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In this article, the vector, axial vector, and tensor form factors of Bc → χcJ (J ¼ 0, 1, 2) and Bc → hc are
analyzed within the framework of three-point QCD sum rules. With the calculated vector and axial vector
form factors, we directly study the decay widths and branching ratios of semileptonic decays B−

c →
χcJlν̄l; hclν̄l ðl ¼ e, μ and τ) and analyze the nonleptonic decays B−

c → χcJπ
−; χcJK−; χcJρ−; χcJK�−,

B−
c → hcπ−; hcK−; hcρ−; hcK�− by using the naive factorization approach. These results can provide more

information to understand the properties of Bc meson and P-wave charmonia and to study the heavy quark
dynamics.
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I. INTRODUCTION

Since the Bc meson was first observed by the CDF
Collaboration in 1998 [1], most of theoretical and exper-
imental physicists payed much attention to it for the special
properties. First, as the only quarkonium with mixed heavy
flavor quarks, Bc meson has rich decay channels because
each heavy quark in it can decay individually, and the other
acts as a spectator. Secondly, the mass of Bc meson lies
below the threshold of BD̄; thus, the Bc meson can only
decay via weak interaction. This provides a suitable place
to test the standard model (SM) and find the new physics
beyond the SM. Third, both b and c quarks can annihilate
and provide new kinds of weak decays with sizable partial
decay widths. This pure leptonic or radiative leptonic decay
can be used to extract the decay constant of Bc and the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element Vcb
[2,3]. In addition, the Bc meson includes two different
heavy flavor quarks; the spectroscopy may be different with
the light mesons or the mesons with only one heavy quark.
It offers us a different laboratory to study the strong
interactions. Moreover, it was estimated that the inclusive

production cross sections of Bc meson and its resonance
states at the LHC is at level of 1 μb for

ffiffiffi
s

p ¼ ffiffiffiffiffi
14

p
TeV.

This means that there are about Oð109ÞBc meson can be
anticipated in 1 fb−1 [4]. So, abundant events in the
experiment can provide more information to carry out this
research.
The weak decays of Bc to charmonia including semi-

leptonic and nonleptonic processes are interesting and
valuable. Taking the B−

c meson as an example, its weak
decay processes can be described as a b quark decaying,
while the other c̄ quark plays as a spectator at the quark
level. In the case of semileptonic decays, the decay mode of
b quark is b → clν̄l (l ¼ e, μ, and τ). The final c quark will
combine with the spectator c̄ quark to produce final
charmonium. In the nonleptonic decay processes, the decay
modes of the b quark include b → cūd, cūs, cdc̄, and csc̄.
Except for the final c quark that combines with spectator c̄
quark to produce final charmonium, the rest of the quarks
combine with each other to produce another final meson.
Theoretical investigations about these decay processes are
difficult because quantum chromodynamics (QCD) is
nonperturbative in low energy regions. Therefore, some
nonperturbative methods have been employed to study the
decay processes of Bc to charmonia in recent years, such as
lattice QCD (LQCD) [5,6], QCD sum rules (QCDSR)
[7–11], light-cone QCD sum rules (LCSR) [12–15], per-
turbative QCD (pQCD) [16–19], relativistic quark model
(RQM) [20–22], nonrelativistic quark model (NRQM)
[23], light-front quark model (LFQM) [24–29], nonrela-
tivistic QCD (NRQCD) [30–32], and other methods
[33,34]. With the updated high luminosity of the LHC,
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more experimental measurements of Bc to charmonia will
become feasible in the coming years; this will provide more
information to test various theoretical models.
As one of the most powerful nonperturbative

approaches, the QCD sum rules are widely used in
studying the properties of hadrons such as the masses,
decay constants, light-cone distribution amplitude of
hadrons [35–44], form factors of hadron transition
[45–52], coupling constants of strong interaction [53–
61], and others [62–64]. In our previous work, the scalar,
vector, axial vector, and tensor form factors of Bc to
S-wave charmonia ηc and J=ψ were analyzed in the
framework of three-point QCD sum rules, and the
corresponding semileptonic and nonleptonic decays proc-
esses were studied [11]. As a continuation of our
previous work, we systematically analyze the vector,
axial vector, and tensor form factors of Bc to P-wave
charmonia χcJðJ ¼ 0; 1; 2Þ and hc by using three-point
QCD sum rules in the present work. With these form
factors, we also study the semileptonic decay processes
B−
c → χcJlν̄l; hclν̄l ðl ¼ e, μ and τ) and the nonleptonic

decay processes B−
c → χcJπ

−; χcJK−; χcJρ−; χcJK�−,
B−
c → hcπ−; hcK−; hcρ−; hcK�−. The nonleptonic decays

Bc → χcJD
ð�Þ
ðsÞ and hcD

ð�Þ
ðsÞ are also related to the form

factors in this study. However, other form factors
involved in these decay processes are beyond the scope
of the present work.
This work is organized as follows. After the

Introduction, the form factors of Bc to P-wave charmonia
are analyzed by three-point QCD sum rules in Sec. II.
Based on these form factors, we analyze the corresponding
semileptonic and nonleptonic decay widths and branching
ratios in Sec. III. Section IV is employed to present the
numerical results and discussions, and Sec. V is devoted to
a short summary. Some important figures and formulas are
shown in Appendixes A–C.

II. THREE-POINT QCD SUM RULES FOR
TRANSITION FORM FACTORS

To study the form factors of Bc to P-wave charmonia, we
first write down the following three-point correlation
function:

Πðp; p0Þ ¼ i2
Z

d4xd4yeip
0xeiðp−p0Þy

× h0jTfJXðxÞJ̃ðyÞJþBc
ð0Þgj0i; ð1Þ

where T denotes the time ordered product, and JBc
and JX

(X ¼ χcJ and hc, J ¼ 0, 1, 2) are the interpolating currents
of the Bc meson and P-wave charmonia, respectively. J̃ is
the transition currents. These currents are taken as the
following forms:

JBc
ð0Þ ¼ c̄ð0Þiγ5bð0Þ;

J̃ðyÞ ¼ c̄ðyÞΓbðyÞ;
Jχc0ðxÞ ¼ c̄ðxÞcðxÞ;
Jχc1μ ðxÞ ¼ c̄ðxÞγμγ5cðxÞ;
JhcμνðxÞ ¼ c̄ðxÞσμνcðxÞ;

Jχc2μν ðxÞ ¼ i
2
c̄ðxÞ

�
γμD

↔

ν þ γνD
↔

μ −
1

2
gμν=D

↔
�
cðxÞ; ð2Þ

where Γ ¼ γμ; γμγ5, and σμν or σμνγ5 for vector, axial vector

and tensor form factors, respectively. D
↔

μ ¼ 1
2
ðD⃗μ − D⃖μÞ,

D⃗μ ¼ ∂⃗μ − igstaGa
μ, and D⃖μ ¼ ∂⃖μ þ igstaGa

μ denote the
covariant derivative.
In the framework of QCD sum rules, the correlation

function is calculated at both hadron and quark levels
which are called the phenomenological side and QCD side,
respectively. Combining these two sides by using quark
hadron duality, the sum rules for the form factors are
derived.

A. The phenomenological side

In the phenomenological side, complete sets of hadronic
states with the same quantum numbers as interpolating
currents are inserted in correlation function in Eq. (1).
Performing the integration in coordinate space and using
the double dispersion relation, the correlation function can
be written as the following form [65]:

Πphyðp; p0Þ ¼ h0jJXð0ÞjXðp0ÞihBcðpÞjJþBc
ð0Þj0i

ðp02 −m2
XÞðp2 −m2

Bc
Þ

× hXðp0ÞjJ̃ð0ÞjBcðpÞi þ � � � ; ð3Þ
where the ellipsis represents the contributions of higher
resonances and continuum states. The meson vacuum
matrix elements in the above correlation function are
defined as

h0jJχc0ð0Þjχc0ðp0Þi ¼ fχc0mχc0 ;

h0jJχc1μ ð0Þjχc1ðp0Þi ¼ fχc1mχc1ϵ
χc1
μ ;

h0jJχc1μ ð0Þjηcðp0Þi ¼ ifηcp
0
μ;

h0jJhcμνð0Þjhcðp0Þi ¼ ifhcεμναβϵ
hc
α p0

β;

h0jJhcμνð0ÞjJ=ψðp0Þi ¼ ifJ=ψðp0
μϵ

J=ψ
ν − p0

νϵ
J=ψ
μ Þ;

h0jJχc2μν ð0Þjχc2ðp0Þi ¼ fχc2m
3
χc2ϵ

χc2
μν ;

hBcðpÞjJþBc
ð0Þj0i ¼ fBc

m2
Bc

mb þmc
; ð4Þ

where fχc0 , fχc1 , fηc , fhc , fJ=ψ , fχc2 , and fBc
are the decay

constants of corresponding mesons, ϵχc1μ , ϵhcα , and ϵJ=ψμ are
the polarization vectors of χc1, hc and J=ψ , respectively.
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ϵχc2μν is the polarization tensor of χc2, and εμναβ is the four-
dimensional Levi-Civita tensor. It is noted that the current
of χc1 (JP ¼ 1þ) can couple with the pseudoscalar char-
monium ηc (JP ¼ 0−). The tensor current c̄σμνc which is
selected to interpolate hc (JP ¼ 1þ) can also couple with
J=ψ (JP ¼ 1−). In order to eliminate the contamination of
the redundant coupling, the projection operator should be
induced in the corresponding correlation function which is
discussed in the next sections. The transition matrix
elements in Eq. (3) can be expressed in terms of various
form factors. For the vector and axial vector form factors,
the Bauer-Stech-Wirbel forms are more frequently used and
defined as [66]

hχc0ðp0Þjc̄ð0Þγμγ5bð0ÞjBcðpÞi

¼ FBc→χc0
0 ðq2Þm

2
Bc

−m2
χc0

q2
qμ

þ FBc→χc0
1 ðq2Þ

�
pμ þ p0

μ −
m2

Bc
−m2

χc0

q2
qμ

�
; ð5Þ

hχc1½hc�ðp0Þjc̄ð0Þγμbð0ÞjBcðpÞi
¼−iðmBc

−mχc1½hc�ÞVBc→χc1½hc�
1 ðq2Þϵχc1½hc��μ

þ iVBc→χc1½hc�
2 ðq2Þ ϵχc1½hc�� ·P

mBc
−mχc1½hc�

Pμ

þ2imχc1½hc�½VBc→χc1½hc�
3 ðq2Þ−VBc→χc1½hc�

0 ðq2Þ�ϵ
χc1½hc�� ·P

q2
qμ;

hχc1½hc�ðp0Þjc̄ð0Þγμγ5bð0ÞjBcðpÞi

¼−
ABc→χc1½hc�ðq2Þ
mBc

−mχc1½hc�
εμαβγϵ

χc1½hc��
α Pβqγ; ð6Þ

hχc2ðp0Þjc̄ð0Þγμbð0ÞjBcðpÞi
¼ hBc→χc2ðq2Þεμβρσϵχc2�βλ PλPρqσ;

hχc2ðp0Þjc̄ð0Þγμγ5bð0ÞjBcðpÞi
¼ −ikBc→χc2ðq2Þϵχc2�μβ Pβ − iϵχc2�βλ PβPλ

× ½bBc→χc2þ ðq2ÞPμ þ bBc→χc2− ðq2Þqμ�; ð7Þ

where P ¼ pþ p0 and q ¼ p − p0. F0 and F1 are axial
vector form factors of χc0; the vector form factors of χc0 do
not exist due to the conservation of angular momentum. A
and V0=V1=V2 are axial vector and vector form factors of
χc1 and hc. V3 in Eq. (6) has the following form:

VBc→χc1½hc�
3 ðq2Þ ¼ mBc

−mχc1½hc�
2mχc1½hc�

VBc→χc1½hc�
1 ðq2Þ

−
mBc

þmχc1½hc�
2mχc1½hc�

VBc→χc1½hc�
2 ðq2Þ: ð8Þ

Here, h and k=bþ=b− in Eq. (7) are vector and axial
vector form factors of Bc → χc2. In order to simplify the

calculations of scatter amplitude, the following substitu-
tions are commonly used [25]:

ABc→χc2ðq2Þ ¼ −ðmBc
−mχc2ÞhBc→χc2ðq2Þ;

VBc→χc2
1 ðq2Þ ¼ −

kBc→χc2ðq2Þ
mBc

−mχc2

;

VBc→χc2
2 ðq2Þ ¼ ðmBc

− mχc2ÞbBc→χc2þ ðq2Þ;
VBc→χc2
0 ðq2Þ ¼ mBc

− mχc2

2mχc2

VBc→χc2
1 ðq2Þ

−
mBc

þ mχc2

2mχc2

VBc→χc2
2 ðq2Þ

−
q2

2mχc2

bBc→χc2− ðq2Þ: ð9Þ

The tensor form factors of Bc → χcJ and hc are defined as
follows [67]:

hχc0ðp0Þjc̄ð0Þσμνbð0ÞjBcðpÞi ¼ −
TBc→χc0ðq2Þ
mBc

−mχc0

εμναβpαp0β;

ð10Þ

hχc1½hc�ðp0Þjc̄ð0Þσμνγ5bð0ÞjBcðpÞi

¼ −TBc→χc1½hc�
0 ðq2Þ ϵχc1½hc�� · q

ðmBc
−mχc1½hc�Þ2

εμναβpαp0β

þ TBc→χc1½hc�
1 ðq2Þεμναβpαϵ

χc1½hc��
β

þ TBc→χc1½hc�
2 ðq2Þεμναβp0

αϵ
χc1½hc��
β ; ð11Þ

hχc2ðp0Þjc̄ð0Þσμνbð0ÞjBcðpÞi

¼ qτ

mBc

�
TBc→χc2
0 ðq2Þ ϵχc2�ρτ qρ

ðmBc
−mχc2Þ2

εμνχδpχp0δ

þTBc→χc2
1 ðq2Þεμνχδϵχc2�χτ pδ þ TBc→χc2

2 ðq2Þεμνχδϵχc2�χτ p0
δ

�
;

ð12Þ

where T and T0=T1=T2 are tensor form factors of χc0
and χc1=χc2=hc.
From these above equations, the correlation functions in

the phenomenological side can be obtained and expanded
into different tensor structures. In principle, each structure
can be used to carry out the calculations of form factors and
will lead to the same results. However, the final results
obtained by different structures have different uncertainties
because of the truncation of the operator product expansion
(OPE) in the QCD side and different contributions of higher
resonances and continuum states [68]. In this article, we
adopt the traditional way to choose the appropriate struc-
ture, where the pole contributions should be large than
50%, and the stability of Borel window should be satisfied.
The details are discussed in the next sections.
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B. The QCD side

In the QCD side, we perform the OPE of correlation function by contracting all of the quark fields operator with Wick’s
theorem. After this step, the correlation functions of all processes in the QCD side are expressed as follows:

Πχc0QCD
μ ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞCmnðx − yÞγμγ5BnkðyÞγ5�;

Πχc0QCD
μν ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞCmnðx − yÞσμνBnkðyÞγ5�; ð13Þ

Πχc1QCD
1μν ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞγμγ5Cmnðx − yÞγνBnkðyÞγ5�;

Πχc1QCD
2μν ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞγμγ5Cmnðx − yÞγνγ5BnkðyÞγ5�;

Πχc1QCD
μνσ ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞγμγ5Cmnðx − yÞσνσγ5BnkðyÞγ5�; ð14Þ

ΠhcQCD
1μνσ ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞσμνCmnðx − yÞγσBnkðyÞγ5�;

ΠhcQCD
2μνσ ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞσμνCmnðx − yÞγσγ5BnkðyÞγ5�;

ΠhcQCD
μναβ ðp; p0Þ ¼ −i

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞσμνCmnðx − yÞσαβγ5BnkðyÞγ5�; ð15Þ

Πχc2QCD
1μνσ ðp; p0Þ ¼

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞΓμνCmnðx − yÞγσBnkðyÞγ5�;

Πχc2QCD
2μνσ ðp; p0Þ ¼

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞΓμνCmnðx − yÞγσγ5BnkðyÞγ5�;

Πχc2QCD
μναβ ðp; p0Þ ¼

Z
d4xd4yeip

0xeiðp−p0ÞyTr½Ckmð−xÞΓμνCmnðx − yÞσαβBnkðyÞγ5�; ð16Þ

where Γμν ¼ 1
2
ðγμD

↔

ν þ γνD
↔

μ − 1
2
gμν=D

↔
Þ, andCijðxÞ and BijðxÞ are the full propagator of c and b quarks. They can uniformly

be represented as the following forms [69]:

QijðxÞ ¼ i
ð2πÞ4

Z
d4ke−ik·x

�
δij

=k −mQ
−
gsGn

αβt
n
ij

4

σαβð=kþmQÞ þ ð=kþmQÞσαβ
ðk2 −m2

QÞ2

−
g2sðtatbÞijGa

αβG
b
μνðfαβμν þ fαμβν þ fαμνβÞ
4ðk2 −m2

QÞ5
þ � � �

�
: ð17Þ

Here,Q denotes C or B, tn ¼ λn

2
, λnðn ¼ 1;…; 8Þ are the Gell-Mann matrices, i and j are color indices, σαβ ¼ i

2
½γα; γβ�, and

fαβμν have the following form:

fαβμν ¼ ð=kþmQÞγαð=kþmQÞγβð=kþmQÞγμð=kþmQÞγνð=kþmQÞ: ð18Þ

Substituting with the full propagator in Eqs. (13)–(16), the correlation functions in the QCD side can also be expanded in
different tensor structures,

Πχc0QCD
μ ðp; p0Þ ¼ Πχc0QCD

1 pμ þ Πχc0QCD
2 p0

μ;

Πχc0QCD
μν ðp; p0Þ ¼ Πχc0QCD

3 εμναβpαp0β; ð19Þ
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Π̃χc1QCD
1λν ðp; p0Þ ¼

�
gλμ −

p0
λp

0
μ

p02

�
Πχc1QCD

1μν ðp; p0Þ;

¼ Πχc1QCD
1 gλν þ Πχc1QCD

2 pλpν þ Πχc1QCD
3 pλp0

ν þ � � � ;

Π̃χc1QCD
2λν ðp; p0Þ ¼

�
gλμ −

p0
λp

0
μ

p02

�
Πχc1QCD

2μν ðp; p0Þ;

¼ Πχc1QCD
4 ελναβpαp0β;

Π̃χc1QCD
λνσ ðp; p0Þ ¼

�
gλμ −

p0
λp

0
μ

p02

�
Πχc1QCD

μνσ ðp; p0Þ;

¼ Πχc1QCD
5 ελνσαpα þ Πχc1QCD

6 ελνσαp0α þ Πχc1QCD
7 pλενσαβpαp0β þ � � � ; ð20Þ

Π̃hcQCD
1λχσ ðp; p0Þ ¼

�
gλμ −

p0
λp

0
μ

p02

��
gχν −

p0
χp0

ν

p02

�
ΠhcQCD

1μνσ ðp; p0Þ;

¼ ΠhcQCD
1 ελσχαpα þ ΠhcQCD

2 pσελχαβpαp0β þ ΠhcQCD
3 p0

σελχαβpαp0β þ � � � ;

Π̃hcQCD
2λχσ ðp; p0Þ ¼

�
gλμ −

p0
λp

0
μ

p02

��
gχν −

p0
χp0

ν

p02

�
ΠhcQCD

2μνσ ðp; p0Þ;

¼ ΠhcQCD
4 pλgσχ þ � � � ;

Π̄hcQCD
αχ ðp; p0Þ ¼ gλβ

�
gλμ −

p0
λp

0
μ

p02

��
gχν −

p0
χp0

ν

p02

�
ΠhcQCD

μναβ ðp; p0Þ;

¼ ΠhcQCD
5 gαχ þ ΠhcQCD

6 pαpχ þ ΠhcQCD
7 p0

αpχ þ � � � ; ð21Þ

Πχc2QCD
1μνσ ðp; p0Þ ¼ Πχc2QCD

1 pμεσναβpαp0β;

Πχc2QCD
2μνσ ðp; p0Þ ¼ Πχc2QCD

2 pμgνσ þ Πχc2QCD
3 pμpνpσ þ Πχc2QCD

4 p0
μp0

νp0
σ;

Πχc2QCD
μναβ ðp; p0Þ ¼ Πχc2QCD

5 gμνεαβχλpχp0λ þ Πχc2QCD
6 pμεναβλpλ þ Πχc2QCD

7 pμεναβλp0λ þ � � � : ð22Þ

The projection operator ðgλμ − p0
λp

0
μ

p02 Þ in Eq. (20) is introduced to eliminate the coupling of axial vector current c̄γμγ5c with

pseudoscalar charmonium ηc, and ðgλμ − p0
λp

0
μ

p02 Þðgχν − p0
χp0

ν

p02 Þ in Eq. (21) is to eliminate the coupling of tensor current c̄σμνc

with vector charmonium J=ψ . ΠQCD
i in the right side of the above equations are named as the scalar invariant amplitude and

can be divided into perturbative and nonperturbative parts,

ΠQCD
i ðp; p0Þ ¼ Πpert

i ðp; p0Þ þ Πnon−pert
i ðp; p0Þ; ð23Þ

where the nonperturbative part includes the two gluon condensate hg2sGGi, three gluon condensate g3shfGGGi, and higher
dimension condensate terms. In our previous work [11,52], the contribution of the three gluon condensate is small, about
one-tenth that of the two gluon condensate. The higher dimension terms such as the four gluon condensate are very small
and further suppressed byOðα2sÞ ðαs ¼ g2s=4πÞ, so can be safely neglected in our calculations. Thus, we only reserve the two
gluon condensate term as the nonperturbative contribution in our calculations. The scalar invariant amplitude can be written
as the following form according to the double dispersion relation:

ΠQCD
i ðp; p0Þ ¼

Z∞
s1

ds
Z∞
u1

du
ρQCDi ðs; u; q2Þ

ðs − p2Þðu − p02Þ ; ð24Þ
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where ρQCDðs; u; q2Þ is the QCD spectral density and can
be expressed as

ρQCDi ðs; u; q2Þ ¼ ρpertðs; u; q2Þ þ ρhg2sGGiðs; u; q2Þ; ð25Þ

with s ¼ p2, u ¼ p02, and q ¼ p − p0. s1 and u1 in Eq. (24)
are the kinematic limits for the Bc meson and P-wave
charmonium, and they are taken as ðmb þmcÞ2 and 4m2

c,
respectively.
The QCD spectral density of the perturbative part and

two gluon condensate can be obtained by using
Cutkoskys’s rules [45,47]; the calculation details can be
found in Ref. [11]. The corresponding Feynman diagrams
are shown in Fig. 1. We take the change of variables
p2 → −P2, p02 → −P02, and q2 → −Q2 and perform dou-
ble Borel transforms [70] for the variables P2 and P02 to
both phenomenological and QCD sides. The variables P2

and P02 will be replaced by Borel parameters T2
1 and T2

2,
respectively. For simplicity, the relations T2 ¼ T2

1 and T
2
2 ¼

kT2
1 ¼ kT2 are usually used to reduce the two Borel

parameters, where k ¼ m2
X=m

2
Bc

[53], and X denotes the

P-wave charmonium. The plausibility for this reduction is
discussed in the next section. After matching the phenom-
enological and QCD sides by using quark-hadron duality
condition, the QCD sum rules for the form factors are
obtained. Taking the axial vector form factors for Bc → χc0
as an example, these form factors can be obtained by

combining two invariant amplitudes Πχc0QCD
1 and Πχc0QCD

2

in Eq. (19) and have the following forms:

F0ðQ2Þ ¼ −
1

2XY
e

m2
Bc
T2
1

þm2
X

T2
2

×
Zs0
s1

Zu0
u1

dsdu½ðX þ 1Þρχc0QCD1 ðs; u;Q2Þ

þ ðX − 1Þρχc0QCD2 ðs; u;Q2Þ�e−
s
T2
1

− u
T2
2 ;

F1ðQ2Þ ¼ −
1

2Y
e

m2
Bc
T2
1

þm2
X

T2
2

×
Zs0
s1

Zu0
u1

dsdu½ρχc0QCD1 ðs; u;Q2Þ

þ ρχc0QCD2 ðs; u;Q2Þ�e−
s
T2
1

− u
T2
2 ; ð26Þ

where

X ¼ −
m2

Bc
−m2

χc0

Q2
;

Y ¼ fχc0fBc
mχc0m

2
Bc

mb þmc
: ð27Þ

In Eq. (26), s0 and u0 are the threshold parameters which
are introduced to eliminate the contributions of higher
resonances and continuum states. They usually fulfill the
relations s0 ¼ ðmBc

þ δÞ2 and u0 ¼ ðmX þ δÞ2, where δ is
the mass gap between the ground and first excited states
and is commonly taken as the value of 0.4–0.6 GeV [53].
For the full heavy quark system, the quark condensate

does not exist, and major nonperturabative contributions
are gluon condensates. In addition, the next-to-leading
order correction for the perturbative contribution is also
important for the accuracy of final results. However, the
rigorous calculation for the loop diagrams in three-point
QCD sum rules is difficult. The Coulomb-like αs=v
correlation is proposed to ameliorate this problem [8],
and it is illustrated in Fig. 2. In a nonrelativistic approxi-
mation, this correction will contribute a renormalization
coefficient for the spectral density of the perturbative part,

FIG. 1. The Feynman diagrams for the perturbative part (a) and
gluon condensate (b)–(g), where the blue and red solid lines
denote the b and c quark lines, respectively. The black loop lines
are the gluon lines.

FIG. 2. The Feynman diagram for the Coulomb-like interac-
tion.
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ρpertc ðs; u;Q2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παCs
3v1

�
1 − exp

�
−
4παCs
3v1

��−1s

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παCs
3v2

�
1 − exp

�
−
4παCs
3v2

��−1s

× ρpertðs; u;Q2Þ; ð28Þ

where αCs ≈ αsðμÞ, and v1 and v2 are the relative velocities
of heavy quarks in the Bc meson and P-wave charmonia
and can be expressed as,

v1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4mbmc

s − ðmb −mcÞ2
s

;

v2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
c

u
:

r
ð29Þ

In this study, we take into account the contribution of this
correction and briefly discuss its impact on the results.

III. WEAK DECAY OF Bc TO
P-WAVE CHARMONIA

This section is devoted to analyzing the semileptonic and
nonleptonic decay processes of the Bc meson by using the
vector and axial vector form factors obtained in the
previous section.

A. Semileptonic decay

The semileptonic decay Bc → Xlνl ðl ¼ e, μ and τ) can
be described by the following effective Hamiltonian:

Heff ¼
GFffiffiffi
2

p
X

l¼e;μ;τ

Vcbcγμð1 − γ5Þbν̄lγμð1 − γ5Þl; ð30Þ

where GF ¼ 1.16637 × 10−5 GeV−2 is the Fermi constant,
and Vcb is CKM matrix element. The transition matrix
element can be written as

T ¼ hXðp0ÞlðlÞv̄lðvÞjHeff jBcðpÞi;

¼ GFffiffiffi
2

p VcbhXðp0Þjc̄γμð1 − γ5ÞbjBcðpÞi

× hlðlÞv̄lðvÞjν̄lγμð1 − γ5Þlj0i: ð31Þ
In the above equation, theBc → X transition matrix element
can be represented as thevector and axial vector form factors.
The leptonic matrix element can be formulated as the
following form by using perturbative field theory approach:

hlðlÞv̄lðvÞjν̄lγμð1 − γ5Þlj0i ¼ ūv;sγμð1 − γ5Þu−l;s0 ; ð32Þ
whereuv;s and u−l;s0 are the spinorwave functions of νl and l,
and the subscripts vðlÞ and sðs0Þ denote the four momentum
and spin of corresponding particles.

B. Nonleptonic decay

The nonleptonic decays are Bc → XP and Bc → XV,
where X represent the P-wave charmonia χcJ (J ¼ 0, 1, 2)
and hc, P denotes the light pseudoscalar meson π or K, and
V denotes the light vector meson ρ or K� that can be
uniformly described by the following effective
Hamiltonian:

Heff ¼
GFffiffiffi
2

p
X
q¼d;s

VcbV�
uqa1cγμð1 − γ5Þbūγμð1 − γ5Þq; ð33Þ

where Vcb and Vuq are CKMmatrix elements, and a1 is the
Wilson coefficient. The transition matrix for these decay
processes can be expressed as the following form by using
the naive factorization approach (NFA) [71,72],

T ¼ hXðp0ÞP½V�ðqÞjHeff jBcðpÞi;

¼ GFffiffiffi
2

p VcbV�
uqa1hXðp0Þjc̄γμð1 − γ5ÞbjBcðpÞi

× hP½V�ðqÞjūγμð1 − γ5Þqj0i: ð34Þ

The meson vacuum matrix elements can be defined as the
following forms:

hPðqÞjūγμð1 − γ5Þqj0i ¼ −ifPqμ;

hVðqÞjūγμð1 − γ5Þqj0i ¼ fVmVϵ
�
μ; ð35Þ

where fP and fV are the decay constants of pseudoscalar
and vector meson, and ϵμ is the polarization vector of
vector meson.

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Numerical results of form factors

As important input parameters, the heavy quark masses
are energy scale dependent, which can be expressed as the
following renormalization group equation (RGE):

mQðμÞ ¼ mQðmQÞ
�
αsðμÞ
αsðmQÞ

� 12
33−2Nf ;

αsðμÞ ¼
1

b0t

�
1 −

b1
b20

log t
t

þ b21ðlog2t − log t − 1Þ þ b0b2
b40t

2

�
; ð36Þ

where t ¼ logð μ2

Λ2
QCD

Þ, b0 ¼ 33−2Nf

12π , b1 ¼ 153−19Nf

24π2
, and

b2 ¼ 2857−5033
9
Nfþ325

27
N2

f

128π3
. ΛQCD ¼ 213 MeV for the flavors

Nf ¼ 5 in this work [73]. The MS masses of c and b
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quarks are taken from the Particle Date Group [73], where
mcðmcÞ ¼ 1.275� 0.025 GeV, and mbðmbÞ ¼ 4.18�
0.03 GeV. Based on our previous work [44], the energy
scale μ ¼ 2 GeVworks well in the Bc meson system. Thus,
this value is still employed in the present work. The energy
scale dependence of the form factors is shown below. The
other parameters like masses, decay constants of the
Bc meson and P-wave charmonia, and the standard value
of vacuum condensate parameters are all listed in Table I.
We first discuss how the numerical results of form factors

are obtained. From Eq. (26), the form factors depend on
some input parameters such as the Borel parameters T2

1 and
T2
2, the continuum threshold parameters s0 and u0, and the

square momentumQ2. To analyze the corresponding decay
processes of Bc to charmonia, the values of the form factors
in timelike regions (Q2 ¼ −q2 < 0) need to be obtained.
However, the calculations of three-point QCD sum rules are
carried out in spacelike regions (Q2 > 0) or Q2 ¼ 0,
because of the geometric constraints in Delta function
integrals. Therefore, we uniformly get the values of form
factors in spacelike regions in this work and extrapolating
them into timelike regions.
To obtain reliable sum rule results, two conditions should

be satisfied, which are the pole dominance and convergence
of OPE. The pole contribution is defined as [47]

PC ¼
R
s0
s1
ds

R
u0
u1

duρQCDðs; u;Q2Þe−
s
T2
1

− u
T2
2R

∞
s1
ds

R
∞
u1
duρQCDðs; u;Q2Þe−

s
T2
1

− u
T2
2

: ð37Þ

The condition of pole dominance requires PC > 50%.
An appropriate work region of Borel parameters should be
selected to determine the values of form factors, where the
final results are less dependent on the Borel parameters, and
at the same time the condition of pole dominance is also
satisfied. This work region is commonly named as “Borel
platform.” Taking the axial vector form factors of Bc → χc0
as an example, by fixing Q2 ¼ 1 GeV2 in Eq. (26), we plot
the color figure of form factors F0 and F1 with variation of
Borel parameters T2

1 and T
2
2 which are shown in Fig. 3. The

ranges of T2
1 and T2

2 are taken as 2–18 GeV2 and
1–7 GeV2, respectively. From these figures, one can find
that the form factors will decrease as the Borel parameters

increase and tend to stabilize. Meantime, the pole contri-
bution will also decrease as the Borel parameters increase.
By considering the conditions of pole dominance, the Borel
platforms are determined and enclosed by the dashed
contours in Fig. 3. The pole contribution in this region
is about 75%–55%. It also can be found that the Borel
parameters T2

1 and T2
2 approximately satisfy the relation

T2
2=T

2
1 ≈m2

χc0=m
2
Bc

≈ 0.3 in this region. Thus, the relation
T2
2 ¼ kT2

1 ¼ kT2 mentioned above is feasible to reduce the
double Borel parameters in our analysis.
According to RGE in Eq. (36), the masses of the heavy

quarks will change with the energy scale, which will affect
the results of the dispersion integral in sum rules, which in
turn will change the position of the Borel platform and the
values of the form factors. Taking axial vector form factors
F0 and F1 of Bc → χc0 as an example, we get the values of
the form factors inQ2 ¼ 1 GeV2 in different energy scales,
which are shown in Fig. 4. From these figures, one can find
that the form factors increase with the increase of the
energy scale, where the range of the scale energy is 1.5–
3.5 GeV. In principle, if we only consider the leading order
contribution, a suitable energy scale cannot be obtained.
We need to consider the higher order corrections to reduce
the energy scale dependence of the results. Although, we
consider the Coulomb-like αs=v correction in our analysis.
However, the energy scale dependence of the results seem

TABLE I. Input parameters (IP) used to calculate the form
factors.

IP Values (GeV) IP Values

mBc
6.274 [73] fχc0 0.343 GeV [74]

mχc0 3.414 [73] fχc1 0.338 GeV [74]
mχc1 3.511 [73] fhc 0.235 GeV [75]
mhc 3.525 [73] fχc2 0.0111� 0.0062 [76]
mχc2 3.556 [73] hg2sGGi 0.88� 0.15 GeV4 [77–79]
fBc

0.371� 0.037 [44]

FIG. 3. F0 (a) and F1 (b) in Q2 ¼ 1 GeV2 as functions of the
Borel parameters T2

1 and T2
2, where T2

1 and T2
2 are taken as free

parameters. The larger the form factors are, the darker the color is.
The 2D Borel platforms are enclosed by the dashed contours (the
pole contribution in this region is about 75%–55%).

FIG. 4. The form factors F0 (a) and F1 (b) in Q2 ¼ 1 GeV2

with variation of energy scale μ.
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to not be significantly weakened. Therefore, we can only
determine the energy scale according to phenomenological
considerations. In Ref. [44], we analyzed the mass and
decay constant of the Bc meson in two-point QCD sum
rules by considering the next-to-leading order contribution,
and we got a suitable energy scale μ ¼ 2 GeV for the Bc
meson. In this study, we continue to use this energy scale to
obtain the form factors and compare them with other
theoretical models.
Taking Q2 ¼ 1 GeV2, the Borel parameters are deter-

mined, and the Borel platform is chosen after repeated trial
and contrast. The Borel platforms for all form factors are

shown in Figs. 10 and 11 in Appendix A. From Figs. 10 and
11,we can see that the nonperturative contribution is tiny, and
the convergence ofOPE is also satisfied. The Borel platform,
pole contributions in the Borel platform, and values of form
factors in Q2 ¼ 1 GeV2 are listed in Table II.
It is noted that after considering the Coulomb-like

correction, the values of the form factors are about three
times of that without a Coulomb-like correction. From
Eq. (28), we can find that the Coulomb-like term relies on a
strong coupling constant αCs . Doing the power series
expansion on αCs of the Coulomb-like term in Eq. (28),
we can obtain the following relation:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παCs
3v1

�
1 − exp

�
−
4παCs
3v1

��−1s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παCs
3v2

�
1 − exp

�
−
4παCs
3v2

��−1s
¼ 1þ αCs

�
π

3v1
þ π

3v2

�
þ ðαCs Þ2

�
π2

54

�
1

v1

�
2

þ π2

9

1

v1v2

þ π2

54

�
1

v2

�
2
�
þO½ðαCs Þ3� þ � � � : ð38Þ

According to this equation, we can obtain the ratios among
the perturbative contribution, leading order Coulomb-like
correction (αCs ), next-to-leading order Coulomb-like cor-
rection [ðαCs Þ2], and the higher order contributions
[ðαCs Þnðn > 2Þ] for all form factors inQ2 ¼ 1 GeV2, where
the total Coulomb-like contributions are taken as 1 (see
Table III). From Table. III, the contribution of the leading
order Coulomb-like corrections for all form factors are
about 1–1.5 times as large as that of perturbative term, and
the Coulomb-like corrections decrease quickly with in-
crease of orders of αCs . The final results are convergent for
the power expansion of αCs .
Taking different values of Q2, the form factors in space-

like regions (Q2 > 0) can be obtained, where the range of
Q2 is taken as 1–5 GeV2, uniformly. The values of form
factors in timelike regions are obtained by fitting the results
in spacelike regions with appropriate functions and by
extrapolating these results into the time-like regions. The z
series parametrization approach was proposed in Ref. [80]
and was widely employed to fit different form factors
[14,49,81–83]. With this method, the form factors can be
expanded as the following series:

FðQ2Þ ¼ 1

1þQ2=m2
R

×
XN−1

k¼0

bk

�
zðQ2; t0Þk − ð−1Þk−N k

N
zðQ2; t0ÞN

�
;

ð39Þ

wheremR is the mass of low-lying Bc resonance [14] which
is taken as 6.75 GeV in the present work. bk is the fitting
parameter, and the function zðQ2; t0Þ is taken as the
following form:

TABLE II. The Borel platform (BP), pole contributions (PC),
and values of form factors (FF) in Q2 ¼ 1 GeV2 for different
decay modes.

Mode FF BP (GeV2) PC (%) F Fa

Bc → χc0 F0 15–17 64–58 0.30þ0.02
−0.04 0.84þ0.06

−0.08
F1 15–17 63–57 0.28þ0.02

−0.03 0.78þ0.06
−0.07

T 18–20 73–69 0.35þ0.03
−0.04 0.99þ0.07

−0.08
Bc → χc1 A 19–21 71–67 0.19þ0.02

−0.02 0.53þ0.04
−0.04

V0 23–25 79–76 0.060þ0.013
−0.012 0.15þ0.03

−0.03
V1 18–20 64–59 0.51þ0.05

−0.06 1.42þ0.11
−0.13

V2 20–22 64–59 0.088þ0.005
−0.007 0.26þ0.01

−0.02
T0 19–21 76–72 0.087þ0.006

−0.008 0.25þ0.02
−0.02

T1 17–19 54–50 −0.44þ0.05
−0.05 −1.23þ0.11

−0.13
T2 15–17 55–50 1.23þ0.12

−0.15 3.48þ0.31
−0.34

Bc → hc A 9–11 55–46 0.075þ0.010
−0.011 0.19þ0.03

−0.02
V0 13–15 67–61 0.80þ0.07

−0.07 2.30þ0.16
−0.18

V1 13–5 61–56 2.46þ0.23
−0.26 7.05þ0.56

0.65
V2 9–11 57–50 0.16þ0.02

−0.02 0.46þ0.05
−0.06

T0 16–18 90–87 0.16þ0.01
−0.02 0.45þ0.03

−0.03
T1 13–15 77–72 −0.039þ0.001

−0.002 −0.13þ0.01
−0.01

T2 13–15 84–78 0.49þ0.02
−0.02 1.48þ0.04

−0.05
Bc → χc2 h 18–20 70–65 0.031þ0.003

−0.003 0.089þ0.005
−0.007

k 13–15 76–69 1.91þ0.14
−0.17 5.40þ0.34

−0.30
bþ 13–15 64–55 −0.0099þ0.0001

−0.0005 −0.031þ0.001
−0.001

b− 13–15 66–57 0.011þ0.001
−0.001 0.034þ0.002

−0.001
T0 15–17 66–53 −0.085þ0.007

−0.010 −0.22þ0.01
−0.03

T1 13–15 66–58 0.026þ0.002
−0.002 0.085þ0.006

−0.007
T2 17–19 81–76 2.00þ0.17

−0.18 5.63þ0.37
−0.43

aIt denotes the results with Coulomb-like correction.

SYSTEMATIC ANALYSIS OF THE FORM FACTORS OF … PHYS. REV. D 111, 114037 (2025)

114037-9



zðQ2; t0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ þQ2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ þQ2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð40Þ

where t� ¼ ðmBc �mXÞ2, and t0 ¼ tþ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþðtþ − t−Þ

p
[14,83]. The z series are truncated at N ¼ 3 in our
calculation, and the values of fitting parameters bk for
all form factors are listed in Table IV. The fitting diagrams
of these form factors are shown in Figs. 5–8.

The values of form factors at Q2 ¼ 0 are shown in
Table V. As a contrast, the results of other collaborations are
also shown in this table. One can find that the form factors
with Coulomb-like correction are about three times that of
no Coulomb-like correction. For the axial vector form

(a) (b)

FIG. 5. Fitting results of form factors for Bc → χc0 without
considering Coulomb-like correction (a) and considering Cou-
lomb-like correction (b).

TABLE IV. Fitting parameters of different form factors (FF) in
z series expand approach. b�k denotes the fitting parameters with
Coulomb-like correction.

Mode FF b0 b1 b2 b�0 b�1 b�2
Bc → χc0 F0 0.25 4.3 −53 0.70 14 −200

F1 0.35 −5.2 34 0.99 −14 75
T 0.43 −6.2 43 1.24 −17 97

Bc → χc1 A 0.23 −3.3 24 0.65 −8.8 48
V0 0.073 −0.94 4.2 0.19 −2.7 14
V1 0.42 9.0 −96 1.2 26 −310
V2 0.098 −0.71 2.9 0.29 −2.1 2.4
T0 0.11 −2.0 17 0.32 −5.7 47
T1 −0.55 8.9 −65 −1.6 26 −190
T2 1.5 −18 101 4.2 −55 320

Bc → hc A 0.099 −1.9 14 0.26 −5.2 37
V0 1.0 −16 110 2.9 −48 330
V1 2.9 −36 200 8.6 −120 750
V2 0.20 −3.5 22 0.61 −13 96
T0 0.21 −4.2 38 0.60 −12 110
T1 −0.044 0.26 7.7 −0.18 3.9 −37
T2 0.69 −16 130 2.1 −51 420

Bc → χc2 h 0.041 −0.80 6.6 0.12 −2.4 24
k 2.3 −26 149 6.3 −66 274
bþ −0.0088 −0.15 3.2 −0.028 −0.39 9.5
b− 0.010 0.10 −2.6 0.033 0.29 −8.5
T0 −0.12 2.4 −13 −0.31 8.0 −77
T1 0.025 0.30 −11 0.093 −0.34 −11
T2 2.6 −46 407 7.1 −118 890

TABLE III. The ratios among the perturbative contributions,
leading order Coulomb-like corrections (αCs ), next-to-leading
order Coulomb-like corrections [ðαCs Þ2], and the higher
order contributions [ðαCs Þnðn > 2Þ] for all form factors in
Q2 ¼ 1 GeV2, where the total Coulomb-like contributions are
taken as 1.

Mode Form factor Perturbative αCs ðαCs Þ2 ðαCs Þnðn > 2Þ
Bc → χc0 F0 0.35 0.49 0.11 0.05

F1 0.35 0.49 0.11 0.05
T 0.35 0.49 0.11 0.05

Bc → χc1 A 0.35 0.49 0.11 0.05
V0 0.40 0.45 0.066 0.064
V1 0.36 0.48 0.10 0.06
V2 0.34 0.49 0.12 0.05
T0 0.35 0.49 0.11 0.05
T1 0.36 0.48 0.10 0.06
T2 0.35 0.48 0.10 0.07

Bc → hc A 0.39 0.46 0.076 0.074
V0 0.35 0.49 0.11 0.05
V1 0.35 0.48 0.11 0.06
V2 0.34 0.47 0.093 0.097
T0 0.35 0.49 0.11 0.05
T1 0.30 0.51 0.15 0.04
T2 0.33 0.51 0.13 0.03

Bc → χc2 h 0.35 0.49 0.11 0.05
k 0.35 0.49 0.11 0.05
bþ 0.32 0.53 0.15 0
b− 0.32 0.53 0.15 0
T0 0.39 0.45 0.09 0.07
T1 0.31 0.45 0.045 0.005
T2 0.36 0.49 0.11 0.04

(a) (b)

(c) (d)

FIG. 6. Fitting results of form factors for Bc → χc1 without
considering Coulomb-like correction (a), (b) and considering
Coulomb-like correction (c), (d).
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(a) (b)

(c) (d)

FIG. 7. Fitting results of form factors for Bc → hc without
considering Coulomb-like correction (a), (b) and considering
Coulomb-like correction (c), (d).

(a) (b)

(c) (d)

FIG. 8. Fitting results of form factors for Bc → χc2 without
considering Coulomb-like correction (a), (b) and considering
Coulomb-like correction (c), (d).

TABLE V. The values of the form factors at Q2 ¼ 0.

Modes Form factors This work This worka [9,10] [25] [26] [27] [28] [31]

Bc → χc0 F0 0.29þ0.03
−0.03 0.84þ0.06

−0.08 0.67 0.47 0.33 0.337 � � � 1.65
F1 0.29þ0.03

−0.03 0.83þ0.07
−0.07 0.67 0.47 0.33 0.337 � � � 1.65

T 0.37þ0.03
−0.04 1.05þ0.07

−0.08 � � � � � � � � � � � � � � � � � �
Bc → χc1 A 0.20þ0.02

−0.02 0.57þ0.03
−0.05 0.13 0.36 0.24 0.215 0.21 1.24

V0 0.064þ0.013
−0.012 0.16þ0.03

−0.03 0.03 0.13 0.15 0.025 0.07 0.17
V1 0.50þ0.05

−0.55 1.40þ0.12
−0.12 0.28 0.85 0.72 0.339 0.47 2.87

V2 0.091þ0.005
−0.006 0.27þ0.01

−0.02 0.059 0.15 0.10 0.078 0.08 0.57
T0 0.093þ0.006

−0.008 0.27þ0.01
−0.02 � � � � � � � � � � � � � � � � � �

T1 −0.47þ0.06
−0.06 −1.31þ0.11

−0.14 � � � � � � � � � � � � � � � � � �
T2 1.29þ0.13

−0.14 3.68þ0.31
−0.35 � � � � � � � � � � � � � � � � � �

Bc → hc A 0.081þ0.010
−0.012 0.21þ0.02

−0.02 0.14 0.07 0.06 0.039 0.04 0.07
V0 0.85þ0.08

−0.07 2.46þ0.16
−0.18 0.03 0.64 0.41 0.390 0.35 2.11

V1 2.59þ0.24
−0.26 7.47þ0.57

−0.65 0.29 0.50 0.42 0.298 0.30 0.54
V2 0.17þ0.02

−0.02 0.49þ0.07
−0.05 0.059 −0.32 −0.18 −0.196 −0.16 −0.99

T0 0.17þ0.01
−0.02 0.48þ0.03

−0.03 � � � � � � � � � � � � � � � � � �
T1 −0.041þ0.002

−0.002 −0.14þ0.00
−0.01 � � � � � � � � � � � � � � � � � �

T2 0.54þ0.01
−0.03 1.62þ0.04

−0.05 � � � � � � � � � � � � � � � � � �
Bc → χc2 h 0.034þ0.002

−0.003 0.095þ0.005
−0.007 −1.70 × 10−4 0.022 � � � � � � � � � � � �

k 2.06þ0.10
−0.21 5.67þ0.37

−0.38 0.18 1.27 � � � � � � � � � � � �
bþ −0.010þ0.001

−0.004 −0.031þ0.002
−0.001 −0.038 −0.011 � � � � � � � � � � � �

b− 0.011þ0.001
−0.000 0.035þ0.001

−0.001 −0.056 0.020 � � � � � � � � � � � �
T0 −0.097þ0.003

−0.015 −0.24þ0.01
−0.03 � � � � � � � � � � � � � � � � � �

T1 0.027þ0.002
−0.003 0.089þ0.006

−0.007 � � � � � � � � � � � � � � � � � �
T2 2.18þ0.14

−0.22 6.02þ0.38
−0.42 � � � � � � � � � � � � � � � � � �

aIt denotes the results with Coulomb-like correction.
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factors F0;1 of Bc → χc0, the axial vector form factor A, and
vector form factor V2 of Bc → χc1, our results with no
Coulomb-like correction are consistent well with those
calculated using the light-front quark model (LFQM) [26–
28], but more small for the results given by other LFQM
[25]. For the vector form factors V0 and V1 of χc1, our
results are well consistent with Ref. [28]. After the
Coulomb-like correction is considered, our results are
larger than their predictions but smaller than the
NRQCD predictions [31]. For the transitions of
Bc → χc2, our predictions of h, bþ;− without Coulomb-
like corrections are compatible with Ref. [25], but much
larger than Ref. [10]. For other form factors, various theory
predictions are not consistent with each other especially for
Bc → hc transitions. In Table V, we can find that our result
for the vector form factor V1 of Bc → hc is much larger
than other predictions. Moreover, the results for the vector
form factor V2 are negative in LFQM and NRQCD
calculations, but they are positive in QCD sum rules
predictions. From Table V, one can also find that our
results are not well compatible with other sum rules
predictions. By detailed analysis, we find the main dis-
crepancies originate from different values of the decay
constant for the hadron, of the energy scale, the type of
interpolating currents of P-wave charmonia, etc. In
Ref. [9], the vector and axial vector form factors of Bc →
χc0;1 and hc are analyzed with three-point QCD sum rules.
In this article, the central values of decay constants for Bc
and all P-wave charmonia are taken as 0.4 and 0.34 GeV;
the energy scale of heavy quarks is taken asmc. In addition,
the axial vector current c̄γμγ5c is selected to interpolate
both χc1 and hc. In our present work, the decay constants of
Bc are taken as 0.371� 0.037 GeV which originates from
two-point QCD sum rules calculation considering the next-
to-leading contribution of the perturbative term [44], and
the values of decay constants for χc0, χc1, and hc are taken
from Refs. [74,75] which are 0.343, 0.338, and 0.235 GeV.
The heavy quark energy scale μ ¼ 2 GeV is also taken
from Ref. [44]. In the present work, we choose the tensor
current c̄σμνc instead of axial vector current to interpolate
hc because the quantum number JPC of hc is 1þ−, but the
C parity of the axial current is þ [84]. In Ref. [10], the
vector and axial vector form factors of Bc → χc2 are
analyzed by three-point QCD sum rules; the authors get
the QCD spectral density by using Feynman parametriza-
tion approach in QCD side. In our analysis, the QCD
spectral density is obtained by Cutkoskys’s rules. This is
the main reason for the disagreement.

B. Numerical results of decay widths
and branching ratios

With these above form factors, the decay widths and
branching ratios of the semileptonic and nonleptonic
decays related to Bc to P-wave charmonia transition are

calculated in this section. The relevant input parameters are
listed in Table VI.
For three-body semileptonic decay Bc → Xlν̄l ðl ¼ e, μ,

and τ), the differential decay width can be expressed as

dΓðBc → Xlν̄lÞ ¼
1

2Jþ 1

X 1

2mBc

dΦðp→ p0; l; vÞjTj2;

dΦðp→ p0; l; vÞ ¼ ð2πÞ4δ4ðp−p0 − l− vÞ

×
d3p⃗0

ð2πÞ32p0
0

d3l⃗
ð2πÞ32l0

d3v⃗
ð2πÞ32v0

; ð41Þ

where J is the total angular momentum of Bc meson, Σ
denotes the summation of all the polarization, dΦðp →
p0; l; vÞ is the three-body phase space, p, p0, l, and v are
four momentum for Bc, X, l, and ν̄l, and T denotes the
transition matrix. By inserting intermediate state momen-
tum q ¼ lþ v, the three-body phase space can be decom-
posed as a product of two-body phase space,

dΦðp→ p0; l;vÞ ¼ dq2

2π
dΦðp→ p0;qÞdΦðq→ l;vÞ; ð42Þ

where the two-body space phase dΦðp → p0; qÞ can be
written as

dΦðp→ p0;qÞ ¼ ð2πÞ4δ4ðp−p0 −qÞ d3p⃗0

ð2πÞ32p0
0

d3q⃗
ð2πÞ32q0

:

ð43Þ
With the Eqs. (31), (32), and (41)–(43), the differential
decay widths of Bc → Xlν̄l can be obtained. The full
expressions are shown in Appendix B. The differential
decay widths with variations of q2 are shown in Fig. 9. The
decay widths and branching ratios for the three-body
semileptonic decays can be derived by finishing the
integration of q2. The numerical results are collected in
Table VII. From this table, one can find that
ΓðBc → hclν̄lÞ > ΓðBc → χc2lν̄lÞ > ΓðBc → χc0lν̄lÞ >
ΓðBc → χc1lν̄lÞ in our prediction, the decay processes of
Bc → hclν̄l and Bc → χc2lν̄l have large branching ratios.
Comparing with results in Refs. [9,10,21,23,25,27,33] for
the Bc → χcJlν̄lðJ ¼ 0; 1; 2Þ and hclν̄l decays which are

TABLE VI. Input parameters (IP) in analysis the decay
processes of Bc meson.

IP Values [73] IP Values

mπ 0.140 GeV fK 0.160 GeV [73]
mK 0.494 GeV fρ 0.216 GeV [73]
mρ 0.775 GeV fK� 0.217 GeV [73]
mK� 0.892 GeV Vcb 0.041 [73]
me 0.511 MeV Vus 0.224 [73]
mμ 105.7 MeV Vud 0.974 [73]
mτ 1.78 GeV a1 1.07 [85]
fπ 0.131 GeV

LU, CHEN, YU, WANG, and WU PHYS. REV. D 111, 114037 (2025)

114037-12



also collected in Table VII, we can see that most of our
results for branching ratios of Bc → χc0lν̄l and Bc → χc1lν̄l
without Coulomb-like correction are comparable with their
predictions. For the branching ratios of Bc → hclν̄l and
Bc → χc2lν̄l, our predictions are larger than other collab-
orations. When we consider the Coulomb-like correction,
these results are much larger than other predictions. This is
due to the fact that the form factors will be about three times
larger after considering the Coulomb-like correction, which
will result in about nine times the decay widths and
branching ratios. As the next leading order contribution,

the Coulomb-like correction is too large. Thus, the results
without Coulomb-like correction seem more reasonable. In
conclusion, the rigorous calculation of next-to-leading
order correction for perturbative contribution of form
factors eagerly needs to be carried out, and the discrepan-
cies of different theoretical results will be tested by more
experiments in the future.
For two-body nonleptonic decay Bc → XP½V�, the decay

width can be expressed by the following standard two-body
decay formula,

Γ ¼ 1

2J þ 1

XZ
1

2mBc

dΦðp → p0; qÞjTj2 ð44Þ

With Eqs. (34), (35), and (44), the decay widths of Bc →
XP½V� can be obtained. The full expressions of decay widths
are shown in Appendix C. The numerical results of these
two-body decay widths and branching ratios and those of
other collaborations are explicitly shown in Table VIII. It can
be seen from Table VIII that the theoretical results of
different collaborations are not consistent well with each
other. The experimental data for the weak decay of Bc to
P-wave charmonia are scarce. Only the branching ratios of

decay channel Bc → χc0π is given as σðBþ
c Þ

σðBþÞ × BrðBþ
c →

χc0π
þÞ ¼ ð9.8þ3.4

−3.0ðstatÞ � 0.8ðsystÞÞ × 10−6 by the LHCb
Collaboration [86]. With our results BrðBc → χc0πÞ ¼
0.24þ0.05

−0.04 × 10−3 without Coulomb-like correction and
1.96þ0.21

−0.30 × 10−3 with Coulomb-like correction, the cross

section ratio σðBþ
c Þ

σðBþÞ can be extracted to be about (2–7)×10−2

and (3–8)×10−3, respectively, which is useful to study the
total cross section of Bc meson. Recently, a systematic
analysis about the Bc nonleptonic decay ratios is obtained by
using the factorization approach [87]. For pseudoscalar

(a) (b)

(c) (d)

FIG. 9. The differential decay width dΓ=dq2 with variations
of q2 for semileptonic decay processes Bc → χc0lνl, χc1lνl and
Bc → hclνl, χc2lνl without considering the Coulomb-like
correction (a), (b) and considering the Coulomb-like correction
(c), (d).

TABLE VII. Decay widths (in 10−6 eV) and branching ratios (%) of Bc semileptonic decays. Branching ratios are calculated at
τBc

¼ 0.51 ps [73].

Decay widths Branching ratios

Decay channels This work This worka This work This worka [25] [33] [21] [23] [9,10] [27] [28]

B−
c → χc0eν̄e 1.25þ0.20

−0.24 9.99þ1.29
−1.44 0.097þ0.016

−0.019 0.78þ0.09
−0.12 0.21 0.12 0.17 0.11 0.182 0.11 � � �

B−
c → χc0μν̄μ 1.24þ0.20

−0.24 9.93þ1.26
−1.45 0.096þ0.016

−0.018 0.77þ0.10
−0.11 0.21 0.12 0.17 0.11 0.182 0.11 � � �

B−
c → χc0τν̄τ 0.14þ0.02

−0.02 1.05þ0.20
−0.08 0.011þ0.002

−0.002 0.082þ0.015
−0.007 0.024 0.017 0.013 0.013 0.049 0.0094 � � �

B−
c → χc1eν̄e 0.61þ0.15

−0.10 4.85þ0.71
−0.83 0.047þ0.012

−0.007 0.38þ0.05
−0.07 0.14 0.15 0.092 0.066 0.146 0.030 0.052

B−
c → χc1μν̄μ 0.60þ0.15

−0.09 4.82þ0.70
−0.82 0.047þ0.011

−0.007 0.37þ0.06
−0.06 0.14 0.15 0.092 0.066 0.146 0.029 0.052

B−
c → χc1τν̄τ 0.064þ0.018

−0.007 0.51þ0.08
−0.08 0.0049þ0.0014

−0.0005 0.039þ0.007
−0.005 0.015 0.024 0.0089 0.0072 0.0147 0.0026 0.0057

B−
c → hceν̄e 22.15þ3.18

−3.43 194.23þ23.08
−24.12 1.72þ0.24

−0.27 15.06þ1.79
−1.87 0.31 0.18 0.27 0.17 0.142 0.11 0.105

B−
c → hcμν̄μ 22.05þ3.16

−3.41 193.31þ22.98
−23.96 1.71þ0.24

−0.27 14.98þ1.79
−1.85 0.31 0.18 0.27 0.17 0.142 0.11 0.104

B−
c → hcτν̄τ 3.03þ0.36

−0.46 26.92þ3.08
−2.66 0.24þ0.02

−0.04 2.09þ0.24
−0.21 0.022 0.025 0.017 0.015 0.0137 0.0051 0.0088

B−
c → χc2eν̄e 7.50þ0.79

−0.81 55.92þ7.83
−6.64 0.58þ0.06

−0.06 4.34þ0.51
−0.52 0.17 0.19 0.17 0.13 0.130 � � � � � �

B−
c → χc2μν̄μ 7.43þ0.78

−0.80 55.38þ7.74
−6.58 0.57þ0.07

−0.06 4.29þ0.60
−0.51 0.17 0.19 0.17 0.13 0.130 � � � � � �

B−
c → χc2τν̄τ 0.41þ0.04

−0.01 3.01þ0.44
−0.29 0.031þ0.004

−0.001 0.23þ0.04
−0.02 0.0092 0.029 0.0082 0.0093 0.020 � � � � � �

aIt denotes the results obtained by considering Coulomb-like correction.
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mesons π and K, their values about the decay ratios are
Bχc0
χc2ðπÞ ¼ 0.658, Bhc

χc2ðπÞ ¼ 1.597, Bχc0
χc2ðKÞ ¼ 0.663 and

Bhc
χc2ðKÞ ¼ 1.645, where Bχc0

χc2ðπÞ denotes BrðBc→χc0πÞ
BrðBc→χc2πÞ. Our

results are 0.159(0.178), 1.238(1.405), 0.172(0.183), and
1.273(1.463), where the values in parentheses are obtained
by considering the Coulomb-like correction. It can be found
that our predictions for Bχc0

χc2ðπ=KÞ are smaller, while the
results for Bhc

χc2ðπ=KÞ are compatible with theirs. For vector
mesons ρ and K�, their values about the decay ratios are
Bχc1
χc0ðρÞ ¼ 0.206, Bχc0

χc2ðρÞ ¼ 0.590, Bhc
χc2ðρÞ ¼ 1.312,

Bχc1
χc0ðK�Þ ¼ 0.276, Bχc0

χc2ðK�Þ ¼ 0.570 and Bhc
χc2ðK�Þ ¼

1.231. Our results are 0.106(0.101), 0.156(0.172), 1.163
(1.350), 0.124(0.119), 0.150(0.169), and 1.227(1.413),
respectively. It is indicted that our results for Bχc1

χc0ðρ=K�Þ
and Bχc0

χc2ðρ=K�Þ are smaller, while the results for Bhc
χc2ðρ=K�Þ

are close to theirs. In short, both predictions show the same
conclusion that the nonleptonic decay width of Bc to P-wave
charmonia satisfy the relation χc2 > hc > χc0 > χc1, while
the predictions for ratios are different with each other.
Overall, further experimental measurements are eagerly
awaited to testify the discrepancies of different theoretical
predictions.
It is noted that the NFA is adopted to analyze the two-

body nonleptonic decays in our present work. However, as
the simplest model to study the two-body weak decays of
the heavy flavor hadron, NFA does not take into account
the hard gluon exchange between the energetic meson
emitted from the weak vertex and the Bc transition form
factors. Thus, the two-body decay width formulas in the
framework of NFA are not renormalization invariant; this

will lead to systematic uncertainties which are difficult to
quantify. Some new factorization techniques such as the
QCD factorization (QCDF) [88,89] and the perturbative
QCD factorization (pQCD) [90,91] methods, etc., are
employed to solve this problem. In future works, we can
try to use these new techniques to improve the accuracy of
analysis for Bc two-body weak decays.

V. CONCLUSIONS

In this work, the vector, axial vector, and tensor form
factors of Bc to P-wave charmonia in spacelike regions are
first analyzed in three-point QCD sum rules where the
contributions of gluon condensate and Coulomb-like cor-
rection are considered. Then, these form factors in zero point
and timelike regions are obtained by fitting the results within
the z series parametrization approach. With calculated vector
and axial vector form factors, we directly analyze the three-
body semileptonic decay processes of Bc to P-wave char-
monia. In addition, the two-body nonleptonic decay proc-
esses of Bc to P-wave charmonia and light pseudoscalar or
vector mesons are also analyzed by using NFA. We hope
these results can help to shed more light on the properties of
Bc meson and P-wave charmonia and provide useful
information to research the heavy-flavor physics.
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TABLE VIII. Decay widths (in 10−7 eV) and branching ratios (10−3) of Bc nonleptonic decays.

Decay widths Branching ratios

Decay channels This work This worka This work This worka [22] [23] [26] [17] [31] [16]

B−
c → χc0π

−
3.11þ0.65

−0.58 25.30þ3.99
−4.07 0.24þ0.05

−0.04 1.96þ0.21
−0.30 0.21 0.26 0.66 1.6 6.47 9.8

B−
c → χc0K−

0.24þ0.05
−0.04 1.96þ0.31

−0.31 0.019þ0.004
−0.004 0.15þ0.03

−0.02 0.016 0.02 0.052 0.12 0.49 � � �
B−
c → χc0ρ

−
8.23þ1.46

−1.67 66.60þ8.88
−11.31 0.64þ0.11

−0.13 5.16þ0.69
−0.87 0.58 0.67 1.69 5.8 � � � 33

B−
c → χc0K�− 0.43þ0.08

−0.09 3.49þ0.46
−0.59 0.033þ0.006

−0.006 0.27þ0.04
−0.04 0.04 0.037 0.096 0.33 � � � � � �

B−
c → χc1π

−
0.14þ0.06

−0.05 0.91þ0.31
−0.34 0.011þ0.005

−0.004 0.070þ0.025
−0.026 0.2 0.0014 0.13 0.51 0.064 0.089

B−
c → χc1K− 0.011þ0.004

−0.004 0.070þ0.024
−0.026 0.00082þ0.00038

−0.00028 0.0054þ0.0019
−0.0020 0.015 0.00011 0.010 0.038 0.0049 � � �

B−
c → χc1ρ

− 0.88þ0.23
−0.23 6.74þ1.05

−1.74 0.068þ0.018
−0.018 0.52þ0.08

−0.13 0.15 0.10 0.43 2.8 � � � 4.6
B−
c → χc1K�− 0.050þ0.017

−0.010 0.41þ0.07
−0.10 0.0041þ0.0011

−0.0010 0.032þ0.005
−0.008 0.01 0.0073 0.027 0.18 � � � � � �

B−
c → hcπ− 24.07þ4.74

−3.74 199.98þ28.92
−25.76 1.87þ0.36

−0.29 15.50þ2.24
−1.99 0.46 0.53 0.96 0.54 9.73 16

B−
c → hcK− 1.86þ0.37

−0.29 15.48þ2.20
−1.59 0.14þ0.03

−0.02 1.20þ0.17
−0.15 0.035 0.041 0.075 0.043 0.74 � � �

B−
c → hcρ− 61.36þ12.36

−9.43 523.62þ65.30
−78.40 4.76þ0.95

−0.73 40.59þ5.06
−6.08 1.0 1.3 2.42 2.3 � � � 53

B−
c → hcK�−

3.44þ0.68
−0.53 29.20þ3.64

−4.35 0.27þ0.05
−0.04 2.26þ0.29

−0.33 0.07 0.071 0.13 0.13 � � � � � �
B−
c → χc2π

− 19.43þ1.94
−3.97 142.31þ19.87

−20.76 1.51þ0.15
−0.31 11.03þ1.54

−1.61 0.38 0.22 � � � 4.0 4.37 8.3
B−
c → χc2K−

1.45þ0.15
−0.29 10.63þ1.50

−1.53 0.11þ0.01
−0.02 0.82þ0.12

−0.11 0.028 0.017 � � � 0.31 0.33 � � �
B−
c → χc2ρ

−
52.70þ5.31

−9.90 387.82þ54.56
−53.93 4.09þ0.41

−0.77 30.06þ4.23
−4.18 1.10 0.65 � � � 16 � � � 33

B−
c → χc2K�− 2.80þ0.28

−0.51 20.61þ2.90
−2.82 0.22þ0.02

−0.04 1.60þ0.22
−0.22 0.074 0.038 � � � 0.96 � � � � � �

aIt denotes the results obtained by considering Coulomb-like correction.
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DATA AVAILABILITY

The data are not publicly available. The data are available from the authors upon reasonable request.

APPENDIX A: THE GRAPHICS OF BOREL PLATFORMS FOR ALL FORM FACTORS

See Figs. 10 and 11.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

FIG. 10. The contributions of perturbative and nonperturbative terms with variation of Borel parameter T2. (a)–(c) Axial vector and
tensor form factors of Bc → χc0, (d)–(j) Axial vector, vector, and tensor form factors of Bc → χc1. The legends A–C denote the total,
perturbative, gluon condensate contributions, and D represents the total contribution by considering the Coulomb-like correction.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n)

FIG. 11. The contributions of perturbative and nonperturbative terms with variation of Borel parameter T2. (a)–(g) Axial vector,
vector, and tensor form factors of Bc → hc. (h)–(n) Axial vector, vector, and tensor form factors of Bc → χc2. The legends are
same as Fig. 10.
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APPENDIX B: THE FULL EXPRESSIONS OF DIFFERENTIAL
DECAY WIDTHS FOR Bc SEMILEPTONIC DECAYS

The differential decay width of Bc → χc0lν̄l can be expressed as

dΓðBc → χc0lν̄lÞ
dq2

¼
�
q2 −m2

l

q2

�
2G2

FV
2
cbλðm2

Bc
; m2

χc0 ; q
2Þ1=2

384π3m3
Bc
q2

½ðm2
l þ 2q2Þλðm2

Bc
; m2

χc0 ; q
2ÞF1ðq2Þ2

þ3m2
l ðm2

Bc
−m2

χc0Þ2F0ðq2Þ2�; ðB1Þ

where the lambda function can be defined as

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ: ðB2Þ

The expressions of the differential decay width for Bc → χc1½hc�lν̄l is as follows:

dΓðBc → χc1½hc�lν̄lÞ
dq2

¼ dΓLðBc → χc1½hc�lν̄lÞ
dq2

þ dΓþðBc → χc1½hc�lν̄lÞ
dq2

þ dΓ−ðBc → χc1½hc�lν̄lÞ
dq2

; ðB3Þ

where

dΓLðBc → χc1½hc�lν̄lÞ
dq2

¼
�
q2 −m2

l

q2

�
2G2

FV
2
cbλðm2

Bc
; m2

χc1½hc�; q
2Þ1=2

384π3m3
Bc
q2

(
3m2

l λðm2
Bc
;m2

χc1½hc�; q
2ÞV0ðq2Þ2 þ

m2
l þ 2q2

4m2
χc1½hc�

×

�
ðm2

Bc
−m2

χc1½hc� − q2ÞðmBc
−mχc1½hc�ÞV1ðq2Þ −

λðm2
Bc
; m2

χc1½hc�; q
2Þ

mBc
−mχc1½hc�

V2ðq2Þ
�2)

;

dΓ�ðBc → χc1½hc�lν̄lÞ
dq2

¼
�
q2 −m2

l

q2

�
2G2

FV
2
cbλðm2

Bc
; m2

χc1½hc�; q
2Þ1=2

384π3m3
Bc

(
ðm2

l þ 2q2Þλðm2
Bc
; m2

χc1½hc�; q
2Þ

×

�
Aðq2Þ

mBc
−mχc1½hc�

∓ ðmBc
−mχc1 ½hc�ÞV1ðq2Þ

λðm2
Bc
; m2

χc1½hc�; q
2Þ1=2

�
2
)
: ðB4Þ

The differential decay width of Bc → χc2lν̄l can be expressed as

dΓðBc → χc2lν̄lÞ
dq2

¼ dΓLðBc → χc2lν̄lÞ
dq2

þ dΓþðBc → χc2lν̄lÞ
dq2

þ dΓ−ðBc → χc2lν̄lÞ
dq2

; ðB5Þ

where

dΓLðBc → χc2lν̄lÞ
dq2

¼
�
q2 −m2

l

q2

�
2G2

FV
2
cbλðm2

Bc
; m2

χc2 ; q
2Þ3=2

3072π3m3
Bc
m2

χc2q
2

(
3m2

l λðm2
Bc
;m2

χc2 ; q
2ÞV0ðq2Þ2 þ

m2
l þ 2q2

4m2
χc2

×

�
ðm2

Bc
−m2

χc2 − q2ÞðmBc
−mχc2ÞV1ðq2Þ−

λðm2
Bc
; m2

χc2 ; q
2Þ

mBc
−mχc2

V2ðq2Þ
�2)

;

dΓ�ðBc → χc2lν̄lÞ
dq2

¼
�
q2 −m2

l

q2

�
2G2

FV
2
cbλðm2

Bc
; m2

χc2 ; q
2Þ3=2

2304π3m2
χc2m

3
Bc

(
ðm2

l þ 2q2Þλðm2
Bc
; m2

χc2 ; q
2Þ

×

�
Aðq2Þ

mBc
−mχc2

∓ ðmBc
−mχc2ÞV1ðq2Þ

λðm2
Bc
; m2

χc2 ; q
2Þ1=2

�
2
)
: ðB6Þ

The definitions of form factors A, V0, V1, and V2 for Bc → χc2 are given by Eq. (9).
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APPENDIX C: THE FULL EXPRESSIONS OF DECAY WIDTHS FOR Bc NONLEPTONIC DECAYS

The full expressions of decay widths for two-body nonleptonic decays Bc → XP and Bc → XV are as follows:

ΓðBc → χc0PÞ ¼
G2

Ff
2
PV

2
cbV

2
uqλðm2

Bc
; m2

χc0 ; m
2
PÞ1=2

32πm3
Bc

a21F0ðm2
PÞ2ðm2

Bc
−m2

χc0Þ2;

ΓðBc → χc0VÞ ¼
G2

Ff
2
VV

2
cbV

2
uqλðm2

Bc
; m2

χc0 ; m
2
VÞ3=2

32πm3
Bc

a21F1ðm2
VÞ2; ðC1Þ

ΓðBc → χc1½hc�PÞ ¼
G2

Ff
2
PV

2
cbV

2
uqλðm2

Bc
; m2

χc1½hc�; m
2
PÞ3=2

32πm3
Bc

a21V0ðm2
PÞ2;

ΓðBc → χc1½hc�VÞ ¼ ΓLðBc → χc1½hc�VÞ þ ΓþðBc → χc1½hc�VÞ þ Γ−ðBc → χc1½hc�VÞ; ðC2Þ

where

ΓLðBc → χc1½hc�VÞ ¼
λðm2

Bc
; m2

χc1½hc�; m
2
VÞ1=2

32πm3
Bc

G2
FV

2
cbV

2
uqf2Vm

2
Va

2
1

�
ðmBc

−mχc1½hc�Þ
m2

Bc
−m2

χc1½hc� −m2
V

2mχc1½hc�mV
V1ðm2

VÞ

−
λðm2

Bc
; m2

χc1½hc�; m
2
VÞ

2mχc1½hc�mVðmBc
−mχc1 ½hc�Þ

V2ðm2
VÞ
�2
;

Γ�ðBc → χc1½hc�VÞ ¼
λðm2

Bc
; m2

χc1½hc�; m
2
VÞ1=2

32πm3
Bc

G2
FV

2
cbV

2
uqf2Vm

2
Va

2
1

�
ðmBc

−mχc1ÞV1ðm2
VÞ

∓ λðm2
Bc
; m2

χc1½hc�; m
2
VÞ1=2

2ðmBc
−mχc1Þ

Aðm2
VÞ
�2
; ðC3Þ

ΓðBc → χc2PÞ ¼
G2

Ff
2
PV

2
cbV

2
uqλðm2

Bc
; m2

χc2 ; m
2
PÞ5=2

192πm3
Bc
m2

χc2

a21V0ðm2
PÞ2;

ΓðBc → χc2VÞ ¼ ΓLðBc → χc2VÞ þ ΓþðBc → χc2VÞ þ Γ−ðBc → χc2VÞ; ðC4Þ

where

ΓLðBc → χc2VÞ ¼
λðm2

Bc
;m2

χc2 ; m
2
VÞ3=2

192πm3
Bc
m2

χc2

G2
FV

2
cbV

2
uqf2Vm

2
Va

2
1

�
ðmBc

−mχc2Þ
m2

Bc
−m2

χc2 −m2
V

2mχc2mV
V1ðm2

VÞ

−
λðm2

Bc
; m2

χc2 ; m
2
VÞ

2mχc2mVðmBc
−mχc2Þ

V2ðm2
VÞ
�2
;

Γ�ðBc → χc2VÞ ¼
λðm2

Bc
;m2

χc2 ; m
2
PÞ3=2

256πm3
Bc
m2

χc2

G2
FV

2
cbV

2
uqf2Vm

2
Va

2
1

�
ðmBc

−mχc2ÞV1ðm2
VÞ

∓ λðm2
Bc
; m2

χc2 ; m
2
VÞ1=2

2ðmBc
−mχc2Þ

Aðm2
VÞ
�2
: ðC5Þ
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