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We present an interesting study of Feynman integral reduction that does not employ integration-by-parts
identities. Our approach proceeds by studying the equivalence relations of integral contours in the Feynman
parametrization. We find that the integration contour can take a more general form than that given by the
Cheng-Wu theorem. We apply this idea to one-loop integrals and derive universal reduction formulas that
can be used to efficiently reduce any one-loop integral. We expect that this approach can be useful in the
reduction of multiloop integrals as well.
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I. INTRODUCTION

Scattering amplitudes and Feynman integrals are core
components of perturbative quantum field theories.
Developing efficient computational methods is crucial for
advancing cutting-edge phenomenological applications. To
compute multiloop scattering amplitudes, it is often neces-
sary to handle a large number of complicated Feynman
integrals. By exploiting the linear relations among these
integrals, they can be expressed as linear combinations of a
finite set of master integrals (MIs). This process is known as
integral reduction, which significantly reduces the computa-
tional complexity. Integral reduction is also a key step in the
method of differential equations [1–4] for evaluating
the MIs.
Currently, the standard method for integral reduction is

the Laporta algorithm [5] for solving the integration-by-
parts (IBP) identities [6,7] of Feynman integrals. Many
program packages implementing this algorithm are avail-
able, including FIRE [8], LITERED [9], REDUZE [10] and
KIRA [11]. Traditionally, the IBP method has been devel-
oped mainly in the momentum representation. It can be
formulated in other representations as well, such as in the
Baikov representation [12–15] or in the Feynman para-
metrization [12,16–20]. For complicated multiloop inte-
grals, the system of IBP equations can become very large,
and it is rather time-consuming or even impractical to solve

them. Recently, it has been proposed to generate a smaller
set of IBP relations by using the algebraic-geometry-based
method in NEATIBP [21], or by searching for a block-
triangular system in BLADE [22]. In addition to the IBP
method, there exist other reduction techniques as well—
e.g., the Passarino-Veltman (PV) tensor reduction [23] and
its improvements using auxiliary vectors [24–30], the
Ossola-Papadopoulos-Pittau (OPP) method [31–33],
the unitarity cut method [34–44], generating functions
[45–48], et al. We will not go into the details of these
methods.
An alternative way to formulate the IBP relations is the

so-called intersection theory [49–60], where a Feynman
integral is regarded as a pairing between a differential form
and an integration contour. The IBP relations are formu-
lated as the equivalence relations among differential forms,
which live in a so-called twisted cohomology group. The
integral reduction can then be performed by calculating the
intersection numbers between a pair of differential forms.
Such an approach has been extensively developed in the
Baikov representation [61,62] of Feynman integrals, and
recently has been developed for the Feynman parametriza-
tion as well [63].
Within the framework of intersection theory, the equiv-

alence relations can also be established among integration
contours. The equivalence classes of contours form a
twisted homology group. In principle, these equivalence
relations can also be employed for integral reduction, but
this approach has not been developed so far.
In this work, we initiate a study that exploits the

equivalence of integration contours for integral reduction,
based on the Feynman parametrization. One outcome of
our study is an improvement of the Cheng-Wu theorem
[64–66], such that the delta function in the Feynman
parametrization can be modified to a more general form.
This essentially corresponds to modifying the integration

*Contact author: zwenwang@zju.edu.cn
†Contact author: yanglilin@zju.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 116005 (2026)

2470-0010=2026=113(11)=116005(19) 116005-1 Published by the American Physical Society

https://orcid.org/0009-0004-2769-0301
https://orcid.org/0000-0001-7707-8138
https://ror.org/00a2xv884
https://crossmark.crossref.org/dialog/?doi=10.1103/s5j9-21gz&domain=pdf&date_stamp=2026-06-02
https://doi.org/10.1103/s5j9-21gz
https://doi.org/10.1103/s5j9-21gz
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


contour.1 We apply this to one-loop integrals and find that,
by splitting the contour and further transforming each part
of the contour, we can identify each part with a Feynman
integral that is simpler than the original one. As a result, we
can construct recursive reduction formulas purely by
dealing with integration contours, without solving IBP
relations. This approach does not generate any redundant
information hidden in the IBP relations, and is therefore
highly efficient.
The paper is organized as follows: In Sec. II, we

introduce the equivalence relations of integral contours
in Feynman parametrization and use several simple exam-
ples to demonstrate our reduction method. In Sec. III, we
present our general method for one-loop integral reduction,
and we provide recursive formulas that can be easily
implemented in computer algebra. In Sec. IV, we demon-
strate our method through several examples, including a
preliminary extension to higher loops. In Sec. V, we
provide a summary and discuss the new challenges that
may arise in future applications.

II. DOMAIN OF INTEGRATION AND REDUCTION
OF FEYNMAN INTEGRALS

A. Feynman parametrization and equivalence classes of
integration domains

An L-loop Feynman integral is defined by

IðνnÞ ¼ eϵγEL
Z

ddk1
iπd=2

� � � d
dkL

iπd=2
1

Dν1
1 � � �Dνn

n
; ð2:1Þ

where νn ≡ fν1;…; νng, and Di are propagator denomi-
nators or irreducible scalar products. One can convert the
above momentum representation into integrals over
Feynman parameters. There are many variants of the
Feynman parametrization, and one of them was introduced
in Ref. [16]. It takes the form (assuming all νj > 0)

IðνnÞ ¼ CðνnÞ
Z

∞

0

 Yn
j¼0

α
νj−1
j dαj

!
ðα0U þ F Þλ0δ

×

 
1 −

X
j∈S

αj

!
; ð2:2Þ

where S is a nonempty subset of f0; 1; 2;…; ng,
λ0 ≡ −d=2, ν0 ≡ −ν − ðLþ 1Þλ0, ν≡Pn

j¼1 νj, and the
prefactor is given by

CðνnÞ≡ ð−1ÞνeϵγEL Γð−λ0ÞQ
n
i¼0 ΓðνiÞ

: ð2:3Þ

U and F are the so-called Symanzik polynomials. We
denote

α1D1 þ � � � þ αnDn

≡XL
i;j¼1

Mijki · kj − 2
XL
i¼1

ki ·Qi − J þ i0; ð2:4Þ

where Qi are combinations of external momenta. The two
Symanzik polynomials can then be written as

U ¼ detðMÞ; F ¼ detðMÞ
"XL
i;j¼1

M−1
ij Qi ·Qj − J − i0

#
:

ð2:5Þ

From the above expressions, it is clear that U and F are
homogeneous polynomials of degree L and Lþ 1 in the
variables fα1;…; αng, respectively.
Note that the representation (2.2) can be applied to the

cases where some νj ≤ 0 as well. For that, we can introduce
a regularization αρj into the integration measure. After
performing the reduction, one takes the limit ρ → 0 in
the end. In the following, we will assume that such
regulators are implicitly applied when necessary.
The fact that one can freely choose a subset of Feynman

parameters appearing in the δ function in Eq. (2.2) follows
from the so-called Cheng-Wu theorem [65]. We now note
that Eq. (2.2) can actually be recast into a more general
form:

IðνnÞ¼CðνnÞ
Z

∞

0

 Yn
j¼0

α
νj−1
j dαj

!
ðα0UþF Þλ0XδðX−YÞ;

ð2:6Þ

where X and Y are homogeneous functions of degree
0 and 1 in the variables αi, respectively. The integration
domain is the hypersurface defined by the equation
X − Y ¼ 0 within the region Rnþ1

þ (where all αj ≥ 0).
The hypersurface should satisfy the condition that each ray
going from the origin toRnþ1

þ should have one and only one
intersection point with the surface. For that purpose, X=Y
should be positive-definite within Rnþ1

þ . To reconcile the
sign convention with Eq. (2.2), we require that X and Y
both be positive-definite within Rnþ1

þ . In practice, this
usually requires that we work in a particular region of
the kinematic variables. On the other hand, the reduction
coefficients are rational functions and are correct in other
kinematic regions as well. Therefore, the positivity con-
straint can be relaxed in the end.

1Note that the deformation of the integration contour in the
Feynman parametrization is a common practice in the method of
sector decomposition to avoid singularities in numerical integra-
tion [67]. It is also demonstrated in Ref. [68] that generalized cuts
can be implemented in the Feynman parametrization by appro-
priate choices of integral domains. These manipulations, how-
ever, have no connection with integral reduction.
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It is easy to see that the original representation (2.2)
corresponds to the specific choice X ¼ 1 and Y ¼P

j∈S αj. Note that by choosing X ¼ 1 and Y ¼ α0, we
can integrate out α0 to arrive at the so-called Lee-
Pomeransky (LP) representation [69]:

IðνnÞ ¼ CðνnÞ
Z

∞

0

 Yn
j¼1

α
νj−1
j dαj

!
ðU þ F Þλ0 : ð2:7Þ

With these standard choices, the singularity structure of the
integral within the parameter space can be analyzed using
the Newton polytope associated with the polynomial
α0U þ F . See, e.g., Refs. [70,71]. However, when X
and Y are rational functions, the Newton polytope analysis
needs to be modified to take them into account. We will not
perform such analyses here, but simply note that it is
always possible to find some regions of λ0 where the
integral converges.
It is straightforward to show that Eq. (2.6), with an

arbitrary choice of X and Y (satisfying the conditions
thereof), is equivalent to Eq. (2.2). Starting from Eq. (2.6),
we insert the identity

1 ¼
Z

∞

0

δ

 
η −

X
j∈S

αj

!
dη ð2:8Þ

and then perform the rescaling αi → ηαi. Using the
homogeneity of the integrand, as well as the functions
X and Y, Eq. (2.6) becomes

IðνnÞ ¼ CðνnÞ
Z

∞

0

 Yn
j¼0

α
νj−1
j dαj

!
ðα0U þ F Þλ0

× δ

 
1 −

X
j∈S

αj

!Z
∞

0

dηXδðηX − YÞ: ð2:9Þ

The positivity of X and Y ensures that the integration over
η equals unity. Therefore, Eq. (2.9) is precisely Eq. (2.2).
Equation (2.6), with the freedom of choosing suitable X

and Y functions, will be our starting point to derive the
reduction formulas. Note that we do not need IBP relations
in the above derivation. On the other hand, our method is
secretly equivalent to IBP reduction. In fact, the independ-
ence of Eq. (2.6) on X and Y can be associated with
Stokes’s theorem, as we will demonstrate in the following.
We will follow an approach similar to that in Sec. 2.5.3

of Ref. [72]. The δ function in Eq. (2.6) effectively restricts
the integration onto the n-dimensional hypersurface Sn
embedded in Rnþ1

þ , determined by X − Y ¼ 0:

Sn ≡ fðα0;…; αnÞ∈Rnþ1
þ jX − Y ¼ 0g: ð2:10Þ

Let us define an integrand function

f ≡ CðνnÞ
 Yn

j¼0

α
νj−1
j

!
ðα0U þ F Þλ0 ð2:11Þ

and an integration measure

ω≡Xn
j¼0

ð−1Þjαj dα0 ∧ … ∧ cdαj ∧ … ∧ dαn; ð2:12Þ

where the hat indicates that the corresponding factor is
omitted. When restricted to the surface Sn, the value ω can
be parametrized by n out of nþ 1 variables. Picking one of
the variables (say, without loss of generality, α0) appearing
in X − Y, we can express the integration measure ω
on Sn as

ωjSn ¼ −
���� ∂ðX − YÞ

∂α0

����−1
Sn

�Xn
j¼0

αj
∂ðX − YÞ

∂αj

�
Sn

× dα1 ∧ … ∧ dαn; ð2:13Þ

where the subscript Sn indicates that α0 is replaced by a
solution of X − Y ¼ 0. This expression is obtained by
pulling back the integration measure on the hypersurface to
the n-dimensional parameter space of a local coordinate
chart. Note that the absolute value is necessary to enforce a
consistent orientation convention. If the hypersurface
cannot be covered by a single coordinate chart, the formula
is understood with an implicit summation over the relevant
local patches. Next, we use the fact that X and Y are
homogeneous functions of degree 0 and 1, respectively. By
Euler’s homogeneous function theorem, we haveP

i αi∂αiX ¼ 0 and
P

i αi∂αiY ¼ Y, which imply

"Xn
j¼0

αj
∂ðX − YÞ

∂αj

#
Sn

¼ −YjSn ¼ −X jSn : ð2:14Þ

Combining the above information, we arrive at

ωjSn ¼
���� ∂ðX − YÞ

∂α0

����−1
Sn

X jSn dα1 ∧ … ∧ dαn

¼ XδðX − YÞdα0 ∧ dα1 ∧ … ∧ dαn: ð2:15Þ

Note that when solving for α0 from the δ function, one may
obtain several solutions, which correspond to the different
local patches on the hypersurface, as mentioned earlier.
From the above expression, we see that the integral in
Eq. (2.6) can be written as

IðνnÞ ¼
Z
Sn

fω: ð2:16Þ

Suppose that Sn and S0n are two n-dimensional-oriented
hypersurfaces defined by X − Y ¼ 0 and X 0 − Y0 ¼ 0,
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respectively. See Fig. 1 for a simple illustration with n ¼ 1.
We need to show that the integrals on Sn and S0n are the
same. For that, we will employ Stokes’s theorem. Let Δnþ1

be the region enclosed by Sn, S0n, the coordinate hyper-
planes defined by αj ¼ 0 (j ¼ 0; 1;…; n), and possibly the
hyperplanes at infinity. Note that f is a homogeneous
function of degree ð−n − 1Þ in the variables fαjg. This can
be used to demonstrate that the n-form fω is closed—i.e.,
dðfωÞ ¼ df ∧ ωþ fdω ¼ 0:

df ∧ ω ¼
 Xn

j¼0

∂f
∂αj

dαj

!

∧
 Xn

j¼0

ð−1Þjαjdα0 ∧ … ∧ cdαj ∧ … ∧ dαn

!

¼ −ðnþ 1Þfdα0 ∧ dα1 ∧ … ∧ dαn

¼ −fdω: ð2:17Þ

Therefore, the integration of dðfωÞ in any region Δnþ1 in
Rnþ1 is zero. By Stokes’s theorem, this means thatZ Z

Δnþ1

dðfωÞ ¼
I
∂Δnþ1

fω ¼ 0: ð2:18Þ

When restricted on the coordinate hyperplanes as part of
∂Δnþ1, ω always vanishes due to the factor of αj in its
definition (2.12). The boundary hyperplanes at infinity
correspond to infinitesimally small solid angles. Therefore,
if the integrand has no singularities on these boundaries, its
integral yields a vanishing contribution. If, on the other
hand, the integrand exhibits singularities on the boundaries
at infinity, one needs to introduce regulators to define the
integral. In dimensional regularization, the integral is
regarded as an analytic function of the complex variable
λ0 ¼ −d=2. Unlike the integrals on Sn and S0n, the integrals
at infinity are simpler to analyze, since the functions X and
Y no longer come into play. It is enough to realize
that α0U þ F is a homogeneous polynomial, while the

variables cannot go to infinity uniformly when approach-
ing the boundaries [otherwise, the assumption below
Eq. (2.6) would be violated]. Therefore, it is always

possible to find some region of λ0 where α
−ðLþ1Þλ0
0 ðα0U þ

F Þλ0 goes to zero sufficiently fast: if α0 is finite at the
boundary, we can choose λ0 to be sufficiently negative;
while if α0 → ∞ at the boundary, we can choose λ0 to be
sufficiently positive.
The possible introduction of analytic regulators αρj does

not change this conclusion, since ρ should then be regarded
as another complex variable on which the integral depends.
Putting all the above together, we are now left with only Sn
and S0n in ∂Δnþ1. After taking care of the orientations of the
hypersurfaces, we finally arrive atZ

Sn

fω ¼
Z
S0n
fω: ð2:19Þ

In the above, we have shown that the two contours Sn
and S0n give rise to the same integral, and they can be
regarded as belonging to the same equivalence class. In the
language of twisted homology (see, e.g., Ref. [73] for more
details), the equivalence classes of integration contours are
elements (cycles) of a twisted homology group determined
by the polynomial α0U þ F . This homology group is dual
to the twisted cohomology group of the integrands. In the
literature [49,50], there have been extensive discussions on
how to perform integral reduction using the vector-space
structure of the cohomology groups. This can be done
using the techniques of intersection theory [74–83]. The
homology groups of integration contours also admit a
vector-space structure, and in principle can be used for
integral reduction as well. However, this path has not been
followed in the literature to the best of our knowledge.
In the following, we will exploit the equivalence of

integration domains to set up recursion relations that can be
used to reduce one-loop integrals. We will write the
relations in terms of index-raising and -lowering operators,
defined as

ĵþIð…; νj;…Þ≡ νjIð…; νj þ 1;…Þ;
ĵ−Ið…; νj;…Þ≡ Ið…; νj − 1;…Þ: ð2:20Þ

It is also useful to define an operator that sets an index to
zero:

ĵ0Ið…; νj;…Þ≡ Ið…; 0;…Þ: ð2:21Þ

Before going into more general formalities, we first study a
few simple examples.

B. A reducible sector

To illustrate our approach, we first consider a simple case
where a sector is reducible to one of its subsectors. A

FIG. 1. The independence of the integral on the integration
domain for the case of two variables. S1 is the integration domain
defined by X ¼ 1 and Y ¼ α0 þ α1, while S01 is the integration
domain defined by the two functions X 0ðα0; α1Þ and Y0ðα0; α1Þ.
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specific example is the massless triangle diagram shown in
Fig. 2. The corner integral in this sector corresponding to
ν3 ¼ 13 ¼ f1; 1; 1g is given by

Ið13Þ ¼ Cð13Þ
Z

∞

0

dα0dα1dα2dα3αd−40 ½α0U þ F �−d=2X

δðX − YÞ; ð2:22Þ

where U ¼ α1 þ α2 þ α3 and F ¼ −α1α2s. The above
integral is reducible to a bubble integral. One can observe
that α3 is present in U but absent in F . We will show that
there is a general rule: whenever a variable is present in U
but absent in F , the corresponding integral is reducible to
the subsector without the variable.
Let us consider an n-point one-loop integral, and denote

such a variable as αl. Defining U l;0 ≡ Ujαl→0, we can write
U ¼ αl þ U l;0. The corner integral in this sector can then be
written as

Ið1nÞ ¼ Cð1nÞ
Z

∞

0

 Yn
j¼0

dαj

!
αd−n−10 ½α0ðαl þ U l;0Þ

þ F �λ0XδðX − YÞ: ð2:23Þ

We choose

X ¼ U l;0

αl þ U l;0
; Y ¼ α0 ð2:24Þ

and integrate out α0 using the δ function. After that, the
variable αl only appears in a power of αl þ U l;0. The
integration over αl can then be performed using the formula

Z
∞

0

dxxβ−1
�
1þ x

Λ

�
γ−1

¼ΛβBðβ;1−β− γÞ; ðΛ> 0Þ;

ð2:25Þ

where the beta function is

Bðz1; z2Þ ¼
Γðz1ÞΓðz2Þ
Γðz1 þ z2Þ

: ð2:26Þ

After integrating over αl, we arrive at

Ið1nÞ ¼ Cð1nÞ
Z

∞

0

 Y
j≠0;l

dαj

!
U l;0ðU l;0 þ F Þλ0 : ð2:27Þ

As promised, the integral now manifestly has the form of
the LP representation in the subsector without αl. Using the
index-changing operators, the above result can be written as

Ið1nÞ ¼
1

d − n − 1

X
k≠l

k̂þl̂0Ið1nÞ: ð2:28Þ

Applying the above general formula to the triangle integral
in Fig. 2, we have

Ið1; 1; 1Þ ¼ 1

d − 4
½Ið2; 1; 0Þ þ Ið1; 2; 0Þ�: ð2:29Þ

C. The bubble family

We now turn to the reduction in an irreducible sector: the
one-loop bubble with two masses shown in Fig. 3. The
kinematic variables are m2

1, m
2
2, and p2 ¼ s. The integrals

in this family can be represented as

Iðν1; ν2Þ ¼ Cðν1; ν2Þ
Z

∞

0

dα0dα1dα2α
ν0−1
0 αν1−11 αν2−12 XδðX − YÞ

× ½ðα1 þ α2Þα0 þ α1α2ðm2
1 þm2

2 − sÞ þ α21m
2
1 þ α22m

2
2�λ0 : ð2:30Þ

We consider the reduction of Ið1; 2Þ. Note that the integral shown in Eq. (2.30) for positive ν1 and ν2 does not possess the
property of being reducible to subsectors as described in Sec. II B. Therefore, we need to split the integral into two parts:
one part that is reducible to subsectors, and the other part that can be eventually related to Ið1; 1Þ. To this end, we consider

FIG. 2. The massless triangle with p2
1 ¼ s and p2

2 ¼ p2
3 ¼ 0.

FIG. 3. The bubble diagram with two masses.
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the auxiliary integral

gð1; 1Þ≡ Cð1; 1Þ
Z

∞

0

dα0dα1dα2αd−30 XδðX − YÞ

× f½α1 þ ð1 − q1Þα2�α0 þ α21m
2
1gλ0 ; ð2:31Þ

where q1 ≡ ðm2
1 þm2

2 − sÞ=ð2m2
1Þ. The motivation for

considering the above integral comes from two perspec-
tives. First of all, the integral itself is reducible. According
to the result in Sec. II B, one can see that gð1; 1Þ is reducible
to the subsector without α2. Applying the method from
Sec. II B, we obtain

gð1; 1Þ ¼ 1

d − 3

�
2m2

1

m2
1 −m2

2 þ s

�
Ið2; 0Þ: ð2:32Þ

On the other hand, the integral can be related to a linear
combination of Ið1; 1Þ and Ið1; 2Þ through a change of
variables. We perform the variable change α1 → α1 þ q1α2
and α2 → α2ð1 −Wα2=α0Þ in Eq. (2.31), where W ≡
λðm2

1; m
2
2; sÞ=½2ðm2

1 −m2
2 þ sÞ� and the Källén function is

given by λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2yz − 2zx. For
convenience, we will work in the kinematic region where
W < 0, such that the integration domain of α2 remains
½0;∞� after the variable change. The reduction coefficients,
being rational functions of kinematic variables, are

insensitive to this choice. After the change of variables, we arrive at2

gð1; 1Þ ¼ Cð1; 1Þ
Z

∞

0

dα0dα2

Z
∞

−q1α2
dα1αd−30 XδðX − YÞ

�
1 − 2W

α2
α0

�
× ½ðα1 þ α2Þα0 þ α1α2ðm2

1 þm2
2 − sÞ þ α21m

2
1 þ α22m

2
2�λ0

¼ Ið1; 1Þ þ 2W
d − 3

Ið1; 2Þ þ h1ð1; 1Þ; ð2:33Þ

where we have split the integration range of α1 and define

h1ð1; 1Þ≡ Cð1; 1Þ
Z

∞

0

dα0dα2

Z
0

−q1α2
dα1αd−30 XδðX − YÞ

�
1 − 2W

α2
α0

�
× ½ðα1 þ α2Þα0 þ α1α2ðm2

1 þm2
2 − sÞ þ α21m

2
1 þ α22m

2
2�λ0 : ð2:34Þ

The h1ð1; 1Þ function is also reducible to subsectors. This can be seen by further applying the variable change
α0 → α0α2=ðα2 þ α1=q1Þ, α1 → −α1α2=ðα2 þ α1=q1Þ. Denoting α01 ≡ α1½1 −Wð2α2 þ α1=q1Þ=α0�, we have

h1ð1; 1Þ ¼ Cð1; 1Þ
Z

∞

0

dα0dα01dα2α
d−3
0 XδðX − YÞ

��
ð1 − q1Þ

α01
q1

þ α2

�
α0 þ α22m

2
2

�
λ0

¼ 1

d − 3

m2
1 þm2

2 − s
m2

1 −m2
2 þ s

Ið0; 2Þ; ð2:35Þ

where we have again utilized the method of Sec. II B (assuming 0 < q1 < 1). Combining Eqs. (2.32), (2.33), and (2.35), we
arrive at

Ið1; 2Þ ¼ ð3 − dÞm
2
1 −m2

2 þ s
λðm2

1; m
2
2; sÞ

Ið1; 1Þ þ 2m2
1

λðm2
1; m

2
2; sÞ

Ið2; 0Þ −m2
1 þm2

2 − s
λðm2

1; m
2
2; sÞ

Ið0; 2Þ; ð2:36Þ

which precisely agrees with the result of IBP reduction.
From the above examples, one may find that our procedure mainly consists of two steps: (i) transformation of the

integration contours either by explicit choices of theX andY functions, or by appropriate variable changes; and (ii) splitting
the integration contour into several parts, and identifying each part manifestly as a Feynman integral. One may then wonder

2It is easy to see that X and Y still satisfy the conditions below Eq. (2.6) in terms of the new variables. This is guaranteed, since (i) the
variable changes are homogeneous, and (ii) X and Y are positive-definite in the original integration domain and must remain so in the
transformed integral domain, which maps bijectively to the original domain via the variable changes. The same consideration applies to
variable changes employed later.
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how these contour transforms are constructed. In the next
section, we will present the general method and the explicit
recursive reduction formula for one-loop integrals.

III. THE GENERAL METHOD FOR ONE-LOOP
INTEGRAL REDUCTION

Based on the examples in the previous section, we now
describe our reduction approach for generic one-loop
integrals. The final outcome of this section is a system
of relations that express a more complicated integral (with
higher powers of propagators and/or higher ranks of
numerators) as a linear combination of simpler integrals
(with lower powers of propagators and/or lower ranks of
numerators). By iteratively applying these relations, it gives
a shortcut to reduce a integral to corner integrals, with
indices being either 1 or 0.
In essence, our iterative relations are equivalent to a

symbolic solution to IBP equations, which at one loop can
be obtained through other methods as well (see, e.g.,
Ref. [26] and references therein). In the language of linear
systems, these iterative relations automatically generate a
system in an upper triangular form (row echelon form). In
other words, we have effectively performed the forward
elimination in the Gaussian elimination method of solving
linear systems with no cost, and applying the iterative
relations is equivalent to the step of back-substitution. It is
well known that the computational complexity of Gaussian
elimination is dominated by that of forward elimination,
which scales asN3, whereN is the number of equations. On
the other hand, the complexity of back-substitution only
scales as N2. Therefore, it is natural to expect that our
method provides better efficiency than the traditional IBP
methods.

A. More powers vs more variables

The goal of one-loop integral reduction is to reduce the
indices νj to either 0 or 1. We now introduce an interesting
technique to lower an index by 1, at the cost of adding an
auxiliary integration variable. While this seems to be
meaningless at first sight, it will be employed in the
derivation of the final reduction formula.
For an arbitrary function gðuÞ, we can derive the

following integral relation:

1

Γðnþ 1Þ
Z

∞

0

duungðuÞ

¼ 1

Γðnþ 1Þ
Z

∞

0

du

�
n
Z

u

0

dxxn−1
�
gðuÞ

¼ 1

ΓðnÞ
Z

∞

0

dx
Z

∞

x
du½xn−1gðuÞ�

¼ 1

ΓðnÞΓð1Þ
Z

∞

0

dx
Z

∞

0

dy½xn−1gðxþ yÞ�: ð3:1Þ

Here, we emphasize that a regularization n → nþ ρ is
implicitly assumed if n ≤ 0. We may apply the above
relation to the Feynman parametric integrals. We define

Iðν1;…; ½νl; 1�;…; νnÞ

≡ Cðνn; 1Þ
Z

∞

0

dβl

Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!

XδðX − YÞ
h
ðα0U þ F Þjαl→αlþβl

i
λ0 : ð3:2Þ

A few words are needed to explain a subtlety in the above
definition. Both the prefactor C and the power of α0 in the
integrand involves ν, which is defined as the sum of all
indices in the argument of I and C, as can be seen below
Eq. (2.2). It then follows that, in the above expression, we
have ν ¼ 1þPn

j¼1 νj. Note that the value of ν0 ≡ −ν −
ðLþ 1Þλ0 is determined accordingly. Similar considera-
tions apply for the functions gðνÞ and hiðνÞ that will be
introduced later.
Applying Eq. (3.1) to Eq. (3.2), we obtain

Iðν1;…; νl þ 1;…; νnÞ ¼ Iðν1;…; ½νl; 1�;…; νnÞ: ð3:3Þ

From a different point of view, the above relation can also
be obtained by splitting D−νl−1

l as D−νl
l D−1

l , and introduc-
ing two Feynman parameters αl and βl for the two factors.
This relation will play a crucial role in subsequent
derivations. It is worth noting that it also holds for general
L-loop integrals.

B. Reduction for irreducible sectors

We now consider a general one-loop integral in the
Feynman representation:

IðνnÞ ¼ CðνnÞ
Z

∞

0

 Yn
j¼0

α
νj−1
j dαj

!

XδðX − YÞ½ð1TαÞα0 þ αTZα�λ0 ; ð3:4Þ

where 1 denotes a column vector of length n with all
elements equal to 1, and α≡ ðα1;…; αnÞT . It is evident that

U ¼ 1Tα; F ¼ αTZα; ð3:5Þ

where the Gram matrix Z is symmetric. For an irreducible
sector, we have detðZÞ ≠ 0 (but the reverse is not true, as
we will see in the “magic relations” discussed later).
In the following, we will aim for decreasing the power

νl > 1 of the variable αl, where l∈ f1;…; ng. For that, we
will need to study the submatrix of Z obtained by removing
the lth row and lth column. We will denote this submatrix
as Zðl̂; l̂Þ, and refer to it as “the ðl; lÞ-submatrix.” A closely
related concept is the ði; jÞ-minor of Z, which is the
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determinant of the submatrix of Z without the ith row and
jth column. The ði; jÞ-cofactor is further defined by
multiplying the ði; jÞ-minor with ð−1Þiþj. We will denote
the ði; jÞ-cofactor of Z as Zi;j.
The ðl; lÞ-submatrix can be either nonsingular with rank

n − 1, or singular with a smaller rank. In the following, we
will discuss the two situations separately.

1. When the ðl; lÞ-submatrix is nonsingular

Similar to the idea of Eq. (2.31),3 we introduce an auxiliary integral

gðνn; 1nÞ≡ Cðνn; 1nÞ
Z

∞

0

 Yn
j¼1

dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!
XδðX − YÞ

×
n
½1Tðαþ βðlÞ − qβlÞ�α0 þ ðαþ βðlÞÞTZðαþ βðlÞÞ

o
λ0 ; ð3:6Þ

where βðlÞ denotes the vector obtained by replacing the lth element (i.e., βl) of the vector β≡ ðβ1;…; βnÞT with 0, and the
elements of the vector q are given by

qk ≡ −
Zk;l

Zl;l
; ð3:7Þ

where we recall that Zi;j is the ði; jÞ-cofactor of Z.
Using the method from Sec. II B, we can extract βl and integrate it out with an appropriate choice ofX and Y. We arrive at

gðνn; 1nÞ ¼
1

ν0 − 1

�
−
1

q

�Xn
j¼1

½ĵþl̂−Iðνn þ 1nÞ�; ð3:8Þ

where q≡Pn
k¼1 qk, and we have used Eq. (3.3) to absorb the extra βj variables at the cost of increasing the powers of αj.

Note that ν0 is defined in terms of the sequence of indices ðνn; 1nÞ, as explained below Eq. (3.2).
On the other hand, Eq. (3.6) can be transformed in another way with the variable change

βj → βj þ qjβl; ð∀ j ≠ lÞ; βl → βl

�
1 −W

βl þ 2αl
α0

�
; ð3:9Þ

where

W ≡ −
detðZÞP
n
j¼1 Zj;l

¼ detðZÞ
qZl;l

: ð3:10Þ

This leads to

gðνn; 1nÞ ¼ Cðνn; 1nÞ
Z

∞

0

dβl

 Y
j≠l

Z
∞

−qjβl
dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!
XδðX − YÞ

×

 
1 − 2W

αl þ βl
α0

!
½1Tðαþ βÞα0 þ ðαþ βÞTZðαþ βÞ�λ0 : ð3:11Þ

FIG. 4. The contour-splitting in two dimensions.

3As in Sec. II C, the kinematic invariants appearing in the derivation of this section are implicitly assumed to lie in an appropriate
domain.
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We can now split the integration domain of βj. First, we introduce the contour-splitting identity

Y
j≠l

Z
∞

−xl
dxj ¼

Y
j≠l

Z
∞

0

dxj þ
X
k≠l

Z
0

−xl
dxk
Y
j≠l;k

Z
∞

xk

dxj; ð3:12Þ

whose geometric meaning is natural and straightforward. In two dimensions, it corresponds to the domain decomposition
illustrated in Fig. 4. After a rescaling of the variables, we arrive at

gðνn; 1nÞ ¼ Iðνn þ 1nÞ þ
2W

ν0 − 1
l̂þIðνn þ 1nÞ þ

X
k≠l

hkðνn; 1nÞ; ð3:13Þ

where we have defined

hkðνn; 1nÞ≡ Cðνn; 1nÞ
Z

∞

0

dβl

Z
0

−qkβl
dβk

 Y
j≠l;k

Z
∞

qjβk=qk

dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!

×

 
1 − 2W

αl þ βl
α0

!
½1Tðαþ βÞα0 þ ðαþ βÞTZðαþ βÞ�λ0XδðX − YÞ: ð3:14Þ

Our next task is to transform hkðνnÞ into Feynman integrals. For that, we perform the variable change

αj → αj
βl

βl þ βk
qk

; ð∀ jÞ; βk → −βk
βl

βl þ βk
qk

; βj →

�
βj − qj

βk
qk

�
βl

βl þ βk
qk

; ð∀ j ≠ l; kÞ: ð3:15Þ

We can then write

hkðνn; 1nÞ ¼ Cðνn; 1nÞ
Z

∞

0

dβ0k

Z
∞

0

 Y
j≠k

dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!
XδðX − YÞ

×

��
1Tðαþ βðkÞÞ − q

β0k
qk

�
α0 þ ðαþ βðkÞÞTZðαþ βðkÞ

	�λ0
; ð3:16Þ

where

β0k ≡ βk

�
1 −W

2αl þ 2βl þ βk=qk
α0

�
: ð3:17Þ

Therefore,

hkðνn; 1nÞ ¼
1

ν0 − 1

�
−
qk
q

�Xn
j¼1

½ĵþk̂−Iðνn þ 1nÞ�: ð3:18Þ

Combining Eqs. (3.8), (3.13), and (3.18), we finally obtain

2 detðZÞl̂þIðνnÞ ¼
Xn
j¼1

½Zj;lðν0 − νjÞ�IðνnÞ −
Xn
k¼1

Zk;lJkðνnÞ; ð3:19Þ

where we have performed a simple shift of indices νi → νi − 1, and

JkðνnÞ≡
X
j≠k

ĵþk̂−IðνnÞ: ð3:20Þ
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In the context of integral reduction, we regard the integral
which has smaller total positive indices as “simpler.” In this
sense, it can be seen that the integrals appearing on the
right-hand side of Eq. (3.19) are simpler than the one on the
left-hand side. Since we are dealing with an irreducible
sector, we have detðZÞ ≠ 0. Therefore, we can use
Eq. (3.19) to recursively reduce a particular Feynman
integral to simpler integrals.

2. When the ðl; lÞ-submatrix is singular

In this case, the ðl; lÞ-submatrix is noninvertible, which
implies that Zl;l ¼ 0. Equation (3.7) then becomes singular.
However, we find that the correct reduction rules can be
obtained by taking the limit Zl;l → 0 in the final expression,
Eq. (3.19). Therefore, in this case, we have

2 detðZÞl̂þIðνnÞ¼
X
j≠l

½Zj;lðν0−νjÞ�IðνnÞ−
X
k≠l

½Zk;lJkðνnÞ�;

ð3:21Þ

which can be used to reduce l̂þIðνnÞ.
A special case occurs when the matrix Z has only one

element, meaning that Zðl̂; l̂Þ is an empty matrix. In this
case, we have ν ¼ ν1 and ν0 ¼ d − ν. The procedure can
still be carried out by defining Z1;1 ¼ 1, and we obtain the
correct reduction formula for single-propagator integrals:

Iðνþ 1Þ ¼ d − 2ν

2ν detðZÞ IðνÞ: ð3:22Þ

C. The reducible sectors

We now turn to the case where detðZÞ ¼ 0, which
corresponds to reducible sectors according to the discus-
sions in Sec. II B. Note that this criterion is equivalent to
those found in earlier literature [84]. The Gram matrix Z is
singular in this case, and it implies that the degrees of
freedom in the polynomial F are fewer than the number of
variables. In other words, we can find a vector ξ ¼
ðξ1;…; ξnÞ with ξl ¼ 1, such that

F ðα1 þ ξ1αl;…; αl;…; αn þ ξnαlÞ ¼ F ðα1;…; 0;…; αnÞ:
ð3:23Þ

The vector ξ is in the kernel of Z—i.e., Zξ ¼ 0.

1. Reduction for general reducible sectors

In Sec. II B, we have discussed a special case where the
F polynomial already takes the form of the right-hand side
of Eq. (3.23), without introducing the transformation
induced by ξ. In other words, it corresponds to the case
where all elements in ξ, except ξl ¼ 1, are zero. In that case,
integrals in this sector can be reduced to a single subsector.
More generically, we need to apply the variable change

αj → αj þ ξjαl; ð∀ j ≠ 0; lÞ ð3:24Þ

to transform the F polynomial into the desired form.
Consequently, the integrals will be reduced to linear
combinations of different subsectors, as we will demon-
strate in the following.

After the variable change, an integral can be written as

IðνnÞ ¼ CðνnÞ
Z

∞

0

 Yn
j¼0

α
νj−1
j dαj

!
XδðX − YÞ½α0U þ F �λ0

¼ CðνnÞ
Z

∞

0

ανl−1l dαl

 Y
j≠0;l

Z
∞

−ξjαl
ðαj þ ξjαlÞνj−1dαj

!

×
Z

∞

0

dα0α
ν0−1
0 ½ðU l;0 þ ξαlÞα0 þ F l;0�λ0XδðX − YÞ; ð3:25Þ

where ξ≡Pn
j¼1 ξj, F l;0 ≡ F jαl→0 and we recall that U l;0 ≡ Ujαl→0. We can again split the integration domain using

Eq. (3.12) and perform a variable rescaling similar to that leading to Eq. (3.13). We define

GlðνnÞ≡ CðνnÞ
Z

∞

0

dαlα
νl−1
l

Z
∞

0

dα0α
ν0−1
0 XδðX − YÞ

×
Z

∞

0

 Y
j≠0;l

dαj

 
αj þ ξj

αl
ξl

!
νj−1
!" 

U l;0 þ ξ
αl
ξl

!
α0 þ F l;0

#
λ0

ð3:26Þ
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and

HkðνnÞ≡ CðνnÞ
Z

∞

0

dαlα
νl−1
l

Z
0

−ξkαl
dαkðαk þ ξkαlÞνk−1

Z
∞

0

dα0α
ν0−1
0 XδðX − YÞ

×

 Y
j≠0;l;k

Z
∞

ξjαk=ξk

dαjðαj þ ξjαlÞνj−1
!
½ðU l;0 þ ξαlÞα0 þ F l;0�λ0 : ð3:27Þ

Let Sξ be the subset of f1;…; ng such that ξk ≠ 0 if k∈ Sξ; we can then write

IðνnÞ ¼ GlðνnÞ þ
X

k∈ Sξ=flg
HkðνnÞ: ð3:28Þ

We can further show that HkðνnÞ can actually be rewritten as GkðνnÞ. For that, we introduce the variable change

α0 → α0
αl

αl − αk=ξk
; αk → −ξkαl

αl
αl − αk=ξk

;

αj → ðαj − ξjαlÞ
αl

αl − αk=ξk
; ð∀ j ≠ 0; k; lÞ; ð3:29Þ

and therefore

HkðνnÞ ¼ CðνnÞ
Z

∞

0

dαkα
νk−1
k

Z
∞

0

dα0α
ν0−1
0 XδðX − YÞ

×
Z

∞

0

 Y
j≠0;k

dαj

�
αj þ ξj

αk
ξk

�
νj−1
!��

Uk;0 þ ξ
αk
ξk

�
α0 þ F k;0

�
λ0
: ð3:30Þ

Using the method in Sec. II B, we can reduce GkðνnÞ (for both k ¼ l and k ≠ l) to integrals in a subsector. Combining these
results, we arrive at the reduction of IðνnÞ:

IðνnÞ ¼
X
k∈ Sξ

ðξkÞνk
ðνk − 1Þ! k̂0P̂kIðνnÞ; ð3:31Þ

where the operator P̂k is a combination of index-raising and -lowering operators:

P̂k ¼
 Yj≠k

j∈ Sξ

Xνj−1
μj¼0

!�
Bð−ν0 þ 1; μþ νkÞ

 P
i≠kî

þ

−ξ

!
μþνk Ym≠k

m∈ Sξ

ðξmm̂−Þμm
μm!

�
; ð3:32Þ

where μ≡Pj≠k
j∈ Sξ

μj. Obviously, the above formula only applies if ξ ≠ 0. The case for ξ ¼ 0 will be discussed in the

following.

2. Degenerate limits

The case ξ ¼ 0 corresponds to certain degenerate limits of Feynman integrals. As a specific example, we consider the
bubble diagram shown in Fig. 3 withm2

1 ¼ m2
2 and s ¼ 0. Here, we find that ξ ¼ f1;−1g, and hence ξ ¼ 0. We now discuss

how to deal with this kind of situation.
When ξ ¼ 0, both U and F satisfy

Oðα1;…; αl;…; αnÞ ¼ Oðα1 − ξ1αl;…; 0;…; αn − ξnαlÞ ð3:33Þ

for certain l, where O∈ fU;Fg. Therefore, α0U þ F satisfies the above property as well. We now consider the integral
Iðνn þ 1nÞ. By introducing the β variables as in Sec. III A, we can write it as
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Iðνn; 1nÞ ¼ Cðνn; 1nÞ
Z

∞

0

 Yn
j¼1

dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!
G0ðα; βÞλ0XδðX − YÞ; ð3:34Þ

where

G0ðα; βÞ≡ ½α0U þ F �α→αþβ ¼ ½1Tðαþ βÞ�α0 þ ðαþ βÞTZðαþ βÞ: ð3:35Þ

It follows from the property of U and F that

G0ðα; β1;…; βl;…; βnÞ ¼ G0ðα; β1 − ξ1βl;…; 0;…; βn − ξnβlÞ: ð3:36Þ

We now show that this property can be used for reducing the integral to subsectors.
For convenience, we consider a function gðy; xn−1Þ which satisfies

gðy; xn−1Þ ¼ gð0; xn−1 þ yηn−1Þ; ð3:37Þ

where xn−1 denotes the sequence of n − 1 variables, and ηn−1 is the sequence of n − 1 constants. Using the relation

Z
∞

0

dxl

Z
∞

xl

 Y
j≠l

dxj

!
¼
X
k≠l

Z
∞

0

dxk

Z
∞

xk

 Y
j≠k;l

dxj

!Z
xk

0

dxl; ð3:38Þ

we can show that

Z
∞

0

dy
Z

∞

0

 Yn−1
j¼1

dxj

!
gðy; xn−1Þ ¼

Z
∞

0

dy

 Yn−1
j¼1

Z
∞

yηj

dx0j

!
gð0; x0n−1Þ

¼
Xn−1
k¼1

Z
∞

0

dx0k

 Yn−1
j¼1

Z
∞

ηjx0k=ηk
dx0j

!Z
x0k

0

dygð0; x0n−1Þ

¼
Xn−1
k¼1

ηk

Z
∞

0

dY
Z

∞

0

 Y
j≠k

dXj

!
YgðY;Xn−1Þ; ð3:39Þ

where x0n−1 ≡ xn−1 þ yηn−1, Y ≡ x0k=ηk ¼ xk=ηk þ y, and Xj ≡ x0j − ηjx0k=ηk ¼ xj − ηjxk=ηk. Note that in the kth term of
the above result, we have Xk ¼ 0 in g, and we do not have to integrate over Xk. Hence, we have eliminated one variable at
the cost of increasing the power of Y.
Applying Eq. (3.39) to Iðνn; 1nÞ, we get

Iðνn; 1nÞ ¼ −
X
k≠l

ξkCðνn; 1nÞ
Z

∞

0

 Y
j≠k

dβj

!Z
∞

0

 Yn
j¼0

α
νj−1
j dαj

!

× βlG0ðα; βðkÞÞλ0XδðX − YÞ: ð3:40Þ

Absorbing the extra βj variables using Eq. (3.3), we finally obtain the reduction formula that works in the degenerate limits:

Ið…; νl;…Þ ¼ −
X
k≠l

ξkIð…; νk − 1;…; νl þ 1;…Þ: ð3:41Þ

It can be observed that by fixing l, we can recursively decrease other indices at the cost of increasing νl. This eventually
leads to integrals in the subsectors.
Now, let us consider the example mentioned earlier: the bubble diagram withm2

1 ¼ m2
2 and s ¼ 0. By choosing l ¼ 1 and

repeatedly applying Eq. (3.41), we can arrive at
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Iðν1; ν2Þ ¼ Iðν1 þ ν2; 0Þ: ð3:42Þ

Up to now, we have exhausted all possibilities and have
presented iterative formulas to reduce any one-loop integral
with indices larger than 1 to linear combinations of simpler
integrals. The remaining task is to reduce the negative
indices corresponding to numerators in the momentum
representation [Eq. (2.1)].

D. Reduction of integrals with numerators

If any index νj < 0, the corresponding Dj is in the
numerator of Eq. (2.1). Such integrals can always be
reduced to integrals with νj ¼ 0. In the following, we
show how to achieve this reduction within our approach.

1. Rewriting the integrals in shifted dimensions

It is well known that integrals with νj < 0 can be
rewritten as integrals with νj ¼ 0 in shifted spacetime
dimensions. This can be easily seen in the LP representa-
tion:

IðdÞðνnÞ ¼ CðdÞðνnÞ
Z

∞

0

G−d=2
Yn
j¼1

α
νj−1
j dαj; ð3:43Þ

where G≡ U þ F . We have used the superscript
(d) to specify the dependence on the spacetime dimension.
If νj < 0, we can increase νj with a simple integration by

parts:

Z
∞

0

dαj
α
ρþνj−1
j

Γðρþ νjÞ
G−d=2

¼ d
2

Z
∞

0

dαj
α
ρþνj
r

Γðρþ νj þ 1Þ
�
∂G
∂αj

�
G−ðdþ2Þ=2; ð3:44Þ

where we have explicitly introduced the regulator ρ as
discussed in Sec. II A. One may see that the right-hand side
of the above equation corresponds to integrals in dþ 2
dimensions, but with an increased νj index. Note that U and
F are homogeneous polynomials of degree L and Lþ 1,
respectively. The above relation can be rewritten in terms of
index-raising operators as

IðdÞð…; νj;…Þ ¼ ð−1ÞL
��

ðLþ 1Þ d
2
−
Xn
i¼1

νi

�
Ûþ
j − F̂þ

j

�
Iðdþ2Þð…; νj þ 1;…Þ; ð3:45Þ

where Ôþ
j (for O∈ fU;Fg) represents an operator ob-

tained by substituting each αk in ð∂O=∂αjÞ with k̂þ. Note
that Eq. (3.45) holds for general L-loop integrals, and for
the purpose of this work, we can set L ¼ 1.
With Eq. (3.45), we can recursively increase a negative

index to zero, at the cost of employing integrals in shifted
dimensions. Let us consider a simple example: Ið−1; 2Þ
from the bubble integral family in Fig. 3. Applying
Eq. (3.45) with j ¼ 1, we obtain

IðdÞð−1; 2Þ ¼ ð1 − dÞIðdþ2Þð0; 2Þ
þ 2ðm2

1 þm2
2 − sÞIðdþ2Þð0; 3Þ: ð3:46Þ

2. Dimensional recurrence relations

We now need to transform the integrals in shifted
dimensions to the d-dimensional ones. These are the so-
called dimensional recurrence relations [85–88]. We show
how such relations can be naturally derived within our
approach.
In the Feynman parametrization, it is easy to increase the

dimension:

IðdÞðνnÞ ¼ −
Xn
k¼1

k̂þIðdþ2ÞðνnÞ: ð3:47Þ

We need to find the inverse relation, to express Iðdþ2Þ in
terms of IðdÞ. Note that the indices here are all non-negative.
Since we can apply the reduction rules that we have
constructed in both d and dþ 2 dimensions, we only need
to find the relations among corner integrals. Combining the
above equation with Eq. (3.19), we obtain

2detðZÞIðdÞð1nÞ¼−2detðZÞ
Xn
l¼1

l̂þIðdþ2Þð1nÞ

¼ ζðn−1−dÞIðdþ2Þð1nÞ−
Xn
k¼1

ζkk̂0IðdÞð1nÞ;

ð3:48Þ

where ζk ≡Pn
j¼1 Zk;j, ζ ≡Pn

k¼1 ζk, and we have used

X
j≠k

ĵþk̂0Iðdþ2Þð1nÞ ¼ −k̂0IðdÞð1nÞ: ð3:49Þ
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If ζ ≠ 0, Eq. (3.48) gives rise to the dimension recurrence
relation that we will need:

Iðdþ2Þð1nÞ ¼
2 detðZÞ

ζðn − 1 − dÞ I
ðdÞð1nÞ

þ 1

ζðn − 1 − dÞ
Xn
k¼1

ζkk̂0IðdÞð1nÞ: ð3:50Þ

Combining with Eq. (3.45), we complete the reduction of
integrals with numerators.
Applying the above relation, we can continue the

reduction of Ið−1; 2Þ starting from Eq. (3.46). We first
reduce the right-hand side of Eq. (3.46) to corner integrals
in dþ 2 dimensions, and we obtain

IðdÞð−1;2Þ¼−
d

2m2
2

2m2
2− ðd−2Þðm2

1−m2
2−sÞ

2m2
2

Iðdþ2Þð0;1Þ:

ð3:51Þ

We then use Eq. (3.50) to derive (recall that we have
defined Z1;1 ¼ 1 when the matrix Z has only one element)

Iðdþ2Þð0; 1Þ ¼ −
2m2

2

d
IðdÞð0; 1Þ: ð3:52Þ

Finally, we have

IðdÞð−1;2Þ¼ 2m2
2− ðd−2Þðm2

1−m2
2− sÞ

2m2
2

IðdÞð0;1Þ: ð3:53Þ

Note that if ζ ¼ 0, Eq. (3.48) does not lead to a
dimension recurrence, but rather gives rise to an interesting
reduction rule of the corner integral to subsectors:

IðdÞð1nÞ ¼ −
1

2 detðZÞ
Xn
k¼1

ζkk̂0IðdÞð1nÞ: ð3:54Þ

This is the so-called “magic relation.” In the usual IBP
reduction, it can only be observed when IBP relations
involving certain supersectors are included [11,89]. For
example, for the bubble diagram in Fig. 3, we find ζ ¼ s.
Therefore, when s ¼ 0, the integral Ið1; 1Þ can be reduced
to subsectors:

IðdÞð1; 1Þ ¼ 1

m2
1 −m2

2

½IðdÞð1; 0Þ − IðdÞð0; 1Þ�: ð3:55Þ

In KIRA, this reduction rule can only be found when
embedding the bubble integrals in a triangle supersector.

IV. EXAMPLES

A. One-loop integrals

The recursive formulas derived in the previous section
allow a straightforward computer implementation. We have
written a proof-of-concept Mathematica code to automati-
cally reduce one-loop integrals. We have tested the program
with various examples and confirmed its correctness.
As a more complicated example, consider the pentagon

integral family with three masses shown in Fig. 5. We set all
external momenta to be lightlike. The kinematic variables
are m2

1, m2
2, m2

3, ðp1 þ p2Þ2 ¼ s12, ðp2 þ p3Þ2 ¼ s23,
ðp3 þ p4Þ2 ¼ s34, ðp4 þ p5Þ2 ¼ s45, and ðp5 þ p1Þ2 ¼
s51. The matrix Z in this family is

0
BBBBBBBBBB@

m2
1

1
2
ðm2

1 þm2
2Þ 1

2
ðm2

1 − s12Þ 1
2
ðm2

1 þm2
3 − s45Þ 1

2
m2

1

1
2
ðm2

1 þm2
2Þ m2

2
1
2
m2

2
1
2
ðm2

2 þm2
3 − s23Þ 1

2
ðm2

2 − s51Þ
1
2
ðm2

1 − s12Þ 1
2
m2

2 0 1
2
m2

3 − 1
2
s34

1
2
ðm2

1 þm2
3 − s45Þ 1

2
ðm2

2 þm2
3 − s23Þ 1

2
m2

3 m2
3

1
2
m2

3

1
2
m2

1
1
2
ðm2

2 − s51Þ − 1
2
s34

1
2
m2

3 0

1
CCCCCCCCCCA
: ð4:1Þ

FIG. 5. The pentagon diagram with three masses.
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We consider the reduction of Ið1; 2; 1; 1; 1Þ. Since Z is
nonsingular, we should apply Eq. (3.19) with νn ¼
ð1; 1; 1; 1; 1Þ and l ¼ 2, which leads to

Ið1; 2; 1; 1; 1Þ ¼ ðd − 6Þ detðMÞ
2 detðZÞ Ið1; 1; 1; 1; 1Þ

þ subsector integrals; ð4:2Þ

where M represents the matrix formed by replacing all
elements in the second row of Z with 1. The subsector
integrals in the above expression may still contain integrals
that need to be reduced [e.g., Ið2; 1; 1; 1; 0Þ, Ið0; 1; 2; 1; 1Þ,
etc.]. We can apply the relevant reduction formulas recur-
sively until only master integrals remain. We have verified
that the results agree with those provided by KIRA.

We can also consider a reducible case, with m2
1 ¼

m2
2 ¼ m2

3 ¼ s12 ¼ 0. At this kinematic point, the Z matrix

is singular. Therefore, we need to apply Eq. (3.31) when
performing the reduction of Ið1; 2; 1; 1; 1Þ. The ξ vector can
be derived as

ξ ¼
�
−
s23
s45

; 1;−
s51
s34

; 0; 0

�
: ð4:3Þ

It follows that Ið1; 2; 1; 1; 1Þ can be reduced to integrals in
three subsectors:

Ið1; 2; 1; 1; 1Þ ¼ 1

ðd − 7Þðd − 8Þ
2s234s

2
45

ðs23s34 − s34s45 þ s45s51Þ2
½Ið2; 0; 2; 1; 1Þ þ Ið2; 0; 1; 2; 1Þ

þ Ið2; 0; 1; 1; 2Þ þ Ið1; 0; 2; 2; 1Þ þ Ið1; 0; 2; 1; 2Þ þ Ið1; 0; 1; 2; 2Þ
þ Ið3; 0; 1; 1; 1Þ þ Ið1; 0; 3; 1; 1Þ þ Ið1; 0; 1; 3; 1Þ þ Ið1; 0; 1; 1; 3Þ�
þ integrals in the other two subsectors; ð4:4Þ

where the other two subsectors are those where the first or
the third propagator is removed [e.g., Ið0; 1; 1; 2; 2Þ,
Ið1; 1; 0; 2; 2Þ, etc.].
Finally, we consider a degenerate limit, where p1 ¼ p2,

in addition to m2
1 ¼ m2

2 ¼ m2
3 ¼ 0. In this case, we have

s12 ¼ 0, s23 ¼ s45=2, and s51 ¼ s34=2. Clearly, the top
sector is reducible, but we cannot apply Eq. (3.31) because
ξ ¼ f1;−2; 1; 0; 0g, which implies ξ ¼ 0. Therefore, in this
case, we need to apply Eq. (3.41). By choosing l ¼ 1, we
ultimately obtain

Ið1; 2; 1; 1; 1Þ ¼ 4Ið3; 0; 1; 1; 1Þ − 2Ið3; 1; 0; 1; 1Þ
− Ið2; 2; 0; 1; 1Þ: ð4:5Þ

B. A two-loop example

Given the success in one-loop problems, it is natural to
extend our approach to multi-loop integrals. A new
ingredient at higher loops is that there can be more than
one MI within a sector, and it is no longer guaranteed that
all indices can be reduced to 1 or 0. Correspondingly, in our
approach, we find that when we perform the variable
changes, certain variables may appear in the denominators
of the transformed integrands. Such transformations are
therefore only valid if the corresponding indices are greater
than 1. In addition, the structure of degenerate limits is also
much more complicated than the one-loop case.
As a simple example, we consider the massless sunrise

family shown in Fig. 6, with m1 ¼ m2 ¼ m3 ¼ 0. The
integrals in this family can be represented as

Iðν1; ν2; ν3Þ ¼ Cðν1; ν2; ν3Þ
Z

∞

0

dα0dα1dα2dα3α
ν0−1
0 αν1−11 αν2−12 αν3−13 XδðX − YÞ

× ½ðα1α2 þ α1α3 þ α2α3Þα0 − α1α2α3s�λ0 : ð4:6Þ

Following the method in Sec. III B, we define the auxiliary integral

FIG. 6. The sunrise diagram with p2 ¼ s.
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gðν1; ν2; ν3Þ ¼ Cðν1; ν2; ν3Þ
Z

∞

0

dα0dα1dα2dα3α
ν0−1
0 αν1−11 αν2−12 αν3−13 XδðX − YÞ

× ½ðα1α3 þ α2α3Þα0�λ0 ; ð4:7Þ

which is itself a scaleless integral and should therefore
vanish. By performing a variable change α1 → α1
ð1þ α2=α3 − sα2=α0Þ, we can express gðν1; ν2; ν3Þ in
terms of integrals in the top sector, thus establishing a
reduction relation for top-sector integrals. Unlike the case
in one-loop integrals, the variable change now introduces
the variable α3 in the denominator. As a result, the auxiliary
integral must have ν3 ≥ 2 in order to yield a valid reduction
relation. For instance, from the auxiliary integral gð1; 1; 2Þ,
we obtain the correct reduction relation

Ið1; 2; 2Þ ¼ 10 − 3d
2s

½Ið1; 2; 1Þ þ Ið1; 1; 2Þ�: ð4:8Þ

From IBP reduction, we know that Ið1; 2; 1Þ and
Ið1; 1; 2Þ can be further reduced to Ið1; 1; 1Þ. Such relations
cannot be obtained through the auxiliary integral (4.7). In
fact, this is one of the degenerate limits, which deserves a
systematic investigation in the future. Furthermore, in the
above example, we have only applied variable transforma-
tions similar to the one-loop method. There is still signifi-
cant flexibility in the integration contours yet to be fully
explored.

V. SUMMARY AND OUTLOOK

In this paper, we have explored interesting properties of
the Feynman parametrization that are useful for Feynman
integral reduction without employing IBP relations. In
particular, we have derived an extension of the Cheng-
Wu theorem, such that the delta function in the Feynman
parametrization can take a more general form. This can be
regarded as a specific implementation of the equivalence of
integration contours, which is related to the twisted homol-
ogy of Feynman integrals. Leveraging these properties, we
have derived universal recursive formulas for the reduction
of one-loop integrals in both irreducible and reducible
sectors, and our method works in degenerate limits as well.
The reduction relations can be easily implemented in a
computer program. We have applied them to various
examples and observed remarkable performance.

We have also demonstrated the validity of our method at
two loops. In an explicit two-loop example, the straight-
forward application of the one-loop method can yield the
correct reduction relations. However, we also emphasize
that not all reduction relations can be obtained in this way,
since additional structures arise at higher loops. This
warrants further investigation, including more ways to
perform variable changes and contour deformations. In
particular, our manipulations strongly depend on the
structure of the matrix Z, which is a Gram matrix of
external momenta, with entries being kinematic invariants.
Its determinant, detðZÞ, corresponds to a Landau singu-
larity [90] and appears in the denominator of the reduction
coefficients. The relation between Landau singularities and
reduction coefficients has been studied in, e.g., Ref. [91].
These singularities can be obtained systematically with
dedicated packages such as BAIKOVLETTER [92] or SOFIA

[93]. It remains to be investigated whether the knowledge
of the Landau singularities can help us to design variable
transformations for integral reduction.
Furthermore, in this work we have only exploited the

equivalence of integration contours in a simple way. There
can be deeper mathematical structures behind these equiv-
alence relations. For example, it is possible to employ the
concept of intersection numbers between two integration
contours to directly compute the reduction coefficients.
This provides a particularly intriguing future perspective.
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