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We construct a linear SU(3), x SU(3) parity doublet model for octet baryons. Our model employs the
(3,3) +(3,3) and (3, 6) + (6, 3) chiral representations while excluding the (8, 1) + (1, 8) representation.
Through systematic analysis, we demonstrate that the (3,6) + (6, 3) representation containing symmetric
“bad” diquarks, despite being energetically disfavored, is essential for reproducing the correct baryon mass
hierarchy—particularly the 2-E mass ordering. The model incorporates both spontaneous and explicit
chiral symmetry breaking, with the latter implemented through bare quark mass terms that properly account
for SU(3) flavor breaking effects. Our numerical analysis successfully reproduces the ground-state octet
baryon masses and predicts the spectrum of excited states up to 2.5 GeV. For the experimentally
challenging E sector, we identify Z(1950) as the first positive-parity excitation. The analysis reveals that

ground states are dominated by the (3, 3) + (3, 3) representation, consistent with the preference for “good”
diquark configurations, while the (3,6) + (6,3) contribution remains crucial for the mass spectrum.
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I. INTRODUCTION

The study of baryon masses and their chiral structure
remains one of the fundamental challenges in hadron
physics. While the traditional view attributes baryon
masses primarily to spontaneous chiral symmetry breaking
through quark condensates, theoretical frameworks based
on parity doublet structure that incorporate both chiral-
variant and chiral-invariant mass terms have been devel-
oped to provide a more complete description of baryon
properties [1-6]. This theoretical framework has received
strong support from recent lattice quantum chromodynam-
ics (QCD) studies, which have revealed the existence of
chiral-invariant mass contributions that persist even at the
chiral restoration point [7-9]. Furthermore, lattice QCD
calculations of axial charges for negative-parity nucleon
resonances have shown that N*(1535) has a remarkably
small axial charge g4 ~ O(0.1), while N*(1650) exhibits
ga ~ 0.5, providing important insights into the chiral
structure of excited baryons [10].

In the context of three-flavor QCD, two main approaches
have emerged for implementing chiral symmetry in
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effective models. The nonlinear realization, where pions
appear as Nambu-Goldstone bosons with derivative cou-
plings, has been extensively studied in the framework
of chiral perturbation theory and various effective models
[11-16]. Several authors have developed SU(3) chiral
models with parity doublet structure using this nonlinear
realization [17-21]. While these models have achieved
success in describing nuclear matter and the phase structure
at finite density, they face inherent limitations when extended
to energy scales approaching the chiral restoration region,
where the derivative expansion becomes questionable.

In contrast, the linear realization of chiral symmetry,
where chiral partners are explicitly included as dynamical
degrees of freedom, offers a more suitable framework for
studying physics near and beyond the chiral restoration
scale [5,22-42]. However, despite its theoretical advan-
tages, relatively little work has been done on SU(3), x
SU(3)g linear sigma models with parity doublet structure
for baryons. The increased complexity arising from the
numerous possible chiral representations and the need to
properly implement both spontaneous and explicit sym-
metry breaking has made systematic studies challenging
[32,43-45].

Constructing a systematic and predictive linear model for
the baryon octet presents unique challenges. The SU(3), x
SU(3)g chiral symmetry allows for numerous possible
representations for baryons, making the selection of rel-
evant degrees of freedom a crucial theoretical question.
From the perspective of quark dynamics, baryons can be
viewed as composed of a quark and a diquark, where the
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diquark structure plays an essential role in determining the
baryon properties [46-51].

In our previous work [43], we attempted to construct a
minimal linear model using only the (3;,3z) + (3.,3z)
and (8;,1z) + (1;,8;) representations, which contain
“good” (antisymmetric) diquarks. However, even after
including second-order interactions in the scalar field M,
this approach failed to reproduce the correct mass hierarchy
of the baryon octet, particularly the 2-Z mass ordering.
This limitation suggested that representations containing
“bad” (symmetric) diquarks might be necessary for a
complete description.

To address this issue, we subsequently developed a
comprehensive model in Ref. [44] that included all relevant
representations: (3;,3g) + (3.,3z), (8., 1x) + (1.,8%),
and (3;,6z) + (6,,3%). While this approach successfully
reproduced the mass spectrum, it suffered from significant
drawbacks. The model required ten coupling parameters,
which introduced substantial ambiguities in parameter
determination due to the presence of local minima and
the lack of experimental data for higher excited states.
Moreover, the analysis was performed only with sponta-
neous chiral symmetry breaking, neglecting explicit break-
ing effects from quark masses, which are crucial for
understanding SU(3) flavor breaking patterns.

In this work, we pursue a different strategy by con-
structing a simplified linear SU(3), x SU(3), model that
balances predictive power with theoretical clarity. We focus
on the (3;,3z) + (3.,3&) and (3;,6z) + (6,,3%) repre-
sentations, deliberately excluding the (8;, 1) + (1., 8%)
representation. This choice is motivated by several con-
siderations. First, the (3,3) representation naturally con-
tains the flavor-antisymmetric diquark structure favored by
one-gluon exchange interactions. Second, as demonstrated
in our previous work, the (3, 6) representation with sym-
metric diquarks is essential for reproducing the correct mass
ordering, particularly for excited states. By excluding the
(8, 1) representation, we significantly reduce the number
of parameters with revealing the essential feature for the
mass spectrum of SU(3) baryons including excited states.
Crucially, we incorporate explicit chiral symmetry breaking
through quark mass terms, which was absent in our previous
comprehensive analysis. This allows us to properly account
for SU(3) flavor breaking effects and study the interplay
between spontaneous and explicit symmetry breaking in the
linear realization framework. The explicit breaking terms are
essential for understanding the mass differences between
strange and nonstrange baryons and for making meaningful
comparisons with experimental data.

Our simplified linear model provides a tractable frame-
work for studying baryon properties across different
density regimes, from vacuum to dense matter relevant
for neutron stars, where the linear realization becomes
increasingly important as the system approaches chiral
restoration. The reduced parameter space also allows for

more systematic exploration of the model’s predictions and
clearer physical interpretation of the results.

The remainder of this paper is organized as follows. In
Sec. II, we review the chiral representation theory for
hadrons and establish the connection between quark-
diquark structure and specific SU(3); x SU(3)g represen-
tations. Section III systematically examines leading-order
Yukawa interactions for different chiral representations,
demonstrating through explicit calculation why the (3, 3) +
(3,3) representation alone produces unphysical degener-
acies, why adding (8,1) + (1,8) yields incorrect mass
orderings [43], and why the (3, 6) + (6, 3) representation is
essential despite containing energetically disfavored
diquarks. In Sec. IV, we construct the complete parity
doublet model incorporating both (3,3) + (3,3) and
(3,6) + (6,3) representations with their mirror assign-
ments, including both spontaneous and explicit chiral
symmetry breaking terms. Section V presents our numeri-
cal analysis, where we fit the model parameters to exper-
imental baryon masses and examine the resulting mass
spectrum, baryon composition, and model predictions for
excited states. We conclude with a summary and discussion
in Sec. VI and appendices provide additional details.

II. CHIRAL REPRESENTATIONS
FOR BARYONS

Quarks transform under SU(3), x SU(3)x x U(1)4
symmetry as

_'9
qr = €¢"grqr,

qr — € 0 grap, (1)

with g; g €SU(3), x and 0, being the U(1), transforma-
tion parameters. Accordingly, we assign the U(1), charge
of the left and right-handed quarks as —1 and +1,
respectively. The chiral representation of the left and
right-handed quark is then given by

g3 1) qri(1,3)4, (2)

where these 3 and 1 in the bracket express the triplet and
singlet for SU(3), symmetry and SU(3), symmetry,
respectively. The index indicates the axial charge of the
fields.

Since baryons consist of three valence quarks, the baryon
fields are formed by the tensor products of three quark
fields. We define the left-handed baryon field as a product
of a spectator left-handed quark and left- or right-handed
diquark, while the right-handed baryon has a right-handed
spectator quark. Taking irreducible decomposition, the left-
handed baryon can be expressed as the following repre-
sentations
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gL ® (g1 ® gL + qr ® qr)
~(L )3+ (8,1)3+ (8, 1)
+(10.1) 5+ (3.3)41 + (3.6). (3)

After the chiral symmetry is spontaneously broken down to
flavor SU(3), symmetry, octet baryons appear from the
representations of (3,3), (8, 1), and (3, 6). The represen-
tations (3,3) contain flavor-antisymmetric diquarks ~3
which is called good diquark, while (3, 6) contains flavor-
symmetric diquark ~6 called bad diquark. Also, for
simplicity, we only focus on baryons having spin 1/2.

The diquark picture provides essential insights into
baryon structure and dynamics. While baryons fundamen-
tally consist of three valence quarks, the complexity of the
three-body problem in QCD makes direct calculations
extremely challenging. The emergence of diquark correla-
tions offers a crucial simplification: the intricate three-
quark system reduces to a more tractable quark-diquark
configuration, where two quarks form a correlated pair that
together with the third spectator quark. This reduction
reflects important physical dynamics rather than mere
mathematical convenience. The one-gluon exchange inter-
action creates an attractive force in the color-antitriplet
channel, naturally favoring diquark formation. Among
these correlations, good diquarks in the flavor-antisym-
metric 3 representation are particularly favored—they
benefit from both attractive color forces and spin-flavor
correlations, resulting in compact, tightly bound configu-
rations. In contrast, bad diquarks with symmetric flavor
structure experience weaker binding despite the same color
attraction.

These different binding strengths directly manifest in the
baryon mass spectrum. Baryons dominated by good
diquark correlations systematically exhibit lower masses
than those containing bad diquarks, explaining key features
of the mass hierarchy within baryon multiplets. The
diquark framework thus bridges microscopic quark-gluon
dynamics and macroscopic baryon properties, providing
both computational tractability and physical transparency
for understanding experimental observations.

III. YUKAWA INTERACTIONS
AT THE LEADING-ORDER

In this section, we construct Yukawa-type meson-baryon
Lagrangians using suitable chiral representations of bary-
ons. We begin with the simplest possible model containing
only the (3,3) + (3,3) representation, which includes the
favored good diquark structure. When this minimal
approach fails to generate the correct mass spectrum—
specifically producing an unphysical degeneracy between
nucleon and = baryons—we extend the model by adding
the (8,1) + (1, 8) representation. However, this extension,
while resolving the degeneracy issue, introduces a new

problem: it predicts an incorrect mass ordering with the
nucleon heavier than the X baryon. Through this systematic
analysis, we introduce the (3,6) + (6,3) representation
containing bad diquarks, despite being energetically less
favorable, is essential for achieving the correct octet baryon
mass hierarchy.

A. (3. 3)+(3, 3) representation
Let us first consider a simple model including the
(3,3) + (3.3) representations for octet baryons at the

leading order. We introduce the baryon field y correspond
to the representations as

wr~(3.3)0. yr~(3.3) (4)
with chiral transformation properties as

WL = GLWLOk  WR = JRWRO)- (5)

The explicit component of the y field is

. 1 .
(w); ~ ﬁ/\o + (B)} (6)
1 50 1
(B)i= - —5Z A | (7)
== =0 -2
= = %A

for left-handed and right-handed respectively. We also
introduce a 3 x 3 matrix field M for scalar and pseudoscalar
mesons as

M~ (3.3)_,. 8)

This field is made from (g;gz) and have the chiral
transformation property as

M - gLnge' (9)

By taking the mean-field approximation, the meson field is
expressed as

(M) = diag(a. . 7). (10)

Under the assumption of isospin symmetry, we set
a=p = f,. To incorporate explicit flavor symmetry
breaking effects, we choose y = 2fx — f,, where f, and
[k are the pion and kaon decay constants with the explicit
values shown in Table I. These parameter choices naturally
encode the mass difference between strange and nonstrange
quarks through the meson field expectation values. With
these configurations, the leading-order chiral invariant
Yukawa interactions can be constructed as
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TABLE 1. Physical inputs of the decay constants for pion and
kaon, and the VEV of the meson field (M) = diag{a, 8, v}.

I 93 MeV

fx 110 MeV

a=/pf fz(=93 MeV)

v 2fk = f(= 127 MeV)

ACl =49 [81]1213‘9” rr3 (IZIL);II (MT);; (l//R)lr:

FiraTs (47 Iy
+ €1 L1, v 3(lr[/R)i‘l] (M)izz(WL)rz}’ (11)

where ¢, is the totally antisymmetric tensor. However, this
interaction term, which originates from the chiral structure,
suffers from a serious problem. In this simple model, the
strange quark condensate o, corresponding to (5s), is
located in the (3, 3) component of the meson field (M)3.
Consider the second term as an example:

"31,313€r'3r3 (l/_/R)zrl1 (MT)g(WL)Ir: (12)

Due to the antisymmetric nature of the tensor, the indices
[y, I3 and ry, r3 cannot take the value 3, which prevents this
term from contributing. Consequently, the strange quark
condensate o, contributes only to the X and octet A
baryons, while leaving the nucleon and = baryon masses
degenerate. The mass matrix for each baryon is obtained as

E)

N = 94, MZ:gyv

M

A

g
g
ga, MA——§(7—4a) (13)

[83]

with the corresponding phenomenological mass spectrum
is shown in Fig. 1. These mass matrix satisfy the Gell-
Mann-Okubo relation as will be reviewed in Sec. V. To
resolve this mass degeneracy and recover the correct mass
hierarchy, additional chiral representations must be
incorporated.

To clarify the origin of the wrong mass ordering, we
examine the flavor symmetry structure of the chiral
Lagrangian with the (3,3) + (3,3) representation. To
understand the interaction structure, we decompose the
second term in Eq. (11) into trace terms using the identity
between the Levi-Civita tensor and Kronecker delta

r r r

5111 5112 5113

Firary il ) 3
8[112138 11213 = det 512 512 512 . (14)

o8 sy

&)

Applying this identity yields

& - —
(3,3)+(3.3)
g’) o—
©
E ----- R - - - - - - e e Fourees
-
N A z =
FIG. 1. Phenomenological mass spectrum for the case with only

(3,3) + (3, 3) representation. In this scenario, there is a single
physical state with one parameter g, and the mass ordering is
My > My = Mg > M.

1,1, (@) (M)A (w )7,

= tw(@irMy ) + w(Figp 1L M) + o(@g)oc(M)tr(y )
— w(M)tue(@iry L) — r(ig)r(My L)
— (@ gM)tr(yL). (15)

The contraction through &; explicitly breaks chiral
symmetry, resulting in each term of Eq. (15) preserving
flavor symmetry while violating chiral symmetry. Notably,
the first two terms can be combined to form the D-type
interaction tr(y{M,w}), where {, } denotes the anticom-
mutator. However, the F-type interaction tr(y[M,y])
is absent when considering only the (3,3)+ (3,3)
representation.

This absence of F-type interactions represents a funda-
mental limitation of the minimal (3,3) + (3,3) model. In
the conventional SU(3) quark model, both D-type and
F-type couplings are essential for properly describing the
baryon mass spectrum and interaction patterns. Therefore,
additional chiral representations must be incorporated to
achieve a complete description comparable to the SU(3)
quark model framework.

B. Adding (8, 1) + (1, 8) representation

Next we introduce the representation y field with the
chiral representation

)(LN(&I)—B’ ZR~(1v8)+3' (16)

Under chiral transformation, they transform similarly to the
y field as

XL = 919, Xk = 9rXROg- (17)
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The components of y field is taken as

() = (B);. (18)

We can then construct the first order Yukawa interactions
between y and y. The Lagrangian at the leading order in M
is

Ly = Ly + htrlp Myg + 7rMy . (19)

We emphasize that, at the first orders in M, there are no
Yukawa interactions that couple y; and yp fields. This is
because the y contains three valence quarks with all left-
handed or right-handed so that Yukawa interactions with y
should include three quark exchanges that flip the chirality
of all three quarks. In other words, since U(1) ,-charges for
XL, Xr» M are =3, 3, and -2 respectively, a U(1),
symmetric term cannot be constructed unless we consider
the cubic orders, M3 or (M")3.

1. Mass hierarchies

Using the VEV of M, the lagrangian can be decomposed
into the form

_ N YN _ o\, [V
'CZZ_(WN )(N)MN( )‘(W): ZZ)MZ< )
XN Xz
_ NS Ve
- (p= J= )ME( ) + (terms for A baryons),
XE

(20)

where My, Ms, Mz, and M, are 2 x 2 mass matrices
given by

.\ ga —ha
My = ,
N (—ha 0 >
. ( qy —ha)
= —ha 0 )’
N —h
iz = ( 9 y),
- —-hy 0
. (4 — —La+2
MA:( 3h( r) =3l 7)>. o)
-2 (a+2y) 0

The strange quark contributions to the X baryons enter
the diagonal components of the mass matrix. The one for E
baryons, which enters the off-diagonal components. The
mass eigenvalues for the ground-state octet members can be
written as

m[N] = m(|gal, |hal),
m[Z] = m(|gyl, |hal),
m[E] = m(|gal, |hyl), (22)

where m(x,y) = /(x/2)* + y* — x/2 is an eigenvalue of

the matrix (;‘ o)

Although the addition of the (8, 1) + (1,8) representa-
tion successfully resolves the mass degeneracy between the
nucleon and = baryon, this model still fails to reproduce the
correct octet baryon mass spectrum [43]. The underlying
issue stems from the parameter hierarchy: since |ga| < |gy]|
and the mass function satisfies d,m(x,y) < 0, the model
predicts m[N]| > m[Z]. The corresponding phenomenologi-
cal mass spectrum of ground state baryons is shown in
Fig. 2 for a certain choice of parameters, g and h. This
prediction contradicts the experimental observation that the
nucleon is lighter than the X baryon. Therefore, despite
resolving the degeneracy problem, this extended model
cannot accurately reproduce the octet baryon masses.

C. (3, 6) + (6, 3) representation

We now discuss the (3,6) + (6, 3) representation in this
subsection. The (3, 6) representation contains the so-called
bad diquark, which is symmetric in flavor space. Although
the color attraction remains, this flavor-symmetric con-
figuration is energetically disfavored compared to the
antisymmetric one. Despite its suppression, the inclusion
of this configuration is essential for a comprehensive
description of baryon properties—particularly for repro-
ducing the axial charge. In the (3,3) representation, the
diquark carries zero spin and isospin, so only the remaining
(spectator) quark contributes to the axial current. In a
simple quark model calculation, this yields

a7 =1 (23)

In contrast, within the (3, 6) representation, the symmetric
diquark allows both quarks to align their spins and isospins
coherently, leading to

9 =2 24

which helps recover the experimental value of the axial
charge, ¢" ~ 1.27.

We introduce the 7 fields correspond to the chiral
representation

nL ~ (3, 6)+1’ MR ~ (6’ 3)—1- (25)

They transform under the chiral transformation as

nL = gunLdk. Nk = 9rNRI,.- (26)
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t 33)+(33) & 8,1+ (1,8
§ J—
= e
N A 5 =

FIG. 2. Phenomenological mass spectrum for the case with
(3, 3)+ (3, 3) and (8, 1) + (1, 8) representation. In this scenario,
with parameters g and # fixed, the predicted mass ordering of the
ground state baryons is mz > mp > my > my.

For clarifying the representations under chiral group, we
explicitly write the superscripts of the # fields as

rll(da,a/})’ rl;eah,a) (27)

where a, b =1, 2, 3 are for SU(3); and a =1, 2, 3 for
SU(3)g. The superscripts of ab and aff are symmetrized to
express 6 representation. The components of the 7 field is

a,q aaq 1 > ’
r](L, p) _ ALﬂ+_(€(xac5£+€/3acéz)(BL)lc‘, (28)

V6

ab,a ' 1 aac ac §a
T’IEQ b.a) _ A%b( +_(€ 52 +€b 5k)(BR)]C<" (29)

V6
with A, B the decuplet and the octet baryons. In this work,
we simply neglect the decuplet states and focus on the octet

baryons. We can then construct the first order Yukawa
interactions between y and # at the leading order of M

Lyy=y [Gabc (l/_/lR)f;(M);’;(ﬂlL)(“’ﬂ) + H.c.

X 6(1/26(1/_/1L)Z(MT)/Z(”IIR)(ubﬁ) + H‘C'} - (30)
and the self-interaction term

Ly = Gl1R) (aba) (M);a;(’hL)(b’aﬂ) +He] (31)

Then the total Lagrangian is

Ly=Li+L,+L (32)

Mself

with the mass matrix for each baryon calculated as

9G¥ — (7 + 2a)
— e +2a)  —4g,(y - 4a) )
i gyt — 72 ta) >
o \-Dr+a) fgMr-a )
B, = (%?W(M—y) —éy(7+2a)) 33)
—§¥(r +20) 97

Here the components of 2 x 2 matrices are for y and 7 fields.
To isolate the contributions from different chiral represen-
tations, we first set the mixing term y = 0. This allows us to
determine the mass spectrum arising purely from each
representation. Figure 3 shows the resulting phenomeno-
logical mass spectrum correspond to the case with only the
(3,6) + (6,3) representation.The ground-state baryons
exhibit the mass ordering mz > my > my > my.

We also note that in this simple model with only y and 5
fields, recovering the correct mass ordering between N, X,
and E requires that the mixing between these two fields
should not be large. To see this, we first express the mass
matrices

; —

N m?  Am; )
M , i=N,2E (34)
Am; m!
These matrix elements
in Eq. (33).
Diagonalization yields the physical ground-state masses

correspond to those given

1
S =3 [t ) = fonf = - mm] (39
with i = N,X,E. Since the 7 field contains flavor-
symmetric bad diquarks, we naturally expect m] > m?.
Combined with the mass hierarchies from the pure y field
(Sec. IIT A) and pure 7 field (Fig. 3), we obtain

mL > mly > ml > m¥ > ml = mk. (36)
Without mixing (Am; = 0), the ground states would simply
be m!. However, nonzero mixing shifts these masses

downward. For small mixing (small y and hence small
Amy;), the ground-state mass can be approximated as

GS. oy — 37
m m _ml.// ( )

The key observation is that the mass shift depends inversely
on the mass gap (m! —m!). From Eq. (36), we have
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N
(3,6) + (6,3)
R
& g
]
S|
APy
N A 2 C
FIG. 3. Phenomenological mass spectrum for the case with only

(3,6) + (6, 3) representation. The predicted mass ordering of the
ground state baryons is mg > my > my > my.

> ml —my > ml —m¥. (38)

=

—m

This hierarchy of mass gaps has important consequences.
Since the X has the smallest gap, it experiences the largest
downward shift from mixing. The nucleon has an inter-
mediate gap and thus an intermediate shift, while the = has
the largest gap and therefore the smallest shift.

Starting from the degenerate masses my = m% in the
pure y case, this differential shifting breaks the degeneracy:
the X mass decreases most rapidly, the nucleon mass
decreases moderately, and the = mass decreases least.
Consequently, for appropriate values of the mixing param-
eter y (and hence Am;), we obtain mz > my. Furthermore,
by adjusting the 7 field couplings (such as g,) to control the
mass gaps m; —m!, we can fine-tune the relative shifts to

achieve the ordering: mg > my > my,.

D. Relation between different mass matrices

In this subsection, we derive model-independent rela-
tions between the traces of different mass matrices that
emerge from the chiral structure of our Lagrangian. These
relations provide important clue on the baryon mass
spectrum.

Using Eq. (33), we calculate the traces of mass matrices
for each baryon species

1
tr(MN) = gl//a + Egna3

1
tr(Ms) = g,v — ggn(4a -7),

1
tr(Mz) = g, + 69;7(47 - a),
1

1
tr(My) = 3 gy(4a—y) + > 97 (39)

where a and y are the VEVs of the meson field given in
Table I. These traces exhibit an important symmetry
property; in the limit of exact SU(3) flavor symmetry
where a = f# =y, all traces become identical: tr(My) =
tr(M,) = tr(Mys) = tr(Mz), as expected from flavor sym-
metry. Also, we can derive a nontrivial relation by
examining the sums of traces. Computing the relevant
combinations

(Ta=1)gy +~(@+1)gy.  (40)

tr(My) + tr(My) = :

W =

w(My) + 6(Mz) = (@ +7)gy +5 (@t g (1)

This leads to the following relation:
4
tr(My) +tr(My) ~te(My) ~tr(Mz) =5 (a=7)g, (42)

The difference between these sums depends only on the
diagonal g,, with g, dependence canceled out completely. It
is also noteworthy that this relation holds even when
incorporating other chiral representations, such as the
(8, 1) + (1, 8) representation, as there are no self-interaction
terms for (8, 1) + (1, 8) representation and they do not
contribute to the diagonal terms. Consequently, at the
leading order of M, Eq. (42) emerges as the most general
expression, applicable to scenarios involving

(1) Only (3,3) + (3.3),

() (3,3)+(3,3) and (3,6) + (6,3),

3) (3,3)+(3,3) +(3,6) + (6,3) and (8,1)+ (1,8)

(All the representations are included).
In all these cases, the form of Eq. (42) holds model
independent manner.

We can verify this relation using experimental ground-
state masses. For the simplest case with only the (3,3) +
(3,3) representation (1 x 1 mass matrices), by using the
VEV in Table I and experimental values

mg's =939 MeV,
mgs = 1193 MeV,

m$S = 1116 MeV,
m3S = 1318 MeV.  (43)

We estimate g, ~ m§S /a = 10.09. We then obtain the left-
hand side of Eq. (42) is

m%S =+ mgs - mgs — mg's = —456 MeV. (44)

while the right-hand side of Eq. (42) is

mG.S
(a—7) % = —457 MeV (45)

Wl

The agreement validates our theoretical framework. The
choice of g, based on the nucleon mass is physically
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motivated since the (3,3) + (3, 3) representation, contain-
ing good diquark configurations, is most directly associated
with the nucleon. Here we determine the value of g, from
the nucleon ground-state is not an aribitrary choice, but
because (3,3) + (3, 3) representation is most directly tied
to the nucleon considering its good diquark configuration.
Although pure (3,3) + (3, 3) representation itself cannot
reproduce the correct mass ordering between N, X and Z,
Eq. (42) is still well-satisfied. For case 2 and case 3, the
trace of the all the mass matrix remain the form in Eq. (39).
The exact value of g, should be obtained in the self-
consistent model to reproduce the baryon mass spectrum.

From Eq. (39), we can derive additional parameter-
independent ratios

u(My) +o(Mz) v

«My) (46)
(M) +te(My) 2 (7
o i) @
w(Mz) —tr(My) 1 (7
B o 1

This should be the general relation for the linear chiral
model which includes all the chiral representations. These
ratios depend only on y/a and from the ground-state input
in Eq. (43), we obtain the ratio the y/a

(46) = g — 1.67, (49)
(47) = g = 1.68, (50)
(48) = g = 1.65. (51)

We can find that the experimentally required value
y/a = 1.66 significantly exceeds the standard estimate
y/a =127/93 = 1.37 based on pion and kaon decay
constants. This 20% discrepancy cannot be attributed to
experimental uncertainties and indicates additional mecha-
nisms such as the explicit chiral symmetry breaking through
bare quark masses, which we introduce in the next section.

IV. SU(3) PARITY DOUBLET STRUCTURE

Considering all the above reasons, in the SU(3) case, we
argue that the models with chiral representation (3,3) +
(3,3) together with (3,6) + (6,3) should be the simplest
and physical motivated model. We introduce the following
fields:

wiL~ (3, 3)+1, ViR ™~ (37 3)_1s
YoL ~ (3, 3)_1, war ~ (3, 3)+1’
M~ (3,6).1, mg ~ (6.3)_1.
mr ~(6,3)_y, Mg ~(3,6) 1. (52)

The fields y; and y, (similarly #; and #,) form chiral
partners with opposite assignments of the chiral represen-
tations—a “‘mirror”’ assignment.

Under chiral transformation, these fields transform as

ViL =~ ngl/ng;e,
Yo — ng/ngZ,

mr — gL’]ngIe,

ViR — QRWIRQZ’
Yor — ng//2Rg;e,

Mmr — 9R’11Rgz,

My — anngL hr = gL”ZRgTR’ (53)

We then construct effective Lagrangian based on
SU(3);, x SU(3)p x U(1), symmetry as

EO ‘Ckm + ‘CCIM + [’dlag + ‘Coft —diag (54)

The kinetic term is

Lyn = tr(@ryiPy ) + (@ giPy )
+ (P iPywor) + tr(WariPwog) (55)

+ (L) (aap) iP (111) @)
+ (1R) (ab.a) iP ()0 (56)
+ (a1 ) (b 1P (121.) P
+ (M2r) (a.0p) PP D (nog) ) (57)

with the covariant derivatives for each field are

— Lok + Wi 2Ry
—iIRWirar + Wiga Ly

Dul//lL,ZR = aleL,ZR
Dﬂl//lR 2L = ayllflR 2L

a.a a.o . b,af
(Dy'llL,ZR)( p) = u’?EL 2/2 l(ﬁ )b'l<1L Z/R)
— i[(R,)36% + B3RS0,

ab.a ab,a) (ab,
(Dyan,ZL)( ba) — y’?ER 5 —i(Ry, )/3’71R2ﬁL
. a a cda
—il(£,)235 + 2L (58)
where the £, and R, represent the external gauge fields

arising from the gauging of the chiral SU(3); x SU(3)x
symmetry. The chiral invariant mass term is expressed as

Lo = m(()l>[tf(l/71Rl//2L) +tr(@1.y2r)]

+m [ (mg) + wlign))  (59)
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The diagonal Yukawa interactions are given by

Liag = 91 [€r1r2r3£1]1213 (V_IIL)[rll (MT)Z (l//m)zr; +H-C-}

_ !
+9 [51112135r1r2r3 (WzL)Irll (M)lrzz (war)r + H-C-] (60)

+9 {(ﬁlR)(ah,a) (M) (1) ) + H.c.}

+ 94 [(ﬁZR)(a.aﬁ) (MY)3 (12, ) “2P) + H-C-} (61)

The interaction between different chiral representations
(off-diagonal) of baryons are

Lott—diag = Y1 [%bc(l/_/m)g(M)Z(’hL)(C’"ﬂ) +H.c.
X €apo (10)5 (MY} (1) ) + Hec
32 e TS ) ) + e, (62
X €ahc(l/_sz)ﬁ(M)g(ﬂzR)(c’aﬂ) + H-C-} (63)

For simplicity, we also define the isospin multiplets as

wn = (W W)
vy = (Ys- Wy, yyr)
Ve = ( E"WE")' (64)

Due to the mixing of different parity states, we define each
baryon field as

Y= (w1imursWarsha)’ . (i=N,AZE), (65)

we can write the mass term as

['mass = - Z li}l‘]{;lz'\'Pi’ (66)

i=N,ALE

the corresponding mass matrix for each baryon is calcu-
lated as

MN(91’92’93’94,)’1’}’2)

_ g1 —\/%yla m(()l) 0 |

—\/%)’10

1
393 0 my

1
mé) 0 —gr \/éyza
2
L0 m(()) \/%)Qa — 3940t

Ms(g1.92+ 93,9451, Y2)

1
gy —dewi(r+2a) m 0
2
_ _%93 (7 —40{) 0 mé ) (68)
—g21 Jzy2(r +20)
%94(7—40‘)
M5(91’92,93’94’)’1,)’2)
[g10 —2zy1(27 +a) my 0
2
_ %93 (47 - a) 0 mé ) (69)
—0a J2y2(2y +a)
L —t9.(4y —a)
MA(91.92. 93 94:¥1:72)
r V1 1
~4(r—da) ~%(r+2a)  mg 0
_ Ly 0 my |
4(r—4a) %(r+2a)
I —%y
(70)

Also, to account for the mass difference between different
baryon chiral representations, it is also necessary to
consider effect of the explicit breaking of the chiral
symmetry. To do that, we have to introduce the bare mass
matrix

M~ (3,3)_,. (71)

with the explicit form as

m, 0 O
M)y=10 my O0]. (72)
0 0 my

Considering the isospin symmetry, we set m, = m,; =
3.5 MeV [52]. From the ratio of the mass of pion and
kaon, we can obtain the value of m,/m, as

2

Mg+ my m_12< —13.6 (73)
my + mg my

where we take the value of m, =135 MeV and

myg = 497 MeV. Then we find

m
— =126.1. 74
. (74

The Lagrangian including the bare mass matrix M share
the similar form to Eq. (60) to Eq. (63)
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L= [€r|r2r3gl|lzls (V—,IL)[']I (MT)IF; (l//lR)lr; +H.c.]

+ gZ |:811/213 ghnrnn (l/_IQL)i’ll (M)g (WZR)ITZ + HCj| (75)
+ 33 {(ﬁlR)(ab,a) (M)Z(’hL)(b'aﬂ) + H-C-}
+ 04 {(’_72R)(u.a/3)(MT)Z(ﬂzL)(ab’ﬁ) + H-C-} (76)
+ 31 [eabc(l/_/lR)ZZ(M)z(ﬂlL)(C'am +H.c.
X €aﬁa(l/_/1L)Z<MT)§<’71R)(abm + H-C-} (77)
+ 5 [e(x/ia(lI_IZR)Z(M+)[ﬁa(772L)(ab'(;) +H.c.
X eanc a0 Jo (M me) ) + Hee | (78)

There are 12 parameters and to simplify the model, we
assume the diagonal coupling g terms and the coupling
between different fields y terms have the following relation

9i = 209i (i=1,2,3.4), (79)

Yi = 21)j, (j =1,2). (80)
The bare quark mass matrix M for explicit chiral symmetry
breaking and the scalar meson field M are introduced to
have the same chiral representation so that the Yukawa
couplings involving M and M should have similar chiral
structures and it is reasonable to assume them are related by
a common proportionality factor.

Then the whole Lagrangian is

L=Ly+ Ly (81)

with 8 parameters to be determined.

V. NUMERICAL ANALYSIS

In this section, we will perform the numerical analysis to
fit for the mass spectra of baryons. We first review about the
Gell-Mann-Okubo mass relation

TABLE II.

A. Brief review of Gell-Mann-Okubo mass relation

The Gell-Mann-Okubo (GMO) mass relation provides
an important guideline to understand the role of SU(3)
breaking of baryons.. To illustrate this, consider a simple
effective Lagrangian with flavor SU(3) symmetry

LV = —attBB — bttBMB — cttBBM, (82)
where B is a 3 X 3 matrix containing the octet baryon fields,
M represents the meson field matrix, and a, b, ¢ are real
coupling constants. It is important to note that while this
Lagrangian respects flavor SU(3) symmetry, it does not
possess the full chiral SU(3), x SU(3); symmetry.

When the meson field acquires a vacuum expectation
value (M) = diag(a, 3,y) with SU(3) breaking as accom-
modated by the mass matrix M in Eq. (71) but with
keeping the isospin symmetry (@ = f3), the octet baryon
masses become

my = a+ ba+ cy,
my = a + ba + ca,

mg = a + by + ca,

2 2
m,\:a+ba—g 7/+ca—; }/.

(83)

Eliminating the parameters a, b, and ¢ from these equations
yields the following relation:

mN+m3_3mA+m2
2 4

(84)

which is called the GMO mass relation for octet baryons.
By eliminating the factor y/a from Egs. (46) to (48), we
obtain an expression identical in form to the GMO relation

tr(My) +tr(Mz)  3tr(My) + tr(My)
2 N 4 ’

(85)

which represents the sum of mass that extends to higher
excited states. The GMO relation holds at the mass matrix
level regardless of which chiral representations are included.

In a naive quark mass counting, the GMO mass relation
is satisfied by assuming M, ~M,;, my~3M,, mg ~
M, +2M;, my ~2M, + Mg, and my ~2M, + M, where
M, (g = u, d, s) are the constituent quark masses. These

Physical inputs and predicted states for the baryon masses belonging to four SU(3)-flavor octets.

Mass inputs for octet members [MeV]

Jr N A ) =
my:1/2% (G.S.) N(939): 939 A(1116): 1116 >(1193): 1193 E(1318): 1318
my:1/2% N(1440): 1440 A(1600): 1600 2(1660): 1660 2(?):
myi1/2- N(1535): 1530 A(1670): 1674 (?): 2(?):
myi1/2- N(1650): 1650 A(?): =(?): 2(?):
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2500 2500
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__ 2000 __ 2000 .
2 > g
S 1750 < 1750 i :L
wn 1]
% 1500 % 1500
= =
1250 _I_ 1250
I T
1000 _I_ 1000 m 2(1950)
N(939) A(1116) 2(1193) =(1318) N(1440) A(1600) 2(1660) =
Baryons Baryons
2500 2500
2250 2250 =i
__ 2000 __ 2000 = =
2 o -
= 1750 = 1750
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© 15001 &% 1500
= =
1250 l 1250 m A(1800)"
e 3(1750)° e 3(1900)~
1600 [ =(2120)° 1000 [ =(2250)°
N(1535) A(1670) )2 = N(1650) N )2 =
Baryons Baryons

FIG. 4. Numerical results for fitting the octet baryon masses with the combination of chiral invariant mass (mél),m(02)) =
(800, 1000) MeV. The red lines show the experimental values with 5m; and the black lines show our numerical results for accumulating

spectra from all parameter set satisfying f;, < 1.

estimates hold for typical constituent quark models. On the
other hand, these quark counting is sufficient but not necessary
conditions; the Gell-Mann—-Okubo mass relation is a weaker
condition than that deduced from the quark counting.

B. Numerical fitting

In this subsection, we numerically fit the model param-
eters to the known light-baryon masses. We determine the
eight coupling constants (g;, 92, 93, g4, Y1, Y25 20-21) DY
minimizing the following error function using the 10 mass
values listed in Table II for a given parameter set of chiral

invariant masses (mél), m(()z)):

110

<mlfitted _ mil_nput> 2
2 Zi=1 5mi

Smin = (86)

where &m; = 0.1 x m{™ represents a 10% theoretical

uncertainty. This uncertainty accounts for higher-order
corrections and model approximations not included in
our leading-order analysis. The coefficient 1/2 follows
the standard definition of normalized y° statistics. As
discussed in the previous section, the chiral invariant
masses must satisfy the hierarchy méz) > m(()l) to ensure
the correct mass ordering between the (3,6) + (6,3) and
(3,3) + (3, 3) representations.

Figure 4 shows the resulting mass spectrum for the case
of (m{", m{’) = (800, 1000) MeV. The red lines indicate
experimental masses and their uncertainties from the
Particle Data Group. The black lines show our theoretical
predictions, compiled from all parameter sets that success-
fully fit the data (f;, < 1). For excited states where

TABLE III.  Physical inputs (marked with *) and predicted states for baryon masses belonging to four SU(3)-flavor octets.

Mass inputs for octet members [MeV]
Jr N A ) o mytm _ 3yt
m;:1/2% (G.S.) N(939): 939* A(1116): 1116* %(1193): 1193* E(1318): 1318* - 6.75 MeV
m,:1/2% N(1440): 1440* A(1600): 1600* 2(1660): 1660* E(1950): 1950 80 MeV
my:1/2” N(1535): 1530* A(1670): 1674* %(1750): 1750 E(2120): 2120 132 MeV
my:1/2” N(1650): 1650* A(1800): 1800 %(1900): 1925 E(2250): 2250 118.75 MeV
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FIG. 5. Parameters determined from fitting the octet

. L )o@
baryon masses with chiral invariant mass (mg’, mg")

(800, 1000) MeV correspond to Fig. 4.

experiments have not yet determined the quantum numbers,
we propose tentative spin-parity assignments based on
mass proximity to observed resonances—these candidate
identifications are marked by colored shaded regions.
Our model shows good agreement with experimental
data across all baryon sectors, and the GMO relation is
satisfied for both the ground and excited states. In the
nucleon sector, both the ground state N(939) and the Roper

resonance N(1440) are well reproduced. The negative-

parity N(1535) appears slightly below its experimental
value, which is consistent with expectations given that this

state likely has meson-baryon molecular structure not

1400 N(939) 1.0 1400 2(1193) 1.0
(1) (2) (1) (2)
TTTT Mg =Mg Tttt Mgt =My
1300 0.9 1300 0.9
1200 / 0.8 1200 0.8
0.7 0.7
1100 1100
— 06 . — 06 .
2 1000 5 3 1000 G
2 05+ Z 0.5 +
e 900 oa’ e 900 oa’
800 T 800 e
0.3 0.3
700 02 700 02
600{ .- o1 600{ . o1
20050 600 650 700 750 8060 850 900 OC 20055 600 630 700 750 800 850 900 O
m¢ [MeV] m¢ [MeV]
1400 =(1318) 1.0 1400 A(1116) 1.0
(1) — n(2) (1) _ ,(2)
=== mg’'=m === mg’'=m
1300 L 0.9 1300 oo 0.9
1200 0.8 1200 0.8
0.7 0.7
1100 1100
— 0.6 . — 0.6
< 1000 5 3 1000 %
Z 05+ = 0.5 +
e 900 NF e 900 NF
& T 04 E T 04"
800 800
0.3 0.3
700 T 02 700 e 02
600, 01 600{ . 01
50 0.0 50 0.0
950 600 650 700 750 800 850 900 50 600 650 700 750 800 850 900
m} [MeV] mg [MeV]

FIG. 6. Numerical results for the (3, 3) + (3, 3) composition of the ground state N(939), £(1193), Z(1318), and A(1116) for different

choices of (mél), méz)

for such combination of (m(()l), m(()2)

min

. The colored region show where we can find a good solution
g g
)’ the fbesl

best
min

< 1 and the region without color indicate that

is larger than 1. The colored values are obtained from 05/1 + c&,z.

036008-12



LINEAR REALIZATION OF AN SU(3) PARITY DOUBLET ...

PHYS. REV. D 113, 036008 (2026)

captured in our approach [53-55]. For the A baryons, the
model accurately reproduces the ground state A(1116), first
positive-parity excitation A(1600) and the first negative-
parity excitation A(1670). Additionally, we predict a
second negative-parity state to have the mass from
1800 MeV to 2500 MeV, which we identify with the
A(1800) resonance observed experimentally. For X sector,
our model successfully describes both the ground state
%(1193) and the first positive-parity excitation X(1660).
We identify two negative-parity states corresponding to the
experimentally observed X(1750) and £(1900) resonances.

The E sector presents unique challenges due to limited
experimental data on excited states. Below 2 GeV, several E
resonances have been observed—E(1530), E(1620),
E(1690), £(1820), and E(1950)—but their quantum num-
bers remain undetermined. Only Z(1530) and E(1820)

1400 N(939) 1.0
(1) _ n(2)
=== mg’'=m

1300 ° ° 0.9

1200 / 0.8

0.7

1100

— 0.6
2 1000 5
= 0.5 +
L 4 04%

800 03

700 /,/’/ 02

600 /,/” 0.1

50 0.0

950 600 650 700 750 800 850 900
m} [MeV]
1400 N(1535) 1.0
(1) (2)
TTTT Mg =Mg

1300 0.9

1200 08

0.7

1100

— 0.6
2 1000 G
Z 0.5 +
&£ 900 o N

800 03

700 0.2

600 0.1

50 0.0

950 600 650 700 750 860 850 900
m¢ [MeV]

have well-established spin assignments of J = 3/2 with
three-star ratings in the PDG [52]. The states £(1620) and
E(1690), whose quantum numbers remain experimentally
undetermined, have been suggested by multiple theoretical
studies to possess negative parity [S6—60]. For positive-parity
excitations, we predict the first J© = 1/2" excited state at
approximately 2000 MeV, which could be assigned as
E(1950). This assignment is consistent with several theo-
retical studies that suggest 2(1950) carries spin-1/2 and
positive parity [57,61]. For negative-parity excitations, based
on our predicted masses, we tentatively assign as Z(2120)
and E(2250), respectively. These predictions provide
valuable guidance for future experimental searches and
spin-parity determinations in the Z spectrum. Table III sum-
marizes our results for the octet baryon spectrum, including
both the input values (marked with ) and the predictions.

1400 N(1440) 1.0
(1) _ n(2)
Tt Mo =mg

1300 0.9

1200 0.8

0.7

1100

— 0.6
2 1000 o5
= 0.5 +
£ 900 04%

800 03

700 /,// 02

600 /,/" 0.1

50 0.0

950 600 650 700 750 800 850 900
m} [MeV]
1400 N(1650) 1.0
(1) (2)
Tttt Mgt =My

1300 0.9

1200 0.8

0.7

1100

— 06
% 1000 S
Z 0.5 +
~NOo ~ -
E 99 0.4 "

800 0.3

7004 0.2

6001 -7 0.1

50 0.0

950 600 650 700 750 800 850 900
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FIG. 7. Numerical results for the (3,3) + (3,3) composition of four nucleon state N(939), N(1440), N(1535), and N(1650) for

different choices of (

indicate that for such combination of (m(()l), méz)), the fbost

m(()l)’ m(()z)

). The colored region show where we can find a good solution f’

min
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Figure 5 shows the determined parameters from our fit.
The Yukawa coupling constants are of order O(1-10),
consistent with our previous two-flavor analysis discussed
in Sec. B. We find that the self-coupling constants g; and g
(corresponding to the y; and 7, fields with (3, 3) and (3, 6)
representations) are nearly vanishing, while g, and g, (for
the mirror fields y, and 7,) take much larger values.
Additionally, the Yukawa couplings y; and y, are relatively
large, indicating significant mixing between different chiral
representations.

We next examine the composition of baryon mass
eigenstates in terms of the different chiral representations.
Each physical baryon state can be expressed as a linear
combination of the basis fields

where the coefficients satisfy the normalization condition
¢ + ¢+ + ci = 1. Figure 6 displays the fraction of
~ ~ . . 2 2
the (3,3) + (3, 3) representation (quantified by c;, + c;,,)
in the ground-state baryons as a function of the chiral
invariant masses (mél), m(()z)). The uncolored regions
correspond to parameter choices where f°%! > 1, indicat-
ing poor fits to the experimental data. First, we find that to
have a good fit (2! < 1) requires both chiral invariant
masses to be sufficiently large. Specifically, m(()l) must
exceed 600 MeV, consistent with constraints from neutron

star observations in the SU(2) parity doublet model

[37,62-68]. Similarly, m(()2> must lie within the range
650-1250 MeV, in agreement with our previous studies.
Second, across all successful parameter regions, the
(3,3) + (3,3) representation consistently dominates the
ground-state composition, with ¢ + c5 > 0.5. This

. 2
dominance becomes even more pronounced as m(()>

increases for fixed m(()l), reflecting the physical expectation

that the bad diquark configurations in the (3,6) + (6, 3)
representation are energetically suppressed.
We also show the y field ratio for different nucleon state

with different choices of (mé”, mf)Z) ) as in Fig. 7. We find
that for the ground state nucleon and its first-excited state
with negative parity N(1535), w fields are dominant. While
for N(1440) (first excited state with positive parity) and
N(1650) (Second excited state with negative parity) are
dominated by the # field. With the increasing of the m(()2>
value, the y field ratio become larger in N(939) and
N(1535) while in N(1440) and N(1650), the y field ratio
become smaller. We have to note that N(939) and N(1535)
are regarded as chiral partners; N(1440) and N(1650) are
chiral partners. The N(939) is the lowest state with positive
parity and N (1535) is the lowest state with negative parity.
For N(939) and N(1535), y field is dominated. Since the
eigenvectors are orthogonal, then the y ratio for N(1440)

and N(1650) is small. This feature applies also to other
baryon species such as A, X, and =.

VI. SUMMARY AND DISCUSSION

In this work, we have developed a linear SU(3), x
SU(3)y parity doublet model that successfully describes
the octet baryon mass spectrum. In the context of SU(2)
chiral symmetry, Ref. [69] proposed a quartet scheme
where A, and N’| with even and odd parity form a chiral
multiplet in the (1.1) @ (3.,1) representation. Using the
mirror assignment, they derived parameter-free mass
relations among the quartet members, which were shown
to be well satisfied by observed resonances with spin
J= %%% Their work demonstrated that chiral symmetry
provides meaningful constraints on excited baryon spectra
and established the theoretical foundation for studying
parity doubling beyond the ground-state nucleon. The
present work extends this approach to the three-flavor
sector.

Through systematic analysis, we demonstrated why
specific chiral representations are necessary for reproduc-
ing the correct baryon mass hierarchy. Starting from the
minimal (3,3) + (3,3) representation alone, we showed
that this leads to unphysical degeneracies in the mass
spectrum. While adding the (8, 1) + (1, 8) representation
resolves these degeneracies, it introduces incorrect mass
orderings. This analysis establishes that the (3, 6) + (6, 3)
representation, despite containing energetically disfavored
bad diquarks, is essential for achieving the correct mass
spectrum—particularly the X-E mass ordering. Our sim-
plified model excludes the (8,1) + (1,8) representation,
reducing the number of parameters while retaining the
essential physics. This choice is motivated by theoretical
considerations: the (8, 1) representation lacks clear diquark-
quark separation and cannot be constructed from standard
SU(6) wave functions (see additional discussion in
Appendix A).

We also incorporated explicit chiral symmetry breaking
through quark mass terms, which was absent in previous
analyses [43,44]. This allows us to properly account for
SU(3) flavor breaking effects and study the interplay
between spontaneous and explicit symmetry breaking.
Our analysis reveals that flavor symmetry breaking from
different meson condensates dominates over explicit chiral
symmetry breaking from quark mass differences.

Our numerical results successfully reproduce the
ground-state octet baryon masses and predict a rich
spectrum of excited states. The model accurately describes
well-established resonances including N(1440), N(1535),
A(1600), A(1670), and 2(1660). For less well-determined
states, particularly in the E sector where experimental data
is limited, we predict the first positive-parity excitation
E(1950) and negative-parity states that we identify with
E(2120), and E(2250).
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The analysis of baryon composition reveals that ground
states are dominated by the (3,3) + (3,3) representation
(typically > 50%), consistent with the physical expectation
that good diquark configurations are energetically favored.
However, the (3,6) 4 (6,3) contribution remains crucial
for generating the correct mass hierarchy and contributes
significantly to excited states.

Finally, we note that our calculation yields axial charge
ga ~ 0.1, significantly smaller than the experimental value
g3" = 1.27. This suppression arises from the substantial
mixing between the original fields and their mirror
partners, required by the large chiral-invariant masses

(m)) > 600 MeV and m{ in the range 650-1250 MeV)
necessary for successful fits. As demonstrated in
Appendix B for the SU(2) parity doublet case, increasing
chiral-invariant masses enhances mixing between chiral
partners, which systematically reduces the axial charge—a
feature that persists in our SU(3) framework. While this
discrepancy appears problematic, it can be resolved by
including higher-order derivative terms that contribute to
the axial charge without affecting the mass spectrum.
These derivative couplings, which we have not included in
this leading-order analysis provide additional contribution
to the axial charge [70,71] while leaving the static baryon
masses unchanged. In Appendix C we also presents the
extended Goldberger-Treiman relation connecting the
axial charges to pion-nucleon couplings in our SU(3)
parity doublet model.

Several important extensions of this work is possible for
future investigation. First, the suppressed axial charge
ga = 0.1 can be remedied by incorporating higher-order
derivative couplings, which contribute to the axial current
without modifying the mass spectrum [70,71]. With
realistic g4 values in hand, a systematic calculation of
meson-baryon coupling constants and decay widths
becomes feasible through the extended Goldberger-
Treiman relation derived in Appendix C. This would
enable quantitative predictions for resonance widths,
particularly for the Roper N(1440) and the hyperon
excited states, providing further tests of our model against
experimental data. Second, a proper treatment of the
meson and 7 meson requires incorporating Ug,(1)
anomaly effects, which would allow us to study the
N*(1535)-N-n coupling and address the strong affinity
of N*(1535) for the #N channel. Third, the connection
between our mirror assignment and the five-quark (pen-
taquark) structure suggests that explicit pentaquark
degrees of freedom might play a role in describing states
with significant meson-baryon molecular components.
Finally, extending the present framework to finite density
and temperature would enable applications to neutron star
matter and heavy-ion collisions, where chiral symmetry
restoration through parity doubling is expected to play a
crucial role.
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APPENDIX A: DECOMPOSITION
OF CHIRAL MULTIPLETS

In this part, we demonstrate that the chiral representa-
tions (3,3), (3,3) correspond to y field and (3, 6), (6, 3)
correspond to # field used in our model naturally emerge
from considering the baryon-meson coupling in the context
of a five-quark state picture. We start by considering the
tensor product

B.He13)PFe(3.3) (A1)
In this expression, [(3,1) @ (1,3)]® denote for the baryon
formed from three valence quarks and the (3,3) is from

representation of the meson field. First, we decompose the
cubic component as

(3. 1) ®(1,3)P
=(10,1)®3(8,1)® (6,.3) ®2(1,1) ®3(3.3)

®2(6,3)®3(3.3)®3(3.6)®(1,8) ®(1,10) (A2)

Next, we compute the tensor products of each component
with (3,3). The results include the following terms

(10,1) ® (3.3) = (15,3) & (6,3),

(8,1) ® (3,3) = (15.3) @ (6.3),

(3.3) ® (3,3) = (6,6) ® (6,3) & (3,6) ® (3.3),
(1,10) ® (3,3) = (3.24) @ (3.6),

(1,1) ® (3.3) = (3.3) (A3)

In such calculations, we can find the (3,3),(3,3) and
(3,6),(6,3),(3,6), (6,3) chiral representations are natu-
rally included from the quark structure consideration,
validating our choice of fields for describing the octet
baryons within the chiral framework.

APPENDIX B: SU(2) PARITY DOUBLET

In the simple SU(2) parity doublet model, the
Lagrangian is given as
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FIG. 8. Ground state nucleon axial charge in SU(2) parity
doublet model.

L = NyigN, — g\N;MN,
+N21¢N2 - gzNzMJer

—mo(N1ysNy — NyysN1) + Lieson (B1)
with the matrix calculated as
N a m
= [ g 07/5] (B2)
—myys G«

This mass matrix can be diagonalized with the mixing
angle

Zm()

tan20 = — 0
(91 + p)a

(B3)

and the corresponding masses of two states are given as

my = % <\/<91 + )% +4mg £ (g — gz)“) (B4)

We can rewrite the mass formula to obtain g;, g, values
from the vacuum inputs with m, =939 MeV and
m_ = 1535 MeV

TABLE IV. Values of coupling constants g;, g,, mixing angle
and corresponding ground state nucleon axial charge g, for
different choices of chiral invariant mass m.

my [MeV] 200 400 600 800
a 16.33 15.79 14.84 13.35
% 9.92 9.38 8.43 6.94
0 4.7° 9.4° 14.5° 20.1°
aa 0.98 0.94 0.87 0.76

na=sp (Von-tm P =amg i -m)). (89

We also obtain its axial charges as

cos 260

_ B6
9 {—sin29y5 (B6)

—sin 20y

—cos 26 }
with (1, 1) component g;* = cos 26 denote for the axial
charge for the ground state nucleon (denote for the axial
charge for the ground state nucleon with some explicit
values listed in Table IV). Also, we can see that the axial
charge from the negative parity nucleon is always the
minus of that of the positive parity nucleon. Since there is
a mixing between two nucleons, the axial charge is
always smaller than unity. Besides, as the increasing of
the my values, the mixing angle become larger and the
corresponding axial charge of nucleon will decrease.

APPENDIX C: EXTENDED
GOLDBERGER-TREIMAN RELATION

It is useful to also see the axial charges which are related
to the one pion Yukawa couplings through the Goldberger-
Treiman relation. The axial coupling are determined by the
chiral representation from the kinetic terms which is
calculated in the matrix form as

ga = U"M,U (C1)

-1 0 0 O
5

5 0 0

1 0

S
I

(€2)

_3
3

where U denotes the eigenvector corresponding to N(939).
Our calculation yields g, ~ 0.1, smaller than the exper-
imental value of g% " = 1.27. This suppression of the axial
charge can be understood from the large chiral-invariant
masses required in our model. As shown in Figs. 6 and 7,
successful fits to the baryon spectrum require both m(()l) and

méz) to be large. These large chiral-invariant masses

generate substantial mixing between the original fields
and their mirror partners, analogous to the case in the
SU(2) parity doublet model. As demonstrated in Fig. 8 for
the SU(2) case, increasing the mixing angle systematically
reduces the axial charge—a feature that persists in our
SU(3) framework.

This discrepancy between theoretical and experimental
axial charges is not a fundamental limitation of the model.
Higher-order derivative terms, which we have not included
in this analysis, can contribute to the axial charge without
affecting the mass spectrum. These derivative couplings
contribute additional momentum-dependent terms to the
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axial current while leaving the static baryon masses unchanged, providing a natural mechanism to reconcile the model with

experimental data in a more complete treatment.

We also obtain the interaction term for nucleons which is calculated from the Lagrangian in the form NC,yyiyszN, with

CIINN 1S

CITN N —

Y1 0 0
Pk 0 0
1 (C3)
—9 —75)’2
- %94 ]

By using matrix M4, the mass matrix of nucleon M and the interaction terms, we find the extended Goldberger-Treiman

relation

1 .
Cony = 2_fﬂ{MA’MN}'

(C4)
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