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Motivated by the recently obtained Hadrons to Atomic nuclei from Lattice QCD potentials for the N-¢,
N-J/y, and N-5. interactions, we investigate the structure of the exotic nuclei zBe, 8 1, Be, and % Be as
a+ a+ M three-body systems (M denotes the meson). The bound and resonant states are calculated
consistently using the Gaussian expansion method, with resonances identified via the complex scaling
method. For the a¢) and a-charmonium interactions, a folding potential is constructed based on the Hadrons
to Atomic nuclei from Lattice (HAL) QCD potentials and fitted to a Woods-Saxon form. We find that the ¢
meson exhibits a strong “gluelike” effect, binding the o', 21+, and 41+ resonant states of $Be into stable states
and significantly reducing the a-a distance. In contrast, the interactions of J/y and 7, with the nucleus are
weaker, forming only shallow bound states with the 0] state of *Be and even increasing the a-a separation.
Notably, our analysis predicts weakly bound a-J/y states in the *S; /2 and 2, /2 channels, a result not
reported in prior studies, which suggests that 3 1, B¢ may not be a Borromean nucleus. The sensitivity of the
2Be(41+) state—transitioning from bound to resonant depending on the a-particle radius—highlights the

subtle dynamics at play. These results provide a systematic theoretical comparison of how different vector
mesons modify nuclear clustering, offering critical predictions for future experimental searches of such

exotic hadron-nucleus systems.

DOI: 10.1103/s3t5-78dj

I. INTRODUCTION

In recent decades, meson-nucleus interactions have been
extensively studied both theoretically and experimentally
[1-4]. However, the low-energy interactions of the ¢» meson
with nucleons remain poorly understood due to the non-
perturbative nature of the strong interaction and a lack of
experimental data. A recent measurement of the N-¢
correlation function by the ALICE Collaboration revealed
a strong attractive interaction between ¢ mesons and
nucleons [5], sparking significant interest in this area.
Furthermore, the Okubo-Zweig-lizuka (OZI) rule sup-
presses interactions between charmonia and nucleons
via light-meson exchange. If charmonia bind to nuclei,
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non-OZI mechanisms such as gluon exchange may provide
the necessary attraction [6,7].

Advances in the HAL QCD method have enabled the
extraction of interactions between nucleons and the ¢, J /y,
and 77, mesons from (2 + 1)-flavor lattice QCD simulations
with nearly physical pion masses [8,9]. These potentials
exhibit a universally attractive character across all distance
scales, from short-range cores to long-range tails, offering
crucial insights into nonperturbative QCD dynamics. Based
on these HAL QCD potentials, we can now investigate the
energy spectrum structures and dynamical features of
meson-nucleus systems in greater detail.

The study of nuclear-bound quarkonium dates back to
1990. Reference [6] suggested that charmonium binds to
nuclei with mass number A > 3, with a binding energy
increasing with A and reaching about 400 MeV for A = 9.
In contrast, Ref. [7] argued that the binding energy does not
increase strongly with A, instead saturating at a maximum
of ~30 MeV. Recently, using the HAL QCD potential,
calculations of ¢NN systems via the complex scaling
method [10] and Faddeev equations [11] indicate that ¢
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can form deep bound states with one or two nucleons.
Reference [10] also studied J/wNN and n.NN systems,
estimating that charmonium can form bound states with
approximately 3—4 nucleons. Subsequently, bound states of

larger meson-nucleus systems, namely, ZBe, § /WBe, and

,%CBel, were calculated in Refs. [12,13]. However, the
resonant states of these systems and the dynamic effects
imparted by the mesons remain unexplored in the literature.

A primary goal of hypernuclear physics is to extract
information on hadron-hadron interactions [14—16], close
to our understanding of nonperturbative strong interaction.
Once an interaction potential is determined, the energy
spectrum of the system can be calculated. By comparing
theoretical spectra with experimental data, one can infer
details about the underlying interactions. For instance,
Ref. [17] successfully inferred the AN spin-orbit force
from the energy spectra of 3 Be and }’C. A similar approach
can be applied to the §Be, § Be, and } Be systems.
Moreover, experimental measurements of spectra for these
systems would provide valuable validation for the HAL
QCD potentials.

Another key objective is to study new dynamical features
induced by the introduction of a non-nucleonic particle [18].
Since the Pauli exclusion principle does not operate between
non-nucleonic particles and nucleons, their inclusion can
lead to additional bound states and a significant contraction
of the nuclear core—a phenomenon we term the gluelike
role of the particle. Previous work has largely focused on the
A hyperon [19-21], but particles containing strange or even
heavier charm quarks may also exhibit such gluelike effects.
Therefore, we will explore the gluelike roles of ¢, J/y, and
1. particles within §,Be(M = ¢, J/y,7,) nuclei and com-
pare them with the A hyperon.

Directly solving the Schrodinger equation for systems
with particle numbers n > 5 is computationally intractable.
Consequently, we must employ approximation methods.
The cluster model, which considers a nuclear system as a
combination of several subunits (clusters), allows its struc-
ture to be studied using realistic interactions and advanced
computational techniques. The recent experimental valida-
tion of the '’Be ground-state molecular structure [22] further
strengthens confidence in such cluster approaches. In this
picture, ®Be is considered as two a clusters, while §,Be is
treated as an aaM three-cluster system. This framework
allows us to analyze these nuclei using well-developed
methods for two- and three-body systems.

The Gaussian expansion method (GEM) [23,24] is a high-
precision variational technique for solving the Schrodinger
equation of few-body systems. The GEM achieves numerical

'While the notation 1,/Be appears in prior literature [11-13],
the standard convention for such symbols is that the upper-left
superscript corresponds to the baryon number. Consequently, we
employ the notation § Be throughout this paper.

precision comparable to the Faddeev-Yakubovsky method
for systems like *H (*He) and “He and has successfully
described diverse atomic, baryonic, and quark few-body
systems. To theoretically obtain resonant states, several
approaches have been developed, among which the complex
scaling method (CSM) [25-27] has been particularly suc-
cessful. The CSM is widely regarded as one of the few, if not
the only, practical methods for treating many-body reso-
nances beyond two-particle systems [28,29]. By applying the
CSM and solving the resulting complex-scaled Schrodinger
equation with the Gaussian expansion method, one can
obtain the resonant states of the §,Be system.

This paper is organized as follows. Following the
Introduction, Sec. II discusses the treatment of three-body
resonances in aaM clusters within §,Be. Next, Sec. III
presents the numerical results. Finally, the paper concludes
with a summary.

II. THREE-BODY RESONANCES OF aaM
CLUSTER

A. Hamiltonian

In the framework of the a + a + M three-body cluster
model, we need to know the interaction between « and «a, as
well as the interaction between o and M.

1. a-a interaction

There are usually two methods to describe the a-a
interaction: the orthogonality condition model (OCM) [30]
and the phenomenological potential model. The orthogon-
ality condition model folds the effective NN potential and
pp Coulomb potential into the a cluster wave function and
takes the Pauli principle between two a clusters into
account through the OCM projection operator [31,32].
The phenomenological potential model divides the a-a
interaction into the nuclear and Coulomb parts,

V(r) = Vu(r) + Ve(r). (1)

Different potential models adopt different functional forms
for these two parts [33]. For the nuclear part, there is the
Morse potential [34], the Woods-Saxon potential [35], the
double Gaussian Ali-Bodmer potential [36], the Malfliet-
Tjon potential [37], the double Hulthén potential [38], and
the double exponential [33]. For the Coulomb part, there is
the Coulomb potential, the atomic Hulthén potential [39],
and the modified Coulomb potential [40]. We use the same
phenomenological a-a potential as in Ref. [36]. Its nuclear
part is double Gaussian potential,

Va(r) = Ve #r — Ve rar (2)
where V, and V, represent the strength of repulsive and

attractive parts, respectively, and u, and pu, are their
corresponding inverse ranges. Its Coulomb part is
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TABLE L

The parameters of N-¢p, N-J/y, N-i. potential a,, a,, az and by, b,, bs.

a-a potential [36]

Woods-Saxon potential

! V, MeV)  p(fm™) V., MeV) g (fm™') R, (fm) Vo (MeV) R (fm)  c (fm)
0 500 0.7 130 0.475 1.84 75.9 1.29 0.559
2 320 0.7 130 0.475 1.70 92.1 1.20 0.526
4 130 0.475 1.56 113 1.11 0.492
N-¢, N-J/w, N-n. potential [8,9]

Interaction a; MeV) b, (fm) a, (MeV) b, (fm) azm¥(MeV - fm?") bz (fm)

Vi) —371(19) 0.15(3) —50(35)  0.66(61) —31(53) 1.09(41)

VL) —371(27) 0.13(1) —119(39)  0.30(5) —97(14) 0.63(4)

V2 () -51(1) 0.09(1) ~13(6) 0.49(7) —22(5) 0.82(6)

Vi () ~101(1) 0.13(1) —33(6) 0.44(5) —23(8) 0.83(9)

|7
Vg, (r) —264(14) 0.11(1) —28(13) 0.24(6) —22(2) 0.77(3)

mg = 3727.3794118 MeV [41] my = 1019.460 MeV m,,, = 3096.900 MeV m, =2984.1 MeV m, = 139.57039 MeV [42]

(3)

where a is the fine structure constant.

The parameters in the a-a potential are shown in Table 1.
It can be noted that the parameters we used are different
from those in Refs. [12,13]. They selected the parameter set
(a) from Ref. [36], but this set of parameters did not fit well
for a-a scattering phase shift. In fact, Ref. [36] recommends
the parameter set (d) we are currently using. Furthermore,
according to our calculations, the parameter set (a) cannot
accurately reproduce the ground state of Be. Fortunately,
the parameter set (a) has a minimal impact (~0.1 MeV) on
the binding energy of §Be, but a significant one on its
resonant states.

2. N-¢p, N-J/y, and N-n, interaction
For the N-¢p, N-J/y, and N-n. interactions, we adopt
the potential from the HAL QCD, which employed

three Gaussian functions for fitting. The potentials are
expressed as

4)

where the symbol M denotes ¢, J/y, or ... For ¢p and J /y,
the superscript J can take the values 1/2, 3/2, or av; for 7.,
no J superscript is used. Here J =1/2, 3/2, and av
correspond, respectively, to the 2§, channel, the %S5/,
channel, and the spin-averaged N — M interaction. The
potential V¥),,(r) is defined by Eq. (11). In addition to the
Gaussian form of the potential mentioned above, the N-¢
interaction in the 4S; /2> channel is also fitted by a function
form with the two-pion exchange tail, namely,

e—2m,,r

2
Vf\/(/%(r) = Zaie_(h_r') + azmyf(r; bs) P

(5)

For the N-¢ interaction in the 2, /2> channel, its real part
adds a parameter # compared to the *S; /2> channel,

»

2 2
Vzlv/;(”) = ﬁZaie_(b_f) + asmtf(r: by)
i=1

e—Zm,,r

. (6)

72

where the parameter = 6.9102(stat) *)7 (syst), which is

determined via a fit to the experimental p—¢ correlation
function [43], measured by the ALICE Collaboration in p p
collisions at /s = 13 TeV [5], and Argonne-type form
factor f(r;b3) = (1 —e_%)z)z. The parameters are col-
lected in Table 1.

3. a-¢, a-J/y, and a-n, interaction

The a-¢, J/y, and 5. potentials are approximated by
folding the N-¢, J/w, and 5, potentials into the nucleon
density function of the a particle as done with the single
folding model [44]. The folding procedure effectively
convolves the nucleon-hadron interaction with the density
distribution of the a particles, yielding an effective a-
hadron potential. The a-M potential

VI () = / (%) Vi (= x)dx. (7)

where p(x) is the nucleon density function of the « particle
in the center-of-mass frame, and r is the vector from the
center of mass of the « particle to M. Following Ref. [45],
we choose the simple Gaussian distribution
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FIG. 1. The V,(r)/Vay,(r) potentials corresponding

to the N-¢/J/w interaction in the 4S3/2 channel when the
a-particle rms matter radius R, = 1.84, 1.70, and 1.56 fm/
1.70/1.5, 1.70, and 1.47 fm.

o) =4( 1) e ®

\/%Ra (R, 18

the rms matter radius of « particles). For the three Gaussian
potentials (4), we can obtain analytical expressions for

Eq. (7),

as the nucleon density function, where a =

2

dable "
Viadr) = 3 0 ©)

As explained in Ref. [12], there is a certain degree of
error in the root-mean-square charge radius and matter
radius of a particles in the experiment. We have three
experimental values, 1.681(4) [46], 1.6755(28) [47], and
1.67824(83) fm [48] for the rms charge radius. Recently,

:" $ = 1/2 :" s—3/2
ae
3 N N
s=1/2 s=1/2
S =0
e
';"S=1

FIG. 2. Recoupling of [[s354]¢55];,, into a superposition of
[s3[54551 /2] 1,n @nd [s3[5455]5)5]1,,- The coefficients —1/1/3 and

v/2/3 yield the statistical weights 1/3 and 2/3 used in the spin-
averaged potential.

the rms matter radius of a particles was measured to be
1.70 £0.14 fm [45]. Hence, we calculated the energy
spectra of the system for R, = 1.84, 1.70, and 1.56 fm
separately.

For the N-¢ interaction in the 2, /2 channel, we only
have Eq. (6) that cannot be analytically integrated in
Eq. (7). Therefore, we obtain the a-¢ potential in the
25, /2 channel by fitting the numerical results of Eq. (7)
using the Woods-Saxon potential [49]

Vo
1+e7

VéM(r) ==

(10)

where V| is the strength of the interaction, R is the radius of
the nucleus, and ¢ is the surface diffuseness. The fitted
parameters when R, = 1.84, 1.70, and 1.56 fm are shown
in Table I. In practical calculations, we use Eq. (10) for the
a-¢ potential in the S, /2> channel and analytical expression
Eq. (9) for the potentials of other systems.

The N-¢ potential in the 4S5 /> channel and the corre-
sponding a-¢ potentials calculated by Eq. (9) when
R, =184, 1.70, and 1.56 fm are plotted in the upper
panel of Fig. 1, which is consistent with the results
obtained using Woods-Saxon fitting in Ref. [12]. The
V 4 Potential is highly sensitive to R, and as R,, decreases,
V. becomes deeper and deeper, which will have a
significant impact on the energy spectra of the systems.
The lower panel of Fig. 1 presents the a-J/yw Woods-
Saxon potential fitted by Ref. [13] and the a-J/y potential
calculated by Eq. (9) with R, = 1.70/1.5, 1.70, and
1.47 fm in the 4S3/2 channel. We choose 1.70v/1.5 fm

because R, is V1.5 times a, while we choose 1.47 fm
because it was used to compute the rms matter radius of the
cc-aa state in Ref. [13]. It can be seen that the potential
with R, = 1.70 fm, which should have been consistent
with Ref. [13], is deeper. When R, = 1.70v/1.5 fm, the
two results are similar but still exhibit differences in line
shape. The precise origin of these differences remains

014031-4
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unclear; nevertheless, our results for the V,, potential are
consistent with Ref. [12].

The earlier study of Ref. [12] employed a folded
potential derived solely from the S5 /2 channel, whereas
Ref. [13] performed separate folding for the %S/, 4S5,
and spin-averaged channels. From a physical perspective,
all channels can contribute simultaneously to the a-M
interaction, and a properly spin-averaged interaction should
indeed be used. To treat the spin dependence of the N — M
interaction, the standard approach is to take a spin average
weighted by 25 + 1,

1 2
Viw(r) =3 Vi) +3Vim(). (1)

From the viewpoint of strict angular-momentum coupling,
this weighting is also well founded. The spin wave function
of the « particle is

Xa = [[s152]0[5354]0lo0 = [5152J00[5354]00» (12)

where s; denotes the spin of the ith nucleon. The total spin
wave function of the a particle and a spin s5 = 1 meson (¢
or J/y) can be written as

Xam = [[[5152]005354]0l085)1m

= [[s152)085]1m[5354)00 = [s152)00([5354]0Ss] 1. (13)

As illustrated in Fig. 2, the factor [[s3s4](55];, can be
recoupled into a superposition of [s3[s4ss]; /0]y, and
[3[5455]3/2]1,,- The resulting recoupling coefficients are

exactly the weights 1/3 and 2/3 appearing in Eq. (11),
thereby confirming the consistency of the spin-averaging
prescription.

B. Gaussian expansion method

A system with Hamiltonian H is described by the
stationary Schrédinger equation

HY = EVY. (14)
We expand the total wave function in terms of a set of L>-

integrable basis functions ®,, where a denotes the set of
quantum numbers labeling ®,,, as

¥=> C®, (15)

The Rayleigh-Ritz variational principle then leads to a
generalized matrix eigenvalue problem

HC = NCE, (16)

ms3 ms3

mi r3 my

FIG. 3.

Three Jacobian coordinates of three-body system.

where the matrix elements of the Hamiltonian and overlap
are given by

Hy, = <q)a’|H|q)a>’ (17)
Na’a = <q)a/‘q)a>' (18)

Concrete calculations require the explicit choice of basis
functions ®,. In the GEM, a suitably chosen set of
Gaussian basis functions forms an approximately complete
set within a finite coordinate space. This choice enables an
accurate description of short-range correlations, long-range
asymptotic behavior, and the highly oscillatory character of
wave functions for both bound and scattering states of the
system [23,24].

For a 4+ a + M systems, we place the two «a particles at
the positions labeled m; and m, in Fig. 3, respectively.
Taking into account the symmetry between the two «
particles, we adopt the basis functions

®, = [¢;(1}l(r3)¢1(\;/L<R3)]L,M,7 (19)

with @ = {I, L, L,, n, N}. The values of a used for each J”
quantum number are listed in Table II.

To accelerate convergence, we employ three Jacobian
coordinates for the 0T state, namely,

@, = C,([¢5(r1)d5. (R, + [65(02)d5 L (R2)]L ur)
+ G35, (r3) 5L (R3)] 1 - (20)

Using the coordinate transformation

rll = auCrC + a(,'RC7
{ / 1)

Ra = ydCrC + éacRc’

TABLE 1II. Three-body angular-momentum configuration
space of Be. The parameters v; and 1, have units of fm~2; all
other quantities are dimensionless.

JP l L Lt Nmax U q Nmax j'1 Q

ot 0 O 0 20 20 0.6 20 30 0.6
2t 2 0 2 20 20 0.6 20 30 0.6
4+t 4 0 4 20 20 0.6 20 30 0.6

014031-5
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the Gaussian basis can be rewritten as

e (U, 24y, R2) — e—(Ar§+BR§+2CrC-RC)

= e~ArR+BR) N 47\ /21 + 17,(2Cr R ) [Y;(£.) Y1 (R )] oo 22
00
=0

I
where i;(z) is the modified Bessel function. It shows thata (2, 2) and (0, 4) bases may be selected. Based on previous
basis with (I,L) = (0,0) in the ¢ = 1 coordinates corre- studies [31,32], which indicate that the M particles pre-
sponds not only to a (0,0) basis in the ¢ =2 or ¢ =3  dominantly occupy S waves, we have adopted an S-wave
coordinates (with different Gaussian ranges) but also  angular-momentum configuration for the M particle.
contains higher-angular-momentum components such as Taking f]‘ﬁBe as an example, we evaluated the contribu-

(1,1), (2,2), etc. Hence, using three Jacobian coordinates  (jons of these bases using the ng/)(r) potential, as sum-
allows us to incorporate contributions from these higher

pal‘tl;ll wfz;ves ,(1’,111)’ (2’2)21}”' X ) usine the VY these bases are very small. Moreover, when used alone,
T e. e e?t 151 ustrat.e or ¢Be(01 ) us?ng the Va¢(r ) none of them yields a bound state. This is because orbital
potential with an a-particle rms matter radius of 1.70 fm.  excitation along R introduces a centrifugal barrier that
Table IIT lists the energies obtained with different bases,  cancels the attraction between « and ¢.

together with the proportion of each basis. Note that bases Similar to the S-wave case, only a-a potentials for [ = 0,
with odd / do not contribute to the system under discussion, 2 4 are known; here we use the [ = 0 potential as a
as explai.ned in deta@l in Ref. [50]- Qne can see that, whe{n representative for other partial waves. For the reasons
only a single Jacobian coordinate is used, the (2,2) basis outlined above, we restrict our calculation to the third

marized in Table IIl. As expected, the contributions from

does gi.ve a ngn—negligible contribution; howe\{er, Conver-  Jacobi coordinate and consider only excitation in the
gence is significantly faster when three Jacobian coordi-  reJative coordinate /—an approach that constitutes a
nates are employed. It should be noted that the a-a potential  reasonable approximation.

is known only for / = 0, 2, 4; for other partial waves we use The explicit form of the Gaussian basis functions in

the /=0 potential as a substitute, which may slightly  Eq. (20) is
overestimate the energy levels of the system.
To constrain the orbital angular momentum between the

two « particles, we employ only the third Jacobi coordinate G (P =dS (AY, (¢ P =N Hle—wr

for the 2% and 4" states. For the 2" state, besides the i (F) = ()Y i (F) . lr) =N ' ,
(I, L) = (2,0) basis, the (0, 2) configuration is also avail-  #5(R)=¢5, (R)Y yu(R), @5, (R) =Ny REe™
able. For the 4" state, in addition to the (4, 0) basis, the (23)

TABLE III.  Energy levels of B,Be obtained using different basis sets with the V;";‘r’/,(r) potential, together with the weight of each basis.
Because of the nonorthogonality of the basis functions defined in different Jacobi coordinates, the last two entries in the second column
give the projection of each basis onto the total wave function. The other Gaussian basis parameters are the same as those listed in
Table II. The boldface energy levels correspond to the final values adopted in the article. NBS represents that there are no bound states.

0/ 2) 4y

(c,l,L) Weight E (MeV) (e,,L) Weight E (MeV) (c,l,L) Weight E (MeV)
(3, 0, 0) 100.0 -12.0 (3,2, 0) 100.0 -9.92 (3, 4, 0) 100.0 —6.12
(3, 0, 0) 100.0 -12.0 (3,0, 2) 100.0 NBS (3,2, 2) 100.0 NBS
3,1, 1) 0.00

(3,2,0) 99.04 —10.3 3,0, 4) 100.0 NBS
(3,0, 0) 94.96 (3,0,2) 0.96
3,1, 1) 0.00 —13.9 3,4, 0) 99.01

(1, 2, 0) 1.04 3,2,2) 0.98 —6.47
(3,2,2) 5.04

2,2,0) -9.99 (3,0, 4) 0.01
(1, 0, 0) (3,2,0) 98.96

396.30

(2,0, 0) —-14.1

(3,0,0) —296.30
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with the normalization constants

(ST

21+2 <2Un)l+%

and the Gaussian range parameters chosen in a geometric
progression

(24)

— n—1
Uy =114

Ay =4 ON!

(n = 1 ~ nmax)’

(N: 1~ Nipax)- (25)
Empirical experience shows that a geometric progression of
Gaussian parameters provides an efficient and accurate
basis set.

C. Complex scaling method

The CSM enables the calculation of resonant states by
applying a complex rotation to the Jacobi coordinates,
r. — r.e?, R, — R.e". (26)
Under this transformation, the kinetic and potential terms of
the Hamiltonian become

T — Te_ZiG, V,/(I’U) d V,-j(rijeie). (27)
Solving the complex-scaled stationary Schrodinger
equation for a given scaling angle 6 yields a set of complex
energy eigenvalues. Among these, resonant states are
identified by their independence of 8, bound states remains
stable on the negative real axis, and continuum states rotate
downward by an angle of 20 from the real axis. The
complex eigenvalue of a resonance can be written as
E=E,—1il,/2, (28)
where E, and I', are the resonance energy and width,
respectively. As with the ordinary stationary Schrodinger
equation, the complex-scaled equation is solved using
the GEM.

To investigate the spatial structure of the system, we
calculate the rms radius for each state. For bound states, it is
defined as

R = (‘P\rlz]|‘l’> (29)
For resonant states within the CSM framework, the rms
radius is obtained by

E (MeV)
15

E IM) 4-{— ******************************* 4 11*0*1*(*1*8*) - ; *********************** 8Be(4+) +M E

10k U 4980 (1T 49 04 (1.3) 47110 (24) ]

sk ]

L + B

200090208 SR

L —_— I . + J

o [0:09.(LE-4) 0 212,11 (042)21.94 (0.33) 21239 (080 ]

e e a+a+ N

: —0.156 47 e 07 -0.219 .

I 1 0] —0.826 07 105 A 1 ]

I -3.82 2* : ) .

ey He + a i

=5r + 4 .

! —6.65 07 s34 20 =124 ]

I -9.34 of + ]

_10k 1 9.92 27 ]

I ~14.1 0% ]

15} .

-20 -20.6 47 =

i -21.1 2t ]

s -22.1 0% ]

8 9 8 3/2 8 av 8 1/2 8 3/2 8 av 8 1/2 8 continuum
Be  (Bel31.32] PBe(V,;) 4Be(Voy) SBe(V,)) BV ¢),N,Be(V(, W)J/ wBe(V, ) . Be uu

FIG. 4. The energy spectra of ®Be from phenomenological a-a potential and 3 Be from Refs. [31,32], as well as the energy spectra of

8 8
(/,Be, Jw

Be, and ,%(,Be with an a-particle rms matter radius of 1.70 fm. The values in parentheses are decay widths, while the dashed lines

represent the decay thresholds. Note that the spacing between y axis —20 and —15 has been compressed for aesthetic purposes. The
content in parentheses after §,Be refers to the a-M interaction used.
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(30)

[ @R o)
R‘Re¢ WO¥©) |

where W(#) is the complex wave function obtained from
the complex-scaled stationary Schrodinger equation with
angle 6. The round inner product is defined as [51]

<m@:/wmwmm (31)

without complex conjugation of the bra vector. For reso-
nant states, the rms radius obtained from this product is
generally complex, whereas for bound states it remains
real. As the rotation angle 6 increases, the rms radius
converges to a stable value, in agreement with the dis-
cussion in Ref. [52].

III. NUMERICAL RESULTS

To obtain more stable results, bound states were calcu-
lated by solving the Schrédinger equation using the GEM,
while resonant states were obtained by solving the com-
plex-scaled Schrodinger equation with the same method.

The energy spectra of *Be, 3 Be, f;Be, 8 ,,,/Be, and % Beare
shown in Fig. 4. The energy spectrum of ®Be was computed
using a phenomenological a-a potential with the CSM and
GEM and agrees well with the experimental values of
0.0918, 3.03, and 11.35 MeV for the 0, 2, and 4] states,
respectively [53]. The energy spectrum of ?\Be is taken
from Refs. [31,32], where it was derived using the OCM
and CSM. The energy spectra of §Be, §, Be, and } Be were
calculated via GEM and CSM using the HAL QCD
potential and a phenomenological a-a potential, with the
a-particle root-mean-square matter radius R, taken as 1.84,
1.70, and 1.56 fm, respectively. Figure 4 displays the case
for R, = 1.70 fm.

Table IV presents the energy spectra of the & + M (j,He),
a+a (®Be), and a+a+ M (§,Be) systems, where M
denotes ¢, J/y, or 1... To investigate the dynamic effects of
the M particle, we also calculated the rms radii R ,); and R,
for each system. The three values in each cell correspond to
the a-particle rms radius R, taken as 1.84, 1.70, and
1.56 fm, respectively. From Table IV, the following general
trends can be observed: (1) Both the energy level E and the
radii R, and R, decrease as R, decreases. (2) The energy
level E increases while the radii R, and R, decrease with
increasing orbital angular momentum.

A. The }Be system

Using the same Woods-Saxon potential and parameters
as Ref. [12], we are able to reproduce the results of
Ref. [12] using GEM. The results shown in Table IV are
obtained using the analytical expressions in (9), and slight
discrepancies with Ref. [12] can be observed for ;He and

2Be. These differences arise from subtle variations in the
fitting procedures for the N-¢ potential [8]. Furthermore,

while Ref. [12] considered only the V?,{; potential for the

bound states of ZBe, our analysis also includes the V;{; and

Vi interactions.

As shown in Fig. 4, owing to the gluelike role of A
hyperons, the 0 and 2/ resonant states of ®Be are trans-
formed into bound states. The gluelike effect of the ¢
meson is even stronger, binding the 0, 2{, and 4] resonant
states of ®Be into bound states. The energy level of §Be

obtained from the Vi{ﬁz interaction is notably low, reflecting
the strong attraction between N and ¢ in this channel. In
addition, the 0, 2/, and 4] states exhibit closely spaced
energy levels, indicating that the a-¢ interaction dominates
the ;Be system, while the contribution of the a-a inter-
action is minimal. Moreover, as shown in Table IV, the
introduction of the ¢ meson reduces R, for the 0}, 2{, and
47 states compared to ®Be, underscoring the gluelike role of
the ¢ meson in compressing the nucleus. The R in f;)Be is
generally larger than that in j})He, a consequence of the
repulsion between the two a particles.

Notably, when the a-particle rms radius R, is set to
1.84 fm, the $Be(4]) state shifts from a bound state to a

resonant state using the Vif/f(r) potential, with its position

in the complex plane shown in Fig. 5. Whether iBe(4T)

is a resonant state or a bound state remains an open
question, warranting further theoretical and experimental
investigation.

B. The §, Be and } Be systems

As shown in Table IV, the J/y meson can form a weakly

32 1/
al/y’ " ally?

Ve Iy potentials, inconsistent with the findings in Ref. [13].

bound state with an « particle using the V and

Additionally, there are also some differences in the calcu-
lation of §,Be energy levels. These discrepancies may stem
from three factors. First, Ref. [13] used the Woods-Saxon
potential, which is shallower than the analytical expressions
we used. Second, the a-particle rms radius R, used in
Ref. [13] is 1.47 fm. Third, even when adopting the same
Woods-Saxon potential and parameters as Ref. [13], we are
unable to reproduce the results obtained via the hyper-
spherical harmonics method in that reference using GEM.

A Borromean state is a stable three-body bound state
in which all two-body subsystems are unbound.
Reference [13] proposed that 8 nBe could be a

Borromean nucleus, as they did not find bound states for

the a-J/y two-body system using the Vflﬁw and VY .
potentials. However, our calculations show that « and J/y
32 12
alfy> " ally?
potentials. Hence, § /WBe 1s not a Borromean nucleus.

do form two-body bound states using the V and

VfIVJ/ w
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TABLE IV. The energy spectra of the & + M (},He), a + a(*Be), and a + a + M(§,Be) systems (M stands for ¢, J/y, or 7). The
value in parentheses is the width of the resonant state. R,;;/R,, is the rms radius of the corresponding state between a and M /a. The
three values in each cell correspond to the a-particle rms radius R, taken as 1.84, 1.70, and 1.56 fm, respectively. In addition, R, used in
Ref. [13] is 1.47 fm. NBS represents that there are no bound states.

a+ M(3,He) a+ a(®Be)
Interaction E (MeV) Refs. [12,13] R,y (fm) E (MeV) R,, (fm)
Vi{pz(r) —3.40, —4.59, —6.18 —2.967, —4.780, —5.976 2.86, 2.55, 2.27 0.09 (1 x 107™%) 5.96
V“V( ) —6.14, —8.10, —10.7 2.36, 2.12, 1.90 2.90 (1.3) 3.60
Vlf( ) —13.1, —17.0, —22.1 1.87, 1.69, 1.52 11.6 (3.1) 291
3/15 (r) —0.00654, —0.0424, —0.127 NBS 30.5, 12.5, 7.52
al/y
Vf;vj/w( r) —0.0375, —=0.109, —0.244 NBS 13.3, 8.11, 5.65
1@ (r) —0.168, —0.322, —0.574 —0.1 6.76, 5.08, 3.97
ol fy
Ve, (1) NBS, NBS, NBS NBS NBS, NBS, NBS
a+a+ M(§Be)
Interaction State E (MeV) Refs. [12,13] R,y (fm) R,, (fm)
V(Zf( ) 07 -7.81, =9.34, —11.2 -7.03, =9.79, —10.86 3.09, 2.96, 2.85 3.63, 3.57, 3.51
2f —4.06, —5.34, —6.87 2.93,2.77, 2.62 3.38, 3.28, 3.17
4f 1.75 (0.012), —0.156, —2.51 3.13, 2.43, 2.26 3.39, 2.77, 2.63
VZZb(r) 0; -11.8, —14.1, —16.9 2.84, 2.74, 2.65 3.49, 342, 3.36
2f -7.96, -9.92, —12.2 2.63, 2.50, 2.36 3.19, 3.09, 2.98
4t -3.19, —6.12, -9.72 2.32,2.17, 2.03 2.68, 2.56, 2.45
V'fﬁz(r) 07 -19.0, —=22.1, -25.7 240, 2.28, 2.17 3.12, 3.03, 2.92
2f —17.4, =21.1, =25.5 2.28, 2.16, 2.03 2.94,2.83,2.71
4 —15.1, =20.6, —27.3 2.00, 1.87, 1.74 244,233,222
zﬁ (r) 07 —0.635, —0.826, —1.07 -1.13 4.48, 4.20, 3.95 4.50, 442, 433
ally
2f 2.22 (0.51), 2.11 (0.42), 1.98 (0.33) 4.28, 4.12, 3.98 3.92, 3.98, 4.03
4 10.4 (2.1), 10.2 (1.8), 9.86 (1.6) 3.28, 3.11, 2.97 2.95, 2.96, 2.97
V';VJ/W( r) 07 -0.82, —1.05, —1.34 -1.31 4.24, 3.99, 3.77 4.42, 4.34, 4.26
2f 2.07 (0.42), 1.94 (0.33), 1.79 (0.25) 4.13, 3.99, 3.87 4.01, 4.07, 4.12
4 10.1 (1.9), 9.86 (1.7), 9.53 (1.4) 3.15, 3.00, 2.87 2.96, 2.97, 2.98
1@ (r) 07 —1.23, —1.54, —1.94 -1.71 3.88, 3.68, 3.51 4.29,4.22,4.15
ally
2f 1.75 (0.26), 1.57 (0.19), 1.35 (0.12) 3.92, 3.82, 3.69 4.17, 4.23, 4.27
4 9.60 (1.6), 9.24 (1.3), 8.81 (1.1) 2.96, 2.84, 2.73 2.98, 3.00, 3.02
V. (7) 07 —0.135, —0.219, —0.334 -0.56 6.35, 5.71, 5.16 4.89, 4.78, 4.67
27 2.63 (0.87), 2.59 (0.80), 2.53 (0.72) 5.41, 5.09, 4.81 3.52, 3.59, 3.66
4 11.1 (2.6), 11.0 (2.4), 10.9 (2.2) 4.13, 3.83, 3.57 2.93, 2.93, 2.93

On the other hand, our results suggest that ,%CBe may indeed
be a Borromean nucleus, since none of its binary sub-
systems can form a two-body bound state. This conclusion
is consistent with Ref. [13], although there are differences in
the calculated binding energies.

The A hyperon can bind the 0] and 2| states of ®Be,
while the ¢ meson can bind the 07, 2}, and 4] states. In
contrast, as shown in Fig. 4, J/w and 7. can only bind the
lowest O] state, forming a shallow bound state—indicating

that the interaction between charmonium and the nucleus is
relatively weak. As shown in Table 1V, for the Of bound
state, the a-a distance R, significantly decreases, reflect-
ing the gluelike roles of charmonium. Unlike the ¢ meson
case, adding charmonium increases R, for the 2{ and 4]
resonant states. In fact, the lower the energy E of the
resonant states, the larger R,, becomes, which is the
opposite trend observed for the 0] bound states.
Moreover, compared with f/,Be, the a-M distance R,y
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sBe(])
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FIG. 5. Dependence of the complex energy eigenvalues on the

scaling angle 6 for 3)Be(41+) using the V?u/ﬁz (r) potential with an a-
particle rms matter radius of 1.84 fm.

become smaller in § /WBe. This occurs because the a-J/y

interaction is relatively weak, while the a-a interaction
dominates.

The 27 and 47 states of §, Be remain resonant; their
positions in the complex plane are shown in Fig. 6 with an
a-particle rms matter radius of 1.70 fm. The situation is
similar for other systems and is therefore not detailed here.
It can be seen that the 2| resonance lies slightly below—
and close to—the ®Be(2]) + J/y threshold, while the 4]
resonance lies slightly below—and also close to—the
Be(4") + J/y threshold.

7/ SBe(ZT)

T T T T

@4/ resonance
8Be(2}) +J/u

= continuum
.

e

2
a 2l |
~
LI‘ a+a+J/y
continuum
3+
10 =15°
=410 =20°
I I I I
0 1 2 3 4 5

E, (MeV)

—T)/2 (MeV)

IV. SUMMARY

Based on the recently obtained HAL QCD potentials for
interactions between nucleons (N) and the ¢, J/y, and 7,
mesons, this paper systematically investigates the structure
of the exotic nuclei gBe, H ,,,/Be, and % Be. These systems
are modeled as three-body clusters of two a particles (a)
and a meson (M). The study employs the GEM to solve the
Schrodinger equation, allowing for a consistent treatment
of both bound and resonant states. Resonant states are
specifically identified using the CSM. To construct the
effective interaction between an a particle and a meson
(a-M), a folding potential is generated from the underlying
nucleon-meson HAL QCD potentials and the unanalytical
potential is fitted to a Woods-Saxon form for computational
implementation.

Our findings reveal different roles played by the different
mesons in modifying the structure of the ®Be core (treated
as an a-a dimer). The ¢ meson exhibits a gluelike effect. Its
strong attraction not only binds the excited resonant states
of 8Be—specifically the 07, 2], and 4; states—into stable,
bound states within zBe, but also induces a significant

contraction of the distance between the two a particles.
This effect is analogous to phenomena previously observed
with the A hyperon in hypernuclei.

In contrast, the interactions of the charmonium states
J/y and 7. with nuclear matter are considerably weaker, as
suggested by the OZI rule and the underlying HAL QCD
potentials. Consequently, these mesons form only shallow
bound states with the ground (O]L) state of ®Be. Notably,
instead of contracting the core, the addition of a J/y or 7,
meson slightly increases the separation between the «
clusters. A result is the prediction of weakly bound states

in the a-J/y two-body subsystem using the Vzﬁw, V(llﬁw,
8
7/ J/Be(4f)
T T T T T
0 @(/ resonance
8Be(47) + J /¢
=S5 continuum
10+ N
L ] \ .
\.'.
-5 at+a+J/y . |
continuum
20 g =15 |
«0=20° .
-25 I I I ! !
0 5 10 15 20 25 30
E, (MeV)

3/2

FIG. 6. Dependence of the complex energy eigenvalues on the scaling angle ¢ for 2] and 4] states of § /WBe using the V. /W(r)

potential with an a-particle rms matter radius of 1.70 fm.
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and V&Y ™

not be a Borromean system (where binding occurs only in
the three-body system but not in any two-body subsystem),
a distinction not highlighted in prior studies [13].

We note that Refs. [2,3] discuss the search for ¢-nucleus
and charm-nucleus bound states. At the time, however, the
¢-nucleus attraction was believed to be rather weak—even
the ¢!'B potential was considered too shallow to support a
¢-nucleus bound state. Nevertheless, an interesting experi-
ment (E29) [54] using an antiproton beam has been
proposed at J-PARC to investigate ¢-mesic states. As for
the §,Be and ; Be systems, the main experimental

challenge lies in the large momentum transfer involved
in charm production. The 12 GeV upgrade at JLab has
significantly enhanced its capabilities for nuclear physics
research, consequently enabling new experiments such as a
search for the predicted states. These predicted exotic
nuclei have yet to be explored experimentally. With
the progress of experiments, we have reason to believe

potentials. This finding implies that § /wBe may

that these predicted exotic nuclei could become accessible
in future experiments, forming an issue that awaits
exploration.
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