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Feynman integral reduction without integration by parts

Ziwen Wang (£ T730)®" and Li Lin Yang (BZEM)e"
Zhejiang Institute of Modern Physics, School of Physics, Zhejiang University, Hangzhou 310027, China

® (Received 14 October 2025; accepted 28 April 2026; published 2 June 2026)

We present an interesting study of Feynman integral reduction that does not employ integration-by-parts
identities. Our approach proceeds by studying the equivalence relations of integral contours in the Feynman
parametrization. We find that the integration contour can take a more general form than that given by the
Cheng-Wu theorem. We apply this idea to one-loop integrals and derive universal reduction formulas that
can be used to efficiently reduce any one-loop integral. We expect that this approach can be useful in the

reduction of multiloop integrals as well.
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I. INTRODUCTION

Scattering amplitudes and Feynman integrals are core
components of perturbative quantum field theories.
Developing efficient computational methods is crucial for
advancing cutting-edge phenomenological applications. To
compute multiloop scattering amplitudes, it is often neces-
sary to handle a large number of complicated Feynman
integrals. By exploiting the linear relations among these
integrals, they can be expressed as linear combinations of a
finite set of master integrals (MIs). This process is known as
integral reduction, which significantly reduces the computa-
tional complexity. Integral reduction is also a key step in the
method of differential equations [1-4] for evaluating
the Mls.

Currently, the standard method for integral reduction is
the Laporta algorithm [5] for solving the integration-by-
parts (IBP) identities [6,7] of Feynman integrals. Many
program packages implementing this algorithm are avail-
able, including FIRE [8], LITERED [9], REDUZE [10] and
KIRA [11]. Traditionally, the IBP method has been devel-
oped mainly in the momentum representation. It can be
formulated in other representations as well, such as in the
Baikov representation [12—15] or in the Feynman para-
metrization [12,16-20]. For complicated multiloop inte-
grals, the system of IBP equations can become very large,
and it is rather time-consuming or even impractical to solve
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them. Recently, it has been proposed to generate a smaller
set of IBP relations by using the algebraic-geometry-based
method in NEATIBP [21], or by searching for a block-
triangular system in BLADE [22]. In addition to the IBP
method, there exist other reduction techniques as well—
e.g., the Passarino-Veltman (PV) tensor reduction [23] and
its improvements using auxiliary vectors [24-30], the
Ossola-Papadopoulos-Pittau  (OPP) method [31-33],
the unitarity cut method [34-44], generating functions
[45-48], et al. We will not go into the details of these
methods.

An alternative way to formulate the IBP relations is the
so-called intersection theory [49-60], where a Feynman
integral is regarded as a pairing between a differential form
and an integration contour. The IBP relations are formu-
lated as the equivalence relations among differential forms,
which live in a so-called twisted cohomology group. The
integral reduction can then be performed by calculating the
intersection numbers between a pair of differential forms.
Such an approach has been extensively developed in the
Baikov representation [61,62] of Feynman integrals, and
recently has been developed for the Feynman parametriza-
tion as well [63].

Within the framework of intersection theory, the equiv-
alence relations can also be established among integration
contours. The equivalence classes of contours form a
twisted homology group. In principle, these equivalence
relations can also be employed for integral reduction, but
this approach has not been developed so far.

In this work, we initiate a study that exploits the
equivalence of integration contours for integral reduction,
based on the Feynman parametrization. One outcome of
our study is an improvement of the Cheng-Wu theorem
[64-66], such that the delta function in the Feynman
parametrization can be modified to a more general form.
This essentially corresponds to modifying the integration
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contour.! We apply this to one-loop integrals and find that,
by splitting the contour and further transforming each part
of the contour, we can identify each part with a Feynman
integral that is simpler than the original one. As a result, we
can construct recursive reduction formulas purely by
dealing with integration contours, without solving IBP
relations. This approach does not generate any redundant
information hidden in the IBP relations, and is therefore
highly efficient.

The paper is organized as follows: In Sec. II, we
introduce the equivalence relations of integral contours
in Feynman parametrization and use several simple exam-
ples to demonstrate our reduction method. In Sec. III, we
present our general method for one-loop integral reduction,
and we provide recursive formulas that can be easily
implemented in computer algebra. In Sec. IV, we demon-
strate our method through several examples, including a
preliminary extension to higher loops. In Sec. V, we
provide a summary and discuss the new challenges that
may arise in future applications.

II. DOMAIN OF INTEGRATION AND REDUCTION
OF FEYNMAN INTEGRALS

A. Feynman parametrization and equivalence classes of
integration domains

An L-loop Feynman integral is defined by

d%,  d%; 1
1(v,) = eret / . T
where v, = {vy,...,v,}, and D; are propagator denomi-

nators or irreducible scalar products. One can convert the
above momentum representation into integrals over
Feynman parameters. There are many variants of the
Feynman parametrization, and one of them was introduced
in Ref. [16]. It takes the form (assuming all v; > 0)

I(Vn) = C(Vn) /000 <ﬁ ql;j_ldaj> (C(OU + ‘7:)'105
=0

X (1 —Zaj>,
jes
where S is a nonempty subset of {0,1,2,...,n},

do=-d/2, vy=-v—(L+1)d, v=37"1,v;, and the
prefactor is given by

(2.2)

'Note that the deformation of the integration contour in the
Feynman parametrization is a common practice in the method of
sector decomposition to avoid singularities in numerical integra-
tion [67]. It is also demonstrated in Ref. [68] that generalized cuts
can be implemented in the Feynman parametrization by appro-
priate choices of integral domains. These manipulations, how-
ever, have no connection with integral reduction.

I'(=4)

Clon) = (-1pemt s

(2.3)

U and F are the so-called Symanzik polynomials. We
denote

alDl + e +anDn

L L
= Myki-k;=2> ki-Q;=J+i0, (24)
ij=1 i=1

where Q; are combinations of external momenta. The two
Symanzik polynomials can then be written as

L
U=det(M). F=det(M)|> MjQ;-Q;—J—i0].
ij=1

(2.5)

From the above expressions, it is clear that ¢/ and F are
homogeneous polynomials of degree L and L + 1 in the
variables {ay, ..., a,}, respectively.

Note that the representation (2.2) can be applied to the
cases where some v; < 0 as well. For that, we can introduce
a regularization otf into the integration measure. After
performing the reduction, one takes the limit p — 0 in
the end. In the following, we will assume that such
regulators are implicitly applied when necessary.

The fact that one can freely choose a subset of Feynman
parameters appearing in the d function in Eq. (2.2) follows
from the so-called Cheng-Wu theorem [65]. We now note
that Eq. (2.2) can actually be recast into a more general
form:

I(v,)=C(v,) A ) (f[a?"‘ldaj> (U +FYoX8(X =),
j=0
(2.6)

where X and ) are homogeneous functions of degree
0 and 1 in the variables «;, respectively. The integration
domain is the hypersurface defined by the equation
X —Y =0 within the region IRTr1 (where all a; > 0).
The hypersurface should satisfy the condition that each ray
going from the origin to R”*! should have one and only one
intersection point with the surface. For that purpose, X'/)
should be positive-definite within R"'. To reconcile the
sign convention with Eq. (2.2), we require that X’ and )
both be positive-definite within R In practice, this
usually requires that we work in a particular region of
the kinematic variables. On the other hand, the reduction
coefficients are rational functions and are correct in other
kinematic regions as well. Therefore, the positivity con-
straint can be relaxed in the end.
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It is easy to see that the original representation (2.2)
corresponds to the specific choice X =1 and Y =
ZjeS a;. Note that by choosing X =1 and YV = q,, we
can integrate out @, to arrive at the so-called Lee-
Pomeransky (LP) representation [69]:

mm:c@»A“Oﬁﬁ”wJW+fw.<zn
j=1

With these standard choices, the singularity structure of the
integral within the parameter space can be analyzed using
the Newton polytope associated with the polynomial
aold + F. See, e.g., Refs. [70,71]. However, when X
and Y are rational functions, the Newton polytope analysis
needs to be modified to take them into account. We will not
perform such analyses here, but simply note that it is
always possible to find some regions of 1, where the
integral converges.

It is straightforward to show that Eq. (2.6), with an
arbitrary choice of X and ) (satisfying the conditions
thereof), is equivalent to Eq. (2.2). Starting from Eq. (2.6),
we insert the identity

1:Am5<n—2aj>di1

jEeS

(2.8)

and then perform the rescaling a; — na;. Using the
homogeneity of the integrand, as well as the functions
X and ), Eq. (2.6) becomes

I(v,) = Clv,) A ) <H aj"“daj> (aU + F)h
j=0

x 5(1 - Za]) /0 T dnXs(nX = ). (2.9)

JES

The positivity of X and ) ensures that the integration over
n equals unity. Therefore, Eq. (2.9) is precisely Eq. (2.2).
Equation (2.6), with the freedom of choosing suitable X’
and Y functions, will be our starting point to derive the
reduction formulas. Note that we do not need IBP relations
in the above derivation. On the other hand, our method is
secretly equivalent to IBP reduction. In fact, the independ-
ence of Eq. (2.6) on X and ) can be associated with
Stokes’s theorem, as we will demonstrate in the following.
We will follow an approach similar to that in Sec. 2.5.3
of Ref. [72]. The ¢ function in Eq. (2.6) effectively restricts
the integration onto the n-dimensional hypersurface S,
embedded in R""!, determined by X — ) = 0:

,a,) ERTX -y =0}.

S, = {(ap, ... (2.10)

Let us define an integrand function

f=C,) (H a;j_l> (agU + F)o (2.11)
=0
and an integration measure
o= (1)a;dag A ... Adaj A ... Ada,,  (2.12)
=0

where the hat indicates that the corresponding factor is
omitted. When restricted to the surface §,,, the value @ can
be parametrized by n out of n 4 1 variables. Picking one of
the variables (say, without loss of generality, o) appearing
in X—), we can express the integration measure @

on S, as
g, AX =)
%]

Subj=0 7o,

I(X-Y)

()a()

0)|S,, = —‘

x day A ... Aday, (2.13)
where the subscript S, indicates that « is replaced by a
solution of X —) = 0. This expression is obtained by
pulling back the integration measure on the hypersurface to
the n-dimensional parameter space of a local coordinate
chart. Note that the absolute value is necessary to enforce a
consistent orientation convention. If the hypersurface
cannot be covered by a single coordinate chart, the formula
is understood with an implicit summation over the relevant
local patches. Next, we use the fact that X and ) are
homogeneous functions of degree 0 and 1, respectively. By
Euler’s homogeneous function theorem, we have
> 120, X =0and ) 0, Y = Y, which imply

& a(X-Y)

lz Y o, —] ==Y, =-X[g. (2.14)

Jj=0 J S,

Combining the above information, we arrive at
(X — -1
wlg = '(y) Xlg da; A ... Ada,

n aao S" n

= X5(X —Y)dag A day A ... A da,,. (2.15)

Note that when solving for ¢ from the 6 function, one may
obtain several solutions, which correspond to the different
local patches on the hypersurface, as mentioned earlier.
From the above expression, we see that the integral in
Eq. (2.6) can be written as

1) = | o

Suppose that S, and S, are two n-dimensional-oriented
hypersurfaces defined by X =Y =0 and X' —)' =0,

(2.16)
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a
x’(ao,al) - ’y,(ao, al) =0

$1
Az
S1

xo
1-(ap+a;)=0 0o

FIG. 1. The independence of the integral on the integration
domain for the case of two variables. S is the integration domain
defined by X =1 and Y = q + a, while S is the integration
domain defined by the two functions X”(ay, @) and ) (ag, ;).

respectively. See Fig. 1 for a simple illustration with n = 1.
We need to show that the integrals on S, and S/, are the
same. For that, we will employ Stokes’s theorem. Let A, ,
be the region enclosed by S,, S, the coordinate hyper-
planes defined by a; = 0 (j =0, 1, ..., n), and possibly the
hyperplanes at infinity. Note that f is a homogeneous
function of degree (—n — 1) in the variables {a;}. This can

be used to demonstrate that the n-form fw is closed—i.e.,
d(fw) =df Ao+ fdw = 0:

n af
j=0 J
A (Z(—l)jajdao A A cfoz- A A dan)

7=0
=—(n+1)fday Ada; A ...
= —fdw.

A da,
(2.17)

Therefore, the integration of d(fw) in any region A, in
R+ i zero. By Stokes’s theorem, this means that

When restricted on the coordinate hyperplanes as part of
0A, ., @ always vanishes due to the factor of ; in its
definition (2.12). The boundary hyperplanes at infinity
correspond to infinitesimally small solid angles. Therefore,
if the integrand has no singularities on these boundaries, its
integral yields a vanishing contribution. If, on the other
hand, the integrand exhibits singularities on the boundaries
at infinity, one needs to introduce regulators to define the
integral. In dimensional regularization, the integral is
regarded as an analytic function of the complex variable
Ao = —d/2. Unlike the integrals on S,, and S/, the integrals
at infinity are simpler to analyze, since the functions X and
Y no longer come into play. It is enough to realize
that gl + F is a homogeneous polynomial, while the

(2.18)

variables cannot go to infinity uniformly when approach-
ing the boundaries [otherwise, the assumption below
Eq. (2.6) would be violated]. Therefore, it is always
possible to find some region of 4, where a, (LHM"(aOL{ +
F)* goes to zero sufficiently fast: if a is finite at the
boundary, we can choose 4, to be sufficiently negative;
while if @y — oo at the boundary, we can choose 4, to be
sufficiently positive.

The possible introduction of analytic regulators a’j’ does
not change this conclusion, since p should then be regarded
as another complex variable on which the integral depends.
Putting all the above together, we are now left with only S,
and ), in 0A,,, ;. After taking care of the orientations of the
hypersurfaces, we finally arrive at

/sn Jo= s, fo.

In the above, we have shown that the two contours S,
and S, give rise to the same integral, and they can be
regarded as belonging to the same equivalence class. In the
language of twisted homology (see, e.g., Ref. [73] for more
details), the equivalence classes of integration contours are
elements (cycles) of a twisted homology group determined
by the polynomial aylf + F. This homology group is dual
to the twisted cohomology group of the integrands. In the
literature [49,50], there have been extensive discussions on
how to perform integral reduction using the vector-space
structure of the cohomology groups. This can be done
using the techniques of intersection theory [74-83]. The
homology groups of integration contours also admit a
vector-space structure, and in principle can be used for
integral reduction as well. However, this path has not been
followed in the literature to the best of our knowledge.

In the following, we will exploit the equivalence of
integration domains to set up recursion relations that can be
used to reduce one-loop integrals. We will write the
relations in terms of index-raising and -lowering operators,
defined as

(2.19)

(2.20)

It is also useful to define an operator that sets an index to
Zero:

~—
1]
~
—
L
~—

Jol (o). (2.21)

Before going into more general formalities, we first study a

few simple examples.

B. A reducible sector

To illustrate our approach, we first consider a simple case
where a sector is reducible to one of its subsectors. A

116005-4
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P1

P2 pP3

FIG. 2. The massless triangle with p? = s and p3 = p3 = 0.

specific example is the massless triangle diagram shown in
Fig. 2. The corner integral in this sector corresponding to
v; =13 ={1,1,1} is given by

1(13) = C(15) / " dagda;daydasad=*[ag + F)~92 X
0

s5(xX =), (2.22)

where U = a; + o, + a3 and F = —a;a,s. The above
integral is reducible to a bubble integral. One can observe
that a3 is present in I/ but absent in F. We will show that
there is a general rule: whenever a variable is present in
but absent in F, the corresponding integral is reducible to
the subsector without the variable.

Let us consider an n-point one-loop integral, and denote
such a variable as «a;. Defining U;, = U |az—>0’ we can write
U = a; + U, . The corner integral in this sector can then be
written as

1(1,) = C(1,) Am< I d“j) ag ™" Moo (e + U, )
—0

J

+ FhXs(X -Y). (2.23)
We choose
U
= = 2.24
a + U Y =a ( )

and integrate out a, using the & function. After that, the
variable @; only appears in a power of a; +U;,. The
integration over @; can then be performed using the formula

my

m;

FIG. 3. The bubble diagram with two masses.

Awdxx/’_l <1 +%)H = NB(p.1-p—7). (A>0),
(2.25)

where the beta function is

['(z))T(z2)

B(z;, = .
S (2 + z2)

(2.26)

After integrating over ;, we arrive at

1(1,) =C(1,) Aw (HdaJ-)ul,o(u,,o +F)o.  (2.27)

j#0.1

As promised, the integral now manifestly has the form of
the LP representation in the subsector without ¢;. Using the
index-changing operators, the above result can be written as

11,) = ﬁz&ﬁol(m. (2.28)

k£l

Applying the above general formula to the triangle integral
in Fig. 2, we have

I,1,1) =~ [1(2,1,0) + 1(1,2, 0)].

y (2.29)

C. The bubble family

We now turn to the reduction in an irreducible sector: the
one-loop bubble with two masses shown in Fig. 3. The
kinematic variables are m?, m3, and p?> = s. The integrals

in this family can be represented as

[(v),1,) = C(yl,y2)[) daoda1dazag"_la'f‘_la;rlé\,’ﬁ(éf -))

X [(a) + ax)ag + aya(mi + m3 — s) + aimi + agm3|.

2 (2.30)

We consider the reduction of I(1, 2). Note that the integral shown in Eq. (2.30) for positive v; and v, does not possess the
property of being reducible to subsectors as described in Sec. II B. Therefore, we need to split the integral into two parts:
one part that is reducible to subsectors, and the other part that can be eventually related to /(1, 1). To this end, we consider

116005-5



ZIWEN WANG and LI LIN YANG

PHYS. REV. D 113, 116005 (2026)

the auxiliary integral

g9(1,1)=C(1,1) /o0 dagda,dayad = X5(X - Y)
0

x {loy + (1 = q1)ao)ag + ajmi}o, (2.31)

where ¢, = (m3 + m3 —s)/(2m?}). The motivation for
considering the above integral comes from two perspec-
tives. First of all, the integral itself is reducible. According
to the result in Sec. II B, one can see that g(1, 1) is reducible
to the subsector without a,. Applying the method from
Sec. II B, we obtain

1 2m}
1.1) = ' 1(2,0).
9(1.1) d—3(m%—m%+s)( )

(2.32)

On the other hand, the integral can be related to a linear
combination of /(1,1) and I(1,2) through a change of
variables. We perform the variable change a; — a; + g,
and o, - a(1 = Way/ay) in Eq. (2.31), where W=
AMm?,m3,s)/[2(m? —m3 + )] and the Kéllén function is
given by A(x,y,z) = x*> + y*> + 722 — 2xy — 2yz — 2zx. For
convenience, we will work in the kinematic region where
W < 0, such that the integration domain of @, remains
[0, o] after the variable change. The reduction coefficients,
being rational functions of kinematic variables, are

insensitive to this choice. After the change of variables, we arrive at?

20

g(1,1) :c<1,1)/°°da0da2/°° da1a3‘3X5(X—y)<1 —2W@>
0 —q12;

X [(a) + @m)ag + ayay(mi + m3 — s) 4+ ajmi + azm3)*

2w
:I(l’l)+ﬂl(l’2)+hl(l’l)’ (2.33)
where we have split the integration range of a; and define
00 0
h(1,1) = C(l,l)/ daodaz/ da1a3‘3X5(X—y)<1 —2W%>
0 g1 ap
X [(ay + @)y + ayap(mf 4+ m3 — s) + ajmi + agm3 ). (2.34)

The h(1,1) function is also reducible to subsectors. This can be seen by further applying the variable change
ap = agr /(o +a1/q1), ay = —ayay/(ay + a1/ q,). Denoting o) = ay[1 — W(2a, + a1/q1)/ag], we have

/

© A
hi(1,1) = C(1, 1)/ daydadayad > X5(X — y){ {(1 - ql)ﬂ + az} ap + a%m%} '
0 a1

1 mi +mj—s
Cd=3mi—m3+s

10,2), (2.35)

where we have again utilized the method of Sec. II B (assuming 0 < ¢; < 1). Combining Egs. (2.32), (2.33), and (2.35), we
arrive at

m? —m2+s 2m? m? 4+ m?—s
I(1,2))=3-d)——2""1(1,1 L 12,00 ——)——2_"17(0,2), 2.36
(1,2) = ( )l(m%’m%,s) ( )U(mf,mg,s) (2,0) o) (0,2) (2.36)

which precisely agrees with the result of IBP reduction.

From the above examples, one may find that our procedure mainly consists of two steps: (i) transformation of the
integration contours either by explicit choices of the X and ) functions, or by appropriate variable changes; and (ii) splitting
the integration contour into several parts, and identifying each part manifestly as a Feynman integral. One may then wonder

“Itis easy to see that X and ) still satisfy the conditions below Eq. (2.6) in terms of the new variables. This is guaranteed, since (i) the
variable changes are homogeneous, and (ii) X and ) are positive-definite in the original integration domain and must remain so in the
transformed integral domain, which maps bijectively to the original domain via the variable changes. The same consideration applies to
variable changes employed later.

116005-6
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how these contour transforms are constructed. In the next
section, we will present the general method and the explicit
recursive reduction formula for one-loop integrals.

III. THE GENERAL METHOD FOR ONE-LOOP
INTEGRAL REDUCTION

Based on the examples in the previous section, we now
describe our reduction approach for generic one-loop
integrals. The final outcome of this section is a system
of relations that express a more complicated integral (with
higher powers of propagators and/or higher ranks of
numerators) as a linear combination of simpler integrals
(with lower powers of propagators and/or lower ranks of
numerators). By iteratively applying these relations, it gives
a shortcut to reduce a integral to corner integrals, with
indices being either 1 or 0.

In essence, our iterative relations are equivalent to a
symbolic solution to IBP equations, which at one loop can
be obtained through other methods as well (see, e.g.,
Ref. [26] and references therein). In the language of linear
systems, these iterative relations automatically generate a
system in an upper triangular form (row echelon form). In
other words, we have effectively performed the forward
elimination in the Gaussian elimination method of solving
linear systems with no cost, and applying the iterative
relations is equivalent to the step of back-substitution. It is
well known that the computational complexity of Gaussian
elimination is dominated by that of forward elimination,
which scales as N, where N is the number of equations. On
the other hand, the complexity of back-substitution only
scales as N2. Therefore, it is natural to expect that our
method provides better efficiency than the traditional IBP
methods.

A. More powers vs more variables

The goal of one-loop integral reduction is to reduce the
indices v; to either 0 or 1. We now introduce an interesting
technique to lower an index by 1, at the cost of adding an
auxiliary integration variable. While this seems to be
meaningless at first sight, it will be employed in the
derivation of the final reduction formula.

For an arbitrary function g(u), we can derive the
following integral relation:

ﬁ[f duu"g(u)
et ol o
_—n/ dx/ dul[x"g(u)]

:W/ dx/ Ayl lgx+y). (3.1)

Here, we emphasize that a regularization n — n + p is
implicitly assumed if n < 0. We may apply the above
relation to the Feynman parametric integrals. We define

I(vy, ..., v, 1, ..,

=C Vn’ 1 / d/))l/ ( (Zl;j_ldaj>

J=

A
X6(X = V)| (ol + F )y, | (3.2)
A few words are needed to explain a subtlety in the above
definition. Both the prefactor C and the power of & in the
integrand involves v, which is defined as the sum of all
indices in the argument of 7/ and C, as can be seen below
Eq. (2.2). It then follows that, in the above expression, we
have v=1+>"_ v;. Note that the value of vy = —v -
(L 4+ 1)4g is determined accordingly. Similar considera-
tions apply for the functions g(v) and h;(v) that will be
introduced later.
Applying Eq. (3.1) to Eq. (3.2), we obtain

vy, ..o+ 1,0, =1(vy, ...,

Vi, 1], .. ). (3.3)

From a different point of view, the above relation can also
be obtained by splitting D;*~" as D;*'D;", and introduc-
ing two Feynman parameters «; and f; for the two factors.
This relation will play a crucial role in subsequent
derivations. It is worth noting that it also holds for general
L-loop integrals.

B. Reduction for irreducible sectors

We now consider a general one-loop integral in the
Feynman representation:

()

xs(x -y

I(Vn) =

a)ay +a'Zal,  (3.4)
where 1 denotes a column vector of length n with all
elements equal to 1, and @ = (ay, ..., a,)". It is evident that

U=1q, F=aZa, (3.5)
where the Gram matrix Z is symmetric. For an irreducible
sector, we have det(Z) # O (but the reverse is not true, as
we will see in the “magic relations” discussed later).

In the following, we will aim for decreasing the power
v; > 1 of the variable a;, where [ € {1, ..., n}. For that, we
will need to study the submatrix of Z obtained by removing
the /th row and /th column. We will denote this submatrix
as Z(1,1), and refer to it as “the (/, [)-submatrix.” A closely
related concept is the (i, j)-minor of Z, which is the
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X . . . .
z determinant of the submatrix of Z without the ith row and

Jth column. The (i, j)-cofactor is further defined by
multiplying the (i, j)-minor with (—1)"*/. We will denote
the (i, j)-cofactor of Z as Z, ;.

The (/, I)-submatrix can be either nonsingular with rank
n — 1, or singular with a smaller rank. In the following, we
will discuss the two situations separately.

—X 0 X1

—x
FIG. 4. The contour-splitting in two dimensions.

1. When the (1,1)-submatrix is nonsingular
Similar to the idea of Eq. (2.31),> we introduce an auxiliary integral

= ® - ® - v~ a; —
o1 = Cloy1,) | (Hdﬂj) / (jHOaj d ) X5(X - )
< {17 @+~ gp)lag + (@+p0) Z(a+ ) |, (3.6)

where B(!) denotes the vector obtained by replacing the /th element (i.e., ;) of the vector f = (Bi,....B,)T with 0, and the
elements of the vector ¢ are given by

g = — 2kt (3.7)

where we recall that Z, ; is the (i, j)-cofactor of Z.
Using the method from Sec. II B, we can extract #; and integrate it out with an appropriate choice of X and ). We arrive at

g1, = (— 1) S, + 1), (3.8)

D()_l q j=1

where g = ) }_, gy, and we have used Eq. (3.3) to absorb the extra f3; variables at the cost of increasing the powers of a;.
Note that v is defined in terms of the sequence of indices (v,,1,,), as explained below Eq. (3.2).
On the other hand, Eq. (3.6) can be transformed in another way with the variable change

2
Bi—=Bi+aqif. (Y j#l). b1 — ﬁl(l - WM) (3.9)

Qp

where

det(Z)  det(Z)

w = ) (3.10)
i1 Zj qZy,
This leads to
’ln = nvln ood ” dg; ” ; l{j_]d S XS(X —
g 1,) = € )A g (g /—‘Ijﬁl ﬂj>A (jO “ a,) =)
x (1 - Zw%ﬂj (17 (o + Pag + (o + B) Z(a + ). (3.11)
0

3As in Sec. II C, the kinematic invariants appearing in the derivation of this section are implicitly assumed to lie in an appropriate
domain.
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We can now split the integration domain of f;. First, we introduce the contour-splitting identity

/ dx; = / dx; + / de. J] [ dax
J#l J#l k#l J#LE Xk

(3.12)

whose geometric meaning is natural and straightforward. In two dimensions, it corresponds to the domain decomposition

illustrated in Fig. 4. After a rescaling of the variables, we arrive at

g(yrnln) = I(I/n +1n) +

w .
l+](yn + ln) + th(yn’ 1n)’
o1 k#l

where we have defined

mn)=Conty) [Tn [* an (T [0 ) [T (1]
b ALk Y 4P/ ax 0 =0

(1 _ow i th ’) 17 (e + B)ag + (@ +B) Z(a + p)[o X5(X = ).

)

Our next task is to transform /A (v,) into Feynman integrals. For that, we perform the variable change

b

a = aj———7. (V) ﬁk_)_ﬁkLﬁk7 ﬁj—><, q,ﬂk> bi (V j#Lk).

i+l i+l prtl

9k

We can then write

h(w,,1,) = Cly,. 1, / dﬂk/ (]}1@)/ (ﬁajf‘ldaj>xa(2(—y)

HIT(aJrﬂ ) - gk}ao—&—(a—l—ﬁ( )]T:Z(a+ﬁ )}i

where

B, Eﬁk<1 _ Wzaz + 25 +ﬁk/CIk>‘

ap

Therefore,

/’lk(l/,,,ln) 1
vy —

Combining Egs. (3.8), (3.13), and (3.18), we finally obtain

2 det(2)ItI(v,) = i: Z; (v sz v

j=1

where we have performed a simple shift of indices v; — v; — 1, and

T, =) k1w,

J#k
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In the context of integral reduction, we regard the integral
which has smaller total positive indices as “simpler.” In this
sense, it can be seen that the integrals appearing on the
right-hand side of Eq. (3.19) are simpler than the one on the
left-hand side. Since we are dealing with an irreducible
sector, we have det(Z) # 0. Therefore, we can use
Eq. (3.19) to recursively reduce a particular Feynman
integral to simpler integrals.

2. When the (1,1)-submatrix is singular

In this case, the (1, [)-submatrix is noninvertible, which
implies that Z; ; = 0. Equation (3.7) then becomes singular.
However, we find that the correct reduction rules can be
obtained by taking the limit Z,; — 0 in the final expression,
Eq. (3.19). Therefore, in this case, we have

2det(Z)1"I(v,) = Z[Zj,z(l/o —v)l(v,) - Z[Zk,ljk(yn)}’

71 Kl
(3.21)

which can be used to reduce I*1(v,).

A special case occurs when the matrix Z has only one
element, meaning that Z(I,1) is an empty matrix. In this
case, we have v = v; and vy = d — v. The procedure can
still be carried out by defining Z; ; = 1, and we obtain the
correct reduction formula for single-propagator integrals:

d—2v

v+ =5 ez

1(v). (3.22)

After the variable change, an integral can be written as

1(v,)

C(v,) /c>o &' da (
0

x / daga ™ [(Uso + Ea)ag + F o0 X8(X = ),
0

[]

j#0.1

C. The reducible sectors

We now turn to the case where det(Z) =0, which
corresponds to reducible sectors according to the discus-
sions in Sec. II B. Note that this criterion is equivalent to
those found in earlier literature [84]. The Gram matrix Z is
singular in this case, and it implies that the degrees of
freedom in the polynomial F are fewer than the number of
variables. In other words, we can find a vector & =
(&1, ..., &,) with & =1, such that

Flay + Eapy ooy, oo, + &) = Flag, ..., 0, ay).

(3.23)
The vector € is in the kernel of Z—i.e., ZE = 0.

1. Reduction for general reducible sectors

In Sec. II B, we have discussed a special case where the
F polynomial already takes the form of the right-hand side
of Eq. (3.23), without introducing the transformation
induced by & In other words, it corresponds to the case
where all elements in €, except £, = 1, are zero. In that case,
integrals in this sector can be reduced to a single subsector.
More generically, we need to apply the variable change

aj = a;+&a, (Y j#0,1) (3.24)

to transform the F polynomial into the desired form.
Consequently, the integrals will be reduced to linear
combinations of different subsectors, as we will demon-
strate in the following.

Cwn) A ) <]1 ajf"lda,> XS(X = V)| + Fo

/5 ((lj + fjal)”f_ldaj>
=iy

(3.25)

where §=371_, &, Fio = Fly0 and we recall that U =U|,_,. We can again split the integration domain using
Eq. (3.12) and perform a variable rescaling similar to that leading to Eq. (3.13). We define

Gl(yn)

Hda]

J#0.1

/(

Cv,) Aoo daga ™! Aw dagaly "' X5(X = )

vi—1
i)

A
a; 0

; (3.26)

(Uz,o +¢

>ao+f[,0
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and

00 0 00
HmeC@»/<mw*/ d%WHfMW”/ dargaly ™ XS(X — V)
0 =&y 0

x H / da(a; + &a)s~" | [(Uy + Ear)ag + F ol (3.27)
JEOLk 7 &/ Sk
Let S: be the subset of {1,...,n} such that & # 0 if k€ S:; we can then write
I(Vn) = Gl(yn) + Z Hk(yn)' (328)
keS:/{1}

We can further show that H;(v,) can actually be rewritten as Gy (v, ). For that, we introduce the variable change

a é a;
ay = A D a, —> — (1—,
0 Oal—ak/fk k ¢ lal—ak/éfk
a .
aﬁ(aj—:jaz)ial_;k/gk, (V j#0.k1), (3.29)

and therefore

H(v,) = C(v,) /000 dagas™ /Ooo daga? ™' X5(X = )

0 vi—1 o
X/ (Hd“j <0‘j +‘§j%> | ) Kuk,o +§%>0¢0 +fk.0:| : (3.30)
0 \Jj#0k k !

Using the method in Sec. II B, we can reduce G (v,,) (for both k = [ and k # [) to integrals in a subsector. Combining these
results, we arrive at the reduction of /(v,,):

1) = 3 A kp,) (331)

where the operator P, is a combination of index-raising and -lowering operators:

j#k vi=1 ) ’l>+ KV m#k fr )
P, = (H Z) [B(_yo +1u+u) (%) H M} (3.32)

!
= mes,  Hm:

where y = Z']]:éksg ;. Obviously, the above formula only applies if & # 0. The case for £ = 0 will be discussed in the

following.

2. Degenerate limits

The case £ = 0 corresponds to certain degenerate limits of Feynman integrals. As a specific example, we consider the
bubble diagram shown in Fig. 3 with m% = m% and s = 0. Here, we find that € = {1, —1}, and hence £ = 0. We now discuss
how to deal with this kind of situation.

When & = 0, both U/ and F satisfy

Olay, ...,ap, ...,a,) = Olay — &y, ..., 0, ... a, — ) (3.33)

for certain [, where O € {U, F}. Therefore, ayld + F satisfies the above property as well. We now consider the integral
I(v, +1,). By introducing the f variables as in Sec. Il A, we can write it as
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I(len) Vn’l / (Hdﬁj> Aoo (ﬁa?_ldaj>go(a’ﬂ)%)(5()(_y)’ (334)
=0

where
Go(@. ) = lath + Floeaip = 1 (@ + B)lag + (@ + )" Z(a + p). (3.35)
It follows from the property of &/ and F that

gO(a’ﬁh ""ﬂlv vﬂn) = g()(a’ﬂl - flﬂlv "'70’ "'9ﬂn - gnﬁl) (336)

We now show that this property can be used for reducing the integral to subsectors.
For convenience, we consider a function g(y,x,_;) which satisfies

9. xu-1) = 9(0,%,_1 + Y11,-1). (3.37)

where x,_; denotes the sequence of n — 1 variables, and #,,_; is the sequence of n — 1 constants. Using the relation

/m%<w> M/M%(ggwdm (.38)

we can show that

[0 7 (e oo ([0 oo
S [Tu(TL[7 e [0

= ni”k/)w dYAm (dej> Yo(Y.X,1), (3.39)

k=1 i#k

where x| = x,_y + Y1, Y = X,/ = xi/ni +y, and X = x; — n;x; /e = x; — ;% /1. Note that in the kth term of
the above result, we have X; = 0 in g, and we do not have to mtegrate over X;. Hence, we have eliminated one variable at
the cost of increasing the power of Y.

Applying Eq. (3.39) to I(v,,1,), we get

5 1 ns 1 d ” ] D'j_l j
et =-sciats [ (T) [ (I
x B1Go(a, fN O XS(X - ). (3.40)

Absorbing the extra f§; variables using Eq. (3.3), we finally obtain the reduction formula that works in the degenerate limits:

Iy ) ==Y EI(y= 1y + 1.0, (3.41)

k#l

It can be observed that by fixing /, we can recursively decrease other indices at the cost of increasing v;. This eventually
leads to integrals in the subsectors.

Now, let us consider the example mentioned earlier: the bubble diagram with m? = m3 and s = 0. By choosing / = 1 and
repeatedly applying Eq. (3.41), we can arrive at
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I(IJI,IJ2> :I(Vl +I/2,0). (342)

Up to now, we have exhausted all possibilities and have
presented iterative formulas to reduce any one-loop integral
with indices larger than 1 to linear combinations of simpler
integrals. The remaining task is to reduce the negative
indices corresponding to numerators in the momentum
representation [Eq. (2.1)].

D. Reduction of integrals with numerators

If any index v; <0, the corresponding D; is in the
numerator of Eq. (2.1). Such integrals can always be
reduced to integrals with v; = 0. In the following, we
show how to achieve this reduction within our approach.

1. Rewriting the integrals in shifted dimensions

It is well known that integrals with v; <0 can be
rewritten as integrals with v; =0 in shifted spacetime
dimensions. This can be easily seen in the LP representa-
tion:

(3.43)

196,) = €90, [T g [t
0 j=1

where (AQJ+ (for Oe{U,F?}) represents an operator ob-
tained by substituting each a; in (90/da;) with k*. Note
that Eq. (3.45) holds for general L-loop integrals, and for
the purpose of this work, we can set L = 1.

With Eq. (3.45), we can recursively increase a negative
index to zero, at the cost of employing integrals in shifted
dimensions. Let us consider a simple example: I(—1,2)
from the bubble integral family in Fig. 3. Applying
Eq. (3.45) with j = 1, we obtain

119(=1,2) = (1 = d)I1¥+2(0,2)

+2(m? + m3 — 5)I12(0,3).  (3.46)

2. Dimensional recurrence relations

We now need to transform the integrals in shifted
dimensions to the d-dimensional ones. These are the so-
called dimensional recurrence relations [85-88]. We show
how such relations can be naturally derived within our
approach.

In the Feynman parametrization, it is easy to increase the
dimension:

where G=U+F. We have used the superscript
(d) to specify the dependence on the spacetime dimension.

If v; < 0, we can increase v; with a simple integration by
parts:

+v—1
/”daj a/; G-d/2
0 Clp+v;)
—é/mda-ch)Q (@22 (3.44)
2)0 Tp+v;+1)\oa

where we have explicitly introduced the regulator p as
discussed in Sec. II A. One may see that the right-hand side
of the above equation corresponds to integrals in d + 2
dimensions, but with an increased v; index. Note that/ and
JF are homogeneous polynomials of degree L and L + 1,
respectively. The above relation can be rewritten in terms of
index-raising operators as

(3.45)

(3.47)

We need to find the inverse relation, to express /(¢*2) in
terms of /(9), Note that the indices here are all non-negative.
Since we can apply the reduction rules that we have
constructed in both d and d + 2 dimensions, we only need
to find the relations among corner integrals. Combining the
above equation with Eq. (3.19), we obtain

2det(Z)1'D(1,) =—2det(2) > 1711¢*2)(1,)
=1

={(n—1-d)1l¢+( ngkoz
(3.48)
where §, =30 Z; j, £ =31, &, and we have used
> T keI (1,) = —koI' D (1,,). (3.49)
7k
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P1

my
Ps P2

m3
Pa pP3

FIG. 5. The pentagon diagram with three masses.

If £ #0, Eq. (3.48) gives rise to the dimension recurrence
relation that we will need:

2 det(Z)

142)(1,) = m

1(1,)

ZCkko

e 1 — (3.50)

Combining with Eq. (3.45), we complete the reduction of
integrals with numerators.

Applying the above relation, we can continue the
reduction of I(—1,2) starting from Eq. (3.46). We first
reduce the right-hand side of Eq. (3.46) to corner integrals
in d + 2 dimensions, and we obtain

(d=2)(mi —m3 -
2m3

d 2m3—

5) Jd+2)
1
2m3 o.1).

I(d)(—l,Z):—

(3.51)

We then use Eq. (3.50) to derive (recall that we have
defined Z; ; = 1 when the matrix Z has only one element)

Finally, we have

(d=2)(m} = m3 s
2m3

2m2

1D(-1,2)= ) 19(0,1). (3.53)

Note that if { =0, Eq. (3.48) does not lead to a
dimension recurrence, but rather gives rise to an interesting
reduction rule of the corner integral to subsectors:

(1) = Zé“k ol (3.54)

2 det

This is the so-called “magic relation.” In the usual IBP
reduction, it can only be observed when IBP relations
involving certain supersectors are included [11,89]. For
example, for the bubble diagram in Fig. 3, we find { = s.
Therefore, when s = 0, the integral I(1, 1) can be reduced
to subsectors:

1

2 2
my —my

19(1,1) = [19(1,0) = 119(0,1)].  (3.55)

In KIrA, this reduction rule can only be found when
embedding the bubble integrals in a triangle supersector.

IV. EXAMPLES
A. One-loop integrals

The recursive formulas derived in the previous section
allow a straightforward computer implementation. We have
written a proof-of-concept Mathematica code to automati-
cally reduce one-loop integrals. We have tested the program
with various examples and confirmed its correctness.

As a more complicated example, consider the pentagon
integral family with three masses shown in Fig. 5. We set all
external momenta to be lightlike. The kinematic variables

are mi, m3, m}, (p1+p2)?=s1 (P2+p3)*=sm,

14+2)(0,1) = _2m3 @0, 1) (3.52) (p3 + pa)? = 534, .(P4 + Ps).2 = s45, and (ps+p1)* =
d §51. The matrix Z in this family is
|
mi 3 (mi + m3) 3(mi=s15)  3(mi+m3 —sus) ymi
3 (mi + m3) m; 33 3(m3 +m3 = s503) 5 (m35 —s5))
1 (m} = s12) Tm3 0 Tm3 — 1534 (4.1)
3(mi+m3 —s45) % (m3+m3 = s553) 3m3 m3 3m3
3mi 3 (m3 = s51) ~2534 3m3 0
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We consider the reduction of 7(1,2,1,1,1). Since Z is
nonsingular, we should apply Eq. (3.19) with v, =
(1,1,1,1,1) and / = 2, which leads to

det(M)
2 det(Z)

+ subsector integrals,

1(1,2,1,1,1) = (d - 6)

1(1,1,1,1,1)

(4.2)

where M represents the matrix formed by replacing all
elements in the second row of Z with 1. The subsector
integrals in the above expression may still contain integrals
that need to be reduced [e.g., [(2,1,1,1,0), I(0,1,2,1, 1),
etc.]. We can apply the relevant reduction formulas recur-
sively until only master integrals remain. We have verified
that the results agree with those provided by KIRA.

We can also consider a reducible case, with m% =

m3 = m3 = s, = 0. At this kinematic point, the Z matrix

1(1,2,1,1,1) =

2 2
1 2534535

FIG. 6. The sunrise diagram with p? = s.

is singular. Therefore, we need to apply Eq. (3.31) when
performing the reduction of 7(1,2, 1, 1, 1). The & vector can
be derived as

£E= {—sﬁ,l,—si,o,o}. (4.3)

S45 834

It follows that (1,2, 1,1, 1) can be reduced to integrals in
three subsectors:

(d—=7)(d —8) (523534 — $34545 + S4555)

S[1(2,0,2,1,1) +1(2,0,1,2, 1)

+1(2,0,1,1,2) +1(1,0,2,2,1) + 1(1,0,2,1,2) + 1(1,0,1,2,2)
+1(3,0,1,1,1) +1(1,0,3,1,1) + 1(1,0,1,3, 1) + 1(1,0,1,1,3)]

+ integrals in the other two subsectors,

where the other two subsectors are those where the first or
the third propagator is removed [e.g., 1(0,1,1,2,2),
1(1,1,0,2,2), etc.].

Finally, we consider a degenerate limit, where p; = p,,
in addition to m? = m3 = m3 = 0. In this case, we have
S12 =0, s93 = s45/2, and s5; = s34/2. Clearly, the top
sector is reducible, but we cannot apply Eq. (3.31) because
&=1{1,-2,1,0,0}, which implies £ = 0. Therefore, in this
case, we need to apply Eq. (3.41). By choosing [ = 1, we
ultimately obtain

1(1,2,1,1,1) = 41(3,0,1,1,1) = 21(3,1,0,1, 1)

—1(2,2,0,1,1). (4.5)

B. A two-loop example

Given the success in one-loop problems, it is natural to
extend our approach to multi-loop integrals. A new
ingredient at higher loops is that there can be more than
one MI within a sector, and it is no longer guaranteed that
all indices can be reduced to 1 or 0. Correspondingly, in our
approach, we find that when we perform the variable
changes, certain variables may appear in the denominators
of the transformed integrands. Such transformations are
therefore only valid if the corresponding indices are greater
than 1. In addition, the structure of degenerate limits is also
much more complicated than the one-loop case.

As a simple example, we consider the massless sunrise
family shown in Fig. 6, with m; = m, = m3 = 0. The
integrals in this family can be represented as

I(l/l, U, 1/3) = C(Ul, Uy, IJ3) / daodaldazda3a6°_lalf‘_la;2_1a§3_1X5(X - y)
0

X [(ya + a3 + aya3)ay — ayarass)h. (4.6)

Following the method in Sec. III B, we define the auxiliary integral
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g(vi, vy, 13) = C(V1,V2,V3)/ daodaldazdawé(’_

0

X [(aya3 + apa3)agl™,

which is itself a scaleless integral and should therefore
vanish. By performing a variable change a; — o4
(I +ay/a3 — sar/ag), we can express ¢(vi,vs,v3) in
terms of integrals in the top sector, thus establishing a
reduction relation for top-sector integrals. Unlike the case
in one-loop integrals, the variable change now introduces
the variable a3 in the denominator. As a result, the auxiliary
integral must have v3 > 2 in order to yield a valid reduction
relation. For instance, from the auxiliary integral g(1, 1, 2),
we obtain the correct reduction relation

10 —
1(1,2,2) = 10=34

(1(1,2,1)+1(1,1,2)].  (4.8)

From IBP reduction, we know that 7(1,2,1) and
I(1,1,2) can be further reduced to I(1, 1, 1). Such relations
cannot be obtained through the auxiliary integral (4.7). In
fact, this is one of the degenerate limits, which deserves a
systematic investigation in the future. Furthermore, in the
above example, we have only applied variable transforma-
tions similar to the one-loop method. There is still signifi-
cant flexibility in the integration contours yet to be fully
explored.

V. SUMMARY AND OUTLOOK

In this paper, we have explored interesting properties of
the Feynman parametrization that are useful for Feynman
integral reduction without employing IBP relations. In
particular, we have derived an extension of the Cheng-
Wu theorem, such that the delta function in the Feynman
parametrization can take a more general form. This can be
regarded as a specific implementation of the equivalence of
integration contours, which is related to the twisted homol-
ogy of Feynman integrals. Leveraging these properties, we
have derived universal recursive formulas for the reduction
of one-loop integrals in both irreducible and reducible
sectors, and our method works in degenerate limits as well.
The reduction relations can be easily implemented in a
computer program. We have applied them to various
examples and observed remarkable performance.

Lo o (X - )

(4.7)

We have also demonstrated the validity of our method at
two loops. In an explicit two-loop example, the straight-
forward application of the one-loop method can yield the
correct reduction relations. However, we also emphasize
that not all reduction relations can be obtained in this way,
since additional structures arise at higher loops. This
warrants further investigation, including more ways to
perform variable changes and contour deformations. In
particular, our manipulations strongly depend on the
structure of the matrix Z, which is a Gram matrix of
external momenta, with entries being kinematic invariants.
Its determinant, det(Z), corresponds to a Landau singu-
larity [90] and appears in the denominator of the reduction
coefficients. The relation between Landau singularities and
reduction coefficients has been studied in, e.g., Ref. [91].
These singularities can be obtained systematically with
dedicated packages such as BAIKOVLETTER [92] or SOFIA
[93]. It remains to be investigated whether the knowledge
of the Landau singularities can help us to design variable
transformations for integral reduction.

Furthermore, in this work we have only exploited the
equivalence of integration contours in a simple way. There
can be deeper mathematical structures behind these equiv-
alence relations. For example, it is possible to employ the
concept of intersection numbers between two integration
contours to directly compute the reduction coefficients.
This provides a particularly intriguing future perspective.
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