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We evaluate thermodynamic observables such as pressure, baryon number, entropy and energy density,
as well as the second and fourth order baryon number cumulants in the phase structure of QCD. The
intertwined confinement and chiral dynamics is resolved within functional QCD, aiming for quantitative
accuracy at larger densities. Specifically it is shown that the self-consistent resolution of the confining
gluonic background is crucial in particular for even the qualitative properties of the cumulants. Our results
are in quantitative agreement with lattice and functional QCD benchmarks at vanishing and small chemical
potentials. Moreover, they offer novel insights into the dynamics at larger chemical potentials including the
regime of the critical end point. Awelcome by-product of this analysis is the computation of the Polyakov
loop potential in finite density QCD, which, alongside the aforementioned observables, can be used as
input and benchmark for effective theory computations at finite density.
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I. INTRODUCTION

With the new heavy ion experiments CBM (FAIR) and
CEE+ (HIAF) being nearly completed, experimental heavy
ion physics at collision energies

ffiffiffiffiffiffiffiffi
sNN

p
between 3 and

5 GeV is entering an exciting precision physics era.
Importantly, this energy regime encompasses baryon
chemical potentials of 600≲ μB ≲ 650 MeV, where the
critical end point (CEP) or, more precisely, the onset of new
QCD phases is expected, see Refs. [1–3]. This regime has
more recently been also found within lattice extrapolations
[4,5], and model computations [6–10], for its importance
we provide a brief survey of the respective systematic error
estimates and assumptions in Appendix A.
The experimental data from CBM or CEE+ will

provide information on correlation of conserved charges

and further observables after the chemical freeze-
out. The resolution or rather reconstruction of the under-
lying strongly correlated QCD dynamics requires an
abundance of experimental data that is accompanied
with respective theoretical precision results. The latter
endeavor asks for first principle QCD computations of
thermodynamic observables and fluctuations of conserved
charges at collision energies 3 GeV ≲ ffiffiffiffiffiffiffiffi

sNN
p ≲ 5 GeV,

that roughly translates into baryon chemical potentials of
500≲ μB ≲ 700 MeV.
Thermodynamic observables such as the pressure,

entropy and energy density as well as the baryon charge
as well as fluctuations of conserved charges encode much
of the confining and chiral dynamics of QCD, see e.g.
Refs. [11–23]. Moreover, their equilibrium values serve as
QCD input for transport and hydrodynamic computations
[17,24]. In particular the fluctuations of conserved charges
are well accessible in the experiment [25,26], and, as
mentioned above, we expect a plethora of respective data
in the next decade. To date, direct QCD computations in
this regime can only be performed with functional QCD
approaches, as lattice simulations still suffer from the sign
problem. Moreover, by definition, any extrapolation from
lower chemical potentials is explicitly or implicitly based
on smoothness assumptions. This makes it structurally
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unattainable to accommodate new physics, leaving aside
systematic error estimates.
The present work concentrates on the first, important

part of the full analysis of the experimental signatures of
the confining and chiral dynamics at finite density. It
is concerned with the computation of observables in
equilibrium QCD, using the self-consistent functional
QCD approach based on Dyson-Schwinger equations
(DSEs) developed in [2,27–29]. Specific emphasis is
given to the computation and evaluation of correlation
functions on the quantum equations of motion of QCD,
including the gluonic background that signals confine-
ment, see Refs. [30–35]. This setup allows us to also
access observables that depend to a sizeable extend on
the confining dynamics or are even dominated by it, see
Refs. [11,22,36,37] within QCD-assisted low energy
effective theories.
A first functional QCD analysis of the thermodynamics

and fluctuations of conserved charged with DSEs has been
put forward in [12,13]. The present work improves on
[12,13] in two aspects: The chiral phase crossover line
computed in the present work compares well with the state
of the art functional QCD results in [1–3] due to the
technical advances in [2,27–29]. More importantly, the
gluonic background is used for the first time in the DSE
approach for the thermodynamics and fluctuations of
observed charges. This leads to qualitative changes in
most of these observables, specifically at larger baryon
chemical potentials. Our results meet all lattice and func-
tional QCD benchmark results at vanishing density, which
supports the quantitative nature of the present approach.
In Sec. III we present our results for the phase structure

with both the chiral and confinement-deconfinement cross-
overs. These results are obtained on the quantum equations
of motion of QCD with a nontrivial temporal gauge field
background, whose effective potential, the Polyakov loop
potential, is also detailed here. Part of this analysis is also
presented in Appendix B 2. In Sec. IV we discuss our
results for the thermodynamic observables and the fluctua-
tions of conserved charges in the phase structure of QCD,
including the regime around the CEP. This discussion also
includes an in detail analysis of the importance of the
confining background for the results. In Sec. V, we briefly
summarize the main results and provide an outlook on the
next steps in the program of uncovering the QCD physics in
the CEP regime.

II. QCD CORRELATION FUNCTIONS IN THE
PHASE STRUCTURE OF QCD

In this section we discuss the chiral and confinement-
deconfinement phase structure of QCD. The respective
results for correlation functions and order parameters are
the basis for the computation of thermodynamic observ-
ables and the fluctuations of conserved charges in the phase
structure of QCD in Sec. IV. We focus on finite baryon

chemical potential μB for vanishing strangeness and charge
chemical potentials μQ ¼ μS ¼ 0, with the quark chemical
potentials

μu ¼ μd ¼ μs ¼ μq; μq ¼
1

3
μB: ð1Þ

In a follow-up work we will also discuss the physically
interesting case of strangeness neutrality, see e.g. Ref. [38].
In Sec. II A we briefly summarize the functional frame-

work that gives access to the confinement-deconfinement
properties of QCD. In Sec. III A this approach is put to work
for the computation of the confinement-deconfinement
phase structure, and in Sec. III C we present our results
for the chiral and confinement-deconfinement order param-
eters and the phase structure of QCD.

A. Correlation functions and confining dynamics
in functional approaches

In functional approaches, the resolution of the phase
structure as well as more generally the computation of
observables is done in a two-step process: In the first step
the gauge-fixed correlation functions of quarks, gluons and
possibly that of composite degrees of freedom are com-
puted from field derivatives of the functional relations for
the effective action, the DSEs or functional renormalization
group (fRG) flows. In a second step one computes gauge
invariant observables from their representation in terms of
these correlation functions. While the information of the
phase structure is readily extracted even from the gauge-
fixed correlation functions themselves, the diagrammatic
representations of general observables can be rather con-
voluted. Importantly, the underlying expansion schemes are
optimized, if the correlation functions are computed on
the quantum equations of motion (EoMs) of QCD: then,
observables are expanded about the global minimum of the
theory, which ensures the most rapid convergence of these
computations. In short, while a computation of the corre-
lation functions in the background of the solution of the
quantum EoM is not required, in a given approximation it
may even be crucial for obtaining fully converged results
instead of a qualitative failure for some observables.
Indeed, this is the case for observables that carry confining
information or are even dominated by the confining
dynamics such as the kurtosis of net-baryon number.
The property of the optimal expansion point is readily

derived from the functional Dyson-Schwinger equation,
from which all DSEs for the correlation functions are
derived. Structurally it reads

δΓ½Ā;Φ�
δΦi

¼
�
δSQCD½Ā; Φ̂�

δΦ̂i

�
; ð2Þ

where SQCD½Ā;Φ� is the classical action of gauge fixed
QCD, see Eq. (B24) in Appendix B 2 and Γ½Ā;Φ� is the
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quantum effective action of QCD. In the present work we
use a background field approach for accommodating the
nontrivial gluonic background: the gauge field is decom-
posed into a background Ā and a dynamical fluctuation
field a with Aμ ¼ Āμ þ aμ, and the Ā also enters the gauge
fixing condition, see Eq. (B22) in Appendix B 2. The
fluctuation (mean) superfield Φ contains all fundamental
fields in QCD: gluons, ghosts and quarks,

Φ ¼ hΦ̂i ¼ ðaμ; c; c̄; q; q̄Þ: ð3Þ

The DSE (2) for the fluctuation field is accompanied by that
of the background field, see Eq. (B65) in Appendix B 2.
The background field DSE is used for the computation
of the order parameter potential of the confinement-
deconfinement phase transition, while the former are used
for computing the vertices and propagators of the funda-
mental fields in QCD. In summary, the background field
approach facilitates the access to the confining dynamics of
QCD as discussed in Appendix B and below. The quantum
equations of motions of QCD are given by

δΓ½Ā;Φ�
δΦi

¼ 0 ¼ δΓ½Ā;Φ�
δĀ

; ð4Þ

with the solution ðĀ;ΦÞ ¼ ðĀ;ΦÞEoM. Equation (4) implies
that the right hand sides of (2) and (B32) vanish on the
quantum EoM. Put differently, the contributions of the off-
shell fluctuations to the effective action vanish on shell.
Correlation functions are off-shell objects and their one-
particle irreducible (1PI) parts in a given background are
given by derivatives of the effective action with respect to
the fields. While the respective right-hand side of deriv-
atives of (2) does not vanish on the EoM, the evaluation on
the EoM minimizes the loop contributions. These 1PI parts
of the correlation functions of QCD are given by

hΦ̂i1ðp1Þ � � � Φ̂inðpnÞi1PI ¼ ΓðnÞ½ΦEoM�ðp1;…; pnÞ; ð5Þ

where ΓðnÞ stands for the nth derivative of the effective
action with respect to the fieldsΦi1 ;…;Φin . In the vacuum,
the global minimum of the effective action is given by
ðĀ;ΦÞEoM ¼ 0. This trivial background is the commonly
used background for the computation of correlation func-
tions in functional approaches, and in particular for the
DSE and fRG approaches.
At finite temperatures, the confining dynamics manifests

itself in the nontrivial expectation value of the temporal
component of the gauge field, tantamount to including the
dynamics of the Polyakov loop. Its effective potential is
readily computed in functional QCD, [30,31], and appli-
cations to the phase structure at real and imaginary potential
can be found in [32–34,39], see also Refs. [40–44] for
applications in the Curci-Ferrari model, and [45] for a study
of center-symmetric Landau gauge QCD. This background,

which signals the confining dynamics, is key to the
description of the transition from the quark-gluon phase
to the hadronic one. In the present work we store this
information completely in the background: Ā0 ≠ 0 with
a0 ¼ 0, for other options see e.g. Refs. [43,45].
Importantly, in a trivial background with Ā0 ¼ ā0 ¼ 0,

the low temperature cumulants do not even describe the
qualitative features of the hadronic phase as well as that
of the transition regime around Tc. For a comprehensive
analysis see Ref. [36]. There, it has been shown in
particular, that the kurtosis does not even get close to
unity for vanishing temperature in a trivial background.
This unity value of the kurtosis signals the hadronic phase
with weakly interacting hadrons. More recently, it has also
been shown that the confining background is crucial for a
quantitative description of the isentropic trajectories and
other thermodynamic observables [46]. For related results
within quantitative QCD-assisted low energy effective field
theories using the fRG see Refs. [11,22,37]. The latter two
works are based on the functional QCD results in [1]. The
present DSE work in the fQCD Collaboration [47] will be
paired with an fRG one soon.

B. QCD correlation functions

In a first step we compute correlation functions in 2þ 1
flavor QCD from their coupled set of DSEs in a vanishing
background, specifically the quark and gluon propagators.
The computational details can be found in [2,27,28], and
we only briefly summarize the important ingredients: we
use the miniDSE scheme put forward in [29]: in this setup
thermal and chemical potential corrections of QCD corre-
lation functions are computed from their difference DSEs.
The reliability of this scheme crucially depends on the
quantitative precision of the vacuum QCD input and we use
the 2þ 1 flavor QCD data for quark and gluon propagators
as well as for all tensor structures of the quark-gluon
vertices obtained from the precision DSE computation [28]
in the vacuum. For the ghost propagator we use the two
flavor data from the precision fRG computation in [48].
This direct use of the fRG results is possible as we use the
fRG-compatible renormalization MOM2 scheme setup in
[28]. We neglect the dependence of the ghost propagator on
the strange quark as well as on T; μB which has been proven
to be subleading. Moreover, the miniDSE systematics
allows us to use the Slavnov-Taylor identities (STI)- and
RG-adapted quark-gluon vertex dressings derived in [27].
The quantitative accuracy of these dressings in the phase
structure of QCD has been checked in [2]: the locations
of the chiral crossover lines agree with each other, while
the μB location of the critical end point in the present
approximation is 10% larger than in [2]. In the latter work it
has been argued that the full quantitative reliability of the
current approximation and respective functional renormal-
ization group works, for a discussion see Refs. [1,22], is
limited by μB=T ≲ 4. In turn, for μB=T ≳ 4, the functional
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results represent estimates with successively larger system-
atic errors. However, the clustering of the functional results
for the CEP 600≲ μB ≲ 650 MeV for different approaches
and resummations reduces this systematic error consider-
ably. In short, the current approximation captures the full
QCD dynamics computed in the present state of the art
quantitative DSE studies with a significantly smaller
computational effort for μB=T ≲ 4, and the results for
μB=T ≳ 4 should provide good QCD estimates.

III. PHASE STRUCTURE OF QCD

In this section we map out the phase structure of QCD
and access both, the confinement-deconfinement and chiral
crossovers. The confinement-deconfinement crossover and
the respective order parameter is discussed in Sec. III A.
Specifically, we compute the nontrivial temperature and
baryon chemical potential dependence of the nontrivial
gauge invariant gluonic background, that signals the con-
fining dynamics in the hadronic phase. Apart from allowing
the access to the confinement-deconfinement crossover, it
also is of crucial importance for the results for thermody-
namic observables and the fluctuations of conserved
charges in the hadronic and crossover regimes. In Sec. III B
we compute the chiral condensate and the chiral crossover
temperature from its thermal susceptibility. We also show
that the chiral condensate is essentially independent of
the gluonic background. Finally, in Sec. III C we put
everything together and present our results for the phase
structure.

A. Confinement-deconfinement phase transition

In this section, we discuss the remnant of center-
symmetry breaking in QCD. In pure Yang-Mills theory
spontaneous center-symmetry breaking occurs with a first
order phase transition, leading from the confined to the
deconfined phase. In physical QCD with its light quarks,
the explicit center-symmetry breaking is very large. This
leads to a very shallow crossover, and the relation to
confinement is less obvious. Instead, fluctuation observ-
ables such as the baryon number kurtosis provide insight
in the confinement-deconfinement crossover. The order
parameter for center symmetry breaking studied here,
serves as a background for the thermodynamic and fluc-
tuation observables. Indeed, without this background the
observables show a qualitatively wrong behavior, specifi-
cally in the hadronic phase, see Ref. [36]. For that reason
we take this order parameter as proxy for the confinement-
deconfinement phase transition, keeping all the caveats in
mind. More details and discussion will be provided in
Appendix B.
The order parameter for center symmetry breaking

discussed above is provided by the gauge invariant eigen-
value field ν of the algebra element of the Polyakov loop,
see Appendix B 1. Obviously, it is related to the standard

order parameter for center-symmetry breaking, the expect-
ation value of the traced Polyakov loop, but is more
amiable toward its computation in functional approaches.
Moreover, it does not suffer from the presence of normali-
zation factors with a large temperature dependence which
diffuses the access to the crossover temperatures in the case
of the expectation value of the traced Polyakov loop, see
Ref. [35]. This order parameter has been suggested and
worked out within the fRG approach in [30,49,50] for
different gauge groups and gauges. Its formulation within
general functional approaches has been put forward in [31],
and its relation to the commonly used order parameter, the
expectation value of the traced Polyakov loop, has been
evaluated in [35]. For a formulation with manifest center
symmetry see also Refs. [43,45].
The details of the functional approach to the Polyakov

loop or rather the eigenvalue field ν are provided in
Appendix B. The understanding of the approach is chiefly
important for that of the computations in the present work,
and hence for an evaluation of the underlying systematics.
For that purpose and for the benefit of the technically
interested reader we provide a brief review of this approach
in Appendix B: In Appendix B 1 we review the construc-
tion of the gauge invariant functional order parameter and
its (linear) relation to the expectation value of the temporal
gauge field in the present setup. We also highlight its
importance as an optimal background or expansion point
for the systematic expansion schemes in functional
approaches. In Appendix B 2 we provide a step-by-step
analysis of the computational details.
In the present section we utilize the functional Polyakov

loop approach detailed in Appendix B for an evaluation of
the confinement-deconfinement crossover, or rather that of
center-symmetry breaking, in the phase structure of QCD.
We provide the order parameter potential Vφðφ3;φ8Þ,
where φ3;8 are related to the Cartan component of the
temporal gauge field, φ3;8 ¼ 2πA3;8

0 =ðgsβÞ, see Eq. (B29).
As discussed in Appendix B 2, the order parameter poten-
tial Vφ is computed from a sum over eigenvalues and
modes of the mode potentials (B51). In the present
approximation, the only nontrivial inputs in the latter are
the spatial-momentum and frequency dependent dressings
ZE;M; Zc; Z

E;M
q ;Mq of the full ghost, gluon and quark

propagators, see Eqs. (B52), (B56), and (B58). The
computational details have been explained in the introduc-
tion of Sec. II B. Here we only add the details concerning
the quark-gluon vertex. As mentioned in the Introduction,
we resort to the computational scheme in [27] for the
dominant vertex dressings λ1;4;7qq̄A . In [27], a combination of
the STIs as well as RG invariance has been used for the
construction of STIþ RG–consistent dressings. The quan-
titative reliability of this setup has been confirmed in [2],
where the dressings of the quark-gluon vertex have been
computed directly. In conclusion the results from the
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present scheme agree with that of the full computation
in [2] up to chemical potentials μB ≈ 600 MeV. Note that
this is already beyond the full quantitative reliability of the
computation in [2] of μB=T ≲ 4, see also Ref. [1] and the
comprehensive analysis in [22]. Moreover, we stabilize
the setup in [27] further by using the vacuum 2þ 1-flavor
QCD input from [28] instead of the two-flavor input from
[48]. This entails that we do not have to accommodate the
strange quark dependence in the difference DSE. A further
crucial benchmark is the compatibility of the results for the
chiral crossover temperature Tcð0Þ at vanishing chemical
potential and the curvature κ2 of the crossover line at
μB ¼ 0. We find

Tcð0Þ ¼ 157 MeV; κ2 ¼ 0.0153; ð6Þ

which is in quantitative agreement with the lattice results
as well as that from quantitative functional computations,
see Refs. [1–3,27]. Further, qualitative, functional studies
typically fail to meet the curvature constraint, for recent
compilations of the respective results see Refs. [27,51]. In
summary, the sophisticated approximation used here for the
coupled DSEs of the quark and gluon propagators dressings
as well as that of the quark-gluon meets all the benchmarks
at μB ¼ 0. The location of the critical end point is
obtained at

ðTCEP; μCEPB Þ ¼ ð103; 660Þ MeV: ð7Þ

Equation (7) agrees within the errors with the up-to-date
estimates [1–3]. We note in passing that (7) should not be
understood as a new estimate. The state of the art estimate
is still given by [2], which is singled out by its direct
computation of the quark-gluon vertex dressing. We hasten
to add that an update of the estimate is not one of the aims
of the present work. Here we aim at the computation of
thermodynamic observables including the first quantitative
DSE computation of the fluctuations of conserved charges.
The above analysis of the results for the chiral phase

structure concludes the discussion of present setup: we
have quantitative reliability up to μB=T ≲ 4 and agree with
the state of the art DSE computation in [2] up to baryon
chemical potentials μB ≈ 600 MeV, very close to the
critical end point.
We proceed with the results for the confinement-decon-

finement or rather center phase transition in QCD. We have
discussed in Appendix B that the expectation values of the
gauge invariant eigenvalues hν�i and hν3i determine the
expectation values hφ3i; hφ8i, (B21b). Hence, the latter are
gauge invariant observables and constitute order parameters
for the confinement-deconfinement phase transition, or
rather the center phase transition in QCD. The expectation
values hφ3;8i are simply the solutions of the equations of
motion of φ3;8 which are the saddle points of the Polyakov

loop potential, see Eq. (B35). Accordingly, we can read off
their values from these saddle points.
At vanishing chemical potential the physical solution of

the EoM is given by the absolute minimum of the potential.
Moreover, for μB ¼ 0, the expectation value of φ8 is
vanishing for all T, a respective heat map of the potential
for T ¼ 120 MeV is shown in Fig. 18 in Appendix B 2 for
illustration. This entails that we only have to consider the
temperature dependence of the potential in the φ3 direction.
This is depicted in Fig. 1, and we have normalized the
potential such that it vanishes at vanishing background
field,

Vφ;Tðφ3;φ8Þ ¼ Vφðφ3;φ8ÞjT − Vφð0; 0ÞjT: ð8Þ

The minimum hφ3i is indicated by a dashed red line in
Fig. 1. For asymptotically large temperatures, T → ∞, it
vanishes, hφ3i → 0. In turn, for T → 0 it approaches the
hφ3i ¼ 2=3 with Lðhφ3i; 0Þ ¼ 0. The expectation values
hφ3;8i are the gauge invariant order parameters that serve as
optimal backgrounds for most expansion schemes in func-
tional approaches and specifically for the vertex expansion
that underlies most computations. However, the confine-
ment-deconfinement or center symmetry properties are
more conveniently assessed with the Polyakov loop of
the expectation value of the eigenvalue field, LðhνiÞ and
L̄ðhνiÞ, see Eq. (B67) in Appendix B 2 b. For convenience
and their importance we recall the relations here

LðhνiÞ ¼ 1

3
½e2πφ̄8=

ffiffi
3

p
þ 2e−πφ̄8=

ffiffi
3

p
cos πφ̄3�;

L̄ðhνiÞ ¼ 1

3
½e−2πφ̄8=

ffiffi
3

p
þ 2eπφ̄8=

ffiffi
3

p
cos πφ̄3�; ð9Þ

1.0
0.8

0.6
0.4

0.2
0.0

100
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140
160
180
200
220
240

0

2

4

T [MeV]

FIG. 1. 3D plot of the dimensionless Polyakov loop potential
Vφ;Tðφ3; 0Þ, defined in (8) and (B30). We show it as a function of
the background field φ3 and the temperature T at φ8 ¼ 0 and
vanishing baryon chemical potential. The temperature-dependent
minimum of the Polyakov loop potential is displayed as a dashed
red line.
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with

φ3 ¼ hφ̂3i; φ̄8 ¼ −ihφ̂8i; ð10Þ

which are related to the expectation value of the eigenvalue
field,

hν�i ¼
1

2

�
iφ̄8 �

1ffiffiffi
3

p φ̄3

�
; hν3i ¼ −iφ̄8: ð11Þ

The observables (9) are depicted in Fig. 2 as a function of
the temperature for different chemical potentials μB ¼ 0.
We define the confinement-deconfinement crossover tem-
peratures TLðμBÞ; TL̄ðμBÞ with the peaks of the thermal
susceptibilities of the Polyakov loops L; L̄ in (9),

χL ¼ ∂L
∂T

; χL̄ ¼ ∂L̄
∂T

: ð12Þ

The susceptibilities (12) are shown in Fig. 3 for the same
chemical potentials as used in Fig. 2. We define the thermal
widths of the susceptibilities by the boundary of the interval
in which L; L̄ exceed half their peak height. This coincides
roughly with the width of a Breit-Wigner fit about the peak.
In particular, we find at vanishing chemical potential

TLð0Þ ¼ TL̄ð0Þ ¼ 152 MeV; ð13Þ

close to the pseudocritical temperature of the chiral
transition Tcð0Þ ¼ 157 MeV, see Eq. (6).
Our results for the confinement-deconfinement crossover

are shown in Fig. 6 in Sec. III B together with the chiral
crossover temperature and its width.

B. Chiral phase transition

We proceed with the evaluation of the chiral order
parameter, the renormalized chiral condensate Δl;R in (14),
and the respective crossover temperature Tχ . Here we
follow [1,2,27], and the only novel aspect is the discussion
of the dependence of Δl;R on the gluonic background φ, or
rather the lack thereof.
The renormalized light chiral condensate Δl;R reads

Δl;R ¼ 2

m4
π

X
q¼u;d

½ΔqðT; μBÞ − Δqð0; 0Þ�: ð14Þ

Equation (14) is the difference between the chiral con-
densate Δq at ðT; μBÞ ≠ 0 and that in the vacuum, with

Δq ¼ −mqT
X
ωp

Z
d3p
ð2πÞ3 tr½Gqq̄ðpqÞ�; ð15Þ

where mq is the current quark mass. The trace tr sums over
color and Dirac indices and the momentum and frequency
variable pq is given by

ðpq;μÞ ¼ ðωq;n þ 2πTφc − iμq; pÞ; ð16Þ

with the quark chemical potential μb ¼ μB=3 and the
background field φc in the Cartan subalgebra with the
components φ3;8, see Eq. (B29). Equation (15) simply is
the integrated scalar part of the quark propagator. The full
quark propagator is parametrized as

Gqq̄ðpÞ ¼
�
−iγ0pq;0 −

ZM
q

ZE
q
iγpþMq

�
fqðpq; μqÞ; ð17Þ

with the scalar dressing fq,
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FIG. 2. Traced Polyakov loops L and L̄ of the expectation value
of the eigenvalue field, hνi, see Eqs. (9) and (10). They are shown
as a function of temperature T for different values of baryon
chemical potential μB. The respective thermal susceptibilities (12)
are shown in Fig. 3.
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fqðpq; μqÞ ¼
1

ZE
q

1

p2
q;0 þ

	
ZM
q

ZE
q



2
p2 þM2

q

; ð18Þ

and the momentum, chemical potential and background-
dependent dressings ZE;M

q ðpq; μqÞ;Mqðpq; μqÞ. These
dressings are computed from the quark gap equation.
They are complex functions of pq and μq and we have
deferred the discussion of the computational details to
Appendix B 2 e. Moreover, as discussed there in the context

of the computation of the quark part of the Polyakov loop
potential, the color part of the trace in (15) can be turned
into a sum over the eigenvalues of φc.
The chiral crossover temperature is computed from the

thermal susceptibility,

χΔT;R
¼ ∂ΔT;R

∂T
; ð19Þ

see e.g. Refs. [2,3,27] for previous computation with DSEs.
For a comparison of crossover temperatures from different
order parameters see Refs. [1,53]. The respective crossover
temperature is shown in Fig. 6 together with its width. The
latter is defined by the boundaries of the interval in which
the susceptibility exceeds half its peak height, matching the
definition of the confinement-deconfinement crossover.
In summary, the chiral condensate Δq is computed in

the gluonic background φ and are shown in Fig. 4.
Interestingly, the difference between the results in the
gluonic background and that with a vanishing background
(Ā0 ¼ 0) is negligible. The nontrivial background is trig-
gered by the confining dynamics and reflects the latter
phenomenon. This suggests that the onset of confinement
has little impact on the size of dynamical chiral symmetry
breaking. This is specifically interesting, as it is qualita-
tively different for the fluctuation of conserved charges.
The latter depend qualitatively on the “confining” back-
ground, for a comprehensive analysis see Refs. [11,54].
We shall corroborate the findings there in Sec. IV, where
thermodynamic observables and the fluctuations of con-
served charges are computed within functional QCD.
We close this section with the remark, that we have used

the quotation marks as the background is not confining but
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FIG. 4. Renormalized light chiral condensate Δl;R, (14), as a
function of the temperature T for several chemical potentials μB
including μCEPB ¼ 660 MeV at the critical end point: Δl;R with the
gluonic background φ (straight), Δl;R at φ ¼ 0 (dashed). We also
show the lattice QCD result of Δl;R at zero chemical potential
(open circles) from [52]. For Δl;R with the gluonic background φ,
the respective thermal susceptibilities (19) are shown in Fig. 5.
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FIG. 5. Thermal susceptibility of the light chiral condensate
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, (19), as a function of the temperature T for several chemical
potentials μB including μCEPB ¼ 660 MeV at the critical end point.
The susceptibility is shown as a function of temperature T for
different values of baryon chemical potential μB, matching
that in Fig. 4.
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rather signals confinement. We will still keep the com-
monly used notion of “confining” and its true meaning is
implicitly understood.

C. QCD phase structure

The results of Secs. III A and III B allow us to map out
the chiral and confinement-deconfinement phase structure
of QCD at vanishing strangeness and charge, (1). In Fig. 6
we show the chiral and confinement-deconfinement cross-
over lines together with their thermal widths. As expected,
the chiral crossover is far steeper than the confinement-
deconfinement ones, and the L̄ crossover is the smoothest
one. Still, in contradistinction to the expectation value of
the Polyakov loop as measured with lattice simulation, the
confinement-deconfinement crossover temperatures can be
determined well and they are close to the chiral one. This
originates in the fact that they are not subject to large
thermal normalization factors, see Ref. [35]. The latter shift
the transition temperature to far larger values.
The physics significance of the respective confinement-

deconfinement temperatures is supported by the following
property: the gauge invariant order parameters hφ3;8i play
an important physics role as physical backgrounds that
allow for optimal convergence of computations of observ-
ables within functional approaches. Loosely speaking, such
an expansion point already carries a sizeable part of the
underlying dynamics. Indeed, resorting to the diagram-
matic representation of the Polyakov loop potential, the
expectation values themselves have a diagrammatic repre-
sentation. If inserting them as backgrounds in the dia-
grammatic representation of, e.g., the fluctuations of
conserved charges, this background provides an additional,
physically relevant, resummation. In summary this leads to
a qualitatively enhanced apparent convergence of such a
computation.
This leads us directly to the assessment of the systematic

error of the phase structure predictions within the current
approximation. This is important for the assessment of the
systematic error of the results for the thermodynamics and
the fluctuations of conserved charges in Sec. IV: To begin
with, the present results for the chiral phase transition lines,
including the location of the CEP, are in quantitative
agreement with the functional results in [1–3] and the
closely related one [27]. Indeed, the present computation is
an upgrade of the latter computation and this upgrade is
informed by the improvements on [27] in the state of the art
DSE computation in [2]. This entails that its respective
systematic error can be deduced from [2].
For the discussion of the combined systematic error of

the theoretical computations of the QCD phase structure we
use all state of the art results both from lattice simulations
as well as functional approaches of QCD. In Fig. 7 we show
the respective chiral and confinement-deconfinement cross-
over lines as well as freeze-out data from different groups.
In both Figs. 6 and 7, we indicate the two lines μB=T ¼ 3

and μB=T ¼ 4 relevant for the systematic error analysis:
The former one, μB=T ¼ 3, indicates the convergence area
of lattice simulations. Beyond this regime, with μB=T ≳ 3,
one may use extrapolations of lattice results. However, the
respective unbiased systematic error estimate is increasing
rapidly and only can be kept small by additional assump-
tions such as the absence of novel physics phenomena
such as (off-shell) diquark and baryon fluctuations or the
dynamics of the density mode. In conclusion, lattice
simulations at μB ¼ 0 offer benchmark results for func-
tional computations at vanishing chemical potentials and
functional computations as first principle QCD ones, that,
amongst other criteria, meet all these benchmark results.
For a systematic discussion of these properties in the
phase structure of QCD we refer the reader to [22], for
general discussions of apparent convergence in functional
approaches see Refs. [29,55–57].
Consequently, for μB=T ≳ 3, the only QCD benchmark

results to date are the functional ones from [1–3]. Then, the
systematic error line at μB=T ¼ 4 indicates the current
regime of quantitative reliability of functional approaches,
both from state-of-the art fRG and DSE computations
[1–3], see Fig. 7. In contradistinction to the lattice line at
μB=T ¼ 3 this does not come as a hard conceptual bound.
Indeed, we hope to report on more sophisticated compu-
tations soon, where this bound is pushed beyond the regime
of the critical end point or rather that of the onset of new
phases: the direct systematic error estimate of the different
functional computations in [1–3] increases successively for
μB=T ≳ 4. This increase of the systematic error estimate is
specifically triggered due to the onset of the moat regime
[64] in QCD, [1,65] and its incomplete resolution in the
current state of the art functional computations. This
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FIG. 7. Chiral and confinement-deconfinement phase structure
of QCD. The crossover lines display the locations of the peak
positions of the thermal susceptibilities χΔT;R

[chiral, (19)] χL, χL̄
[confinment-deconfinement, (12)]. We also show the chiral phase
transition line obtained from the lattice QCD [58,59] and func-
tional QCD approaches [1–3], and the freeze-out data from
different groups [60–63].
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deficiency is currently resolved and [65] is a first important
step in this direction. Still, we remark that the quantitative
agreement of the different functional approaches in the
regime μB=T ≳ 4 provides nontrivial evidence for the
reliability of the results even in this regime. This remark-
able agreement even persists for the location of the CEP
which only varies within 10%.
This concludes our discussion of the systematic error

estimate. In short, the results for the thermodynamics and
fluctuations of conserved charges have a small systematic
error for μB=T ≲ 4. For μB=T ≳ 4, the direct systematic
error is increasing successively, but the agreement of
different functional computation within rather different
resummations schemes suggests a still rather small sys-
tematic error of 10%.
Finally we remark that our present framework success-

fully captures the relative μB- shifts of L and L̄, see Fig. 2.
Their difference is related to the free energy gap between a
static quark and an antiquark. This further allows for a
systematic study on strangeness neutrality [38,66] via
continuum correlation functions, which will be presented
in a follow-up work [67].

IV. THERMODYNAMICS AND FLUCTUATIONS
OF CONSERVED CHARGES

The preparations and results of Sec. III and Appendix B
for the chiral and confinement-deconfinement crossovers
allow us to resolve the thermodynamics and fluctuations of
conserved charges with DSEs quantitatively. As already
alluded to in Sec. III B, the gluonic background φ (or A0),
triggered by the confining dynamics, is essential for even
qualitative results. In particular, they are of crucial impor-
tance for the fluctuations of the conserved net-baryon
number, see Refs. [11,54]. Moreover, this importance is
even growing for higher order fluctuations. The current
results are benchmarked with the lattice results at vanishing
chemical potential. For μB=T ≳ 3 they are discussed in
comparison to the fRG results in [22,37] within sophisti-
cated low energy effective theories: they pass the bench-
mark tests at μB ¼ 0 and corroborate the fRG results at
μB ≠ 0. We also emphasize that, both the present results
and [22,37] confirm the findings in [11,54]. While the
chiral properties, such as the renormalized chiral conden-
sate ΔT;R, show a relatively small dependence on the
confining background hφi, the fluctuations of conserved
charges in QCD show a qualitative dependence. In short,
the results in a vanishing background are not converged and
fail to even reflect the qualitative dependence in QCD
already at μB ¼ 0. In turn, in the confining background they
agree quantitatively with the lattice results at μB ¼ 0 and
with each other for larger densities, and in particular
for μB=T ≳ 3.
In Sec. IV B, we discuss our results for the baryon

number density and the fluctuations of conserved charges.

The baryon number kurtosis is used in Sec. IV C for a
discussion of the beam energy scan (BES).

A. Baryon number density and thermodynamics

The baryon number density and its respective fluctua-
tions are readily derived from the net-quark number
density,

nqðT; μqÞ ≃ T
X
ωp

Z
d3p
ð2πÞ3 hq̄ð−pÞγ0qðpÞi; ð20Þ

where we have left out a (re)normalization function, for a
respective discussion see e.g. Refs. [29,68]. The net-quark
number density is given by the trace of the γ0 component of
the quark propagator,

nqðT; μqÞ ¼ −T
X
ωp

Z
d3p
ð2πÞ3 tr½γ0ḠqðpqÞ�; ð21Þ

with pq ¼ pqðφcÞ defined in (16). The gluonic background
φc takes care of the fact that the quark propagator in (20) is
the one on the full equations of motion. The trace tr in (21)
sums over color and Dirac indices, and the RG-invariant
propagator Ḡq is defined by

ḠqðpqÞ ¼ ZE
q ðpqÞGqq̄ðpqÞ: ð22Þ

The RG invariance of Ḡq is accommodated by the wave
function ZE

q ðpqÞ in the numerator which also arranges
for the appropriate normalization, see Ref. [29]. The RG-
invariance of Ḡq and hence that of the integrand in (21) is
readily seen from

tr½γ0ḠqðpqÞ� ¼ −4Ncipq;0ZE
q ðpqÞfqðpq; μqÞ; ð23Þ

with fqðpq; μqÞ in (18) and

ZE
q ðpqÞfqðpq; μqÞ ¼

1

p2
q;0 þ

	
ZM
q

ZE
q



2
p2 þM2

q

: ð24Þ

The right-hand side of (24) is manifestly RG invariant and
so are (21) and (23). The computational details of perform-
ing the thermal sums in (21) can be found in Appendix D.
The baryon number density nB follows from that of the

net-quark number densities as a flavor sum,

nBðT; μBÞ ¼
1

3

X
qi¼u;d;s

nqiðT; μqiÞ: ð25Þ

The temperature dependence of nBðT; μBÞ including the
confining background is displayed in Fig. 8 for different
baryon chemical potentials with μB=T from 0.5 to 4.0 in
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steps of 0.5. We also show extrapolation results from the
lattice QCD, including those from the Taylor expansion up
to OðμB=TÞ6 [69] (colored bands), and those from the T 0
expansion scheme [70] (open diamonds).
Our result agrees well with the lattice QCD extrapola-

tions for μB=T ≤ 3.5 within the error bars from the
extrapolations. For μB=T > 3.5 we are beyond the con-
vergence radius of lattice extrapolations. We also emphaz-
ize that our result of nB in Fig. 8 is obtained with a direct
functional computation without any external input. Hence,
Fig. 8 and further thermodynamic observables and the
fluctuations of conserved charges at small density serve as
decisive benchmarks for the present approach: to begin
with, the present approach allows for direct computations
at larger densities μB=T ≳ 3 and hence, together with the
fRG approach, is the only QCD-based approach at these
densities that provides direct results. This leads to the
following crucial observation: Assume that one obtains the
results agreeing with all lattice benchmark observables at
small density, and then extends them to larger density with
either direct lattice extrapolations or low energy effective
theories such as Nambu-Jona-Lasinio-type models, quark-
meson models and holographic models. Then, the results
from the functional QCD approach at larger density have a
qualitatively better systematics than any of these extrapo-
lations as it includes the QCD dynamics. This statement
persists even in the regime with μB=T ≳ 4, where the
systematic error of functional QCD approaches still grows
larger. Moreover, these deficiencies will be remedied soon
by improved computations within the fQCD collaboration
[47]. In any case, the present functional results for the
crossover line including the location of the CEP and the
results for the observables there should be considered as
the benchmark for low energy effective model computa-
tions including lattice extrapolations.

For small chemical potentials the results agree within the
systematic error estimate of 10% for the current results. For
μB=T ≲ 3 the comparison is far better. For μB=T ≳ 3 and
large temperatures the nB from functional QCD grow
slightly larger than those from the lattice extrapolation,
while still within our systematic error estimate of 10%. This
overshooting tendency for larger temperatures was also
present for the renormalized chiral condensate at vanishing
chemical potential, see Fig. 4. Hence, it may hint at an
overshooting of the integrated scalar dressing ZE

q × fq, (24)
within the systematic error. This overshooting is accom-
modated within the systematics of the difference DSE used
in the current miniDSE scheme and is part of the 10%
systematic error estimate. It will be investigated and
systematically improved in further works.
Still, we note that the corresponding regime already

overlaps with the predicted regime of novel phenomena,
especially the moat regime which features spatial modu-
lations in the thermodynamic system [64,65]. In other
words, the density profile might contain signatures of the
onset of novel phase structure of QCD at large chemical
potentials. Such a property is most likely not captured by an
extrapolation.
We emphasize that the gluonic background φc plays a

crucial role in the thermodynamic behavior of nB in the
hadronic regime, in contradistinction to the irrelevance of
the gluonic background for the chiral condensate shown in
Fig. 4. We have deferred the respective discussion to
Appendix C, see in particular Fig. 22: the importance
of the consistent φc background is growing large for the
hadronic regime, but sizeable differences persist up to
temperatures T ≈ 200 MeV. This illustrates very concisely
the relevance of the confining dynamics in the finite-
density part of QCD thermodynamic functions.
In the present section we concentrate on the physics

results from the present approach, and proceed with the
computation of the equation of state and further thermo-
dynamic observables at finite density from the net-baryon
number density. To that end we simply consider the density
effects of the thermodynamic observables, and we explain
the general procedure at the example of the equation of
state: Key to the computation is the observation, that the
finite-density effects in the equation of state and other
thermodynamic observables at a given μB are completely
captured by a μB integral of the density [13,29,46].
For its importance for the present results and in order to

allow for a direct systematic error assessment we illustrate
the approach at the example of the pressure. It reads

PðT; μBÞ ¼ PðT; 0Þ þ
Z

μB

0

dμnBðT; μÞ; ð26Þ

which can be computed from PðT; 0Þ and from our density
results Fig. 8. The entropy follows as its temperature
derivative,
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FIG. 8. Baryon number density nB=T3 for different baryon
chemical potential μB=T ¼ 0; 0.5;…; 4.0 as a function of
T ∈ ð100; 250Þ MeV. We also show lattice QCD data from the
T 0 expansion scheme [70] (open diamonds) and the sixth order
Taylor expansion [69] (colored bands).
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sðT; μBÞ ¼
∂PðT; μBÞ

∂T
: ð27Þ

Hence, using (26), the entropy at finite baryon chemical
potential can be computed from the input sðT; 0Þ and
∂=∂nBðT; μBÞ, computed in the present work. Finally, these
results for the pressure PðT; μBÞ and the entropy sðT; μBÞ
can be used directly to determine the energy density

ϵðT; μBÞ ¼ TsðT; μBÞ − PðT; μBÞ þ μBnBðT; μBÞ; ð28Þ

and the trace anomaly

IðT; μBÞ ¼ ½ϵðT; μBÞ − 3PðT; μBÞ�=T4

¼ T
∂

∂T

�
PðT; μBÞ

T4

�
þ μB
T4

∂PðT; μBÞ
∂μB

: ð29Þ

At vanishing baryon chemical potential μB the thermody-
namic observables, and in particular P, s, ϵ, I have been
determined very accurately with lattice simulations and we
use the μB ¼ 0 results from [70].
Our results for the QCD equations of state, the pressure

P, entropy density s, and energy density ϵ, are shown in
Fig. 9 together with the lattice data from [70,71]. We
display the results for μB=T ranging from 0 to 4.0 in 0.5
steps. These plots are complemented by that on the trace
anomaly in Fig. 10. Finally, we discuss the relevance of the
gluonic background: we have already seen that the baryon
number density shows sizeable differences that grow larger
with increasing baryon chemical potential, see Fig. 22 in
Appendix C. Consequently we expect an increasing rel-
evance of the φ dependence with increasing μB in the
present approach, where we only compute the finite density
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FIG. 9. QCD equations of state at finite temperature and
density: pressure (P=T4), entropy density (s=T3) and energy
density (ϵ=T4) as functions of temperature with T ∈ ð100;
250Þ MeV for baryon chemical potentials μB=T¼0;0.5;…;4.0.
We also show lattice QCD data from the T 0 expansion scheme
[70] (open diamonds) and the Taylor expansion [71] (colored
bands).
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FIG. 10. Trace anomaly I ¼ ðϵ − 3PÞ=T4 as a function of
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FINITE DENSITY SIGNATURES OF CONFINING AND CHIRAL … PHYS. REV. D 113, 054019 (2026)

054019-11



correction of thermodynamic observables, see Eq. (26).
With φ ¼ 0 the thermodynamic observables have been
computed within a trivial background in [13], and an
analysis of the differences between φ ¼ 0 and the non-
trivial gluonic background φ is done in Appendix C,
see Fig. 22.
The results in Fig. 9 may be seen as a benchmark test for

the accuracy of the finite density correlations (for the quark
propagator) in the present functional QCD approach.
However, they should rather been seen as a confirmation
of the validity of lattice QCD extrapolations of the equation
of state at small chemical potentials. Note that the latter is
done with only a few parameters.
We have already mentioned that the impressive agree-

ment extends to the baryon number susceptibilities χB2 and
χB4 , see Sec. IV B. In contradistinction to the thermody-
namic observables the results for the susceptibilities is
computed solely from the correlation function results of the
functional QCD approach used here.
Finally, we also comment on the μB=T ¼ 3.5 results in

comparison to the lattice extrapolations. This is already
close or even beyond the convergence radius of the lattice
QCD extrapolation. Consequently, the error bars of the
lattice results are growing large, particularly in the low
temperature region.
In summary, these results confirm the quantitative

accuracy of the present DSE computations for μB=T ≲ 3.
As discussed before, the results for P, s, ϵ, I for μB=T ≲ 3
constitute the first fully self-consistent functional QCD
computation of these observables in this regime. In the
absence of any other first principles QCD results, these are
the first QCD results in the regime μB=T ≳ 3. Hence, they
set the benchmark for the thermodynamic observables in
this regime including the critical end point. Extrapolation
results and that from low energy effective theories (LEFT)
should be confronted with them and potentially adjusted.
The present results provide a direct access on the

equation of state at relatively high densities, which is of
imminent importance for the theoretical access to exper-
imental data from low-energy collision experiments. They
can be used as input for respective phenomenological
studies, e.g. in hydrodynamic simulations. Related inves-
tigations are beyond the scope of the present work and are
the subject of forthcoming ones.

B. Fluctuations of the conserved baryon charge

We have computed thermodynamic observables (the
equations of state) of QCD at finite baryon chemical
potential in Sec. IVA. This has been done by representing
their density contributions via the baryon density, and its
temperature integral (pressure) and first order derivatives
with respective to temperature (entropy, energy density) or
baryon chemical potential (trace anomaly). Higher order
T; μB derivatives provide a differential resolution of the
equations of state, and hence provide more information

about the underlying QCD dynamics. The nth order
derivatives with respect to baryon chemical potential of
the pressure are the baryon number susceptibilities χBn with

χBn ¼ ∂
nðP=T4Þ
∂ðμB=TÞn

¼ Tn−4 ∂
n−1nB
∂μn−1B

: ð30Þ

The χBn give access to a whole set of observables, and in
particular to the baryon number fluctuations. The latter are
closely related to the fluctuations of net-proton number,
measured in the experiments.
Equation (30) can be either computed directly on the

numerical results for the baryon number density nB in (21).
This requires a rapidly increasing numerical precision for
nB with rising order n of derivatives. A more promising
alternative is taking analytic μB derivatives of (21), hit-
ting the correlation functions as well as the explicit
μB-dependence, see Refs. [54,74]. There it has been shown
that the higher order μB-derivatives of correlation functions
or rather the dressings can be iteratively computed from the
lower ones without the need for taking numerical deriva-
tives. For example, χB2 is related to the μB derivative of the
quark number density,

∂nq
∂μB

¼−
XZ
p

tr

�
γ0

�
∂ḠqðpÞ
∂μB

þ
X
i

∂DiðpÞ
∂μB

∂Ḡq

∂Di
ðpÞ

��
; ð31Þ

where Ḡq is the RG-invariant normalized quark propagator
(22). The Di’s are parts of correlation functions such as
wave functions or mass functions as well as dynamical
backgrounds such as the dynamical background φc which
signals confinement. In the present investigation we have to
consider the quark dressing functions and the φc,

D ¼ fZE
q ; ZM

q ;Mq;φcg: ð32Þ

Similarly, higher order baryon number susceptibilities can
be obtained by further applying the μB derivatives on (31)
order by order. In the present work we have used the first
step in this iteration and computed the numerical deriva-
tives for the Di instead of using the full iterative procedure.
Close to the crossover line this led to the restriction
μB ≲ 600 MeV for the results, the larger μB regime will
be discussed elsewhere. On the freeze-out line discussed
later, the numerical accuracy is sufficient to go to larger μB,
that is smaller

ffiffiffiffiffiffiffiffi
sNN

p
, see Fig. 16.

In Fig. 11, we show our results for the second-order
baryon number susceptibility χB2 and the kurtosis χB4 =χ

B
2 at

μB ¼ 0. The computation draws from the complete sets of
correlation functions and potentials computed here and we
provide a brief review of the most important properties:
To begin with, they are obtained in the dynamical

gluonic background φ: we have discussed in Secs. II A
and III A and Appendix B that this background signals the
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transition from the quark-gluon phase at large temperatures
to the confined hadronic phase at low temperatures. Its
inclusion is of crucial importance for even obtaining the
qualitative properties of the fluctuations of conserved
charges, see Refs. [11,54]. We have repeated the respective
analysis here. Figure 12 comprises the comparison of the
kurtosis with and without the gluonic background φ, see
Ref. [12] for the first DSE computation with φ ¼ 0. This
comparison illustrates the qualitative importance of the
dynamical gluonic background, that signals confinement.
Specifically, within the dynamical gluonic background we
meet the crucial benchmark for the kurtosis for vanishing
temperature and density, χB4 =χ

B
2 ðT ¼ 0Þ ¼ 1. This signals

the baryonic nature of the hadronic phase, while in the
quark regime it is signaled by χB4 =χ

B
2 → 1=9. Monitoring

this dynamical change accurately in degrees of freedom is
vital for the explanation of the dynamics in the crossover
regime that shows in the experimental data for fluctuations

of conserved charges. This important property as well as
the underlying dynamics is not even captured qualitatively
for a vanishing gluonic background φ ¼ 0. A more detailed
comparison, and in particular that of the importance of
φ8 ∈ iR is done in Appendix C.
On the more technical side we remark that the compu-

tation of observables within the dynamical gluonic back-
ground φ optimizes the convergence of the computation as
φ is the solution of its equation of motion. We conclude that
the present results constitute the first functional QCD
results for the fluctuations of conserved charges that
accommodate all qualitative properties of the QCD dynam-
ics in the crossover regime and in the hadronic phase as
well as providing quantitative results. The results are
obtained within a self-contained functional computation:
all correlation functions are computed within the present
DSE approach and the gluonic background is obtained
from the functional Polyakov loop potential obtained
within the present DSE approach, see Sec. III A and
Appendix B. This concludes the brief overview.
We proceed with the discussion of our results for the

kurtosis. In Fig. 11 we also show benchmark results from
lattice QCD [71,75] and from QCD-assisted fRG-LEFTs
[22,37]. Our result agree quantitatively with these bench-
mark results for all temperatures considered.
With these preparations we proceed to QCD at finite

baryon chemical potential, and in particular to μB=T ≳ 3.
There, the present approach gives us access to a precision
analysis of thermodynamic observables at finite density,
particularly for the event-by-event fluctuations of con-
versed charges that are directly accessible in heavy-ion
collisions. The respective results for the kurtosis at finite
μB, are collected in Fig. 13. There we show the temperature
dependence of the kurtosis for μB, ranging from 0 to
600 MeV. In particular we find that the nonmonotonicity of
the kurtosis becomes more sizeable with increasing μB.
This is expected from previous studies both in QCD and
low energy effective theories. Moreover, it follows directly
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FIG. 11. Baryon number susceptibilities χB2 and the kurtosis χB4 =χ
B
2 as a function of temperature at μB ¼ 0 and μQ ¼ μS ¼ 0. The

lattice QCD results from [71,75], and the fRG-LEFT results from [22,37], are shown together for comparison.
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FIG. 12. Baryon number kurtosis χB4 =χ
B
2 at vanishing μB,

evaluated with the dynamical gluonic background φ and at
φ ¼ 0. Computations in the latter background are not converged
and fail to even meet the qualitative features, including
χB4 =χ

B
2 ¼ 1 at T ¼ 0.
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from the basic properties of analytic functions. While such
a behavior could signal critical phenomena for the fluctua-
tions observed in the low-energy collisions, it has been
argued that the critical regime in QCD is very small and no
functional QCD computation shows critical scaling for
μB ≲ 400 MeV, for a recent discussion see Ref. [22].
Consequently we consider it as very unlikely that the
nonmonotonicities signal critical scaling. Indeed, for a
dissection of the QCD phase structure and in particular
the location of the critical end point the noncritical
scenario is far more amiable toward its detection, see again
Ref. [22].
We close this section with a brief discussion of the

systematics: the current approximation is quantitatively
accurate for μB=T ≲ 4 and the quantitative agreement of
the chiral crossover lines from functional QCD, [1–3] for
μB=T ≳ 4 provides nontrivial support for its predictive
power for larger baryon chemical potentials including
the CEP regime. However, this argument does not apply
to the susceptibilities and further differential observables,
and the systematic error of the respective results grows
successively larger for μB=T ≳ 4.

C. Baryon number kurtosis and beam energy scan

In this final part of Sec. IV we map out the kurtosis in the
phase structure, concentrating on the crossover regime and
the approach to the CEP, see also Ref. [22]. For a recent
review concerning its relevance for detecting the CEP, see
Ref. [76]. This result is used for analyzing the behavior of
the baryon number kurtosis on the freeze-out line with
respect to possible signatures in the beam energy scan of
heavy-ion collisions. The experimental measurements pro-
vide the net-proton cumulants, and hence this comparison
has to be taken with a grain of salt. The theoretical
equilibrium results should be seen as the QCD fundament
for going toward the experimental signatures, and these

additional steps not only have to accommodate the differ-
ence of the fluctuations of conserved charged but also have
to take care of the nonequilibrium nature of the heavy ion
collision. Still, the QCD fundament is most important for
anchoring any progress toward the experimental signatures.
In Fig. 14 we show a heat map plot of χB4 =χ

B
2 up to

baryon chemical potentials μB ¼ 600 MeV. This value is
already close to the location (7) of the CEP in the present
computation with μCEPB ¼ 660 MeV. The heat map Fig. 14
is complemented with the kurtosis along the chiral cross-
over line in Fig. 15. The result is depicted on a linear scale
for jχB4 =χB2 j < 1 and a logarithmic scale for jχB4 =χB2 j > 1.
We find that the kurtosis starts out positive and turns
negative at μB between 350 and 400 MeV. This behavior
has also been seen in the fRG studies within QCD-assisted
LEFTs, [22,37]. It is a common property of generic low
energy effective theories, see e.g. Ref. [11]. Moreover, in
such a setup it is readily shown that it persists in the absence
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FIG. 13. Baryon number kurtosis χB4 =χ
B
2 as a function of

temperature for different baryon chemical potentials ranging
from μB ¼ 0 to 600 MeV in steps of 50 MeV.

0 100 200 300 400 500 600
110

120

130

140

150

160

170
DSE, chiral freeze out, Andronic et al.

�B [MeV]

T
[M
eV
]

0

5

10

15
�B4/�B2
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baryon chemical potential μB. We also display the chiral cross-
over line and the freeze-out line extracted with the statistical
hadronization approach [61] as a frame of reference.
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of a critical end point. In this context it is also worth
emphasizing that critical scaling in this regime is present
neither in functional QCD studies [1–3] nor in the low
energy effective theory ones. In conclusion, while such
nonmonotonicities do occur in the vicinity of a critical
scaling regime around the CEP, they are no smoking
gun for it. Indeed, in this regime of

ffiffiffiffiffiffiffiffi
sNN

p ≈ 5 GeV or
μB ≈ 500 MeV, QCD has not entered the critical regime,
which is dominated by critical scaling laws. This can be
inferred from the fRG computation in [1], which accom-
modates critical fluctuations. For a related more detailed
analysis of critical physics in the chiral limit at μB ¼ 0 see
Ref. [77], for comprehensive model studies with full critical
scaling see e.g. Refs. [78,79]. In short, the critical region is
very small. While seemingly complicating the search for
the critical end point, it actually comes as an advantage. As
discussed in [22], one can infer the location of the critical
end point from the noncritical behavior in the fluctuations
of conserved charges.
With these preparations we also investigate the kurtosis

along the freeze-out line. This provides the first equilibrium
baseline for the beam energy scan experiment from direct
functional QCD computations. Moreover, in the absence of
lattice QCD results for collision energies

ffiffiffiffiffiffiffiffi
sNN

p ≲ 8 GeV,
the present results are the first QCD results available. For
the freeze-out line we use the parametrization [61], based
on the statistical hadronization approach.
In Fig. 16 we show the kurtosis of net baryon number as

a function of
ffiffiffiffiffiffiffiffi
sNN

p
along the freeze-out line from [61]. The

results are complemented by the fRG data from [22], using
corrections for the canonical ensemble. This work is done
in a sophisticated QCD-assisted LEFT that features the
chiral physics and crossover line obtained in functional

QCD in [1]. However, the setup still allowed for minor
variations of the location of the CEP with approximately
�50 MeV relative to the present one in (7). Such a
variation led to large variations of the amplitude of the
cumulants on the freeze-out line for

ffiffiffiffiffiffiffiffi
sNN

p ≲ 10 GeV. In
turn, the peak location of the kurtosis on the freeze-out line
only showed subleading variations, see Fig. 11 in [22]. The
respective analysis readily translates to the present setup:
the amplitude of the kurtosis at the freeze-out line shown in
Fig. 16 may change with an improved computation as the
location of the CEP still has a (conservative) systematic
error of�50 MeV. In turn, the peak position can be already
read off from Fig. 16 with a good accuracy, and matches the
one of [22]. Note that this analysis is true for both the
canonical and grand canonical ensemble.
The plot also contains the STAR BES-I [80] and BES-II

[81] data of the kurtosis of net-proton number, the lattice
QCD calculation from [15], as well as the baselines
obtained from HRG [14], UrQMD [82], and the hydro-
dynamic simulation [17]. The lowest energy point of
BES-II is 7.7 GeV, and for lower energies future experi-
ments such as CEE+ (HIAF), CBM (FAIR) and NICA
(JINR) are taking data soon.

V. SUMMARY

We have computed thermodynamic observables and
fluctuations of conserved charges within first principles
functional QCD. The computational Dyson-Schwinger
setup draws from earlier investigations and technical
developments [2,27,29]. The crucial novel ingredient for
the computation of these observables is the use of the
dynamical gluonic background φc that signals confine-
ment, see Sec. III A and Appendix B. This background
constitutes a solution of the gluonic equations of motion
and carries a considerable part of the confining infrared
dynamics of QCD. It is gauge invariant and is related to
both the temporal component of the gauge field and the
Polyakov loop. On the technical side we note that this
background can be seen as an optimal and stable expansion
point, and hence ensures a rapid convergence of the
computation. Notably, for φc ¼ 0 the above mentioned
observables lack even qualitative features in the hadronic
regime and cannot be used to access the transition regime
around the chiral and confinement-deconfinement cross-
overs. In turn, the results within the gluonic background are
quantitatively trustworthy.
We find that the confinement-deconfinement crossover is

close to the chiral one but features a far larger width, see
Fig. 6. Both crossovers end in the (chiral) critical end point,
see Fig. 7. The thermodynamic observables, that is the
pressure, entropy, energy density and trace anomaly, are in
quantitative agreement with the lattice benchmarks at
vanishing and small densities with μB=T ≲ 3. For larger
densities, the present results constitute the first functional
QCD without any external input, and constitute the QCD
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FIG. 16. Kurtosis χB4 =χ
B
2 along the freeze-out line [61] as a

function of collision energy
ffiffiffiffiffiffiffiffi
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p
. We also show results with a

canonical ensemble within the QCD-assisted fRG-LEFT [22], the
lattice QCD result [15], the STAR BES-I [80] and BES-II [81]
data for the net-proton cumulant ratio C4=C2, together with
baselines from HRG [14], UrQMD [82] and hydrodynamic
simulations [17].
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benchmark for μB=T ≳ 3, see Figs. 9 and 10. We have also
studied baryon number susceptibilities, and computed the
second and fourth order cumulants. As for the other
observables, they meet the lattice benchmarks well, see
Fig. 11 and constitute the QCD benchmarks for μB=T ≳ 3,
see Fig. 13. This allows us to map out the kurtosis in the
QCD phase structure, the respective heat map is provided in
Fig. 14. Moreover, we have used the results to follow the
kurtosis on the chiral crossover line, Fig. 15 as well as on
the freeze-out line, Fig. 16. There, our results constitute
the equilibrium QCD baseline, in particular forffiffiffiffiffiffiffiffi
sNN

p ≲ 8 GeV, in the energy regime of the future heavy
ion experiments CEE+ (HIAF), CBM (FAIR), NICA
(JINR), taking data soon, and hopefully also NA60+,
NA61/SHINE (CERN). There, this baseline has to be
confronted with the event-by-event measurement of the
baryon number fluctuations in these experiments. Note
however, that apart from the equilibrium nature of the
present computation, further differences have to be con-
sidered as baryon number versus proton number fluctua-
tions and canonical versus grand canonical ensembles.
This and further computational improvements relevant at
higher densities are in completion, and we hope to report on
them soon.
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APPENDIX A: THE HUNT FOR THE CRITICAL
END POINT

In this appendix we provide a brief survey of error
estimates and implicit assumptions underlying the recent

estimates for the location of the critical end point. For that
purpose we distinguish between

(i) Direct QCD computations at finite density: lattice
simulations, functional QCD.

(ii) Computations in LEFTs: e.g. quark-hadron models,
holographic models, extrapolations of lattice data.

This distinction is rooted in the following property or lack
thereof:

(i) Direct QCD computations at finite density are based
on exact and closed relations for correlation func-
tions for QCD (functional QCD) or are based on
sampling from the exact probability distribution of
QCD (lattice QCD). QCD results are obtained if
functional relations are solved without approxima-
tion or the continuum limit is taken on the lattice.
Key to the reliability of direct QCD computations is
the systematics and the respective systematic error
control. Importantly, direct QCD computations have
the capacity of detecting new phases and dynamics.

(ii) Computations in LEFTs can only capture what is
included explicitly or implicitly in the model at
hand. Hence, they lack the capacity of detecting all
potentially new phases and dynamics. In that sense
the extrapolation of lattice (or functional QCD) data
from low densities can be understood as a specific
subclass of low energy effective theories. Indeed, all
LEFTs should be understood as extrapolations of
QCD data and large density results in quark-hadron
models and holographic models that accommodate
the same QCD data, can be understood as specific
physics-informed extrapolations. In that sense, they
may outperform direct lattice extrapolations as they
contain more physics information. This point of
view also emphasizes the necessity and current lack
of a comprehensive systematic error analysis for
LEFT approximations.

This finalizes our discussion of the classes (i), (ii). An
example for the potential failure of LEFTs is given by the
following situation within direct extrapolations. Assume
the presence of an effect such as a resonance that emerges
at large densities and is exponentially suppressed at low
densities. Then, its signals are drowned in the statistical or
the systematic error at low densities. An extrapolation
cannot capture such an effect. Similarly, a quark-hadron
model would not be able to detect such a phenomenon if the
model does not allow for such a resonance by construction.
We also emphasize that a crude approximation in func-

tional QCD should rather be labeled as a LEFT and hence
belongs to (ii). However, systematic expansions in func-
tional QCD have the capacity of a quantitative resolution of
QCD and hence are conceptually different from LEFTs. Put
differently, in the absence of lattice results at large density
to date, they are the only QCD approach for μB=T ≳ 3, if
the approximation is sufficiently advanced. This leaves us
with the crucial task of a dedicated and comprehensive
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systematic error analysis within functional QCD. We
emphasize that such an analysis is also required for
LEFTs and extrapolations, including the discussion of
underlying assumptions and a serious evaluation of alter-
native scenarios.
In Appendix A 1 we briefly survey the state of the art

of such an error analysis in functional QCD, and in
Appendix A 2 we briefly survey the underlying assump-
tions in LEFTs and extrapolations. For a more compre-
hensive analysis we refer to [22], Appendix S.2.

1. The CEP from functional QCD

In the functional QCD works [1] (fRG) and [2,3] (DSE)
estimates for the critical end point or rather the regime of
new phases has been provided, also including dedicated
systematic error analyses. In combination this has led to
the estimate

600 MeV≲ μBCEP
≲ 650 MeV: ðA1Þ

All these works build on a systematic vertex expansion
scheme whose systematics has been explained and assessed
in many works in the past decade, recent discussions with a
comprehensive list of references can be found in [29,55].
Specifically, the systematic error analyses in [1–3] includes
the assessment of the relevance of dropped interaction
channels, and in particular the density and vector channels
in the four-quark scattering part of the effective action as
well as diquark scatterings. This part of the analysis draws
from the modular structure of functional relations: different
sectors of the theory are coupled by only a few connecting
diagrams, and the stability of the whole system can be
assessed by varying the strength and momentum structure
of these connecting diagrams. This is called the LEGO®

principle and has been introduced and discussed at length
in [55]. Importantly, this modular structure entails that the
systematic error analysis of functional QCD at finite
temperature and density can draw from that of a plethora
of low energy effective theories, vacuum QCD compu-
tations and dedicated tests of the importance of channels
by comparing results with and without these channels.
The error analyses also includes the assessment of
incomplete momentum dependences such as angular
dependences of vertices.
In summary, this analysis leaves us with a conservative

10% estimate for the systematic error on the location of the
phase structure for μB=T ≲ 4: in this regime the dropped
channels and momentum dependences have been shown to
be of subleading importance. In turn, for μB=T ≳ 4 the error
analysis, while being very advanced, lacks completeness:
First of all, the density, vector and diquark channels have

not been studied comprehensively. In a forthcoming work
this task has been completed within the fRG [83], which
will lead to a further extension of the regime with a small
systematic error.

Second, the momentum dependences of the scalar and
pseudoscalar channels have to be resolved comprehen-
sively due to the presence of a QCD moat regime
[64,65,84,85] at large density. The intersection of this
regime with the chiral crossover line is at μB=T ≈ 4, and
while the nontrivial pion and sigma dispersion that signal
the moat has been first observed and accommodated in [1],
it has not been fully resolved yet. This analysis is furthered
in [86], which will lead to a further extension of the regime
with a small systematic error.
Finally, we note that different functional relations, i.e.

fRG and DSE, accommodate different resummations.
From the perspective of lattice simulations this relates
to using different lattice actions. In any case, the impres-
sive quantitative agreement of results from fRG and DSE
computations provides a further nontrivial systematic
error control even beyond the regime μB=T ≲ 4. Note
however, that the ensuing reduction of the systematic error
is hard to quantify and hence the current quantitative
reliability bound for functional QCD, μB=T ≳ 4, is not
informed by this nontrivial agreement. However, it still
provides further reliability for the estimate (A1), and the
assessment of the final confidence level for this estimate is
left to the reader.

2. The CEP from low energy effective theories

More recently, holographic models [8,87] and lattice
extrapolations (direct [73,88] and Lee-Yang [4,89–91])
have put forward estimates for the location of the CEP
in the regime (A1) from functional QCD [1–3]. Below we
discuss whether these results can be seen as independent
evidence for the location of the CEP, hence corroborating
the estimate from functional QCD. Alternatively, the
implicit or explicit assumptions used in the respective
LEFTs may enforce the similarity. Then, the similar
LEFT estimates do not provide further evidence for the
location of the CEP.
We start with the discussion of the implicit assumptions

of direct extrapolations of lattice data. As already men-
tioned above, these extrapolations implicitly carry the
assumption of the absence of emergent degrees of freedom
at finite density that are largely suppressed at low densities.
A specific example is the signatures of off-shell resonances
such as diquarks that are not visible at small densities.
The bases used for extrapolations such as a polynomial
basis (Taylor expansion), Padé-type resummations, the T-
expansion, [70,92–94], as well as the expansion [91,95]
assume explicitly (in T 0 expansion) or implicitly (in Taylor,
Padé) that the μB dependence is structurally the same as that
of the fermionic determinant or rather the resummation of
correlation functions by order [95]. Note that this distinc-
tion is also important for the combined systematic error
estimate of all results. For detailed investigations on that in
different extrapolation schemes, please refer to [37,96,97].
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APPENDIX B: CENTER-SYMMETRY BREAKING
IN FINITE DENSITY QCD

In this appendix we discuss the functional approach to
center-symmetry breaking in QCD at finite density. This
approach has been set up in the functional renormalization
group, including results to the QCD phase structure in
[30,31,35,39,49,50]. Its setup for DSE has been introduced
in [31], and applications can be found in [31–34], for fRG
review also discussing some of the subtleties see
Refs. [98,99]. Furthermore, it has been also picked up
and developed further in the Curci-Ferrari model [40–45],
see specifically [43] for a manifestly center-symmetric
formulation in the CF model, and [45] for a study of
center-symmetric Landau gauge QCD.
While for dynamical quarks the relation of center-

symmetry breaking to the confinement-deconfinement
phase transition is less clear, the respective nontrivial
temporal background field A0, related to the expectation
value of the Polyakov loop, is essential for the rapid
convergence of expansion schemes in functional
approaches, for a discussion in pure Yang-Mills theory
see Ref. [100]. Specifically, the A0 background is a crucial
ingredient for the computation of the thermodynamic
observables evaluated in the present work. While this
property of the A0 background or the respective
Polyakov loop has been called “statistical confinement,”
we consider this a misnomer for the reasons above: it
simply carries a crucial dynamical information similar to
that carried by the chiral condensate in the context of
dynamical chiral symmetry breaking.
For its importance for the present work we present a

rather detailed introduction to this approach, including also
computational instructions. While most of it can be found
in the references cited above, we believe that the present
introduction helps the reader both for their understanding
but also for our own computations. In Appendix B 1 we
introduce the gauge-invariant functional order parameter
for center-symmetry breaking suggested in [30] and discuss
its relation to the A0 background as well as the expectation
value of the traced Polyakov loop. In Appendix B 2 we
provide a computational guideline for the computation of
the related order parameter potential within the DSE,
including the subtleties at finite density.

1. Order parameter for center-symmetry breaking
in functional approaches

In this appendix we provide a brief review of the
functional approach to center-symmetry breaking put for-
ward in [30,31,35,49,50]. We restrict ourselves to the
physical case of SU(3) important for the present work.

a. Traced Polyakov loop

The traced Polyakov loop in the fundamental represen-
tation is sensitive to center symmetry transformation. It

may be understood as the interacting part of a static quark,
sitting at the position x for all times. Such a quark solves the
static Dirac equation for all times t, given the quark at some
initial time t0,

=DqðxÞ ¼ 0; qðxÞ ¼ Pðt; t0; xÞqðx0Þ; ðB1Þ

with a vanishing spatial gauge field A ¼ 0 and x ¼ ðt; xÞ,
x0 ¼ ðt0; xÞ. The temporal Wilson line is given by

Pðt0; t; xÞ ¼ Pe−igs
R

t

t0 dτA0ðτ;xÞ: ðB2Þ

In (B2), P is the path ordering and gs is the strong coupling
and x is the spatial position. We now consider static quarks
and antiquarks at finite temperature with the initial time
t0 ¼ 0 and the final time t ¼ β. Then the phase factor is
given

PðxÞ ¼ Pð0; β; xÞ: ðB3Þ

Now we consider the free energy of a quark-antiquark pair
at the positions x and y for asymptotic large distances,

lim
r→∞

hq̄ðxÞqðyÞi ∝ lim
r→∞

htrfPðxÞtrfP̄ðyÞi
¼ htrfPðxÞihtrfP̄ðyÞi; ðB4Þ

with r ¼ kx − yk and

P̄ðxÞ ¼ Peigs
R

β

0
dτA0ðτ;xÞ: ðB5Þ

In the first step in (B4) we dropped the free quark part of the
expectation value, and in the second step we have used
the cluster decomposition property. Moreover, for real
gauge fields, (B5) is simply the adjoint of PðxÞ. The free
energy Fqq̄ of the quark-antiquark state is proportional to
minus the logarithm of (B4) and for large distances it is
proportional to

lim
r→∞

Fqq̄ðrÞ ∝ −j loghLi þ loghL̄ij; ðB6Þ

with the normalized traced Polyakov loops

LðxÞ ¼ 1

Nc
trfPðxÞ; L̄ðxÞ ¼ 1

Nc
trfP̄ðxÞ: ðB7Þ

Accordingly, in the confining phase of Yang-Mills theory
with a diverging free energy of a quark-antiquark the
expectation value of the Polyakov loop has to be vanishing.
In pure Yang-Mills theory the confinement-deconfinement
phase transition is phase transition between a disordered
center symmetric phase at low temperatures and a center-
broken one at high temperatures: a center transformation
with z∈Z3 leads to
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P → zP; z ¼ e2πiθz ; ðB8aÞ

with

θz ∈
�
0;

2ffiffiffi
3

p t8; t3 −
1ffiffiffi
3

p t8
�
; ðB8bÞ

The ta ¼ λa=2 are the SU(3)-generators with the Gell-
Mann matrices λa with a ¼ 1;…; 8. With (B8), the traced
Polyakov loop in the fundamental representation, L in (B7),
acquires a center phase under a center transformation.
Consequently, its expectation value serves as an order
parameter for center-symmetry breaking, and has the
benefit that it is easily accessibly within lattice simulations.

b. Gauge invariant eigenvalue field
of the Polyakov loop

In terms of the correlation functions of gauge fixed QCD
computed in the present work, hLi is obtained as a sum
over A0-correlation functions of any order. Apart from the
fact that such an expectation value is difficult to access
within functional approaches, in our opinion a better-suited
order parameter is provided by the eigenvalue fields νi, that
is derived from the algebra element φðxÞ of PðxÞ. The
algebra field and its normalization is defined with

PðxÞ ¼ e2πiφðxÞ; ðB9Þ

and the eigenvalues and eigenvectors in the fundamental
representation follow as

φðxÞjψνii ¼ νiðxÞjψνii; i ¼ 1; 2; 3: ðB10Þ

The Polyakov loop PðxÞ transforms as a tensor under gauge
transformations UðxÞ∈SUð3Þ, and so does the algebra
field φðxÞ. Accordingly, the eigenvalue fields νiðxÞ are
gauge invariant as the eigenvalues are invariant under
unitary rotations such as gauge transformation. This can
be used to write the algebra field as

φðxÞ ¼ U†
φð0; xÞνðxÞUφð0; xÞ; ðB11Þ

where νðxÞ is the diagonal eigenvalue field and Uφ is the
gauge transformation, that rotates φðxÞ into the Cartan
subalgebra. Applying this rotation on the level of the gauge
field we find

φcðxÞ ¼ gsβAc
0

2π
; ðB12Þ

where the superscript c indicates that both, φc ¼ ν and A0,
are in the Cartan subalgebra.
It is left to construct an order parameter of center-

symmetry breaking from the algebra field or rather the
eigenvalue field. To that end we consider the center

transformations of these fields, that follow readily from
that of the Polyakov loop in (B8). This leads us to

φðxÞ → φðxÞ þ θz: ðB13Þ

Moreover, gauge transformations can be used to rotate φðxÞ
into the Cartan subalgebra and we arrive at

νðxÞ ¼ φ3ðxÞt3 þ φ8ðxÞt8; ðB14Þ

with the eigenvalue fields νiðxÞ,

ν� ¼ 1

2

�
φ8 �

1ffiffiffi
3

p φ3

�
; ν3 ¼ −φ8; ðB15Þ

and, with a slight abuse of notation

φc ¼ νþPþ þ ν−P− þ ν3P3; ðB16Þ

where the matrices PA are simply projection matrices
P2
A ¼ PA on the A’s entry of the diagonal,

ðPAÞBC ¼ δACδAB: ðB17Þ

Note that the νA overdetermine the φi, as can be seen
from (B15). This will be used to our advantage in
Appendix B 2, where the Polyakov loop potential is
computed in terms of potentials for the eigenvalues in
the adjoint representation.
With (B15), the traced Polyakov loop (B7) takes the

form

Lðφ3;φ8Þ ¼
1

3
½e−2πffiffi

3
p iφ8 þ 2e

πffiffi
3

p iφ8 cos πφ3�; ðB18aÞ

while the traced loop L̄ in (B7) reads

L̄ðφ3;φ8Þ ¼
1

3
½e2πffiffi

3
p iφ8 þ 2e−

πffiffi
3

p iφ8 cos πφ3�: ðB18bÞ

Equation (B18a) can be rewritten in terms of the νiðxÞ,
using e.g.

φ3 ¼
ffiffiffi
3

p
ðνþ − ν−Þ; φ8 ¼ −ν3: ðB19Þ

Equation (B19) makes the underlying gauge invariant
nature of (B18a) apparent. The center shifts of νi following
from that of the algebra fields (B13) as

νi → νi þ ωi; ðB20aÞ

with

ω� ¼ 0;
2ffiffiffi
3

p ;−
1ffiffiffi
3

p ; ω3 ¼ 0; 1: ðB20bÞ
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The fixed points of the combination of a center trans-
formation (B20b) with a Weyl reflection are the zeros of
Lðφ3;φ8Þ, see e.g. Ref. [35].
In summary we conclude that their expectation values

νi ¼ hν̂ii serve as order parameters for center-symmetry
breaking. Here, the ^ indicates field operators and we
reserve ν;φ;… for the mean fields. The respective sym-
metry breaking information can conveniently be combined
in a single order parameter, the traced Polyakov loop of
hνðxÞi. It can be written as

Lðhφ3i; hφ8iÞ ≔ LðhνiÞ; ðB21aÞ

with

hφ3i ¼
ffiffiffi
3

p
ðhνþi − hν−iÞ; hφ8i ¼ −hν3i; ðB21bÞ

using (B19). It is left to compute the gauge invariant
expectation values νi within the DSE approach used
in the present work. This is detailed in Sec. III A and
Appendix B 2.
We close this discussion with the remark, that it has been

shown in [35] that the difference between hLi and LðhνiÞ is
a thermal normalization factor that diffuses the symmetry
breaking information of the order parameter already in pure
Yang-Mills theory: while LðhνiÞ rapidly converges to unity
in the deconfined regime with T ≳ 1.3Tconf , the order
parameter hLi converges very slowly and even overshoots
unity for a very large regime. Finally, while the connection
of center-symmetry breaking and the confinement-
deconfinement phase transition is a direct one in pure
Yang-Mills, this connection is less obvious in QCD, where
center-symmetry breaking is described by a soft crossover
and the definition of the confinement-deconfinement tran-
sition is still under debate. We refrain from entering this
debate here and simply use the center symmetry crossover as
a proxy for the confinement-deconfinement phase transition.

2. Eigenvalue potential

In Appendix B 1 we have reviewed the functional
approach to center-symmetry breaking. This is based on
the gauge invariant eigenvalue fields of the Polyakov loop
or rather the traced Polyakov loop of the expectation values
of the eigenvalue fields as an order parameter, see
Eqs. (B18) and (B21). It is left to compute these expectation
values within the DSE approach. We follow the back-
ground field approach to the Polyakov loop potential put
forward in [31] for general functional approaches. For more
details we refer to this work and references therein.

a. Background field approach

In the background field approach the gauge field is split
into an auxiliary background field Ā and a dynamical
fluctuation field aμ. Then, the partial derivative in the

covariant gauge is turned into the covariant one with the
background field,

∂μAμ ¼ 0 → D̄μaμ ¼ 0; Aμ ¼ Āμ þ aμ; ðB22Þ

with the covariant derivative

Dμ ¼ ∂μ − igsAμ; ðB23Þ

and D̄ ¼ DðĀÞ. The respective classical gauge fixed action
S½Ā;Φ� underlying the DSEs is given by,

SQCD½Ā;ϕ� ¼
Z
x

�
q̄ð =̄D − γ0μq þmqÞqþ 1

4
Fa
μνFa

μν

�

þ Sgf ½Ā; a� þ Sgh½Ā; a; c; c̄�; ðB24aÞ

where Φ ¼ ðaμ; c; c̄; q; q̄Þ is the fluctuation superfield,
see Eq. (3). The current quark mass matrix and the quark
chemical potential are diagonal

mq ¼ diagðmu;md;msÞ; μq ¼ diagðμu;μd;μsÞ: ðB24bÞ

In the present work we consider μu ¼ μd ¼ μs ¼ μB=3, see
Eq. (1). Moreover, the computations are performed in the
isospin-symmetric approximation, mu ¼ md ¼ ml.
The second line in (B24a) constitutes the gauge fixing

sector with

Sgf ½Ā; a� ¼
1

2ξ

Z
x
ðD̄μaμÞ2;

Sgh½Ā; a; c; c̄� ¼ −
Z
x
c̄aD̄μDab

μ cb: ðB24cÞ

The covariant derivative (B23) in the adjoint representation
has the form

Dbc
μ ¼ δbc∂μ − gsAa

μfabc; ðB25Þ

with ðtaÞbc ¼ −ifabc. The respective effective action
depends on the background field and the fluctuation field
separately,

Γ ¼ Γ½Ā;ϕ� ϕ ¼ ða; c; c̄; q; q̄Þ; ðB26Þ

where ϕ is the superfield of all dynamical fields, including
not only the fluctuation gauge field a, but also the ghost and
antighost c; c̄ and the quarks and antiquarks q; q̄. In the
present isospin symmetric 2þ 1 flavor QCD setup we have
q ¼ ðl; sÞ with the light quark field l ¼ ðu; dÞ.
The construction admits the definition of a gauge

invariant effective action

Γ½A� ¼ Γ½A; 0�; ðB27Þ
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A priori, the gauge invariance of Γ½A� is that of the auxiliary
background field. However, it indeed encodes the physical
one as the respective Ward identities are related to the
STIs of the full gauge field via the Nielsen identities. Part
of (B27) is the gauge invariant Polyakov loop potential,
expressed in terms of φ,

Γ½A� ¼
Z
x
VφðφÞ þ � � � ; ðB28Þ

where in an abuse of notation we use φ also for its mean
field. Evidently, due to its gauge invariance, the Polyakov
loop potential Vφ can be expressed in terms of hνi or the
respective mean fields φ3;8 in (B21b) by simply rotating φ
into the Cartan subalgebra. For constant fields this implies
(B12) with the components

φ3;8 ¼
gsβ
2π

A3;8
0 ; ðB29Þ

for the dimensionless fields φ3;8. The respective dimen-
sionless effective potential is given by

VφðφcÞ ¼ 1

T3V3

Γ½A0ðφÞ;A ¼ 0�; ðB30Þ

with the spatial volume V3. In (B30) we divided out the
four-dimensional volume βV3 as well as the overall explicit
dimensional factor T4. A given mean field can be seen as
the solution of the EoM with an external current,

∂Vφ

∂φc ¼ Jcφ; ðB31Þ

with the Cartan components of the constant Jφ current,
given by 2π=ðgsβÞJ3;80 and J0 is the zero component of
the gauge field current. The physical expectation value is
obtained for Jφ ¼ 0.

b. Background DSE for the eigenvalue potential

Equation (B30) allows us to determine the effective
potential Vφ or rather its derivative from the respective
functional background field DSE [31]. Schematically the
latter reads

δðΓ − SAÞ
δA0

¼ 1

2
Sð3ÞaaA0

Gaa − Sð3ÞA0cc̄
Gcc̄ − Sð3Þqq̄A0

Gqq̄

−
1

6
Sð4ÞaaaA0

G3
aaΓ

ð3Þ
aaa þ Sð3Þacc̄A0

G2
cc̄GaaΓ

ð3Þ
acc̄;

ðB32Þ

with the gluon, ghost and quark propagatorsGaa; Gcc̄; Gq;q̄.
Moreover, in (B32) we have used the notation

FðnþmÞ
ϕi1

���ϕin Ā
m ½Ā;ϕ� ¼ F½Ā;ϕ�

δϕi1…ϕinδĀ
m ; ðB33Þ

for functional derivatives with respects to the fields ϕ and
Āμ. In (B32), the propagators are contracted in momentum,
Lorentz and internal indices with the vertices, a pictorial
description of (B32) is given in Fig. 17.
The Yang-Mills theory is center symmetric and the

potential is also invariant under Weyl reflections, see
e.g. Ref. [35]. Then, φ8 can be set to zero and (B18a)
takes real values. This choice picks up one of the minima
of the potential, and a similar choice is done on the lattice,
see the contour plot Fig. 18. In QCD with vanishing
chemical potential, the choice φ8 ¼ 0 is still possible,
keeping a real Polyakov loop LðhνiÞ in (B21), see e.g.
Refs. [32,34,39,41,54]. In both situations we have
LðhνiÞ ¼ L̄ðhνiÞ, reflecting hLi† ¼ hL†i at μB ¼ 0.
At finite chemical potential this symmetry is broken

and we have hLi† ≠ hL†i due to the medium. Indeed, for
positive μB we find

jhLij ≤ jhL†ij: ðB34Þ

Moreover, for μB ≠ 0, the choice φ8 ¼ 0 does not con-
stitute a minimum or saddle point of the Polyakov loop

FIG. 17. Functional background field DSE. Full propagators
and vertices are indicated by grey blobs, the classical vertices are
indicated by small black blobs. Gluons are represented by red
spiral lines, ghosts by back dotted ones, and quarks by straight
black ones. In contradistinction to the fluctuation field DSE, the
background field DSE also hosts a two-loop ghost-gluon term
with the four-point vertex Sð4Þ

acc̄Ā0
.

0

1

2

3

4

5

6

FIG. 18. Heat map of the Polyakov loop potential Vφðφ3;φ8Þ,
see Eq. (B30), in the φ3 − φ8 plane. We have normalized the
value of the potential at the minimum to zero.
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potential anymore, see the contour plot Fig. 19. Instead, we
find saddle points with φ3 ∈R and φ8 ∈ iR, that also lead to
a real Polyakov loop LðhνiÞ, see Eq. (B18a). For a recent
comprehensive discussion see Refs. [41,42]. These proper-
ties reflect the finding in low energy effective theories
with the Polyakov loop, for respective discussions see
e.g. Refs. [101,102] and in particular the review [103].
Specifically, it has been shown in [102], that the con-
struction of model potentials that still allow for minima
for the equations of motion for hLi, and hence for hνi, is
incompatible with physics constraints.
The mean value hνi is derived from the solution of the

EoM for φ3;8 in (B31) for vanishing external current
Jφ ¼ 0,

∂Vφðφ3;φ8Þ
∂φi






φi¼hφii

¼ 0; i ¼ 3; 8: ðB35Þ

The solutions of the EoMs are the expectation values of
the algebra fields, φEoM

i ¼ hφii. The expectation value hνi
follows with (B15) and (B21b). It is left to compute
Vφðφ3;φ8Þ, and for this purpose we resort to a modification
of the optimized approximation scheme discussed in [31].
There, the renormalization point in Yang-Mills theory was
chosen such that the impact of the two-loop terms is
minimized around the phase transition. In the present work
we choose the renormalization point μRG ¼ 40 GeV of
2þ 1 flavor vacuum QCD computation in [28], underlying
the computation here. Then it is checked that this indeed
minimizes the contributions of the two-loop terms by the
benchmark computations of fluctuations of conserved
charges at μB ¼ 0: our results agree well with the respective
lattice results, see Fig. 11.
We proceed with the explicit computation of the

Polyakov loop potential in this approximation. The first
two terms on the right-hand side of (B32), the gluon and

ghost loop, constitute the A0 derivative of the pure glue
potential, Vgl, while the third term is the A0 derivative of the
quark part of the potential, Vq, to wit,

Vφðφ3;φ8Þ ¼ Vglðφ3;φ8Þ þ Vqðφ3;φ8Þ; ðB36Þ

with the split of the glue potential in the gluon and ghost
loop parts

Vglðφ3;φ8Þ ¼ Vaðφ3;φ8Þ þ Vcðφ3;φ8Þ: ðB37Þ

Accordingly, the numerical computation of the potential is
done in terms of the ghost, gluon and quark potentials and
we illustrate this computation in detail at the example of the
gluon potential.

c. Computation of gluonic potential Vaðφ3;φ8Þ
Here we discuss the computation of the different parts of

the full potentials at the example of Va: to begin with, the
gluon loop contains a color trace in the adjoint representa-
tion and the respective eigenvalues are given by

φðadÞðxÞjψ ðadÞ
νi i ¼ νðadÞi ðxÞjψ ðadÞ

νi i; ðB38aÞ

with i ¼ 1;…; 8 and the eigenvalues in the adjoint repre-
sentation

νðadÞi ∈
�
0; 0;�φ3;�

φ3 �
ffiffiffi
3

p
φ8

2

�
: ðB38bÞ

For the computation of the effective potential we consider
constant φ3;8 and hence constant eigenvalues νA and μa. For
the sake of convenience we use the representation of the
Cartan field φc in the adjoint representation,

φc;ðadÞ ¼
X8
i¼1

νðadÞi Pi; P2
i ¼ Pi; ðB39Þ

the analog of (B16) and (B17) in the adjoint representation.
We have dropped the contributions of the first to eigen-
values as they are vanishing, see Ref. (B38b). As in the
fundamental representation, (B39) is overcomplete.
However, we shall use this overcompleteness to our
advantage: we can turn the φi derivatives of Vaðφ3;φ8Þ
in that with respect to the eigenvalue field νðadÞi ,

Sð3ÞaaA0
→

∂Sð2Þaa

∂νðadÞj

: ðB40Þ

The derivatives with respect to φ3;8 and hence that with
respect to A0 follow as linear combinations of the eigen-
value derivatives, using (B39). The benefit of (B40) is the
fact, that the right-hand side of (B40) lies in the eigenspace

0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.00

0.05

0.0

0.4
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1.2

1.6

2.0

2.4

FIG. 19. Heat map of the Polyakov loop potential Vφðφ3;φ8Þ,
see Eq. (B30), in the φ3 − φ̄8 plane, with φ8 ¼ iφ̄8. We have
normalized the value of the potential at the minimum to zero.
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of νðadÞj . This facilitates the computation of the color trace in
the gluon loop in (B32).
The loop also involves the gluon propagator, which is

also diagonal: to begin with, it admits an orthogonal split
inthe chromoelectric, chromomagnetic and gauge part,

GaaðpÞ ¼
1

ZE
AðxÞx

ΠEðpÞ þ 1

ZM
A ðxÞx

ΠMðpÞ

þ ξ

x
ΠLðpÞ; ðB41Þ

with the covariant momentum p ¼ pðφcÞ and the covariant
Laplacian x ¼ xðφcÞ,

pðφcÞ ¼ ðωn þ 2πTφc; pÞ; xðφcÞ ¼ p2
μ: ðB42Þ

In (B41) we have used constant backgrounds φc and in
such a background the projection operators ΠE;M;ΠL take
the form

ΠEðpÞ ¼ ð1 − δμ0Þð1 − δν0Þ
�
δμν −

pμpν

p2

�
;

ΠMðpÞ ¼ Π⊥ðpÞ − ΠEðpÞ; ðB43Þ

with the transverse and longitudinal vacuum projection
operators

Π⊥ðpÞ ¼ δμν −
pμpν

xðφcÞ ; ΠL ¼ 1 − Π⊥: ðB44Þ

Finally we show that the gluon propagator is diagonal in
the coordinate system, spanned by the eigenvectors of φc.
We also perform the trace over Lorentz indices with
Gμν

aaδμν → Gμμ
aa and arrive at

hψ ðadÞ
νi jGμμ

aaðpÞjψ ðadÞ
νj i

¼ δij

�
1

ZE
AðxðνiÞÞxðνiÞ

þ 2

ZM
A ðxðνiÞÞxðνiÞ

þ ξ

xðνiÞ

�
; ðB45Þ

where we have used ΠE
μμ ¼ 1, ΠM

μμ ¼ 2 and PL
μμ ¼ 1.

In (B45) we have used the covariant momentum pðνiÞ,
which carries no color structure,

pjψ ðadÞ
νj i ¼ pðνiÞjψ ðadÞ

νj i; ðB46Þ

with

pðνiÞ ¼ ðωn þ 2πTνðadÞi ; pÞ; ðB47Þ

and the respective covariant Laplacian xðνiÞ,

xðνiÞ ¼ ð2πTÞ2ðnþ νðadÞi Þ2 þ p2: ðB48Þ

Note that (B47) and (B48) are color scalars and do not carry
a color structure such as xðφcÞ in (B42). With this
preparation it also follows, that (B40) reads

∂Sð2Þaa

∂νðadÞi

¼ ð2πTÞ2ðnþ νðadÞi ÞPi; ðB49Þ

where i is not summed over. We also have introduced the

projection operator Pi on the eigenspace of νðadÞi . Putting
everything together, we are led to

∂Vgl

∂νðadÞi

¼ 1

2

1

T3V3

Tr
∂Sð2Þaa

∂νðadÞi

Gaa ¼
�
1

2T

X
n∈Z

Z
d3p
ð2πÞ ðnþ νiÞ

×

�
1

ZEðxðνiÞÞxðνiÞ
þ 2

ZMðxðνiÞÞxðνiÞ
þ 1

xðνiÞ

��
:

ðB50Þ

With (B50) the computation of the full glue part of the
potential can be separated into the computation of three
mode potentials VmodeðφÞ for the chromoelectric, chromo-
magnetic and gauge modes for a scalar shift φ of the
Matsubara frequency. These mode potentials or rather their
φ derivatives can be defined for all fields,

∂Vmode;ϕi
ðφÞ

∂φ
¼ sϕi

2

1

T

X
n∈Z

Z
d3p
ð2πÞðnþφÞfϕi

ðxðφÞÞ; ðB51aÞ

with xðφÞ in (B48) and

ðsaE; saM ; saL ; sc; sqÞ ¼ ð1; 2; 1;−2;−2Þ: ðB51bÞ

The prefactor sϕi
takes care of the relative minus sign of the

fermionic loops as well as the multiplicity of all field
modes. All internal traces have been already performed
in (B51a), which is a simple numerical sum and integral.
The integrands fϕi

of the fields ϕ ¼ ða⊥; aL; c; qÞ are
f⊥a ; fLa ; fc; fq and are provided the scalar parts of the gluon,
ghost and quark propagators computed from the respective
DSEs. They are provided in (B52) (gluons), (B56) (ghosts),
and (B58) (quarks). For the chromoelectric, chromomag-
netic and longitudinal gluons they are given by

faE;MðxÞ ¼
1

ZE;M
A ðxÞ ; faLðxÞ ¼

1

x
: ðB52Þ

Finally, the full gluon part of the Polyakov loop potential is
obtained from the mode potentials with the sum over all
modes and all eigenvalues

Vaðφ3;φ8Þ ¼
X

A¼E;M;L

VaAðφ3;φ8Þ; ðB53Þ

FINITE DENSITY SIGNATURES OF CONFINING AND CHIRAL … PHYS. REV. D 113, 054019 (2026)

054019-23



with

VaAðφ3;φ8Þ ¼ 3
X8
i¼1

Vmode;aAðνiÞ; ðB54Þ

with A ¼ E, M, L. The longitudinal part can be computed
analytically, it is simply half of the full one-loop potential
in Yang-Mills theory, [104,105]. With VaL ¼ VGPY-W=2 it
follows

Vmode;aLðφÞ ≃
π2

24

�
4

�
φ̃ −

1

2

�
2

− 1

�
2

; φ̃ ¼ φ mod 1:

ðB55Þ

This concludes the step-by-step evaluation of the compu-
tation of the gluonic part of the Polyakov loop potential.

d. Computation of the ghost potential Vcðφ3;φ8Þ
All steps are generic and the computation readily extends

to the ghost part of the glue potential. The ghost integrand
in the mode potential relation (B51a) is given by

fcðxÞ ¼
1

ZcðxÞx
; Γð2Þ

cc̄ ¼ ZcðxÞx1ad; ðB56Þ

with 1ad in the adjoint representation.

e. Computation of the quark potential Vqðφ3;φ8Þ
The quark part Vq of the potential follows similarly.

However, the quark carries the fundamental representation
and hence we have

Vqðφ3;φ8Þ ¼
X
α¼�;3

Vmode;qðναÞ; ðB57Þ

with the eigenvalues in the fundamental representation
provided in (B15). The integrand fq of quark mode
potential (B51a) is given by (18), and we recall it here
for the sake of completeness,

fqðpq;φ; μqÞ ¼
1

ZE
q

1

p2
q;0 þ

	
ZM
q

ZE
q



2
p2 þM2

q

: ðB58Þ

The matrix valued quark momentum (16) reduces to

pq → ðωq;n þ 2πφ − iμq; pÞ; ðB59Þ

with the eigenvalue φ instead of the color matrix φc in (16).
Evidently, the quark momenta pq are different from that of
the gluons and the ghosts in (B42) and (B48): we have to
accommodate the quark chemical potential μq as well
as the quark Matsubara frequencies ωq

n ¼ 2πTðnþ 1=2Þ.

Furthermore, all quark dressings Z ¼ ZE;M
q ;Mq depend on

pq and μq separately,

Z ¼ Zðpq; μqÞ: ðB60Þ

This parametrization is amiable to the Silver blaze property:
at T ¼ 0 and below the baryonic onset chemical potential,

μq < μðonÞq , the dressings only depend on xq: their imagi-
nary part originates solely in the imaginary part of the

complex variable xq. In turn, for μq > μðonÞq , the dressings
develop a genuine μq dependence.
In the present work we consider temperatures

T ≳ 100 MeV. Instead of (B60) we use the approximation

Z ≈ ReðZÞðpqðμq ¼ 0Þ; μqÞ
þ i ImðZÞðpqðμq ¼ 0Þ; μqÞ: ðB61Þ

The split of the dressings ZE;M
q ;Mq in their imaginary and

real parts suits the numerics and suffices for the present
purpose. This concludes the discussion of the numerical
computation of the Polyakov loop potential.

f. Eigenvalue potential and Eigenvalues at finite μB
In summary, the glue part of the Polyakov loop potential

in the present approximation still carries the center sym-
metry while the quark breaks it explicitly. Consequently,
the center-symmetry phase transition in Yang-Mills theory
turns into a rather soft crossover in full QCD with
dynamical quarks. Moreover, at finite chemical potential,
the quark part of the potential is complex for nonvanishing
φ8: Vqðφ3;φ8 ≠ 0Þ∈C, while it is real for φ8 ¼ 0. Hence,
the respective effective potential and the effective action are
functionals of the complex variable φ8 as discussed in
detail in [106]: the Legendre transform with respect to A0 is
defined at vanishing μq and the effective action at μB ≠ 0 is
the analytic continuation of that at μq ¼ 0. The latter is
defined by the functional relation for Γ½Ā;ϕ� itself, either
the DSE as here or the fRG as discussed in [106]. This
entails, that the effective potential depends on the complex
fields φi, but not their complex conjugate φ�

i . It satisfies the
Cauchy-Riemann equations

∂Vφðφ3;φ8Þ
∂φ�

i
¼ 0; i ¼ 3; 8; ðB62Þ

and is computed as detailed above also for μq ≠ 0.
Equation (B62) has to be paired with (B35) for a compu-
tation of the solutions φEoM

3;8 of the EoMs at finite chemical
potential. Moreover, the solution of the equations of motion
still define the vanishing current Jϕ ¼ 0 required for the
definition of correlation functions. At finite μq the solutions
to the EoMs are now saddle points and not minima,
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see Fig. 19. Moreover, taking the μq derivative of the
EoMs (B35), one can show that

∂μqhφ̂3i∈R; ∂μqhφ̂8i∈ iR: ðB63Þ

More explicitly, the μq derivative of the EoM leads to
the relations

∂μqhφ̂3i ¼
1

detVð2Þ
φ

½Vφ;38Vφ;μq8 − Vφ;88Vφ;μq3�;

∂μqhφ̂8i ¼
1

detVð2Þ
φ

½Vφ;38Vφ;μq3 − Vφ;33Vφ;μq8�; ðB64Þ

where the right-hand side is evaluated at φi ¼ hφ̂ii. In
(B64) we have used the short hand notations

Vφ;ij ¼
∂Vφ

∂φi∂φj
; Vφ;μqi ¼

∂Vφ

∂μq∂φi
: ðB65Þ

This concludes the discussion of the numerical computa-
tion of the Polyakov loop potential. Inserting the purely
imaginary expectation value for φ8 and the real one for φ3,

ðφ̄3; iφ̄8Þ ¼ ðhφ̂3i; hφ̂8iÞ; φ̄3; φ̄8 ∈R; ðB66Þ

in (B18), we arrive at

Lðφ̄3; iφ̄8Þ ¼
1

3
½e2πφ̄8=

ffiffi
3

p
þ 2e−πφ̄8=

ffiffi
3

p
cos πφ̄3�;

L̄ðφ̄3; iφ̄8Þ ¼
1

3
½e−2πφ̄8=

ffiffi
3

p
þ 2eπφ̄8=

ffiffi
3

p
cos πφ̄3�: ðB67Þ

The order parameters L; L̄∈R in (B67) take real
values. We close this discussion with the remark, that
Lðhν̂iÞ; L̄ðhν̂iÞ have no direct physical meaning even in
pure Yang-Mills theory. They serve a twofold purpose: they
constitute optimized order parameters for center-symmetry
breaking as well as encoding the optimal expansion point or
gluonic background for the vertex expansion in functional
approaches. As such, they encode relevant dynamics of
observables such as the thermodynamic observables dis-
cussed here.

APPENDIX C: FURTHER RESULTS ON QCD
THERMODYNAMIC FUNCTIONS

Here we summarize some additional results on QCD
thermodynamic functions which compare the case with and
without feedback of the gluonic background φ.
First, we provide further details concerning the relevance

of the dynamical background for the fluctuations of
conserved charges, complementing the respective discus-
sion in Sec. IV B, see Fig. 12. In Fig. 20, we show the more
detailed comparison of the second-order susceptibilities
χB2 and the kurtosis χB4 =χ

B
2 with and without gluonic

background. We compare the full computation with φc

with that with φc ¼ 0 already shown in Fig. 12 as well as
that with φ8 ¼ 0 and φ3 ≠ 0: This background is obtained
by solving the EoM for φ3 at fixed φ8 ¼ 0 instead of
solving the full equations of motion (B35). We draw the
following conclusions: Both, φ3 and φ8, suppress the value
of the baryon number susceptibilities at low temperatures,
which are also responsible for recovering the low-
temperature limit of the kurtosis and the limit χB4 =χ

B
2 ¼ 1

for weakly interacting baryons at T ¼ 0 is not obtained. As
expected, the leading contribution for the T ¼ 0 limit
comes from φ3, while φ8 gives a subleading contribution
compared with A3

0. Moreover, its effect is rather small in χB2 ,
but it is not negligible in the kurtosis at low temperatures,
see Fig. 20. We expect that the inclusion of the full
dynamical background has an increasing importance for
higher-order fluctuations. We also expect that the gluonic
background is of increasing importance for the QCD
thermodynamics at larger baryon chemical potentials.
The respective analysis is summarized in Figs. 21 and 22

(thermodynamics):
We first discuss the kurtosis shown in Fig. 21: We

conclude from our results that the kurtosis without the
dynamical background fails to even show the qualitative

120 140 160 180 200 220
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with and
with only
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free quark
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FIG. 20. Impact of φ3 and φ8 background field on the baryon
number susceptibilities χB2 and the kurtosis χB4 =χ

B
2 as a function of

temperature at μB ¼ 0 and μQ ¼ μS ¼ 0.
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features in the hadronic phase and its amplitude is off in the
crossover regime and the hadronic regime. However, basic
features such as the occurrence of nonmonotonicity persist

and the respective temperature regimes are comparable,
even though only qualitatively. This corroborates the
qualitative behavior of the fluctuations on the freeze-out
line as analyzed in [12].
Finally, we analyze the relevance of the dynamical

background for the kurtosis with a similar one for the
net-baryon number density, pressure, entropy density and
energy density discussed in Sec. IVA. This comparison is
shown in Fig. 22 for μB=T ¼ 1.0, 2.0, 3.0. It is clear that the
differences in the thermodynamic functions increase
toward lower temperatures: the differences are sizeable
for temperatures about and below the crossover temperature
and grow larger for increasing baryon chemical potential.
In summary, the inclusion of the gluonic background is

of crucial importance for both the qualitative and quanti-
tative behavior of thermodynamic observables at finite
baryon chemical potential. Moreover, its importance grows
even stronger with increasing baryon chemical potential.

APPENDIX D: COMPUTATIONAL DETAILS

The computations of thermal sums can be sche-
matically written as the Matsubara sum and the

120 140 160 180 200 220

0

1
�B 4
/�
B 2

T [MeV]

Kurtosis with : without :
�B = 0 MeV �B = 0 MeV
�B = 150 MeV �B = 150 MeV
�B = 250 MeV �B = 250 MeV
�B = 350 MeV �B = 350 MeV

HRG

FIG. 21. Baryon number kurtosis χB4 =χ
B
2 for μQ ¼ μS ¼ 0 as a

function of temperature, with (solid) and without (dashed) the
inclusion of the gluonic background φ. The comparison is given
at several μB values: 0, 150, 250 and 350 MeV. We also show the
HRG limit χB4 =χ

B
2 ¼ 1 at low temperatures.
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FIG. 22. Impact of dynamical gluonic background on thermodynamic observables in QCD: baryon number density nB=T3, pressure
P=T4, entropy density s=T3 and energy density ϵ=T4, as functions of temperature evaluated at μB=T ¼ 1.0, 2.0, 3.0.
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spatial-momentum integral of a specific kernel
function f,

F ¼
XZ
p

fðxÞ;
XZ
p

¼ T
X
ωp;n

Z
d3p
ð2πÞ3 ; ðD1Þ

with x ¼ p2 the Laplacian. For computational con-
venience we consider the difference of the thermal
sum [2,27],

fðx;ZϕðxÞÞ ¼ fðx;Zð0Þ
ϕ Þ þ Δf;

Δf ¼ fðx;ZϕðxÞÞ − fðx;Zð0Þ
ϕ Þ; ðD2Þ

with a finite momentum cutoff Λ and Zð0Þ
ϕ is the wave

function of the field ϕ at the cutoff. The thermal sum

in fϕðx;Zð0Þ
ϕ Þ can be evaluated analytically in the limit

Λ → ∞,

XZ
p

fðxÞ ¼
XZ
p

0
Δfðx;ZϕðxÞÞ þ

XZ
p

fðx;Zð0Þ
ϕ Þ: ðD3Þ

We take the Oð4Þ cutoff for the difference sum,

XZ
p

0
for ω2

p;n þ p2 ≤ Λ2; ðD4Þ

and set its cutoff scale to be the same as the
renormalization scale of the propagators, which is
Λ¼40GeV. For the sum of quark number densities
(21) at finite μq we apply an additional regularization
for the spatial-momentum integral with the contour
integration technique, see Refs. [12,107] for the
details in Euclidean space.
It also turns out to be convenient to apply a further

approximation to the quark mass function for achieving a
better convergence on the numerical sums of (21) at low

temperatures, if combined with the contour techniques. For
simplicity we illustrate this approximation in the case of
vanishing background φ, that is Ā0 ¼ 0. Without loss
of generality, one can define the mass components Mþ

q

and M−
q with the momentum pairs p�

q ¼ ð�ωq;n − iμq; pÞ
where ωq;n > 0,

Mq;þðpþ
q Þ ¼

1

2
½Mqðpþ

q Þ þMqðp−
q Þ�; ðD5Þ

Mq;−ðpþ
q Þ ¼

1

2
½Mqðpþ

q Þ −Mqðp−
q Þ�: ðD6Þ

The function Mq;� is readily obtained from the mass
function Mq. Conversely, Mq can be reexpressed using
Mq;þ andMq;− with the positive (+) frequencies in pq. The
additional approximation concerns theMq;− component: an
analytic expansion on Mq with respect to the Laplacian
xq ¼ p2

q in (D6) yields,

Mq;− ≈ −2iωq;nμq
∂Mq

∂xq
; ðD7Þ

which vanishes under the limit of ωq;n → 0. However, in
numerical calculations such an imaginary contribution
from (D7) results in a slow convergence of the spatial-
momentum integral in (21) at low T. Hence, we neglect the
Mq;− component for the lowest frequencies ωq ¼ �πT and
use instead,

Mqðp�
q Þ ≈Mq;þðpþ

q Þ p�
q;0 ¼ �πT − iμq; ðD8Þ

in the kernel function fqðpq; μq;MqÞ for the thermal
sums of quark number densities. We have thoroughly
tested the accuracy of this approximation and the
respective error is less than 5%. Finally, it can be used
readily in the presence of the dynamical gluonic back-
ground: one simply replaces iμq with iμq − 2πφc in the
above derivations.
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approximants for cumulants of conserved charge fluctua-
tions at nonvanishing chemical potentials, Phys. Rev. D
105, 074511 (2022).

[70] S. Borsányi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz,
P. Parotto, A. Pásztor, C. Ratti, and K. K. Szabó, Lattice
QCD equation of state at finite chemical potential from
an alternative expansion scheme, Phys. Rev. Lett. 126,
232001 (2021).

[71] A. Bazavov et al., The QCD equation of state to Oðμ6BÞ
from lattice QCD, Phys. Rev. D 95, 054504 (2017).

[72] A. Bazavov et al. (HotQCD Collaboration), Equation of
state in (2þ 1)-flavor QCD, Phys. Rev. D 90, 094503
(2014).

[73] S. Borsanyi, Z. Fodor, J. N. Guenther, P. Parotto, A.
Pasztor, C. Ratti, V. Vovchenko, and C. H. Wong, Lattice
QCD constraints on the critical point from an improved
precision equation of state, Phys. Rev. D 112, L111505
(2025).

[74] B. M. Faigle-Cedzich, J. M. Pawlowski, and C. Wetterich,
Towards quantitative precision in ultracold atoms with
functional renormalisation, arXiv:2307.14787.

[75] S. Borsanyi, Z. Fodor, J. N. Guenther, S. K. Katz, K. K.
Szabo, A. Pasztor, I. Portillo, and C. Ratti, Higher order
fluctuations and correlations of conserved charges from
lattice QCD, J. High Energy Phys. 10 (2018) 205.

[76] M. Stephanov, QCD critical point: Recent developments,
EPJ Web Conf. 314, 00042 (2024).

[77] J. Braun et al., Soft modes in hot QCD matter, Phys. Rev.
D 111, 094010 (2025).

[78] B.-J. Schaefer and J. Wambach, Susceptibilities near
the QCD (tri)critical point, Phys. Rev. D 75, 085015
(2007).

FINITE DENSITY SIGNATURES OF CONFINING AND CHIRAL … PHYS. REV. D 113, 054019 (2026)

054019-29

https://doi.org/10.1103/PhysRevD.97.074027
https://doi.org/10.1103/PhysRevD.97.074027
https://doi.org/10.21468/SciPostPhys.12.3.087
https://doi.org/10.1103/7dx2-vmj6
https://doi.org/10.1103/jcmj-jng4
https://doi.org/10.1103/PhysRevD.109.114031
https://fqcd-collaboration.github.io/
https://fqcd-collaboration.github.io/
https://fqcd-collaboration.github.io/
https://doi.org/10.1103/PhysRevD.97.054006
https://doi.org/10.1103/PhysRevD.97.054006
https://arXiv.org/abs/0812.1144
https://doi.org/10.1140/epjc/s10052-010-1485-1
https://doi.org/10.1140/epja/s10050-023-01098-1
https://doi.org/10.1140/epja/s10050-023-01098-1
https://doi.org/10.1007/JHEP09(2010)073
https://doi.org/10.1103/PhysRevD.90.076002
https://doi.org/10.1103/PhysRevD.92.116006
https://doi.org/10.1103/PhysRevD.92.116006
https://arXiv.org/abs/2408.08413
https://doi.org/10.1103/4sh5-w4yc
https://doi.org/10.1103/4sh5-w4yc
https://doi.org/10.1140/epjc/s10052-025-14590-3
https://doi.org/10.1103/PhysRevLett.125.052001
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1016/j.physletb.2014.09.052
https://doi.org/10.1038/s41586-018-0491-6
https://doi.org/10.1038/s41586-018-0491-6
https://doi.org/10.1016/j.physletb.2016.11.033
https://doi.org/10.1016/j.physletb.2016.11.033
https://doi.org/10.1103/PhysRevC.96.044904
https://doi.org/10.1103/PhysRevC.96.044904
https://doi.org/10.1103/PhysRevLett.127.152302
https://doi.org/10.1103/PhysRevLett.127.152302
https://doi.org/10.1103/PhysRevD.111.094026
https://doi.org/10.1103/PhysRevD.79.074015
https://doi.org/10.1103/PhysRevLett.128.131301
https://doi.org/10.1103/PhysRevLett.128.131301
https://doi.org/10.1103/PhysRevD.105.074511
https://doi.org/10.1103/PhysRevD.105.074511
https://doi.org/10.1103/PhysRevLett.126.232001
https://doi.org/10.1103/PhysRevLett.126.232001
https://doi.org/10.1103/PhysRevD.95.054504
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/rj6r-dmg9
https://doi.org/10.1103/rj6r-dmg9
https://arXiv.org/abs/2307.14787
https://doi.org/10.1007/JHEP10(2018)205
https://doi.org/10.1051/epjconf/202431400042
https://doi.org/10.1103/PhysRevD.111.094010
https://doi.org/10.1103/PhysRevD.111.094010
https://doi.org/10.1103/PhysRevD.75.085015
https://doi.org/10.1103/PhysRevD.75.085015


[79] B. J. Schaefer and M. Wagner, QCD critical region and
higher moments for three flavor models, Phys. Rev. D 85,
034027 (2012).

[80] J. Adam et al. (STAR Collaboration), Nonmonotonic
energy dependence of net-proton number fluctuations,
Phys. Rev. Lett. 126, 092301 (2021).

[81] B. E. Aboona et al. (STAR Collaboration)Precision meas-
urement of (net-)proton number fluctuations in Auþ Au
collisions at RHIC, Phys. Rev. Lett. 135, 142301 (2025).

[82] M. Abdallah et al. (STAR Collaboration), Cumulants and
correlation functions of net-proton, proton, and antiproton
multiplicity distributions in Auþ Au collisions at energies
available at the BNL relativistic heavy ion collider, Phys.
Rev. C 104, 024902 (2021); 111, 029902(E) (2025).

[83] Z.-n. Wang, L.-j. Zhou, C. Huang, R. Wen, S. Yin, and W.-
j. Fu, Fierz complete four-quark interactions and the QCD
phase diagram (to be published).

[84] F. Rennecke, R. D. Pisarski, and D. H. Rischke, Particle
interferometry in a moat regime, Phys. Rev. D 107, 116011
(2023).

[85] Z. Nussinov, M. C. Ogilvie, L. Pannullo, R. D. Pisarski, F.
Rennecke, S. T. Schindler, and M. Winstel, Dilepton
production from moaton quasiparticles, Phys. Rev. Lett.
135, 101904 (2025).

[86] J. M. Pawlowski, F. Rennecke, and F. R. Sattler, Inhomo-
geneous instabilities in high-density QCD, arXiv:2512
.20510.

[87] Q. Fu, S. He, L. Li, and Z. Li, Revisiting holographic
model for thermal and dense QCD with a critical point,
J. High Energy Phys. 06 (2024) 221.

[88] H. Shah, M. Hippert, J. Noronha, C. Ratti, and V.
Vovchenko, Locating the QCD critical point from first
principles through contours of constant entropy density,
Phys. Rev. C 113, L012201 (2026).

[89] A. Adam, S. Borsányi, Z. Fodor, J. N. Guenther, P. Kumar,
P. Parotto, A. Pásztor, and C. H. Wong, High-precision
baryon number cumulants from lattice QCD in a finite box:
Cumulant ratios, Lee-Yang zeros and critical endpoint
predictions, arXiv:2507.13254.

[90] C. Schmidt, The QCD phase diagram, universal scaling,
and Lee–Yang zeros, J. Subatomic Part. Cosmol. 3,
100057 (2025).

[91] S. Mukherjee, F. Rennecke, and V. V. Skokov, Analytical
structure of the equation of state at finite density: Re-
summation versus expansion in a low energy model, Phys.
Rev. D 105, 014026 (2022).

[92] A. Abuali, S. Borsányi, Z. Fodor, J. Jahan, M. Kahangirwe,
P. Parotto, A. Pásztor, C. Ratti, H. Shah, and S. A. Trabulsi,
New 4D lattice QCD equation of state: Extended density
coverage from a generalized T’ expansion, Phys. Rev. D
112, 054502 (2025).

[93] M. Kahangirwe, S. A. Bass, E. Bratkovskaya, J. Jahan, P.
Moreau, P. Parotto, D. Price, C. Ratti, O. Soloveva, and M.
Stephanov, Finite density QCD equation of state: Critical
point and lattice-based T’ expansion, Phys. Rev. D 109,
094046 (2024).

[94] S. Borsanyi, J. N. Guenther, R. Kara, Z. Fodor, P. Parotto,
A. Pasztor, C. Ratti, and K. K. Szabo, Resummed lattice
QCD equation of state at finite baryon density: Strange-
ness neutrality and beyond, Phys. Rev. D 105, 114504
(2022).

[95] S. Mondal, S. Mukherjee, and P. Hegde, Lattice QCD
equation of state for nonvanishing chemical potential by
resumming taylor expansions, Phys. Rev. Lett. 128,
022001 (2022).

[96] R. Wen, S. Yin, andW.-j. Fu, Estimates on the convergence
of expansions at finite baryon chemical potentials, Phys.
Rev. D 110, 016008 (2024).

[97] M. Kahangirwe, C. Ratti, V. Vovchenko, I. Gonzalez, and
J. A. Muñoz, Convergence properties of the T’-expansion
scheme: Hadron resonance gas and the cluster expansion
model, Phys. Rev. D 111, 094034 (2025).

[98] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.
Pawlowski, M. Tissier, and N. Wschebor, The nonpertur-
bative functional renormalization group and its applica-
tions, Phys. Rep. 910, 1 (2021).

[99] W.-j. Fu, QCD at finite temperature and density within the
FRG approach: An overview, Commun. Theor. Phys. 74,
097304 (2022).

[100] A. K. Cyrol, M. Mitter, J. M. Pawlowski, and N.
Strodthoff, Nonperturbative finite-temperature Yang-Mills
theory, Phys. Rev. D 97, 054015 (2018).

[101] A. Dumitru, R. D. Pisarski, and D. Zschiesche, Dense
quarks, and the fermion sign problem, in a SU(N) matrix
model, Phys. Rev. D 72, 065008 (2005).

[102] B.-J. Schaefer, J. M. Pawlowski, and J. Wambach, The
phase structure of the Polyakov–quark-meson model,
Phys. Rev. D 76, 074023 (2007).

[103] K. Fukushima and V. Skokov, Polyakov loop modeling for
hot QCD, Prog. Part. Nucl. Phys. 96, 154 (2017).

[104] D. J. Gross, R. D. Pisarski, and L. G. Yaffe, QCD and
instantons at finite temperature, Rev. Mod. Phys. 53, 43
(1981).

[105] N. Weiss, The effective potential for the order parameter of
gauge theories at finite temperature, Phys. Rev. D 24, 475
(1981).

[106] F. Ihssen and J. M. Pawlowski, Functional flows for
complex effective actions, SciPost Phys. 15, 074 (2023).

[107] F. Gao, J. Chen, Y.-X. Liu, S.-X. Qin, C. D. Roberts, and
S. M. Schmidt, Phase diagram and thermal properties of
strong-interaction matter, Phys. Rev. D 93, 094019 (2016).

LU, GAO, LIU, and PAWLOWSKI PHYS. REV. D 113, 054019 (2026)

054019-30

https://doi.org/10.1103/PhysRevD.85.034027
https://doi.org/10.1103/PhysRevD.85.034027
https://doi.org/10.1103/PhysRevLett.126.092301
https://doi.org/10.1103/9l69-2d7p
https://doi.org/10.1103/PhysRevC.104.024902
https://doi.org/10.1103/PhysRevC.104.024902
https://doi.org/10.1103/PhysRevC.111.029902
https://doi.org/10.1103/PhysRevD.107.116011
https://doi.org/10.1103/PhysRevD.107.116011
https://doi.org/10.1103/1f8w-p4m4
https://doi.org/10.1103/1f8w-p4m4
https://arXiv.org/abs/2512.20510
https://arXiv.org/abs/2512.20510
https://doi.org/10.1007/JHEP06(2025)221
https://doi.org/10.1103/cbwj-4jfl
https://arXiv.org/abs/2507.13254
https://doi.org/10.1016/j.jspc.2025.100057
https://doi.org/10.1016/j.jspc.2025.100057
https://doi.org/10.1103/PhysRevD.105.014026
https://doi.org/10.1103/PhysRevD.105.014026
https://doi.org/10.1103/2dmh-26yh
https://doi.org/10.1103/2dmh-26yh
https://doi.org/10.1103/PhysRevD.109.094046
https://doi.org/10.1103/PhysRevD.109.094046
https://doi.org/10.1103/PhysRevD.105.114504
https://doi.org/10.1103/PhysRevD.105.114504
https://doi.org/10.1103/PhysRevLett.128.022001
https://doi.org/10.1103/PhysRevLett.128.022001
https://doi.org/10.1103/PhysRevD.110.016008
https://doi.org/10.1103/PhysRevD.110.016008
https://doi.org/10.1103/PhysRevD.111.094034
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1088/1572-9494/ac86be
https://doi.org/10.1088/1572-9494/ac86be
https://doi.org/10.1103/PhysRevD.97.054015
https://doi.org/10.1103/PhysRevD.72.065008
https://doi.org/10.1103/PhysRevD.76.074023
https://doi.org/10.1016/j.ppnp.2017.05.002
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/PhysRevD.24.475
https://doi.org/10.1103/PhysRevD.24.475
https://doi.org/10.21468/SciPostPhys.15.2.074
https://doi.org/10.1103/PhysRevD.93.094019

	Finite density signatures of confining and chiral dynamics in QCD thermodynamics and fluctuations of conserved charges
	I. INTRODUCTION
	II. QCD CORRELATION FUNCTIONS IN THE PHASE STRUCTURE OF QCD
	A. Correlation functions and confining dynamics in functional approaches
	B. QCD correlation functions

	III. PHASE STRUCTURE OF QCD
	A. Confinement-deconfinement phase transition
	B. Chiral phase transition
	C. QCD phase structure

	IV. THERMODYNAMICS AND FLUCTUATIONS OF CONSERVED CHARGES
	A. Baryon number density and thermodynamics
	B. Fluctuations of the conserved baryon charge
	C. Baryon number kurtosis and beam energy scan

	V. SUMMARY
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: THE HUNT FOR THE CRITICAL END POINT
	1. The CEP from functional QCD
	2. The CEP from low energy effective theories

	APPENDIX B: CENTER-SYMMETRY BREAKING IN FINITE DENSITY QCD
	1. Order parameter for center-symmetry breaking in functional approaches
	a. Traced Polyakov loop
	b. Gauge invariant eigenvalue field of the Polyakov loop
	2. Eigenvalue potential
	a. Background field approach
	b. Background DSE for the eigenvalue potential
	c. Computation of gluonic potential Va(φ3,φ8)
	d. Computation of the ghost potential Vc(φ3,φ8)
	e. Computation of the quark potential Vq(φ3,φ8)
	f. Eigenvalue potential and Eigenvalues at finite &mu;B

	APPENDIX C: FURTHER RESULTS ON QCD THERMODYNAMIC FUNCTIONS
	APPENDIX D: COMPUTATIONAL DETAILS
	References


