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Dispersion relations are nonperturbative formulas that relate the ultraviolet and infrared behavior of an
observable with wide-ranging applications applications in linear response theory, quantum field theory
scattering amplitudes, and conformal correlators. We derive a position-space dispersion relation for scalar
four-point mixed correlation functions in an arbitrary conformal field theory. This formula expresses the
correlator in terms of its integrated double-discontinuity times a kinematic kernel. The kernel is analytically
computed, and expressed in a remarkably simple form as a two-variable Appell function. The dispersion
kernel is found by solving a coupled partial differential equation that the kernel obeys. Numerical checks of
the dispersion relation are successfully performed for generalized free field correlators. Finally, we show
that our position-space dispersion relation is equivalent to a Cauchy-type dispersion relation of the Mellin
amplitude of the correlator.
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Introduction. Dispersion relations (DRs) are mathematical
tools that reconstruct complex functions from their dis-
continuities. Their first major application in physics was by
Kramers and Kronig, who related the real and imaginary
parts of the refractive index as a function of frequency [1,2].
There, the imaginary part—which reflects how the material
absorbs energy—is enough to determine the full response.
This reconstruction relies on causality, which ensures
analyticity in the upper half of the complex frequency
plane—a key requirement for the validity of DRs. In
particular, a Cauchy-type DR expresses the function
MðsÞ in terms of its discontinuity across the branch cut.

MðsÞ ¼ 1

2πi

Z
cut

ds0
Disc½Mðs0Þ�

s0 − s
: ð1Þ

An important application of DRs arose in the 1950s with
the S-matrix bootstrap program, which aimed to determine
the spectrum and interactions of strongly coupled hadrons
from first principles like analyticity and high-energy

behavior—see, e.g., [3–7]. Recently, the S-matrix
bootstrap has been revived through modern analytic and
numerical methods [8–10], as well as insights from the
anti–de Sitter/conformal field theory (AdS/CFT) corre-
spondence [11–13].
In the context of CFT—which describes physical sys-

tems at criticality and finds applications ranging from
condensed matter physics to string theory—the bootstrap
approach has achieved remarkable success [14–18]. The
primary observables in a CFT are correlation functions of
local operators, hO1 � � �Oni, where each operator OiðxiÞ
carries a scaling dimension Δi. A central goal of the
conformal bootstrap is to determine these correlators—
or, equivalently—to extract the spectrum of anomalous
dimensions (critical exponents) and operator product
expansion (OPE) coefficients. A key advantage of this
approach is its nonperturbative nature, which allows access
to precise results even at strong coupling.
In the numerical conformal bootstrap, bounds on con-

formal data from four-point functions of identical operators
become much tighter when including mixed correlators of
nonidentical operators. This often produces small allowed
“islands” [19–21], enabling precise determination of criti-
cal exponents, as in the 3D Ising model.
Dispersive techniques entered the conformal bootstrap

in [22], which introduced the double-discontinuity and the
Lorentzian inversion formula (LIF)—see also [23,24]. A
position-space DR for four-point functions with equal
dimensions was later derived in [25], while Mellin-space
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versions appeared in [26]. Their equivalence was estab-
lished in [27]. These developments highlight the power of
DRs in extracting nonperturbative conformal data from
analyticity and symmetry alone, making them a compelling
and elegant tool in the ongoing effort to solve CFTs with a
nonperturbative approach.
In this work, we derive a position-space conformal DR

for scalar four-point mixed correlators, generalizing [25] to
unequal scaling dimensions. We also show that our formula
is equivalent to a Cauchy-type DR for conformal correla-
tors in Mellin space. Finally, we perform successful checks
of the formula, and discuss potential applications of the
conformal DR for bounding conformal data via the mixed-
correlator dispersive conformal bootstrap.

Lorentz inversion formula. Consider a CFT in d ≥ 2
space time dimensions, and the four-point correlation
functions of operators Oi. The latter can be written in
terms of two cross ratios z, z̄ defined through the
relations U ¼ zz̄ ¼ x212x

2
34=ðx213x224Þ, V ¼ ð1 − zÞð1 − z̄Þ ¼

x223x
2
14=ðx213x224Þ, with xij ¼ xi − xj. Then the four-point

function is

hO1O2O3O4i ¼
ðx214=x224Þaðx214=x213Þb
ðx212Þ

Δ1þΔ2
2 ðx234Þ

Δ3þΔ4
2

Gðz; z̄Þ; ð2Þ

where a≡ ðΔ2 − Δ1Þ=2 and b≡ ðΔ3 − Δ4Þ=2, and Gðz; z̄Þ
is a function that depends on the particular dynamics
of the CFT. We will frequently use radial coordinates
[28], defined as ρz ≡ ð1 − ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ=ð1þ ffiffiffiffiffiffiffiffiffiffi

1 − z
p Þ, ρ̄z ≡

ð1 − ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ=ð1þ ffiffiffiffiffiffiffiffiffiffi
1 − z̄

p Þ.
The OPE implies a principle series expansion of Gðz; z̄Þ

in terms of conformal partial waves FJ;Δ,

Gðz; z̄Þ ¼ 112134 þ
X∞
J¼0

Z d
2
þi∞

d
2
−i∞

dΔ
2πi

cJ;ΔFJ;Δðz; z̄Þ; ð3Þ

where FJ;Δ are a shadow symmetric combination of the
conformal blocks GJ;Δ. The coefficients of the expansion,
cJ;Δ, are called OPE functions. The location of poles of cJ;Δ
in the complex plane gives the spectrum of scaling
dimensions of the theory.
The LIF introduced in [22] inverts the conformal block

expansion (3), by extracting the OPE function cJ;Δ from the
double discontinuity of Gðz; z̄Þ

ctJ;Δ ¼ κ

4

Z
1

0

dwdw̄μGðinvÞ
J;Δ ðw; w̄ÞdDisct½Gðw; w̄Þ�; ð4Þ

where cJ;Δ ¼ ctJ;Δ þ ð−1ÞJcuJ;Δ. The “inverted block” is

defined from the conformal block as GðinvÞ
J;Δ ðw; w̄Þ≡

GΔþ1−d;Jþd−1ðw; w̄Þ, while μ≡ μða;bÞðdÞ ðw; w̄Þ ¼ jðw − w̄Þ=
ðww̄Þjd−2½ð1 − wÞð1 − w̄Þ�aþb=ðww̄Þ2 and κ ≡ κJþΔ ¼

Γβ=2−aΓβ=2þaΓβ=2−bΓβ=2þb=ð2π2Γβ−1ΓβÞ [29]. The double
discontinuity around z̄ ¼ 1 is,

dDisct½Gðz; z̄Þ� ¼ cos½πðaþ bÞ�Gðz; z̄Þ

−
1

2
eiπðaþbÞGðz; z̄↺Þ − 1

2
e−iπðaþbÞGðz; z̄↻Þ:

ð5Þ

Conformal dispersion relation. We aim to derive a con-
formal DR that expresses the four-point correlator Gðz; z̄Þ as
an integral over its (double) discontinuities, in the spirit of
(1). A method to derive such a DR was devised in [25]. It
consists of combining the LIF (4), inside the OPE expan-
sion (3). Replacing the order of integrations gives the
conformal DR,

Gtðz; z̄Þ ¼
Z

dwdw̄Kðz; z̄; w; w̄ÞdDisc½Gðw; w̄Þ� ð6Þ

and Gðz; z̄Þ ¼ Gtðz; z̄Þ þ Guðz; z̄Þ. The kernel K ≡
Kða;bÞðz; z̄; w; w̄Þ reads

K ¼ μ

8πi

X∞
J¼0

Z
dΔκJþΔFJ;Δðz; z̄ÞGðinvÞ

J;Δ ðw; w̄Þ: ð7Þ

The conformal DR (6) is a remarkable nonperturbative
formula that bootstraps the correlator Gðz; z̄Þ. However in
order to apply it efficiently, the kernel K in (7) needs to be
computed analytically. We can show numerically that K is
independent of the space-time dimension d, just as the
Cauchy-type DR (1) is. This intriguing fact arises because
the DR should hold for any function Gðz; z̄Þ with analytic
properties as the four-point correlator, and these analytic
properties do not depend on d. Furthermore, the kernel can
be written as a sum of two terms, i.e.,

Kðz; z̄; w; w̄Þ ¼ KBðz; z̄; w; w̄Þθðρzρ̄zρ̄w − ρwÞ

þ KCðz; z̄; w; w̄Þ
dρw
dw

δðρw − ρzρ̄zρ̄wÞ; ð8Þ

where δ is the Dirac delta function, and the unit step
function θ implies that the integration region in the DR (6)
has support only for ρw < ρzρ̄zρ̄w.
The contact term KC was computed [25] for general

external scaling dimensions Δi, i.e., for any a and b while
the bulk term KB was computed explicitly only for
a ¼ b ¼ 0, see [30]. In the present work we close this
gap, and compute KB for any a and b, i.e., for general
mixed correlation functions.

Computing the kernel. We present two complementary
methods to compute the bulk kernel KB in (8).
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(I) Series representation [25]: Since the kernel is inde-
pendent of the dimension, we set d ¼ 2 in (7), in
which we have explicit expressions for the con-
formal blocks: GJ;Δðz; z̄Þ ¼ ½kΔ−JðzÞkΔþJðz̄Þþ
ðz ↔ z̄Þ�=ð1þ δJ;0Þ where kβðzÞ≡ zβ=22F1ðβ=2þ
a; β=2þ b; β; zÞ. Now we perform the Δ integral
in (7) using the residue theorem. There are four
towers of poles coming from the κ factor, and the J
sum can be performed. The contribution of the four
towers of poles (see [25]) is,

KBðz;z̄;w;w̄Þ¼Kða;bÞ
a þKða;bÞ

−a þKðb;aÞ
b þKðb;aÞ

−b

¼μD2ðSða;bÞa þSða;bÞ−a þSðb;aÞb þSðb;aÞ−b Þ
¼μD2S; ð9Þ

where the differential operator D2 is [31], and
we have,

Sða;bÞa0 ¼
X∞
m¼0

sinð2πa0Þ
2πm!

Γ2
1þ2a0þ2mk−2m−2a0 ðzÞk−2m−2a0 ðz̄Þk2mþ2a0þ2ðwÞk−2m−2a0 ðw̄Þ
Γ1þ2a0þmΓ1þa0−bþmΓ1þa0þbþm sin½πða − bÞ� sin½πðaþ bÞ� : ð10Þ

The sum over m in (10) arises from the sum over the
residues of poles in the right-hand side of (7).
Expression (10) gives a representation of the bulk
kernel in terms of an infinite sum of a product of four
hypergeometric functions. Our goal is to obtain an
analytic expression for this sum. In [25], the case
a ¼ b ¼ 0 was analyzed, where each of the hyper-
geometric functions kβ reduces to a Legendre func-
tion. This simplification allowed for the explicit
evaluation of the sum over the double poles in (7).
The bulk kernel KB is subsequently obtained by
applying the differential operator given in (9). The
resulting expression for the bulk kernel in the case
a ¼ b ¼ 0 is [30].

For general mixed correlators with a, b ≠ 0, an
analytic evaluation of the sum in (10) is unknown.
We therefore turn to an alternative method for
computing the kernel.

(II) Differential equations: Repeating the computation
for d ¼ 4 yields a result analogous to Eqs. (9) and
(10). Imposing that the kernel in d ¼ 4 matches its
counterpart in d ¼ 2 then leads to the following two
constraints:

Dð24Þ
ðz;z̄;w;w̄ÞS

ða;bÞ
a0 ¼ 0; Dð24Þ

ðw̄;z̄;w;zÞS
ða;bÞ
a0 ¼ 0; ð11Þ

with Dð24Þ
ðz;z̄;w;w̄Þ ≡D2 −D4 and D4 defined in [31].

These constraints arise because S and Dð24Þ
ðz;z̄;w;w̄Þ have

permutation symmetry in the variables ðz; z̄; w̄Þ and
ðw; z; z̄Þ, respectively. Applying (11) to the four-
variable function Sðz; z̄; w; w̄Þ, reduces its depend-
ence two variables, namely [32]

Sða;bÞa0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
zz̄ww̄

p

y
1
2
þaþb

S̃ða;bÞa0 ðx; yÞ; ð12Þ

where the relation between the two variables, x and y
and the radial coordinates is

x≡
ρzρ̄zρwρ̄w

ð1−ρzρ̄zρwρ̄wÞ ð1 − ρ2zÞð1 − ρ̄2zÞð1 − ρ2wÞð1 − ρ̄2wÞ
ðρ̄zρ̄w − ρzρwÞðρzρ̄w − ρ̄zρwÞðρzρ̄z − ρwρ̄wÞ

;

ð13Þ

y≡ ð1 − ρzÞð1 − ρ̄zÞð1 − ρwÞð1 − ρ̄wÞ
ð1þ ρzÞð1þ ρ̄zÞð1þ ρwÞð1þ ρ̄wÞ

: ð14Þ

Note that the dispersion kernelKðz; z̄; w; w̄Þ contains
four variables. The problem of obtaining K is thus
reduced to that of obtaining the two-variable func-

tion S̃ða;bÞa0 ðx; yÞ.
We now show that S̃ða;bÞa0 ðx; yÞ satisfies a system

of coupled second-order partial differential equations
(PDEs). The kβ in (10) obeys Dρzk−2m−2a0 ðzÞ ¼ ðmþ a0Þ
ðmþ a0 þ 1Þk−2m−2a0 ðzÞ, with similar equations for the
coordinates z̄ and w̄, [31]. By taking the differences, we

obtain PDEs for Sða;bÞa0 , namely ðDρz −Dρ̄zÞSða;bÞa0 ¼ 0 and

ðDρz −Dρ̄wÞSða;bÞa0 ¼ 0. After inserting (12) in these two
PDEs, the system reduces to

½x2ð1 − xÞ∂2x − x2∂x þ y2∂2y þ y∂y − x2ð1 − y2Þ∂x∂y=2
þ ð1=4 − a2 − b2Þ�S̃ða;bÞa0 ¼ 0; ð15aÞ

½ðx2ð1 − yÞ2 þ 4xyÞ∂x∂y − 2y∂y − 4ab�S̃ða;bÞa0 ¼ 0: ð15bÞ

To obtain an explicit expression for the bulk kernel, one
must solve the PDE system. In [25], solutions were
obtained only in specific limits—namely, as x → 1 and
y → 0 or y → ∞—and not for general values of a, b, and
ðx; yÞ. In this work, we overcome this limitation and
provide a solution valid in the full kinematic range.
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Solving the PDE system. Now, we derive a novel expression
for the kernel with unequal scaling dimensions by solving
(15), which, as we will see, can be written in terms of the
Appell functions—see Supplemental Material [33]. Our
strategy begins with solving the equation in specific, simple
cases, and then inferring the general solution based on the
insights gained from these special instances—a detailed
step-by-step derivation is provided in Supplemental
Material [33]. We start by adding and subtracting Eqs. (15a)
and (15b). Afterward, we can put one of the two PDEs in its
canonical form. Then one notices that there are two special
cases, b ¼ 1=2 ∓ a, for which the PDEs are explicitly
solvable. The solutions in these two cases are
given by [34],

S̃ða;b¼
1
2
−aÞ ¼ −

1

2π 2F1ð2a; 1 − 2a; 1; ξÞ;

S̃ða;b¼
1
2
þaÞ ¼ −

1

2π 2F1ð−2a; 1þ 2a; 1; ηÞ; ð16Þ

where the ðξ; ηÞ coordinates are defined as
ξ≡ ð1þ y −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4y=xþ ð1 − yÞ2

p
Þ=2 and η≡ ð1þ y−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4y=xþ ð1 − yÞ2
p

Þ=ð2yÞ [35].
The special solutions (16) give us a hint that ðξ; ηÞ might

be a natural set of coordinates. We thus transform the PDEs
in (15) to the new variables ðξ; ηÞ, and get

Dða;bÞ
ðη;ξÞ S̃a0 ðξ; ηÞ ¼ 0; Dða;−bÞ

ðξ;ηÞ S̃a0 ðξ; ηÞ ¼ 0; ð17Þ

where the introduced differential operator reads Dða;bÞ
ðη;ξÞ≡

ηð1 − ηÞ∂2η þ ξ∂ξ∂η þ ð1 − 2ηÞ∂η þ ðða þ bÞ2 − 1=4Þ.
Remarkably, Eq. (17) are now explicitly in the form of the
Appell function PDEs—see Supplemental Material [33].
The solution to the PDEs is given in (18), in terms of the
Appel F3 function, this is

S̃ða;bÞ ¼ −
1

2π
F3ðξ; ηÞ≡ −

1

2π
F3

�
1

2
þ a − b;

1

2
− a − b;

1

2
− aþ b;

1

2
þ aþ b; 1; ξ; η

�
: ð18Þ

Using (9), the bulk kernel is obtained by action of the
differential operator D2 (written in x variables),

KBðz; z̄; w; w̄Þ ¼
μð2Þ
2π

zz̄ðw − w̄Þsx2
8y

3
2
þaþb

∂xF3ðξ; ηÞ; ð19Þ

where s≡ ffiffiffiffiffiffiffiffiffiffiffi
ww̄zz̄

p ðw−1 þ w̄−1 þ z−1 þ z̄−1 − 2Þ. Taking
the x derivative, the final expression of KB is a sum of
two F3 functions with shifted parameters.
Expression (18)—and, by extension (19)—is our main

result. The function S̃ and the bulk kernel KB of the DR,
turn out to be an Appell F3 function. The Appell functions
are the simplest two-variable generalizations of the 2F1

hypergeometric function. The remarkable simplicity of this
result is notable. This result holds for and d ≥ 2. It would
be interesting to derive the d ¼ 1 dispersion kernel for
mixed correlators [36–38].

Alternative expression for the kernel. For practical
numerical applications one would like to evaluate the
F3ðξ; ηÞ via its Taylor expansion around ξ ¼ η ¼ 0.
This series converges in the range jξj; jηj < 1. However,
in the DR (6) the variables run in the range
−∞ < ξ; η < 0, outside of the series convergence range.
In order to overcome this, we will now obtain an
alternative expression for the bulk kernel, which has a
convergent series representation in the full range
of the DR. The key is an identity that relates the
Appell F3ðξ; ηÞ function with a linear combination of
Appell F2ðη=ðηþ ξ − ξηÞ; ξ=ðηþ ξ − ξηÞÞ functions—see
Supplemental Material [33] for more details. Thus, instead
of (18), it will be useful for practical applications to use

the following result for S̃ða;bÞa [39]:

S̃ða;bÞa ¼
ðcosð2πaÞ þ cosð2πbÞÞ sin ð2πaÞΓ2aþ1Γ2b−2aΓ−2b−2aΓ1

2
þa−bΓ1

2
þaþb

4π4
�ξþη−ξη

η

�
1þ2a�η

ξ

�1
2
þaþb

× F2

�
1þ 2a;

1

2
þ a − b;

1

2
þ aþ b; 1þ 2a − 2b; 1þ 2aþ 2b;

η

ξþ η − ξη
;

ξ

ξþ η − ξη

�
: ð20Þ

The F2 function above has a Taylor series expansion—see Supplemental Material [33], that converges in the range
0 < jη=ðηþ ξ − ξηÞj þ jξ=ðηþ ξ − ξηÞj < 1. The DR has support in the range −∞ < ξ; η < 0, and the Taylor series of the
F2 converges in this range. Thus, for numerical application of the DR, one can use the expression (20).
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Special cases and numerical checks. Having obtained the
full kernel of the conformal DR, we would now like to
perform some checks. In the case b ¼ 0 and arbitrary a, the
Appell function in (18) reduces to a hypergeometric function,

S̃ða;0Þ ¼ −
xaþ1

2

2π 2F1

�
aþ 1

2
; aþ 1

2
; 1; 1 − x

�
; ð21Þ

where we used identities displayed in Supplemental Material
[33]. In the case a ¼ b ¼ 0, we get S̃ð0;0Þ ¼
−x1=2=ð2πÞ2F1ð1=2; 1=2; 1; 1 − xÞ reproducing the bulk
kernel obtained in 3.23) of [25]. Furthermore, for the family
of cases with b ¼ 1=2 − aþ n with n being a non-negative
integer, the result is given in terms of associated Legendre
functions.
Numerical checks: Recalling the conformal DR (6), we

test our expression for the bulk kernel numerically by
applying it to test correlation functions with the structure of
generalized free-field correlators, i.e.,

GGFFðz; z̄Þ ¼ ðzz̄Þr1 ½ð1 − zÞð1 − z̄Þ�r2 ¼ Ur1Vr2 ; ð22Þ

where r1;2 are parameters that we are free to choose.
Taking the t-channel double discontinuity, we obtain
dDisct½GGFF� ¼ 2Ur1Vr2 sin ðπr2Þ sin ½πða þ b þ r2Þ�,
which we plug into (6)—see Supplemental Material [33].
Using the bulk kernel arising from the Appell F2 function
of (20), we numerically perform the w and w̄ integrals. The
integrals converge provided that the values of r1 and r2 are
inside a specific finite range. For many values of the
parameters ða; b; r1; r2Þ, we compare the right-hand side
and left-hand side of (6), and obtain perfect matching in
each case. These are highly nontrivial checks, implying the
correctness of the DR.

Mellin-space dispersion relation. In this section we will
establish that our position-space DR (6) is equivalent to a
Cauchy-type DR, (1), in Mellin-space. In other words, the
two DRs are related by a (double) Mellin transform. A
similar equivalency was shown in [27] for the case of equal
scaling dimensions a ¼ b ¼ 0, and we extend this to the
mixed-correlator case.
Consider the four-point correlator in position space

GðU;VÞ ¼ GtðU;VÞ þ GuðU;VÞ. Conformal correlators

have a useful representation in Mellin-space [40–42],
in terms of the Mellin amplitude Mðt; uÞ ¼
Mtðt; uÞ þMuðt; uÞ,

GtðU;VÞ ¼
Z

dtdu
ð4πiÞ2 Γ

t;u
Δi
U

Δ−t−u
2 V

t−Δ2−Δ3
2 Mtðt; uÞ; ð23Þ

where Δ ¼ Δ1 þ Δ2 þ Δ3 þ Δ4, the product of gamma
functions Γt;u

Δi
is defined in [43], and t and u are analogs of

the Mandelstam variables. The Mellin amplitude shares
many properties with flat-space scattering amplitudes, in
particular it obeys a single-variable Cauchy-type DR
[26,27,44,45], similar to (1):

Mtðt; uÞ ¼
Z

tþϵþi∞

tþϵ−i∞

dt0

2πi
Mtðt0; u0Þ
t − t0

: ð24Þ

A similar relation holds for Muðt; uÞ, and we have that
tþ u ¼ t0 þ u0. Combining expressions (23) and (24) gives,

Gt ¼
Z

dtdudt0

4ð2πiÞ3 Γ
t;u
Δi
U

Δ−t−u
2 V

t−Δ2−Δ3
2

Mtðt0; u0Þ
t − t0

: ð25Þ

Following a procedure similar to that done in [27], we
write the t-channel Mellin amplitude as an integral over the
double-discontinuity dDisct½GðU;VÞ�,

Mtðt0; u0Þ ¼
Z

dU0dV 0U0t0þu0−Δ
2 V 0Δ2þΔ3−t

0
2

U0V 0Γt0;u0
Δi

×
dDisct½GðU0; V 0Þ�

2 sinðπðt0−Δ1−Δ3Þ
2

Þ sinðπðt0−Δ2−Δ4Þ
2

Þ
: ð26Þ

Now we insert (26) into (25), and swap the order of the
position and Mellin-space integrations. This now has the
form of a position-space DR

GtðU;VÞ ¼
Z

dU0dV 0KMellindDisct½GðU0; V 0Þ�; ð27Þ

with a kernel KMellin ≡ KMellinðU;V;U0; V 0Þ given by,

KMellinðU;V;U0; V 0Þ ¼
Z

dtdudt0

U0V 0ð2πiÞ3
U

Δ−t−u
2 V

t−Δ2−Δ3
2

U0Δ−t0−u0
2 V 0t0−Δ2−Δ3

2

1

t − t0
Γt;u
Δi
=Γt0;u0

Δi

8 sin
�
πðt0−Δ1−Δ3Þ

2

�
sin

�
πðt0−Δ2−Δ4Þ

2

� : ð28Þ

Now, we compute (28) using the residue theorem. First
we close the integration contour over t0 to the left and then
we close the integration contour of t and u to the right. This
leaves us with four towers of poles,

KMellin ¼ Hða;bÞ
a þHða;bÞ

−a þHðb;aÞ
b þHðb;aÞ

−b ; ð29Þ
where each tower of poles is given by [46]. We numerically
compute the right-hand side of (29), and find perfect
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matching with our position-space bulk kernel given in (19).
In Supplemental Material [33] we contextualize this result
with the one derived in the collinear limit in [45].

Discussion. In this work, we derived a conformal DR for
mixed correlators. This new entry in the successful con-
formal bootstrap program enables the application of dis-
persive techniques to a broader class of CFTobservables. It
thus offers a flexible analytic tool with potential impact
across CFT and AdS/CFT contexts.
Among the possible immediate applications, one could

construct dispersive sum rules using either the position-
space or Mellin-space representation of the conformal DR,
and apply them to bootstrap the conformal data of mixed
correlators in specific theories, such asN ¼ 4 super Yang–
Mills or the 3d Ising model. In theN ¼ 4 case, a numerical
analysis using dispersive functionals was done in [47,48],
obtaining two-sided bounds on the OPE coefficients of the
Konishi operator as well as on the correlator itself. It would
be intriguing to push this program forward and study
bounds on other observables and models.
It should also be possible to derive the mixed-correlator

conformal DR via a contour deformation argument, and to
formulate DRs with subtractions [49]. Such a contour
deformation proof could facilitate to generalize the DR

to higher-point correlation functions. The four-point (and
putative higher-point) conformal DRs can be viewed as
novel mathematical theorems in complex analysis of multi-
variable functions. Taking a flat-space limit of the corre-
lator DRs could result in new derivations of S-matrix DRs,
which themselves play a significant role in the S-matrix
bootstrap program. It would be interesting to derive the full
conformal DR in the special case of one-dimensional CFTs,
as well as for two-point functions in defect or boundary
CFTs. Finally, a connection to thermal correlator DRs
could follow by taking the heavy-heavy-light-light limit of
our conformal DR. We leave these applications for
future work.
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