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DD interactions are weak near threshold in QCD
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We study near-threshold DD scattering in S- and D-wave to determine whether or not resonances or
bound states are present. Working in the approximation where charm annihilation is forbidden, with two
degenerate light-quark flavors and a heavier strange quark, isospin is a good quantum number, and the only
other channel that is kinematically open is #.#. Using lattice QCD we compute, as a function of varying
light-quark mass, the S-matrix for coupled-channel .5 — DD scattering and find only weakly interacting
meson pairs. In contrast to several other studies, we find no evidence for any bound-state or resonance
singularity in the energy region between the deeply bound y.,(1P) state and the D D, threshold.
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I. INTRODUCTION

Many apparently straightforward questions regarding
what quantum chromodynamics (QCD) predicts for
hadron-hadron scattering amplitudes remain unanswered.
Such amplitudes may feature short-lived resonances above
threshold or bound states below threshold, potentially giving
rise to enhancements in experimental production of the
corresponding hadron-hadron pair. Of particular interest to
the current generation of experiments exploring the spec-
trum of excited hadrons are processes involving charm
quarks. These are readily observed at LHCb, Belle-1I, and
BES-III, among others, where pairs of open-charm hadrons
are formed in a variety of ways. From both experimental and
theoretical standpoints, the behavior of one of the simplest
systems, near-threshold DD scattering (in isospin-0) in
S-wave, remains unclear.

Lying well below the DD threshold, the y.,(3415),
which has only c¢ annihilation decays in QCD, is readily
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interpreted as something closely resembling a quark model
cc(1P) state. Above this, the situation becomes much less
clear. Quark model expectations are for c¢(2P) states above
3900 MeV, which would suggest a single y’,, resonance well
above DD threshold, with then a significant gap before the
next quark model state. In contrast to such a simple picture,
experimentally there are claims for as many as four
resonance states above the y.0(3415) and below 4 GeV,
each appearing in either a single final state (J/ww [1],
DD [23], D,D, [4]) or a single production process,
ete” — J/wDD [5].

Theoretically, approaches which consider strong inter-
actions between heavy mesons suggest attraction or even
binding into meson-meson molecules is possible [6,7], usually
via pseudoscalar or vector meson exchange. Significant
effects are predicted near many meson-meson S-wave thresh-
olds [7]. Approaches based on a diquark-antidiquark color
attraction, leading to compact tetraquarks, suggest many
states beyond the usual quark model counting, including with
JP€ quantum numbers other than those accessible to a meson-
meson pair in S-wave [8,9]. Approaches considering both
meson-meson and quark-antiquark degrees of freedom sug-
gest a wide range of possible mixing between these compo-
nents [10-13].

One difficulty in building an interpretation of the exper-
imental spectrum, is that none of the currently explored
experimental processes that ultimately produce DD pairs are
completely straightforward to analyze. Some have a complex
progenitor such as a heavy B-meson decaying through a
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three-hadron process, where interactions with the third
hadron can have a nontrivial impact. Another possibility is
production via two-photon fusion [14,15], and here the
Born diagram with a f-channel D exchange has the
possibility to significantly distort the energy dependence
near DD threshold relative to the DD elastic scattering
amplitude [16,17]. Such distortion is well known in the
yy — nm and yy — KK processes, which bear little resem-
blance to the S-wave s-channel zz — 7z and 7z — KK
processes [18-20].

In the past 20 years, many of the new resonances claimed
experimentally have been observed close to S-wave
hadron-hadron thresholds. In order to answer questions
about whether or not this is accidental, or a hint at an
important poorly understood dynamical aspect of QCD, we
must obtain clean first-principles predictions from the
underlying theory of QCD.

Lattice QCD offers the opportunity to do just this,
making only controlled approximations to QCD, such as
the use of a lattice spacing cutoff which can ultimately be
removed. Use of a finite spatial volume means the theory
has a discrete spectrum, and this spectrum can be used to
constrain hadron-hadron scattering amplitudes [21-23].
The theory can be studied as a function of quark mass,
exploring the sensitivity of observables to these parameters
whose particular values are external to QCD.

A detailed lattice QCD study using light quarks with mass
such that m, ~391 MeV was reported in Refs. [24,25].
Analyzing finite-volume spectra up to the J/w¢ threshold,
coupled-channel amplitudes describing all relevant kinemat-
ically open channels were determined, and in these no near-
threshold resonances or bound states were found. The only
S-wave singularity required was found to be a quark—model-
like state appearing above the D D, threshold.'

The result of Refs. [24,25] was in stark contrast to an
earlier lattice QCD calculation, presented in Ref. [27],
using 280 MeV pions, which concluded that all of the
following were required in order to describe its finite-
volume spectrum: a stable bound-state 4 MeV below DD
threshold, an extremely narrow resonance on top of the
DD, threshold, and another broader resonance above DD
threshold.’

While unlikely, it remained possible that these two
calculations were in fact compatible, through the DD
scattering process having an unexpectedly strong dependence

'The PDG [26] currently combines the narrow resonances
observed experimentally in J/w®, DD and D D, into a single
entry, the y.,(3915). The only additional experimental scalar
candidate in this energy region is the broad y.(3860) claimed in
ete™ — J/wDD, but not required in descriptions of B — KDD.

*While the analysis of Ref. [27] used piecewise amplitudes
whose analyticity could be questioned, reanalysis of the energy
levels of Ref. [27] using more consistent amplitudes led to a
comparable state content [28], although the quality of fit of the
finite-volume spectrum description is poor.

upon the light-quark mass. It is to this possibility that we turn
in this paper, by considering the techniques of Refs. [24,25]
at three lighter pion masses, m, ~ 239, 283 and 330 MeV.
We find that, contrary to the observations presented in
Ref. [27], there appear to be no significant finite-volume
energy shifts in levels near to the DD threshold, and that the
resulting scattering amplitudes feature no nearby singularities
corresponding to bound-states or resonances.’

II. LATTICE QCD SETUP

Our calculational approach follows that of Ref. [25],
where details can be found. In this paper we report on the
use of three different light quark mass choices using lattices
whose properties are summarized in Table I. These are
anisotropic lattices with Ny = 2 + 1 flavors of dynamical
quarks, with the action described in Refs. [29,30]. The
valence charm quarks use the same Wilson-clover action as
the light and strange quarks. The lattice scale is determined
by setting the computed € baryon mass to its physical
value, such that each lattice has spacing close to
a, ~0.033 fm temporally and a; ~ 0.12 fm spatially. The
charm quark is tuned by adjusting the bare charm quark
mass parameter on each lattice such that the 77, mass is close
to its physical value [31,32].

A large basis of operators includes single-meson-like
constructions formed from gamma matrices and up to three
gauge covariant derivatives [33] and meson-meson-like
constructions formed from product pairs of optimized
single-meson-like constructions [34,35]. Quark fields are
smeared with distillation [36] with the number of Laplacian
eigenvectors given in Table L. c¢¢ annihilation is forbidden by
excluding Wick contractions in which it occurs, but light and
strange annihilation is included without further approxima-
tion. Discrete spectra follow from diagonalizing a computed
matrix of correlation functions, solving a generalized eigen-
value problem [37,38]. Fits to the time dependence of the
eigenvalues are performed over various time windows, and
the energies used correspond to a weighted average over
many such fits (see Appendix E of Ref. [39]).

Our basis of operators includes constructions resembling
n.n, DD, D,D,, 5.1, and w. The thresholds for the last
three of these lie above the 7,57 — DD scattering region that is
our main focus in this study. Including higher-lying operators
helps to give us confidence in the extracted spectrum. In
practice we find that excluding 7.1 operators altogether
leaves the spectrum below DD, threshold unchanged.4
Stable hadron masses and hadron-hadron channel thresholds

*While in this calculation we do not determine amplitudes to
higher energies (e.g., above the D D, threshold), we expect the
picture observed in Refs. [24,25] to continue to hold, with a single
narrow resonance comparable to the y.o(3915).

*As in Ref. [25], correlators featuring #.1’ operators are found
to be noisy and when included, the indications are for an
approximate decoupling of the related channel.
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TABLE L

Details of the N, = 2 + 1 anisotropic lattices used in this study corresponding to the actions described in Refs. [29,30].

Results on the lattices in the bottom row were presented previously in Refs. [24,25]. N, is the number of gauge configurations used,
Nyecs is the number of vectors used in the distillation approach, and N, is the number of time sources averaged in computing the

correlation matrix.

—a;me (L/as)3 X T/at chgs Nvecs tore agmg a,me éﬂ’ mn/MeV

0.0860 323 x 256 485 384 2-4 0.03928(18) 0.2751(6) 3.453(6) 239

0.0856 {243,323} x 256 {400, 481} {160,256} 4-8 0.04720(11) 0.2793(8) 3.457(6) 283

0.0850 243 x 256 481 160 4-8 0.05635(14) 0.2857(8) 3.456(9) 330

0.0840 {163,243} x 128 {478,553} {64,160} 2-8 0.06906(13) 0.2951(22) 3.444(6) 391
20° x 256 288 128

TABLE II. Top: Stable hadron masses in temporal lattice TABLE III. Anisotropies determined for the z, n, D, and 7,

units, a,m. Bottom: Two, three and four hadron thresholds in

temporal lattice units.

239 MeV 283 MeV 330 MeV
P 0.03928(18) 0.04720(11) 0.05635(14)
K 0.08344(7) 0.08659(14) 0.09027(15)
n 0.09299(56) 0.09427(70) 0.09790(100)
i 0.15666(200) 0.16052(140) 0.16286(156)
® 0.13616(107) 0.14081(61) 0.14710(86)
D 0.30923(11) 0.31406(11) 0.32255(11)
D, 0.32356(12) 0.32785(6) 0.33548(8)
D* 0.33058(24) 0.33572(16) 0.34408(16)
D: 0.34448(15) 0.34877(8) 0.35641(12)
e 0.49097(4) 0.49773(3) 0.50973(4)
e 0.50553(5) 0.51218(3) 0.52391(5)
239 MeV 283 MeV 330 MeV
nen 0.5840(6) 0.5920(7) 0.6076(10)
DD 0.6185(2) 0.6281(2) 0.6451(2)
DD* 0.6398(3) 0.6498(2) 0.6666(2)
yo 0.6417(11) 0.6530(6) 0.6710(9)
DD, 0.6471(2) 0.6557(1) 0.6710(1)
N 0.6476(20) 0.6583(14) 0.6726(16)
D*D* 0.6612(3) 0.6714(2) 0.6882(2)
nenm 0.5695(3) 0.5921(2) 0.6224(2)
JJynnn 0.6234(3) 0.6538(2) 0.6930(2)
KeonT 0.6463(3) 0.6697(4) 0.7015(3)
DDr 0.6577(2) 0.6753(2) 0.7015(2)

for the three different light quark masses are presented in
Table II. We also list some three- and four-hadron channels
that can in principle contribute, but in each case we expect
them to be highly suppressed either by large required values
of £ or by their high-lying thresholds.’

The relevant symmetries of the periodic cubic volume
are reflected in the use of cubic group irreducible

*We do not include any operators resembling three-hadron
channels, such as ygzz or DDx.

mesons. Values for m, ~ 239 MeV taken from Refs. [40,41]. The
final row indicates the estimate used in the scattering analyses in
this study, whose central value comes from the pion determi-
nation with an error inflated to account for the variation above.

239 MeV 283 MeV 330 MeV
E, 3.453(6) 3.457(6) 3.456(9)
£, 3.468(20) 3.408(10) 3.438(9)
& 3.443(7) 3.432(4) 3.448(6)
£, 3.456(4) 3.457(2) 3.477(2)
é 3.453(17) 3.457(25) 3.456(14)

representations (irreps), with a detailed description for
the current case given in Ref. [25]. In this study we
compute only a limited set of irreps, [000]A], [001]A,;
and [000]E™, that we find is able to provide enough
constraint to determine S-wave and D-wave scattering in
the energy region of interest. Due to the modest energy
range considered, the basis of operators used (Appendix A)
is a relatively small subset of those used in Ref. [25], which
considered amplitudes to a much higher energy.

Independent determination of the energy of stable
hadrons at various values of three-momentum leads to a
measure of the dispersion relation from which an estimate
of the lattice anisotropy, £ = a,/a,, can be extracted. While
each hadron is found to obey the relativistic dispersion
relation to an excellent approximation, the values of the
anisotropy extracted exhibit a modest scatter across differ-
ent hadrons. We choose to propagate a systematic uncer-
tainty due to that variation through the determination of the
scattering amplitudes. Since we focus in this paper mainly
on near-threshold DD scattering, in practice we find
relatively little sensitivity to this conservative approach.
Table III presents the determined & values for relevant
stable hadrons, and the value for each pion mass (with
inflated error) to be used later.

We also add an additional uncertainty (a,0Eq = 0.00050)
to every energy level determined on the m, ~ 283 MeV
lattices to account for slight differences in the 7. and
D-meson masses when determined individually on these
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FIG. 1.

Finite-volume spectra in three irreps determined on the lattices described in Sec. II. Energy levels are colored according to their

dominant operator overlap determined in the diagonalization of the matrix of correlation functions: #.-like (red), DD-like (green),
cc-like (black). Gray points in the hatched high-energy region are not used in the subsequent determination of scattering amplitudes.
Curves indicate the noninteracting spectrum of meson pairs on the relevant volumes with the same color coding, with the addition of yw
(purple) and DD, (light green) appearing above the energy cutoff. Dashed lines show the relevant meson-meson kinematic thresholds.

two volumes, following the approach described in
Refs. [24,25].

II1. FINITE VOLUME SPECTRA

Figure 1 shows the discrete spectra of finite-volume
energy levels on each of the lattices described in the previous
section across three irreps. The [000]A; irrep at low energies
will be dominated by S-wave scattering, while [000]E™ has
its dominant contribution from D-wave scattering. [001]A,
receives contributions from both S-wave and D-wave. As
well as the finite-volume spectrum extracted from computed
matrices of correlation functions, we also show the spectrum
of noninteracting meson pair energies in finite volume,
computed according to

27 \2 1/2
a;Eq = |:(a,m])2 + <§L/a > |nl|2:|
2

, 2 e
+ [(azmz) + <§L/as> m, | } )

27 \2 1/2
a;Ecm = [(atElat)2 - ( ) In, + nllz] )

¢L/a
where n , are the discrete (integer triplet) momenta of the
mesons which sum to the total momentum in the irrep
characterization (see Refs. [24,25] for more details appro-
priate to the current case).

The single low-lying energy level observed in [000]A;,
also seen as the lowest level in [001]A;, is interpreted as
being due to the stable y.(1P), while the lowest energy
level in [000]E™, seen also in [001]A, is the stable y ., (1P).
Above these we observe energy levels which are found to
have dominant overlap onto either #,5-like (red) or DD-like
(green) operators, all lying very close to noninteracting
energies.

The pattern of operator overlaps suggests limited channel
coupling between 7.1 and DD scattering channels, and the
fact that the DD-like states show no systematic departures
from the DD noninteracting energies, leads us to anticipate
only very weak, effectively decoupled, DD scattering at all
three pion masses, and does not suggest the presence of any
bound states or resonances near to the DD threshold.

In the previous -calculation with m, ~391 MeV,
reported on in Refs. [24,25], the spectrum was determined
with a larger basis of operators allowing higher-lying levels
to be reliably extracted. Within this extended spectrum,
departures from noninteracting energies were observed
higher in the spectrum, together with an “extra” level lying
above the D,D, threshold, characteristic of a narrow
resonance, as was found when the finite-volume spectrum
was described by scattering amplitudes.

IV. SCATTERING AMPLITUDES

Much theoretical focus has been on the behavior of DD
scattering in S-wave at kinematical threshold, but it is
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important to realize that this does not correspond to elastic
scattering, even in the approximation that charm-anticharm
quark pairs are forbidden to annihilate. With the same
quantum numbers, the two-hadron channel 7.4 is kinemat-
ically accessible. Some motivation for neglecting this
channel comes from the longstanding empirically moti-
vated Okubo-Zweig-lizuka rule [42—44] in which coupling
of charmonia to open-charm channels, like DD, is expected
to dominate over coupling to hidden-charm channels, like
n.n, when both are kinematically open.

We wish to study this system in first-principles in QCD,
so we will not make any unjustified assumptions about the
relative importance of any particular open channel. Indeed,
the Liischer approach, presented below, which relates
scattering amplitudes to finite-volume spectra, requires
us to consider all kinematically open scattering channels
in the energy region of interest. In the current case, for all
three pion masses considered, the 7.7 channel opens well
below the DD channel, with the next channels able to
contribute to S-wave scattering, w and D,D;, opening at
higher energy. Our intent then is to determine coupled-
channel 7.7 — DD S-wave amplitudes constrained by the
finite-volume spectra presented in the previous section.
From these amplitudes we will examine whether the
channels are close to being decoupled, and whether there
are strong interactions near the DD threshold which can be
explained in terms of bound states or resonances.

The relevant relationship between scattering ampli-
tudes and finite-volume spectra [21,45,46], sometimes
referred to as the Liischer quantization condition, can be
written as

det[1+ip(E)-t(E)-(1+iM(E,L))]=0, (1)

where p is a diagonal matrix of phase-space factors p;; =
(2k;/+/5)8;;, k; is the cm momentum of the meson-meson
pair in channel i, and #(E) is the scattering z-matrix. The
kinematical matrix M encapsulates the volume and irrep
dependence in a known manner. Those energies where the
determinant vanishes correspond to the spectrum, E, (L),
in an L x L x L periodic volume for a particular scattering
amplitude ¢(E).

Practical use of this equation to constrain coupled-
channel scattering requires parametrization of the 7-matrix,
and this can be achieved in a manner that respects s-channel
unitarity using the K-matrix,

t1'=K'!'+1,

where ImI = —p above threshold. A real part for I can be
generated from a dispersion relation if desired to improve

somewhat the analytical properties of the t-matrix. For our
purposes we will make use of the following simple para-
metrizations of the K-matrix:

K= (2ki)fikij(2kj>fj’

. 9i9; © . ) s—4mj
K= 4y 4y 2 (2)
T omt— J Y 4m20

The factors (2k;)%i are introduced to encourage the correct
behavior at threshold for a partial wave with angular
momentum #. Inclusion of a pole term in the parametriza-
tion allows for efficient description of a nearby bound state
or resonance, but in practice we will find that its only use in
this calculation is to (optionally) describe the deeply bound
xc0(1P) and y.,(1P) states.

Reference [47] discusses the finite-volume approach in
more detail, and Ref. [48] provides an efficient technique to
solve Eq. (1) in the coupled-channel case. As discussed in
Refs. [24,25], the data correlation matrix characterizing the
computed discrete energy levels can be rendered better
conditioned by resetting a modest number of small singular
values in computation of its inverse.

We will illustrate our analysis using the m, ~ 283 MeV
lattice, on which we have the greatest degree of constraint,
before discussing the two other pion masses, where the
results are qualitatively similar.

A. m, ~283 MeV

As shown in Fig. 1 (central panels), across two lattice
volumes there are 42 energy levels which can be used to
constrain coupled-channel 7.7 — DD scattering in S-wave
and D-wave below our choice of cutoff at a,Eqy, ~ 0.65,
lying somewhat below the @ and DD, thresholds. Eight
of these levels (colored black in the figure) can be identified
as being due to the stable y.o(1P) and y.,(1P) states, and in
a first approximation these subthreshold bound states can
be assumed to have negligible impact upon the scattering
system at higher energies. As such we will initially not
attempt to describe them, and later we will relax this
assumption, finding it to be very well justified.

We find that the remaining 34 energy levels can be
described quite well by a constant K-matrix for each of
S-wave and D-wave, together with the dispersively
improved Chew-Mandelstam phase space6 subtracted at
the threshold energy for each channel,

*Our implementation is described in Ref. [49].
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yS) o = (0.66+ 027 +0.35)
PO/t = (1.0 405+ 1.3) x 103
7;(10,7 op/ @i = (0.00 £0.97 £ 0.48) x 10°
Yo opldt = (048+£0.20£034) x 10° |

X /Ndof—

For each parameter, the first quoted uncertainty comes
from the standard consideration of the curvature of the y?
minimum, while the second reflects variation under
adjustments of the scattering hadron masses and the
anisotropy to their =10 values. The correlations between
parameters determined at the minimum are shown in the
matrix on the right. The superscripts in circular brackets
indicate the angular momentum ¢. The reduced y?
includes a subtraction of 3 degrees of freedom from three
reset singular values in the computation of the inverse of
the data correlation matrix.’ Channel-coupling parameters
are clearly being driven to zero value in this fit, and indeed
forcing them to be exactly zero yields a slightly reduced
value of y?/Ngof = 377255 = 1.31. The remaining param-

eters, effectively describing decoupled n.n — DD scatter-
ing in S-wave and D-wave, are observed to be broadly
compatible with zero, suggesting only weak scattering in
each of these channels in the energy region constrained by
our discrete energy levels.

P08 (20,09 £ 0.09 + 0.49)

PO (<067 + 0.84 + 2.73)

P — (024 128+ 6.1)
(OD) /g4 = (1.0 £ 0.5 £ 1.3) x 103
YO Ja ,-(047i032¢032)x10*

/Ndof -

1

039 0.15 —-0.05 —-0.01 0.7 |
1 001 —-003 -0.04 003
1 002 =000 0.11
1 000 -0.09 3)
1 -001
1
4 — 141,

This amplitude description is shown in Fig. 2 (left panel)
where we observe explicitly the weak decoupled scattering
in both 7,1 and DD channels. The bottom panel illustrates
the good global description of the finite-volume spectrum
provided by this amplitude, excluding the deeply bound
xeo(1P) and y.,(1P) states that we did not attempt to
describe.

The S-wave amplitude of Eq. (3) has no nearby pole
singularities on any of the four Riemann sheets of coupled-
channel 5.7 — DD scattering, as we would expect given the
observed weakness of interaction.

Although we obtained an excellent description of the
finite-volume spectrum above using a constant K-matrix,
we can also consider introducing more energy dependence
into the parametrization. In this case we choose to enforce
1.1, DD decoupling by setting off diagonal elements of the
K-matrix to zero, but we allow the S-wave DD K-matrix
element to have a term in Eq. (2) with nonzero 7, i.e.,
allowing behavior linear in s, giving a fit description,

(1 014 -0.12 001 0.08 |
1 =095 022 042
1 —023 -042
(4)
1 0.01
1 -
L= 1.36.

We observe that the fit quality is essentially the same as the previous parametrization, with the coefficient of the term
linear in s being compatible with zero, and also significantly anticorrelated with the corresponding constant term. The
resulting amplitudes show no systematic differences from those plotted in Fig. 2 (left panel).

We can return to the question of whether the presence of the deeply bound stable y.o(1P) and y.,(1P) states has any
relevant impact for the scattering amplitudes above 7.7 threshold. Including the relevant finite-volume energy levels into our
constraint, and adding a pole term in each of the S-wave and the D-wave K-matrix parametrizations, we can find a description,

"Retaining the full inverse data correlation matrix leads to extremely similar parameter values and a similar fit quality,

468 — 1.56.

%Z/Ndof = 344
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FIG. 2. Coupled 5.7 — DD S-wave scattering amplitude descriptions of finite-volume spectra. Left: amplitudes of Eq. (3). Right:
amplitudes of Eq. (5). Top panels illustrate the magnitude with a normalization where the unitarity limit is 1 for 7, ,, , , (red) and tpp pp
(green). Center panels show channel phase shifts, 5, , (red), 5pp (green) and inelasticity, #, defined so that the diagonal elements of the

. 2i5; _ . . [1—2,i6i+6}) . .
2 x 2 t-matrix are t;; = ”ezi,,. ! and the off diagonal element is 7;; = %. Bottom panels show the finite-volume spectrum given
i 1wy

by the amplitude (orange curves) compared with the spectrum constraining the amplitudes.
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= (0.57528 +£0.00041 £0.00002) [1 0.70 -0.62 0.70 —0.70 0.66 0.07 —0.05 —0.39

,gm =(0.17+£0.25+0.29) 1 -081 099 -1.00 094 010 -0.05 —0.50

thD (=028 £0.10£0.10) 1 -079 084 —078 —0.08 005 046

y,m wn = (044+1.540.0) 1 —099 092 0.10 -0.06 —0.49

,m pp = (-0.7£2.5+0.0) 1 =093 —-0.10 0.05 0.0

= (0.59392 4 0.00072 = 0.00000) 1 005 —004 —047

i /at (4£9+55)1 1 —0.15 —0.05

PP at = (1342054 1.5) x 10° 1 —0.05
von pp/at = (0.37£0.26 0.28) x 10° i .

X/ Naot = sz = 111

Any parameter in Eq. (2) not specified above is fixed to
zero in this description, and Chew-Mandelstam phase space
is used, this time subtracted at the locations of the pole
parameters m(©). Any effect above threshold from the
presence of a D-wave pole below threshold is heavily
suppressed by the centrifugal barrier such that it proves
necessary to force there to be a nonzero coupling to the 7.y
channel to ensure a solution to Eq. (1) near the location of
the y.,(1P) state. This is indicated by the () above, where
this parameter was limited in the > minimization such that

| g,(&) /a, > 4. Using smaller magnitudes of this coupling
cutoff, or forcing a nonzero coupling to DD instead, were
also explored, with only tiny changes to the fit quality.

We observe that there are two well-determined K-matrix
pole mass parameters in Eq. (5), whose numerical values
closely correspond with the location of the low-lying
previously excluded energy levels in Fig. 1. As seen in
Fig. 2 (right panel), the additional finite-volume energy
levels below threshold are well described by this amplitude.

This description of the finite-volume spectrum can be seen
in Fig. 2 (right panel) to again correspond to weak scattering
above threshold for both 7.7 and DD, with no significant
difference in behavior observed relative to the description
ignoring the presence of the deeply bound states.

The amplitude in Eq. (5), as expected, has an S-wave
t-matrix pole at a,y/s = 0.57528(40) corresponding to the
bound state y.o(1P). In addition there are further poles
located either on sheets not close to physical scattering, or
distant in the complex energy plane, none of which have a
significant influence on scattering above threshold.

The only relevant z-matrix pole in D-wave is found at
a;/s = 0.59392(76) —%0.00002(11) on the Im %, , <0,
Im kpp > 0 Riemann sheet. That this state, corresponding
to the y.,(1P), appears as a resonance with a tiny width is
due to the forcing of a nonzero 5.7 coupling as described

(5)

above—this state can appear as a bound-state pole in
amplitude variations that do not have this constraint.

In Fig. 3 we present S-wave amplitudes for a range of
K-matrix parametrizations found to be capable of describ-
ing the finite-volume spectrum (presented in Appendix B),
where we observe that the finite-volume spectra have
constrained quite tightly the weak magnitude of scattering,
and the high degree of channel decoupling.

30

my ~ 283 MOVj

0.60 0.61 0.62 0.63 0.64 0.65
1.0 O
=08
0.6 . . . . !
0.60 0.61 0.62 0.63 0.64 0.65
atEcm
FIG. 3. S-wave coupled-channel phase shifts, d, ,, épp, and

inelasticity #, as defined in the caption of Fig. 2, for a range of
amplitude parametrizations capable of describing the finite-volume
spectrum (Tables VI and VII). For the amplitude given in Eq. (3),
the uncertainty bands are shown (inner band is the statistical
uncertainty, outer band includes also the impact of varying the
masses and anisotropy as described in the text). For other amplitude
parametrizations, only the central value curves are plotted.
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B. m, ~239 MeV and m, ~ 330 MeV

The lighter and heavier pion mass lattices have only a
single volume each, and a smaller number of discrete finite-
volume energies with which to constrain scattering ampli-
tudes, as can be seen in Fig. 1. As in the m, ~ 283 MeV
case we limit our attention to energies lying below a cutoff
slightly below the w® threshold.

Ymnfm = (0.69 £0.18 £0.74)
7S 5= (0.07 +0.19 + 0.00)
P P)Jad = (=0.66 % 0.13 £ 0.58) x
7/(DDDD/at (40+£0341.7) x 10°

In the m, ~239 MeV case there are only five energy
levels with dominant overlap onto DD-like operators in the
irreps dominated by S-wave scattering, which limits the
degree to which we can consider amplitude parametrization
variations. As was the case for m, ~ 283 MeV there are no
obvious indications in the spectrum for strong interactions
in either 5.7 or DD, and a description in terms of a constant
K-matrix with assumed 7.7 — DD decoupling gives

(1 042 -1.00 0.02 |
1 —042 001
103 1 —0.02 (6)
L 1 n

)(Z/Ndof = % = 142,

and as shown in Fig. 4 (left) this corresponds to S-wave scattering that is compatible with zero for both #.5 and DD.

In the m, ~ 330 MeV case, the use of a smaller volume leads to a relatively modest total number of energy levels,
and only three energy levels with dominant overlap onto DD-like operators in the irreps dominated by S-wave scattering.
A description of the spectrum using a constant decoupled K-matrix, as above, yields

y,m wy = (0.58 £ 0.16 £ 0.30) [1 032 044 020 ]
7 oy = (=0.07 £ 0.28 £ 0.20) 1 021 052
D) jat = (034 £ 0.13 £ 0.60) x 103 1 013 (7)
7 plat = (027 +022£0.11) x 103 1
X/ Naot = 155 = 1.72,

and as shown in Fig. 4 this again indicates scattering that is
very weak in both 5,7 and DD.

In summary, while we are not as heavily overconstrained
in determination of scattering in the m, ~ 239 MeV and
330 MeV cases as we were in the 283 MeV case, we still
observe the same behavior, that of scattering which is
compatible with being decoupled between .1 and DD, and
very weak in both. There are no indications for bound states
or resonances lying close to the DD threshold.

0.24 My ~ 239 MeV
0.20
0.16

0.12

pipjlti?

0.08

0.04

0. [)O

0.60 0.61

atEcm

.62 0.63 0.64

V. DECOUPLED DD S-WAVE SCATTERING
AS A FUNCTION OF m,

The amplitude descriptions of the previous section
indicate no evidence for channel coupling between DD
and #.n at any considered light quark mass, motivating a
presentation of DD scattering near its kinematic threshold
as an effectively elastic process. It is common to plot
S-wave elastic scattering straddling the threshold by

0.24

my ~ 330 MeV

o

O
0.61 0.62 0.63

aLEcm

0.64 0.65

FIG. 4. S-wave scattering amplitudes for m, ~ 239 MeV (left) and 330 MeV (right). Same color coding as in top panels of Fig. 2.

054028-9



WILSON, DUDEK, EDWARDS, and THOMAS

PHYS. REV. D 114, 054028 (2026)

(Ecm — 2mp)/MeV
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FIG. 5. DD amplitudes plotted as (m/k) tan 8, with decoupled

S-wave DD interactions. The large green circle shows the location
of DD threshold. The energy level points selected have overlaps
dominated by DD operators, and the D-wave has been fixed to zero
in the quantization condition. The gray points are above the energy
cutoff used in the fits for each lattice. The dashed gray curves on the
left show +m, / |k| below threshold. We have removed four points
from this plot for the m, ~ 391 MeV case which have very large
uncertainties. The gray bands and dot-dashed curves show ampli-
tudes determined neglecting energy level correlations.

means of the quantity k cot J;, which has the effective-
range expansion, ag' +3rok* + - - -, and which intersects

++v/—k% below threshold in the case of a bound state

(minus-sign choice) or a virtual-bound state (plus-sign
choice). For the current case we have very weak scattering
at threshold, characterized by small values of the scatter-
ing length, aq, and as such a clearer presentation is given
by plotting k™! tan &,, which we may render dimensionless
by scaling with the D-meson mass.

Figure 5 shows the subset of energy levels in the
[000]JA| and [001]A; irreps which have dominant overlap
with DD-like operators. The relevant value of §, for each
energy is computed assuming complete decoupling of the
n.n channel, and zero amplitude for D-wave DD scatter-
ing at those energies. The upper panel indicates that there
is no significant systematic dependence upon m, across
the range from 239 MeV to 391 MeV. As well as the
discrete points, the lower panels also show curves illus-
trating one particular parametrization considered in the
previous section, fitted to the entire spectrum across all
computed irreps, including #.n-dominated levels.® These
curves generally match the behavior of the discrete points,
with the apparent discrepancy at intermediate energies in
the m, ~ 391 MeV case, and the systematically low fit in
the m, ~ 330 MeV case, being due to strong data corre-
lations—fits which neglect data correlation are also shown
for comparison. We summarize these amplitudes in
Appendix C.

When plotted as k! tan§, versus k2, the presence of
a bound state would correspond to an intersection of
the amplitude with the curve —(—k*)"/2, while a
virtual-bound state would present through an intersec-
tion with +(—k?)~!/2. These curves are shown in Fig. 5
as dashed lines below threshold, and it is quite clear
that the Ilattice QCD energy levels and amplitude
descriptions following from them do not support any
nearby bound state or virtual-bound state at any of the
pion masses computed.

The strength of DD scattering at threshold can be

characterized by an S-wave scattering length, aODD defined

as lim 55, tgg (2 5 (s). In the case that DD was coupled to

the open #.n channel the scattering length would take a
complex value, but will be real if the channels are decoupled.
At all pion masses considered we find that for decoupled
scattering amplitude descriptions we have m, - |aODD |< 1,
with a slight preference for a small negative value in the best-
constrained case of m, ~ 283 MeV. For comparison, the
4 MeV DD bound state claimed in Ref. [27] would

correspond to a scattering length my, - aODD ~ —22.

*But excluding the ¢&(1P)-identified levels. The particular
amplitude choice is decoupled between DD and 7, with the DD
S-wave described by a K-matrix element with both y(® and (!
terms, while the DD D-wave and the 7.7 S-wave and D-wave
K-matrix elements are described by constants. The m, ~
283 MeV case (with spectrum correlations) is given in Eq. (4).
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VL. INTERPRETATION

The interpretation of the results of the calculation
presented in this paper is quite simple: there is no evidence
for strong scattering of DD in S-wave near threshold for
pion masses between 239 MeV and 391 MeV. No pole
singularities corresponding to bound states or resonances
are needed to describe the weak scattering observed.
References [24,25] determined coupled-channel ampli-
tudes at m, ~391 MeV to higher energies, above the
D, D, threshold, and found that a single narrow resonance
was required, in line with the expectations of the c¢ quark
model for a 2P state.

A previous lattice QCD computation, Ref. [27], which
used lattices on which m, ~ 280 MeV, drew drastically
different conclusions from those given above. This prior
work chose to neglect the existence of the open #.%
channel, computing correlation functions with DD-like,
D,D-like, and c¢-like operators.” In light of our demon-
stration in this paper of complete decoupling with the 7.7
channel, this assumption is unlikely to have been a
significant source of error. Reference [27] concluded that
their computed spectrum demanded the presence of a
bound state 4 MeV below the DD threshold, with this
being largely driven by their lowest DD-like levels appear-
ing significantly below the lowest noninteracting energies
in two irreps (e.g., DD threshold in the rest frame). Such an
observation is not seen at any of the pion masses computed
in this paper, where the lowest DD-like levels lie extremely
close to the noninteracting energies, and we find no place
for such a bound state.

As well as the bound state below DD threshold, and a
“broad” resonance decaying to DD, Ref. [27] also pro-
posed a nearly stable state sitting right at DD, threshold,
apparently almost completely decoupled from DD. We
have not explored amplitudes in this energy region directly
in this paper, but it would be surprising if the D D, system,
containing no valence light quarks, depended strongly on
the light quark mass, and no such near-stable state was
found in the calculation at m, ~ 391 MeV in Refs. [24,25].
In the spectrum of higher-lying discrete energy levels
computed in the current calculation for m, ~ 283 MeV,
but not used in amplitude determination, we do not see any
obvious need for such a state.

A set of technical differences between the current
calculation and that reported on in Ref. [27] which could
contribute to the difference in determined spectra is dis-
cussed in Appendixes D and E. A plausible candidate is the
difference in lattice spacing which may lead to discretiza-
tion effects of differing magnitude. Within the calculation
presented in this paper, done at (essentially) a single value
of the lattice spacing, we see no evidence of discretization

The lowest lying D*D*-like and J/waw-like operators were
also included.

effects that impact our analysis, while in Ref. [50], which
used the same lattices as Ref. [27], significant discretization
effects were highlighted.

The current PDG [26] interpretation of the scalar reso-
nance sector below 4 GeV, based upon the full set of
contemporary experimental results, has a single “established”
narrow resonance, y.o(3915), lying just below DD thresh-
old, decaying to DD and J/ww and contributing to a
threshold peak in D D, (observed in BY — K*D D, in
Ref. [4]). Such a state could plausibly evolve into the
single narrow resonance predicted at m, ~ 391 MeV in
Refs. [24,25] as the light quark mass is increased."”

The only other scalar resonance candidate listed in the
PDG, which is not considered to be “established,” is the
rather broad y.1(3860) claimed to decay into DD in
ete™ — J/yDD [5]. At the pion masses explored in this
paper there is no sign of any amplitude behavior consistent
with the presence of such a state.

VII. SUMMARY

We have explored the scattering of DD meson pairs in
the region around the kinematic threshold, allowing for
possible coupling to the open 7.1 channel, but finding that
there is no evidence that the two channels couple at any
significant level. Exploring a range of light quark masses
corresponding to pion masses between 239 and 330 MeV
(supplemented by results previously obtained at 391 MeV
in Refs. [24,25]), we find no significant interaction strength
is present. In particular the results suggest no evidence of a
near-threshold bound, virtual or resonant y,, state.

Descriptions of the DD system at threshold which
demand a bound state [7,16,17,53], or a broader resonance
(similar to the experimental candidate y.,(3860)) [54] are
not supported by the results of this calculation.

An important caveat is that this work has been performed
with only a single value of the gauge coupling, and
therefore lattice spacings across the different light quark
masses are all close to a single value. While no obviously
relevant indications of discretization effects have been
observed, a systematic estimation of their scale is warranted
in the future. In addition, the operator basis used included
none that resemble compact tetraquark constructions;
however an earlier study using the same action and the
same kind of optimized meson-meson operators suggested
that these may not be required to obtain a reliable spectrum
in this approach [41].

This work indicates that isospin-0 S-wave scattering
of DD close to threshold is much simpler than the

!The resonance in Refs. [24,25] lies above the DSDS threshold,
but taking the amplitudes in Refs. [24,25] and simply lowering
slightly the K-matrix mass parameter such that the resonance lies
just below the D D, threshold would lead to a rapid turn on of
DD, amplitudes at threshold due to the large resonance coupling
to that channel. Similar suggestions can be found in Refs. [51,52].
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corresponding light-quark channels, zz or KK, with con-
sistent behavior seen for a range of light-quark masses.
Considered alongside the results presented in Refs. [24,25]
we have a demonstration, grounded in first-principles
QCD, that the next scalar resonance above the y.o(1P)
is likely to lie above 3900 MeV, with nothing of signifi-
cance appearing in scattering amplitudes in between.
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APPENDIX A: OPERATOR BASIS

In this section we present the basis of interpolating
operators that were used to produce the matrices of
correlation functions that form the input of our variational
analyses. For m, ~283 MeV see Table IV and for
m, ~ 239 MeV and m, ~ 330 MeV see Table V. Details
of the operator basis can be found in Refs. [24,25] and
references therein.

APPENDIX B: AMPLITUDE PARAMETRIZATION
VARIATIONS FOR m, ~ 283 MeV

Tables VI and VII show the various parametrizations
used to describe the finite-volume spectra excluding
(Table VI) and including (Table VII) the c¢c(1P) deeply
bound energy levels. The resulting amplitudes are plotted
in Fig. 3.
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TABLE IV. Operators used in the m, ~ 283 MeV variational
analyses.

TABLE V. Operators used in the variational analyses.

Top: m, ~239 MeV, L/a; =32. Bottom: m, ~ 330 MeV,

000JA L/a, =24.
L/a, =24 L/a, =32 [000]A; [001]A, [000]E*
ql'g <7 qgl'g <7 ql'g <7 ql'qg x 14 qgl'g x 11
1¢[000][000] 1[000][000] 1¢[000][000] 1¢[001],[000] n:[001]y[001]
1:[001]y[001] n:[001]y[001] 1¢[001]5[001] 1¢[000][001] nc[011]y[011]
n:[011]n[011] n:[011]7[011] 1:[011]n[011] 1:[011]7[001] 1:(002]7[002]
ne[111]p[111] ne[111]p[111] 1¢[002]7[001]
n.[002][002] 1:[002]5[002] n:[001][011]
D[000]D[000] D[000]D[000] ne[111]7[011]
D[001]D[001] D[001]D[001] nc[ou}q[ou]
D[011]D[011] ne[011]p[111]
D[111]D[111] 1:[001]7[002]
D,[000]D,[000] D,[000]D,[000] _ ne[112]y[111] i
w[000]@[000] w[000]@[000] D[000]D[000] D[000]D[001] D[001]D[001]
D[001]D[001] D[001]D[011] D[011]D[011]
001]4, D[011]D[011] D[001]D[002] D[002]D[002]
Lfa, =2 L/a, =32 g[?ol(i(])][})[l[logo] plotpi D,[001]D,[001]
glg x 10 qlg x 11 ’ ) Dfon}b*s[on]
1.[001]4[000] 1c[001]7[000] ,1000]ew[000] w[000]w[000]
1:[000][001] 1:(000][001]
oo T T T TS
n:[001]n[011] n:[001]p[011]  grg x9 glg x 11 gg x 10
ne[111]n[011] ne[111]7[011]  .[000]7[000] 1.[001]7[000] 1.[001]5[001]
1[012]n[011] 5, [001]7[001] 1:[000][001] n:[011][011]
nc[01][111] -y [011]n[011] 1:[011]7[001]
1:(001][002] 1¢[002]57[001]
i ne[112]y[111] m[OOl}n[OII]
D[000]D[001] D[000]D[001] ne[111]7[011]
D[001]D[011] D[001]D[011] 1.1012]7[011]
D[001]D[002] . ne[011]n[111] .
Dl011]D[111]  D[000]D[000] D[000]D[001] D[001]D[001]
D[001]D[001] D[001]D[011] D[011]D[011]
[000]E+ i D[Oll]D[lll]
L/a, =24 Lja, =32 D,[000]D,[000] D,[000]D,[001] D,[001]D, ) [01011]
qrgoxl 10001 ergoi y 001 gL?ééél])D £?00(])]
2l L o
i 1(002]7(002]
D[001]D[001] D[001)D[001] . _ .
D[011]D[011] D[011]D[011] form is the same as that used in Eq. (4), as defined in
w[000]w[000] y[000]w[000] Eq. (2), with a Chew-Mandelstam phase space that is

APPENDIX C: DD AMPLITUDES FROM
DECOUPLED LINEAR K-MATRIX
PARAMETRIZATIONS, APPEARING IN FIG. 5

In Table VIII, we summarize the S-wave amplitudes
presented in Fig. 5. For each light quark mass, we consider
both a correlated y? fit and, for visual comparison, one
where the energy correlations are discarded. The amplitude

subtracted at DD threshold. With this fit form the fit
0)
DD
S-wave DD scattering length.

We include fits with an uncorrelated y? to illustrate that
the apparent systematic difference between the points and
curves in Fig. 5 is due to data correlation—when these
correlations are ignored the fit curves are in good visual
agreement with the points. Both correlated and uncorre-
lated fits indicate very weak interactions at threshold.

parameter y, 7 is equal to mpa2Z, where a2%, is the
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TABLE VI. Parametrization variations. Channel labels: 1 — 7.1, 2 — DD, CM: Chew-Mandelstam, —ip: simple phase space.

2

S-wave parameters D-wave parameters Phase space I\JIZ -
$)(0 $)(1 $)(0 (1 5)(0 $)(1 D)(0 D)(0 D)(0
},(1’1)( ) 7/(1‘1)( ) 7/52)( ) },(1’2)( ) 7/(2‘2)( ) 7/(2.2)( ) },(1’1)( ) 7(1.2)( ) 7(2.2)( ) s D

Reference parametrization Eq. (3)

v v v v v v CM CM 354 _ 141

Parametrization variations using Eq. (2) with no poles

v v v v v CM CM s =136
v 4 v v CM CM s =131
v 4 v v CM CM it =131
v v v v v CM CM s =136
v v v v v CM CM s =136
v v v v CM CM s =131

v v v v CM CM ot =131
v 4 v v v v —ip —ip A =142
v 4 v v —ip —ip 343_544_3 =131

TABLE VII. Parametrization variations. Channel labels: 1 — 7.1, 2 = DD, CM: Chew-Mandelstam, —ip: simple phase space.

2

S-wave parameters D-wave parameters Phase space i -
dof

S S S S S D D D D D
ms g & A Ay A me AP & A A A S D

Parametrization from Eq. (5)

v 4 4 4 v 4 v v 4 CM CM 21— 1.11

42-9-4

Parametrization variations using Eq. (2) (including poles)

v oV v v v v /Y /Y /Y / / /M M 2L_123
N VM M 2119
oo R S VM M 2114
N S S v VM M 2L 114
N ooV v/ M M 35 133
v v v ooV vV / M M B0 13
R ooV vV /M M B -128
oo A vV / M M B0 —138
ooV v ooV v v V/ CM CM 2L .07
oo v ooV v v oo o-p —ip B =107
O I VR S |
ooV v v ooV v ooo—p —p 2=l
A ooV oo/ —p —p Bl =128
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TABLE VIII.  S-wave DD amplitudes determined using a linear
decoupled two-channel K-matrix that are shown in Fig. 5. In the

. e D O
definitions used here mpal2, = y\*)

DD’

239 MeV 283 MeV 330 MeV 391 MeV
correlated
7,(DOL)_) 0.18 £0.15 —-0.67£0.84 0.44+0.47 0.29+0.63
},5)1;) -91+£11 024+128 -1254+90 -17+14
22/ N o 1.75 1.36 1.70 1.37
uncorrelated
}/(DO)D 051 +£0.20 —0.13£096 1.38+0.60 1.02+0.94
7,(1)_ —-11.9+6.0 -5+17 22+ 14 3+26

DD

1%/ Naot 0.95 1.15 1.16 0.84

APPENDIX D: ADDITIONAL DETAILS AND
COMPARISON OF RESULTS WITH
PRELOVSEK ET AL., REF. [27]

Reference [27] concludes a completely different spec-
trum of bound states and resonances, and strength of DD
scattering from the current calculation, even when the
quark mass is comparable at m, ~ 280 MeV. These sys-
tematic differences with respect to Ref. [27] do not have an
obvious explanation. The relatively large energy shifts with
respect to finite-volume noninteracting energies found in
Ref. [27] are what drive their amplitudes to contain the
extra singularities, and as such we should attempt to
identify what is causing the finite-volume spectrum to
differ so significantly.

One possibility is that the extracted finite-volume energy
levels in one or both studies are systematically biased, or
have an underestimated systematic error. Their determi-
nation in principle depends upon the details of operator
construction, the content of the operator basis, the pro-
cedure used to diagonalize the correlator matrix, and the
time slice fitting of the correlator matrix eigenvalues. We
will highlight some differences in approach between the
calculation presented in this paper, and that in Ref. [27],
although we lack sufficient information about the details of
analysis used in Ref. [27] to make a full quantitative
comparison.

In the current study, we make use of optimized single-
hadron operators in the construction of hadron-hadron
operators. They are optimized in the sense of having been
determined by diagonalizing a matrix of correlation
functions built using a basis of fermion bilinear operators,
independently for each meson three-momentum [35].
Using these optimized operators in the pair products of
hadron-hadron operators, we might expect more rapid
relaxation to the finite-volume energies given the sup-
pression of single-hadron excitations. In Refs. [64,65],
differences in extracted finite-volume energy level values

are seen when adding operators formed from a diquark-
antidiquark construction to hadron-hadron constructions,
when compared to using hadron-hadron constructions
alone. Like Ref. [27], these studies use hadron-hadron
operator constructions that use nonoptimized single-
hadron operators in the product.

Figure 6 shows an example of the extraction of a finite-
volume spectrum from the generalized eigenvalues of the
matrix of correlation functions. The example shown is the
[000]A[ irrep on the 323 lattice at m,, ~ 283 MeV. For each
eigenvalue at 7y = 10a, we see behavior consistent with
dominance of a single state at modest times. Each time
dependence is fitted as a sum of two exponentials (and
occasionally as a single exponential) for a range of time
windows, and each fit has a quality associated with it as
estimated by the Akaike information criterion (AIC). Our
final determination for each a,E, value comes from the
“model average” over these determinations (see Ref. [66]).
As can be seen from the blue points (AIC average)
compared to the red points (single best time-window fit),
this average typically provides a more conservative esti-
mate. We note that the near-threshold DD-operator domi-
nated state (bottom left panel) has a principal correlator
which very clearly relaxes to its long-time behavior rapidly
and shows very little variation over time-window choice.

Figure 7 shows that the choice of #;, value used in the
solution of the generalized eigenvalue problem in this case
has no significant impact upon the extracted energy spectrum.

Potentially important differences between the two cal-
culations come from the details of the lattice setup, the
lattice spacing, and the implementation of charm quarks.
Reference [27] uses isotropic lattices with a ~ 0.086 fm,
and while this is finer than our spatial spacing, it is much
coarser than our temporal spacing. Using clover improved
Wilson fermions to describe charm quarks, they report
evidence for discretization effects in the form of departures
from continuum relativistic dispersion relations for D-
mesons. They choose to apply an ad hoc correction to
deal with this in their finite-volume energy spectrum: for
each determined energy level, after computing the energy
gap from the nearest noninteracting DD energy (using D-
meson energies as computed on the lattice) they then
produce an absolute energy by reinstating the noninteract-
ing energy after moving the D-meson energies to lie on the
continuum dispersion relation. No additional systematic
error is associated with this procedure, despite the adjust-
ment in energy being typically larger than the statistical
error on the energy level. This procedure impacts higher-
lying energies, but does not significantly shift the levels at
threshold in the rest frame, indicating that it alone cannot be
the source of the differences with respect to the energy
levels in the current paper.

In comparison, in the calculation reported on in this paper,
we observe no systematic departures from the continuum
relativistic dispersion form, but we have the additional
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FIG. 6. Time slice fits to principal correlators, A, (t), obtained from solving generalized eigenvalue problem, C(#)v, = 4, (¢)C(ty) vy,
with #,/a, = 10. Fit with 4, (¢) = (1 — A, )e En0) 1 A, e7Fnlt=00) 3~ 283 MeV, 323 lattice, [000]A[ irrep. Each panel shows, on
left, efx("=0), (1), with the best single time-window fit curve superimposed, and on the right the variation of extracted a,E, over
different fit windows, ordered from bottom up by decreasing value of AIC. Energy values with AIC probability < 1% are grayed out.
The AIC model average value of a,E, is shown by the blue point and band.

anisotropy parameter, &, to vary, and as presented in Sec. Il Discretization effects are not expected to be limited to
this parameter varies slightly for different hadron species.  deviations from the relativistic dispersion relation, and
We treat this variation conservatively by propagating the  from a calculation at a single lattice spacing we cannot
maximal deviations into our final amplitudes (see Table III). determine with confidence their form or magnitude. We do
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FIG. 7. In same case as Fig. 6, the variation of extracted E,,
spectrum with changing choice of f,. Solid points show the
single best fit-window value, and the ghosted values show the
AIC model average. Horizontal bands illustrate the #, = 10,
choice.

observe some systematic discrepancies which may origi-
nate in the lack of a continuum extrapolation, two of which
are shown in Fig. 8. The bottom panel shows the “hyperfine
splitting” scaled by the spin-averaged 1S charmonium mass
as a function of light quark mass, which we observe to lie
significantly below the experimental value, as has been
observed previously [31,41,67,68]. The top panel shows
the D-meson mass ratio with the spin-averaged 1S char-
monium mass, which we note appears to extrapolate to
about 0.3% above the physical value, indicating room for
modest discretization effects at the few MeV level.

A reanalysis of the finite-volume spectrum of Ref. [27]
was presented in Ref. [28] using amplitudes with improved
analytic properties. While coming to quite similar con-
clusions about the pole content of the scattering system,
this analysis had a great deal of difficulty describing both
the rest-frame and moving-frame spectra simultaneously,
having a y> /N4, > 3 and visibly large departures from the
computed spectrum at energies near the DD threshold.
Potentially this could indicate that the finite-volume spectra
are not compatible with the description solely by scattering
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FIG. 8. Ratios of stable hadron masses as a function of m2.
Black points determined in the current paper and Refs. [24,25].
Gray points taken from PDG values. Red points from Ref. [27].

amplitudes in the finite-volume quantization condition—
this would be the case if there were non-negligible
discretization effects.

In Fig. 8 we show evidence that in the current calcu-
lation, the charm quark is tuned consistently at each of the
three pion masses considered, particularly in the fourth and
fifth panels. In these panels we also see an indication that
the charm mass may have been tuned very slightly low on
the 391 MeV lattice reported in Refs. [24,25]. The second
panel illustrates the fact that the strange quark on the lattice
used in Ref. [27] is tuned to be lighter than the physical
strange quark mass, which has the impact of significantly
reducing the region between the DD threshold and the
DD, threshold (see the third panel).
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The smaller of the two volumes used in Ref. [27] has a
spatial length in physical units of L ~ 2.1 fm and m,L < 3,
and while this might be considered to be on the small side,
pions probably do not play a primary role in the scattering
processes of interest, and there are no obvious systematic
discrepancies between the smaller volume and the larger,
L ~ 2.8 fm, lattice. In the current calculation, the smaller of
the 283 MeV lattices is of a similar size in physical units to
the larger lattice in Ref. [27].

Reference [27] observes a difference in the D-meson mass
determined on the two volumes, at the level of 0.2%. As
mentioned above, this variation is treated in an ad hoc way
with no corresponding uncertainty added. In the current
calculation, on the m, ~ 283 MeV lattices we observe a
D-meson difference of a similar magnitude, and we choose
to associate an additional a,6E = 0.00050 systematic error
on every energy level to conservatively account for it.

APPENDIX E: CORRELATOR RATIOS

Reference [27] determines their inputs for Liischer’s
method not by fitting correlation functions, but by forming
a ratio of correlators and fitting that instead. From this, the
energy difference between the noninteracting level and the
level obtained from the correlation matrix (containing DD
operators) can be determined. This assumes a perfect
agreement with the continuum dispersion relation, even
though there are differences that may reflect uncontrolled
discretization effects. In this Appendix, we consider a ratio
of principal correlators that mimics this approach some-
what, using the correlators obtained in this work.

For [000]JA] on the m, ~283 MeV ensembles, we
consider the n = 3 correlator, which in both cases is
dominated by a D[000]D[000] operator construction and
lies very close to the noninteracting energy from the
variational analysis. Dividing this by the ground-state
[000]A7 D[000] principal correlator squared gives the ratio
R(1) = Au=3(t)/(Apjooo) (1)) It has been observed in a few
studies that excited state effects largely cancel in this ratio.
Generally those studies use only “simple” meson-meson
operators where the D and D-meson constituents are
formed from a single operator (~Cys¢). In this work,
projected operators are used to form the meson-meson
operators, and these are observed to reduce the excited-state
contributions in the meson-meson correlators. Thus one
does not expect a large effect at low ¢ values.

To illustrate this, we plot “effective masses” for these
quantities, both individually and as a ratio, in Fig. 9 using

1 Io C(1)
amegy = —log—————,
el = 5 8 01 + 81)

(E1)
where we have chosen 6t/a, =3. We work from the
principal correlators A, determined from the variational
method in the main analysis. We summarize a few fits of
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FIG. 9. “Effective masses” for the D-meson at rest (top), the
D[000]D[000]-dominated level (middle), and a ratio of these
(bottom). Each quantity is derived from the principal correlators
Ay (f) determined from the variational method analysis of corre-
lation matrices. A representative fit is shown in each case, where
the width shows the fit region and the vertical extent shows the
value and uncertainty.
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TABLE IX. A selection of principal correlator and effective
mass fits around DD threshold on the m, ~ 283 MeV lattices.
R(1) = An—3/Ap0 as described in the text.

Megr (1) Fit range 72/N

L/a, =24
Apiono) (1) 0.31415(9) [12, 31] 0.87
0.31410(10) [15, 31] 0.91
Aa—s (1) 0.62830(26) [12, 31] 1.50
0.62821(30) [15, 31] 1.50
R(7) 0.00011(16) (8, 31] 0.57
—0.00005(19) [12, 31] 0.39
—0.00008(23) [15, 31] 0.46

(Table continued)

these using simple constants to the large time behavior in
Table IX. A few different fit ranges are considered. In both
cases, the numerators (4,,_3) match exactly those used in
the main analysis above. We form the ratio under jackknife,
averaged over the same time sources for numerator and
denominator in order to allow any correlated fluctuations to
cancel as much as possible. At large ¢ values, we observe

TABLE IX. (Continued)

mege (1) Fit range 1*/N
L/a;, =32
Apio00) (1) 0.31415(6) [12, 31] 22
0.31407(7) [15, 31] 2.0
dues (1) 0.62839(11) [12, 31] 24
0.62820(13) [15, 31] 1.9
R(1) 0.00015(3) [8, 31] 2.4
0.00006(4) [12, 31] 0.88
0.00001(5) [15, 31] 0.90

every quantity is dominated by a single exponential and
thus tends to a constant in the effective mass equation (E1).
For the ratio R(¢), this should correspond to the differ-
ence AE = En:3 - ZED[OOO]'

We see that in this approach (where the systematic
differences in D-meson masses are neglected) we do find
smaller statistical uncertainties than reported in the main
study. However, the differences AE = E;_3 — 2Epjogq)
are still very close to (or consistent with) zero, pointing
to insignificant interactions at threshold.
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