minkowski spacetime, this corresponds to the kin-
ematic configuration ðkMi Þ2 ¼ 0, i ¼ 1, 2, 3, 4. In the
center-of-mass frame, one then has k1 þ k2 ¼ 0 and there-
fore ω2 ¼

ffiffiffiffiffi
k22

p
¼ ω1. Momentum conservation implies

kM3 þ kM4 ¼ −kM1 − kM2 ¼ −ð2ω1; 0Þ, hence kM4 ¼ −kM3 .
Consequently ω4 ¼

ffiffiffiffiffi
k24

p
¼ ω3 ¼ −ω1, and therefore

kM1 ¼ ðω1; k1Þ; kM2 ¼ ðω1;−k1Þ;
kM3 ¼ ð−ω1; k3Þ; kM4 ¼ ð−ω1;−k3Þ: ðF7Þ

The only independent invariants are therefore the
Mandelstam variables, which in Minkowski spacetime read

s ¼ 2kM1 · kM2 ¼ 4ω2
1;

t ¼ 2kM2 · kM3 ¼ −2ω2
1ð1 − cos θ32Þ

¼ −4ω2
1sin

2θ32=2; ðF8Þ

where θ32 is the photon scattering angle. In the Euclidean
region, we therefore evaluate Id

1;1;1;1 as a function only of
k212 ¼ ðk1 þ k2Þ2 and k223 ¼ ðk2 þ k3Þ2. Upon Wick rota-
tion to Minkowski spacetime, these quantities correspond
to the Mandelstam invariants s and t, respectively.
Rather than employing the standard representation of

Eq. (F5), it is more convenient to combine the propagators
sequentially in Eq. (F2). We first pair propagators 1 and 2
and 3 and 4, by inserting two factors of unity with s0 ¼ s12
and s00 ¼ s34, respectively, and then a third one with s000 ¼
s0 þ s0 to combine both pairs. Setting d ¼ 4 (since for
m ≠ 0, the integral is finite and free of IR poles), one
readily obtains

I41;1;1;1ðm; 1234Þ ¼ 1

ð4πÞ2
1

ð4m2Þ2
Z

1

0

dy yð1 − yÞ

×
Z

1

0

dzdx
1

½1=4þ xzyð1 − yÞk223=4m2 þ ð1 − xÞð1 − zÞyð1 − yÞk212=4m2�2 : ðF9Þ

Introducing the shorthand u ¼ k223yð1 − yÞ=4m2 ≥ 0 and v ¼ k212yð1 − yÞ=4m2 ≥ 0, the integrals over x and z can be
performed straightforwardly,

Z
1

0

dx
Z

1

0

dz
1

½1=4þ xzuþ ð1 − xÞð1 − zÞv�2 ¼
4

4uvþ uþ v

n
logð1þ 4uÞ þ logð1þ 4vÞ

o
: ðF10Þ

Then,

I41;1;1;1ðm; 1234Þ

¼ 1

ð4πÞ2
1

k212k
2
23

Z
1

0

dy
1

m2=k212 þm2=k223 þ yð1 − yÞ
n
log½1þ yð1 − yÞk223=m2� þ log½1þ yð1 − yÞk212=m2�

o
: ðF11Þ

We adopt the standard branch cut convention for the logarithm, with the cut placed along the negative real axis and the
argument defined in ð−π; π�. Accordingly, for real and positive x, one has logð−xÞ ¼ log xþ iπ. The arguments of the
logarithms above vanish at

y�t ¼ 1

2
� 1

2

�
1þ 4m2

k223

�
1=2

; y�s ¼ 1

2
� 1

2

�
1þ 4m2

k212

�
1=2

; ðF12Þ

with yþt;s ∈ ½1;∞Þ and y−t;s ∈ ð−∞; 0�. Therefore, for y∈ ½0; 1�, they can be written as

log

�
1þ k223

m2
yð1 − yÞ

�
¼ log

�
k223
m2

ðyþt − yÞðy − y−t Þ
�
¼ log

k223
m2

þ logðyþt − yÞ þ logðy − y−t Þ; ðF13Þ
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without crossing the branch cut, and all quantities remain real and positive. The same expansion applies to the terms
depending on k212.
In contrast, the denominator has zeros at

y�ts ¼
1

2
� 1

2

�
1þ 4m2

�
1

k223
þ 1

k212

��
1=2

; ðF14Þ

with yþts ∈ ½1;∞Þ and y−ts ∈ ð−∞; 0�. Therefore,

1

m2=k212 þm2=k223 þ yð1 − yÞ ¼
1

ðy − y−tsÞðyþts − yÞ ¼
1

yþts − y−ts

�
1

yþts − y
þ 1

y − y−ts

�
: ðF15Þ

Then, the y-integral can be now reexpressed as

I41;1;1;1ðm; 1234Þ ¼ 1

ð4πÞ2
1

k212k
2
23

1

½1þ 4m2ðk223 þ k212Þ=k212k223�1=2
Z

1

0

dy
�

1

yþts − y
þ 1

y − y−ts

�

×

�
log

k223
m2

þ logðyþt − yÞ þ logðy − y−t Þ þ log
k212
m2

þ logðyþs − yÞ þ logðy − y−s Þ
�
: ðF16Þ

The final integration over y is straightforward but leads to a rather lengthy expression. For clarity and bookkeeping
purposes, we present the result as

I41;1;1;1ðm; 1234Þ ¼ 1

ð4πÞ2
1

k212k
2
23

1

½1þ 4m2ðk212 þ k223Þ=k212k223�1=2
×
X12
i¼1

I i; ðF17Þ

with

I 1 ¼ log
k223
m2

Z
1

0

dy
yþts − y

¼ log
k223
m2

log

�
−
yþts
y−ts

�
;

I 2 ¼
Z

1

0

dy
yþts − y

log ½yþt − y�

¼ Li2

�
yþt

yþt − yþts

�
− Li2

�
y−t

yþts − yþt

�
þ log yþt log

�
yþts

yþts − yþt

�
− log ½−y−t � log

�
y−ts

yþt − yþts

�
;

I 3 ¼
Z

1

0

dy
yþts − y

log ½y − y−t �

¼ Li2

�
y−t

y−t − yþts

�
− Li2

�
yþt

yþts − y−t

�
þ log½−y−t � log

�
yþts

yþts − y−t

�
− log½yþt � log

�
y−ts

yþts − y−t

�
;

I 4 ¼ log
k212
m2

Z
1

0

dy
yþts − y

¼ log
k212
m2

log

�
−
yþts
y−ts

�
;

I 5 ¼
Z

1

0

dy
yþts − y

log½yþs − y�

¼ Li2

�
yþs

yþs − yþts

�
− Li2

�
y−s

yþts − yþs

�
þ log yþs log

�
yþts

yþts − yþs

�
− log ½−y−s � log

�
y−ts

yþs − yþts

�
;

I 6 ¼
Z

1

0

dy
yþts − y

log½y − y−s �

¼ Li2

�
y−s

y−s − yþts

�
− Li2

�
yþs

yþts − y−s

�
þ log ½−y−s � log

�
yþts

yþts − y−s

�
− log½yþs � log

�
y−ts

y−s − yþts

�
;
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I 7 ¼ log
k223
m2

Z
1

0

dy
y − y−ts

¼ log
k223
m2

log

�
−
yþts
y−ts

�
;

I 8 ¼
Z

1

0

dy
y − y−ts

log½yþt − y�

¼ Li2

�
y−t

y−ts − yþt

�
− Li2

�
yþt

yþt − y−ts

�
þ log ½−y−t � log

�
yþts

yþt − y−ts

�
− log yþt log

�
y−ts

y−ts − yþt

�
;

I 9 ¼
Z

1

0

dy
y − y−ts

log½y − y−t �

¼ Li2

�
yþt

y−ts − y−t

�
− Li2

�
y−t

y−t − y−ts

�
þ log½yþt � log

�
yþts

y−t − y−ts

�
− log½−y−t � log

�
y−ts

y−ts − y−t

�
;

I 10 ¼ log
k212
m2

Z
1

0

dy
y − y−ts

¼ log
k212
m2

log

�
−
yþts
y−ts

�
;

I 11 ¼
Z

1

0

dy
y − y−ts

log½yþs − y�

¼ Li2

�
y−s

y−ts − yþs

�
− Li2

�
yþs

yþs − y−ts

�
þ log ½−y−s � log

�
yþts

yþs − y−ts

�
− log½yþs � log

�
y−ts

y−ts − yþs

�
;

I 12 ¼
Z

1

0

dy
y − y−ts

log ½y − y−s �

¼ Li2

�
yþs

y−ts − y−s

�
− Li2

�
y−s

y−s − y−ts

�
þ log yþs log

�
yþts

y−s − y−ts

�
− log ½−y−s � log

�
y−ts

y−ts − y−s

�
; ðF18Þ

with y�t;s and y�ts given by the roots in Eqs. (F12) and (F14). This completes the evaluation of the basis one-loop scalar four-
point integral in massive on-shell case entering the computation of the head form factors.

2. Massless one-loop scalar four-point function: On-shell kinematics

The (infrared-divergent) massless limit can be obtained directly from Eq. (F17) by taking m → 0. In this limit, the
fermion mass acts as an infrared regulator. Expanding the roots in Eqs. (F12) and (F14) for small ratiosm2=k223 andm

2=k212,

yþt ¼ 1þ m2

k223
þ � � � ; y−t ¼ −

m2

k223
þ � � � ; yþs ¼ 1þ m2

k212
þ � � � ; y−s ¼ −

m2

k212
þ � � � ; ðF19Þ

and

yþts ¼ 1þ m2

k223
þ m2

k212
� � � ; y−ts ¼ −

m2

k223
−
m2

k212
þ � � � : ðF20Þ

When m2 → 0, one finds

lim
m2→0

I41;1;1;1ðm; 1234Þ ¼ 1

ð4πÞ2
1

k212k
2
23

×
X12
i¼1

I i; ðF21Þ

now with

X. FEAL, A. TARASOV, and R. VENUGOPALAN PHYS. REV. D 114, 016019 (2026)

016019-46



I 1 ≃ log

�
m2

k223

�
log

�
m2

k223
þ m2

k212

�
;

I 2 ≃
1

2
log2

�
m2

k212

�
− log

�
m2

k212

�
log

�
m2

k223
þ m2

k212

�
− Li2

�
−
k212
k223

�
− log

k212
k223

log

�
1þ k212

k223

�
−
π2

6
;

I 3 ≃ −
π2

6
;

I 4 ≃ log

�
m2

k212

�
log

�
m2

k223
þ m2

k212

�
;

I 5 ≃ −
1

2
log2

�
m2

k223

�
− log

�
m2

k212

�
log

�
1þ k223

k212

�
− Li2

�
−
k223
k212

�
−
π2

6
;

I 6 ≃ −
π2

6
;

I 7 ≃ log

�
m2

k223

�
log

�
m2

k223
þ m2

k212

�
;

I 8 ≃ −
π2

6
;

I 9 ≃ −
1

2
log2

�
m2

k212

�
− log

m2

k223
log

�
1þ k212

k223

�
− Li2

�
−
k212
k223

�
−
π2

6
;

I 10 ≃ log

�
m2

k212

�
log

�
m2

k223
þ m2

k212

�
;

I 11 ≃ −
π2

6
;

I 12 ≃ −
1

2
log2

�
m2

k223

�
− log

�
m2

k212

�
log

�
1þ k223

k212

�
− Li2

�
−
k223
k212

�
−
π2

6
: ðF22Þ

Summing all contributions leads to

I41;1;1;1ð0; 1234Þ ∼
1

8π2
1

k212k
2
23

�
log

k212
m2

log
k223
m2

−
π2

2

�
ðm2 → 0Þ ðF23Þ

with the expected double-logarithmic infrared divergences.
Alternatively, one may setm2 ¼ 0 and evaluate the integral in d ¼ 4 − 2ϵ dimensions to regulate the infrared singularity.

Introducing a renormalization scale μ2 with the appropriate power ensures that the logarithms are dimensionless at the end
of the calculation for this diagram,

Id1;1;1;1ð0; 1234Þ ¼
ðμ2Þ2−d=2
ð4πÞd=2 Γð4 − d=2Þ

Z
∞

−∞
d4yθðy1Þ � � � θðy4Þδð1 − y1 − y2 − y3 − y4Þ

1

½k212y2y4 þ k223y1y3�4−d=2
: ðF24Þ

As in the massive case, it is convenient to employ the alternative parametric representation obtained by sequentially
combining propagators in pairs (see the discussion in Sec. F 1),

Id1;1;1;1ð0; 1234Þ ¼
ðμ2Þ2−d=2
ð4πÞd=2 Γð4 − d=2Þ

Z
1

0

dy½yð1 − yÞ�−3þd=2

Z
1

0

dxdz
1

½xzk223 þ ð1 − xÞð1 − zÞk212�4−d=2
: ðF25Þ

Under this change of variables, the integrand factorizes completely, allowing the integration over the Feynman parameters
to be carried out more easily,

I4−2ϵ1;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Γð1þ ϵÞΓ2ð1 − ϵÞ

Γð1 − 2ϵÞ
�
2

ϵ2

�ð4πμ2Þϵ
sϵ

þ ð4πμ2Þϵ
tϵ

�
− log2

k223
k212

− π2
�
þOðϵÞ; ðF26Þ
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thereby recovering the well-known result quoted in Ref. [115]. Fully expanding in ϵ, one therefore obtains

Id1;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
�
4

ϵ2
þ 2

ϵ

�
log

4πμ2

s
þ log

4πμ2

t

�
− log2

s
t
− π2

�
: ðF27Þ

The equivalence between the two expressions [Eqs. (F23) and (F26)] follows from an appropriate identification of the
infrared poles 1=ðd − 4Þ and log m2; see Ref. [123] for a similar discussion. In particular,

log m2 ≡ −
2

ϵ
þ logð4πμ2Þ − γE; or m2 ≡ ð4πe−γEμ2Þe−2=ϵ: ðF28Þ

The branch cuts are recovered by identifying k212 → s and k223 → t and using

logð−sÞ → log jsj − iπθðsÞ; logð−tÞ → log jtj − iπθðtÞ: ðF29Þ

We refer to Ref. [115] for the final result of the Wick rotation.

3. Massless scalar three-point and four-point functions: Fully off-shell kinematics

We now consider the case in which all external legs are off-shell and the fermion mass in the loop can be neglected.
Setting N ¼ 4, m ¼ 0, and d ¼ 4 (since the integral is convergent in this configuration), one obtains from Eq. (F2),

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

−∞
d4yθðy1Þ � � � θðy4Þδð1 − y1 − y2 − y3 − y4Þ

× ½y1y2k22 þ y1y3k223 þ y1y4k21 þ y2y3k23 þ y2y4k212 þ y3y4k24�−2: ðF30Þ

As in the previous cases, the evaluation simplifies under a different parametrization, here obtained by combining three
propagators (see the discussion in Sec. F 1) and integrating over the remaining parameter associated with the fourth
propagator. This corresponds to the change of integration variables [124] y3 ¼ u, yi ¼ ð1 − uÞui, i ¼ 1, 2, 4, in Eq. (F30).
The Jacobian of the transformation yields det J ¼ ð1 − uÞ3, and the integral becomes

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

−∞
dudu1du2du4θðð1 − uÞu1Þθðð1 − uÞu2ÞθðuÞθðð1 − uÞu4Þδð−1þ u1 þ u2 þ u4Þ

× ½u1u2k22 þ u1u4k21 þ u2u4k212 þ uðu1k223 þ u2k23 þ u4k24 − u1u2k22 − u1u4k21 − u2u4k212Þ�−2: ðF31Þ

The u-integration can then be carried out; it is restricted to u∈ ½0; 1� by the Heaviside functions and yields a fully factorized
form of the integral

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

−∞
du1du2du4θðu1Þθðu2Þθðu4Þδð−1þ u1 þ u2 þ u4Þ

×
1

u1u2k22 þ u1u4k21 þ u2u4k212

1

u1k223 þ u2k23 þ u4k24
: ðF32Þ

As previously, it is convenient to insert an additional factor of unity of the form

1 ¼
Z

∞

−∞

ds
s
θðsÞδð1 − α=sÞ: ðF33Þ

This fixes one of the Feynman parameters to unity, while the remaining two extend over ½0;∞Þ and play the role of
Schwinger parameters. Choosing α ¼ u4 and rescaling ui → sui, the integrals over u4 and s can be performed trivially using
the two Dirac delta functions. This yields (see Ref. [125] for an alternative derivation in the context of momentum-twistor
geometry),

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

0

du1du2
1

u1u2k22 þ u1k21 þ u2k212

1

u1k223 þ u2k23 þ k24
: ðF34Þ
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This can be recast as

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

0

du1du2
1

1þ u1 þ u2

1

αu1u2 þ βu1 þ γu2
; ðF35Þ

with

α ¼ k22k
2
4; β ¼ k21k

2
3; γ ¼ k212k

2
23: ðF36Þ

The integral over u2 becomes straightforward once the two denominators are decomposed into partial fractions,

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

0

du1
1

αu21 þ ðα − β þ γÞu1 þ γ
log

ð1þ u1Þðγ þ αu1Þ
βu1

: ðF37Þ

The integral over u1 can be evaluated using the same method. However, we first perform the change of variables
u1 → c=ðau1Þ to simplify the expression to

I41;1;1;1ð0; 1234Þ ¼
1

ð4πÞ2
Z

∞

0

du1
2 logð1þ u1Þ þ logα=β
αu21 þ ðα − β þ γÞu1 þ γ

¼ 1

ð4πÞ2
Z

∞

0

du1
2 logð1þ u1Þ þ logα=β
αðu1 þ uþ1 Þðu1 þ u−1 Þ

; ðF38Þ

where −u�1 denote the roots of the quadratic polynomial appearing in the denominator of the first expression,

u�1 ¼ α − β þ γ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2 − 2αβ − 2βγ − 2αγ

p
2α

¼ α − β þ γ ∓ λ1=2

2α
; ðF39Þ

and we introduced the Källén function λ, which can be expressed in terms of the Lorentz invariants using Eq. (F36) as

λ ¼ ðk212k223 − k21k
2
3 − k22k

2
4Þ2 − 4k21k

2
2k

2
3k

2
4: ðF40Þ

Hence,

u�1 ¼ k22k
2
4 − k21k

2
3 þ k212k

2
23 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðk212k223 − k21k
2
3 − k22k

2
4Þ2 − 4k21k

2
2k

2
3k

2
4

p
2k22k

2
4

: ðF41Þ

The u1-integration can now be carried out straightforwardly in the region of Euclidean spacetime (where λ < 0) either by
partial fractions or by residues, yielding

I41;1;1;1ð0; 1234Þ ðF42Þ

¼ 1

ð4πÞ2
1ffiffiffi
λ

p
�
log

α

β
log

uþ1
u−1

− log2ð−1þ u−1 Þ þ log2ð−1þ uþ1 Þ − 2Li2

�
1

1 − u−1

�
þ 2Li2

�
1

1 − uþ1

��

¼ 1

ð4πÞ2
1ffiffiffi
λ

p
�
2Li2ð1 − u−1 Þ − 2Li2ð1 − uþ1 Þ þ log

α

β
log

uþ1
u−1

�
: ðF43Þ

This completes the calculation, where u�1 are the roots given in Eqs. (F39) expressed in terms of the kinematic invariants of
Eq. (F36). The result is valid for λ < 0 and can be analytically continued to other kinematic regions and to λ ¼ 0 following
the procedure outlined in Ref. [126]. A more detailed discussion of the singularity structure of the different kinematic
regions may be found in Ref. [125]; we do not discuss these issues further here. The above calculation gives in closed form
the fully off-shell massless limit of I41;1;1;1, with u�1 the roots given by Eq. (F39) expressed in terms of the kinematic
invariants of Eq. (F36).
We next consider the off-shell three-point (triangle) scalar integral appearing in the recursion relation in Eq. (4.27), which

enters the calculation of the basis integrals I4n1;n2;n3;n4 with shifted powers ni ≠ 1. It is given by specializing Eq. (F5) to
N ¼ 3,
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I41;1;1ð0; 123Þ ¼
1

ð4πÞ2
Z

∞

−∞
dy1dy2dy3θðy1Þθðy2Þθðy3Þδð−1þ y1 þ y2 þ y3Þ

1

y1y2k21 þ y1y3k22 þ y2y3k23
: ðF44Þ

Inserting a factor one of the form in Eq. (F3) with s0 ¼ y3 and rescaling Feynman parameters according to yi → λyi leads to
the factorized form

I41;1;1ð0; 123Þ ¼
1

ð4πÞ2
Z

∞

0

dy1dy2
1

1þ y1 þ y2

1

y1y2ρþ y1σ þ y2κ
; ðF45Þ

now with parameters

ρ ¼ k21; σ ¼ k22; κ ¼ k23: ðF46Þ

Therefore, the integral is of the same type as I41;1;1;1ð0; 1234Þ producing

I41;1;1ð0; 1234Þ ¼
1

ð4πÞ2
1ffiffiffi
χ

p
�
2Li2ð1 − y−1 Þ − 2Li2ð1 − yþ1 Þ þ log

ρ

σ
log

yþ1
y−1

�
; ðF47Þ

where

χ ¼ 4½ðk1 · k2Þ − k21k
2
2�; u�1 ¼ k21 þ k1 · k2 ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 · k2Þ2 − k21k

2
2

p
k21

: ðF48Þ
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