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We derived in [Phys. Rev. D 106, 056009 (2022), Phys. Rev. D 107, 096021 (2023)] a compact
expression for the Nth rank QED polarization tensor I, ..., (ky, ..., ky) in a (0 4+ 1)-dimensional worldline
framework. This fully off-shell object, a function of N external photon 4-momenta, is a key ingredient in
high-order computations of cusp anomalous dimensions and lepton anomalous magnetic moments. We
demonstrate here that IT, ..., can further be expressed simply in terms of a small number of independent
“head” form factors [each representing (N — 1)!/2 Feynman diagrams] which have a universal structure in
terms of sums over fermion Green’s functions and (proper time derivative of) their boson worldline
superpartners. This worldline representation bypasses explicit Wick contractions and avoids tensor
reductions to scalar loop integrals a la Passarino and Veltman, order by order in perturbation theory. We
give explicit expressions for the fourth and sixth rank head form factors and provide a computer script
generalizing these results to arbitrary N external photons. The multiplicity of heads, and their growth with
N, can be understood in terms of orbits of the permutation group. We employ the Burnside-Cauchy-
Frobenius lemma to show that it scales as eN~!/v/N terms as opposed to the ¢¥~'N!/v/N terms in
conventional perturbation theory. We reexpress worldline parameter integrals that define the fourth rank
heads as Feynman parameter integrals to reproduce the seminal results by Karplus and Neuman for the on-
shell light-by-light amplitude and extend these to the fully off-shell case in massless QED employing a
tailored integration-by-parts procedure. In a follow-up paper, we will discuss the direct computation of
worldline integrals, potentially providing a further N! advantage relative to Feynman diagram compu-

tations at high orders in perturbation theory.

DOI: 10.1103/s6zt-srrr

I. INTRODUCTION

In Refs. [1,2], we developed a worldline reformu-
lation of QED as a Lorentz-covariant theory of superpairs
of (0 + 1)-dimensional worldlines interacting nonlocally
through the Lorentz force. In the worldline approach to
Quantum Field Theory (QFT), the gauge and matter fields
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are integrated out explicitly, with the result being reexpressed
as 0 + 1-dimensional quantum mechanical path integrals of
pointlike trajectories of boson and Grassmann variables in
proper time. The internal degrees of freedom (spin and
helicity in the QED case) are naturally described by the
commutation relations of these degrees of freedom. An
attractive feature of the worldline formalism is that the
coupling of the bosonic and Grassmann variables to external
gauge fields (respectively, particle rotation and spin pre-
cession therein) can be exponentiated in path ordered form
to all orders in the gauge coupling. For a comprehensive
review of the worldline formalism, see Ref. [3].

We discussed further an all-order S-matrix worldline
framework which provides a powerful mechanism to dis-
cuss nonperturbative features of gauge interactions that
elude a transparent treatment in conventional field theory.

Published by the American Physical Society
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In particular, we showed how soft theorems and their
Abelian exponentiation follow naturally in this formulation.
These are encoded as long distance interactions between the
charged 0 + 1-dimensional worldline currents; we used this
insight to demonstrate for the first time an all-order proof in
QED of the cancellation of virtual IR divergences in the
Faddeev and Kulish (FK) S-matrix. This S-matrix, in contrast
to the standard Dyson S-matrix, provides a manifestly IR-safe
formulation of QED at the amplitude level [4,5]. For a
modern discussion, along the same lines, see also Ref. [6].

In particular, in Ref. [2], we extended the all-order proof
of the IR safety of the FK S-matrix to include transitions
accompanied by the emission and/or absorption of arbitrary
numbers of real photons. We showed how Low’s soft
theorem applies in the worldline framework [7], and
recovered Weinberg’s theorem [8] for the exponentiation
of soft IR divergences. The difference between the Dyson
and FK formalisms can be traced to the ordering of limits of
how the initial and final times, xg ;—F oo, and momentum

k — 0 are taken. In the Dyson framework, the former limit
is taken first, setting the contribution from asymptotic
worldline currents to zero, while in the FK framework, the
latter limit is taken first. In this case, the IR divergences
cancel between the asymptotic currents and the Dyson
current. We argued that such a description can be accom-
modated within a Wilsonian renormalization group formu-
lation of the worldline approach; this reasoning, for the
general case, is implicit in Weinberg’s paper, albeit at the
cross section level. The existence of such asymptotic
currents/charges (with the appropriate ordering of limits)
has been argued to arise as a consequence of these being the
Noether charges corresponding to generators of large gauge
transformations that do not annihilate the “Dyson” QED
vacuum [9,10]. The corresponding in-out asymptotic states
are coherent states of soft photons [4]. Analogous argu-
ments hold for the gravitational S-matrix [11,12].
Another feature of the worldline formalism we discussed
in Ref. [2] was the computational advantage (in additional
to the conceptual clarity provided) of this all-order S-matrix
worldline formalism. It provides a powerful alternative
approach for high-order perturbative calculations in QFT
without using Feynman diagrams [13], a program first laid
out using string-inspired methods in Ref. [14]. We showed
explicitly that multiloop QED vacuum-vacuum amplitudes
with [-fermion and n-photon loops can be expressed as the
convolution of / one-loop gauge-invariant Nth rank polari-
zation tensors, where N denotes the number of photons that
are attached to a particular fermion subgraph in the ampli-
tude. These N'th rank polarization tensors can be expressed
as the worldline expectation value of a product on N charged
particle currents. A well-known limiting case [13] is that one
recovers the Bern-Kosower expression [15] for the one-loop
polarization tensor with an arbitrary number of external
photon legs. The Grassmann integrals in the Nth-rank
polarization tensor can be performed explicitly, allowing

us to obtain in Ref. [2] a novel compact expression
containing N-unordered proper time integrals and products
of very simple boson and fermion worldline propagators and
their proper time derivatives. This expression simultaneously
represented (N — 1)!/2 Feynman diagrams (for N > 2) in
perturbation theory that correspond to the combinatorics of
the ordering of the propertime integrals.

In this work, we will explore the concrete implications of
applying the worldline formalism to compute high orders in
perturbation theory, connect these to well-known results
using Feynman perturbation theory, and provide several
novel and promising worldline results as part of this
exploration. Specifically, in this paper, as an interesting
test of the computational potential of the worldline for-
malism relative to techniques developed for conventional
perturbation theory, we will focus on computing explicitly
the fourth and sixth rank polarization tensors, that are,
respectively, the key building blocks of the four-loop, five-
loop, and six-loop cusp anomalous dimension in QED. In a
follow-up paper [16], we will develop a novel approach to
directly compute the worldline integrals corresponding to
these high rank polarization tensors. This is significant
because, as we will discuss later in this paper, the usual
computation of these integrals required ordering of the N!
diagrams involved, thereby losing some of the computational
advantage relative to conventional perturbation theory.

An important application of our work is the computation
of high-order cusp anomalous dimensions. At energies much
higher than the electron mass, the cusp anomalous dimen-
sion governs the resummation of IR singularities appearing
in scattering amplitudes to all orders in perturbation theory.
Further, a straightforward if nontrivial generalization of the
cusp worldline result corresponds to the computation of the
anomalous magnetic moment of the electron and the muon;
these provide the ultimate benchmark for precision compu-
tations employing Feynman diagrams in QFT [17-19]. Not
least, the cusp anomalous dimension in QCD plays a central
role in collider physics phenomenology [20-28].

To provide context for the importance of such studies, we
note that the study of the universal behavior of soft theorems
and their all-order exponentiation has endured as an impor-
tant area of research ever since the aforementioned pioneer-
ing work of Weinberg [8]. He demonstrated how the
exponentiation of soft IR divergences in charged-particle
transitions (to one-loop order) is entirely determined by the
appearance of the cusp anomalous dimension in the renorm-
alization group evolution (RGE) equations for both ampli-
tudes and for cross sections. These depend only on the
momenta of the charged particles in the initial and final states
and thus can be systematically factorized into a soft factor.'

'In theories with massless gauge bosons such as QCD, collinear
IR divergences further depend on the spin and representation of
the emitting parton and are analogously factorized from the hard
S-matrix into a jet function.
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In Abelian theories such as QED, where gauge bosons are
charge neutral, the cusp anomalous dimension reduces to a
sum of pairwise contributions—or dipole terms—of anoma-
lous dimensions between all pairs of charges in the initial
and final states. Each of these terms encodes the IR-divergent
part of the gauge interaction for the pair over infinitely long
distances, with the real part describing the radiative modes of
the virtual soft-photon exchanges and the imaginary part
corresponding to the classical Liénard-Wiechert/Coulomb
potentials. In non-Abelian theories, because gauge bosons
themselves carry charge, the cusp anomalous dimension
receives additional contributions from simultaneous long-
distance exchanges among more than two colored particles
in the initial or final states. These are sometimes referred to
as quadrupole terms, and they first appear at three and four
loops [29].

Before we discuss the worldline strategy for computing
cusp anomalous dimensions, we will first summarize the
state-of-the-art in Feynman perturbation theory. The full
angle dependence of the cusp anomalous dimension is
presently known to four loops [next-to-next-to-next-to-lead-
ing-order (N’LO) ] in massless QED [30]. In QCD, the
angle-dependent cusp anomalous dimension was computed
analytically to three loops [next-to-next-to-leading order
(N?LO)] [31,32], while more recently the lightlike cusp
anomalous dimension was obtained to four loops in massless
QCD [33-35]. The high-order computation of cusp anoma-
lous dimensions is a challenging task. In massless theories,
for instance, the two-loop [next-to-leading-order (NLO)]
non-Abelian cusp anomalous dimension was known for a
while from the first available next-to-leading computations
of the structure functions in deep inelastic scattering (DIS)
[36-38]. More than two decades elapsed before first results
at the next order were obtained from the three-loop
computation of the DGLAP splitting functions [39,40]. It
took yet another decade for first results at four and five
loops (N*LO and N*LO) to appear, either numerically [41],
analytically [34,35,42], or analytically from an extrapola-
tion of the N = 4 supersymmetric Yang-Mills calculation
of cusp anomalous dimensions [33]. The state-of-the-art
approaches to these high-order computations rely on a
combination of different methods—such as integration by
parts (IBP) identities and difference or differential equation
methods [43-46], Mellin-Barnes integral representations
[47-52], techniques from Heavy Quark Effective Field
Theory [53], or the Wilson-loop operator product expan-
sions [54], among others.

Dedicated computer-algebra developments [55-58] are
then essential for the symbolic manipulation of the large
number of terms obtained in these computations, to
efficiently solve the systems of difference/differential
equations arising from IBP identities, including algorithms
to reduce them to a smaller basis of (scalar) master integrals
[45,46,59-62], or for finally implementing (numerically
stable) analytic solutions for these one-loop scalar N-point

functions [56,63-65] in terms of polylogarithm functions
and/or multiple nested expansions of transcendental func-
tions [66—68]. For instance, the family of integrals corre-
sponding to a specific four-loop contribution to the QED
cusp anomalous dimension involving the fourth-rank light-
by-light QED polarization tensor (whose external photon
legs are coupled to the external charged particle) consists of
roughly 500 master integrals [30]. For the QCD case,
alternative techniques reduce the computation to that of
294 master integrals [35]. Both results required extensive
numerical analysis employing high-performance computing.

Despite these state-of-the-art calculations becoming
extremely sophisticated, the feasibility of extending such
techniques to higher loops remains unclear, as the number of
Feynman diagrams is known to explode factorially. This
characteristic feature of conventional perturbation theory
poses a formidable challenge, with the existing theoretical
predictions perhaps approaching the limits of what can be
achieved analytically. The computation of scattering ampli-
tudes becomes quite involved also in subnuclear physics,
where accurate QCD predictions require summing a large
number of Feynman diagrams in nontrivial background gauge
fields when dealing with quarks and gluons. In particular,
large logarithmic edge of phase space contributions require
one to go beyond fixed-order perturbation theory and resum
systematically such contributions, to all loop orders, order
by order in perturbation theory. Another major challenge in
multiloop calculations is the appearance of elliptic obstruc-
tions, which already arise at two loops with massive propa-
gators and nontrivial thresholds, for example, in massive
Bhabha scattering and Higgs- or jet-production amplitudes
with internal masses. In such cases, no e-factorized dlog form
exists for the canonical differential equation procedure, and
the expansion of the Feynman diagrams in terms of multiple
polylogarithms breaks down [69-72].

Spurred in part by these challenges, there has recently
been a surge of developments and exploratory work aimed
at deepening our understanding and reworking our for-
mulations of gauge theories and the structure of scattering
amplitudes, invoking significant developments in math-
ematical physics. The study of the structure of spacetime
as a twistor theory [73], and its connection to string theory
[74,75], has motivated over the last two decades the
creation (exploiting its Grassmannian nature) of a calculus
for scattering amplitudes in the twistor geometric approach
[76]. Recent developments along these lines, and sharing
the same goals, include studies of the connections of
Feynman integrals to projective geometry [77] and to
cohomology and intersection theory [78,79].

Our focus in this paper, and in Ref. [16], is to provide
an additional viewpoint, using methods that long predate
[80—82] the modern era of high-order computations, to
discuss possible solutions to the long-standing issue of the
factorial growth of Feynman diagrams in perturbation
theory. As a starting point, we will focus on a computation
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Light-by-light worldline diagrams with N = 4 photons entering the (a) three-loop and (b) four-loop N = 4 calculation of the

anomalous dimension in the RGE of a cusped Wilson line I, Notice that each photon vertex is located at a worldline parameter z; that
will be integrated over z; = [0, 1]. These worldline diagrams encode all Feynman diagram topologies contributing to T'¢ygp.

of the fully off-shell light-by-light amplitude in QED in the
worldline formalism. We are motivated by the fact that the
four-photon amplitude serves as a fundamental building
block for higher-loop amplitudes: it contributes, in particular,
to the three-loop term of the cusp anomalous dimension
through a self-energy correction to the leading-order vacuum
polarization and at four loops, through light-by-light scatter-
ing among virtual photons. See Fig. 1. Our framework
generalizes to the Nth rank polarization tensor, which is a
powerful ingredient in the strategy to compute cusps to even
high orders in the worldline formalism.

As noted earlier, the off-shell light-by-light polarization
tensor also provides one of the most nontrivial contribu-
tions to the four-loop cusp anomalous dimension in QCD,
when one replaces the external photon legs by gluon legs.
Within the worldline formalism itself, it provides the first
nontrivial example of a gauge-invariant set (or family) of
several Feynman diagrams, corresponding in perturbation
theory to different topologies representing permutations of
photon vertices and their mirror diagrams.

The first calculation of the light-by-light amplitude
employing Feynman diagrams dates back to the seminal
work of Karplus and Neuman, who provided the explicit
structure” of the fourth rank QED vacuum polarization

’In some of the literature on the subject, the Karplus-Neuman
results are understood as applying only to the on-shell light-by-
light scattering amplitude. This is, however, a misunderstanding.
The derivation of the rank-4 QED vacuum polarization tensor in
the original papers, as also noted in Ref. [83], is completely
general and remains valid when all four external photons are off
shell. The four-photon amplitude is obtained in those works
simply by taking limits of the general result for the polarization
tensor for the specialized cases of interest.

tensor [84], together with the corresponding scattering
amplitude and cross section for nonlinear light-by-light
interactions, where the photons are on shell [85]. Several
additional interesting features were subsequently added
to the Karplus-Neuman computation by Dolen [86]. A
detailed calculation of the four-point amplitude was carried
out with two off-shell photon legs in Ref. [83]; see also
Refs. [87-89]. We note that in the standard perturbative
approach the full off-shell light-by-light diagram contribu-
tion to the cusp anomalous dimension was only computed
recently in massless QED [30]. An analytical result at zero
angle can be extracted indirectly from the full massless
calculation of the (mass-independent) electron anomalous
magnetic moment’ g—2.

We will compute here for the first time the off-shell light-
by-light amplitude in the worldline formalism and shall
provide the tensor structure of the fourth rank tensor for oft-
shell photons. There is currently no calculation of the light-
by-light scattering amplitude in this formalism for the fully
off-shell case—see Ref. [93] for a nice recent review—
although very recent results have been obtained for the
corresponding on-shell helicity amplitudes at three loops in
massless QED and QCD within standard diagrammatic
approaches [94]. (We will review as well related efforts
within the worldline framework [87,88].) We will show that
key features of the Karplus-Neuman formalism, namely,
the extensive use of Ward identities, can be fully ported

The mass-independent four-loop QED contribution to the
electron g — 2 is known analytically, a staggering calculation of
891 Feynman master integrals by Laporta [90], completing a
20 year effort since the completion of the three-loop calculation in
Ref. [91]. The muon’s QED contributions to g —2 are known
numerically to five loops [92].
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to the worldline formalism. In particular, the Nth rank
polarization tensor can be classified into head, shoulder,
and tail form factors, with the latter two determined by the
head contributions. We will further explain how one sys-
tematizes this procedure and subsequently apply it to the
computation of the sixth rank vacuum polarization tensor in
the worldline formalism.

It is important to analyze this full tensor structure of the
off-shell N-photon amplitudes (and more generally, their
N-gluon extensions) for processes where the usual sim-
plifications obtained by tensorial reduction and/or on-shell
symmetrization methods in the helicity basis of external
states are not available. This is essential, for instance, in
many applications in QCD that are sensitive to gauge-
invariant products of field-strength tensors. A key example
is the extraction of nonperturbative operators in DIS
measurements at a future Electron-Ion Collider (EIC) that
provide fundamental insight into the dynamics of chiral
symmetry breaking and confinement [95]. Toward this end,
a novel and powerful result we will derive is that the head
form factors can be expressed in a universal form that does
not require extensive use of (worldline) integration-by-parts
identities.

The paper is organized as follows. In Sec. II, we will
review our derivation of the master formula for the QED
Nth rank polarization tensor (with N external photon legs)
within the worldline formalism. We will then demonstrate
in detail how to construct the tensor structure for N = 2 and
N = 4 by exploiting the symmetries of the problem to any
given order in perturbation theory. These allow us to
simplify the computation to the evaluation of only six
gauge-invariant head form factors. We provide the exact
expressions for these form factors to lowest order in the
worldline formalism. We then discuss the extension of this
procedure to obtain the structure for N = 6. We give the
explicit form of the 40 irreducible form factors and a simple
script that automatizes this task to generate all Nth rank
tensors beyond N = 6.

In Sec. III, we formally relate this problem to counting
equivalence classes, or orbits, under symmetries of the
permutation group. Using the Burnside-Cauchy-Frobenius
lemma,* we directly obtain the minimal set of form factors
that fully determine the N-photon amplitude at arbitrary
order in perturbation theory. We also derive the large-N
asymptotics, demonstrating how the proposed method
leads to an N'! factorial reduction in the number of tensor
form factors.

In Sec. IV, we match our results to the detailed
construction of the on-shell four-photon amplitude origi-
nally obtained by Karplus and Neuman using Feynman
diagrams in QED. To recover the Karplus-Neuman results,

“This lemma was popularized by Burnside who attributed its
derivation to Frobenius, though it is now widely credited to
Cauchy.

we see that we need to introduce ordering of the worldline
diagrams. An unfortunate consequence is that this pro-
cedure removes an N! advantage the worldline approach
has relative to Feynman diagram computations. How to
restore this advantage has been a question of considerable
interest for sometime [87,88,93,96,97]. We will discuss this
issue at length in Ref. [16] where we develop a novel
approach to the problem.

Here, however, we make the explicit connection to the
Feynman diagram computation and recover the expressions
for the head form factors given by Karplus and Neuman.
We introduce an IBP procedure suited for this purpose that
can be used to efficiently recover their on-shell results
systematically. This approach, which differs from the IBP
procedures employed in the literature, is very powerful, and
we demonstrate how it can be used to extend the Karplus
and Neuman results to the completely off-shell amplitude.

Finally, in Sec. V, we summarize our results. Applications
include the aforementioned high-order worldline computa-
tions of the cusp anomalous dimension as well as refine-
ments of existing practical applications in high-energy
nuclear physics5 of the worldline formalism, to chiral kinetic
theory [102-104], to small x physics in DIS [105,106], to the
role of the chiral anomaly in polarized DIS [107-109], and to
deeply virtual Compton scattering (DVCS). These will be
developed in follow-up work [110].

Several key results are fleshed out in Appendixes A
through F. Appendix A provides an explicit derivation of all
the gauge-invariant form factors for the fourth rank vacuum
polarization tensor in the worldline formalism. Appendix B
presents the full transverse decomposition of the rank-4
tensor form factors using Ward identities and current
conservation. Appendix C lists the equivalence classes of
head form factors defined by the symmetry-group action
encoding the permutation symmetries of the tensors.
Appendix D provides the full result for the N = 4 photon
amplitude, or rank-4 tensor in general kinematics, after
reduction to the minimal set of six independent form
factors. Appendix E presents the complete list of worldline
form factors that fully determine the sixth rank polarization
tensor. Finally, Appendix F reviews, and includes for
completeness, a calculation of the basis of one-loop scalar
four-point functions in massive and massless QED using
conventional methods, which are required to obtain the
corresponding N = 4 form factors in closed form.

II. NTH RANK VACUUM POLARIZATION
TENSOR IN THE WORLDLINE FORMALISM

In this section, we will perform a detailed computation of
the fourth rank vacuum polarization tensor in QED in the
worldline formalism and discuss further its generalization

>For related recent treatments employing Feynman perturba-
tion theory, see Refs. [98—100] (and references therein) for the
chiral anomaly in polarized DIS and Refs. [98,99,101] for DVCS.
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to N =06 and beyond.6 Our goal is to illustrate how this
framework can be employed systematically for analytic
high-order evaluations of phenomenologically relevant
processes. The approach and results provided here will
serve as key building blocks for constructing high-order
analytical computations with applications of phenomeno-
logical interest. As discussed in the Introduction, out-
standing applications for which highly precise results
exist include cusp anomalous dimensions and the electron
and muon anomalous magnetic moments.

A. Worldline master formula for the one-loop
Nth photon amplitude

Our starting point is the closed form expression for
the Nth rank QED vacuum polarization tensor we derived
in [2]. It can be expressed as the normalized worldline
expectation value of a product of N-charged electromag-
netic worldline currents,

I, (kys e ky) = =(id, (ky) -+ id, (ky)).  (2.1)
Each ith current insertion is given in terms of a world-
line superpair {x,(z),y,(7)} with worldline parameter
7€[0,1] as

J,(k)=g A e [x,, (2)+ieow, (T)y/y(f)ky} emikx(®)(2.2)

Here, the commuting (bosonic) worldline x,(z) describes
the trajectory of a pointlike virtual particle with charge g
propagating in d-dimensional loop in Euclidean space-
time. Its anticommuting (fermionic) superpartner y,(7)
encodes the local spin preccession along the path.
Besides, k; is the 4-momentum of the photon emitted
or absorbed at the corresponding current insertion along
the path and the parameter ¢, denotes the propertime of
the fermion. The normalized worldline expectation value
in Eq. (2.1) can then be written as a first-quantized but
|

I1 kl,...,kN) :_(27[)d5d(k1+"'+k1v)

ﬂlu-ﬂN(

26"
(47)4/?

fully Lorentz-invariant worldline path integral as’

(Olx(@).y(2)])

1/°°d80 2/ { 1 /1 )
== —eeom” [ Dty | Drwexps —— | diii(z
2)o & P AP vexp dey Jo ”()

1

-3 [ 60} oo o), 23)

with periodic (P) boundary conditions for x,(z) and
antiperiodic (AP) boundary conditions for v, (z), reflect-
ing the fact that the virtual particle describes a closed
loop in both Euclidean spacetime and spin coordinates. A
final integration is performed over all possible proper-
times &, weighted by exp(—&,m?), where m is the virtual
fermion mass, effectively suppressing spacetime regions
with wavelengths much larger than its Compton wave-
length. It is an exact expression of the one-loop N-photon
amplitude as a path integral over all possible closed
worldline contours (representing quantum fluctuations)
of a pointlike fermion interacting N times with the gauge
field.

The path integrals can be evaluated for general N in
d-dimensional Euclidean spacetime, as explained in
Ref. [1], by introducing a pair of auxiliary Grassmann
variables and reexponentiating each current insertion, recov-
ering an earlier result due to Bern and Kosower [15]. In
Ref. [2], we showed further that the resulting Grassmann
integrals can also be performed for arbitrary N. This step is
essential because it yields a universal compact expression for
QED vacuum polarization tensors of any rank. Otherwise,
one is faced with the increasingly complex procedure, at
each order in perturbation theory, of performing explicit
Wick contractions of (0 + 1)-dimensional worldline super-
pair insertions {x,(z),y,(7)} in terms of free bosonic and
fermionic worldline Green’s functions defined in a circle
with Dirichlet boundary conditions. The final result we
obtained for the Nth rank polarization tensor is [2]

ON-Nd/2

1 1 © de en <
XA drl...A dTNA T;/Zexp{—eom2+502ki-ijﬁ.}Iﬂl,_,ﬂN(kl,...,kN), (2.4)
€0 ij=1

where the polynomial in the integrand is defined to be

®For a completely bottom-up treatment that the present work builds on, we refer the reader to our earlier papers [1] and [2].
"We assume conventional UV renormalization and therefore omit the overall factor associated with the free energy contribution of the
QED vacuum, which serves as a Schwinger propertime counterterm in the worldline formalism.
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(1)
I/’l"'ﬂN(kl’ ey kN) =

2N +N,+2N.=N

S EE ) CR | )

Here, €;,;,..;, is the conventional Levi-Civita symbol, with
the sum over repeated indices left implicit.
The coefficient functions A;;, B;;, C;;, and D;; are

defined in terms of worldline Green’s functions as

£ ..
A= B

ij — E wip; i 51/G?f + 5ij§i} ’

1 F
Cij =5%uGij» D=5

(2.6)
The periodic and antiperiodic worldline Green’s functions
are given by8

o) -1

GB_T—T I —|z; — R
o= 711 - | & o

G}; = sign(z; — 7;).

The numerators (corresponding /,, ..., ) are theory specific
and depend on the details of the interaction vertices in QED
(couplings, spin structures, derivatives, etc.). The denomi-
nator (expressed here as the Schwinger proper time integral
over the variable ;) is universal in that it follows directly
from the free part of the QED Lagrangian, containing field
propagators already integrated over fermion loop momenta.

We will employ shorthand notations for compact defi-
nitions of derivatives and double derivatives of the world-
line Green’s functions:

~B _ jB B _ 2B
G =dGj/dr;, G =d°G;/drdr;.  (2.8)
These satisfy
G% = sign(z; — 7;) = 2(7; — 7;) = =G5,
GB =2-28(t;—1; ) Gﬁ, Gll; = —Gfi. (2.9)

Equation (2.4) is an exact result in QED and encodes the
(gauge-invariant) set of (N —1)!/2 Feynman diagrams’

8In what follows, we will ignore the constant (1/6) zero-mode
term in the boson Green’s function. It drops from the calculation
because ), k; = 0 and because the polynomial 7, , involves
onlgy derivatives of Gg.

The N! counts the total number of permutations, the factor 1/N
represents the NV configurations related by cyclic rotations 7; — ;. 1,
and the factor 1/2 accounts for the two identical configurations
related by reversal of the loop orientation z; — 1 — 7;. Its generali-
zation to multiloop diagrams is straightforward [1].

N |beN IN 'eiljl'“iNajNaml~'~mNbp]ql'~~PNC‘INC€i1jl'~'iNajNall'~-1Nbrlsl'-~rN[5N[
a* DAL

(for N > 2) required to construct the Nth rank vacuum
polarization tensor, with each Feynman diagram corre-
sponding to one particular permutation of the photon lines.
Figure 2 provides a schematic representation of the polari-
zation tensor and illustrates the role of the boson and
fermion worldline Green’s functions for the N = 2, N = 4,
and general N cases. We recall that odd-N tensors vanish by
virtue of Furry’s theorem; a detailed discussion can be found
in Appendix A of Ref. [2]. The main purpose of the rest of
this section will be to show that in Eq. (2.1) one only needs
to evaluate the (N,, N, N.) = (0, N, 0) terms in the tensor,
as the rest of terms in Eq. (2.5) follow from current
conservation.

B. N =2: QED second-rank vacuum polarization tensor

As a simple example illustrating the usage of Eq. (2.1),
we will consider the second rank QED polarization tensor
with N = 2 photons in worldline diagram (a) of Fig. 2. A
direct evaluation of Eq. (2.5) leads to three contributions
(N,, Ny, N.) such that the total number of A, B, and C
factors satisfies 2N, + N, + 2N, = 2, namely (1, 0, 0),
(0, 2, 0), and (0, 0, 1). Thus, from Eq. (2.5), one gets'"

ki ky) =

141/42( €irjy 11]1A1111 + 26'”1"12611123’"1113’"212

_eﬂlme"l?lcl’lfllDrlYl’ (210)
which yields
Ly (ki ky) = Ay + Ay + (B 1By — Bi2By)

= (Cip = Cy)(Dyy — Dyy). (2.11)

Substituting Egs. (2.6) then leads to

ki ky) = 5;41/42(;1132 + 83(’@),4] (kl)uzGlBZGgl
— &§[8,,,k1 - ko = (ko) ,,, (ky), ]G

Hik2
(2.12)

/41142(

It is possible now to obtain a Lorentz-invariant structure of
this tensor which is transverse to the external photon
momenta; this is achieved by integrating by parts the

""To avoid clutter, we leave implicit here the indices and
arguments in the r.h.s. of the equation. These are made explicit
when substituting the definitions in Eq. (2.6).
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GLF =GP (1), 1) GF
R T—3 S %
GBI Gr
k. k
ST 8
GB F _ GB F(T2, Tl) G}%F
(a) (b) (c)

FIG. 2. Worldline diagrams for the QED vacuum polarization tensors at lowest order for (a) N =2, (b) N =4, and (c) general
N photons. Diagrams with odd N insertions vanish by Furry’s theorem. Each photon vertex, located at the worldline parameter 7;, will be
integrated over 7; = [0, 1], with both numerator and denominator expressions depending on all boson and fermion worldline Green’s
functions G#¥(;,7;) in the problem. In this manner, the worldline diagrams encode all (N — 1)! possible ordering permutations of

Feynman diagrams in conventional perturbation theory.

double derivatives of the bosonic worldline Green’s func-
tion. Indeed, noting G%, = —G5, from Eq. (2.9) and using

ky, = —k;, one gets
Ly, (ky ky) = '90{ [G } [G?2]2}{k%5ﬂ1ﬂz
= (k) (ki) - (2.13)

Upon replacement of Egs. (2.7) and (2.9), this leads to the
standard Feynman diagram result for the N = 2 tensor—
see Ref. [1].

Our goal here is to show that one can obtain the result of
the previous integration by parts procedure by only con-
sidering so-called head form factors, following the con-
vention of Karplus and Neuman [84]. For N = 2, these are
the B terms in Eq. (2.11), which were defined in Eq. (2.6).
The procedure we will propose here is desirable at large
orders in perturbation theory, as our formula in Eq. (2.4) is
universal for general N. It allows for the construction of the
N-photon or N-gluon one-loop amplitude (the latter with
the appropriate color decomposition) without requiring any
set of rules for the integration-by-parts procedure, which
becomes increasingly complex at large N. Indeed, follow-
ing Karplus and Neuman, one starts by noting that the
tensor Eq. (2.1) is orthogonal to all photon momenta. In the
worldline formalism, this is naturally enforced due to
current conservation of worldline currents in Eq. (2.2).
|

1,0 = 0000+ k) { Flb1 )3+ 3 () 83,

= (27)75(k, + kz){F(kl k)

)

Hik2

Specifically, upon contracting the Nth rank tensor in
Eq. (2.1) with any external photon momentum, one can
factor out overall terms of the form

~ 1 '
ku u(k) = g A dr [kﬂxﬂ(r) - ieok,,y/,,(f)kyl,,y(f)]e—zk-x(r)

=0. (2.14)
The first contribution in the bracket cancels because it can be
expressed as a total derivative with respect to the worldline
parameter 7, and the commuting worldline x,(z) traverses a
closed loop trajectory with periodic boundary conditions
x,(1) = x,(0). The second contribution cancels because
k,k, is symmetric, whereas v, (7)y, (7) antisymmetric. The
QFT counterpart of the previous Ward identity is of course
well known. It follows from the integration by parts of
matrix elements or expectation values of time-ordered
products of fermion currents. The previous observation leads
to the two expected Ward identities

(k1) ki ky) =0,

(kz)llz Hika (kl’ kZ) =0.
(2.15)

#1#2(

Now, either from Egs. (2.1) and (2.5)—or from a direct
tensor analysis—the second rank tensor has the general form

1112(k17 kZ)}

ini=12

(k) (K)o o (K o) . (2.16)
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The so-called tail form factor F(ky,k,) (in the Karplus-
Neuman convention) can be constructed explicitly from the
N,=1and N, =1 terms in Eq. (2.5) with N = 2; these
are the contributions containing the A, C, and D functions
in Eq. (2.11). The head form factor H,(k;,k,) arises
solely from the N, = 2 terms, which are the contributions
containing the B functions in Eq. (2.11). Note that the head
form factors corresponding to i; =1 and i, =2 in
Eq. (2.16) vanish identically by the definition of B in
Eq. (2.6). Instead of constructing the form factors explic-
itly, we project the tensor in the direction (k;), and
observe that from (k) I1,,,,(k;, k;) = 0, one immediately

gets F(ky,ky) = —(ky - ky)Hy; (ky, k). Hence,

My (ki ko) = (2)6(k) + ko) { (K128,

- (kl)m(kl)m}Hm(kl»kz)’ (2.17)

where we used k; = —k,. In this way, we avoid having to
evaluate the tail form factor. From the N, = 2 terms in
Eq. (2.5), one obtains for the head form factor

2-d/2y2

Hyy (ki ky) = =2 (o I'(2-4d/2) /1 dr,dr, [(sz)z

(41)4/? 0

= (G| [m? + 6] (2.18)
As promised, it is now easy to see that the procedure
outlined above (for the decomposition of a tensor mani-
festly transverse to the external photon momenta) is
equivalent to a direct evaluation of Eq. (2.4) for N =2
by integration by parts in z; or 7,, as shown explicitly in
Eq. (2.13). Of course, in both cases, one should recover the
standard form for the second rank tensor. In particular, upon
substitution of Eqgs. (2.7) and (2.9),

2-d/2)?2

(gu 1
_8WF(2 - d/Z)A dr,dr,

|T1 —Tz|(1 - |Tl —Tz|)
[m? + I3z — | (1 = [z — 1] )]>9/2

(2.19)

Hy, (ki ky) =

However, as we will see in the next section, the procedure
described here, relying only on the knowledge of the head
form factors, admits a closed universal expression for
arbitrary N and therefore offers a much more efficient
route to computing the polarization tensor for large N.
Another important aspect of the proposed procedure is
that it allows one to efficiently reconstruct'' gauge-invariant
operator structures when the off-shell tensor is used as part
of a larger amplitude, such as Feynman diagrams in the

"See also Refs. [83-85].

presence of background or dynamical gauge fields. Indeed,
in such problems, the polarization tensor in Eq. (2.1) is
projected onto arbitrary products of gauge fields,

I, (ks ky)A, (Ky). A, (Ky)
= _<i‘7/41 (kl) T ij/AN(kN»Aul (kl)"'AuN(kN)'

Typically, for on-shell amplitudes and cross sections, it is
necessary to present the final result of computing the
correlator of the worldline currents in Eq. (2.20) in terms
of combinations of gauge-invariant operators of the gauge
fields, for example, products of field strengths F,.
Obtaining such gauge-invariant structures directly from
off-shell amplitude computations is nontrivial, since gauge
invariance is not manifest at the level of single Feynman
diagrams. The result of the procedure discussed here,
however, yields gauge-invariant results which appear nat-
urally by construction of the tensor as a product of
conserved charged electromagnetic worldline currents
in Eq. (2.1).

For the simple example of interest here, we get directly
from Eq. (2.17),

I, (k1 ko)A, (k1)A,, (ko)
= (27)3(ks + ko) { Quu (K1) 9y, (ko)

— 0,A,(k1)0,4, (k) | Ho (k. ko)

1
EFyv(kl)sz<k2)H21 (klv k2)

(2.20)

We will show that the Nth rank polarization tensors can in
general be written in terms of gauge-invariant form factors,
which will allow us to project out gauge-invariant combi-
nations of background fields, providing an elegant solution
to this long-standing problem.

C. N =4: QED fourth rank vacuum polarization tensor

The fourth rank (N = 4) polarization tensor is a key
quantity in evaluating the light-by-light scattering ampli-
tude and cross section. We will adopt the compact notation
of Ref. [85] where the ith photon momentum symbol is
replaced by its label i when there is no ambiguity. In other
words, we will replace the momentum symbols &y, k,, ks,
and k, of photons by 1, 2, 3, and 4, respectively. We will
also replace the u;th Lorentz index by i; subindices
U1 apspy become 1234. With this compact notation, the
fourth rank tensor can be rewritten as

I1

(k1. ko k3, ky) = T1234(1234),  (2.22)

HiH2H3H4
where we also got rid of the commas separating the
momentum labels in the arguments of the function. The
direct substitution of Egs. (2.6) into Eq. (2.5) leads to
the following Lorentz-invariant form for the fourth rank
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QED polarization tensor in terms of the allowed tensorial structures':

H1234(1234) = (2ﬂ)d5d(k1 + k2 + k3 + k4)

2

X {512634F1 (1234) 4 613624 F»(1234) + 514603 F5(1234)

+ > 612(i3)3(14)4 G111, (1234) + > 813(12)(14)4Giyi, (1234) + > 814(02)1(i3)3G3 11, (1234)

i3=124
i1=123

=134
=123

ir=13.4
i3=12.4

+ ) 003011 (4)4Gay1, (1234) + > 824(i1) (i3)3Gs5.,1,(1234) + Y~ 834(i1),(i2)2 G 1,1, (1234)

i1=23.4
i4=123

i1=234
i3=124

+ Z Z (11)1(02)2(13)3(ia) 4 H 1,11, (1234)

i1=23.4 i3=124
=134 i4=123

Here, as shown explicitly in Appendix A, the F, G, and H
“form factors” are linear combinations of the A, B, C, and
D expressions in terms of worldline Green’s functions that
we introduced in Eq. (2.6). In the nomenclature of Karplus
and Neuman [84,85], the three F(1234) Lorentz-invariant
form factors in Eq. (2.23) are tails, the 6% 3%(=54)
G,;(1234) terms are shoulders, and the 3*(=8l)
H;;,(1234) terms are the heads. Pseudovector (antisym-
metric tensor) contributions lead to terms that can either be
expressed as combinations of the above tensor structures, or
yield pseudoscalar quantities when contracted with the
photon polarization vectors. Imposing current conservation
and permutation symmetry further constrains the decom-
position of the tensor into its independent tensor structures.
In particular, because of current conservation, it suffices to
know only the heads (the 81 H,j; invariants for N =4
photons) to fully determine any polarization tensor. One
can obtain expressions for the tails and shoulders in terms

|

Hyj,..,(12---N)

_ (gu*~ 42N

i1=23.4
=134

}. (2.23)

of the heads and thereby greatly simplify the calculation of
the tensor.

This point is extremely relevant to the general worldline
formulation of the QED Nth rank polarization tensors
because it is straightforward, from Eqgs. (2.1) and (2.5), to
extract an identity for the head form factors which has a
universal structure in terms of worldline Green’s functions
for arbitrary N. To obtain this identity, we simply note that
the head factors accompany the tensor forms (i), (i), - - -
(iy)y in Eq. (2.23) and therefore can only arise from the
(N,, Ny, N.) = (0,N,0) term for arbitrary N in the sum of
Eq. (2.5), namely,

0.N.0
11(41"'#1\/)(12 o N)
1
= meml.“m,\,ell..AINBm]llezlz By, =detB, (2.24)

so that they are given in closed form by

1
WF(N—CI/Q,)/O' dTlde'"dTN[D(IZ"‘N;Tl,...,TN)}N_d/2Pl‘],‘2...,‘N(Tl,772,...,TN). (225)
Here, we carried out the trivial integration over propertime parameter &, to obtain the standard quadratic form of the
worldline denominator as a function of the available kinematic invariants (constructed out of the external photon momenta),
which takes the well-known form

1 N
D(12 . ‘N;Tl, ...,TN) = m2 _Eljz__l GB(Ti’Tj)ki . k] (226)

The numerator is a polynomial constructed solely from worldline Green’s functions. It admits the following universal
representation for a general number of photons N,

2As in the N = 2 case addressed in the previous section, the various restrictions on the summations over iy, i,, i3, iy in Eq. (2.23) are
obtained directly in our approach because the contributions iy = 1, i, = 2, i3 = 3 and i, = 4 vanish by construction of Eq. (2.6). In
contrast, in the conventional perturbative construction, to maintain such a symmetrical form for the tensor, one must sum over Feynman
diagrams, impose momentum conservation, and choose three independent momentum variables for each term in the tensor. Further, the
latter must be done such that it becomes independent of the momentum index they carry.
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Piliz...iN(Tlafzv ---,TN)
N
= E : €jirin |:511'1G111 + 5]111G } |:52/2G212 + 5]212G122}
Jiajase--in=1

This expression is a Levi-Civita weighted sum over bosonic
and fermionic Green’s functions (the dot represents the
propertime derivative) automatically implementing the
(N = 1) supersymmetry algebra of bosonic and fermionic
worldline contractions in the tensor. Because e; is

Ji---Jn
nonzero only when (jj,...,jy) is a permutation of
(1,...,N), we can also write this expression in terms of

permutations ¢ € Sy, where Sy denotes the permutation

group. Letting j; = (k) and noting ¢; ; = sgn(c) in
particular,
Piliz Ly (Tl’ Ty eeny TN)
Z Sgl’l H{‘Sk»”(k)(;f,ik + 56(k),ikG{';k}- (228)

cESy

Equations (2.25) and (2.27)-(2.28) constitute the central
result of this paper. They allow one to explicitly construct and
identify, using the symmetries of the problem, the unique
head form factors completely specifying the Nth rank
vacuum polarization tensor in QED. As we will demonstrate
shortly, the novel procedure outlined here bypasses the
factorial growth of form factors ~exp(NlogN) ~ N!, as
well as the N! Feynman diagrams in each form factor, at
arbitrary Nth order in perturbation theory.

Returning to N = 4, and following the previously out-
lined procedure for the N = 2 case, we write the four Ward
identities for the tensor,

(1),TT1234(1234) = 0, (2.29)
(2),111234(1234) = 0, (2.30)
(3)3101234(1234) = 0, (2.31)
(4),TT1234(1234) = 0. (2.32)

These relations will enable the three tails F and the 54 shoul-
ders G;; to be expressed in terms of the 81 heads H;j;,;. We
will only outline here this tensor decomposition and reduc-
tion procedure for the first of the required terms; we will
elaborate on it further and present the final results in
Appendix B.

Starting from the Ward identity in Eq. (2.29), and
substituting then Eq. (2.23) into Eq. (2.29), the reduced
tensor involves only the components p,, ps, and u4. For
this tensor to be zero for any value of k;, i = 1, 2, 3, 4, the
factor multiplying each tensor structure has to vanish.

|:5NjNG§ZN + 5/N1NG£1N:| . (227)

In particular, collecting the factors multiplying the structure
containing one metric tensor, plugging Eq. (2.23) into
Eq. (2.29), one obtains the following identities:

(1),834 X l (1234) + ) (1-i1)Ggy,1 1234)1 =0,
i1 #1
(2.33)
(3)2834 % | Y _(1+i1)Gy3(1234) | =0, (2.34)
Lir#1 J
(4)2834 % | Y (1+11)Gy4(1234) | = 0. (2.35)
Lir#] J

(1)3604 x | F5(1234) + Z(l -i1)Gs,;,1(1234) | =0,

i1 #1
(2.36)
(2)384 x | Y (1+11)Gs,2(1234) | =0, (2.37)
Li#l J
(4)384 x | Y (1+i1)Gs,4(1234) | = 0. (2.38)
L i#l i

(1)4603 x | F3(1234) + Z(l ~i1)Gy,;,1(1234)| =0,

i#1
(2.39)
(2)4823 % | > _(1+11)Gy;2(1234) | =0, (2.40)
| i#l i
(3)4d23 % | D (1-i1)Gy;5(1234)| =0.  (2.41)
L i#l |

Equations (2.33), (2.36), and (2.39) express the tails
F(1234), F,(1234), and F5(1234) as linear combinations
of the shoulders G ;;(1234), Gs;;(1234), and G, ;;(1234).
We note that additional but equivalent expressions are
obtained from the use of any of the other three Ward
identities in Egs. (2.30)—(2.32). Further identities satisfied
among the shoulders are also obtained in this way from

016019-11



X. FEAL, A. TARASOV, and R. VENUGOPALAN

PHYS. REV. D 114, 016019 (2026)

Egs. (2.34)—(2.35), (2.37)-(2.38), and (2.40)—(2.41). These can be used to simplify the resulting expressions when needed.
Likewise, collecting terms without metric tensors yields the identities

(1)5(1)5(1), x G1,11(1234)+G2.11(1234)+G3,11(]234)+Z(1'il)Hillll(]234) =0,

(1), (i3)5(1)4 x
(1)2(1)5(i4)4 x

(1)2(i3)3(is)4 x

i#1

These relations now allow us to express some of the
shoulders in terms of the heads and therefore some of the
tails in terms of the heads. By collecting the rest of terms in
the tensor coming from the contraction with k;, one finds
additional relations generated by Eq. (2.29). We streamline
this transverse decomposition and collect all such identities
using Egs. (2.29)—(2.32) to solve for all tails and shoulders in
terms of the heads in Appendix B. This procedure allows us,
as a first step, to reduce the calculation of 138 form factors
down to the evaluation of the 3* = 81 heads.

As noted by Karplus and Neuman [85], because the
worldline currents in Eq. (2.1) commute (essentially
because photons are Bose particles), the tensor in
Eq. (2.23) is invariant under the 24 simultaneous permu-
tations of momenta k;, k; and indices ;, u;. This invariance
provides identities among head form factors reducing the
calculation further, from 81 down to only 6. In conventional
QFT, the same symmetry is realized only by including all
three (4 — 1)!/2 Feynman diagrams, already encoded in the
master formula of Eq. (2.23). In other words, a given
Feynman diagram (a time ordered product of fermion
currents after Wick expansion of the action) never satisfies
this Bose symmetry on its own.

Note also that these symmetries are general. They remain
valid for the fourth rank tensor at arbitrary loop order in
perturbation theory. To find relations of these type, let us
consider, for instance, the form factor Hyy3(4321). By
exchanging the third momentum k, with the fourth momen-
tum k;, we obtain the identity13

“Note that the specific labeling of the arguments as (4321) =
(ky, k3, ko, ky) is irrelevant; they could equally well be denoted
(ajayazay). The subscripts 4443 here refer to the fourth and
third momentum arguments, namely, k; and k,, in this case.
H 4443(4321) multiplies the tensor structure (1),(1),(1)5(2), =

(ki) (ky)y, (K1), (K2) -

G14,1(1234) + G3,;,(1234) + Z(l “11)H;1;,1(1234) | =0,

G111, (1234) + Gy, (1234) + Y (1 -iy)H; 14, (1234) | =0,

Gy, (1234) + Z(l “i)Hj i, (1234)| =0,

(2.42)
i#1
iy = 2,4, (2.43)
i1#1 |
iy =2.3, (2.44)
i #1 |
=24,  iy=203. (2.45)
|
H4443 (4321) — H3343 (4312) (246)

This identity can be extracted directly from the worldline
master formula in Eq. (2.25) as follows. The polynomial
numerators of the two heads Hyuy3(ky, k3, ky, k;) and
H3343(ky, k3, k1, ky) are given by Eq. (2.27) and take the
explicit form

P4443(TI’T25739T4) = G?4G§4 {(G;)z - (G§4)2},

P3343(71, 72,73, 74) = G%G% [(G§4)2 - (G§4)2] (2.47)
After exchanging the third and fourth momentum arguments
in the first head Hyqu3(ky, k3, k5, ky), its denominator given
by Eq. (2.26) changes, since the momentum invariants
accompanying the G®(z;, 7;) functions when 7; ; = 75 4 are
now changed. One may then relabel 73 <> 7, to restore
the denominator to its original form. Under the exchange
73 <> 174, the factors (G%,)? and (G%,)? in the numerator
P443 remain invariant, while the product G?,G5, transforms
into Gﬂ G%, thereby reproducing the polynomial numerator
P3343, leading thus to the relation in Eq. (2.46).

This permutation symmetry satisfied by the tensor head
form factors can be formally defined and generalized for
arbitrary N as follows. Let H; ; (a;...ay) be a head in the
Nth rank tensor, where we recall, by construction, each
index i; refers to the (momentum) argument in the kth
position, as seen in Eq. (2.23). Let also 6 = (pq) be a two
element transposition exchanging p and ¢ in the permu-
tation group Sy. Then, 6(p) = ¢, 6(q) = p and (k) = k
for k# p, g (all other elements unchanged). Current
conservation implies

Hii i, (a1a;...ay)

= Ha(ia_l(il))a(i”_l(i2))...o—(i6_1(w))(aa(il)aa(iz)‘-‘aa(i,v)>‘ (2.48)
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Here, o(k) specifies which original argument moves into
position k after the exchange. Similarly, 6~!(k) identifies
where the kth position came from, 80 i,-1; is the index that
originally sat in that position. Finally, ¢(i,-1,)) mirrors the
same transposition in the indices. To apply this to the
example, we just considered, the transposition of the third

The usefulness of the general expression in Eq. (2.48),
formulated in terms of permutation group symmetries for
arbitrary N, will become much clearer in the next section
when we address the computation of higher rank tensors.
We will apply there the Burnside-Cauchy-Frobenius lemma
to count the number of equivalence classes and determine

the number of independent form factors that fully specify
the N-photon amplitude at arbitrary loop order in pertur-
bation theory.

and fourth momentum arguments ¢ = (1)(2)(34) corre-
sponds to the map

(1) =1, c(2) =2, c(3) =4, o(4) = 3. For N =4, starting with any arbitrary head, there
are 4! =24 permutations of the arguments in S, that
(2.49) can be realized always as a composition of operations of

the type in Eq. (2.48). Repeated application of Eq. (2.48)
then generates the list of 24 head form factors that are
related by virtue of the permutation symmetry of the
polarization tensor and hence belong to the same equiv-
alence class defined by this symmetry. For N = 4, this
reduces the original list of 81 head form factors needed to
define the tensor down to the computation of only six
representatives of each orbit under Eq. (2.48). As a
particular illustration, starting with H,;;(1234) and
applying Eq. (2.48) sequentially, one generates the set

Accordingly, its inverse satisfies 6~!(1) = 1,671(2) = 2,
~1(3) = 4,67'(4) = 3. Substituting this permutation into

Eq. (2.48), then the group element action on a head element

defines the equivalence, in this case, to be

H a1a20304) = Hoy(i\)o(ir)o(iy)o(iy) (31020403).

nugu(

(2.50)

For the example under consideration, one immediately finds

the previous identification H443(4321) = H3343(4312). of relations'®
Hy 11 (1234) = Hyy11(1243) = H3y11(1324) = Hyyy (1342) = Hsyy1(1423) = Hyypq1(1432)
= Hy12,(2134) = H,1»(2143) = H3313(2314) = Hyu41(2341) = H3313(2413) = Hyyy (2431)
= Hy35)(3124) = Hy4»(3142) = H33p3(3214) = Hyu4p(3241) = Hy443(3421) = H3343(3412)
= Hy3p)(4123) = Hy4»(4132) = H33p3(4213) = Hyu4p(4231) = Hy443(4321) = H3343(4312) (2.51)

We next select a head form factor not present in the above set and continue the procedure. The complete list of identities
among the head form factors for N = 4 is given in Appendix C. The explicit expression for the fourth rank polarization
tensor is given in Appendix D. This follows after substitution in Eq. (2.23) of all tail and shoulder form factors in terms of
heads [by means of the Ward identities in Eqs. (B11) to (B67)], and after substitution of the resulting heads by one of the six
representatives of each class using Egs. (2.51) and (C1)—(C5).

Repeated heads appear within each equivalence class generated in this way; they share the same indices but differ by
permutations of the photon-momentum arguments. For example, the set in Eq. (2.51) contains only twelve independent
heads, while the set in Eq. (C5) contains only three independent heads. For this reason, counting equivalence classes
(independent heads) is less trivial than it may seem and must proceed either by explicit bookkeeping (as done in here and
Appendix C following Karplus and Neuman [84]) or by using the Burnside-Cauchy-Frobenius lemma, as we will discuss in
detail in Sec. III. We emphasize that the central result of this work, the worldline master formula for the tensor form factors
in Eq. (2.25), automatically satisfies the aforementioned permutation group symmetries.

Our treatment here of the computation of the fourth-rank polarization tensor in QED is valid to any arbitrary loop order in
perturbation theory and completely general. We shall focus on giving the explicit expressions to lowest order O(g*) in
perturbation theory using the worldline master expression. Specializing Eq. (2.27) to N = 4, one immediately finds

"“Since the manipulation of these identities may be unfamiliar, let us further pick at random among the identities in Eq. (2.51) and
demonstrate explicitly the equality Hs33(2314) = H,4,(4132). We first observe o(1) = 4; 6(2) = 3; 6(3) = 2; 6(4) = 1, indicating
that the term in the first position within the parentheses of the head on the Lh.s., is moved to the fourth position in the parenthesis in the
head on the r.h.s., and so on. Conversely, the inverse permutations (the positions where the expressions in the parenthesis on the r.h.s.
came from) are o7'(1)=4; ¢7'(2)=3; 67'(3)=2; 67'(4)=1. The rhs. of the formula in Eq. (2.48) then gives

Hoti 1, ol 1, )0t )t ) (H132) = Hoi) o(i).o(i2) o) (4132) = Ho3).0(1).0(3).0(3) (4132) = Haup (4132), for iy =iy =iy =3

and i3 = 1, which proves the identity.
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g4u8_2d

1
Hl]kl(1234) = —271_‘(4 - d/2) /}r dTldedT3dT4[D(1234;Tl, T, T3, T4)]d/2_4Pl'jkl(T], T, T3, T4), (252)

(47)4/?

where the polynomial numerator is defined in terms of periodic and antiperiodic worldline Green’s functions as

4
Pijkl(Tl’-~-,T4) =

m,n,r,s=1
and the denominator

D(1234;7y,...,74) = m*> — k| - k,G5,

It is straightforward to check at this point that Eq. (2.52)
preserves the permutation symmetry due to the commuta-
tion of any two electromagnetic currents in the tensor,
automatically satisfying the large set of identities we
advanced in Eq. (2.51), and Egs. (CI) to (C5) of Appen-
dix C, from purely symmetry considerations. As we will
see in a moment, while this is true for Eq. (2.52), it is not
true for the (4 —1)!/2 =3 Feynman diagrams this ex-
pression encodes: each Feynman diagram does not preserve
permutation symmetry, but only their gauge-invariant sum.
Because the expression we have for the heads is universal
and valid for any N, the result for the vacuum polarization
tensor to O(g") encoding (N — 1)!/2 Feynman diagrams is
straightforward in this approach.

It only remains to evaluate explicitly the functional form
of the six independent heads, H,;(1234), H,1,,(1234),
Hy123(1234), Hy311(1234), Hy143(1234), and Hyzy, (1234).
The other 75 heads are obtained from these by permutations
of momentum arguments. These enter the expression only
through the polynomial denonominator in Eq. (2.54). The full
result for the tensor is listed in Appendix D. The six unique
polynomial numerators are easy to obtain and given by

P11 (71,72, 73,74) = G%Gﬂ [(sz)z - (G%)z} ’

Pop (71,72, 73,74) = GﬂG% [(sz)z - (G?z)z} )
P3(71,72,73,74) = G§3G§4 [(GEV - (G?z)z} )
P311(71,72,73,74) = Gﬁ [G%G%G% - szGngFJ ’
Pig3(71.72,73,74) = {(sz)z - (Gﬁz)z} [(G§4)2 - (Gi)z},

— GE.GF. GF. GF. — GB.(:B.;B. (3B
P41 (71,7273, 74) = G1361,G3.G3y — G, G, GGy

(2.55)

Recall from Egs. (2.7) and (2.9) that the worldline Green’s
functions are defined as

Gfﬁ =z —Tj|(1 = |z _Tj|)’

Gg = sign(z; — 7;) — 2(7; — 1), ij = sign(z; — 7).

— ki - k3GYy — ki - kaGYy = ky - k3G — ko - k4 G5y — ks - ky G,

Z €mnrs{51mGﬁ‘ + 5m1G571 } {6211ng + 5n]G72} {53rG§k + 5rkG£3 } {645‘(.;?1 + 5slG£1} (253)

(2.54)

|

The structure of these six master heads contains a nu-
merator that always expands into a small sum of monomials
built from free bosonic and fermionic worldline Green’s
functions [Eqgs. (2.55)] and, in the denominator, a quadratic
form in the available invariants and bosonic Green’s func-
tions] Eq. (2.54)]. Because the integrand is invariant under
global shifts 7 = z; + & due to the functional form of the
worldline Green’s functions, one may therefore fix this
invariance by choosing, for instance, § = 1 — 7, which sets
one of the parameters to 7) = 1 and allows one then to
perform the corresponding integral trivially. As a result, for
general N, the worldline integrals depend on only N — 1
independent z-parameters, reflecting the cyclic symmetry of
the diagram.

Further, as promised, the manifest N' = 1 supersym-
metry of the six head form factors entering the tensor
allows for a simple check of the results: replace each
Gg function by GS in the expressions above, and check that

the amplitude yields zero. This NV = 1 supersymmetry will
hold for general N and can be traced back to the fully
symmetric form of the polynomials in Eq. (2.27).
Equations (2.55) can alternatively be obtained by a
symmetric partial integration of the tail form-factor contri-
butions, as explained in the previous section, followed by a
final application of the corresponding N = 1 supersym-
metry substitution rules for the spinor amplitude; see
Refs. [15,111] for the on-shell case. The resulting expres-
sions in terms of worldline Green’s functions can also be
classified and interpreted in terms of cyclic permutations
together with “tail” contributions.'”> However, it remains
unclear how the latter integration-by-parts approach (see also
Refs. [87,88]) can be generalized to the full reconstruction of
the off-shell amplitude and tensor and/or used to determine,
for instance, the minimal number of head form factors
required to fully specify this physical object for arbitrary N.
The novel approach we have outlined here has a
straightforward logic and is extremely powerful, especially
at high orders, and large N, as it allows one to easily

"This tail terminology shall not be confused with the tail form
factors we define in this work following the usage introduced by
Karplus and Neuman [84].
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identify the number of independent head form factors that are required to completely specify the N-photon amplitude and,
further, to construct them through the universal form in Egs. (2.25) and (2.27)—(2.28) valid for arbitrary N. These
expressions automatically encode the result of this N/ = 1 integration-by-parts procedure and generalize it unambigously at
arbitrary loop order.

As noted previously, the structure of the six irreducible head form factors from Eq. (2.52) is deeply tied to gauge-invariant
field-strength operator structures in QED, that appear when the rank-4 tensor is projected onto arbitrary (on-shell or off-
shell) gauge-field configurations, as in the context of a larger amplitude,

11234 (1234)A, (1)A5(2)A5(3)A4(4), (2.56)

For instance, projecting the part of the rank-4 tensor accompanying the head term H»;43(1234) in the equivalence class of
Eq. (D5) and substituting (j);A,(j) = —id;A.(j) leads to'®

Hous(1234)] (2), (3):(4)3 (1 = -+ | A1 (DA2(2) A3 (3)44(4) = Ho1i5(1234) | (0142)(0245) (0540) (034)) + -], (257)

where - - - in the brackets on the r.h.s. indicates the remaining Lorentz tensors appearing in the corresponding term of Eq. (D5).

The result can be cast in terms of gauge-invariant combinations of field-strength tensors yielding17

Hy43(1234) [(2)1(3)2(4)3(1)4 - '}Al(l)Az(z)A3(3)A4(4) = ZI‘H2143(1234)F12(1)F21(2)F34(3)F43(4)-

These features become particularly relevant to the extraction
of nonperturbative physics in the broader context of
perturbative QCD calculations, which take the form of
gauge-invariant products of field-strength operators. A nice
example of this is seen in the analogous computation of the
one-loop quark box diagram, respectively in polarized DIS
and in DVCS, where the nonperturbative operators carry
information on the chiral anomaly (polarized DIS) and trace
anomaly (unpolarized DVCS), both of which are central to
understanding chiral symmetry breaking and confinement
[98,99,107-110].

The fact that six is the minimal number of polynomial
numerators in the worldline formalism—and hence the min-
imal number of head form factors required to fully determine
the rank-4 QED vacuum-polarization tensor—admits a deeper
explanation in terms of the symmetries of the permutation

"®After projection, each term looks like (0,4;(-))(0,4;(-)) x
(0,A4(-))(0,A,(+)). Because of momentum conservation, total
derivatives  vanish, d,[A;(1)A;(2)A;(3)A,,(4)] = i(ky + Kk, +
ky +ks),A;(1)A;(2)A;(3)A,,(4) =0, and this allows each
derivative to be freely reassigned between fields to reconstruct
it in terms of antisymmetric and gauge-invariant field-strength
combinations.

"Likewise, one can demonstrate that the projection of the
Hy143(1324) terms of Eq. (D5) produce H,43(1324) x
[(3)1(4)2(1)3(2)5 =+ JA1 (1)A2(2)A5(3)A4 (4) =3 H2143(1324) X
Fi3(1)F31(3)F4(2)F4(4), and those corresponding to
H2143(4321) of Eq (DS) prOduCC H2143(4321)[(4)1(3)2 X
(2)5(1)4 = -+ JAI(1)A2(2)A3(3)A4(4) = § H21a3(4321)F14(1) x
Fu1(4)F53(2)F3(3).

(2.58)

group18 that we will give in Sec. III, and generalize for
arbitrary N. We will demonstrate there a drastic N! reduction
of the number of head form factors in perturbation theory by
using this procedure. As is well known [3], each of these head
form factors (with unordered z-parameters) encodes itself
(N —1)!/2 number of Feynman diagrams. This will be
demonstrated explicitly in Sec. IV, where we recover exactly
the results of Karplus and Neuman.

D. N=6 and beyond: Higher rank QED vacuum
polarization tensors

When the number of photons N becomes large, the
above procedure can—and must—be made systematic. The
transverse decomposition of the polarization tensor, dic-
tated by current conservation, follows from general prin-
ciples, as we illustrated explicitly for the N = 4 case. In this
section, we therefore focus on the efficient use of the
worldline master formula in Eq. (2.23) to compute higher
rank tensors, or equivalently, N-photon amplitudes.

In particular, using Eq. (2.23), we will provide, for
the first time, the explicit worldline representation of
the 40 independent form factors—out of the original

Our construction determines the number of independent Bose-
symmetric gauge-invariant structures compatible with S, and the
Ward identities for products of N = 4 field-strength tensors. These
structures form a basis, although not necessarily an orthogonal one.
An orthogonal basis could be obtained by applying the appropriate
Young symmetrizers to project the tensors onto irreducible
representations of S,. In that case, the same amplitude could be
expressed equivalently in terms of six orthogonal Bose-symmetric
and gauge-invariant structures.
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(N —=1)¥ - 5% = 15625 terms—that completely determine
the rank-6 QED vacuum-polarization tensor. We will also
provide the N = 8 and N = 10 results in the form of an
algorithm that automatically implements Eq. (2.23) for
general N and identifies the minimal set of head form factors
required to fully specify the tensor. The script is provided as
an ancillary file with this manuscript [112]. It generates all
head form factors for arbitrary N and then explicitly counts
equivalence classes, or orbits, by sequentially applying
permutations ¢ € Sy to each element, generalizing the pro-
cedure outlined in the previous section.

For N = 6, the solution follows from Eq. (2.27) to be

H; i iiisi, (123456)
_ (gﬂz_d/z)N |
= —ZWF(6 - d/2) A dTldTZ e dTN
x [D(123456: 7, ... 76)]" P iy (71 - T6)-
(2.59)

The denominator is universal, given by

1 6
D(123456:7,, ....75) = m* — > GBk;-kj. (2.60)

i,j=1

Therefore, the main task is to determine the polynomial
numerators for this case from the general expression in
Eq. (2.28) comprising Levi-Civita weighted sums of fermion
and (derivatives of) boson worldline Green’s functions:

P...... T "'776)

= Z sgn(a) H{‘sk,a(k)Gﬁik + 5a(k),ik Gik} (261)

6
GESq k=1

We will demonstrate in the next section, using the
Burnside-Cauchy-Frobenius lemma, the minimal set of head
form factors that fully determines the rank-6 tensor contains
40 elements. Each of these is a sum of two monomials built
from six bosonic and fermionic Green’s functions, for
example,

P211111(71» '--576)
= G?zGlzgl Ggl Gfl G?l Ggl - Ggl Gfl G?l G6B1 GfQGlzrl-
(2.62)

The complete list of the remaining 39 form factors that fully
determine the tensor is provided in Appendix E. For N = §
and N = 10, the head form factors are likewise linear
combinations of monomials involving products of § and
10 boson and fermion worldline Green’s functions, respec-
tively. This list, too, can be directly obtained using the
computer script accompanying this manuscript [112].

We will also discuss in the next section the general problem
of counting the number of equivalence classes at large N and
shall determine the asymptotic scaling of the reduction in
the number of independent form factors achieved by this
method.

III. LARGE-N ASYMPTOTICS OF ORBIT
COUNTING: BURNSIDE-CAUCHY-FROBENIUS
LEMMA

In this section, we will employ the Burnside-Cauchy-
Frobenius lemma to count the number of orbits (corre-
sponding to each of the independent head form factors) that
are required to fully specify the QED vacuum-polarization
tensor at arbitrary order in perturbation theory. The
Burnside-Cauchy-Frobenius lemma allows one to count
distinct heads modulo an equivalence relation, which in our
case is the (Bose) permutation symmetry of the tensor. We
will derive in this section a compact expression for this
orbit counting for arbitrary N, corresponding to the number
of distinct head form factors needed to completely deter-
mine the Nth rank vacuum polarization tensor (or N-photon
amplitude).

As we saw in Sec. I C (see also Appendix C), heads are
classified into equivalence classes according to the pattern
of their subindex structure. We therefore focus solely on
studying these subindex patterns and disregard for our
current discussion the momentum arguments. We formally
define the set of all index patterns in the head form factors as

Jiv) €{1, ..., N1 iy #k for all k}.
(3.1)

Xy = (i), ...

Note that there are |Xy| = (N — 1)V such N-tuples, which
corresponds to the total number of tensor heads before
reduction. Let Sy be the group of permutations of
{1,...,N}. Then, any two heads with subindices given
by N-tuples (i, j) € X are said to be equivalent, or related
by permutation symmetry, if there exists a permutation
operation ¢ € Sy which sends one set element into another,
Jr= (0 i) = 0(iz1)), k=1,...,N, (3.2)
where in what follows o - i denotes formally the action of a
permutation ¢ on an N-tuple of subindices i. This is what
we implemented explicitly in Sec. II C and in Appendix C.
The Burnside-Cauchy-Frobenius lemma states that the
number of equivalence classes #(Xy/Sy), or orbits, is
given by

#orbits = #(Xy/Sy) = ﬁ > [Fix(o)|.  (33)

N cESy

where |Sy| = N! and Fix(o) is the set of elements that are
fixed (left invariant) by o:
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Fix(c) ={i€Xy: o-i=i}. (3.4)
As opposed to Eq. (3.2), which relates different N-tuples of
indices j and i, thereby establishing an equivalence among
them, the invariance conditions are the set of N equations,

ik:(U‘i)kIU(iU—l(k>), k:1,2,...,N, (35)
that define the N-tuples that remain fixed under a permu-
tation o. Therefore, rather than explicitly generating all heads
and counting equivalence classes, as done in Appendix C, a
procedure that becomes impractical for large N, the lemma
proceeds by first classifying permutations according to their
|

Xy = {(i1, iy i3.iy) €{1,2,3,4}*

so that |X4| = (4 — 1)* = 81, corresponding to the total

number of head form factors before reduction. As discussed

above, the goal is to determine how many inequivalent
4-tuples exist under permutation symmetry.

Toward this end, one starts classifying each o € S, by its
cycle structure, in order to sum first over cycle types. For
N = 4, the possible cycle structures are:

(1) Trivial permutation. This corresponds to the iden-

tity, o = (1)(2)(3)(4) = e, i.e., 6(k) = k for all k.

All elements of X, (indices of the head form factors)

are invariant under this action; hence,

[Fix(e)| = |X4| = 81, (3.8)

and the contribution to the orbit count is there-
fore 1-81 = 81.

(2) Single 2-cycle. There are six such permutations. Con-
sider, for instance, ¢ = (12)(3)(4), with (1) =2,
6(2) =1, 6(3) =3, and o(4) = 4. The invariance
condition iy = (i1 () gives i; = o(iy), i, = o(iy),
i3 = o(i3), and iy = o(iy). Because ¢(3) =3 and
c(4) =4, together with i3 #3 and iy #4, one
must have i; =4 and iy = 3. The remaining con-
ditions iy = 6(iy) and i, = o(i;) yield (i1, i) =
(2,1),(3,3), or (4,4), excluding (1,2) because
of the constraints i; # 1 and i, # 2, and only one
2-cycle is permitted. Thus,

|Fix(2-cycle)| = 3 (3.9)
With six such permutations, the total contribution
is6-3=18.

(3) Single 3-cycle. These are permutations consisting
of one 3-cycle and one fixed point; there are three
such permutations. Consider ¢ = (123)(4), with
o(1)=2, 6(2) =3, 6(3) =1, and o(4) = 4. The
invariance conditions imply iy = o(iy), which
forces iy = 4. Since this violates i, # 4, there are

cycle structure, determining how many elements of X are
fixed (left invariant) by each permutation type, and finally
summing over all permutations ¢ € Sy.

A cycle of length m (m < N), or an m-cycle, is a
permutation of m elements:

G(il):l.z,()'(l.z):i3,...,6(l.n1):il. (36)

In cycle notation, (iyi,...i,,) denotes the permutation
iy = iy, 1y = I3...I,,, = I;. For clarity, we illustrate the usage
of this lemma for orbit counting first in the case N = 4,
thereby recovering our previous result. The set of head index
patterns is given in this case by

| i # iy #2005 # 3,0y # 41, (3.7)
|
no invariant elements,
|Fix(3-cycle)| = 0. (3.10)

The total contribution is therefore 3 -0 = 0.

(4) Two 2-cycles. There are three such permuta-
tions. Consider (12)(34), with (1) =2, ¢(2) = 1,
6(3) =4 and o(4)=3. Invariance requires
(i1,15) = (i,0(i)) with i # 1, so i €2, 3, 4. Like-
wise, (i3, i4) = (j,0(j)) with j#3,s0 j€1, 2, 4.
Hence,

[Fix(two 2-cycles)| =3-3=9. (3.11)
With three such permutations, the total contribution
is 3-9=27.

(5) Single 4-cycle. There are six such permutations.
Consider ¢ = (1234), with o(1) =2, ¢(2) =3,
6(3)=4, and o(4)=1. Invariance forces
(i1, iy, i3, is) = (i,0(i),6%(i),6%(i)). Since i, # 1,
we have i€{2,3,4}, and all the resulting tuples
satisfy i, # k. Therefore,

|Fix(4-cycle)| = 3. (3.12)
There are 4!/4 =6 such 4-cycles, so the total
contribution is 3 -6 = 18.
Finally, applying the Burnside lemma, Eq. (3.3),

#orbits = #(X,/S4)

1
=57 (81+6:3+3:043-9+6-3)
144
= — = .1
5 =6 (3.13)

in agreement with the direct counting we performed in
Appendix C.
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Remarkably, the previous discussion can be generalized
for arbitrary N. To this end, we note that, as with N = 4,
any permutation ¢ € Sy can be written as a product of n,,
cycles of length m, m = 1,...,N. The cycle structure is
fully specified by the integers ny, ..., n,,. It follows that the
sum over m and n,,, for each particular cycle structure, is
subject to the constraint

N
E n,m=N.
m=1

For a given cycle structure, the number of distinct permu-
tations in Sy with that structure is

(3.14)

N!

1 mnmnm! '

- (3.15)

m=

Here, we start from the total number of orderings |Sy| = N!
and divide by two sources of overcounting. First, for each
fixed m, the n,, cycles of length m can be permuted among
themselves in n,,! indistinguishable ways. Second, each
individual cycle of length m admits exactly m equivalent
cyclic rotations that represent the same permutation. Since
there are n,, such cycles, this produces a factor m'».
Dividing by the product of these factors yields Eq. (3.15).

Consider an m-cycle of ¢ on the set of positions
(ky, ..., k,,). The fixed-point condition in Eq. (3.5) implies

ik, = G(ikm)’

ix, = o(ix,),

ikm = O'(ikm_l). (316)
By successive substitution, one obtains
ikl :G(ikm) :O'z(l.k’%l) = :O'm(l.kl); (317)

hence, the system (3.16) is equivalent to the single
condition

Gm(l.kl) = ikl' (318)

Then, all remaining values i, are determined by Eq. (3.16),
and there is no extra freedom once the integer i, is chosen.

We now count the number of integers i€ {l,...,N}
satisfying o™ (i) = i. Every element i belongs to exactly
one of the disjoint cycles of o. If i lies in a cycle of ¢ of
length d, then ¢” (i) = i holds if and only if d|m (where we
use the notation for d is a divisor of m). Since there are n,
cycles of length d, the number of solutions of 6™ (i) = i is

Sw= nqd <N. (3.19)
dim

TABLE I.  Number of orbits #(Xy/Sy) of index patterns for
head tensors under permutation symmetry as a function of N and
their ratios to the total number of tensor heads (N — 1)V. Odd N
configurations vanish by Furry’s theorem.

#(Xy/Sy) #(Xy/Sy)/(N=1)N
2 1 1
4 6 7.41 x 1072
6 40 2.56 x 1073
8 291 5.05 x 1075
10 2273 6.52 x 1077
12 18264 5.82 x 10~

Imposing the constraint i, # k; removes exactly one
solution, so the number of allowed values for i is
S,» — 1. Because there are n,, such cycles of length m

for m =1, ..., N, the number of fixed points of ¢ is
N nm
[Fix(o)] = || <Z dmdfa = 1> . (3.20)
m=1

Using |Sy| = N! and combining Egs. (3.15) and (3.20), we
obtain

#(Xn/S)
N | N .
- Ml [T (S )
mny =N

(3.21)

Equation (3.21) yields the orbit count directly, without
explicitly constructing all head form factors and organizing
them into equivalence classes—a task that becomes rapidly
impractical as N grows. An implementation of Eq. (3.21) is
also included in the computer script accompanying this
work, and its validity can be verified through direct
comparison with the explicit counting of the equivalence
classes for any value of N.

We can now use Eq. (3.21) to treat larger values of N.
The resulting number of orbits—the number of equivalence
classes, or independent heads required to fully specify the
off-shell rank-N tensor in QED—is summarized in Table I.
The Burnside sum in Eq. (3.21) shows that #(Xy/Sy)
grows exponentially with rate eV, with slow subexponential
corrections coming from the cycle-structure-dependent
factors. In contrast, the total number of head form factors
before reduction, using the Stirling formula, grows faster
than factorially:

#(Xy/Sy) ~—=e",

%_
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IV. FEYNMAN DIAGRAM CORRESPONDENCE

In this section, we will discuss the computation of the light-
by-light scattering amplitude. We will demonstrate how
worldline master integrals generate the Feynman diagrams
of conventional perturbation theory and connect these results
with the previously known expressions due to Karplus and
Neuman [85] for the four-point amplitude. Their derivation for
the amplitude, however, only considered the case where the
four external photons in the polarization tensor are put on shell,
and the squared amplitude admits a familiar first-line sim-
plification in the spinor-helicity basis. Here, we will discuss
the efficiency of such calculations for the full tensor amplitude,
allowing all photon momenta to be off shell. This is relevant
for applications where the amplitude enters as a subgraph of
higher-point diagrams, such as in the computation of cusp
anomalous dimensions or lepton anomalous magnetic
moments, or in processes where interference effects may
become relevant; examples include ultraperipheral nuclear
collisions at the Relativistic Heavy Ion Collider (RHIC) and
the Large Hadron Collider (LHC), or in DIS at the EIC. A
more extensive treatment of the off-shell case, and its role in
determining the three- and four-loop contributions to the cusp
anomalous dimension, will appear in Ref. [16].

Toward recovering the Karplus and Neuman expressions
explicitly, and connecting directly with Feynman diagram
results, we will split the integration of the corresponding
worldline integrals into ordered sectors."” For the N = 4
photon amplitude, there are (4 —1)!/2 =3 integration
regions in the worldline master integrals for the head form
factors in Eq. (2.52). These correspond to the orderings
|

@ 4 8-2d
a
Hijy

—0o0

X 2Pijk1(Y1,Y2,)’3,y4)[D(1234§Y1,y27)’37y4)]

(a) 1) = 1> 1) > 13 > 14,
(b)‘[1:1>’[3>’[2>’[4,

()t =1>1>14> 13, (4.1)
plus the three contributions corresponding to the invariance
of the integrand under 7} = 1 — 7; transformations, that are
equal to (a), (b), and (c), respectively, under reflection
symmetry. For the (a) contribution, we change worldline
integration variables to Feynman parameter variables, with
the substitutions

Vi=t-1=1-1, Yo =17y — 13,

V3 =13 — 1y, Y4 = Ty, (4-2)
such that y, 5, y3,y4 2 0 and y; + y, +y3 + ys = 1. The
contributions from (b) and (c) can be obtained directly by
exchanging k; <> k, and k; <> k3 in the arguments in the

expression for (a). As a result, we can write

H,j(1234) = H,(1234) + H5 (1324)

+ H5)(1243),

(4.3)
where we used the superscript (a) to denote the restriction
of the integrations in the head form factors to the (a) region.
The r.h.s. therefore corresponds to three Feynman dia-
grams, while the Lh.s. corresponds to the full worldline
diagram, at this particular order O(g*) in perturbation
theory. We find

(1234) = 29570 = d72) [ dyidvadydys0)002)002)00)3(1 = 1 = 32= 3 =30

a/2-4, (4.4)

where we carefully accounted for the factor 2 coming from the use of the symmetry of H,;,(1234) under 7; - 1 —7; to
reduce the number of integrals. The polynomial denominator becomes

D(1234;y1.v2,y3,y4) = m* 4+ y1y2k3 + y1y3(ky + k3)* + y1yaki + y293k35 + yaya(ky + k2)? + yayaki.  (4.5)

We employed here 4-momentum conservation k; + k, + k3 + k4 = 0, as specified the o-function in Eq. (2.23). The six
polynomial numerators in Eq. (2.55) transform to
2Py 111 (1, Y2, ¥3.54) =8
2Py101 (1, Y2, ¥3.¥4) =8
2P3123(¥1.¥2, ¥3:¥4) = 8y1(v2 + y3 + ya) (1 +¥3 + Y2 = y2) 01 +y2 + ya — ¥3),
2P (1, Y2 ¥3:94) = 2(va =1 = y2 = ¥3) 02+ 3 00 = y1) (3 +ya =1 = y2) (1 +y3 +ya—ya) — 1,
2P5143(¥15 Y2, Y3, Y4) =3
( )=2

2Py341 (Y1, Y2+ Y3, V4 (4-6)

In Ref. [16], we will discuss a framework, whereby one bypasses this step of converting worldline integrals into Feynman parameter
integrals and, instead, computes the gauge-invariant form factors directly. This opens up a path toward addressing the long-standing
issue of the factorial growth of Feynman diagrams in perturbation theory.
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The equations in Eq. (4.6) reproduce exactly the polynomial numerators originally derived by Karplus and Neuman (see
Eqgs. (30a) to (35b) of Ref. [84]) through an evaluation of the fourth rank tensor using the corresponding Feynman diagrams.

A convenient basis for evaluating the integrals outlined above is provided by the one-loop scalar four-point function (see
Appendix F for details),

F(4_é> o0 nm—=1_ny—1_n3—1_ny—
W/ d*y0(y1)0(y2)0(y3)0(v4)5(1 — Y1234)Y7' 1)’22 1)’33 1)’44 !

X [m? 4 y1y2k3 4 y1y3k35 + y194kT + y233K3 + yayakis + yayak3)92 4, (4.7)

Iy, (1234) =

where ki, = ki + ky, ko3 = ko + k3, and yqp34 = y1 + ¥, + ¥3 + ¥4. We take all photon external momenta k; to be
incoming and work in Euclidean spacetime, so that all Lorentz invariants entering the above expression are non-negative.
The analytic continuation to Minkowski spacetime, which restores the branch cut structure of the amplitude, can always be
performed at the end of the calculation. The one-loop scalar four-point basis function in Eq. (4.7) withn; = 1,i =1, 2,3, 4,
(no powers of Feynman parameters in the polynomial numerator) corresponds to

d'p 1
20) [(p + k)2 + m?)[(p + ky + ko) + m?][(p + ky + ky + k3)? + m?][p? + m?]

1‘1{171_1(1234)—/< (4.8)

The values of n;, with i = 1, 2, 3, 4, can be directly inferred from the polynomials appearing in the numerators of Eq. (4.6)
and all head form factors expressed as linear combinations of 7¢ s, (1234). Omitting, for clarity, the photon-momentum
arguments (1234), one obtains in this basis

(@) —
Hy1y,(1234) = 164 [151,1.1,4 + 13,1.2,3 - 1‘21,1,3,2 - 151,1,4.1 - 15.2,1,3 - 2151,2,2,2 - 151,2.3,1 - 13,3,1,2 + Ig,s,z.l

+ [c21,4,1,l - 21?,1,1,3 - 21?,].2,2 + 21?,2,2,1 + 21?,3.].1 + 1511,1,1,2 + 12,1,2,1 + 12,2.1$1:| ’ (49)

(a)
Hyp,(1234) = ~164* [Ig,l,l,ét + 1‘21,1,2,3 - 13,1,3,2 - 13.1,4,1 - 13,2,1,3 - 21%,2,2,2 - 13,2.3,1 - 13,3,1,2 + 151.3,2,1

+Ig.4,l.] _2131.]2,2 _2151.1,3,1 _2151.2,2.] _Iil.l,Z _12,1.2,1 _12,2,1.1:|’ (410)

(a)
H2123(1234) = _1694 |:Ig,l,l,4 + Ig,l.Z,S - 13,1,3.2 - 13,1,4.1 + Ig,2,1,3 + 21?,2,2,2 + I¢21,2.3,1 - 15.3,1.2 + 13.3,2,1
- IL21,4,1.1 + 21?,1,1.3 + 2131.],2.2 + 2I?:I.Z,I,Z + Iil.],Q + 12,1,2.1 + 11.2,1.1] ’ (411)
H§§)11(1234) = 494 |:_Itli.1,1,2 + 111{1,1,5 + If,1,2,1 + 2Itli,l,2,4 - 2Itli,l,4.2 - Itli,l,S,l + Illi,Z,l,l - 21(11,2,1,4 - 41[11,2,2,3

d d d d d d d d d
- 211,2,3,2 + 211,3,2.2 + 211,3,3,1 + 211,4,1,2 - 11,5,1,1 + 12,1,1,1 - 212,1,1,4 - 4'12,1,2,3 - 212,1,3,2

+ 41‘21.2,1.3 + 4131,2,2,2 - 2131,3,1,2 + 21%{1.2,2 + 2131,1,3,1 - 21?,2.1,2 + 2131,3,1,1 + 2Ifll,l,l,Z - Igl,l,l,l:| ’ (412)
H;LS(1234) = _6494 |:]£21,1,3,2 + Ig,l,4~1 + 1‘21,2,2,2 + 215,2,3,1 + 1621,3,2,1 + 12.1,2,2 + Ig,lﬁ,l + I?,Z,Z,l] ’ (413)
Hgézll (1234) = _494 |:I£lj.1$l.1 - I?,I,I,S + 21?,],3,3 - I?.I,S,l + 21(11,3.1,3 + 21(11,3,3,1 - I?,S.l,l + 8131.2,2,2

2o 2+ 20— T (4.14)

Note that the above decomposition is general and valid for arbitrary external photon kinematics.”’ This procedure can be
made systematic for general N using first Eq. (2.52) to identify the independent head form factors that completely determine

“For on-shell kinematics, identities like I* (1234) = 1% . 1 0, (1234), and 19 , ., (1234) =11 , . . (3214) can be

ny 1o, 03,0y

further used, if desired, to partially simplify the number of terms entering Eqgs. (4.9) to (4.14).
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the rank-N polarization tensor and then the polynomial
numerators in Eq. (2.27) to translate them directly to
Feynman diagrams; this allows for a systematic procedure
in the above basis of scalar integrals.

In Appendix F, we present an explicit computation of
I?.l,l,l for on-shell photon kinematics with finite fermion
mass, where the integrals are free of both UV and IR
singularities in d = 4 dimensions. The result is given by
Eq. (F17) in terms of logarithms and dilogarithms of the
kinematic invariants k3, and k3;, which become Mandelstam
s and ¢ variables, respectively, after Wick rotation to
Minkowski time. The analytic structure of the integral is
determined by the standard branch cuts associated with
Landau singularities, given in this case by the roots in
Egs. (F12) and (F14):

11 4m?|1/2 11 4m?]1/2
F=-to|l+— R e
ieral ] g

11 1 1\]'/2
£ 2
y :—:t—{l—|—4m (—+—)] .
H272 Ky ki,

The computation of the IR divergent massless limit of /1, | |
is also explicitly performed in Appendix F. The result is
given in Eq. (F23) in d = 4 dimensions or, analogously, by
Eq. (F26) in d = 4 — 2¢ dimensions.

The remaining integrals /¢ L nymsn, COUld, in principle, be
evaluated case by case, as done in Ref. [85], with the results
expressed, in each case, in terms of rational functions of the
above kinematic invariants and polylogarithms of maxi-
mum weight 2. In this way, one will recover explicitly the
Karplus-Neuman expressions for the six head form factors.
A direct comparison, however, is extremely cumbersome
due to the complexity and length of the resulting expres-
sions.”! Moreover, it is unclear how this method can be
readily extended to the computation of scalar integrals in
more complicated cases with general kinematic configu-
rations, such as the fully off-shell case, or to higher-point
functions with N > 4.

It is therefore preferable to adopt an alternative general
procedure. A more systematic approach [114,115] consists
of reducing the problem to the computation of a single
scalar basis integral 1‘1” 1.1,;—Tfor which analytic results are
known [63] (see also Ref. [116]) and implemented in
several publicly available software packages [56,64,65]—
with all other integrals obtained by differentiation with
respect to the kinematic invariants. This method, however,
requires knowledge of the basis integral /¢, | | in general

d = 4 — 2¢ dimensions, through O(e), even in cases where

(4.15)

!See, in particular, Egs. (A1)-(A10) in Appendix A of
Ref. [85], expressed in terms of three transcendental functions
defined in Eqs. (B1)-(B3) of Appendix B; explicit results were
also derived in the corresponding dispersive framework in
Refs. [83,113].

it is free from UV and IR singularities. In the massive case,
it also requires extending Eq. (4.8) to include four distinct
(dummy) internal fermion masses during the differentiation
procedure. In practice, this approach can be as involved—
if not more so—than computing the required integrals
directly in d =4 on a case-by-case basis, where their
evaluation is typically simpler. Moreover, in the fully off-
shell case, the basis integral 1111,1.1,1 is known in general
d =4 —2¢ dimensions only in terms of a generalized
hypergeometric series [117] without fully explicit analytic
continuation or, analytically, in terms of a basis of
32 dilogarithms [118]. The resulting expressions are difficult
to implement, as they require a case-by-case treatment of
different kinematic regions before the differentiation pro-
cedure of Refs. [114,115] can be applied effectively.

We introduce here an alternative systematic method to
evaluate the remaining integrals. In what follows, we will
extend the light-by-light calculation of Karplus and Neuman
to the fully off-shell case and outline a general strategy to
compute all contributions entering Eqs. (4.9)-(4.14). As
mentioned earlier, a novel approach that streamlines this task
directly in the worldline formalism—thereby avoiding the
proliferation of Feynman diagrams—will be presented in
Ref. [16]. The procedure developed here is instead suited for
mapping and translating our worldline results into standard
Feynman diagram techniques efficiently. We present the
strategy for the computation of the massless off-shell case;
however, the extension to massive configurations, including
the on-shell calculation of Karplus and Neuman discussed
above, is in principle straightforward.

The key observation is that the power of the polynomial
denominator in all terms of Egs. (4.9)-(4.14) is fixed, with
N —d/2 =2 + ¢ for all contributions. As a consequence,
our definition of the basis integrals in Eq. (4.7) differs from
the standard one used in IBP procedures that is given in
Eq. (F1) of Appendix F. In conventional IBP bases, that we
denote with 7¢ \nonsn, 10 Appendix F the indices n; encode
both powers of propagator denominators and, in the
equivalent representation of Eq. (F5), also generate powers
of Feynman parameters in the numerator. The choice in
Eq. (F1) is therefore better suited to conventional
Passarino-Veltman and IBP reductions in Feynman dia-
gram calculations, where the reduction of tensor structures
generate integrals with shifted propagator powers.

In contrast, in our worldline approach, the rank-N tensor
is systematically reduced to a smaller set of independent
head form factors, scaling relatively as ~1/N! at large N,
with the power N — d/2 of the polynomial denominator
fixed for all terms contributing to the rank-N tensor.”* The
tensor structure is instead absorbed directly into the

“This feature avoids the appearance of spurious UV diver-
gences in individual Feynman diagrams, which are only can-
celed after summing over different diagrams in conventional
approaches.
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polynomial numerators of worldline Green’s functions
[specified in Eq. (2.27)], which can, as we discussed, be
translated into Feynman parameters after splitting the world-
line integrals into ordered sectors. As a result, complexity in
the worldline approach is shifted systematically from
denominators to numerators.

Remarkably, this shift does not introduce additional
complications; rather, it enables a more transparent and
systematic organization of the computation. In particular, it
allows for the identification of a minimal set of independent
head form factor numerators, as encoded in the universal
expression for the polynomial numerators in the worldline
approach in Eq. (2.27), valid for arbitrary N.

A further advantage of this approach emerges at this
stage, when translating these results into the language of
Feynman diagrams: it simplifies the implementation of an
equivalent IBP reduction in this basis, leading to a finite
linear algebraic system of equations relating integrals with
shifted indices. To demonstrate this, we first perform the
integral over one of the Feynman parameters in Eq. (4.7),
obtaining

Iil,nz,n3.n4(1234)
1
= _ dy,dy,d
(47[)2 /,vl-,vmw yiay2ays
y1typ+y3<l
ni—1_n,—1_nz—1 1— _ _ ny—1
IO S W € e 2)’2 ¥3)  (416)
D(y1,y2.y3)
where in the off-shell massless case
D(y1,¥2,¥3)
= k3 + Koy +vi(1 =y, —y, — y3)k?
Y1Y2K5 T YV1Y3K33 T Vi Y1 —Y2—)3)K
+ y2y3k3 + y2 (1 =y =y = y3)ki,
+y3(1 = y1 =y, = y3)K3. (4.17)

: 1
B111(1234) = 5 (5 = K = k)15, (1234) + 5
1 1
‘om / dydy,dy;0
2k% (471')2 ¥192:9320 Y1ay,ays3oy, D

y1typty3<l

(V1. y2.53)

The result for the massless integral /1, ; | (1234) in off-shell
kinematics is well known (see, for instance, Refs. [50,115])
and is computed explicitly in Euclidean spacetime in
Appendix F; the result is given in Eq. (F42).

Having determined /1, | | there, we now consider the
evaluation of I3 | | ;. The latter differs from the former by
a single power of y; in the numerator. The idea is to
express this factor y; in terms of a suitable polynomial
in the kinematic invariants and 0},1D. Indeed, from
Eq. (4.17),

0y, D(y1.y2.y3) = —2kty; + a(y2.y3),
a(yz,y3) = )’2(k% - k% - k%z)

+ys(kly — K —k3) + k5. (4.18)
where we used ky + ky + k3 + k4 =0, so
1
V1 :2—16%{0()’2#3)—5)71D}v (4~19)
and
Y1 1 {yZ 2 2 2 Y3 2 2 2
=== (ks — ki — kiy) + = (ki — k1 — k3)
D2 2](% D2 2 1 12 Dz 14 1 4
1 1
+Ek% —anll)}. (4.20)

Integrating both sides of the previous equation for
Yis¥2,y3 >0 and y; +y,+y3 <1 and dividing by
(47)?, following our definition in Eq. (4.16), one obtains

1
(ki — ki — k)15, (1234) + 51411,1,1,1(1234)

(4.21)

The integral over y; of the term in the second line readily produces

1 1 1
dydydyal4:/ dydy{ - }
sonagzo O TEREIIINID(y Ty ys) T s TEED( = yy = y3.90.v3) - D(0,v2.33)

ypty3<l

ity +y3<l

(4.22)

From the structure of Eq. (4.17), the two terms on the right-hand side can be identified with standard triangle integrals. The
first involves propagators built from the momenta k3, k,, and k, + k5, yielding ‘1“1’1 (3,2,2 + 3), while the second involves
ks, k3 + k4, and k4, giving 141‘.1,1 (3,3 +4,4). These contributions can be interpreted as boundary terms of the four-point
(box) configuration, where two photons are effectively merged (or pinched) into a single one, producing a three-point
(triangle) configuration. We therefore write
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1 1
Bia(1,2,3,4) = 25 (6 =l = ki)l 5,11(1,2,3,4) + 5 (kK — K = kDI 5,(1,2,3,4)

212 pY%
1 1
ol (1L23.4) + 551111 (3.2.243) — 1 (3.3 +4.4)]. (4.23)
1

The above equation expresses /3, | | in terms I7,,, and I}, and I{ |, ,, the latter two still being unknown. To derive
corresponding equations for these integrals, one proceeds analogously by solving for y, and y; in terms of d,, D and 9, D,
respectively. One obtains

1 1
P (1.2.3,4) = 5 (= K = BRI 1 (1,2.3,4) + 2 (B = By = )1 12, (1,2,3,4)

12 12
1 1
+ 5141‘,1,1.,1(1’ 2,3,4)+ EYeR [1‘1"171(2 +3,2,3) - 1‘1"171(1 +4,1,4)], (4.24)
12
and
1 1
1‘1‘,1.11(1’2» 3.4)= 212 (k%4 - k% - ki)rzt.l,l.l (1.2,3,4) + _2(]‘% - k§4 - ki)’?,z.lfl(l’z’ 3.4)
2k; 2k
1 1
+ 51‘1"1_1’1(1, 2,3,4)+ oy [1‘1"1‘1(2, 2+3.3) - 1‘1"1‘1(2, 1,142)]. (4.25)
4

Note that, since there are only three independent Feynman parameters, with y, = 1 — y; — y, — y3, the fourth integral
I, can be expressed directly in terms of the others using Eq. (4.16):

Miaa(1.2.3.4) =11, (1.2.3.4) = 115, (1.2.3.4) = 11,5, (1.2.3.4). (4.26)

The resulting linear algebraic system of equations can now be compactly written in matrix form as

Ir11.:(1,2,3.4) | Ji Ir11.1(1,2,3.4) ) Ji
G 11‘2’1‘1(1,2,3,4> :z J2 s or 11‘2'1’1(1,2,3,4> :EG_] Jz , (427)
11,1,2,1(1’2’374> J3 11,1,2,1(1’2’3’4> ‘]3

where the inhomogeneous terms consist only of box and triangle integrals without Feynman parameters in the numerator:

Jy=kI 0 (12.3.4) +11,,(3.2.2+ 3) = 17,,(3.3 + 4.4),
Jy=ko0t 1 (1,2,3.4) + 11 1 (2+3,2,3) =11 (1 +4,1,4),
Jy =kl 1(1,2,3,4) + 11, (2.2 +3.2) - I, (2.1, 1 4+ 2). (4.28)

Using momentum conservation k34 = 0, the symmetric matrix G can be written as

k% kl ' k12 kl ' k123
G - k12 . kl k%Z k12 . k123 . (429)
kis ki kipz ki ki

It therefore coincides with the Gram matrix G;; =g, q;, with g, =k, g, = k1o = ki + ks, g3 =kipz =k +ky +k3 =—ky.
The solution is then obtained by inverting the Gram matrix

1
G = dj(G);; 4.30
13 detGa J( )lj ( )

acting on the source vector J4, J, and J5. Here,
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1
detG = ;e’-”‘e”””(qi “q)(q; - qm)( gk - qn)

=(q1 N g2 A q3)% (4.31)

is the square of the 3-volume of the parallelepiped spanned
by q, = kl’ qr = k1 +k2 and ('I3 :kl +k2+k3 in four—
dimensional Euclidean space, and

) 1
ad](G)ij = EeiklejmnkaGln- (4.32)

For our case, one obtains

detG = 19393 +2(q1 - 92)(92- 43) (a5 - 41) — 41(92 - 43)*

—Q§(41 'CI3)2—Q§<Q1 '612)2 (433)
and
adj(G);, = 4393 — (42 - 43)*,
adj(G)y = 9195 — (41 - 43)*
adj(G)33 = Q%CI% - (Q1 Q2>2v
adj(G)y, = (91 - 43)(q2 - 43) — q%(fh " q2)
adj(G) 3 = (91 - 42)(q2 - 43) — Q%(fh “q3),
adj(G)ys = (g1 - q2)(q1 - q3) — CI%(‘D “q3) (4.34)

The computation of the basis box 1|, and triangle I7 | |
integrals in the totally off-shell case is carried out explicitly
in Appendix F, with the corresponding results given in
Egs. (F42) and (FA7), respectively. The integrals I3, | |,
Ify, 1, I 5y, and I, |, are then obtained directly and
algebraically from Eqs. (4.27) and (4.28), with the inverse
Gram matrix determined® explicitly through Egs. (4.33)
and (4.34).

The remaining integrals required to determine com-
pletely the six head form factors of the massless rank-4
tensor in fully off-shell kinematics, Eqgs. (4.9)—(4.14), can
be generated recursively in the same way. For instance, the
contributions for which the total power of Feynman
parameters is 2 consist of the six terms corresponding to
index permutations of I3, | ,, together with the four terms
corresponding to permutations of /3, ; ;. The correspond-
ing relations can be readily derived following the pro-
cedure outlined above, together with a judicious use of the
constraint y;,34 = 1 to obtain additional identities among
them, such as

“When the Gram determinant vanishes, the integral can be
treated separately in the degenerate kinematic configuration,
where it reduces or simplifies accordingly.

13,1.1,2(1’27374) = 1‘2‘_1,1_1(1,2, 3,4) - 143‘,1,1,1(1727374)
- 13,2,1,1(172’3’4) - 1‘2‘,1,2,1(1,2,3,4)-
(4.35)

Since the computation of all head form factors involves
at most total Feynman-parameter degree 4, the recursion
terminates at that level.

We note that conventional IBP identities can also be
formulated equivalently in Feynman parametric form
[119]; see Ref. [77] for a recent discussion. However, in
all these standard approaches (based on tensorial reductions
and differential equations together with IBP reductions to
master integrals), the resulting identities relate integrals
with different propagator powers and/or shifted space-time
dimensions. By contrast, our construction of the amplitude
operates at fixed denominator power and performs the
reduction entirely within the space of numerator insertions,
yielding a finite closed algebraic system that can be solved
explicitly using a recursive relation.

To summarize this section, we presented here a systematic
comparison between the worldline and Feynman diagram
approaches in the nontrivial case of light-by-light scattering.
We recovered explicitly in the former the expressions in the
latter (a la Karplus and Neuman) for the six head form
factors. We developed a more efficient procedure relative to
the latter to compute all scalar integrals entering their
decomposition in fully off-shell kinematics. Our framework
thereby extends the original results of Karplus and Neuman
to the full off-shell rank-4 vacuum polarization tensor in
massless QED.

Specifically, starting from the explicit evaluation of the
basis box I{,,, and triangle I{,;, we showed that all
remaining integrals with Feynman-parameter insertions
can be obtained algebraically through a finite linear system
derived from differentiation/IBP identities in parameter
space. This system is naturally organized in terms of the
Gram matrix and its inverse, leading to compact and
explicit solutions in terms of lower-point functions. The
specialization to other kinematic configurations can sim-
ilarly be implemented straightforwardly.

V. CONCLUSIONS

In this work, we showed how the Nth rank vacuum
polarization tensor in QED acquires a particularly simple
and universal structure in a (0 4 1)-dimensional worldline
representation. In particular, we demonstrated that this fully
off-shell N-photon tensor can be written, for arbitrary N, as
an N =1 supersymmetric combination of bosonic and
fermionic worldline Green’s functions, which is universal
for arbitrary N. This representation requires neither Wick
contractions of the bosonic and fermionic worldlines nor
integrations over loop momenta followed by reduction to
scalar loop integrals. It also does not rely on an ' = 1 IBP
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approach for the reconstruction of the full amplitude,
thereby avoiding ambiguities associated with this approach.

We further demonstrated that the fully off-shell worldline
representation of the Nth rank polarization tensor can be
expressed systematically in terms of a remarkably small set
of independent head form factors. The reduction in the
number of independent tensor structures follows from key
ingredients intrinsic to the worldline master formula; these
are current conservation, the permutation symmetry of the
N-boson insertions, and the explicit N' = 1 supersymmetry
algebra satisfied by the resulting (0 4 1)-dimensional rep-
resentation of the theory in terms of worldlines. Together,
these naturally organize the tensor into equivalence classes
under the permutation group symmetries of Sy for general
N, thereby allowing the amplitude to be reconstructed from a
minimal basis of independent head form factors.

We provided explicit expressions for the form factors as
well as the rank-4 and rank-6 QED vacuum polarization
tensors. A computer program is provided that generalizes
this construction to an arbitrary number N of external off-
shell photons. We showed that the counting of independent
heads for arbitrary N is naturally formulated in terms of their
equivalence classes, and we used the Burnside-Cauchy-
Frobenius lemma to demonstrate how the multiplicity of
independent head form factors grows asymptotically. We
find that the number of such irreducible structures scales as

eV=1/\/N, in contrast to the ¢VN~'N!/\/N characteristic
behavior of conventional perturbation theory employing
Feynman diagrams.

The classification of the Nth rank polarization tensors
entirely in terms of the small number of head form factors
followed from the repeated and systematic use of Ward
identities. As a consequence, QED amplitudes computed in
background fields can be expressed as gauge-invariant
combinations of these background fields multiplied by
the head form factors. Importantly, the classification of the
heads into equivalence classes (or orbits) indicates a similar
classification of the relevant gauge-invariant field strength
operators. In certain cases, as noted, these observations also
apply to QCD. Whether the classification has broader
applicability to QCD processes is an outstanding question.

Finally, as a nontrivial check of the formalism, we
reproduced the classic Karplus-Neuman light-by-light scat-
tering result directly in the worldline representation. We
generalized their results to the fully off-shell case for massless
QED outlining a novel systematic integration-by-parts reduc-
tion to a minimal set of scalar box and the triangle basis
integrals, expressed in terms of an explicitly solvable system
of algebraic identities among basis integrals.

Our results confirm that the combination of worldline
current permutation symmetries and Ward identities, to-
gether with the N' = 1 worldline supersymmetry, provides
an extremely efficient framework for organizing and com-
puting multiphoton and multiloop amplitudes. The method
offers a clear path toward higher-point calculations and

suggests a viable alternative to the long-standing issue of the
factorial growth of tensor structures and Feynman diagrams
encountered in conventional perturbative approaches.

In a follow-up publication, we will discuss the direct
computation of the gauge-invariant set of head form factors
without ordering the calculation into N! Feynman dia-
grams. This potentially provides a further N! factorial
advantage to the worldline formalism. The framework
discussed here therefore provides a systematic and novel
way of performing perturbative calculations circumventing
N! proliferations of both tensor structures, and of Feynman
diagrams, encountered in conventional perturbation theory.
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APPENDIX A: EXPLICIT WORLDLINE
STRUCTURE OF THE RANK-4 TENSOR BEFORE
SYMMETRY REDUCTION

We will illustrate here the direct use of Eqs. (2.4) and (2.5)
to reconstruct all form factors of the rank-4 QED vacuum
polarization tensor solely in terms of bosonic and fermionic
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worldline Green’s functions. The construction does not rely
on current conservation or current commutation symmetries
to reduce the number of form factors from 138 to 6. Instead,
we explicitly obtain the 3 tails, 54 shoulders, and 81 heads
by direct substitution of the functions defined in Egs. (2.6)
into Egs. (2.4) and (2.5).

This representation is equivalent to the streamlined result
presented in Appendix D, where only six head form factors
are required. As emphasized earlier, infinitely many equiv-
alent representations of the tensor exist, differing by terms
orthogonal to k., i = 1, 2, 3, 4. In the main text, we exploit

|

this freedom to avoid computing all contributions derived
explicitly here, focusing instead on the evaluation of the
head (N, = N) terms of the master formula in Eq. (2.5).
The explicit construction in this appendix also illustrates
that the reduction to only six head form factors is already a
substantial simplification for N =4, omitting redundan-
cies, and becomes dramatically more powerful as the
number of form factors grows factorially with N.

Specializing Eq. (2.5) to N = 4 yields six distinct con-
tributions (N,, N,,N.) satisfying 2N, + N, + 2N. = 4,
namely,

(N, Ny, N.):(2,0,0), (0,4,0) (0,0,2), (1,2,0), (0,2,1), (1,0,1). (A1)
For bookkeeping purposes, we therefore write the rank-4 QED vacuum polarization tensor—obtained by specializing
Eq. (2.1) to N =4—as
Hﬂ1ﬂ2ﬂ3ﬂ4 (1234)
= %9 (1234) + 40 (1234) + T002) (1234) + 1029 (1234) + 1020 (1234) + 000 (1234),  (A2)
with
(VoMo N.) 4,8-2d
Hﬂlﬂz/hb/h (1234) (2”)d5d(kl +o+ k4) W
! ® deg JNaNyN)
X dTl cee dT4 Td/zexp Som + Z k k G ”1 m s (A3)
0 0 g ,]
and
I(NmN[rN(:) _ (_I)N(
HiHap3ps T Weiljl-~~iN,,jN,,ml-~~mNbplql~--pN(-4N[ Cirjiemingingli--ln, F151. Ty Sy,
N, N, N,
: {H l(l]u } {H Bmu a} {H Cp’lqa } {H o }‘ (A4)
a=1 a=1
We proceed now to the evaluation of the 4-rank tensor in the worldline formalism term by term.
Term (2, 0, 0). Setting N, =2, N, =0 and N. = 0 in Eq. (A4) gives
7200 1<
ﬂ1ﬂ7ﬂ3ﬂ4 = _| Z Z €y jiinja lljllzjzAllleizfz' (AS)
=1 p=1

This sum contains 24 terms. Owing to the symmetry of the coefficients A;; =

Aj; [see Egs. (2.6) and (2.9)] and the

invariance under simultaneous permutations of i; <> i, and j; <> j,, not all terms are distinct. We therefore split the sum in
the cases i < j, i = j and i > j for each pair (i, j;) and (i, j,). Noting that A;; = 0, we obtain

200 o 2 : 2 :
lllllzﬂzm - €1|Jllzlz l|/|lzjz i1 lz]z

11 Ji=1ip =1

2§ : z :€l|1112/7 1|/|1212 llllAlzjz

i1<J1 2<J2

(A6)

Next, we use the symmetry under the simultaneous permutations i; <> i, and j; <> j, to further rewrite

2.0,0)

Il(llﬂzﬂsm = 4A15A3 +4A 1340 + 4A14A3.

(A7)
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This reduces the sum from 24 terms down to 3. Substituting now the form of A;; from Eq. (2.6) into this expression, one
obtains

2 0 0 .. .. .. .. .. ..
11(41/42/42/44 = 8(2) {5141/42 6#3/44 Gﬂ G§4 + 5#1#3 5#2/44 G% G§4 + 5/11/44 5142143 6?4 G§3 } . (AS)

These therefore correspond to tail contributions to the expression for the fourth rank polarization tensor in Eq. (2.23).
Plugging this back into Eq. (A2), one obtains

Mo (1234) = (2m)8(k1 + k> + ks + k)
x {nﬂlllznﬂsﬂ4f1(1234) + ’7/41#37]#2/44f2(1234) + nﬂ1ﬂ47/]ﬂ2ﬂ3f3(1234)}’ (A9)
with
Gt A\ [
f1(1234) = -2 (4 )d/2 F(Z - 5) /) dTld’Csz3dT4[D(1234;Tl, . )]__2G G . (AIO)
g4/48 —2d d 1 d ey e
f2(1234) = —2=—— )" F(Z - 2> /0 dr\drydrydey[D(123457, ..., 74) 72 GE,GE,. (A11)
s A\ [
f3(1234) = ZWF<2 —§> [) dTldedT3dT4[D(1234;Tl, . )]__ZG G . (AIZ)

Here, we have carried out the trivial gy-integration, thereby recovering the polynomial denominator in Eq. (2.54).
Term (0, 4, 0): Setting N, =0, N, =4 and N, = 0 in Eq. (A4) produces

4 4
040 1
Iﬂlﬂzﬂ3l44 - 47 E E m]mzm3m4€lllzl3l4BmlllanzlzBm3l3Bm4l4- (A13)

S mymy,mymy=11,,l,15,

The above sum contains 24> = 576 terms although not all of them are distinct. The sum is invariant under simultaneous
permutations of m; <> m; and [; <> [;. This suggests organizing the sum over the 4! possible orderings (for example
my < my < my < My, My < My < my < My, etc.), which makes it manifest that the resulting terms are equal to each other

under the previous symmetry. Accordingly,

4
04,00 _
L popispy = E €1112131415'1z1 321233133414- (A14)
Iyl I3l =1

This reduces the sum from (4!)? contributions to only 4!. Substituting now the function B;; from Eq. (2.6), we obtain

4

040 .
M]Mzﬂzm = & Z Z (kal)lll az Ho 03)Ilz(ka4)ﬂ Z 611121314{5111Gf(11 +6IIG1G§|1}

a1 =234 a3=124 LT =1
ar=134ay=123 1:62-13544

x {5212 Ggaz + 512(12 G§22} {5313 G§a3 + 5130‘3 G533 } {5414 G4a + 514(14 Ga44} (AIS)

where we have further restricted the sum over ¢; indices, noting that for a; =1, oy =2, a3 =3, and oy, =4 the
corresponding contributions vanish by virtue of Gii = Gi = 0; see Egs. (2.9).

Accordingly, one can show that these are the only contributions to the head form factors to the rank-4 tensor as defined in
Eq. (2.23) and more generally the class of head contributions identified for arbitrary N in Eq. (2.25). Plugging this
contribution back into Eq. (A2),

Tyt (1234) = a)48(k; + ko + ks + k) > S (k) )y Kes (k )y sy (1234), - (A16)

a;=234a3=124
ay=134ay=123
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where the head form factor is given by

Ha] aazay ( 1 234)

4,,8=2d

g'u d\ [! -
= 2( pRTe <4—§>A dr dr,dtsdey[D(1234; 7, ..., 74)] />

4

X Z €nb1, {Gll?al + 511061 Gg] 1 } {5212 Ggaz + 512012 G(I;z} {5313 Ggo:} + 5130!3 G533 } {5414 Gf{u + 5l4a4 G544 } ) (A17)
1,0 05,0,=1

and the polynomial denominator is given in Eq. (2.54).
Term (0, 0, 2): Setting N, =0, N, =0, and N, = 2 in Eq. (A4) gives

002 1 4 4 4 4
1”1”2”3/‘4 = 2 Z 2 : €p1q10292 PI‘I] CPzQz E : 2 : ehslf’zszDhle’zsz‘ (Alg)
1:91=1 p2.g2=1 ry,s1=1rp,5,=1

The sum contains (4!)?> = 576 terms. Given that C; ;= —Cj;and D;; = —Dj;, as follows from Eq. (2.6), we can exploit the

invariance of the above expression under the exchanges p; <> ¢, pa» <> ¢,, 1 <> §1, and r, <> s, to reduce the number of
distinct contributions from 576 to 36,

002
”1/’2/’?#4 4§ : E :el’lﬁill’zﬂlz PIQICPZQZE : § :€r15‘|r252D"1~V1D"252’ (A19)

P1<41 P2<q> rp<spr<s;

and, using the invariance under the simultaneous exchanges p; <> p, and g; <> ¢,, or r; <> r, and s; <> s,, the remaining
36 terms can be further reduced to 9,

0,02
Iinuzﬂzm = 16(C1,C34 — C13Co4 — +C14C23)(D12D34 — D13Doy + D14Do3). (A20)
Hence, substituting the values for the functions C;; and D;; from Eq. (2.6), one obtains

002)
Duspopsps = €9 {’7#1/42 Muasis G12 Gt = Mg oy G13G54 + My oy Moy G12 G }

X {(kl k) (ks - ky)G1,GEy — (ki - k3) (ko - k) G13G5, + (ky - ky) (ks - k3)Gf4G§3}- (A21)

These therefore correspond to tail type contributions to the rank-4 tensor. Plugging this back into Eq. (A2) and performing
the g, integration straightforwardly produces

T, (1234) = (27)954(ky + ky + ks + ky)

x {’7#1;4277/43/44f4(1234) + My Mo f5(1234) + ’7ﬂ1ﬂ4’7ﬂzﬂ3f6(1234)}’ (A22)

with the corresponding form factors—after performing the &y-integration—given by

Gt A\ [
Fa(1234) = 2Wr<4 —§> A deydrydryde,[D(1234: 71, ..., F4GE,GE,
X {(k1 ko) (ks - ka)GLGYy — (ki - k3) (ky - ka) GI3GEy + (ki - ka) (Ky - ks)GﬂG%}» (A23)
94”8 2 AN 71 .
fs(1234) = 20K )d/zl“(4 -§> A de\desdrsde [ D(1234 74, ... 7)) 4G, GE,
X {(k1 ko) (ks - ka)G1LGYy — (ki - k3) (ky - ka) GT3GEy + (ki - ky) (Ky - k3)Gf4G12V3}, (A24)
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94”8 2d d 1 4
fe(1234) = =2 ) d/2r<4—2> / drydrydtydey[D(1234; 7, ..., 1) |74 G, G,
0
x { (k1 k) (ks - ki) GG, = (k1 ko) (ko - ki) GG, + (K - ki) (ko k3)GEGE }. (A25)

and the polynomial denominator given in Eq. (2.54).
Term (1, 2, 0): Setting N, =1, N, =2 and N. = 0 in Eq. (A4) gives

(1,2,0)
Iﬂlﬂzllam :2' § : E : 2 : elljlmlmz lljlllelllemlllezlz' (A26)

iy j1=1my,my=11,,l,=1

The sum contains 48 terms. Using the invariance of the above expression under the exchange i; <> j;, and under the
simultaneous exchange m; <> m, and [; <> [,, one finds

(1,2,0)
Iﬂ1ﬂ2ﬂ3l‘4 722 : § : E : €y jimmy€ llJlllelllemlllezlz’ (A27)

i1 <jiy my<my ly,l,=1

reducing the 48 terms in the sum to 6. After substituting A;; and B;; using Eq. (2.6), we obtain

) 5D DS (ke
Dsjpsps = € l/lﬂllﬂjl al Py N0 i €iyjimimy€iyjili

i1 <ji my<my a;,a,=1
4

X G?l]] Z {5mllle1]al + 5allnglm1 }{5m212GE12a2 + 5azlngzmz}' (A28)
1, h=1

As before, the sums can be restricted to a; # m; and a, # m,, since the corresponding contributions vanish due to
G = Gf = 0; see Egs. (2.9). These correspond to shoulder-type form factor contributions to the rank-4 tensor. Substituting
thlS back into Eq. (A2) and performing the ¢, integration straightforwardly produces

T, (1234) = (22)96%(ky + ky + ks + ky)

X Z 5#1#2 a3 >143 (kfh)ﬁug1 030!4 1234 Z 141142 0!2 Ho 054)/4492 0’2054(1234)

a3=124 a=134
ay=123 ay=123
+ Zéﬂlﬂzx(kﬁ(z)ﬂz( 0’3)#!3930’70!3 1234 Z lels 0’1 2 ‘14)144940!1!14(1234)
2o ams
Y B ke )y (k) s G500 (1234) + > 8 (ki s (ki) G.0000 (1234) 0 (A29)
am oo
where
4 8-2d
g'u d 1 4
Glsa, (1234) = 2(4 )d/2r<3—2>[) dridrydryde,[D(1234; 74, ..., 1)

x Gt Z 6121314{5313G38a3 + 84,1, Gl 31641, G,, + 5a4I4G§414}’
I.1;=34

g4ﬂ8 2d d 1 a3
.92,{12(14(1234) 2(4 )d/2F<3 —5> /) dT1d72d1'3dT4[D(1234;T1, ...,74)]7_
X Glf% €15,31, {6212 Ggaz + 6{1212 G§22}{64l4 4ay + 6{1414 Ga4[4} (A3O)
b, 1,=2,4
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g4ﬂ8 2d d 1 Y
93.a2a3<1234) = 71—‘(3 - —> / dTldfsz3dT4[D(1234;Tl, . 74)]7_3
0

@ "2
x GYy Z € 112134{5212@290,2 + 8,1, ngz}{fsgl3 G5, + 8a,,GL ,2} (A31)
Iy 3=2,3
94”8 —2d d 1 4
94,{1](14(1234) 2= (4 )d/Z F(S - E) /) dTldfsz3dT4[D(1234;Tl, ...,74)]7_3
X G§3 Z 6112314{5”1 Gﬁll + 5(11[1 Ggll}{54l4c4a4 + 606414Ga4l4} (A32)
=14
94”8 —2d d 1 4
957(11(13(1234) 2= (4 )d/Z F(S - E) /) dTldfsz3dT4[D(1234;Tl, ...,74)]5_3
x G5, Z 6112134{5111 G, + Say, G§11}{5312G3a + 5azl3Ga3l3} (A33)
IG=13
94”8 —2d d 1 4
J6.aya,(1234) = =2°— (4n)" F<3 — 5) [) dr,dtydrydr,[D(1234;7), ..., 14)]73
x Gl S enie{ 60,6l + 60, Gl }{ 82,68, + 8,1, | (A34)

I, =12

with the polynomial denominator the one in Eq. (2.54).
Term (0, 2, 1): Setting N, =0, N, =2 and N. = 1 in Eq. (A4) produces

1
021
Il(41ﬂ2ﬂ3ﬂ4: E Z Z Z eklkzplql61112r151BmlmlBkzlchlqlDrlsl' (A35)

my,my=1py.q=1ry.s;=1

The sum contains 576 terms and can be reduced to 144 by applying the same symmetry considerations as in the previous
case,

021
ﬂ|ﬂ2ﬂ3ﬂ4 =—4 § E E mlmzplqlel lzr]SIBmlllezlchlqlDrlsl’ (A36)

my<mj p1<qp ri<si

Replacing now the coefficient functions B;;, Cj,

©021) F
Iﬂlﬂzﬂsm = E : § : E :”Mpl#ql a ﬂ,n] (kaz>ﬂm2€m1szlqup1q1

m]<m2 p]<q1 r]<S1

and D;; in Eq. (2.6) yields

X Z Z 61 lzr15|{ mll| m]a] +5lla|Ga|m1}{5mzlngha2 +5lza2G52m2}(k . k )Gf‘:]S. (A37)

ri<sy ly,lL=1

These correspond, as in the previous case, to shoulder-type form factor contributions to the rank-4 tensor. Substituting this
back into Eq. (A2) and performing the ¢, integration straightforwardly produces
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(0,2,1)
Hﬂlﬂ2ﬂ3ﬂ4(1234) (2m)18%(ky + ko + ks + ks)
X Z Mo (ka3)m a4);,¢4g7 a3a4 1234 Z ;41;4; az Ha a4);4498 a2a4(1234)
R s
+ Z 5#1144 kav)ﬂv( 0’3)Msg9 0’20'3 1234 Z Mzﬂs al M (ka4),44910 ala4(1234)
P P
+ Z ﬂ7ﬂ4 ) gll ala; 1234 Z H3Hs kal )ﬂl az)ﬂzglz ‘110!2(1234>
i o ina
where
g4ﬂ8 2d d | )
g7’a3a4(1234) = WF<4 —5) A dTldfsz3dT4[D(1234; 71, ...,1'4)}7_4

4
x GT, Z Z €ntyr,s, (kr, 'ks,){5313G§a3 + 5{1313G;3}{5414G4a4 + 5(1414Ga414}

L,ly=1r;<s;
4,,8-2d

d 1
5.y, (1234) = 2%%4—5) /O drydtydradey [D(1234; 7, .., 7)) [

4
x G Z Z €Liyrs, (kr, Ky, )6112314{5212 G5, + 5a212G522}{5414Gf(14 + 8, 4Ga4l4}

b ly=1r<s

4,,8-2d

g dy [1 o
g9,(12(l3 (1234) = 2WF<4 —_ E) A dT]dT2dT3dT4 [D(1234, Tlyeees 7;4)]%] 4

4
X Gﬁ Z Z €hlsrys (krl ’ ksl){éﬂngaz + 5azlzGanZ} {5313G§a3 + 606313G¢11:313 }’

b,lz=1r<s;

94;48 —2d d 1 .
910,00, (1234) = +2°—— 7 r‘<4 — —> / dr dr,drydry[D(1234; 7y, ..., 14)]7*
(4r) 2) Jo
4 . .
x Gl 373" e, - ksl){éul GE + 5a111G511}{54,4foa4 + 8y, AG(W}
1,0, =1 r;<s
g4’u8 2d d 1 .
gll.ala3(1234> = ( )d/Z F<4 - 5) / dTldedT3dT4[D(1234;T1, . 74)]7_4
0

4
X G§4 Z Z 61113"|Sl(kr| ’ kﬂ'l){élll Glal + 60!111G§11}{5313G3gg2 + 5(1113Ga3[3}

1, l3=1r;<s;

4,,8=2d

d 1
2y, (1234) = 2?”)(1/2 (4—§> A dt,deydrydr,[D(1234; 7, ..., 7,)[F

4
X G§4 Z Z elllzrlsl (krl ' ksl){(slllGlal + 511111G5]l }{6217G2a2 + 6(1217Ga2[2}

11, h=1r<s;
and the denominator given by Eq. (2.54).

Term (1, 0, 1): Setting N, = 1, N}, =
the number of terms produces
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(1,0,1)
1”1”2/‘1!‘4_ 2 : €irjipran 11)1’1Y1A1|J|CP|1]1 rsy T 82 : 2 : § : €ijipian l|]|V1Y1A11]|CP1(11Dr|Y| (A44)

inj1=1 i1<J1 P1<q1 11 <5]

Substituting now the coefficient functions A;;, C;;, and D;; using Eq. (2.6), and noticing (G )2 =1, this leads to

l]’ l]’

1,0,1 . .
s = =€ Mt (ks - KaGly + ey - oG, )
+ My Mo (k2 ’ k4G?3 + k- k36§4> + M pa Moy (kZ ’ k3G?4 +ky- kSG%) } (A45)

These are tail-type form factor contributions to the tensor. After substituting back this expression into Eq. (A2) and
performing the &, integration, one obtains

Mg, (1234) = (22)46% (ky + Ky + ks + k)
x {nﬂ,ﬂzn,,3,44f7(1234) A s Magey 3 (1234) + '1,4,,,4n,,2,,3f9(1234)}, (A46)
with
gut d ol i}
f7(1234) = 2Wr(3 - E) /d11d12d13d14[D(1234; T ty)3 (G?2k3 kg + GB ik, - k2>, (A47)

4,,8=2d
f5(1234) = ‘(}4”)d/2r<3_

NSNIESH

> / dTldT2d13dT4[D(1234; Ty oens 1'4)}%_3 (Gf3k2 . k4 + G§4k1 : k3> s (A48)

g4/48 2d

fo(1234) =27 a7

d ) .
<3 - 5) / dvydtydrsdey[D(1234; 7., ..., )]+ (Gﬁkz ks + GBk, - k4). (A49)

Final result: We can now collect the resulting form factors according to their tail, shoulder, and head classification, as in
Eq. (2.23), as follows:

F1(1234) = £,(1234) + £4(1234) + f7(1234),
F,(1234) = f,(1234) + f5(1234) + f5(1234), (A50)
F5(1234) = £3(1234) + f(1234) + fo(1234), (A51)

and

Gl 30y ( 1 234) =01 30y ( 1 234) + 97,(13(14 ( 1 234) ’ G2.(zza4 ( 1 234) = 92.(12(14 ( 1 234) + 98,(12(14 ( 1 234) ’
G3.azr13 (]234) = 93,{12(13 (1234) + 99,(12(13 (1234)7 G4,(z](14(]234) = g4.a]114(]234) + glo,{ll(l4 (1234)7 (ASZ)

GS,ala3(1234) = gS,ala3(1234) + gll.ala3(1234>’ G6,ala2(1234) = gG,ala2(1234) + 912.a1a2<1234)' (A53)

Note that the head form factor Hy, 4, 4,4, (1234) arises uniquely from the N;, = 4 contribution and is given therefore directly
by Eq. (A17), as stated in Sec. IL

APPENDIX B: TRANSVERSE TENSOR FORM DECOMPOSITION INTO HEADS
USING CURRENT CONSERVATION

In this appendix, we will streamline the procedure discussed in the main text for the transverse decomposition of the
tensor with respect to the Ward identities in Eqgs. (2.29)—(2.32). We will also provide the complete list of solutions
expressing the tails and shoulders in terms of the heads, following the systematic approach oultlined in Sec. II C. From
Eq. (2.29), collecting the terms that do not involve metric-tensor structures, one finds the additional relations,
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(3)2(1)5(1)4 x :Gz.31(1234) + G331 (1234) + ”Z;l(l “iy)H;311(1234)| =0, (B1)
(3)2(1)3(ia)y x :G2,3i4(1234) + ;(1 : il)Hi131i4(1234>: =0, iy = 2,3, (B2)
(3)2(i3)3(1)4 X :G3,3i3(1234) + ;(1 . il)Hi13i31(1234>: =0, i3 =2,4, (B3)
(3)2(13)3(ia)4 X ;(1 “i1)H 3, (1234) | =0, iy =2,4, iy =2,3. (B4)
and
(4)2(1)5(1), x :G2.41 (1234) + G5 41 (1234) + ”Z;l(l “iy)H; 411 (1234)| =0, (BS)
(4)2(i3)3(1)4 x :G3,4i3(1234) + ;(1 : il)Hi14i31(1234): =0, i3 =124, (B6)
(4)2(1)3(i4)4 x :G2,4i4(1234) + ll;(l : il)Hi14li4(1234>: =0, iy =2,3. (B7)
(4)2(13)3(ia)4 x Z(l i) Hj 4, (1234)| =0, iz =24, iy =2,3. (B8)

i\#l

The same procedure can be straightforwardly extended to
obtain analogous relations from the three other Ward
identities in Eqgs. (2.30)—(2.32). By successive elimination,
the tails can then be expressed in terms of the shoulders, and
the shoulders can be expressed in terms of the heads. Not all
identities among heads, shoulders, and tails obtained in this
way are independent. Moreover, the reduction is not unique;
different choices lead to alternative but equivalent represen-
tations of the fourth rank tensor, related by identities among
the head form factors implied by the Ward identities. These
later relations can be further used to cast the tensor in a more
compact form, as done by Karplus and Neuman [84].
However, this complicates the analysis of the pole structures
when the tensor appears within a large amplitude, in
kinematical regimes of relevance to discuss nonperturbative
physics, such as the Regge [86] or Bjorken limits [106].

For example, the fourth Ward identity in Eq. (2.32)
yields relations such as

(2)1(1)2(2)3[(4 - 1)Hy151(1234) + (4 - 2)Hy 2(1234)

+ (4 - 3)Hy1»3(1234)] = 0, (B9)

|

which, after substituting H,,(1234) = H,;;1(2134) using
the permutation group symmetries of the equivalence class
in Eq. (2.51), proves—as conjectured—the vanishing of
Eq. (44a) in Karplus and Neuman [84]. Analogously,

(2)1(3)2(1)3[(4 - 1)Hypz;1(1234) + (4 - 2)Hp35(1234)
+ (4-3)H»35(1234)] = 0, (B10)

which, after substituting Hy313(1234) = H,3;;(3124) and
Hy315(1234) = Hy311(2314) from Eq. (C3), proves the
vanishing of Eq. (44b) in their paper.

As observed in Ref. [86], the use of these additional
relations, although formally valid, introduces collinear
singularities which are spurious; the corresponding scalar
products of photon momenta k; - k;, (i, j = 1,2,3,4) give
singular expressions in the amplitude but cancel in the
complete expression for the polarization tensor. This quan-
tity is of course infrared safe in QED (for arbitrary N)
precisely due to the current conservation implied by
Egs. (2.29)—(2.32).

For completeness, we provide below the full list of
solutions. The shoulder form factors G, ; (1234) with
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iz #3 and iy # 4 can be expressed in terms of the head
form factors as

G11(1234) = =) "(2+ip)Hy, 11 (1234),
2

G112(1234) = => (1-i)H;,112(1234)
i #1

+ 2(3 - i3)H31;,2(1234),
i3

(B11)

(B12)

G1,13(1234) = _2(2 : i2)H2i213(1234)’
ih#2

(B13)

Gi21(1234) = => (1) H;, 12 (1234)
i £l

+ 2(4 sig)H a1, (1234),
o

(B14)
G1n(1234) = => (1) H; 152(1234),
i #1

Gi3(1234) ==Y (1-

i#1

(B15)

i)H; 123(1234), (B16)

G141(1234) = —2(2 ) i2)H2i241(1234)’
i#2

Gi4p(1234) = =) (1~

i#1

(B17)
i)H; 142(1234), (B18)

G143(1234) = —Z(Z “iy)Ha;43(1234),
2

(B19)

Analogously, the solutions for the shoulder form factors
G».,i,(1234) with i, # 2 and iy # 4 are

Go.11(1234) = =) “(3+i3)Hz;, (1234),
ir#3

(B20)

G.12(1234) = = (3 i3) Hy1;,5(1234),
pe

(B21)

G15(1234) = =) "(3-i3)Hs;,3(1234)
i3 #3

+ 2(4 ~ig)Hz14,(1234),
i

(B22)

Gr31(1234) = => (1) H;31(1234)
i £l

+ 2(4 nig)Hy314,(1234),
e

(B23)

Gy 3(1234) = —;(1 iy )H; 312(1234), (B24)

Gr33(1234) = —;(1 i1 H; 313(1234), (B25)
i

Gr41(1234) = —;e -i3)Hi,1(1234),  (B26)

G2,42(1234) = —;(1 : il)Hi,412(]234)9 (B27)
i

Go43(1234) = —;(1 Ci))Hi413(1234). (B28)

Solutions for G;;,;,(1234) with i, # 2 and i3 # 3 are

Gs,11(1234) = —2(4 “ig)Hyp, (1234),
1474

(B29)

Gy 1a(1234) = =3 (4+ iy Hyy, (1234),
iy

(B30)

G314(1234) = —2(4 : i4)H414i4(1234>
iy#4

+ 2(3 ~i3)Hy14,3(1234),
per!

(B31)

G331(1234) = —2(4 “ig)Hys,,(1234),
e

(B32)

G33,(1234) = —2(4 “ig)Hyzp;, (1234),
e

(B33)

G334(1234) = _Z(l “iy)H; 341 (1234),
izl

(B34)

G341(1234) = —2(4 ’ i4)H441i4(1234>
iy A4

+ Z(Z +ip)Hyiy12(1234),
i 22

(B35)

G342(1234) = —Z(l ) il)Hi]421(1234)7 (B36)

i #1

G344(1234) = —Z(l ~i1)H; 441 (1234). (B37)

i\ #1

Solutions for G ;,;,(1234) with i; # 1 and iy # 4 are

Gy21(1234) = =) (3 i3)Hpyy, (1234),
i #3

(B38)
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Gy(1234) = —2(3 “i3)H13;,5(1234),
P

Gi3(1234) = =) (3 i3)Hy3;5(1234)
i3#3

+ 2(4 ~i4)H34;,(1234),
et

Gy31(1234) = —2(2 “iy)H3i1(1234),
i

Gux(1234) = => (2 i) Hy;,n(1234)
2
+ 2(4 +ig) g, (1234),

iy

Gy 33(1234) = —Z(Z “iy)H3,03(1234),
2

Gy41(1234) = —2(2 “iy)Hyip1 (1234),
272

Gy42(1234) = =) "(3+i3)Hyy;,2(1234),
73

Gy43(1234) = —2(2 “iy)Hyi3(1234).
2

(B39)

(B40)

(B41)

(B42)

(B43)

(B44)

(B45)

(B46)

Solutions for Gs; ;. (1234) with i; # 1 and i3 # 3 are

Gs21(1234) = =) "(4+is)Hpy,,(1234),
iy#4

GS~22(1234) = _2(4‘ 54)H24254(1234)7
iy

Gs24(1234) = —2(4 ’ i4)H244i4(1234)
iy#4
+ 2(3 +13)Hyy3(1234),

i3

Gs31(1234) = —2(2 “iy)H3i,12(1234),
2

G5~32(1234) = _2(4‘ 54)H34254(1234)7
iy

Gs34(1234) = —Z(Z “iy)H3;,42(1234),
2

Gs41(1234) = => " (2+ip) Hyy,12(1234),
i, #2

(B47)

(B43)

(B49)

(B50)

(BS1)

(B52)

(B53)

Gs542(1234) = = (2 i) Hyy,p(1234)
2

+ 2(3 ~i3)H y3;,2(1234),
i3

Gs44(1234) = = "(2+ip) Hyy,4p(1234).
i #2

(B54)

(B55)

Solutions for G ; ;,(1234) with i} # 1 and i, # 2 are

Go1(1234) = =) "(3+i3)Hy;,3(1234).
i3#3

Ge3(1234) = —2(4 “ig)Hyzg;,(1234),
i1

Ge24(1234) = —2(3 ~i3)Hyy;5(1234),
i»%3

Ge31(1234) = _2(4 “iy)Hzya;, (1234),
e

Ge33(1234) = _2(4 “ig)H334;,(1234),
is7h

Ge34(1234) = _2(4 “ig)H344;,(1234)
el

+ Z(Z “iy)H3i,42(1234),
s

Goa1(1234) = =) "(3+i3)Hyy;,3(1234).
i3#3

Go3(1234) = =) (3 i3) Huzy,3(1234)
i3#3

+ 2(2 ~iy)Hyip3(1234),
!

Goaa(1234) = =) (3+13)Hayi3(1234).
i3#3

The solution for F;(1234) is

Fi(1234) =) (1-2)(3 - i3)Hy;;,5(1234)
i3#3

+ Z(l “3)(4 - iy)H314;,(1234)
e

+ > (1-4)(3 - i3)Hyy5(1234).

i3

The solution for F,(1234) is

016019-35
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Fy(1234) =) "(1-2)(4 - iy)Hayy;,(1234) + > (1-3)(2 in)H3;,12(1234) + > (1-4)(2+ in)Hyyy12(1234). (B66)
is#4 i#2 i #2

The solution for F3(1234) is

F3(1234) = > (1:2)(3 - i3)Hys;,1 (1234) + > (1-3)(2 i) Hyiy0 (1234) + > (1-4) (2 i) Hyypy (1234).  (B6T)
i3 i22 i,#2

This completes the determination of all tail and shoulder form factors of the N = 4 tensor in terms of the head form factors.

APPENDIX C: FULL LIST OF EQUIVALENCE CLASSES UNDER PERMUTATION GROUP
SYMMETRIES OF THE FOURTH RANK TENSOR

In Sec. II C, we observed that the compact master formula for the worldline representation of the head form factors of
Eq. (2.25) satisfies the permutation group symmetry in Eq. (2.48), in agreement with the fact that the N" = 1 supersymmetric
charged worldline currents trivially commute in the rank—AN tensor of Eq. (2.1). Using Eq. (2.48), we generated the
equivalence class corresponding to the head form factor representative H,;;;(1234). In this appendix, we list the five
remaining equivalence classes defined by the action of this symmetry group. The elements of these classes are later used to
express the original tensor in terms of the reduced set of six head form-factor representatives, as done in Appendix D.

Starting with H,,,(1234), a sequential application of the symmetry-group action in Eq. (2.48) generates the second
equivalence class,

Hy 151 (1234) = Hy,15(1243) = H3311(1324) = Hyqy1(1342) = H313(1423) = Hyyq0(1432)
= Hy112(2134) = Hy121(2143) = H3115(2314) = Hy141(2341) = Hyy)1(2431) = H33,(2413)
= H332(3124) = Hy42,(3142) = H323(3214) = Hy445(3241) = H343(3412) = H3445(3421)
= Hy33(4123) = Hy44p(4132) = H33p(4213) = Hyypp(4231) = Hy343(4321) = H34y3(4312).  (Cl1)

Hj123(1234) = Hy14p(1243) = H3315(1324) = Hygp) (1342) = H3413(1423) = Hy341(1432)
= Hy113(2134) = Hj141(2143) = H3112(2314) = Hy151(2341) = H3411(2413) = Hy311(2431)
= H331(3124) = Hu412(3142) = Hy31(3214) = Hy412(3241) = Hy143(3412) = H345(3421)
= Hy33(4123) = H3445(4132) = Hy3p(4213) = H3455(4231) = Hy343(4321) = Hyyy3(4312). (C2)

Hyz11(1234) = Hoyy1(1243) = H3151(1324) = Hyy15(1342) = H3y4,(1423) = Hyy15(1432)
= H%122(2134) = H4122(2143) = H2%13<2314) = Hojyy (2341) = H4313(2413) = H3441(2431)
= H2312(3124) = Hyy; (3142) = H3123(3214) = H4142(3241) = H3341(3412) = H4413(3421)
= H2342(4123) = H2423(4132) = H3423(4213) = H4342(4231) = H4423(4321) = H3342(4312)’ (C3)
as well as
H2143(1234) = H2143(1243) = H3412(1324) = H4321(1342) = H3412(1423) = H4321<1432)
= H2143(2134) = H2143(2143) = H2412(2314) = H4321(2341) = H4321(2431) = H3412(2413)
= H4321(3124) = H%412(3142) = H4321(3214) = H3412(3241) = H2142(3421) = H214%(3412)
= Hyz, (4123) = H3412(4132) = Hyz (4213) = H3412(4231) = H2143(4312) = H2143(4321), (C4)

and
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H341(1234) = Hy415(1243) = H3431(1324) = Hy315(1342
= H3142(2134) = Hy1»3(2143) = Hyy3(2314
= Hy312(3124) = H345,(3142) = Hy3(3214
= H341(4123) = Hy413(4132) = H3yy (4213

This completes the list, allowing any of the 81 head form
factors to be written now as a number of inverse permutation
in the momenta arguments of the six class representatives
above. We choose as representatives the first element
of each class: H2111(1234), H2121(1234>, H2123(1234),
H2311(1234), H2143<1234), and H2341(1234). The choice
is arbitrary, and any alternative set would lead to an
equivalent result. The list provided here incorporates
corrections to typographical errors in the original manu-
script of Karplus and Neuman [84], previously identified
in Ref. [86].

Note that repeated heads appear within each equivalence
class, sharing the same indices but differing by permuta-
tions of the photon momentum arguments, as already
observed in Sec. II C. This leads to equivalence classes
of different cardinalities, so counting the number of
independent heads is not a trivial task. We provide in this
work a computational algorithm that automates this pro-
cedure and gives the results for general N. We emphasize
that the central result of this work, the worldline master
formula for the tensor form factors in Eq. (2.25), auto-
matically satisfies the aforementioned permutation group

) = H3140(1423) = Hy;3(1432)

) = Hy341(2341) = Hy312(2413) = H34,(2431)

) = H3142(3241) = Hy341(3412) = Hyyy3(3421)

) = Hy312(4231) = H3142(4312) = Hyp3(4321). (Cs5)

symmetries, and thus is a systematic way of finding the
minimal set of independent form factors.

APPENDIX D: COMPLETE EXPRESSION FOR
THE RANK-4 QED VACUUM POLARIZATION
TENSOR

We present the result in tabular form, with the terms
organized according to the same six equivalence classes of
head form factors listed above. First, the expressions for
the tails [in Egs. (B65)-(B67)] and shoulders [in
Egs. (B11)—-(B64)], each given in terms of the heads,
are substituted into Eq. (2.23). For each head form factor,
we then indicate its replacement using Eq. (2.51) and
Egs. (C1)—(C5), together with the coefficient multiplying
it in the polarization tensor. The rank-4 tensor I1;,3,4(1234)
is then obtained by summing all the terms listed below. As
emphasized earlier, since the symmetries and identities
employed are completely general, the resulting expression
holds for the rank-4 tensor at any order in perturbation
theory in QED, with modifications affecting only the
explicit definition of the form factors H,j,(1234).

Class 1
[Ha111(1234) — Hy11(1234)] x [(2),(1),(1)3(1)4 = (1-2)812(1)5(1),],
[H3111(1234) — Hy11(1324)] x [(3),(1),(1)3(1)4 = (1-3)313(1),(1),],
[Ha111(1234) — Hy11(1423)] x [(4),(1),(1)3(1)4 = (1 - 4)314 (1), (1)s],
[H2122(1234) — Hy111(2143)] x [(2),(1),(2)3(2)4 = (1-2)812(2)3(2),].
[H3313(1234) — Hy111(3124)] x [(3),(3)2(1)3(3)4 = (1 -3)615(3)2(3)4].
[H4441(1234) — Hy111(4123)] x [(4),(4)2(4)3(1)4 = (1 - 4)614(4),(4)s].
[H2325(1234) — Hj111(2314)] % [(2),(3)2(2)3(2)4 = (2 3)623(2)1(2)s],
[H425(1234) — Hjy11(2413)] % [(2),(4)1(2)3(2)4 — (2-4)624(2)(2)3],
[H3303(1234) — Hy111(3214)] x [(3),(3)2(2)3(3)4 = (2-3)623(3)1(3)4].
[H4440(1234) — Hy111(4231)] X [(4),(4)2(4)3(2)4 = (2 4)624(4),(4)s].
[H443(1234) — Hy111(4321)] X [(4),(4)2(4)3(3)4 = (3 - 4)534(4)1(4),].
[H3343(1234) — Hy111(3412)] x [(3)1(3)2(4)3(3)4 — (3-4)334(3),(3)a]- (DI1)
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Class 4

[H)311(1234) — Hys1(1234)] x [(2)(3),(1)5(1)4 —

= (2-3)812(1)5(
[Ho411(1234) — Hpsyy(1243)] x

2)(1-3)814023].
)2(1)3(1)4 = (1-4)624(2)(1)5
= (2-4)815(1)5(1), 2)(1-4)6130).
[H3121(1324) — Hy311(1324)] x [(3),(1)5(2)3(1)4
+(2-3)813(1)5(1)4 + (1-2)(1 - 3)814053).
[Ha112(1234) — Ho311(1423)] x [(4), (1),(1)3(2)4 — (1-2)(4)(1)3624
= (1-4)812(1)3(2)4 = (2-4)814(1)(1)3614 + (1-2)(1
[H3141(1234) — Hy3,(1342)] x |
= (3-4)(1),(1)4(3-4)813 + (1-3)(1 - 4)812834],
[H4113(1234) — Hy3y1(1432)] % [(4),(1),(1)5(3)4
1
[

)a+
(

2

[
Dy +(1-
[(2):(3
Dy + (1
[ 1

)

= (3-4)014(1)y(1)3 + (1-3)(1 - 4)512534).
[H3122(1234) = Hy311(2134)] x [(3),(1)2(2)3(2)4 = (1-2)623(3),(2)4
+(2-3)612(1)3(2)4 — (2-3)613(1)2(2)4],
[H4122(1234) — Hy311(2143)] % [(4)1(1)2(2)3(2)4 = (1 - 2)524(4),(2)s
+(2-4)812(2)3(1)4 = (2-4)814614(1)2(2)3],
[H)313(1234) — Hj311(3124)] x [(2),(3)2(1)3(3)4 — (1
= (2-3)812(1)3(3)4].
[H441(1234) — Hy311(4123)] x [(2),(4),(1)3(1)4 —
[H4315(1234) — Hy311(3142)] x [(4),(3)2(1)3(3)4 —
14l
[

(1

(1-

+(3-4)813(3)2(1)4],

[H 3441 (1234) — Hy311(4132)] % [(3),(4),(4)5(1)4 —

= (3-4)(4),(1)4013

[H2312(1234) — Hy3;1(2314)] x [(2)(3),(1)
4

) (1
I
(2314)] x [(2)

[H2421(1234) — Hy311(2413)] x [(2),(4),(2)

I x1(3)
I
)
I

)

w

[H3123(1234) — Hy311(3214)] x [(3),(1),(1)
= (2-3)613(1),(3)4
[H414(1234) — Hy311(4213)] x [(4),(1),(4)5(2)4 —
—(2-4)614(1),(4);

w

(1:2)5,4(4),(4);

016019-39

(1-2)613(3)2(1)4 =

— (1-2)653(3),(1)4 -

(3)1(1)2(4)5(1)4 + (1-4)813(1),(3)4 —

= (1-3)834(4),(1), +

+2)613(3)2(3)4 —

4)624(2)1(1); —
3)634(4)1(3), -

3)514(4)2(4); —

[H4320(1234) — Hy123(3241)] x [(4),(3)2(2)3(2)4 = (2-3)823(4)1(2)4 = (2-4)514(3),(2)3]

[H3425(1234) — Hy123(4231)] x [(3),(4)2(2)3(2)4 = (2 4)524(3)(2)3]

[H2343(1234) — Hj153(4321)] x [(2),(3)5(4)3(3)4 = (2-3)812(4)3(3)5 — (3-4)634(2)(3),]

[H2443(1234) — Hj153(3421)] x [(2),(4)5(4)3(3)4 = (2-4)812(4)3(3)4 — (3-4)634(2)(4),] (D3)

(1-3)853(2), (1),

(1-3)812(2)5(1)4
+ (1-2)614(4),(1)5
- 4)813054)

(1-4)334(3),(1),
(1-3)814(1)2(4);
—-(1-
Nt
1

-
(1-

(1

—612(1-4)(4)3(2),
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[H3341(1234) — Hy311(3412)] x
[H4413(1234) — Hy311(4312)] x

[(3)1(3)2(4)3(1)4 = (1-3)814(3)5(4)3 = (1 - 4)534(3),(3)2),
[
—(3-4)014(4),(1
[

)
(4)1(4)2(1)3(3)4 = (1-3)834(4)1(4); — (1-4)513(4),(3)4
)3l;
[H234(1234) — Hj311(2341)] x [(2),(3)2(4)3(2)4 = (2-4)623(2)1(3)5 = (2-4)634(2),(3),
—(3-4)623(2),(2)4).
[H)423(1234) — Hj311(2431)] x [(2)1(4)2(2)3(3)4 = (2 3)834(2)1(4), + (2 3)824(2)(4)5
= (3:4)654(2),(2)3],
[H3423(1234) — Hj311(3241)] x [(3),(4)2(2)3(3)4 = (2 3)834(2)1(4)2 = (2-3)024(2)1(4)3
= (3-4)624(2),(2)3],
[Hi340(1234) — Hy311(4231)] x [(4),(3)2(4)3(2)4 — (2 3)524(4)1(4)3 = (3-4)623(4),(2)4
+(3-4)824(4),(2)5),
[Ha423(1234) — Ho311(4321)] x [(4),(4)2(2)3(3)4 — (2-3)334(4)1(4)2 = (2-4)623(4),(3)4
+(2-4)834(4),(3),),
[H3340(1234) — Hy311(3421)] x [(2),(3)2(1)3(1)4 — (2 3)524(3)1(4)3
+(2-3)334(3)1(4),]- (D4)

Class 5

[H143(1234) = Hy143(1234)] % [(2),(1)5(4)5(3)4 = (1-2)812(4)5(3)4 — (3 - 4)334(2), (1),
+(1-2)(3-4)51203),

[H3412(1234) = Hj143(1324)] % [(3)(4)5(1)5(2)5 = (1-3)813(4)2(2)5 — (2 - 4)524(3),(1)3
+(1-3)(2-4)51365),

[H 321 (1234) = Hy143(4321)] % [(4)(3)2(2)5(1)5 = (2 3)323(4)1 (1) — (1 - 4)5314(3),(2)3
+(1-4)(2-3)514653). (Ds)

Class 6

[H)341(1234) — Hj341(1234)] x [(2),(3)2(4)3(1)4 = (1-2)814(3)2(4)3 = (2 3)812(4)3(1)4
+(1-4)623(2)1(3)4 — (1-4)834(2)1(3), — (3-4)623(2), (1),
+(1-2)(3-4)81462],

[H2413(1234) — Hy341(1243)] x [(2),(4)2(1)3(3)4 = (1-2)8153(4)2(3)4 — (1 - 3)334(2)1(4),
+(1-3)824(2)1(4); = (2-4)812(1)3(3)4 — (3-4)824(2),(1);
+(1-2)(3-4)5146].

[H3421(1234) — Hy341(1324)] x [(3)(4)5(2)3(1)4 = (1-3)814(4)2(2)3 = (2-3)615(2 - 3)(4),(1)4
+(1-4)623(3)1(2)4 — (1-4)624(3)1(2)5 — (2-4)623(3), (1),

+ (1-3)(2-4)814623]

[Hy312(1234) — Hj341(1423)] x [(4),(3)2(1)3(2)4 = (1-3)823(4)1(2)4 + (1 - 3)824(4)1(2)3
—(2:3)(4)1(1)3 = (1-4)813(3),(2)4 + (2 3)614(4)5(1)5
+(2-4)815(3)2(1)4 — (2-4)814(3)2(1)3 + (1-4)(2 - 3)813624],
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[H3142(1234) = Hy341(1342)] x [(3),(1)2(4)3(2)4 = (1-2)624(3),(4)5 —
+ (1-2)054(3), (4
+(3-4)52(1);(2

[H4123(1234) — Hj341(1432)] X )
—(2-3)(4), (1)2534 —(1-4)612(2);(3)4

(1-3)612(4)3(2)4
2(3)s = (2-4)634(3), (1),
2(2)4 + (1-3)(2-4)812834].

) + (1-2)834(4),(3),
(2-3)814(1)5(4)5

(1-4)(2-3)81203). (D6)

APPENDIX E: FORM FACTORS OF
THE N =6TH RANK TENSOR

G 12 GZBI Ggl GEZ Gg3 G?’% G%’a}l G4BZ G§3 Gg3 GfZ Ggl

(E11)

Priio33 =

We list here the results for the numerators of the 40

independent sixth rank heads:

— (B B B (BB (B
P211234 - G12G21G31G42G53G64

- GG, G4GE, GG,

— (B B B (B (B (B
P211111 - G12G21G31G41G51G6]

_ B B (~B (B B B
Prinne = G1,63,63,64, G5, Gg,

_ B B (~B (B B (B
Priz = G1,63,63,64, G5, Gy

_ B B (~B (5B B B
Py = G1,67,G5,G4,65,Gg,

_ B B (~B B B B
Pz = G1,G7,65,64G5,Ggs

P211125 - G G21G GEIGSB2G(€5

— (B B B (B (3B (B
P211133 - G12G21G31G41G53G63

— (B (B B (B (3B (B
P211134 - G12G21G31G41G53G64

_ B B (~B (B B B
Pri113s = G1,G35,G3,G4,G53Ggs

_G G41G§1G631G G21

(E1)

~B B B B F F
_G31G41G51G62G12G21

(E2)

~B B (B (B (F F
_G31G41G51G63G12G21

(E3)

~B B (3B B (F F
- G31G41G52G62G12G21

(E4)

B B B B F ~F
- G31G41G52G63G12G21

(ES)

G31 G41 G?ZGgSG G21
(E6)

- GG} G4 GG, Gy,

(E7)

GGG CAGHES

(E8)

~B B (B B F F
_G31G41G53G65G12G21

(E9)

Pyines = G165, G5, G5 G GE - GF, G5, G5, GF, G, G
- G§, G}, G% GG, G5, + GS, G, G, G5, GE G

(E10)

(E12)
Py1103s = GH,G5, G5, GE, G, GE; — G5, G5, GE,GE GT, G,
(E13)

Py126s = G G5 G5, G5, G5, G - GY, G5, G5, G5, GE G
— GB,GB,GB GG, GE, + G, GB,GT, GE, GL, G,
(E14)
Py = GHG5, G5 G GE GE, - G5, G GE,GE, G, GY,
(E15)

P13 = G, G5, G5, GE.GE.GE, - G5, G5, GE,GE,GY,GY,

(E16)

Pyiisu = G%,G5, G5, GE,GE G, — G5, GE,GE,GE,GT, G,
(E17)

Prii3sas = G?ZGZBI G?l Gfs G§4Ggs - Ggl GE3G§4GESGIIV2G§1
(E18)
Py1136s = G G5 G5, 6B, G5 G - GY, G5, G5, GB,GE G
— GB, GB.GE GG, GE, + G, GB,GT, GE, GL, G,

(E19)

Pyy1su = G5, GB, GB, GB.GE,GE, - G5, GB, GB, GB,GE,GE,
- G§,G5G4,Gg, G, Gy, + G5, G¢, G, GY, G5 G,
(E20)

P211564:G?2GBG GESGg6Gg4+G G GB G4F6G§4Gg5
- G} G5 GYGE, GG, -GS G, G, Gl GY, G
(E21)
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Py1a36s = G165, G5, G GE G s — G, G5, 63, G G, G
— GB,GB, 6B GB,GE, GE, + 6B, G, GE, GE, G, G,

— GB,GB.GB GB,G,GE, + GE,GB,GT, GE, GL, G,
+G5,G5G1LGY, G, Gl — G, GE, G, Gy G Gigs
(E22)

P214533 - G12G21G34G55 GSB'§G63 + G G21G63G§5 G43 G§4
G GfSGg’%G&G G21 G G G21G§5G43G54
(E23)

Ps14563 = G5, G5 G5, GB.GE.GE, — GB, G5, G4 GL, GE, GE,
— G&,GE GE.GE,GE,GE, + G, Gh GL, G GE,GE,
(E24)

Py = G G565 GE GE GE, + GF, G5, GE G, G5, G,
(E25)

Py = GH G565 GE GE GE, + GF, G5, GE G, G5, GY,
(E26)

Pyinis = G% G565 GE GB GE, + GF, G5, GE,.G,GY GY,
(E27)

Py = G% G565, GE G GE, + G5, G5, GE, G, GE, G,
(E28)

Pa3ji3 = G?zG%G% Gfl ngGé% + Gfl ngGé% Gf3 Ggl ng
(E29)
P14 = G?2G§3G§1 Gfl G?ng4 + Gfl G?2G24G11E3 Ggl ng
(E30)
Pyiias = GH G565 GE G5, GES + G G5, GE G, G5, G,
(E31)

Py = GHGRGE GF GG, + G} GE,GE, GG, GY,
(E32)

Pyius = GH G565 GE GE,GES + GF, G5, GG, G5, G,
(E33)

Posises = G5 GB.GB GB.GE GE, + G5, G5,G5, G GE, GE,
+GE.GB.GB,GEGE GE, + GE,GY, GE, GE GE, G,
(E34)

P = G5,G5,G8,G8 G5, GB, — GE, G2, GE,GE, GL, GE,

(E35)

— (B (B (B (7B (3B (B ~“B (B (7F :F (7F >F
P234112 - G12G23G34G41G51G62 - G51G62G14G21G32G43

(E36)

P13 = G5,GB,GB,GB 6B, GB, — GB,GB,GF,GE, G, G,

(E37)
Pyuns = GHG5GY,GE GE GE — 68 GE G, G, GE, G,
(E38)

P234511 - G12G23G GESGSBIGEI + Ggl G{:SGZIG'%ZG%G;
(E39)

— (B (B B (7B (B (B F ~F oF oF F F
P234561 - G12G23G34G45G56G61 - G16G21G32G43G54G65'

(E40)

APPENDIX F: ONE-LOOP SCALAR INTEGRALS
FOR N-POINT FEYNMAN DIAGRAMS

In this appendix, we discuss the calculation of the one-
loop scalar Euclidean N-point functions used throughout
the paper. Closed-form results for these integrals in
Minkowski spacetime have long been available, starting
with the seminal work of ’tHooft and Veltman [63], and
subsequently improved and implemented in publicly avail-
able software such as LoopTools [64], QCDLoop [65,120], and
Collier [121], among others. These implementations provide
efficient and numerically stable evaluations across a wide
range of kinematic configurations. Comprehensive over-
views of these methods and results can be found in
Refs. [56,65,116].

Although some of the results discussed here are well
known, we were unable to find a closed form expression in
the literature in at least one of the cases discussed in the
paper. Reference [118] provides the analytic result for the
scalar four-point integral for arbitrary internal masses, so
the massive on-shell box, relevant to light-by-light scatter-
ing is, in principle, obtained as a limiting expression of that
result. In practice, however, extracting from their formulas
a closed form expression in terms of dilogarithms for this
specific kinematics is nontrivial. Reference [50] also
provides explicit expressions for massive N-point functions
in terms of generalized hypergeometric functions. Again,
the limiting case of interest is nontrivial, and the results
require analytic continuation to specific kinematic regions.

For completeness then, we revisit here these calculations
and present a detailed derivation of the three cases of
phenomenological relevance for our goal. We will illustrate
the technical structure of such computations, which will be
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important to compare with results from our forthcoming worldline calculation in Ref. [16]. As mentioned in the main text,
direct computation of the worldline integrals avoid the N! decomposition into Feynman diagrams.
We start by introducing the one-loop scalar N-point function:

d’p 1 1
¢ (my, .. omyiky, .k _/ ' -
Loeens N( 1 N> N) (27[)d[(p_|_k])2+mﬂn| [(P+k1+"'+k1v)2+m]2v]"” ( )

We denote the loop momentum by p and the external momenta by k;, withi = 1, ..., N, all taken as incoming and satisfying
ki + --- 4+ ky = 0. We present our results in Euclidean spacetime, where all Lorentz invariants are positive definite. The
corresponding expressions in Minkowski spacetime [115] can be obtained by a Wick rotation of the final result, with branch
cuts restored through the usual ie prescription in logarithms and related functions.

A standard method for evaluating Eq. (F1) is to introduce Schwinger parameters:

1 1 & -1 -1
74 s oo sk, ..o ky) = dsy---dsy0 -0 T
v nN(ml my; ky N) T(ny)  T(ny) /_co S sn0(sy) (sn)s SN
d
X/ d‘p e—s](p+k|)z—slm%---—s,\,(erkl+--~+kN)2—st§V. (Fz)
(27)

The introduction of Heaviside step functions is convenient for passing to the Feynman parameter representation, where the
integration domain is constrained by Dirac delta functions that are consistently imposed only when the original integrals
extend over R”. The integration over p then becomes Gaussian and can be carried out straightforwardly. As is well known,
the Feynman parameter representation is subsequently obtained by inserting one (or several) factors of the form

| = /_m‘f:a(s)a(l —/s), (F3)

[Se]

with the parameter s’ > 0 chosen to be a suitable combination of the Schwinger parameters. Different choices lead to
different, but equivalent, Feynman parameter representations of the same integral. A standard choice is to treat all scalar
propagators in Eq. (F1) on equal footing by combining all of them through Feynman parameters at once. This corresponds
to setting s’ = 5153 n in Eq. (F3), where

S123“‘N:S1+S2+S3+"'+SN. (F4)

The Feynman parameter representation then follows immediately by rescaling each s; — y; = s;/s and performing the
trivial integration over s.

Other choices consist of combining propagators sequentially. In this approach, one inserts a Dirac delta via Eq. (F3) for
each subset of propagators to be treated on equal footing, choosing s’ as the sum of the corresponding Schwinger
parameters. Additional Dirac delta constraints are then introduced to combine the different subsets. Depending on the
specific problem, one or the other method may be more convenient; both correspond to different implementations of the
Cheng-Wu theorem. (See for example, Ref. [122].) We quote the result for general N in the standard form:

I(ny . y—d/2) 1 /+°°
zd sk, ky) = dyy---dyy0(yy) - 0(yn)o(1 —
ey (1 my; Ky N) T(n)) - T(ny) (42)72 )_o Y1 ynO(y1) (yw)o(1 = yi2._w)

N d/2-n; N

Xy lz miyi + Z yivj(kipr + - + k) : (F5)
i=1 I<i<j<N

|
Note that only for n; =1, i = 1, 2, 3, 4, does the basis of 1[4 (123..N) =TI¢ ,(m....m;ky,....ky). (F6)

.....

scalar integrals naturally appearing in the worldline con-
struction of the rank-N tensor in our work [introduced in  In this specific case, both representations describe the
Eq. (4.7) for N = 4], coincide exactly with the integral = same scalar N-point integral with ny 4 ---+ny =N
basis in Eq. (F5) used in conventional differential equation  propagators. For any other choice of n;, Eq. (F1) describes
and IBP reduction approaches: integrals with N propagators raised to powers n;, while
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14 .. (123...N) has the power of the combined denom-
inator fixed to the value N —d/2 in all cases.

We will now focus on the scalar box (the one-loop scalar
four-point function), which enters the evaluation of the rank-
4 tensor. We present the derivation for the cases relevant to
our computation: the on-shell configuration for the light-by-
light scattering amplitude and its massless limit as well as the
massless four-point and three-point amplitudes with all four
off-shell photon momenta.

1. Massive one-loop scalar four-point function:
On-shell kinematics

In Minkowski spacetime, this corresponds to the kin-
ematic configuration (kM) =0, i=1, 2, 3, 4. In the
center-of-mass frame, one then has k; + k, = 0 and there-
fore w, = \/k? = w;. Momentum conservation implies
KM+ k= =k — k) = —(20,,0), hence ki = —kY.

Consequently w; = \/k3 = w3 = —w,, and therefore

kllu = (01,ky),
kéW = (_wlvk3)7

ky = (wl’_k1)9
k' = (~wy, —ks). (F7)
|

1 1

1
14 1234 = ————— dyy(1l —
1,1,1.1(’" ) (477)2(47112)24 yy(l=y)

The only independent invariants are therefore the
Mandelstam variables, which in Minkowski spacetime read

s = 2k11” . kg” = 4w%,
t =2k kY = 2w} (1 — cos 03,)

= —4wisin’03,/2, (F8)

where 65, is the photon scattering angle. In the Euclidean
region, we therefore evaluate Z{ | | | as a function only of
k3, = (ki + k»)? and k35 = (ko + k3)*. Upon Wick rota-
tion to Minkowski spacetime, these quantities correspond
to the Mandelstam invariants s and ¢, respectively.

Rather than employing the standard representation of
Eq. (F95), it is more convenient to combine the propagators
sequentially in Eq. (F2). We first pair propagators 1 and 2
and 3 and 4, by inserting two factors of unity with s’ = s,
and s” = s34, respectively, and then a third one with s =
s’ +s' to combine both pairs. Setting d = 4 (since for
m # 0, the integral is finite and free of IR poles), one
readily obtains

1

1
* / BT ey (L= ) KaamE 1 (1 =) (1 = 2)y(1 = )y A

(F9)

Introducing the shorthand u = k3;y(1 —y)/4m? > 0 and v = k3,y(1 —y)/4m? > 0, the integrals over x and z can be

performed straightforwardly,

1

1 1 4
d d, =
A XA Z[l/4+xzu+(1—x)(1—z)v]2 duv +u+v

Then,

I?,l,l,l(m; 1234)
1 1 /1 4 1
= y
(477)2 k%zk% 0 mz/k%z —|—m2/k§3 +y(1-y)

{log(l +4u) + log(1 + 41})}. (F10)

{bdl+ﬂ1—w@dmﬂ+bgl+ﬂl—WHﬂmﬂ} (F11)

We adopt the standard branch cut convention for the logarithm, with the cut placed along the negative real axis and the
argument defined in (-, z|. Accordingly, for real and positive x, one has log(—x) = logx + iz. The arguments of the

logarithms above vanish at

1 4m?]1/2
+— |1+ — s
2{ " k}

(F12)

1 11 4m?]1/2
272 ’

+
Vs =5%5
' kit

with y;s €[1, o) and y; € (—o0, 0]. Therefore, for y € [0, 1], they can be written as

k3 k3 k
g 11+ 455(1 = )] =10 2507 )5 =57)| = log 2 + log(s7 =)+ logly =37,

2 (F13)
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without crossing the branch cut, and all quantities remain real and positive. The same expansion applies to the terms
depending on k2,.
In contrast, the denominator has zeros at

11 1 1 1/2
4 |144 - Fl4
=gty ()| (F14)
with y;; €[1,00) and y;; € (o0, 0]. Therefore,

1 1 1 1 1
= — = — + — 5. (F15)
m* kY, +m? k3 +y(1—y) (v —ya) s —Y)  Yh—Vs {yﬁ -y y—ym}

Then, the y-integral can be now reexpressed as

1 1 1 1 1 1
I (mi1234) = / d {_+ }
1,1,1,1( ) (4][)2 k%zk% [1 +4m2(k§3 + k )/k2 k2 ]1/2 y y,ﬁ R ——
K2, K2
{log >+ log(y; —y) +log(y — y7) Jrlogﬁﬂog(y.y+ —y) +log(y —yE)}- (F16)

The final integration over y is straightforward but leads to a rather lengthy expression. For clarity and bookkeeping
purposes, we present the result as

1 1 1
V& ;1234) = X A, F17
l,l,l,l(m ) (4”)2 k%zk% [1 —|—4m2(k%2 4 k )/k2 k2 }1/2 Z ( )
with
k2 1 d K
I, =log-2 - 4 = log—2 log{ yt‘}
m 0 Yis—Y Vis

1 d
2 =/ Y tog [y —y)
0 -y

Is

+ —_ —
= Li, {yi] Li, {yi] +log y; log{ i +] —log [-y7] log[ +y” J ,
Vi — yts yts y ts -V Yy y

Y /1 D 1ogly - y7]
= [ - logly-y;
T o vi—y '

- + +

y ¥ _ Vis Vis
—le{ : ] Lz{ _] +10g[—yt]10g{ —* _} — log[y;"| log [%]
Y =ik Vi =y Vi =y Vit

k2 1 4 k2 +
I, =log—12 +i —1ogﬁlog{—&}
0 Yis —Y m y

1 dy
75 = / D Joglyt -]
0 YVis— Y

+ - —_
:Liz{ +y5 +] -Li, { Ys ]+logy log{ i ]—log[ ys]log[ Yis 4,
Vs — Vis yts ys yts ys y -y

tody _
]6:/) + 1Og[y_ys]

ts

- + + —
=Li, L_)’s +] —Liz{ +ys _] + log [—y5] log[ +y, ] log[yy]log L} Its }

s — Vis Vis — Vs ts K
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K2 1 d k
S =log 2; 4 = log 23log[ y”}

Y= Vis
1 d .
Sy = _log[y, _J’]
0 Y= Vs
:Liz{ _yl +] —Liz[ b4 }—l—log[ y,‘]log[ +yt } log y,; log[LJr],
Vis = Vi yt ys Vi yts s Vi
L dy _
fg—/ —log[y — y;]
0 Y= Vis

+ - + _
= le |: _yl _:| — L12 |: _yt _:| + log[yﬂ log |: _ym _:| — log[ yt ] log |:L:|
Vis = Vi Vi = Vis Vi = Vis y Vi

ts

K2 d k
o= og—lg Y = log 12log[ y”}
y_yts Yis
1 dy
1 :/ —log[yy —y]
0 Y= Vs
— + + —
=i | | i |2 gl o | -t og | 2,
Yis = Vs s ts s — Vs Yis — Vs
I dy _
fu:/ —log[y —y5]
0 Y= Vs
Vs A Vis Vi
:Liz{ — _} —-Li, [ }—f—logy 10g[ } —log [—y;]log {*} (F18)
Yis — Vs ys _yts ys ts y Vs

with y; and y given by the roots in Eqgs. (F12) and (F14). This completes the evaluation of the basis one-loop scalar four-
point integral in massive on-shell case entering the computation of the head form factors.

2. Massless one-loop scalar four-point function: On-shell kinematics

The (infrared-divergent) massless limit can be obtained directly from Eq. (F17) by taking m — 0. In this limit, the
fermion mass acts as an infrared regulator. Expanding the roots in Eqs. (F12) and (F14) for small ratios m?/ k3, and m?/k3,,

S m L L o (F19)
- B Ye = =73 T, Ys = ’on s Ys = —75 T,
7 k35 Lk, ki ki
and
2 2 2 2
N m- m _ m- m
ys:1+_+—...7 yS:—————|—--', (FZO)
! k3s ki ! k33 ki,
When m? — 0, one finds
lim 7%, | (m;1234) = s k2 Zf,, (F21)
m=—0 ( 1223 i=1

now with
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2 2 2
flzlog{]’;]log[m m}

23 k3 ki
st gl 5] ]t ]
ﬂ3z—%2,
ol ],
J6z—%2,
g3
fgz—%z,
jgz—%logz L’ZZ] —logzglog{l +k§j —Lz{ Zj 7;2,
sooage] e [
ST :—%2,
s ] el o] ] - =

Summing all contributions leads to

It ,,(0;1234) ~ L logk—%zlogk—%3 - —2 (m*> = 0) (F23)
b 872 k3,k3, m?> " m?

with the expected double-logarithmic infrared divergences.

Alternatively, one may set m> = 0 and evaluate the integral in d = 4 — 2¢ dimensions to regulate the infrared singularity.
Introducing a renormalization scale > with the appropriate power ensures that the logarithms are dimensionless at the end
of the calculation for this diagram,

1
(k3 y2y4 + k33y1y3)

101234y = VT (4—d/2)/°°d49( ) 0(3a)8(1 = y1 = y2 — y3 — va)
1,1,1,1\Ys ( )d/2 . Yoy, Y4 Yi—=Y2—=Y3— V4

e (F24)

As in the massive case, it is convenient to employ the alternative parametric representation obtained by sequentially
combining propagators in pairs (see the discussion in Sec. F 1),

)2-d/2

. e ! o ! 1
1, ,(0:1234) = T T(4-d/2) /) dy[y(1 — y)|>+d2 A dxdz[xzk%3+(1_x)(1_z) el

(F25)

Under this change of variables, the integrand factorizes completely, allowing the integration over the Feynman parameters
to be carried out more easily,

1411 12161(0; 1234) _ 1 F(l + G)Fz(l - €> |:E <(4ﬂ'ﬂ‘2)5 n (4ﬂﬂ2)€> _ log2k—%3 _ ”2:| + 0(6), (F26)

(4)>  T(1-2e) 2\ s t" k2,
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thereby recovering the well-known result quoted in Ref. [115]. Fully expanding in ¢, one therefore obtains

1 [4 2 Adru? Aru? s
14 01234) = —— |- +— | | log— ) —log?= — 72|. F27
11.1.1(0;1234) (@x)? [€2+€ (og P + log p ogT o7 (F27)

The equivalence between the two expressions [Eqs. (F23) and (F26)] follows from an appropriate identification of the
infrared poles 1/(d —4) and log m?; see Ref. [123] for a similar discussion. In particular,

log m? = —% +log(4zu®) —yg, or m? = (dmeEu?)e e, (F28)
The branch cuts are recovered by identifying k2, — s and k3; — ¢ and using
log(—s) — log |s| — iz0(s), log(—t) — log |t| — inO(1). (F29)
We refer to Ref. [115] for the final result of the Wick rotation.

3. Massless scalar three-point and four-point functions: Fully off-shell kinematics

We now consider the case in which all external legs are off-shell and the fermion mass in the loop can be neglected.
Setting N =4, m = 0, and d = 4 (since the integral is convergent in this configuration), one obtains from Eq. (F2),

1 0
I1,,,(0:1234) = (4”)2/ dy0(y;) -+ 0(y4)8(1 =y —y2 — y3 — ya)

(e8]

X [V1y2k3 + y1y3K33 + y1yaki + y2y3k3 + yayaki, + y3yaki] ™. (F30)

As in the previous cases, the evaluation simplifies under a different parametrization, here obtained by combining three
propagators (see the discussion in Sec. F 1) and integrating over the remaining parameter associated with the fourth
propagator. This corresponds to the change of integration variables [124] y3 = u, y; = (1 — u)u;, i = 1, 2, 4, in Eq. (F30).
The Jacobian of the transformation yields det J = (1 —u)3, and the integral becomes

1 oo
If,,,(0:1234) = (4”)2/_ dudu;du>dusO((1 — w)uy)O((1 — u)uy)0(u)O((1 — u)ug)S(—1 + uy + up + uy)

X [Mllxtzk% + M1M4k% + M2M4k%2 + u(ulk%3 + Mzk% + I/t4k£ - Mluzk% - M1M4k% - M2M4k%2)]_2. <F31)
The u-integration can then be carried out; it is restricted to u € [0, 1] by the Heaviside functions and yields a fully factorized
form of the integral

1 ©
I?’I’Ll(o; 1234) = / du]du2du49(u1)9(u2)9(u4)5(—1 + U + u, + M4)

(4”)2 0
1 1
x 2 2 2 2 5} 7 (F32)
M1M2k2 + M1M4kl -+ M2Lt4k]2 M1k23 + M2k3 + M4k4
As previously, it is convenient to insert an additional factor of unity of the form
g
1= / Co(s)5(1 — afs). (F33)
o S

This fixes one of the Feynman parameters to unity, while the remaining two extend over [0, c0) and play the role of
Schwinger parameters. Choosing @ = u, and rescaling u; — su;, the integrals over u, and s can be performed trivially using
the two Dirac delta functions. This yields (see Ref. [125] for an alternative derivation in the context of momentum-twistor
geometry),

1 1
u n k3 + u k3 + upk?y uik3y 4 usk3 + k3

1 ©
I111,(0;1234) = WA duyduy (F34)
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This can be recast as

1

1 o0
I} 0;1234 :—/ du,du , F35
Ll ) (47)? Jo U w4 ws auyuy + Puy + yus (F35)
with
a = k3k3, B = kK3, v = ki,k3;. (F36)
The integral over u, becomes straightforward once the two denominators are decomposed into partial fractions,
1 o 1 1
4, ,(0:1234) ——2/ du; — log Ut )l +aum). (F37)
(47)* Jo aui + (@ =p+y)u; +v puy

The integral over u; can be evaluated using the same method. However, we first perform the change of variables
u; = ¢/(au;) to simplify the expression to

1

© 2log(1 1 1 o 2log(1 1
1?,1,(0;1234):_2/ uy 210ell ) Floga/p 2/ iy 21OBL T 1) TR/ -
o (4m)* Jo aui+ (a=p+yu+r (4n)* Jo a(uy + uy ) (uy + uy)
where —ui denote the roots of the quadratic polynomial appearing in the denominator of the first expression,
_ 2 2 2_9 — 28y —2 _ 11/2
yi OB RYF NP A7 = 2ap =2y~ 2y _a-pirF (F39)

2a 2a ’

and we introduced the Killén function A, which can be expressed in terms of the Lorentz invariants using Eq. (F36) as
A= (K3,k3, — k3k3 — k3k3)? — 4k3k3k3k3. (F40)

Hence,

38 = K6 + k1, 7 /0,8, = 8 — BR) — 908,
20242 '

uy (F41)

The u,-integration can now be carried out straightforwardly in the region of Euclidean spacetime (where A < 0) either by
partial fractions or by residues, yielding

4, (0;1234) (F42)
L1 g% 10g™ 1o 2(<1 4 u7) + log2 (=1 + uF) = 2Ly |—— | + 2Liy | —
= —log— — —1+4u -1 4+ u)—2Li1 Iy | ——
(rp va Lg%t Ve e T R VR
1 1 a. ul
=——— |2Liy(1 — u7) = 2Liy(1 — u) + log—1lo —1]. F43
a7 | (1 =) = 2Li(1 = ) + Tog g - (F43)

This completes the calculation, where u; are the roots given in Eqs. (F39) expressed in terms of the kinematic invariants of

Eq. (F36). The result is valid for A < 0 and can be analytically continued to other kinematic regions and to 4 = 0 following
the procedure outlined in Ref. [126]. A more detailed discussion of the singularity structure of the different kinematic
regions may be found in Ref. [125]; we do not discuss these issues further here. The above calculation gives in closed form
the fully off-shell massless limit of /7, |, with ;" the roots given by Eq. (F39) expressed in terms of the kinematic
invariants of Eq. (F36).

We next consider the off-shell three-point (triangle) scalar integral appearing in the recursion relation in Eq. (4.27), which
enters the calculation of the basis integrals 14 \nynyn, With shifted powers n; # 1. It is given by specializing Eq. (F5) to
N =3,
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1 oo 1
11,,(0;123) = W/ dy dy,dy;0(y1)0(y2)0(y3)0(=1 + yi + ¥, +y3) (F44)

® Viy2kt + y1y3k3 + yayak3

Inserting a factor one of the form in Eq. (F3) with s’ = y; and rescaling Feynman parameters according to y; — Ay; leads to
the factorized form

o 1
F1(0:123) = (4”)2A D L+ + 3291920 + 916 + ok’ (F45)
now with parameters
p= k%, o= k%, K= k%. (F46)
Therefore, the integral is of the same type as 141‘,1,1,1(0; 1234) producing
11, ,(0;1234) = %i 2Lir(1 —y7) = 2Lix (1 = y{) +logglogi , (F47)
> (@n)? V2 o i
where
p=all k) -, = SRR F Vo RE (Fas)
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