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Conformal dispersion relation for mixed correlators
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Dispersion relations are nonperturbative formulas that relate the ultraviolet and infrared behavior of an

observable with wide-ranging applications applications in linear response theory, quantum field theory

scattering amplitudes, and conformal correlators. We derive a position-space dispersion relation for scalar

four-point mixed correlation functions in an arbitrary conformal field theory. This formula expresses the

correlator in terms of its integrated double-discontinuity times a kinematic kernel. The kernel is analytically

computed, and expressed in a remarkably simple form as a two-variable Appell function. The dispersion
kernel is found by solving a coupled partial differential equation that the kernel obeys. Numerical checks of
the dispersion relation are successfully performed for generalized free field correlators. Finally, we show

that our position-space dispersion relation is equivalent to a Cauchy-type dispersion relation of the Mellin

amplitude of the correlator.

DOI: 10.1103/s5sx-9yjz

Introduction. Dispersion relations (DRs) are mathematical
tools that reconstruct complex functions from their dis-
continuities. Their first major application in physics was by
Kramers and Kronig, who related the real and imaginary
parts of the refractive index as a function of frequency [1,2].
There, the imaginary part—which reflects how the material
absorbs energy—is enough to determine the full response.
This reconstruction relies on causality, which ensures
analyticity in the upper half of the complex frequency
plane—a key requirement for the validity of DRs. In
particular, a Cauchy-type DR expresses the function
M(s) in terms of its discontinuity across the branch cut.

M(s) = [mds’w. (1)

2xi s =

An important application of DRs arose in the 1950s with
the S-matrix bootstrap program, which aimed to determine
the spectrum and interactions of strongly coupled hadrons
from first principles like analyticity and high-energy
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behavior—see, e.g., [3-7]. Recently, the S-matrix
bootstrap has been revived through modern analytic and
numerical methods [8—10], as well as insights from the
anti-de Sitter/conformal field theory (AdS/CFT) corre-
spondence [11-13].

In the context of CFT—which describes physical sys-
tems at criticality and finds applications ranging from
condensed matter physics to string theory—the bootstrap
approach has achieved remarkable success [14—18]. The
primary observables in a CFT are correlation functions of
local operators, (O ---O,), where each operator O;(x;)
carries a scaling dimension A;. A central goal of the
conformal bootstrap is to determine these correlators—
or, equivalently—to extract the spectrum of anomalous
dimensions (critical exponents) and operator product
expansion (OPE) coefficients. A key advantage of this
approach is its nonperturbative nature, which allows access
to precise results even at strong coupling.

In the numerical conformal bootstrap, bounds on con-
formal data from four-point functions of identical operators
become much tighter when including mixed correlators of
nonidentical operators. This often produces small allowed
“islands” [19-21], enabling precise determination of criti-
cal exponents, as in the 3D Ising model.

Dispersive techniques entered the conformal bootstrap
in [22], which introduced the double-discontinuity and the
Lorentzian inversion formula (LIF)—see also [23,24]. A
position-space DR for four-point functions with equal
dimensions was later derived in [25], while Mellin-space
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versions appeared in [26]. Their equivalence was estab-
lished in [27]. These developments highlight the power of
DRs in extracting nonperturbative conformal data from
analyticity and symmetry alone, making them a compelling
and elegant tool in the ongoing effort to solve CFTs with a
nonperturbative approach.

In this work, we derive a position-space conformal DR
for scalar four-point mixed correlators, generalizing [25] to
unequal scaling dimensions. We also show that our formula
is equivalent to a Cauchy-type DR for conformal correla-
tors in Mellin space. Finally, we perform successful checks
of the formula, and discuss potential applications of the
conformal DR for bounding conformal data via the mixed-
correlator dispersive conformal bootstrap.

Lorentz inversion formula. Consider a CFT in d >?2
space time dimensions, and the four-point correlation
functions of operators ;. The latter can be written in
terms of two cross ratios z, z defined through the
relations U = zZ = x3,x3,/(x33x3,), V= (1-2)(1-2) =
x33x1,/(x13x3,), with x;; = x; —x;. Then the four-point
function is

2 Ix2 )4 (x2, /x2,)P
(Xlz/fizlzi)Az(xr/:ilfAz G(z,2), (2)
(x) 77 (x3)7 7

where a = (A, — A)/2and b = (A3 — A,)/2, and G(z, 7)
is a function that depends on the particular dynamics
of the CFT. We will frequently use radial coordinates
[28], defined as p,=(1-V1-2)/(1+V1—-2), p,=
(I1-v1I-2)/(1+v1-2).

The OPE implies a principle series expansion of G(z, 7)
in terms of conformal partial waves F; 4,

(010,0,0,) =

where F; , are a shadow symmetric combination of the
conformal blocks G; 5. The coefficients of the expansion,
¢ a, are called OPE functions. The location of poles of ¢; 5
in the complex plane gives the spectrum of scaling
dimensions of the theory.

The LIF introduced in [22] inverts the conformal block
expansion (3), by extracting the OPE function c¢; 5 from the
double discontinuity of G(z,7)

~—

cha= :/0 dwdw,uGJmAV)(w w)dDisc,[G(w, )], (4

where c; 5 = ¢}, + (=1)’c},. The “inverted block” is

defined from the conformal block as GgmAV) (w,v‘v)z

Gaticaura (w. W), while p=pu(G" (w.w) = |(w =)/

(W) |21 = w) (1 =W)]**?/(wiw)?  and Kk =Kp5 =

Fﬁ/z_aFﬂ/2+arﬂ/2_br‘ﬁ/2+b/(ZEZFﬁ_lr‘ﬁ) [29] The double
discontinuity around z = 1 is,

dDisc,[G(z,7)] = cos|n(a + b)]G(z,7)

1. 1 .
- 56‘”(“”)9&, °) - Ee“”(‘”b)g(z, 20).

Conformal dispersion relation. We aim to derive a con-
formal DR that expresses the four-point correlator G(z, 7) as
an integral over its (double) discontinuities, in the spirit of
(1). A method to derive such a DR was devised in [25]. It
consists of combining the LIF (4), inside the OPE expan-
sion (3). Replacing the order of integrations gives the
conformal DR,

G(e7) = / dwdwK (z. 2, w. w)dDisc[G(w.w)] | (6)

and G(z,Z) =G'(z,Z2) + G“(z,zZ). The kernel K=

K@b) (7,7, w,w) reads

K —
Sm

/ d8Ks oy (2. )G (0 ). (7)
The conformal DR (6) is a remarkable nonperturbative
formula that bootstraps the correlator G(z, z). However in
order to apply it efficiently, the kernel K in (7) needs to be
computed analytically. We can show numerically that K is
independent of the space-time dimension d, just as the
Cauchy-type DR (1) is. This intriguing fact arises because
the DR should hold for any function G(z,7) with analytic
properties as the four-point correlator, and these analytic
properties do not depend on d. Furthermore, the kernel can
be written as a sum of two terms, i.e.,

K(Za Za Wa V_V) - KB(Za Za W? "_V)e(pzﬁz,bw - pW)
~ _.dp _
+Kc(Z, Z,w, W>d—wy}v5(/)w _pzpzpw)’ (8)

where ¢ is the Dirac delta function, and the unit step
function @ implies that the integration region in the DR (6)
has support only for p,, < p.p.p,,.

The contact term K. was computed [25] for general
external scaling dimensions A;, i.e., for any a and b while
the bulk term Kz was computed explicitly only for
a=>b=0, see [30]. In the present work we close this
gap, and compute Kz for any a and b, i.e., for general
mixed correlation functions.

Computing the kernel. We present two complementary
methods to compute the bulk kernel Kz in (8).
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(I Series representation [25]: Since the kernel is inde-
pendent of the dimension, we set d =2 in (7), in
which we have explicit expressions for the con-
formal blocks: Gja(z,2) = [ka_y(2)ka s (2)+
(z < 2)|/(1+8;0) where ky(z) = 2%, F, (/2 +
a,B/2+b,p,z). Now we perform the A integral
in (7) using the residue theorem. There are four
towers of poles coming from the « factor, and the J
sum can be performed. The contribution of the four
towers of poles (see [25]) is,

|

S(a’h) N - sin(2ﬂa’) F%+2a/+2mk—2m—2a’(Z)k—2m—2u/ (Z)k2m+2a’+2(w)k—2m—2a'("_V)

b) +K(_aéb) _’_K(bb‘a) +K(_bb,a)

Kp(z.2w, ) =K
=uDy (S +54D + 510+ 54)

= ”DZS’ (9)

where the differential operator D, is [31], and
we have,

a 2mm!

The sum over m in (10) arises from the sum over the
residues of poles in the right-hand side of (7).
Expression (10) gives a representation of the bulk
kernel in terms of an infinite sum of a product of four
hypergeometric functions. Our goal is to obtain an
analytic expression for this sum. In [25], the case
a = b = 0 was analyzed, where each of the hyper-
geometric functions kg reduces to a Legendre func-
tion. This simplification allowed for the explicit
evaluation of the sum over the double poles in (7).
The bulk kernel K is subsequently obtained by
applying the differential operator given in (9). The
resulting expression for the bulk kernel in the case
a=>b=0is [30].

For general mixed correlators with a, b # 0, an
analytic evaluation of the sum in (10) is unknown.
We therefore turn to an alternative method for
computing the kernel.

(IT) Differential equations: Repeating the computation
for d = 4 yields a result analogous to Egs. (9) and
(10). Imposing that the kernel in d = 4 matches its
counterpart in d = 2 then leads to the following two
constraints:

with D2 =D, - D, and D, defined in [31].
These constraints arise because S and Dg,?,w.w) have

permutation symmetry in the variables (z,Z, w) and
(w,z,7), respectively. Applying (11) to the four-
variable function S(z,z,w,w), reduces its depend-
ence two variables, namely [32]

S(a.b) AV ZZWW L(ab)

/ S (x,y),

a o y%+a+b a (12)

=0 CiiodimD 1 —pimD11a+b1m sin[z(a = b)) sin[z(a + b)]

. (10)

where the relation between the two variables, x and y
and the radial coordinates is

FEEEL (1= p)(1 = ) (1= pR) (1 = 72)

(ﬁzﬁw _pzpw)(pzﬁw _ﬁzpw)(pzpz - pwﬁw) 7

(13)

X

(1=p)1=p)(1=p,)(1-py)
(T+p)(A+p)(1+p,)(1+py)

y (14)

Note that the dispersion kernel K(z, Z, w, ) contains
four variables. The problem of obtaining K is thus
reduced to that of obtaining the two-variable func-
tion S‘Sf’h)(x, y).

We now show that S’gf’b) (x,y) satisfies a system
of coupled second-order partial differential equations
(PDEs). The k4 in (10) obeys D, k_s,_rx(z) = (m +a’)
(m+da + 1)k_y,_»4(z), with similar equations for the
coordinates 7 and w, [31]. By taking the differences, we
obtain PDEs for ng’b), namely (D, — D/—,Z)S((;'b) =0 and
(D, — D;,)S%" = 0. After inserting (12) in these two
PDEs, the system reduces to

[x?(1 = x)0% — x?0, + y*0% + yo, — x*(1 — y*)0,0,/2
+(1/4 —a® = b?)|34? — o, (15a)

[(x2(1 = y)2 + 4xy)0,0, — 2y0, — 4ab]3“") = 0.  (15b)
To obtain an explicit expression for the bulk kernel, one
must solve the PDE system. In [25], solutions were
obtained only in specific limits—namely, as x — 1 and
y — 0 or y - co—and not for general values of a, b, and
(x,y). In this work, we overcome this limitation and
provide a solution valid in the full kinematic range.

L101701-3
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Solving the PDE system. Now, we derive a novel expression
for the kernel with unequal scaling dimensions by solving
(15), which, as we will see, can be written in terms of the
Appell functions—see Supplemental Material [33]. Our
strategy begins with solving the equation in specific, simple
cases, and then inferring the general solution based on the
insights gained from these special instances—a detailed
step-by-step derivation is provided in Supplemental
Material [33]. We start by adding and subtracting Egs. (15a)
and (15b). Afterward, we can put one of the two PDEs in its
canonical form. Then one notices that there are two special
cases, b = 1/2 F a, for which the PDEs are explicitly
solvable. The solutions in these two cases are
given by [34],

- 1
Slab=y-a) — _ﬂzFl(M’ 1 —2a,1;¢&),

b 1
Slab=rta) — —EZFI(—Za, 1+42a,1;n), (16)

where the (&,7) coordinates are defined as

E=(14+y—4y/x+(1-y)*)/2 and n=(1+y-
Vay/x+(1=y)%)/(2y) [35].

The special solutions (16) give us a hint that (£, #) might
be a natural set of coordinates. We thus transform the PDEs

in (15) to the new variables (&,7), and get
a,b pe u.—h ~
DE”"}:))S“/(& n) =0, DEé‘ln) )Sa,(g, n) =0, (17)

where the introduced differential operator reads DEZ:Q

n(l = n)d2 + &z0, + (1 — 2n)9, + ((a + b)*> — 1/4).
Remarkably, Eq. (17) are now explicitly in the form of the
Appell function PDEs—see Supplemental Material [33].
The solution to the PDEs is given in (18), in terms of the
Appel F5 function, this is

2 2

1 1 1 1 1 1
(aVb):__F =__ F.|= S R - 1: ) 1
N o 3(Em) 3< +a b,2 a b,2 a+b,2+a+b, ,é,n> (18)

Using (9), the bulk kernel is obtained by action of the
differential operator D, (written in x variables),

K 2Z(w = W)sx?

Kp(z,Z,w,w) = 2t gyitath

axF3(§’7l>’ (19)

where s = /wwzz(w ! +w™ ! +z7! + 771 = 2). Taking
the x derivative, the final expression of Kz is a sum of
two F3 functions with shifted parameters.

Expression (18)—and, by extension (19)—is our main
result. The function S and the bulk kernel K g of the DR,
turn out to be an Appell F; function. The Appell functions
are the simplest two-variable generalizations of the ,F|
hypergeometric function. The remarkable simplicity of this
result is notable. This result holds for and d > 2. It would
be interesting to derive the d = 1 dispersion kernel for
mixed correlators [36-38].
|

I

Alternative expression for the kernel. For practical
numerical applications one would like to evaluate the
F5(&,n) via its Taylor expansion around &=#5=0.
This series converges in the range ||, || < 1. However,
in the DR (6) the wvariables run in the range
—o0 < &, < 0, outside of the series convergence range.
In order to overcome this, we will now obtain an
alternative expression for the bulk kernel, which has a
convergent series representation in the full range
of the DR. The key is an identity that relates the
Appell F;3(&,n) function with a linear combination of
Appell Fy(n/(n+ &= &n).&/(n + & — &n)) functions—see
Supplemental Material [33] for more details. Thus, instead
of (18), it will be useful for practical applications to use

the following result for S* [39]:

lad) _ (cos(27a) + cos(27b)) sin <2ﬂa)r2a+1F2b—2aF—Zb—Zar%-&-a—br‘%-&-a-&-b

a =

n

1 1
xF2(1+2a;——|—a—b,§+a+b;l—|—2a—2b,1+2a—|—2b;

2

4”4 (erVI_fﬂ) 14+2a (g) %+u+h

n ¢
. 2
é‘+n—§n’§+n—&1) (20

The F, function above has a Taylor series expansion—see Supplemental Material [33], that converges in the range
0<|n/(in+&—¢En)|+1|E/(n+ &—En)| < 1. The DR has support in the range —oco < &, 7 < 0, and the Taylor series of the
F, converges in this range. Thus, for numerical application of the DR, one can use the expression (20).
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Special cases and numerical checks. Having obtained the
full kernel of the conformal DR, we would now like to
perform some checks. In the case » = 0 and arbitrary a, the
Appell function in (18) reduces to a hypergeometric function,

—x), (1)

where we used identities displayed in Supplemental Material
[33. In the case a=b=0, we get 5(00)
—x'2/(27),F,(1/2,1/2;1;1 — x) reproducing the bulk
kernel obtained in 3.23) of [25]. Furthermore, for the family
of cases with b = 1/2 — a + n with n being a non-negative
integer, the result is given in terms of associated Legendre
functions.

Numerical checks: Recalling the conformal DR (6), we
test our expression for the bulk kernel numerically by
applying it to test correlation functions with the structure of
generalized free-field correlators, i.e.,

~ a+} 1 1
§(a0) — 2F1<a—|——,a—|——;1;1

2m 2 2

Jorr(2,2) = (22)"[(1 = 2)(1 = 7)]> = U™V, (22)
where r;, are parameters that we are free to choose.
Taking the #-channel double discontinuity, we obtain
dDisc,[Ggrr] = 2U"'V" sin (nry) sin [z(a + b + ry)],
which we plug into (6)—see Supplemental Material [33].
Using the bulk kernel arising from the Appell F, function
of (20), we numerically perform the w and w integrals. The
integrals converge provided that the values of r| and r, are
inside a specific finite range. For many values of the
parameters (a, b, ry, r,), we compare the right-hand side
and left-hand side of (6), and obtain perfect matching in
each case. These are highly nontrivial checks, implying the
correctness of the DR.

Mellin-space dispersion relation. In this section we will
establish that our position-space DR (6) is equivalent to a
Cauchy-type DR, (1), in Mellin-space. In other words, the
two DRs are related by a (double) Mellin transform. A
similar equivalency was shown in [27] for the case of equal
scaling dimensions a = b = 0, and we extend this to the
mixed-correlator case.

Consider the four-point correlator in position space
G(U,v)=G"(U,V)+G"(U,V). Conformal correlators
|

A-t—u =80 —A3

have a useful representation in Mellin-space [40—42],

in terms of the Mellin amplitude M(t,u)=
M'(t,u) + M"(t,u),
dtdu A-tmu A2-A3
U, V)= | —=TRU =V M(tu), (23
g(w.v)= [ GenTs o). (23)

where A = A; + A, + A3 4+ A4, the product of gamma
functions FtA": is defined in [43], and t and u are analogs of
the Mandelstam variables. The Mellin amplitude shares
many properties with flat-space scattering amplitudes, in

particular it obeys a single-variable Cauchy-type DR
[26,27,44,45], similar to (1):

t+etico dt/ M’(t/,u')
Mf(t,u>=/ e
t+e—ioco 2 t—t

(24)

A similar relation holds for M*(t,u), and we have that
t+u = t' + v’. Combining expressions (23) and (24) gives,

, Lt 14!
o /dtdudt gy M) o

4(27i)3 " A t—t

Following a procedure similar to that done in [27], we
write the 7-channel Mellin amplitude as an integral over the
double-discontinuity dDisc,[G(U, V)],

Ay+az—t

AUV Uy
Mt(tl,u/) - / , /2 ‘o §
UV

dDisc,[G(U", V")]
(”(t/_Az]_A3)) (ﬂ(t'—Azz—A4)) ’

(26)

2 sin sin

Now we insert (26) into (25), and swap the order of the
position and Mellin-space integrations. This now has the
form of a position-space DR

G(U.V) = [ 404V Ky dDisc (U V). (27

with a kernel Kyiepin = Kyienin (U, V, U', V') given by,

Kyenin (U, V, U V') = /

Now, we compute (28) using the residue theorem. First
we close the integration contour over t’ to the left and then
we close the integration contour of t and u to the right. This
leaves us with four towers of poles,

ddud!  USFVET g /ry” o8)
UV (2] ity 55 = g i (=) ) i (=)
Kyin = H? + B + 1P + 1Y (29)

where each tower of poles is given by [46]. We numerically
compute the right-hand side of (29), and find perfect
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matching with our position-space bulk kernel given in (19).
In Supplemental Material [33] we contextualize this result
with the one derived in the collinear limit in [45].

Discussion. In this work, we derived a conformal DR for
mixed correlators. This new entry in the successful con-
formal bootstrap program enables the application of dis-
persive techniques to a broader class of CFT observables. It
thus offers a flexible analytic tool with potential impact
across CFT and AdS/CFT contexts.

Among the possible immediate applications, one could
construct dispersive sum rules using either the position-
space or Mellin-space representation of the conformal DR,
and apply them to bootstrap the conformal data of mixed
correlators in specific theories, such as A = 4 super Yang—
Mills or the 3d Ising model. In the NV = 4 case, a numerical
analysis using dispersive functionals was done in [47,48],
obtaining two-sided bounds on the OPE coefficients of the
Konishi operator as well as on the correlator itself. It would
be intriguing to push this program forward and study
bounds on other observables and models.

It should also be possible to derive the mixed-correlator
conformal DR via a contour deformation argument, and to
formulate DRs with subtractions [49]. Such a contour
deformation proof could facilitate to generalize the DR

to higher-point correlation functions. The four-point (and
putative higher-point) conformal DRs can be viewed as
novel mathematical theorems in complex analysis of multi-
variable functions. Taking a flat-space limit of the corre-
lator DRs could result in new derivations of S-matrix DRs,
which themselves play a significant role in the S-matrix
bootstrap program. It would be interesting to derive the full
conformal DR in the special case of one-dimensional CFTs,
as well as for two-point functions in defect or boundary
CFTs. Finally, a connection to thermal correlator DRs
could follow by taking the heavy-heavy-light-light limit of
our conformal DR. We leave these applications for
future work.
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