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We explore the Faddeev-Jackiw symplectic Hamiltonian reduction of the slð2Þ affine Toda model
coupled to matter, which includes new parametrizations for a scalar field and a Grassmannian fermionic
field. The structure of constraints and symplectic potentials primarily dictates the strong-weak dual
coupling sectors of the theory, ensuring the equivalence between the Noether and topological currents. The
analytical calculations encompass the fermion-kink classical solution, the excited fermion bound states
localized on the kink, and the scattering states, all of which account for the fermion backreaction on the
soliton. The total energy, which includes the classical fermion-soliton interaction energy, the bound-state
fermion energy, and the fermion vacuum polarization energy, is determined by the topological charge of the
kink. This system satisfies first-order differential equations and a chiral current conservation equation. Our
results demonstrate that the excited fermion bound states and scattering states significantly alter the
properties of the kink. Notably, they give rise to a pumping mechanism for the topological charge of the
in-gap kink due to fermionic backreaction, as well as the appearance of kink states in the continuum.
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I. INTRODUCTION

Integrable models play a pivotal role in theoretical
physics, providing insights into the complex dynamics
of classical and quantum systems [1–3]. Among these, the
slðnÞ affine Toda matters (ATMs) coupled to matter offer a
compelling framework for exploring the interplay between
bosonic and fermionic fields. By extending the traditional
Toda model to include matter fields, the ATM captures a
broader range of physical phenomena, including non-
linearity, topological defects, chiral confinement, bound
states, and correspondence between Noether and topologi-
cal charges. These models are known for their ability to
describe soliton-fermion configurations and exhibit
remarkable properties, making them an invaluable tool
for understanding nonlinear interactions and topological
phenomena [4–7].
The backreaction of fermions on kinks is an area of

active research with significant implications for under-
standing nonperturbative effects in quantum field theories.
Kink-fermion systems typically exhibit a fermion zero

mode and charge fractionalization [8]. Additional higher
energy valence levels, as excitations of the bound states,
can emerge for some models. Recently, kink configurations
have been constructed mainly using numerical techniques
that account for the backreaction from the excited fermion
bound states [9–11]. The total energy of the fermion-kink
system comprises three components: the classical fermion-
soliton interaction energy, the energy of the bound-state
fermions, and the fermion vacuum polarization energy
(VPE). The VPE, which originates from the interaction
of the kink with the Dirac sea, is essential for maintaining
the consistency of the semiclassical expansion in the
fermion sector and for understanding how fermionic
backreaction can modify the stability and dynamics of
kinks [12,13].
An important aspect of our analysis is the examination of

the constraint structure and symplectic potentials within the
slð2Þ ATM through the Faddeev-Jackiw (F-J) symplectic
Hamiltonian reduction [14,15]. These elements determine
the nature of the strong-weak dual coupling sectors,
providing a framework to ensure the equivalence of
Noether and topological currents. Our findings reveal the
emergence of fermion excited bound states localized on the
kinks of the model. These states are not merely passive
features; they actively participate in the dynamics by
contributing to backreaction effects, thereby altering the
topological landscape of the system.
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Because obtaining exact analytical results for general
models is challenging, we use an integrable model to study
the effects of fermion backreaction. To find analytical
solutions for this model, we apply tau function techniques,
which allow us to construct self-consistent kink-fermion
solutions. These techniques allow us to analyze how the
kink and fermionic bound states and scattering states
properties depend on various model parameters, offering
insights into the stability and behavior of these solutions.
Our results indicate that the backreaction of localized and
scattering fermions significantly modifies the topological
properties of the system. Notably, we observe a topological
charge pumping mechanism driven by the fermionic back-
reaction, which alters the kink’s topological charge and
sheds light on the intricate relationship between topology
and dynamics in integrable systems.
In contrast to the fermion-soliton models commonly

studied in the literature, where the topological charge of the
kink is predetermined and associated with degenerate vacua
of a self-coupling potential in the scalar field sector, our
model allows the asymptotic behavior of the scalar field
and the relevant topological charge to be generated
dynamically as solutions to a system of first-order equa-
tions. An analogous model, in which quantum effects can
stabilize a soliton, has been discussed in [16,17]. Our
model can be viewed as a specific reduction of that model
by setting its scalar self-coupling potential to zero. Indeed,
our solitons are classical solutions of the model in [16,17]
in some regions of parameter space.
The system of equations of motion is reduced to a set of

first-order differential equations as follows. We reduced the
order of the chiral current conservation equation by intro-
ducing a massless free field, Σ. In this framework, the trivial
solution Σ ¼ 0 leads to the equivalence of the Noether
and topological currents. Our method differs from the
Bogomolnyi trick, which obtains first-order equations by
completing the square in the energy functional. However, it is
similar to theBPSmethod in that it expresses soliton energies
in terms of topological charges. It also parallels the approach
proposed in [18], where first-order equations for vortices in
2þ 1 dimensions were derived by considering the conser-
vation of the energy-momentum tensor. Our analysis is
quasiclassical [12,13,19], but investigating the impact of
quantum corrections would be an intriguing direction for
future research. Notably, we have a kink-fermion configu-
ration energy and a fermion bound state energy, both of
which are lower than the energy of a single free fermion.
In the analysis of quantum effects in kink solitons

coupled to a single excited fermion bound state within a
semiclassical framework, equal importance must be given
to the energy of the bound state and the energy of the Dirac
sea [12,13]. In the present paper, the Dirac sea energy is
computed as the fermion vacuum polarization energy and is
given equal consideration alongside the fermion-soliton
interaction energy and the bound-state fermion energy.

The paper is organized as follows. In Sec. II we present the
model and its main symmetries. In Sec. III the F-J reduction
process is performed. In Sec. IV the gauge fixing and dual
sectors are examined in parameter space. In Sec. V the chiral
confinement and the first-order differential equations are
discussed. In Sec. VI the soliton-fermion configurations and
spinor bound states are derived. The zero modes and the
excited fermion bound states and the dual sectors are
discussed. In Sec. VII the energy of kink-fermion plus spinor
bound state configurations are computed. In Sec. VIII the
Dirac sea modification due to the soliton is examined and the
total energy is computed. Section IX presents the discussions
and conclusions. Appendix A presents a brief review of the
Faddeev-Jackiw symplectic formalism, and Appendix B
shows that the first-order differential equations imply the
second-order equation for the scalar field.

II. THE MODEL

We consider the field theory in 1þ 1 dimensions defined
by the Lagrangian1

L ¼ 1

2
∂μφ∂

μφþ iψ̄γμ∂μψ −Mψ̄e2iβ̂φγ5ψ ; ð2:1Þ

where φ is a real scalar field, ψ is a Dirac spinor,M is a mass
parameter, and β̂ is the coupling constant. This is the so-
called slð2Þ affine Toda system coupled to matter field [4,6].
Its integrability properties, construction of the general
solution including the solitonic ones, the soliton-fermion
duality, as well as its symplectic structures were discussed in
[5,6,20]. This model has been shown to describe the low-
energy effective Lagrangian of QCD2 with one flavor andN
colors [7] and the Bardeen-Cooper-Schrieffer (BCS) cou-
pling in spinless fermions in a two-dimensional model of
high T superconductivity in which the solitons play the role
of the Cooper pairs [21]. This model has been earlier studied
as a model for fermion confinement in a chiral invariant
theory [22] and the mechanism of fermion mass generation
without spontaneously chiral symmetry breaking in two
dimensions [23,24].
In this paper we will discuss some special features of the

model at the quasiclassical level, as well as new soliton
solutions associated to a Hamiltonian reduced version of
the model. The Lagrangian (2.1) is invariant under the
commuting Uð1ÞL ⊗ Uð1ÞR left and right local gauge
transformations [5,6]

φ → φþ 1

β̂
½ξþðxþÞ þ ξ−ðx−Þ� ð2:2Þ

1Our notation: x� ¼ t� x, and so, ∂� ¼ 1
2
ð∂t � ∂xÞ, and

∂
2 ¼ ∂

2
t − ∂

2
x ¼ 4∂−∂þ. We use γ0 ¼ ð 0

−i
i
0
Þ, γ1 ¼ ð 0

−i
−i
0
Þ,

γ5 ¼ γ0γ1 ¼ ð1
0

0
−1Þ, and ψ ¼ ð ψR

ψL0
Þ, ψ̄ ¼ ψ†γ0;ψR ≡ ð1þγ5

2
Þψ ,

ψL ≡ ð1−γ5
2
Þψ .
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and

ψ → e−ið1þγ5ÞξþðxþÞ
β̂

þið1−γ5Þξ−ðx−Þ
β̂ ψ ;

ψ� → eið1þγ5ÞξþðxþÞ
β̂

−ið1−γ5Þξ−ðx−Þ
β̂ ψ�: ð2:3Þ

Associated to the global Uð1Þ and U5ð1Þ transformations
one has the next currents and conservation laws,

Jμ ¼ ψ̄γμψ ; ∂μJμ ¼ 0; ð2:4Þ

Jμ5 ¼ ψ̄γμγ5ψ þ 1

β̂
∂
μφ; ∂μJ

μ
5 ¼ 0: ð2:5Þ

An important feature of the model is the classical
equivalence between the Uð1Þ Noether current (2.4) and
the topological current, i.e.

ψ̄γμψ ¼ 1

β̂
ϵμν∂νφ: ð2:6Þ

This equivalence holds true for the classical soliton and the
zero-mode bound state solutions [5].
Moreover, the structure of the vacuum of the model (2.1)

is more complex. The previous literature considered mainly
the vacua defined as

φvac ¼
πn

β̂
; ψvac ¼ 0; n∈Z: ð2:7Þ

III. FADDEEV-JACKIW REDUCTION AND NEW
FIELD PARAMETRIZATIONS

We revisit the ATM and apply the Faddeev-Jackiw
symplectic formulation by including new parametrizations
for a scalar field and a Grassmannian fermionic field, which
allows one to study the intermediate coupling strengths
between the scalar and spinor field configurations, as
well as the known strong coupling sine-Gordon and weak
coupling massive Thirring sectors of the model. So, let us
introduce the next parametrization of the fermion field ψ ,

ψR ¼ χReirθ; ψL ¼ χLe−irθ; r ¼ constant; ð3:1Þ

where χR;L are Grassmannian spinor fields and θ is a new
real scalar field. So, one has the Lagrangian

L ¼ 1

2
∂μφ∂

μφþ iχ̄γμ∂μχ þ rjμϵμν∂νθ −Mχ̄e2iðβ̂φþrθÞγ5χ

þ λμð2χ̄γμχ − κϵμν∂νðβ̂φþ vθÞÞ; ð3:2Þ

where jμ ¼ χ̄γμχ and κ ¼ 2
β̂2
. We have incorporated a

gauge-fixing term making use of the Lagrange multiplier
λμ. The parameter v is a real number, which will be fixed

below by requiring a Lorentz invariant reduced Lagrangian.
The term incorporating λμ in (3.2) will break the left-right
local symmetries (2.2) and (2.3) of the ATM (2.1). Note
that a particular gauge-fixing with v ¼ 0 in the case r ¼ 0
of (3.1) and (3.2) has been considered in [20].
Next, we perform the Faddeev-Jackiw symplectic reduc-

tion of the model (see Appendix A for a brief review of this
formalism). So, in order to write (3.2) in the first-order form
as required by (A1) let us rewrite it as

L ¼ 1

2
ðφ̇2 − φ02Þ þ iχ�Lχ̇L þ iχ�Rχ̇R þ iχ�Lχ

0
L − iχ�Rχ

0
R

þ rθ̇j1 þ rθ0j0 þ iMe2iðβ̂φþrθÞχ�LχR

− iMe−2iðβ̂φþrθÞχ�RχL þ λ0ð2j0 − κβ̂φ0 − κvθ0Þ
þ λ1ð2j1 þ κβ̂ φ̇þ κvθ̇Þ: ð3:3Þ

Next, let us calculate the conjugated momenta

πR ¼ −iχ�R; πL ¼ −iχ�L; πλμ ¼ 0;

πθ ¼ κvλ1 þ rj1; πφ ¼ φ̇þ κβ̂λ1:

We are assuming the Dirac fields as anticommuting
Grasmannian variables and their momenta variables
defined through left derivatives. Then, as usual, the
Hamiltonian is defined by

Hc ¼ φ̇πφ þ θ̇πθ þ χ̇RπR þ χ̇LπL − L: ð3:4Þ

Then, the Hamiltonian density becomes

Hc ¼
1

2
π2φ þ

1

2
ðβ̂κÞ2λ21 þ

1

2
φ02 þ πLχ

0
L − πRχ

0
R − 2λ1j1

− κβ̂λ1πφ − λ0ð2j0 − κβ̂φ0 − κvθ0Þ − rθ0j0

þ iMðe−2iðβ̂φþrθÞχ�RχL − e2iðβ̂φþrθÞχ�LχRÞ: ð3:5Þ

Now, the same Legendre transform (3.4) is used to write the
first-order Lagrangian

L ¼ φ̇πφ þ θ̇πθ þ χ̇RπR þ χ̇LπL −Hc: ð3:6Þ

Our starting point for the F-J analysis will be this first-order
Lagrangian. The Lagrangian (3.6) is already in the form
(A1), and the Euler-Lagrange equations for the components
of the Lagrange multiplier λμ allow us to solve one of them,

λ1 ¼
2

ðκβ̂Þ2 j
1 þ 1

κβ̂
πφ; ð3:7Þ

and the λ0 component leads to the constraint

Ω1 ≡ 2j0 − κβ̂φ0 − κvθ0 ¼ 0: ð3:8Þ
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The constraint (3.8) can be solved as

φ ¼ −
v

β̂
θ þ β̂

Z
x

−∞
dx j0: ð3:9Þ

Making use of the conservation law ∂μðχ̄γμχÞ ¼ 0, which is
inherited from (2.4) by the spinor χ, the expression (3.9)
can be written as

φ̇ ¼ −
v

β̂
θ̇ − β̂j1: ð3:10Þ

Next, the Lagrange multiplier λ1 in (3.7) and the field φ in
the form (3.9) must be replaced back into the Hamiltonian
(3.5). Moreover, the time-derivative φ̇ expression in (3.10)
must be replaced into the first term of the Lagrangian (3.6).
Thus, we get the following Lagrangian:

L0 ¼ θ̇πθ −
v

β̂
θ̇πφ −

1

2

�
v

β̂

�
2

θ02 þ ðvþ rÞθ0j0 þ 1

2
β̂2ðj1Þ2

−
1

2
β̂2ðj0Þ2 þ iχ�Rχ̇R þ iχ�Lχ̇L − iχ�Rχ

0
R þ iχ�Lχ

0
L

þ iMe2iððr−vÞθþβ̂2
R

x dxj0Þχ�LχR

− iMe−2iððr−vÞθþβ̂2
R

x dxj0Þχ�RχL: ð3:11Þ

In order to covariantize the Lagrangian (3.11) let us
assume

v ¼ β̂; ð3:12Þ

supplied with the following transformations:

πφ ↦ −ðβ̂ þ rÞj1; πθ ↦
1

2
θ̇;

χR ↦ e−iβ̂
2
R

x

−∞
dxj0ξR; χL ↦ eiβ̂

2
R

x

−∞
dxj0ξL: ð3:13Þ

So, one has the following covariant Lagrangian:

L ¼ 1

2
∂
μθ∂μθ þ ðrþ β̂Þjμϵμν∂νθ −

3

2
β̂2jμjμ þ iξ̄γμ∂μξ

−Mξ̄ξ cos½2ðr − β̂Þθ� þ iMξ̄γ5ξ sin½2ðr − β̂Þθ�:
ð3:14Þ

Next, let us define

α≡ rþ β̂;

β≡ 2ðr − β̂Þ;

g≡ 3

2
β̂2 → g ¼ 3

32
ð2α − βÞ2: ð3:15Þ

Then, we are left with the Lagrangian

L ¼ 1

2
∂
μθ∂μθ þ αjμϵμν∂νθ − gjμjμ þ iξ̄γμ∂μξ

−Mξ̄ξ cos ðβθÞ þ iMξ̄γ5ξ sin ðβθÞ: ð3:16Þ

This reduced Lagrangian is defined for the real scalar field
θ and the Dirac spinor ξ, and the three independent
parameters fM; α; βg. The equations of motion following
from the Lagrangian (3.16) become

∂
2θ − αϵμν∂μjν − βMξ̄ξ sin ðβθÞ − iβMξ̄γ5ξ cos ðβθÞ ¼ 0;

ð3:17Þ

iγμ∂μξþ 2gγμξ

�
α

2g
ϵμν∂

νθ − jμ

�
−Mξ cos ðβθÞ

þ iMγ5ξ sin ðβθÞ ¼ 0; ð3:18Þ

− i∂μξ̄γμ þ 2g

�
α

2g
ϵμν∂

νθ − jμ

�
ξ̄γμ −Mξ̄ cos ðβθÞ

þ iMξ̄γ5 sin ðβθÞ ¼ 0: ð3:19Þ

The Lagrangian (3.16) possesses the next global sym-
metries: the Uð1Þ∶ ξ → eiδξ, (δ ¼ const) and Uð1Þ chiral:
ξ → eiζγ5ξ, θ → θ þ 2ζ

β ; (ζ ¼ const:) symmetries, respec-
tively. The associated Noether currents and conservation
laws become, respectively,

jμ ≡ ξ̄γμξ ⇒ ∂μjμ ¼ 0; ð3:20Þ

jμ5 ≡ −∂μθ þ
�
αþ β

2

�
ξ̄γμγ5ξ ⇒ ∂μj

μ
5 ¼ 0: ð3:21Þ

For the special value α ¼ 0, the model (3.16) exhibits the
left/right local symmetry of the type (2.2) and (2.3).
Therefore, for this particular parameter value one must
impose a gauge-fixing condition to the Lagrangian (3.16).
This gauge-fixing procedure will be performed below in
order to inspect the strong coupling sector of the model.

IV. PARAMETER SPACE, GAUGE-FIXING,
AND DUAL SECTORS

In this section we will examine the model (3.16) by
choosing some particular values for the set of parameters
fα; βg. This process will reproduce either the weak
coupling spinor or the strong coupling scalar sector of
the model. So, this procedure will provide the massive
Thirring model plus massless free scalar, as well as the
sine-Gordon model.

A. Massive Thirring model plus massless
free scalar field

Let us consider the case r ¼ β̂ → β ¼ 0. This choice of
parameter makes the fields cos ðβθÞ and sin ðβθÞ in the
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second line of the Lagrangian (3.16) to be constants.
Moreover, the decoupling procedure of the spinor from
the scalar θ will be performed below. In this case one has
g ¼ 3

8
α2 and the Lagrangian becomes

L ¼ 1

2
AμAμ þ αjμϵμνAν − gjμjμ þ iξ̄γμ∂μξ −Mξ̄ξ; ð4:1Þ

where the vector Aμ ≡ ∂μθ has been defined. One can write
the terms containing Aμ as

1

2
AμAμ þ αjμϵμνAν ¼ 1

2
ðAμ − αϵμνjνÞ2 þ

α2

2
jμjμ: ð4:2Þ

Therefore, replacing back this last expression into the
Lagrangian (4.1) one has

L ¼ iξ̄γμ∂μξ −Mξ̄ξ −
1

2
g0jμjμ þ

1

2
∂μσ∂

μσ; ð4:3Þ

where we have introduced the parameter g0 ≡ − 1
4
α2 and the

scalar field σ through

∂μσ ≡ Aμ − αϵμνjν: ð4:4Þ

So, the final Lagrangian (4.3) defines the massive Thirring
model for the spinor field ξ with current-current coupling
constant g0 plus a free massless scalar field σ.
Let us discuss the reduction above in the context of the

Darboux transformation. In this particular case, i.e. when
r ¼ β̂ → β ¼ 0, one notices that the transformation (3.13),
supplemented with ð∂μθ − αϵμνjνÞ → ∂μσ of (4.4), becomes
truly a Darboux transformation giving rise to the model
(4.3), which is in the standard canonical representation for
the spinor and the free massless scalar field. In fact, instead
of (3.14) one can get

L ¼ 1

2
∂
μθ∂μθ þ αjμϵμν∂νθ − gjμjμ þ iξ̄γμ∂μξ −Mξ̄ξ:

ð4:5Þ
Similarly, as in the procedure above, one can define

∂μσ ≡ ∂μθ − αϵμνjν and rewrite the Lagrangian (4.5) as
in (4.3).
Notice that an alternative symplectic reduction procedure

has been performed in [20]. It has been obtained as the
massive Thirring sector by setting r ¼ v ¼ 0 in the initial
Lagrangian (3.2). However, in that process the presence of
the free scalar field in the final Lagrangian (4.3) did not
emerge. As we will see below the free field σ and its trivial
solution plays an important role in the understanding of the
confining phase of the model.

B. Sine-Gordon model

As mentioned above, the Lagrangian (3.16) for α ¼ 0
exhibits the left/right local symmetry of type (2.2) and

(2.3). Therefore, one must impose a gauge-fixing condition
to the Lagrangian (3.16). So, we will decouple the scalar
field θ from the spinor degrees of freedom by conveniently
gauge-fixing this local symmetry such that

ξ̄ξ ¼ −4ζo1ζo2 ≡ −Λo; ξ̄γ5ξ ¼ 0; jμjμ ¼ 0; ð4:6Þ

where ζo1 and ζo2 are constant Grassmannian parameters.
Note that Λo can be considered as an ordinary commuting
real number. The spinor components are defined as
ξR ¼ ξL ¼ ζ1 þ iζ2, such that ζ1 ≡ Aζo1 , ζ2 ≡ A−1ζo2 , with
A being an ordinary commuting real function.
So, in (3.16) one sets α ¼ 0. In this case one has β ≠ 0.

Taking into account these parameters and substituting (4.6)
into the Lagrangian (3.16) one has

L ¼ 1

2
∂
μθ∂μθ þMΛo cos ðβθÞ: ð4:7Þ

Notice that the spinor kinetic terms contribute a total time
derivative ∼ d

dt logA to the Lagrangian, and so, it can be
removed.
Then, the F-J symplectic method has been applied to

decouple the sine-Gordon and massive Thirring sectors of
the model (2.1). One can examine the duality correspon-
dence between these models by inspecting the relationship
between the parameters of the model (3.16). So, from
(3.15) one can write the next relationship between the
parameters α and β

g0β2 ¼ −
1

4
α2β2 ð4:8Þ

≡ δ ð4:9Þ

with

δ≡ −
4

κ2

�
1 −

�
r

β̂

�
2
�

2

: ð4:10Þ

Therefore, for δ ¼ constant one can define the strong/weak
coupling sectors by examining the relationship (4.9). In
fact, one has either the strong coupling sector [sine-Gordon
model in (4.7) with coupling constant β] as g0 → 0 or the
weak coupling sector [Thirring model in (4.3) with cou-
pling constant g0] as β → 0.
However, it is interesting to analyze the configurations in

which the scalar θ and spinor ξ fields are interacting with
intermediate values of the couplings α and β. So, our results
would be relevant to the understanding of the so-called
bosonization as duality and smooth bosonization concepts,
such that the bosonization process interpolates smoothly
between the bosonic and fermionic sectors of an effective
master Lagrangian which describes the coupling of the
scalar and the fermion fields [25,26].
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V. CHIRAL CONFINEMENT AND FIRST-ORDER
DIFFERENTIAL EQUATIONS

Next, we will study the properties of the intermediate
regions in field space, provided that the coupling param-
eters satisfy (4.9) with finite and nonvanishing couplings
fα; βg. Let us consider the Lagrangian (3.16) and some of
its properties. Due to the conservation law (3.21) one can
define

ϵμν∂νΣ≡ −∂μθ þ
�
αþ β

2

�
ξ̄γ5γ

μξ; ð5:1Þ

where we have introduced a new scalar field Σ. From the
last identity one can write

∂
μΣ ¼ −ϵμν∂νθ þ

�
αþ β

2

�
jμ; ð5:2Þ

and taking into account the conservation law (3.20) one has

∂
2Σ ¼ 0: ð5:3Þ

So, the field Σ is a massless free field. Note that (5.2) does
not define uniquely the field Σ. In fact, defining a new field
as ∂μΣ̂≡ ∂

μΣþ ιjμ with ι being an arbitrary constant, one
gets another massless scalar free field Σ̂ satisfying (5.3)
provided that one assumes the Uð1Þ current conservation
law ∂μjμ ¼ 0 in (3.20). So, one can write the equations

∂
μΣ̂ ¼ −ϵμν∂νθ þ

�
αþ β

2
− ι

�
jμ; ð5:4Þ

∂
2Σ̂ ¼ 0: ð5:5Þ

Taking into account (5.4) the equations of motion
(3.17)–(3.19) become

∂
2θ − β

�
1þ 2α

β − 2ι

�
Mξ̄ξ sin ðβθÞ − iβ

�
1þ 2α

β − 2ι

�
×Mξ̄γ5ξ cos ðβθÞ ¼ 0; ð5:6Þ

iγμ∂μξþ 2gγμξ

��
α

2g
− λ

�
ϵμν∂

νθ − λ∂μΣ̂
�
−Mξ cos ðβθÞ

þ iMγ5ξ sin ðβθÞ ¼ 0; ð5:7Þ

− i∂μξ̄γμ þ 2g

��
α

2g
− λ

�
ϵμν∂

νθ − λ∂μΣ̂
�
ξ̄γμ

−Mξ̄ cos ðβθÞ þ iMξ̄γ5 sin ðβθÞ ¼ 0; ð5:8Þ

with

λ≡ 1

αþ β
2
− ι

: ð5:9Þ

Remarkably, the set of first-order equations (5.7) and (5.8)
for the Dirac spinors and (5.4) (with Σ̂≡ Σ) imply the
second-order differential equation (5.6) in the particular
case ι ¼ 0 (see Appendix B). So, we expect that in this
special case the solutions of the first-order system of
differential Eqs. (5.4) and (5.7), (5.8) will solve the
second-order differential Eq. (5.6) for the scalar field θ.
Next, in the special case ι ¼ 0, let us consider a trivial

solution for the scalar field Σ̂. So, from (5.4) one has

Σ̂ ¼ 0 → jμ ¼ λϵμν∂νθ: ð5:10Þ

On can argue that this relationship has been inherited from
(2.6) upon F-J reduction of the initial model (2.1). Notice
the presence of the coupling constants α and β through λ in
(5.9) indicating the degree of contribution of them in order
to have the equivalence of the Noether and topological
currents in the fermion-soliton interacting model. One can
argue that the confining sector of the model is determined
by the condition Σ̂ ¼ 0. This result is in agreement with the
quantum field theory result of [5], in which the zero
vacuum expectation value of a free scalar field is related
to the confining mechanism in the model.
Notice that by setting ι ¼ 0 into the Eq. (5.6) one can get

∂
2θ −

2

λ
Mξ̄ξ sin ðβθÞ − 2i

λ
Mξ̄γ5ξ cos ðβθÞ ¼ 0: ð5:11Þ

Therefore, one can argue that the currents equivalence
(5.10) gives rise to the change of the coupling strength of
the scalar with the spinor bilinears (ξ̄ξ and ξ̄γ5ξ) by a factor
of 2

βλ, as compared to the coupling in (3.17), at the level of
the equations of motion.
Setting Σ̂ ¼ 0 and ι ¼ 0 into (5.7) and (5.8) one gets

iγμ∂μξþ ĝϵμνγμξ∂νθ −Mξ cos ðβθÞ þ iMγ5ξ sin ðβθÞ ¼ 0;

ð5:12Þ

−i∂μξ̄γμ þ ĝϵμν∂νθξ̄γμ −Mξ̄ cos ðβθÞ þ iMξ̄γ5 sin ðβθÞ ¼ 0;

ð5:13Þ

with

ĝ≡ 1

8

�ð2αþ 5βÞ2 − 28β2

2αþ β

�
: ð5:14Þ

So, choosing

ĝ ¼ 0; ð5:15Þ
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one can write the system of equations (5.12) and (5.13) in
component form as

ð∂t þ ∂xÞξL ¼ −Me−iβθξR; ð5:16Þ

ð∂t − ∂xÞξR ¼ MeiβθξL; ð5:17Þ

plus the complex conjugations of these equations.
Moreover, the first-order equations (5.10) written in

components become

j0 ¼ ξ⋆RξR þ ξ⋆LξL ¼ λ∂xθ; ð5:18Þ

j1 ¼ −ξ⋆RξR þ ξ⋆LξL ¼ λ∂tθ; ð5:19Þ

with

λ ¼ 1

αþ β
2

¼ −
�

e1
1þ e2

ffiffiffi
7

p
�
β̂; ð5:20Þ

α ¼ e1

�
1 − e2

ffiffiffi
7

p

2

�
β̂; ð5:21Þ

β ¼ −e1ð3þ e2
ffiffiffi
7

p
Þβ̂; ea ¼ �1; a ¼ 1; 2: ð5:22Þ

Note that the first equality of (5.20) follows from (5.9) for
ι ¼ 0, and the α and β formulas (5.22) arise from the
relationships (3.15) and the condition (5.15), i.e. ĝ ¼ 0.
Therefore, in the confining regime and with the parameter
choice (5.15) the parameters λ, α, and β in (5.20)–(5.22)
appear in terms of the parameter β̂ of the initial
Lagrangian (2.1).
From this point onward, we will assume that the

parameters satisfy the relationships (5.20)–(5.22). Con-
sequently, the reduced effective model will be determined
by the initial parameters fM; β̂g of the Lagrangian (2.1).
Remarkably, also in this special case one can consider

the first-order equations (5.16) and (5.17) together with the
system (5.18) and (5.19) as the equations of motion
describing the dynamics of the model in the confining
phase. Notably, a direct calculation shows that the system
of first-order equations (5.16), (5.17) and (5.18), (5.19)
imply the second-order equation for the field θ (5.11).
Next, we define the system of equations of the reduced

ATM as

∂
2θ −

2

λ
Mξ̄ξ sin ðβθÞ − 2i

λ
Mξ̄γ5ξ cos ðβθÞ ¼ 0; ð5:23Þ

iγμ∂μξ −Mξ cos ðβθÞ þ iMγ5ξ sin ðβθÞ ¼ 0; ð5:24Þ

−i∂μξ̄γμ −Mξ̄ cos ðβθÞ þ iMξ̄γ5 sin ðβθÞ ¼ 0; ð5:25Þ

such that the Eq. (5.23) is the same as (5.11), and the
Eqs. (5.24) and (5.25) come from (5.12) and (5.13)

provided the condition ĝ ¼ 0 in (5.15) is assumed.
Note that the system (5.23)–(5.25) resembles the original
ATM (2.1) equations of motion for the scalar and spinor
fields, respectively. However, the reduced ATM system
(5.23)–(5.25) exhibits the effect of the F-J reduction
process encoded in the set of coupling parameters fλ; βg
defined in (5.20)–(5.22). In fact, the structure of these
parameters and their dependence on β̂ arises from the
reduction process.
Remarkably, the currents equivalence (2.6) as compared

to its analog in (5.10) develops a new factor. In fact, the
ATM related Eq. (2.6) becomes ψ̄γμψ ¼ ffiffi

κ
2

p
ϵμν∂νφ,

whereas the currents equivalence in the reduced ATM
(5.10) holds with the λ factor in (5.20) as λ ¼ ½ −e1

1þe2
ffiffi
7

p � ffiffi
κ
2

p
.

So, one can argue that the additional factor ½ −e1
1þe2

ffiffi
7

p � arises
due to the interplay between the parameters α and β
associated to the spinor-soliton coupling terms present in
the reduced ATM (3.16). So, for the reduced ATM,
Eq. (5.10) represents the classical equivalence between
the Noether and the topological currents. Moreover, it has
been shown that, using bosonization techniques, the initial
currents equivalence (2.6) holds true at the quantum level,
and then reproduces a bag model-like mechanism for the
confinement of the spinor fields inside the solitons [5].
In several nonlinear field theories, discovering relevant

solutions often involves reducing the order of the original
Euler-Lagrange equations. This reduction process simpli-
fies the problem, making it more tractable. For instance,
solutions can be found by converting higher-order Euler-
Lagrange equations into first-order equations, such as the
Bogomolnyi equations, Backlund transformations, and
self-duality equations. These first-order equations are easier
to solve and can provide significant insights into the
underlying physical theories. Some methods in this line
have recently been put forward, see e.g. [27,28].
In our case the first-order system of differential equa-

tions (5.16), (5.17) and (5.18), (5.19) will allow us to find
the soliton and bound state solutions of the reduced ATM
(5.23)–(5.25) in a simpler manner.

VI. FERMION-KINK CONFIGURATIONS
AND SPINOR BOUND STATES

In order to solve the system of equations (5.16), (5.17)
and (5.18), (5.19) we will use the Hirota tau function
approach in which the scalar and the spinor components are
parametrized by the tau functions as

e
i
2
βθ ¼ e−i

θ1
2
τ1
τ0
; θ1 ∈ IR; ð6:1Þ

�
ξR

ξL

�
¼

ffiffiffiffiffiffi
m1

4i

r �
τR=τ0
−τL=τ1

�
;

�
ξ⋆R
ξ⋆L

�
¼ −

ffiffiffiffiffiffi
m2

4i

r �
τ̃R=τ1
τ̃L=τ0

�
;

ð6:2Þ
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with m1, m2 real parameters. Substituting the above para-
metrization into (5.16) and (5.17) one gets

τRð∂t − ∂xÞτ0 − τ0ð∂t − ∂xÞτR ¼ Mτ1τL; ð6:3Þ

−τLð∂t þ ∂xÞτ1 þ τ1ð∂t þ ∂xÞτL ¼ Mτ0τR: ð6:4Þ

Similarly, substituting into (5.18) and (5.19) one gets

τ̃RτR − τ̃LτL ¼ −
8λffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
β
ðτ1∂xτ0 − τ0∂xτ1Þ; ð6:5Þ

τ̃RτR þ τ̃LτL ¼ 8λffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
β
ðτ1∂tτ0 − τ0∂tτ1Þ: ð6:6Þ

Notice that taking into account

τ1 ¼ ðτ0Þ⋆ ð6:7Þ

from (6.1) one can write

θ ¼ 4

β
arctan

�
−i
�
e−

i
4
θ1τ1 − e

i
4
θ1τ0

e−
i
4
θ1τ1 þ e

i
4
θ1τ0

��
: ð6:8Þ

Next, we construct the soliton solutions.

A. Solitons and zero modes: Massive
Thirring/sine-Gordon duality

Let us assume the following expressions for the tau
functions for 1-soliton:

τ1 ¼ 1þ 1

4
e−iθoaþa−e2γðx−vtÞ;

τ0 ¼ 1þ 1

4
eiθoaþa−e2γðx−vtÞ; ð6:9Þ

τR ¼
ffiffi
i

p
aþzeγðx−vtÞ; τ̃R ¼

ffiffi
i

p
a−eγðx−vtÞ; ð6:10Þ

τL ¼
ffiffi
i

p
aþeγðx−vtÞ; τ̃L ¼ −

ffiffi
i

p a−
z
eγðx−vtÞ: ð6:11Þ

These expressions solve the system of equations (5.16),
(5.17) and (5.18), (5.19) provided that the parameters
satisfy the relationships

θo ¼ −
π

2
; θ1 ¼ 0; m1m2 ¼

16M2λ2

β2
; ð6:12Þ

γ ¼ −signðzÞ Mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; v ¼ 1 − z2

1þ z2
;

a− ¼ −za⋆þ
ffiffiffiffiffiffi
m1

m2

r
; ðaþa−Þ∈ IR: ð6:13Þ

Notice that zmust be real in order to have a soliton velocity
jvj < 1. So, from (6.8) the kink associated to the field θ
becomes

θSG ¼ 4

β
arctan½e2γðx−vt−x0Þ�; e−2γx0 ≡ aþa−

4
: ð6:14Þ

This is a 1-soliton type solution of the sine-Gordon model.
Even though this soliton for the reduced ATM (5.23)–
(5.25) resembles the one obtained for the original ATM
(2.1) scalar field φ in [5], in the present case the solution
(6.14) encodes an additional source of backreaction of the
spinor ξ on the soliton θ due to the new coupling constant α,
related to β by (5.20), which appears in the reduced ATM
(3.16) as the coupling between the Uð1Þ and topological
currents.
Note that the solution (6.14) exhibits a topological

charge

QSG ¼ β

2π
ðθðþ∞Þ − θð−∞ÞÞ ð6:15Þ

¼ �1: ð6:16Þ

The Uð1Þ charge density j0 associated to the spinor field
becomes

j0 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
cosh ð2γðx − vt − xoÞÞ

�
: ð6:17Þ

In the Fig. 1 we plot the soliton θðx; tÞ and the current
component j0ðx; tÞ for three successive times t1 < t2 < t3.
The parameter values are aþ ¼ 1, z ¼ −0.8, M ¼ 1,
v ¼ 0.22, m1 ¼ 1, β ¼ 1, λ ¼ 1. Notice that j0 is signifi-
cantly confined inside the region of abrupt change of the
kink profile associated to the field θ during the time
evolution of the system. So, this plot shows qualitatively
the relationship between the zeroth components of the
Noether and topological currents equivalence equa-
tion (5.10), i.e. it realizes Σ ¼ 0 → j0 ¼ λ∂xθ. So, this is
reminiscent to a bag model-like confinement mechanism of
the spinor inside the soliton of this model.

FIG. 1. The kink θðx; tÞ and the confined current component
j0ðx; tÞ for successive times t1 < t2 < t3.
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So, in the framework of the Faddeev-Jackiw symplectic
method of quantization we have achieved the same picture
as the bag model-like confinement mechanism found
through the bosonization technique performed in [5].

1. Dual sectors and the zero modes: SG/MT duality

Next, we uncover the dual scalar sector of the zero
modes. For later purposes let us write some identities
related to the 1-soliton solution above. The tau functions
can be written in terms of the field θ as follows:

τ0 ¼ sec

�
βθ

4

�
eiβθ=4; τ1 ¼ sec

�
βθ

4

�
e−iβθ=4; ð6:18Þ

τR ¼ 2zi
ffiffiffiffiffiffi
aþ
a−

r �
tan

�
βθ

4

��
1=2

;

τ̃R ¼ 2i
ffiffiffiffiffiffi
a−
aþ

r �
tan

�
βθ

4

��
1=2

; ð6:19Þ

τL ¼ 2i
ffiffiffiffiffiffi
aþ
a−

r �
tan
�
βθ

4

��
1=2

;

τ̃L ¼ −
2

z
i
ffiffiffiffiffiffi
a−
aþ

r �
tan

�
βθ

4

��
1=2

: ð6:20Þ

The current jμ components become

j0 ¼ ξ⋆RξR þ ξ⋆LξL ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
2

�
1þ z2

z

�
sin

�
βθ

2

�
; ð6:21Þ

j1 ¼ −ξ⋆RξR þ ξ⋆LξL ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
2

�
1 − z2

z

�
sin

�
βθ

2

�
:

ð6:22Þ

The next bilinears will be used below

ξ̄ξ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p ð1 − cos ðβθÞÞ; ð6:23Þ

ξ̄γ5ξ ¼
i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
sin ðβθÞ; ð6:24Þ

and

ξ⋆RξL ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
4i

ðeiβθ − 1Þ: ð6:25Þ

Remarkably, both dual sectors can be decoupled assuming
the above relationships. So, using (6.25) in the Eqs. (5.16)
and (5.17) one can write

ð∂t þ ∂xÞξL ¼ β

λ
ξ⋆RξLξR − iMξR; ð6:26Þ

ð∂t − ∂xÞξR ¼ β

λ
ξ⋆LξRξL þ iMξL; ð6:27Þ

plus the complex conjugations of these equations. This is
precisely the system of equations of the massive Thirring
model describing the weak coupling sector of the model.
Similarly, taking into account the relationships (6.21)

and (6.22) into the system (5.18) and (5.19) one can get

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
2

�
1þ z2

z

�
sin

�
βθ

2

�
¼ λ∂xθ; ð6:28Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
2

�
1 − z2

z

�
sin

�
βθ

2

�
¼ −λ∂tθ: ð6:29Þ

Notice that this system of first-order differential equations
can be written as the following second-order equation:

∂
2θ þ 4M2

β
sin ðβθÞ ¼ 0: ð6:30Þ

In fact, this is the sine-Gordon model describing the
strong coupling sector of the model. Moreover, using the
identities (6.23) and (6.24) in the second-order equation for
θ (5.11) one can get the same sine-Gordon (SG) equa-
tion (6.30). Remarkably, the 1-kink (6.14) solves the SG
equation (6.30) with the same parameter γ provided by
(6.12) with jvj < 1.
The non-Hermitian version of the duality mapping above

has recently been presented in [29].

B. 1-kink and in-gap fermion bound states

Let us consider the two-component spinor parametrized
as

ξ ¼ e−iϵt
�
ξRðxÞ
ξLðxÞ

�
: ð6:31Þ

So, from (5.16)–(5.19) one can write the coupled system of
static equations

−iϵξL þ ∂xξL þMe−iβθξR ¼ 0; ð6:32Þ

−iϵξR − ∂xξR −MeiβθξL ¼ 0; ð6:33Þ

ξ⋆RξR þ ξ⋆LξL − λ∂xθ ¼ 0: ð6:34Þ

So, the scalar and spinors defined by the relationships (6.1)
and (6.2) together with the tau functions (6.9)–(6.11)
satisfy (6.32)–(6.34) provided that

jzj ¼ 1; v ¼ 0; θ1 ¼ −2θ0;

m1m2 ¼
16M2λ2

β2
ðsin θoÞ4; γ ¼ M sin θo; ð6:35Þ

with the energy associated to the spinor bound states
given by
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ϵ ¼ M cos θo → ϵ ¼ γ cot θo; ð6:36Þ

θkink ¼ −
4

β
arctan

�
tan

�
θo
2

�
tanh ðγðx − x0ÞÞ

�
; ð6:37Þ

and

j0 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
cos θo þ cosh ð2γðx − xoÞÞ

�
: ð6:38Þ

Some comments are in order here. First, one has that
jϵj ≤ M, then ϵ ¼ �M defines the threshold or half-bound
states where the fermion field approaches a constant value
at infinity. These types of solutions are finite but they do not
decay fast enough at x ¼ �∞ to be square integrable [30];
so, one cannot define a localized charge density j0.
Second, considering the normalization conditionRþ∞

−∞ dxj0 ¼ 1 and taking into account (6.35) one gets

Z þ∞

−∞
dxj0 ¼ 1 → m1m2 ¼ M2

ðsin θoÞ4
θ2o

; ð6:39Þ

θo ¼
1

8
βð2αþ βÞ; ð6:40Þ

θo ¼
�
2r� þ 1

8

�
β2; r� ¼ −

5

2
�

ffiffiffi
7

p
; ð6:41Þ

where (6.40) follows from (6.35) and the relationship
(5.20). Equation (6.41) follows from (6.40) and (5.20)–
(5.22); so, the θo parameter is proportional to the square of
the coupling constant β̂, i.e. θo ∼ β̂2.
Third, for θo ¼ π=2 one recovers the static version of the

zero-mode solutions of Sec. VI A. So, the kink soliton
(6.37) is a deformation of the 1-soliton solution of the sine-
Gordon model. However, the solution (6.37) exhibits the
topological charge

Qkink−top ¼ β

2π
ðθðþ∞Þ − θð−∞ÞÞ ð6:42Þ

¼ 2θo
π

; ð6:43Þ

which is a fractional charge, in contradistinction to the
kink/antikink charges in (6.15) and (6.16) which are �1
integers, i.e. particular cases of (6.43) for θo ¼ �π=2. Note
that the topological charge (6.43) depends on the coupling
constant β according to (6.40). This is in contradistinction
to the fermion-soliton models studied in the literature, in
which the topological charge of the kink has been fixed
a priori, associated to degenerate vacua of a self-coupling
potential of the scalar field sector. In our case the
asymptotic behavior of the scalar field and the relevant
topological charge is generated dynamically as solutions of

the system of first-order equations (5.16), (5.17) and (5.18),
(5.19). A model in which quantum effects can stabilize a
soliton has been discussed in [16]. Our model can be
obtained as a particular reduction of the model in [16]
setting to zero its scalar self-coupling potential. Indeed, our
solitons are solutions of [16] at the classical level in some
region of parameter space.
Fourth, the form of the relationship (6.38) resembles the

one of the usual massive Thirring soliton [31], provided
convenient parameter identifications are made. In fact, the
parameter θo defines the frequency parameter ω ¼ cos θo
of the standing wave soliton solutions of the massive
Thirring model.
Fifth, note that for any value of ϵðθoÞ provided by (6.36)

one has j0 ¼ λ∂xθ according to (6.36), i.e. the spinor bound
states with energy ϵ are confined inside the scalar kink. So,
one can argue that the spinor zero modes are confined
inside the kinks which exhibit integer topological charges,
whereas the spinor excitation with energy ϵ becomes
confined inside a kink with fractional topological charge.
Sixth, the soliton-fermion system (5.16), (5.17) and

(5.18), (5.19) as a whole can be characterized by two
charge densities: the fermionic charge density j0ðxÞ and the
topological charge density defined as the x-derivative of the
kink θðxÞ.

1. Dual sectors and the excited states: DSG/dMT duality

We examine the dual sectors of the system of 1-kink and
in-gap fermion bound states. Let us write some identities
related to the 1-soliton solution for θo ≠ �π=2. The tau
functions can be written in terms of the field θ as follows:

τ0 ¼ sin θo csc

�
βθ

4
þ θo

�
e−iβθ=4;

τ1 ¼ sin θo csc

�
βθ

4
þ θo

�
eiβθ=4; ð6:44Þ

τR ¼ �
ffiffiffi
2

p
ð1 − iÞ

ffiffiffiffiffiffi
aþ
a−

r �
csc

�
βθ

4
þ θo

�
sin

�
βθ

4

��
1=2

;

τ̃R ¼ −i
ffiffiffiffiffiffi
m1

m2

r
τ⋆R; ð6:45Þ

τL ¼ �
ffiffiffi
2

p
ð1 − iÞ

ffiffiffiffiffiffi
aþ
a−

r �
csc

�
βθ

4
þ θo

�
sin

�
βθ

4

��
1=2

;

τ̃L ¼ i
ffiffiffiffiffiffi
m1

m2

r
τ⋆L: ð6:46Þ

The current jμ components become

j0 ¼ ξ⋆RξR þ ξ⋆LξL ¼ 8Mλ

β
sin

�
βθ

4
þ θo

�
sin

�
βθ

4

�
:

ð6:47Þ
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The next bilinears will be used below

ξ̄ξ ¼ −
8Mλ

β
sin

�
βθ

4
þ θo

�
sin

�
βθ

4

�
sin

�
βθ

2

�
; ð6:48Þ

ξ̄γ5ξ¼−i
8Mλ

β
sin

�
βθ

4
þ θo

�
sin

�
βθ

4

�
cos

�
βθ

2

�
; ð6:49Þ

and

ξ⋆RξL ¼ −
4Mλ

β
sin

�
βθ

4
þ θo

�
sin

�
βθ

4

�
e−iβθ=2: ð6:50Þ

Remarkably, following analogous steps as in the zero-mode
case in Sec. VI A 1, the above relationships allow us to
decouple the scalar and the spinor fields at the level of the
equations of motion. So, by using (6.50) in Eqs. (6.32) and
(6.33) one can write

−iϵξL þ ∂xξL − 2M

�
ξ⋆RξL
j0

�
ξR ¼ 0; ð6:51Þ

−iϵξR − ∂xξR − 2M

�
ξ⋆LξR
j0

�
ξL ¼ 0; ð6:52Þ

plus the complex conjugations of these equations. This
system is a deformation of the massive Thirring (dMT)
model describing the weak coupling sector of the reduced
ATM for excited spinor bound states. One can argue that
the massive Thirring (MT) model (6.26) and (6.27) has
undergone a deformation due to the effect of the kink on the
excited spinors in this coupling regime.
Similarly, taking into account the relationship (6.47) into

the equation (6.34) one can get

8M
β

sin

�
βθ

4
þ θo

�
sin

�
βθ

4

�
¼ ∂xθ: ð6:53Þ

Notice that this first-order differential equation can be
written as the next second-order equation,

− ∂
2
xθ−

4M2

β
sin ðβθþ 2θoÞ þ

8M2

β
cosðθoÞ sin

�
βθ

2
þ θo

�
¼ 0: ð6:54Þ

Note that for θo ¼ π
2
, corresponding to the zero-mode spinor

bound states, this equation reduces to the static version of
the SG model (6.30). So, one can argue that (6.54) is a
deformation of the sine-Gordon model (6.30) describing
the strong coupling sector of the reduced ATM for θo ≠ π

2
,

due to the backreaction of the excited spinor state with
ϵ ≠ 0 on the SG soliton. Notice that the relevant Lagrangian
associated to this model possesses the effective potential

Veff ¼
4M2

β2
cos ðβθþ 2θoÞ−

16M2 cosθo
β2

cos

�
βθ

2
þ θo

�
:

ð6:55Þ
This potential defines the nonintegrable double SG (DSG)
model. Notice that the topological kinks may interpolate

two neighboring points of the vacua f−4θoβ ; 0; 4ðπ−θoÞβ g of the
potential Veff . This potential is plotted in the Fig. 2.
A 1-kink solution of the DSG equation (6.54) becomes

θDSG ¼ δ1
4

β
arccos

�
δ2

sechð2Mx sin θoÞ − cos θo½1þ tanh ð2Mx sin θoÞ�ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½1 − cos θosechð2Mx sin θoÞ�½1þ tanh ð2Mx sin θoÞ�
p �

; δ1;2 ¼ �1: ð6:56Þ

The kinks θDSG in Figs. 3 and 4 (red lines) show this
solution for certain values of θo and they interpolate the
points f0; 4ðπ−θoÞβ g of the vacua mentioned above. Their
topological charges can be defined as

QDSG−top ¼ β

2π
ðθðþ∞Þ − θð−∞ÞÞ ð6:57Þ

¼ �2

�
1 −

θo
π

�
: ð6:58Þ

Note that the DSG soliton (6.56) defined for θo ≠ f0; πg
exhibits fractional topological charges in (6.58). The
case θo ¼ 0 with QDSG−top ¼ 2 corresponds to the
threshold spinor bound state (ϵ ¼ M) and, as discussed

FIG. 2. Plot of the potential Veff . Notice the vacua

f−4θoβ ; 0; 4ðπ−θoÞβ g. The kinks θSG in Figs. 3 and 4 (red lines)

interpolate the points f0; 4ðπ−θoÞβ g of this vacua.
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above, they do not correspond to localized spinor charge
densities.
Figures 3 and 4 show the relevant kinks. Note that their

profiles and asymptotic values are related to the θo para-
meter, as well as the relevant excited spinor energies. In
fact, one notices that the topological charge of the relevant
kink will depend on the value of θo, and then on the bound
state energy due to the relationship ϵðθoÞ ¼ M cos θo. The
SG kink θSG (dashed) in the both figures possesses a
topological charge equal to unity, since this kink corre-
sponds to the spinor zero-mode ϵ ¼ 0.
Comparing the left and right panels of Fig. 3 one

notices that the asymptotic values θkinkðþ∞Þ [for fixed
θkinkð−∞Þ ¼ 0] for the kink θkink (green) increases as
the value of ϵ decreases from −0.15 (left panel) to
−0.43 (right panel). So, its relevant topological charge
increases. However, the asymptotic value of the decoupled
DSG kink θDSGðþ∞Þ [θkinkð−∞Þ ¼ 0] (red) decreases as ϵ
decreases; so, its topological charge decreases as ϵ
decreases.

Likewise, comparing the left and right panels of Fig. 4
one notices that the asymptotic values θkinkðþ∞Þ [for fixed
θkinkð−∞Þ ¼ 0] for the kink θkink (green) decreases as the
value of ϵ increases from 0.15 (left panel) to 0.43 (right
panel). So, its relevant topological charge decreases. On the
other hand, the asymptotic value of the decoupled DSG
kink θDSGðþ∞Þ [θkinkð−∞Þ ¼ 0] (red) increases as ϵ
increases; so, its topological charge increases as ϵ increases.
Remarkably, from the behavior in both figures, one can

conclude that the topological charge of the kink θkink
(green) increases as ϵ decreases; so, the system exhibits
a topological charge pumping mechanism as the effect of
the backreaction of the spinor bound state on the kink. One
can argue that this mechanism, driven by the fermionic
backreaction, exhibits the dynamic interplay between
fermionic excitations and topological features, offering
new insights into the nontrivial topology of integrable
models and their deformations. In fact, the nonintegrale
DSG model potential (6.55) represents a deformation of the
integrable SG model.

FIG. 4. The SG soliton θSG (dashed) (6.14), the kink ðθkink þ 2θo
β Þ (green) (6.37), and the strong coupling deformed SG θDSG (red)

(6.56). For β ¼ 1, θo ¼ ðπ
2
þ 0.16Þ;M ¼ 1; δ2 ¼ δ1 ¼ 1. For these values notice the negative value of the spinor excitation

energy ϵ ¼ −0.16.

FIG. 3. The SG soliton θSG (dashed) (6.14), the kink ðθkink þ 2θo
β Þ (green) (6.37), and the strong coupling deformed SG θDSG (red)

(6.56). For β ¼ 1, θo ¼ ðπ
2
− 0.16Þ;M ¼ 1; δ2 ¼ δ1 ¼ 1. For these values notice the positive value of the spinor excitation

energy ϵ ¼ þ0.16.
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VII. ENERGY OF KINK-FERMION
CONFIGURATION PLUS SPINOR BOUND STATES

In this section we compute the energy of the soliton-
fermion configurations plus the excited fermion bound state
energy ϵ, associated to the reduced ATM (5.23)–(5.25). We
perform this computation firstly by writing the energy
density associated to the Lagrangian (3.16) for static
configurations, and then specializing the result for the
on-shell first-order system of equations (6.32)–(6.34), with

the set of parameters (5.20)–(5.22), (6.36), and (6.40). So,
from (3.16) one can define

H ¼ θ̇Πθ þ ξ̇RΠR þ ξ̇LΠL − L; ð7:1Þ
with

Πθ ≡ θ̇ þ αj1; ΠR ≡ −iξ⋆R; ΠL ≡ −iξ⋆L: ð7:2Þ

Therefore, one has

H ¼
Z

∞

−∞
dxH

¼
Z

∞

−∞
dx

�
1

2

�
θ0 −

�
αþ β

2

�
j0
�
2

þ β

2
j0
�
θ0 −

�
αþ β

2

�
j0
�
þ 1

2
Πθ

�
Πθ −

�
α −

1

λ

�
j1
�
− ΠR½∂xξR þMe−iβθξL�

þ ΠL½∂xξL þMeiβθξR� −
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�ðj0Þ2 −

�
g −

α2

2

�
ðj1Þ2 − 1

2

�
1þ λα

λ

�
Πθj1

�
: ð7:3Þ

The energy of static configurations (set Πθ ¼ αj1) can be written as

E ¼
Z

dx

�
1

2

�
θ0 −

�
αþ β

2

�
j0
�
2

þ β

2
j0
�
θ0 −

�
αþ β

2

�
j0
�
− ΠR½∂xξR þMeiβθξL� þ ΠL½∂xξL þMe−iβθξR�

−
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�ðj0Þ2 þ 1

35
½52α2 þ 28αβ − 3β2�ðj1Þ2

�
: ð7:4Þ

In order to compute E we assume the static field configurations satisfy the first-order equations (6.32)–(6.34). For static
soliton-fermion solutions one has j1 ¼ 0, since j1 ¼ −λ∂tθ from (5.18). As an explicit realization of this, one can notice that
the requirement z ¼ �1 implies v ¼ 0 in (6.12) and also j1 ¼ 0 in (6.22). So, the energy (7.4) of the static configurations
becomes

E ¼ −
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�

Z þ∞

−∞
ðj0Þ2dxþ ϵ

Z þ∞

−∞
j0dx: ð7:5Þ

Notice that the first two terms of (7.4) vanish identically upon using the first-order equation (6.34) with λ ¼ 1
αþβ=2; i.e.

j0 ¼ λθ0. The last term in (7.5) arises upon using the first-order equations (6.32) and (6.33) into the terms of the second line
of (7.4). Taking into account the static form of (5.18), or equivalently (6.34), the expression (7.5) can be written as

E ¼ −
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�

Z
∞

−∞
dx j0λ∂xθ þ ϵ

Z þ∞

−∞
j0dx; ð7:6Þ

¼ −
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�λ

Z
θ2

θ1

dθ j0 þ ϵ

Z þ∞

−∞
j0dx; ð7:7Þ

¼ −
1

32
½ð2αþ βÞ2 þ 8βðα − βÞ�λ½J ðθ2Þ − J ðθ1Þ� þ ϵ; ð7:8Þ

where it has been used the identity ðj0Þ2 ¼ j0λ∂xθ and a prepotential J ðθÞ has been defined as

j0 ≡ d
dθ

J ðθÞ; ð7:9Þ

and the normalization condition
Rþ∞
−∞ j0dx ¼ 1 has been used in the last integral. Then the first term in (7.8) represents the

energy of the kink-fermion configuration and the last term the excited energy ϵ of the spinor bound state.
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The first integration in (7.7) is between the two neigh-
boring points θ1 and θ2 between which the soliton θ
interpolates. We assume the current component j0 and
the prepotential J ðθÞ to be related to a spinor bound state
and a topological soliton which obeys nontrivial boundary
conditions. For example, the field θ supports topological
solitons in the form of a kink (6.37) coupled to a spinor
bound state (6.31) with energy ϵ ¼ M cos θo in (6.36) and
charge density (6.38).
So, in order to compute the energy E in (7.8) of the

whole soliton-spinor configuration plus ϵ, it suffices to
know the two asymptotic values of the soliton θ and the
parameter value θo. Below we compute the energy of the
soliton-spinor configurations provided by the SG soliton
θSG (6.14) and the related zero-mode fermion with charge
density (6.17), as well as the kink θkink (6.37) coupled to its
relevant excited spinor bound sate with charge density
(6.38), respectively. Moreover, in order to compare with E
we compute the energy EDSGkink of a decoupled scalar DSG
θDSG kink (6.56).

A. Spinor zero-mode coupled to SG soliton θSG (6.14)

From (7.9) and taking into account (6.21) with z ¼ 1,
one has

J SG ¼ −
8Mλ

β2
cos

�
βθ

2

�
: ð7:10Þ

Therefore, setting θ2 ¼ 2π
β , θ1 ¼ 0 into (7.8) one has

E1 ¼ −
2Mð2α − βÞð2αþ 7βÞ

β2ð2αþ βÞ2 ; ð7:11Þ

¼ ð2r� − 1Þð2r� þ 7Þ
ð2r� þ 1Þ2

2M
β2

;

r� ≡ −5=2�
ffiffiffi
7

p
; α ¼ βr�: ð7:12Þ

The last term ϵ in (7.8) vanishes since in this case one has
the zero mode for θo ¼ π

2
in (6.36). Notice that E1

represents the energy of the soliton-fermion system and
satisfies jE1j < ESG, where ESG ¼ 16M

β2
is the energy of the

static soliton of the SG model which can be computed for
the kink (6.14) as ESG ¼ Rmin dθ

ffiffiffiffiffiffi
2V

p
. Moreover, E1 in

(7.12) has been written in terms of the parameters fM; βg,
since α ¼ βr� from the parameter relationship (5.20).

B. Energy of kink-fermion configuration plus spinor
bound state

One considers the kink (6.37) coupled to the spinor
bound state with energy ϵ. Using the identity (6.47) and the
definition (7.9) one can write

J kink ¼
4Mλ

β2

�
βθ cos θo − 2 sin

�
βθ

2
þ θo

��
: ð7:13Þ

Then, inserting this last relationship into (7.8) with θ2 ¼
4θo
β ; θ1 ¼ 0 one has the energy of the kink-fermion plus the
spinor bound state configurations as

E ¼ Ekf þ ϵ; ð7:14Þ

Ekf ≡ −M
ð2α − βÞð2αþ 7βÞ

β2ð2αþ βÞ2
× ½2θo cos θo þ sin θo − sin ð3θoÞ�; ϵ≡M cos θo:

ð7:15Þ

Notice that in the zero-mode case inserting θo ¼ π=2 into
(7.14) one recovers the energy E1 in (7.11). As in the
literature [12,13,19] we call E (7.14) the quasiclassical
energy.

C. Decoupled DSG kink (6.56) energy

Using E ¼ R θ2θ1 dθ ffiffiffiffiffiffi
2V

p
with θ2 ¼ 4π

β ð1 − θo
π Þ and θ1 ¼ 0

corresponding to the asymptotic values of the kink (6.56),
one has the energy

EDSGkink ¼
16M
β2

½ðπ − θoÞ cos θo þ sin θo�: ð7:16Þ

Notice that by setting θo ¼ π=2 in (7.16) one recovers the
energy of the static soliton of the SG model, ESG ¼ 16M

β2
.

Moreover, setting θo ¼ 0 in (7.16) one recovers the energy
of the static soliton of the DSG model, EDSG ¼ 16Mπ

β2
,

corresponding to the threshold bound state energy ϵ ¼ M.
In Figs. 5 and 6 we present the various energies plotted as

functions of the coupling constant β. The top left panels
show Evs β (red) and EDSGkink vs β (green). In the top left
panels the dashed lines show the threshold values ϵ ¼ �1.
The top right panels shows Ekf vs β (brown). The bottom
left ones show ϵ vs β (magenta) and the bottom right
ones ðEkf − ϵÞ vs β (blue). The figures are plotted for M ¼
1; α ¼ ðr�Þβðr� ¼ −5=2� ffiffiffi

7
p Þ (Fig. 5 for rþ and Fig. 6

for r−). From the bottom right figures one can argue that for
β → large, one has Ekf ≈ ϵ.
In Figs. 5 and 6 one has M ¼ 1. In the top right panels

one has jEkfj ≤ 1, in the bottom left panels jϵj ≤ 1, whereas
in the top left panels jEj ≤ 2; so they reproduce the
relationship jEj ¼ jEkf þ ϵj≤ 2. Notably, one has a kink-
fermion configuration energy Ekf, as well as a normalized
number one bound state energy ϵ, whose energy values are
below that of a single free fermion.
In the top left panels the decoupled DSG kink energy

satisfy jEDSGkinkj > 1 for some regions of the β coupling
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FIG. 6. The top left panels show Evs β (red) and EDSGkink vs β (green). In the top left the dashed lines show the threshold values
ϵ ¼ �1. The top right shows Ekf vs β (brown). The bottom left shows ϵ vs β (magenta) and the bottom right ðEkf − ϵÞ vs β (blue). The

bottom right shows that for β → large one has Ekf ≈ ϵ. The figures are plotted for M ¼ 1; α ¼ ðr−Þβðr− ¼ −5=2 −
ffiffiffi
7

p
≈ −5.15Þ.

FIG. 5. The top left panels show Evs β (red) and EDSGkink vs β (green). In the top left the dashed lines show the threshold values
ϵ ¼ �1. The top right shows Ekf vs β (brown). The bottom left shows ϵ vs β (magenta) and the bottom right ðEkf − ϵÞ vs β (blue). The

bottom right shows that for β → large one has Ekf ≈ ϵ. The figures are plotted for M ¼ 1; α ¼ ðrþÞβðrþ ¼ −5=2þ ffiffiffi
7

p
≈ 0.15Þ.
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parameter (green). This last relationship implies the
existence of kinks with energies above and below the
threshold energies ϵ ¼ �1, i.e. stable kink states lying in
the continuum of scattering states (KIC states). This is in
contradistinction to the bound states in the continuum (BIC
states) present in the ATM plus a scalar self-coupling
potential recently studied in [32].
The system of first-order equations (6.32)–(6.34) serves

a comparable role to the Bogomolnyi-Prasad-Sommerfeld
(BPS) equations, as they not only yield the second-order
Euler-Lagrange equation for the scalar field but also
determine the total energy (7.8) based on the parameters
of the topological charges. In fact, the first-order differ-
ential equations (6.32)–(6.34) are essential in relation to our
energy functional (7.4) and the static energy (7.5). The BPS
bounds are a powerful tool for finding topological soliton
solutions because they impose constraints on soliton
energies based on a topological charge. Solitons that reach
this bound must satisfy specific first-order differential
equations, known as BPS equations.
To derive the first-order equations,we reduced the order of

the chiral current conservation equation (3.21) by introduc-
ing amassless free field,Σ, as shown in equations (5.1)–(5.3).
Within this framework, the trivial solutionΣ ¼ 0 leads to the
first-order equation (5.10). So, it parallels the approach
proposed in [18], where the authors derived first-order
equations for vortices in 1þ 2 dimensions by considering
the conservation of the energy-momentum tensor. Our
method differs from the Bogomolnyi trick, which obtains
first-order equations by completing the square in the energy
functional. However, our approach is similar to the BPS
method in that it expresses the total energy in terms of the
asymptotic values of the scalar field which are related to the
topological charges.

VIII. DIRAC SEA MODIFICATION DUE
TO THE SOLITON

The modification of the fermionic energy spectrum
induced by the presence of the soliton occurs because
the soliton alters the fermionic field modes, generating
bound states and scattering states distinct from those in a
free system. The energy contribution due to the interaction
between the kink and the Dirac sea is essential for ensuring
the consistency of the semiclassical expansion in the
fermionic sector. Below we will compute the scattering
states of the fermion-soliton ATM.
Let us consider the two-component spinor parametrized

as

ξ ¼ e−iE1t

�
ζRðxÞ
ζLðxÞ

�
; ð8:1Þ

where the spinor components ζRðxÞ and ζLðxÞ define the
scattering solutions in the presence of the soliton θ, and E1

is the energy of these states.

So, from (5.16), (5.17) and (5.18), (5.19) one can write
the coupled system of static equations

−iE1ζL þ ∂xζL þMe−iβθζR ¼ 0; ð8:2Þ

−iE1ζR − ∂xζR −MeiβθζL ¼ 0; ð8:3Þ

fζ⋆RζRþζ⋆LζL− ½ζ⋆ðfreeÞR ζðfreeÞR þζ⋆ðfreeÞL ζðfreeÞL �ðx¼−∞Þg
−λ∂xθ¼ 0; ð8:4Þ

where the symbol ⋆ stands for complex conjugation as
usual.
Note that in (8.4) we have subtracted the contribution of

the charge density due to the free state ζðfreeÞR;L evaluated at
x ¼ −∞ to align it with the scalar field derivative.
Specifically, Eq. (8.4) is consistent when applied to the
asymptotic regions of the soliton, where the derivative of
the kinklike scalar field vanishes, and the spinor fields

reduce to free Dirac plane waves, i.e. ζR;L → ζðfreeÞR;L . This
will imply a further relationship between the parameters of
the solution evaluated at x ¼ þ∞, as we will see below.
Furthermore, we will explore the scattering solutions that
satisfy (8.4) across the entire real line.
For plane waves, the charge density term inside square

brackets denoted by the superscript “free” in (8.4) reduces
to a constant. Consequently, even in the case of scattering
states interacting with a soliton field, it can be argued that
the first-order system of Eqs. (8.2)–(8.4) also leads to the
second-order differential equation for the scalar field [i.e.
the static version of the Eq. (5.23)], as previously discussed
for the bound states.
Next, we compute the spinor states scattering from the

soliton of type (6.1). So, let us consider the tau functions

τ0 ¼ 1þ 1

4
e−iθoc0e2kx; ð8:5Þ

τ1 ¼ 1þ 1

4
eiθoc0e2kx; ð8:6Þ

τR ¼ dþe2kx; τ̃R ¼ dþ⋆e2kx; ð8:7Þ

τL ¼ d−e2kx; τ̃L ¼ d−⋆e2kx: ð8:8Þ

Taking into account (6.1) and (6.8) one can write the scalar
soliton as

θ¼ 4

β
arctan

8>><
>>:− tan

�
θ1
4

�2641þ c0
sin ðθ1

4
þθ0Þ

sinðθ1
4
Þ e2kx

1þ c0
cosðθ1

4
þθ0Þ

cosðθ1
4
Þ e2kx

3
75
9>>=
>>;: ð8:9Þ

Note that this solution reproduces the soliton (6.37)
provided that θ1 ¼ −2θ0. The relevant asymptotic values
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of the soliton (8.9) define the quantity

Δθ ¼ θðx → þ∞Þ − θðx → −∞Þ ð8:10Þ

¼
(
− 4θo

β k > 0

4θo
β k < 0

: ð8:11Þ

Let us consider the scattering states as

ζR ¼ eReik1x þ eik1x
τR
τ0

; ζ⋆R ¼ e⋆Re
−ik1x þ e−ik1x

τ̃R
τ1

;

ð8:12Þ

ζL ¼ eLeik1x þ eik1x
τL
τ1

; ζ⋆L ¼ e⋆Le
−ik1x þ e−ik1x

τ̃L
τ0

:

ð8:13Þ

It is important to note that the solution (8.12) and (8.13)
describes a wave state propagating over the free spinor
continuous background, where the wave numbers k1 and k
correspond to the contributions from the free field and the
soliton-induced component, respectively. Below, we will
establish a relationship between them. Similar scattering
states have been considered in the search for self-consistent
solutions of complex-valued fermionic condensates in the
(1þ 1)-dimensional Bogoliubov-de Gennes equation
(BdG) [33]. In fact, the spinor sector of the ATM (8.2)
and (8.3) is similar to the BdG equation with gap function
being a pure phase.
The wave functions (8.12) and (8.13) exhibit the asymp-

totic forms

�
ζR

ζL

�
⟶
x→−∞

�
e0Re

−ik1x þ eReik1x

e0Le
−ik1x þ eLeik1x

�
; e0R ¼ e0L ¼ 0;

ð8:14Þ
�
ζR

ζL

�
⟶
x→þ∞

�
EReik1x

ELeik1x

�
; ð8:15Þ

ER ≡ eR þ 4dþeiθ0

c0
; ð8:16Þ

EL ≡ eL þ 4d−e−iθ0

c0
: ð8:17Þ

As observed from the expressions above they are reflec-
tionless. In fact, we are assuming a plane wave incident
from the left with components eR;Leik1x and vanishing
coefficients of reflection e0R;L ¼ 0. However, the trans-

mission coefficients are nonvanishing, i.e. ð4d�c0 Þ ≠ 0. The
probability densities of these solutions at x ¼ �∞, respec-
tively, are

½ζ⋆RζR þ ζ⋆LζL�ðx ¼ −∞Þ
¼ ½ζ⋆ðfreeÞR ζðfreeÞR þ ζ⋆ðfreeÞL ζðfreeÞL �ðx ¼ −∞Þ ð8:18Þ

¼ e⋆ReR þ e⋆LeL; ð8:19Þ

and

½ζ⋆RζR þ ζ⋆LζL�ðx ¼ þ∞Þ
¼ ½ζ⋆ðfreeÞR ζðfreeÞR þ ζ⋆ðfreeÞL ζðfreeÞL �ðx ¼ þ∞Þ ð8:20Þ

¼ e⋆ReR þ e⋆LeL þ 4

c20
½4ðdþ⋆dþ þ d−⋆d−Þ

þ c0eiθ0ðdþ⋆eR þ e⋆Ld
−Þ þ c0e−iθ0ðd−⋆eL þ e⋆Rd

þÞ�:
ð8:21Þ

Therefore, both quantities presented above must be equal,
in accordance with the principle of probability conserva-
tion. Thus, we have

4ðdþ⋆dþ þ d−⋆d−Þ þ c0eiθ0ðdþ⋆eR þ e⋆Ld
−Þ

þ c0e−iθ0ðd−⋆eL þ e⋆Rd
þÞ ¼ 0: ð8:22Þ

Note that the relationship (8.22), which follows from
(8.18)–(8.21), is crucial for matching both sides of
Eq. (8.4), as the derivative of the scalar field vanishes
at x ¼ �∞.
Moreover, unitarity requires the coefficients to satisfy

e⋆ReR þ e⋆LeL ¼ 1: ð8:23Þ

So, the scalar and spinors defined by the relationships
(6.1), (8.12), and (8.13), respectively, together with the tau
functions (8.5)–(8.8) satisfy the system of equations (8.2)–
(8.4) provided that

E1 ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21þM2

q
; k¼−E1 tanθ0; e⋆L ¼ eL; ð8:24Þ

dþ ¼ 1

2
c0eLeiθ1

M sin θ0
k1 þ iE1 tan θ0

;

d− ¼ i
2
c0eL

ðk1 − E1Þ sin θ0
k1 þ iE1 tan θ0

; ð8:25Þ

eR ¼ −ieiθ1eL
k1 − E1

M
; eL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 þ E1

p ffiffiffiffiffiffiffiffi
2E1

p ; ð8:26Þ

λ ¼ β

�
cos2θo
2E1

��
M2

E2
1 −M2cos2θo

�
: ð8:27Þ

The parameters above satisfy the relationships (8.22) and
(8.23) for an arbitrary value of the real parameter c0.

FERMIONIC BACKREACTION ON KINK AND TOPOLOGICAL … PHYS. REV. D 112, 016019 (2025)

016019-17



In Figs. 7 and 8 we plot the real components of
the scattering states ζa; a ¼ 1;…; 4ðζR ≡ ζ3 þ iζ4;
ζL ≡ ζ1 þ iζ2Þ, for E1 ¼ ∓1.01119; k1 ¼ 0.15;M ¼ 1;
θo ¼ π=4; β ¼ 1; θ1 ¼ π=8. Notice that each component
of the incident free wave undergoes a distortion at the origin
and a phase shift due to its interaction with the soliton.
Despite this distortion and phase shift, the wave’s ampli-
tude remains unchanged after the transmission through the
soliton field. Moreover, the scattering process is completely
reflectionless, meaning that no part of the wave is reflected.
The wave passes through the soliton entirely, without any
loss of energy or change in amplitude.
Interestingly, a notable property of linearized integrable

systems around a soliton is their ability to support reflec-
tionless scattering states [34]. Specifically, in the spinor
sector of the integrable ATM, the equations governing the
system become linear with respect to the spinor fields. It
can be argued that this linear system leads to a reflection-
less scattering of the spinor field around the soliton,
regardless of the energy involved. On this point, it is worth
noting that the spinor sector of the ATM closely resembles
the Bogoliubov-de Gennes equation, in which the reflec-
tionless property of self-consistent multisoliton solutions
has been established [35].
In summary, an analysis of our exact analytical results

reveals that scattering in our soliton-fermion system is
reflectionless. Additionally, narrow solitons induce
stronger distortions and produce larger phase shifts in

the scattering states (see Figs. 7 and 8), whereas broad
solitons exert weaker effects on the scattering behavior.

A. Phase shift and Levinson’s theorem

In order to compute the phase shift of the outgoing
spinor scattering state with respect to the incoming
spinor state one must identify these components entering
into the solution (8.12) and (8.13) for the spinor field of
the model at x → �∞ represented in (8.14)–(8.17). So,
from Eqs. (8.14)–(8.17) and the parameter relationships
(8.24)–(8.27) one can write the incoming free spinor field
at x → −∞ and a component of the outgoing spinor wave at
x → þ∞ carrying the effect of the soliton, respectively, as�

eReik1x

eLeik1x

�
ð8:28Þ

and

�
eReik1x

eLeik1x

�
þ
 
−2ieiθo sinðθoÞðk1þE1Þ

k1þiE1 tan θo
eReik1x

2ie−iθo sinðθoÞðk1−E1Þ
k1þiE1 tan θo

eLeik1x

!
ð8:29Þ

¼
�
eReik1x

eLeik1x

�
− eiδðk1Þeiθoσ3

� ðE1 þ k1ÞΔ̃ 0

0 ðE1 − k1ÞΔ̃

�

×

�
eReik1x

eLeik1x

�
; ð8:30Þ

FIG. 7. Components of the scattering states ξa; a ¼ 1;…; 4ðξR ≡ ξ3 þ iξ4; ξL ≡ ξ1 þ iξ2Þ. For E1 ¼ −1.01119; k1 ¼ 0.15;
M ¼ 1; c0 ¼ 2.5; θo ¼ π=4; β ¼ 1; θ1 ¼ π=8. Note that the waves undergo a phase shift due to the presence of the soliton at the center.
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with

σ3 ¼
�
1 0

0 −1

�
; Δ̃≡ 2 sin θoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k21 þ E2
1tan

2θo
p ; ð8:31Þ

and δðk1Þ given by

δðk1Þ≡ arctan

�
k1

E1 tan θo

�
; E2

1 ¼ k21 þM2: ð8:32Þ

Note that when θo ¼ 0 (Δ̃ ¼ 0) is considered in the
components (8.30), meaning there is no soliton background,
the spinor components carrying the effect of the soliton
vanish. Consequently, the solution (8.12) and (8.13) reduces
to the free spinor field continuous background. In fact, the
soliton tau functions τR;L in (8.7)–(8.13) vanish in this limit
since one has d� ¼ 0 in (8.25) for θo ¼ 0.
Notably, the factor Δ̃ in the scattering S-matrix in (8.30),

when setting k1 ≡ ik, exhibits singularities at E1 ¼
−k cot θo. So, one can argue that transmission coefficients
in (8.29) have simple poles at the imaginary momenta
of the bound state energies. These singularities correspond
to the spinor bound states and the soliton constructed in
(6.36)–(6.38). Thus, our results are consistent with
Levinson’s theorem, which asserts that each bound state
emerges from a continuum state of the unperturbed (free)
system.

Comparing the expressions (8.28) and (8.30) one
observes that the spinor components develop different
phase shifts, i.e.

δ1 ¼ δðk1Þ þ θo; ð8:33Þ
δ2 ¼ δðk1Þ − θo; ð8:34Þ

for the upper and lower components, respectively. The
challenge in defining phase shifts becomes evident when
the background field has arbitrary boundary values: under
the conventional definition, the upper and lower compo-
nents generally acquire different phase shifts.
It is known in the literature that a prescription must be

provided in order to compute a unique phase shift. We
follow the prescription proposed in [36] in which the phase
shift is defined as an average of the two quantities in
(8.33)–(8.34). In fact, in [36] a version of the ATM without
the kinetic term of the scalar field has been studied,
assuming a prescribed scalar field soliton. Then, one has
a phase shift defined as

δðk1Þ ¼
1

2
ðδ1ðk1Þ þ δ2ðk1ÞÞ: ð8:35Þ

Then, from (8.32) one has

δð∞Þ − δð0Þ ¼ ð2nþ 1Þπ
2

− θo; n∈Z: ð8:36Þ

FIG. 8. Components of the scattering states ξa; a ¼ 1;…; 4ðξR ≡ ξ3 þ iξ4; ξL ≡ ξ1 þ iξ2Þ. For E1 ¼ 1.01119; k1 ¼ 0.15;M ¼ 1;
c0 ¼ 2.5; θo ¼ π=4; β ¼ 1; θ1 ¼ π=8. Note that the waves undergo a phase shift due to the presence of the soliton at the center.
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This result bears similarity to that presented in [36]; however,
our formulation provides a complete treatment of the
problem, as both the spinor and scalar fields are treated as
dynamical variables. Notably, our Lagrangian includes the
scalar field’s kinetic term, and the coupled system has been
solved in a fully self-consistentmanner using the tau function
approach to deal with scattering sates.

B. Fermion vacuum polarization energy
and the scattering states

The fermion vacuum polarization energy arises from
modifications to the fermionic energy spectrum induced by
the presence of the soliton. In systems like the ATM, where
the soliton induces reflectionless scattering (a common
feature in many integrable models), the fermionic phase
shifts in the scattering spectrum are simplified. This
simplification makes the calculation of the vacuum polari-
zation energy more manageable, as we will demonstrate
below. Such systems often permit exact or semi-analytical
solutions.
The vacuum polarization energy, encompassing con-

tributions from an infinite number of modes, requires
careful regularization and renormalization to eliminate
divergences. Through the renormalization process, only
the finite, physically meaningful energy contributions are
retained. The vacuum polarization energy plays a crucial
role in shaping the stability and dynamics of soliton-
fermion systems. By typically reducing the system’s total
energy, it enhances the soliton’s stability through its
interaction with the quantum fluctuations of the fermion
field.
The vacuum polarization energy for the spinor sector of

the ATM (2.1) was previously computed for a static and
prescribed piecewise linear pseudo-scalar background field
[37]. Using the exact fermionic spectrum for this setup, the
VPE was obtained by subtracting the vacuum energy with
and without the background field. Additionally, the spinor
sector of the ATM with a prescribed sine-Gordon type
soliton as the background field was analyzed through
numerical simulations and the phase shift method to
determine the total Casimir energy [38]. In the present
work, we focus on exact solutions that incorporate the
backreaction of the spinor field on the true soliton of
the model.
In the exactly solvable soliton-fermion system consid-

ered here, all normalized continuum wave functions with
negative energy in the presence of the soliton, θðxÞ, have
been explicitly calculated above. The vacuum polarization
energy can then be determined exactly and directly by
subtracting the vacuum energy of the system without the
soliton from that with the soliton, where the soliton acts as
the disturbance. To analyze this in detail, let us consider
[37,38]

hΩjHjΩi − h0jHfreej0i

¼
Z þ∞

−∞
dx
Z þ∞

0

dp
2π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

q 

ζ⋆pζp

−
Z þ∞

−∞
dx
Z þ∞

0

dk1
2π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

q 

ζ⋆ðfreeÞk1

ζðfreeÞk1

ð8:37Þ

¼
Z þ∞

0

dk1
	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

q 
�
ρ̂ðseaÞðk1Þ − ρ̂ðseaÞ0 ðk1Þ

�
:

ð8:38Þ

The functions ζp and ζðfreeÞk1
stand for normalized wave

functions for the continuum states with negative energy
in the presence and absence of the soliton, respectively.

The factor ½ρ̂ðseaÞðk1Þ − ρ̂ðseaÞ0 ðk1Þ� in Eq. (8.38) measures
the spectral deficiency in the continuum states and it is the
difference between the density of the continuum states with
the negative energy in the presence and absence of the kink.
The divergent integrals above have been formally

manipulated, and the prescription for subtracting the two
divergent integrals of (8.37)) is to subtract the integrands
with corresponding values of p ¼ k1 and then evaluate the
leftover x-integral, providing the finite result in (8.38).
Let us mention that indirect approaches, such as the

phase shift method, are sometimes employed to calculate
the VPE in (8.38). This method links the derivative of the
phase shift with respect to momentum to the spectral
deficiency in the continuum states. Below we resort to
the phase shift approach in order to compute the VPE in
(8.38). So, one has

1

π

d
dk1

δseaðk1Þ ¼ ρ̂ðseaÞðk1Þ − ρ̂ðseaÞ0 ðk1Þ: ð8:39Þ

Next, taking into account (8.39) the VPE equation (8.38)
can be written as

VPE ¼ hΩjHjΩi − h0jHfreej0i ð8:40Þ

¼
Z þ∞

0

dk1
π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

q 
 dδseaðk1Þ
dk1

ð8:41Þ

¼
Z þ∞

0

dk1
π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

q 
 d
dk1

ðδseaðk1Þ − δseaðþ∞ÞÞ

ð8:42Þ

¼
Z þ∞

0

dk1
π

k1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

p ðδseaðk1Þ − δseaðþ∞ÞÞ

þM
π
ðδseað0Þ − δseaðþ∞ÞÞ: ð8:43Þ
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So, taking into account δseaðk1Þ in (8.32) for E1 ¼
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

p
, the above integration furnishes

VPE ¼ 1

2
M cos θo þ

M
π
ðδseað0Þ − δseaðþ∞ÞÞ ð8:44Þ

¼ 1

2
M

�
cos θo þ

2θo
π

�
−
1

2
M: ð8:45Þ

In the last line it has been used the expression (8.36) with
n ¼ 0. So, this is the VPE in the presence of the kink
(antikink) with topological charges þ 2θo

π (− 2θo
π ). Observe

that when θo ¼ 0 (no bound states present), corresponding
to the free case, the VPE vanishes, i.e., VPE ¼ 0.
Consequently, the last term in (8.45), which accounts for
the threshold states at E1 ¼ �M, is crucial to ensure
the VPE correctly vanishes in the fermion-free case when
θo ¼ 0.
Notably, the k1 dependence of the integrand in (8.41)

resembles that of Eq. (3.8) in [37], observed in their model
under a specific limit. Specifically, this similarity arises in
the special slope limit μ → ∞ for the piecewise linear scalar
field in the central region. In order to examine this
similarity, let us substitute the phase shift (8.32) in
(8.41) to get

Z þ∞

0

dk1
π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þM2

q 
 dδseaðk1Þ
dk1

¼
Z þ∞

0

dk1
π

M2 sin θo cos θo
k21 þM2sin2θo

: ð8:46Þ

The integration in the right-hand side of (8.46) is the same
as in Eq. (3.8) of Ref. [37] up to a constant value. However,
since the piecewise linear field configuration chosen in [37]
is not a true soliton solution to the field equations, our exact
expression in (8.45) fully incorporates the characteristics
and effects of a genuine soliton.
In Fig. 9 we present the plot of the vacuum polarization

energy (8.45) as VPEðθoÞvs θo. Comparing this figure with
the corresponding Figs. 5 and 6, which depict the energy
E ¼ Ekf þ ϵ (red lines) and the bound-state energy ϵ
(magenta lines), reveals that the contribution of the vacuum
polarization energy must be given equal consideration
alongside Ekf and ϵ. This is because, for certain values
of the parameters θo ∼ β2 [see (6.41)], the VPE is of the
same order of magnitude as Ekf and ϵ energy components.
The total energy will be analyzed in detail below.
Some comments are in order here regarding the above

calculation of the VPE as compared to the one in
Refs. [16,17]. First, the integrand in (8.41), once the phase
shift (8.32) is used, takes the form of the right-hand side of
Eq. (8.46). This integral is finite, since its integrand at k1 →
þ∞ behaves as 1

k2
1

. Therefore, in our approach this con-

tribution to the VPE is finite. Second, note that our model

becomes a submodel of the one in [16,17] provided
that their scalar fields ϕ1;2 lie on the chiral circle
ðϕ1;ϕ2Þ ¼ 1

2β̂
ðcos 2β̂φ; sin 2β̂φÞ, where φðx → −∞Þ → 0

and φðx → þ∞Þ → π=β̂, with φ being the ATM scalar in
(2.1). Third, in [16,17] the fermion effective energy in the
presence of the classical background has been computed
numerically in the field theory approach. Standard pertur-
bative renormalization procedure has been performed
through one-loop order to the VPE (8.40) and (8.41).
Fourth, their entire counterterm contribution to the phase
shift becomes δ̂ðk1Þ≡ 8M2

k1

R∞
0 dxðϕ⃗ðxÞ2 − 1

4β̂2
Þ. On the

chiral circle ϕ⃗2 ¼ 1
4β̂2

, connected to the results presented

here, this counterterm contribution to the VPE vanishes,
implying that the one-loop quantum contribution to the
energy is finite. Fifth, for scalar configurations on the chiral
circle and through numerical computation, it has been
observed in [17] that δðk1Þ goes like 1

k3
1

for k1 large. This

would imply the integrand in the left-hand side of (8.46) to
decrease more rapidly than 1

k2
1

. By contrast, our exact

analytical result shows that the integrand decreases as 1
k2
1

for k1 large. Sixth, one can argue that our analytical result in
(8.45) for the VPE is an exact result at the one-loop order in
the field theory approach of Refs. [16,17].

C. Total energy and stability of the solutions

In this subsection we consider the energy contributions
of the fermion-kink configuration, the valence fermion and
explore the effect of the VPE energy on the total energy.
We emphasize that the model under investigation admits,

simultaneously, a classical scalar soliton and localized
fermionic bound states, resulting from a chiral coupling
between the fermionic and scalar fields. The topological
charge is dynamically generated and it depends on the
coupling constant. Crucially, the scalar sector lacks a self-
interaction potential—unlike the model studied in [16,17]
with self-coupling potential and no classical solitons.

FIG. 9. Plot of the VPE in (8.45) for M ¼ 1. The figure
shows VPEðβÞ vs θo. Note the appearance of the minimum
at θo ¼ 2.45.
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The authors study soliton formation only through quantum
stabilization mechanisms. Our model is the truncation
of [16,17] with vanishing scalar self-coupling, such that
our classical solitons belong to the full theory in suitable
parameter space.
However, upon incorporating quantum effects, the

classical treatment must be revisited. In particular, the
spatially varying soliton configuration, together with
the fermion bound state, should be regarded as minimizing
an effective energy that includes both classical contributions
and quantum corrections arising from vacuum fluctuations.
Next, our objective is to find the points of absolute and

relative minima of the effective energy for some values of
the ATM coupling constant β̂ in (2.1).
So, the total energy consists of three components: the

classical fermion-soliton interaction energy Ekf, the energy
of the bound-state fermion ϵ, and the fermion vacuum
polarization energy VPE. Then, the VPE (8.45) must be
added to the energy E in (7.14) in order to compute the total
energy Etot as follows:

Etot ¼ Eþ VPE ð8:47Þ

¼ Ekf þ ϵþ VPE ð8:48Þ

¼ −M
ð2α − βÞð2αþ 7βÞ

β2ð2αþ βÞ2 ½2θo cos θo þ sin θo − sin ð3θoÞ�

þM cos θo þ
1

2
M

�
cos θo þ

2θo
π

�
−
1

2
M; ð8:49Þ

with

α ¼ ðr�Þβ; r� ¼ −5=2�
ffiffiffi
7

p
; β ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8

2r� þ 1

s ffiffiffiffiffi
θo

p
:

ð8:50Þ

In Fig. 10 we plot the total energy Etot (8.49) for the kink-
fermion system in terms of θo (Etot vs θo) for both cases
α ¼ r�β, blue line and dashed line, respectively. Observe
that there is only a very slight difference between the two
figures. By analyzing the total energy depicted in these
graphs, we can investigate the system’s stability. The
figures reveal an absolute minima at θo ≈ 2.9, indicating
that these configurations are not only energetically favor-
able but also stable against small fluctuations of θo.
Relative minima occur at approximately the same points
θo ≈ 9.3, 15.6, for both figures.
It is instructive to see the dependence on θo of the initial

ATM Lagrangian coupling constant β̂ in (2.1). From (5.22)
and (6.41) the coupling parameter β̂ in terms of θo can be
written as

β̂ðθoÞ ¼ −
e1

3þ e2
ffiffiffi
7

p β

¼ ∓ 2e1
ffiffiffi
2

p

ð3þ e2
ffiffiffi
7

p Þð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r� þ 1

p Þ
ffiffiffiffiffi
θo

p
;

ea ¼ �1; a ¼ 1; 2: ð8:51Þ

This yields a total of 16 distinct values of the ATM coupling
constant β̂ for the given set of parameters fr�; θog.

IX. DISCUSSIONS AND CONCLUSIONS

The slð2Þ affine Toda model coupled to matter (2.1)
presents a rich framework for studying the interplay
between bosonic and fermionic fields, especially within
the context of integrable systems. Through the Faddeev-
Jackiw symplectic Hamiltonian reduction, we have eluci-
dated the complex dynamics governing this model, notably
the intricate relationship between constraints, symplectic
potentials, nonlinearity, topology and the strong-weak dual
coupling sectors. This work emphasizes the significance of
ensuring the equivalence between Noether and topological
currents, a key issue in understanding the model’s under-
lying symmetries and conservation laws.
One of the findings of this study is the emergence of

fermion excited bound states localized on the kinks of the
reduced ATM (5.23)–(5.25). The bound states with charge
densities (6.17) and (6.38) are not merely mathematical
artifacts; they play an active role in the system’s dynamics
by contributing to backreaction effects through the rede-
fined constants fλ; α; βg, which according to (5.20)–(5.22)
depend on the coupling constant β̂. This backreaction
significantly alters the topological properties of the model,
introducing a novel pumping mechanism for the topologi-
cal charge of the kink. This mechanism, driven by the
fermionic backreaction, highlights the dynamic interplay
between fermionic excitations and topological features,
offering new insights into the nontrivial topology of

FIG. 10. The function EtotðθoÞ of the total energy (8.49) plotted
forM ¼ 1. The blue line stands for rþ and the dashed red line for
r−. Observe that both figures display an absolute minima at θo ≈
2.9 and relative minima at approximately the same points
θo ≈ 9.3, 15.6, for both figures.
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integrable models and their deformations, as the emergence
of the nonintegrable DSG model (6.55) in the scalar
decoupled regime of the reduced ATM. So, the topological
charge pumping mechanism represents, to our knowledge,
a novel advancement in the study of nonlinear dynamics
and topological effects in 1þ 1 field theories.
Our analysis also highlights the power of tau function

techniques in constructing self-consistent solutions within
the ATM. These techniques provide a robust framework for
exploring how the properties of kinks, fermionic bound
states and scattering states depend on various model
parameters. Such insights are invaluable for understanding
the stability and behavior of solitonic solutions in integrable
systems, which are often characterized by their sensitivity to
changes in parameters and external conditions.
Moreover, the study shows that the inclusion of new

parametrizations for scalar and Grassmannian fermionic
fields leads to a deeper understanding of the fermion-scalar
model’s physical implications. By examining the model,
we have uncovered the essential roles these fields play in
shaping the model’s dynamics and topological character-
istics. So, our work contributes to a broader understanding
of how modifications in field parametrizations and the
fermion bound states excitations can impact the behavior
and properties of integrable systems and of their non-
integrable modifications.
Our exploration of the ATM has unveiled a wealth of

phenomena that deepen our understanding of kink-fermion
systems. Our approach differs from the Bogomolnyi trick,
which gets first-order equations by completing the square
in the energy functional. Instead, our method parallels the
approach proposed in [18], where the first-order equations
for vortices in 1þ 2 dimensions arise provided that the
conservation of the energy-momentum tensor is assumed.
Our findings show the importance of considering back-
reaction effects and their influence on the appearance of the
in-gap fermion-kink Ekf energy (7.14) and (7.15), fermion
bound state energy ϵ (7.15), and the energy EDSGkink of the
decoupled scalar kink states in the continuum (7.16) for
some regions in parameter space.
We have added the fermion vacuum polarization energy

(8.45) to the energy of the soliton-fermiom system, such
that the total energy (8.49) comprises the classical fermion-
soliton interaction energy Ekf, the energy of the bound-state
fermion ϵ, and the fermion VPE. We have concluded that
the contribution of the VPE energy is not negligible in
comparison to the valence fermion energy and it must be
given equal consideration alongside Ekf and ϵ. Moreover,
examining the total energy we have explored the stability
points of the system under small variations of the coupling
constant β̂. In Fig. 10, the stability points are indicated as
the global minimum and local minima of the total energy
plot as Etot vs θo.
Several avenues for future research remain. These may

include an extension to ATMs based on higher order affine

Lie algebras, which may reveal additional structure and
symmetries. Quantum corrections and fermion vacuum
polarization effects would be an intriguing direction for
future research in these models. It would be interesting
to analyze the emergent nonintegrable models driven by
the fermionic backreaction, in the context of the quasi-
integrability concept [39,40] and performing numerical
simulations to verify and extend the analytical results,
particularly in regimes where analytical solutions are
challenging to obtain.
Moreover, exploring potential experimental systems that

can replicate the behavior of the ATMs, such as those found
in condensed matter or optical settings, would be valuable
for validating its theoretical predictions. It is also important
to investigate how the topological charge pumping mecha-
nism might influence other domains, including quantum
computing and condensed matter physics, where topologi-
cal states play a central role. The rich interplay between
topology, nonlinear dynamics, and fermionic excitations
remains a promising avenue for discovery, with the
potential to unveil novel insights and applications in the
future.
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APPENDIX A: THE FADDEEV-JACKIW
FORMALISM

The Faddeev-Jackiw (F-J) approach [14] and symplectic
methods [41] offer a direct way to handle constraint
systems without requiring the classification of constraints
into first and second classes. Below is a brief overview of
the F-J method. We begin with a first-order Lagrangian
in time derivatives, which may originate from a usual
second-order Lagrangian by introducing auxiliary fields.
The general form of such a Lagrangian is

L ¼ aiðξÞξ̇i − VðξÞ; ðA1Þ

where the coordinates ξi, with i ¼ 1;…; N, stand for the
generalized coordinates. Notice that when a Hamiltonian is
defined by the usual Legendre transformations, V may be
identified with the Hamiltonian H.
The first-order system (A1) is characterized by a closed

two-form. If the two-form is not degenerated, it defines a
symplectic structure on the phase spaceM, described by the
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coordinates ξi. On the other hand, if the two-form is
singular, with constant rank on M, it is called a (pre)
symplectic two-form. Thus, in terms of components, the
(pre)symplectic form is defined by

fijðξÞ≡ ∂

∂ξi
ajðξÞ −

∂

∂ξj
aiðξÞ; ðA2Þ

with the vector potential aiðξÞ being an arbitrary function of
ξi. The Euler-Lagrange equations are given by

fijξ̇
j ≡ ∂

∂ξi
VðξÞ: ðA3Þ

In the nonsingular, unconstrained case the antisymmetric
N × N matrix fij has the matrix inverse fij, then N ¼ 2n,
and (A3) implies

ξ̇i ≡ fij
∂

∂ξj
VðξÞ; ðA4Þ

and the bracket will be defined by

fξi; ξjg≡ fij: ðA5Þ

In the case that the Lagrangian (A1) describes a constrained
system, the matrix fij is singular which means that there
is a set of relations between the velocities reducing the
degrees of freedom of the system. Let us suppose that the
rank of f is 2n, so there exist N − 2n ¼ N0 zero modes vα,
α≡ 1;…; N0. The system is then constrained by N0
equations in which no time derivatives appear. Then there
will be constraints that reduce the number of degrees of
freedom of the theory. Multiplying (A3) by the (left) zero-
modes vαi of fij we get

vαi fijξ̇j ≡ vαi
∂VðξÞ
∂ξi

≡ 0: ðA6Þ

These (symplectic) constraints appear as algebraic relations

Ωα ≡ vαi
∂VðξÞ
∂ξi

≡ 0: ðA7Þ

By using Darboux’s theorem one can show that an arbitrary
vector potential, ai, whose associated field strength fij is
nonsingular, can be mapped by a coordinate transformation
onto a potential of the form aiðξÞ≡ 1

2
ξjwji with wji a

constant and nonsingular matrix. Then, the Darboux con-
struction may still be carried out for the nonsingular
projection of fij given in (A2). Then the Lagrangian
becomes

L≡ 1

2
ξiwijξ̇

j − Vðξ; zÞ; ðA8Þ

where z denotes the N − 2n coordinates that are left
unchanged. Some of the z0s may appear nonlinearly and
some linearly in (A8). Then using the Euler-Lagrange
equation for these coordinates we can solve for as many z0s
as possible in terms of ξ0s and other z0s and replace back in
Vðξ; zÞ so finally we are left only with linearly occurring
z0s. So, we can write the Lagrangian in the form

L ¼ 1

2
ξiwijξ̇

j − VðξÞ − λkΦkðξÞ; ðA9Þ

where we have renamed the linearly occurring z0s as λk. We
see that these λk become the Lagrange multipliers and
ΦkðξÞ are the constraints. To incorporate the constraints we
solve the equations

ΦkðξÞ≡ 0; ðA10Þ
and replace back in (A9). This procedure reduces the
number of ξ0s and we end up with a Lagrangian which has
the structure given in (A1). Then the whole procedure can
be repeated again until all constraints are eliminated and we
are left with a completely reduced, unconstrained, and
canonical system.

APPENDIX B: FIRST-ORDER EQUATIONS
IMPLY THE SECOND-ORDER EQUATION FOR θ

Let us consider first Eq. (5.7) and multiply it succes-
sively on the left by γ5 and ξ̄. Then, one gets

ξ̄γμγ5∂μξ − iMξ̄γ5ξ cos ðβθÞ −Mξ̄ξ sin ðβθÞ

− 2gξ̄γμγ5ξ

��
α

2g
− λ

�
ϵμν∂

νθ − λ∂μΣ̂
�
¼ 0: ðB1Þ

Similarly, consider (5.8) and multiply it successively on the
right by γ5 and ξ. So one gets

∂μξ̄γ
μγ5ξ − iMξ̄γ5ξ cos ðβθÞ −Mξ̄ξ sin ðβθÞ

þ 2gξ̄γμγ5ξ
��

α

2g
− λ

�
ϵμν∂

νθ − λ∂μΣ̂
�
¼ 0: ðB2Þ

Then, adding both Eqs. (B1) and (B2), and multiplying by
an overall factor β

2
, one can get

β

2
∂μðξ̄γμγ5ξÞ − iβMξ̄γ5ξ cos ðβθÞ − βMξ̄ξ sin ðβθÞ ¼ 0:

ðB3Þ

In addition, one can write Eq. (5.4) as

ϵμν∂νΣ̂≡ −∂μθ þ
�
αþ β

2
− ι

�
ξ̄γ5γ

μξ: ðB4Þ

Next, taking the derivative of the first-order equation (B4)
one can write the identity
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β

2
∂μðξ̄γμγ5ξÞ ¼ ∂

2θ − ðα − ιÞϵμν∂μjν; ðB5Þ

¼
�

1

αþ β
2
− ι

�
∂
2θ; ðB6Þ

where we have used the identities jμ5 ¼ ϵμνjνðjμ5 ≡ ξ̄γμγ5ξÞ
and fγ5; γμg ¼ 0, as well as the expression in (5.4) for jν.
Note that the Σ̂ field does not appear in (5.4) due to the
identity ϵμν∂μνΣ̂ ¼ 0. Then, taking into account the expres-
sion (B6) into (B3) one gets the second-order differential
equation

∂
2θ − 2ðαþ β=2 − ιÞMξ̄ξ sin ðβθÞ
− 2iðαþ β=2 − ιÞMξ̄γ5ξ cos ðβθÞ ¼ 0: ðB7Þ

This last Eq. (B7) becomes identical to the equation of
motion (5.6) for the scalar field θ provided that ι≡ 0. Thus,
the set of first-order equations (5.7) and (5.8) and (5.4) (for
the scalar field Σ̂≡ Σ) imply the second-order differential
equation (5.6) in the particular case ι ¼ 0. One can argue
that for nonvanishing values of this parameter, i.e. ι ≠ 0 and
free field Σ̂, one cannot reproduce the second-order differ-
ential equation of motion (5.6) starting from the set of first-
order equations (5.4) and (5.7), (5.8).
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