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In this study, we conduct an enhanced investigation of pure annihilation-type charmless hadronic B
decays within the framework of the perturbative QCD approach. Specifically, we account for the quark-
loop enhanced contribution to various decay processes at the next-to-leading order (NLO) in the strong
coupling constant αs. The NLO amplitudes possess large imaginary parts that have signs opposite to those
of the leading-order amplitudes. This cancellation effect implies that the NLO contribution does not
significantly influence the branching ratios of the processes under consideration. However, the NLO effect
explored in this work constitutes an important source of the strong phases in the weak-annihilation
nonleptonic B̄q-meson decay amplitudes. As a result, it can have a substantial impact on CP-violating

observables such as the direct CP asymmetry Adir
CP and mixing-induced CP asymmetry Amix

CP . The
numerical result evidently revealed that NLO QCD correction significantly enhances bothAdir

CP andAmix
CP of

the pure annihilation-type B decay processes.

DOI: 10.1103/rzn1-2d27

I. INTRODUCTION

Exclusive two-body charmless bottom-meson decays
hold fundamental significance. They are crucial for deter-
mining the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements and exploring CP violation in electroweak inter-
actions. Moreover, these decays offer an ideal context for
enhancing our understanding of the diverse aspects of
strong interaction dynamics that govern flavor-changing
heavy-quark decay processes. Approximately 40 years ago,
the factorization approach based on the color transparency
assumption was employed to study hadronic B-decay
processes. However, it failed to accurately predict exper-
imental observables such as CP violations. In the past two
decades, the development of QCD-inspired effective the-
ories has remarkably enhanced the accuracy of theoretical
predictions for the partial widths of these decays [1,2]. The
QCD factorization (QCDF) [3,4] approach, founded on
collinear factorization, has been extensively utilized to
study various two-body nonleptonic B-decay channels,

and most of its predictions for decay rates are consistent
with experimental measurements. The QCD factorization
framework can be more gracefully reformulated using
the language of the soft-collinear effective theory [5–8].
The perturbative QCD (PQCD) [9–20] approach is estab-
lished on the basis of transverse-momentum-dependent
factorization. Significantly, within this framework, the
CP-violation observables of most nonleptonic B decay
processes have been successfully predicted.
The QCDF approach performs effectively at leading

power in the heavy-quark expansion. However, power
suppressed contributions, like those from the annihilation
topology, cannot be accurately computed. This is because
of the troublesome end point divergences present in the
convolution integrals of perturbation function and the light-
cone distribution amplitudes of initial and final states.
Although efforts have been made to address the end point
singularity within the framework of collinear factorization,
a universally accepted solution remains elusive [21–25]. In
the QCDF approach, the annihilation contribution is esti-
mated through process-independent parametrizations for
logarithmically and linearly divergent integrals [26–29]
(see also [30–38] and the references therein); unfortunately,
this method leads to substantial theoretical uncertainties.
In contrast, within the framework of the PQCD approach,
the end point singularity is regularized by taking into
account the transverse momentum of the partons within the
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initial- and final-state mesons. As a result, the annihilation
diagrams are considered factorizable in the PQCD
approach. It has been discovered that this contribution
can supply the strong phases necessary for direct CP
asymmetries in nonleptonic B-meson decays.
Pure annihilation-type nonleptonic B-meson decays can

only take place via annihilation diagramswithin the Standard
Model. This is because none of the quarks (or antiquarks) in
the final states match those of the initial B meson. Studying
such processes offers a unique perspective on understanding
the QCD dynamics in heavy hadron decays. Within the
PQCD framework, various pure annihilation-type B decays
have been explored at the αs order [11,39–50]. The predicted
branching ratios are in agreement with experimental mea-
surements. With the continuous accumulation of experimen-
tal data, more observables, such as CP asymmetries in the
pure annihilation-typeB decays, are expected to bemeasured
in the near future. For certain decaymodes likeBs → ππ, the
predicted CP violation was very small in the previous
studies. This is because the direct CP violation is propor-
tional to the ratio of themagnitudes of the contributions from
the tree operators and the penguin operators, as well as the
sine of the strong phase difference between them.Moreover,
the contribution from the tree operators is suppressed by the
CKM mechanism compared with that of the penguin
operators, and the strong phase difference between them is
also very small. A recent study [51] has revealed that the
charm-quark-loop contribution can effectively modify the
ratio of the magnitudes and strong phase difference of the
contributions from the tree operators and the penguin
operators, despite an additional αs suppression. It has been
found that the quark-loop contribution has a significant
impact on CP asymmetries, while only slightly affecting
the branching ratios. In [51], to ensure the convergence of the
convolution integral, only the contributions from twist-2
light-cone distribution amplitudes (LCDAs) of light mesons
were considered. As a result, the predicted branching ratios
for pure annihilation charmless hadronic B decays are
considerably smaller than experimental measurements.
In this paper, within the framework of the PQCD

approach, we will conduct a more in-depth study of
the pure annihilation-type charmless hadronic B-meson
decays, which include processes such as B0 → KþK−,
K�þK�−;ϕϕ, and Bs → ππ; ρρ; ρω;ωω. The main
improvement of this paper lies in taking into account the
quark-loop contributions in various decay channels, and
this contribution is expected to have a significant impact on
the CP-violation observables. Since the PQCD approach
can effectively eliminate the end point singularities, in our
calculations, we will incorporate the contributions from the
twist-2 and two-particle twist-3 light-cone distribution
amplitudes of the final-state light mesons. It is expected
that, compared with the leading-order contributions in
previous studies, the introduction of the quark loop does
not significantly change the branching ratios of the pure
annihilation decay processes, while the observables of the

direct CP violation and the mixing-induced CP violation
have both changed significantly. In this paper, we do not
consider the B → PVðP denotes a pseudoscalar meson and
V stands for a vector meson) decays, because the quark-loop
effect does not contribute to these processes. The structure of
this paper is arranged as follows. In the next section, we will
briefly review the theoretical framework of the PQCD
factorization approach and the calculation of the leading-
order decay amplitude. Then, in Sec. III, wewill perform the
perturbative calculations for the enhanced quark-loop con-
tributions,while the numerical results and phenomenological
analysis will be presented in Sec. IV. In the last section, we
will provide a brief summary and discussion.

II. THE DECAY AMPLITUDES
AT LEADING ORDER

We start from the effective weak Hamiltonian of the
nonleptonic ΔB ¼ 1 transitions in the Standard Model,

Heff ¼
GFffiffiffi
2

p
X
p¼u;c

VpbV�
pq

�
C1ðνÞQp

1 ðνÞ þ C2ðνÞQp
2 ðνÞ

þ
X10
i¼3

CiðνÞQiðνÞ þ C8gðνÞQ8gðνÞ
�
; ð1Þ

where we adopt the effective operator basis presented
in [52]. The corresponding Wilson coefficients CiðνÞ with
ν ∼OðmbÞ can be derived through renormalization group
evolution. The decay amplitude of B → M2M3 decays is, in
fact, the matrix elements of the effective Hamiltonian, i.e.,

ĀðB̄q → M2M3Þ ¼ hM2ðp2ÞM3ðp3ÞjHeff jB̄qðpBÞi: ð2Þ

In the PQCD approach, the decay amplitudes are free
from end point singularities. This is because the transverse
momenta of the partons within the initial- and final-state
hadrons are retained, and these amplitudes are considered
to be completely factorizable. The typical factorization
formula in the PQCD approach is given by

M ∝
Z

1

0

Y3
i¼1

dxi

Z Y3
j¼1

d2b⃗jϕBðx1; b⃗1; tÞϕM2
ðx2; b⃗2; tÞ

× ϕM3
ðx3; b⃗3; tÞTHðx1; x2; x3; b⃗1; b⃗2; b⃗3; tÞ

× exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�; ð3Þ

where b⃗j is the impact parameter conjugated to the parton’s

transverse momentum k⃗⊥j. The wave functions ϕMðxi; b⃗i; tÞ
are related to the transverse-momentum-dependent (TMD)
wave functions ϕMðxi; k⃗⊥i; tÞ via Fourier transformations.
The TMD wave functions defined on the light cone possess
light-cone singularity,which needs to be eliminated in amore
precise definition. It is convenient to sum up the large
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logarithms ln2ðk2⊥=Q2Þ and lnðk2⊥=Q2Þ (Q2 denotes a hard
scale) arising from the radiative corrections to the wave
functions in the impact parameter space. Resummation of the
large logarithms leads to the Sudakov form factors SBðtÞ,
S2ðtÞ, and S3ðtÞ, which are given in Appendix A. The
perturbative function THðx1; x2; x3; b⃗1; b⃗2; b⃗3; tÞ is calcu-
lated in the momentum space, and it is also required to be
transformed into the impact space.
The leading-order Feynman diagrams for the pure

annihilation-type nonleptonic B decays are depicted in
Fig. 1. As a tree-level calculation, the decay amplitudes can
be computed using the trace formalism. For final-state light
mesons, we disregard the parton’s transverse momentum in
the wave functions since it has negligible impact on the
phenomenological results. The factorization formulas of
the B0 → KþK−, K�þK�−;ϕϕ, and Bs → ππ; ρρ; ρω;ωω
decays have already been given in [12,53]. In the following,
we present the specific expressions. For the B → PP
decays, we have

ALOðB̄0
s → πþπ−Þ ¼ −

GFffiffiffi
2

p VtbV�
ts

�
MLL

LO

�
2C4 þ

1

2
C10

�
þMSP

LO

�
2C6 þ

1

2
C8

��
þ GFffiffiffi

2
p VubV�

usMSP
LO½C2�;ffiffiffi

2
p

ALOðB̄0
s → π0π0Þ ¼ ALOðB̄0

s → πþπ−Þ;

ALOðB̄0
d → KþK−Þ ¼ −

GFffiffiffi
2

p VtbV�
td

�
MLL

LO

�
2C4 þ

1

2
C10

�
þMSP

LO

�
2C6 þ

1

2
C8

��
þ GFffiffiffi

2
p VubV�

udM
LL
LO½C2�; ð4Þ

where MLLðRÞ
LO and MSP

LO are derived through calculating the Feynman diagrams in Figs. 1(c) and 1(d) by inserting four-
quark operators q̄1γμð1 − γ5Þbq̄2γμð1 − ðþÞγ5Þq1 and q̄1ð1 − γ5Þbq̄2ð1þ γ5Þq1 (after Fierz transformation), respectively,
and they read

MLL
LO½Ci� ¼ 32πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½−x2ϕA
2ϕ

A
3 − 4r2r3ϕP

2ϕ
P
3 þ r2r3ð1 − x2ÞðϕP

2 þ ϕT
2 ÞðϕP

3 − ϕT
3 Þ

þ r2r3x3ðϕP
2 − ϕT

2 ÞðϕP
3 þ ϕT

3 Þ�aiðtdÞE0
aðtdÞhnaðx1; x2; x3; b1; b2Þ

þ ½ð1 − x3ÞϕA
2ϕ

A
3 þ r2r3ð1 − x3ÞðϕP

2 þ ϕT
2 ÞðϕP

3 − ϕT
3 Þ

þ r2r3x2ðϕP
2 − ϕT

2 ÞðϕP
3 þ ϕT

3 Þ�Ciðt0dÞE0
aðt0dÞh0naðx1; x2; x3; b1; b2Þg; ð5Þ

MSP
ann½Ci� ¼ 32πCFM4

Bs
=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBs
ðx1; b1Þ

× f½ðx3 − 1ÞϕA
2ϕ

A
3 − 4r2r3ϕP

2ϕ
P
3 þ r2r3x3ðϕP

2 þ ϕT
2 ÞðϕP

3 − ϕT
3 Þ

þ r2r3ð1 − x2ÞðϕP
2 − ϕT

2 ÞðϕP
3 þ ϕT

3 Þ�aiðtdÞE0
aðtdÞhnaðx1; x2; x3; b1; b2Þ

þ ½x2ϕA
2ϕ

A
3 þ r2r3x2ðϕP

2 þ ϕT
2 ÞðϕP

3 − ϕT
3 Þ

þ r2r3ð1 − x3ÞðϕP
2 − ϕT

2 ÞðϕP
3 þ ϕT

3 Þ�Ciðt0dÞE0
aðt0dÞh0naðx1; x2; x3; b1; b2Þg: ð6Þ

In the above equations, we have employed the shorthand notation ϕA;P;T
i ≡ ϕA;P;TðxiÞ. Here ϕA represents twist-2 LCDA of

a pseudoscalar meson, and ϕP;T stand for two-particle twist-3 LCDAs of a pseudoscalar meson. The ratios ri ¼ m0i=mBq
,

wherem0i is the chiral scale. The contributions from Figs. 1(a) and 1(b) cancel each other out. This cancellation occurs due
to the conservation of the vector current and axial-vector current, which are constructed from massless quark fields.

(a) (b)

(c) (d)

FIG. 1. The leading-order Feynman diagrams for annihilation
contribution, with possible four-quark operator insertions. Fig-
ures (a) and (b) denote the diagram with a gluon emission from
the initial state quarks, and Figs (c) and (d) the diagram with a
gluon emission from the final state quarks
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The B → VV decays are more complicated than B → PP
modes since they contain three kinds of polarization states
of final-state vector mesons, namely, longitudinal (L),
normal (N), and transverse (T) polarization. The amplitudes
that are corresponding to the longitudinal, normal, and
transverse polarization amplitudes, respectively, AðλÞ can
be decomposed as follows:

AðBq → VVÞ ¼ AL þANϵ
�
2T · ϵ�3T

þ i
AT

m2
Bq

ϵαβρσϵ�2αϵ
�
3βp2ρp3σ: ð7Þ

Similar to the B → PP decays, the amplitudes AL;N;T can
also be obtained by calculating the Feynman diagrams
depicted in Fig. 1. The specific expressions for the
longitudinal, normal, and transverse polarization ampli-
tudes at leading order are collected in Appendix B.

III. THE QUARK-LOOP ENHANCED
CONTRIBUTION

In this section, our objective is to compute the next-to-
leading-order (NLO) corrections to the decay amplitudes
of pure annihilation nonleptonic B decays. We will focus
on the contributions from quark-loop diagrams and the
chromomagnetic penguin operator. The corresponding
Feynman diagrams are shown in Figs. 2 and 3. It is true
that there are other NLO corrections, such as QCD
corrections to the diagrams in Fig. 1. However, these are
less significant compared to the contributions considered
in this work. This is because the quark-loop diagrams
may be enhanced by the CKM matrix elements or Wilson

coefficients. We take B̄s → πþπ− decay as an example.
At leading order, this process is penguin dominated
since the tree diagram contribution is suppressed by
jVubV�

us=VtbV�
tsj ∼ 0.02; meanwhile, the charm-loop dia-

grams have both large Wilson coefficient C2 and large
CKM matrix element VcbV�

cs, albeit with an additional
factor αs=4π, and it is expected to be comparable to the
leading-order penguin contribution. Upon careful exami-
nation [51], it has been determined that the contribution
from the triangle diagrams shown in Fig. 3 is significantly
more suppressed compared to that of the diagrams in Fig. 2.
As a result, these triangle-diagram contributions have been
omitted from the current study for the sake of computa-
tional efficiency and theoretical focus.
The final states of the pure annihilation-type charmless

nonleptonic B decays are particle-antiparticle pairs, and it is
obvious from Fig. 2 that NLO amplitude of B → M1M2

decays can be expressed as

ANLO ¼ hM2ðp2ÞM3ðp3Þjg�ðpg; αÞg�ðp̃g; βÞi
× hg�ðpg; αÞg�ðp̃g; βÞjHeff jB̄qi: ð8Þ

At leading power, the internal gluons must be transversely
polarized since it attaches a collinear quark field and an
anticollinear quark field; then the B̄q → g�ðpg; αÞg�ðp̃g; βÞ
transition matrix element can be parametrized as

hg�ðpg; αÞg�ðp̃g; βÞjHeff jB̄qi
¼ iϵαβpgp̃g

FVðp2
g; p̃2

gÞ þ g⊥αβFAðp2
g; p̃2

gÞ: ð9Þ

According to the analysis presented in [51], the form fac-
tors FV;A satisfy the relations FVðp2

g; p̃2
gÞ ¼ −FVðp̃2

g; p2
gÞ

and FAðp2
g; p̃2

gÞ ¼ FAðp̃2
g; p2

gÞ. The antisymmetric pro-
perty of FVðp2

g; p̃2
gÞ implies that the NLO contribution

considered in this paper will not contribute to B → PV
decays at leading power. However, if twist-3 LCDAs are
taken into account, the internal gluons may not be trans-
verse; this is because the Lorentz structure of a power
suppressed collinear quark field differs from that of a
leading power one, and the previous conclusion would no
longer be valid. Meanwhile, the twist-3 contribution to

(a) (b)

(c) (d)

FIG. 2. The Feynman diagrams for next-to-leading-order cor-
rections to annihilation contribution. (a) and (d) describe the
quark-loop contribution, where the black square represents four-
quark operators; (c) and (d) illustrate the contribution from the
chromomagnetic operator, where the black dot denotes O8g.
There also exist four diagrams where the gluon propagators
attached toM2 andM3 exchange with each other, and they are not
explicitly shown

FIG. 3. The triangle diagrams for next-to-leading-order correc-
tions to annihilation contribution. The black square denotes four-
quark operators. The gluon propagator exchanged diagram is also
not explicitly shown.
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hPðp2ÞVðp3Þjg�ðpg; αÞg�ðp̃g; βÞi indeed vanishes, because
the number of γ matrices of the LCDA pseudoscalar and
vector mesons is odd.
In the calculation of quark-loop diagrams in Fig. 2, we

neglect the transverse momenta of the partons in initial-
and final-state mesons since no additional end point
divergence will be introduced, and a similar approach

has been adopted in [53]. To facilitate comparison
between the NLO results and the leading-order results,
we first integrate out the fields within the quark loop,
the gluon field connecting the quark loops in Figs. 2(a)
and 2(b), and the gluon field coupling to the O8g operator
in Figs. 2(b) and 2(c). This process yields two effective
operators

Ceff
D;1D̄γμð1 − γ5ÞTabq̄γμTaqþ Ceff

D;2D̄=qγμð1þ γ5ÞTabq̄γμTaq; ð10Þ

where D ¼ d, s denoting a down-type quark. The effective Wilson coefficients are expressed as

Ceff
D;1 ¼ ½VubV�

uDGð0Þ þ VcbV�
cDGðmcÞ�C2 − VtbV�

tD½Gð0Þ þ GðmbÞ�C3

− ðC4 þ C6ÞVtbV�
tD½3Gð0Þ þ GðmcÞ þ GðmbÞ − 20=3�;

Ceff
D;2 ¼ −

4mb

q2
VtbV�

tDðC5 þ C8gÞ: ð11Þ

The function GðmÞ arising from the loop diagrams can be decomposed as

GðmÞ ¼ GqðmÞ þ GmðmÞ; ð12Þ

with

GqðmÞ ¼ −
4

3

�
1

ϵ
þ ln

μ2

m2
þ 1

6

�
þ 8

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

q2
− 1

s
arctan

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

q2 − 1
q ;

GmðmÞ ¼ 16m2

3q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

q2
− 1

s
arctan

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

q2 − 1
q −

28m2

3q2
: ð13Þ

If m → 0, we have

G0 ¼ Gqð0Þ ¼ −
4

3

�
1

ϵ
þ ln

�
−
μ2

q2

�
þ 1

6

�
: ð14Þ

Accordingly, the effective Wilson coefficient Ceff
D;1 needs to be written as Ceff

D;1 ¼ Ceff
D;1q þ Ceff

D;1m, where Ceff
D;1q and Ceff

D;1m

have the following form:

Ceff
D;1q ¼ ½VubV�

uDG0 þ VcbV�
cDGqðmcÞ�C2 − VtbV�

tD½G0 þGqðmbÞ�C3

− ðC4 þ C6ÞVtbV�
tD½3G0 þGqðmcÞ þ GqðmbÞ − 20=3�;

Ceff
D;1m ¼ VcbV�

cDGmðmcÞC2 − VtbV�
tDGmðmbÞC3 − ðC4 þ C6ÞVtbV�

tD½GmðmcÞ þ GmðmbÞ�: ð15Þ

Taking advantage of the effective operators in Eq. (10), we obtain the factorization formulas for NLO amplitudes of
B̄q → PP decays as follows:

MLV
NLO ¼ −3C2

FM
4=

ffiffiffi
6

p Z
dx1dx2dx3

Z
b1db1b2db2ϕBðx1; b1ÞfHLðx;bÞCeff

D;1ðtnÞ

× ½ðx2 − x3 þ 1ÞΦAA
23 þ 2r2r3ðx2 − x3 þ 3ÞΦPP

23 þ 2r2r3ð−x2 þ x3 þ 1ÞΦTT
23 �E0

a0 ðtnÞ
þH0

Lðx;bÞCeff
D;1ðtnÞðx2 − x3 þ 1Þ½2r2r3ðΦTT

23 −ΦPP
23 Þ −ΦAA

23 �E0
a0 ðt0nÞg; ð16Þ
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MRV
NLO ¼ −3C2

FM
5=

ffiffiffi
6

p Z
dx1dx2dx3

Z
b1db1b2db2ϕBðx1; b1Þfhnanðx1; x2; x3; b1; b2ÞCeff

D;2ðtnÞ;

× ½ð2x2x3 − x2 − x3 þ 1ÞΦAA
23 þ 4r2r3ðx2x3 − x2 þ 1ÞΦPP

23 þ 4r2r3ð−x2x3 þ x3ÞΦTT
23

þ 2r2r3ðx2 þ x3 − 1ÞðΦTP
23 þΦPT

23 Þ�E0
a0 ðtnÞ þ h0nanðx1; x2; x3; b1; b2ÞCeff

D;2ðt0nÞ
× ½ð2x2x3 − x2 − x3 þ 1ÞðΦAA

23 þ 4r2r3ΦPP
23 Þ þ 2r2r3ðx2 þ x3 − 1ÞðΦTP

23 þΦPT
23 Þ�E0

a0 ðt0nÞg: ð17Þ

Here Φab
23 ≡ ϕaðx2Þϕbðx3Þ þ ϕað1 − x2Þϕbð1 − x3Þ, where the second term stems from the crossing diagram which is not

depicted Fig. 2. The NLO Feynman diagrams involve three propagators. In comparison with the leading-order scenario, a

new type of hard function emerges. We writeHð0Þ
L ðx;bÞ ¼ ðhð0Þnaðx1; x2; x3; b1; b2Þ; hð0Þnanðx1; x2; x3; b1; b2ÞÞ, and the effective

Wilson coefficients Ceff
D;1ðtnÞ ¼ ðCeff

D;1qðtnÞ; Ceff
D;1mðtnÞÞT . The specific expression for hð0Þnanðx1; x2; x3; b1; b2Þ is shown in

Appendix A. The NLO contribution to the B̄s → ππ decay amplitude is then expressed by

ANLOðB̄0
s → πþπ−Þ ¼ GFffiffiffi

2
p MLV

NLO½Ceff
s;1� þ

GFffiffiffi
2

p MRV
NLO½Ceff

s;2�: ð18Þ

The relation
ffiffiffi
2

p
ANLOðB̄0

s → π0π0Þ ¼ ANLOðB̄0
s → πþπ−Þ still holds. Similarly, the B̄d → KþK− decay amplitude reads

ANLOðB̄0
d → KþK−Þ ¼ GFffiffiffi

2
p MLV

NLO½Ceff
d;1� þ

GFffiffiffi
2

p MRV
NLO½Ceff

d;2�: ð19Þ

For the B → VV decays, the NLO contribution also depends significantly on the polarization states. If the final states are
longitudinally polarized, the decay amplitude is very similar to the case where the final states are pseudoscalar mesons. For
the transversely polarized amplitude, however, the matrix element hV2ðp2; ε�2⊥ÞV3ðp3; ε�3⊥Þjg�ðpg; αÞg�ðp̃g; βÞi should be

proportional to gβν⊥ ε�2⊥ · ε�3⊥ − ε�β2⊥ε�ν3⊥ − ε�ν2⊥ε
�β
3⊥. Contracting this matrix element with the B̄ → g�g� transition matrix

element results in a zero contribution. Consequently, only the longitudinal polarization amplitude is affected by the NLO
contribution. Similar to the leading-order situation, the longitudinally polarized factorization function M̃LV

NLO can be
obtained from those in the Bq → PP decays with the replacement rule in Eq. (B4) and ri → mi=mBq

. The NLO contribution

to the longitudinal B̄q → VV decay amplitude is then expressed as

AL;NLOðB̄0
s → ρþρ−Þ ¼ GFffiffiffi

2
p M̃LV

NLO½Ceff
s;1� þ

GFffiffiffi
2

p M̃RV
NLO½Ceff

s;2�;

AL;NLOðB̄0
s → K�þK�−Þ ¼ GFffiffiffi

2
p M̃LV

NLO½Ceff
d;1� þ

GFffiffiffi
2

p M̃RV
NLO½Ceff

d;2�: ð20Þ

The decay amplitude of B → ϕϕ has the same form as
AL;NLOðB̄0

s → K�þK�−Þ. For Bs → ρ0ρ0;ωω decays, the
second equation in Eq. (B1) still holds.

IV. NUMERICAL ANALYSIS

LCDAs are essential nonperturbative entities within the
collinear factorization framework. They are characterized
by the fact that they contain only a single variable, namely,
the momentum fraction. TMD wave functions, in contrast,
are far more complex than a straightforward extension of
LCDAs. This complexity arises from the appearance of
light-cone singularities. These light-cone divergences can
be regularized through the rapidity of non-light-cone
Wilson lines. However, this regularization comes at the
cost of the emergence of enhanced large logarithms of
rapidity, which must be resummed to minimize the scheme

dependence. From a phenomenological perspective, one
approach is to utilize a wave function that has been fitted to
experimental data. In this study, we employ the model

ϕBq
ðx; bÞ ¼ NBq

x2ð1 − xÞ2 exp
�
−
M2

Bq
x2

2ω2
b

−
1

2
ðωbbÞ2

�
;

ð21Þ
with NBq

the normalization factor. The parameter ωb is
chosen as ωb ¼ 0.40� 0.5 GeV for B meson and ωb ¼
0.50� 0.5 GeV for Bs meson, which has been fixed using
the rich experimental data. For the wave function of the
light meson, the previous studies have indicated that the
transverse-momentum-dependent part is not important
numerically; therefore, only the longitudinal momentum-
fraction-dependent part is employed. For the pseudoscalar
meson, we have
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ϕA
PðxÞ ¼

3fPffiffiffi
6

p xð1 − xÞ½1þ aP1 ðμÞC3=2
1 ðtÞ þ aP2 ðμÞC3=2

2 ðtÞ�;

ϕP
PðxÞ ¼

fP
2

ffiffiffi
6

p
�
1þ 3ρPð1 − 3aP1 þ 6aP2 Þð1þ ln xÞ − 3ρP

2
ð1 − 9aP1 þ 18aP2 ÞC1=2

1 ðtÞ

− 3ρPðaP1 − 5aP2 ÞC1=2
2 ðtÞ þ 30η3PC

1=2
2 ðtÞ − 9ρP

2
aP2C

1=2
3 ðtÞ

�
;

ϕT
PðxÞ ¼

fP
2

ffiffiffi
6

p
�
−t
�
1þ ρP

2
ð2 − 15aP1 þ 30aP2 Þ þ 3ρPð1 − 3aP1 þ 6aP2 Þ ln x

þ ρP
�
3aP1 −

15

2
aP2

�
C3=2
1 ðtÞ þ 1

2

	
10η3P þ 3ρaP2



C3=2
2 ðtÞ

�

þ xð1 − xÞ
�
6ρP

�
3aP1 −

15

2
aP2

�
þ 5ð10η3P þ 3ρPaP2 ÞC3=2

1 ðtÞ
�

þ 3ð1 − xÞρPð1 − 3aP1 þ 6aP2 Þ
�
; ð22Þ

where t ¼ 2x − 1, ρπ ¼ 0, and ρK ¼ m2
s=m2

K. For the longitudinally polarized vector meson, the corresponding
LCDAs read

ϕVðxÞ ¼
3fkVffiffiffi
6

p xð1 − xÞ½1þ aV;k1 ðμÞC3=2
1 ðtÞ þ aV;k2 ðμÞC3=2

2 ðtÞ�;

ϕt
VðxÞ ¼

3f⊥V
2

ffiffiffi
6

p t

�
C1=2
1 ðtÞ þ aV;⊥1 C1=2

2 ðtÞ þ aV;⊥2 C1=2
3 ðtÞ

�
;

ϕs
VðxÞ ¼

3f⊥V
2

ffiffiffi
6

p xð1 − xÞ
�
1þ aV;⊥1

3
C1=2
2 ðtÞ þ aV;⊥2

6
C1=2
3 ðtÞ

�
: ð23Þ

We do not list the LCDAs of the transversely polarized
vector meson here, since it does not participate in the NLO
amplitudes. In the numerical calculation of the leading-
order contribution, we take advantage of the same LCDAs
with [53]. The decay constants and Gegenbauer moments
of the light mesons, as well as the CKM matrix elements
and other parameters, are listed in Table I. The CKMmatrix
elements are taken from the Particle Data Group.

In order to develop a transparent understanding of the
numerical feature for the identified enhancement mecha-
nism, we present in Table II the obtained results of
ALOðB̄0

s → πþπ−; ρþρ−Þ and ANLOðB̄0
s → πþπ−; ρþρ−Þ

for the weak-annihilation decays B̄s → πþπ−; ρþρ−. It is
obvious that the NLO amplitudes contain large imaginary
parts, which makes the NLO contribution comparable to
the leading-order one. The ratio of their moduli can reach

TABLE I. The inputs of parameters in the light meson LCDAs and CKM matrix elements.

fπ (GeV) fK (GeV) fk
ρ�ðf

k
ρ0
Þ (GeV) fkω (GeV) fkK� (GeV) fkϕ (GeV)

0.130 0.156 0.210(0.212) 0.197 0.204 0.233
m0π (GeV) m0K (GeV) f⊥

ρ�ðf⊥ρ0Þ (GeV) f⊥ω (GeV) f⊥K� (GeV) f⊥ϕ (GeV)

1.400 1.892 0.144(0.146) 0.162 0.159 0.191
aπ2 aρ;k2

aρ;⊥2 aω;k2
aω;⊥1 aϕ;k2

0.250� 0.150 0.180� 0.037 0.137� 0.030 0.150� 0.120 0.140� 0.120 0.230� 0.080
aK1 aK2 aK

�;k
1

aK
�;⊥

1 aK
�;k

2
aK

�;⊥
2

0.076� 0.004 0.221� 0.082 0.060� 0.040 0.040� 0.030 0.160� 0.090 0.100� 0.080
aϕ;⊥2

ms (GeV) jVudj jVusj 103jVtdj 103jVtsj
0.140� 0.070 0.130� 0.015 0.974 0.224 8.6� 0.2 41.5� 0.9
103jVubj jVtbj α γ η3π η3K
3.82� 0.20 1.010� 0.027 ð84.1þ4.5

−3.8 Þ° ð65.7� 3.0Þ° 0.025� 0.008 0.015� 0.005
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35% ∼ 40%, which is in line with our expectation. The
imaginary part of the NLO amplitudes have opposite sign
to that of the leading-order amplitude, thus there exists a
cancellation between them. As the result, the NLO con-
tribution does not cause a significant change in the modulus
of the total amplitudes much. Such as the B̄s → πþπ−
process, the modulus of the total amplitude remains almost
unchanged after including the NLO contribution.
Therefore, the prediction of the branching ratio for this
process will not change significantly either, which is
consistent with the conclusion in Ref. [51], where only
the contributions of the leading-twist LCDAs of light
mesons were considered. In Table III, the branching ratios
of the pure annihilation-type B-decay modes including
NLO corrections are presented. For sake of comparison, the
leading-order predictions are given in the parentheses. As
expected, in almost all processes, the new results are very
close to the previous predictions. In Table II, we also list the
experimental results of the processes considered in this
paper. It can be seen that our predictions are in good
agreement with the experimental data. For the Bq → VV
processes, we also give the predicted values of the longi-
tudinal fraction. It is found that the pure annihilation-
type B-meson decays are all dominated by longitudinal
polarization. This is because the transverse polarization

amplitudes are severely suppressed. Although the NLO
corrections can only contribute to the longitudinal polari-
zation amplitude, they do not cause a significant change in
the longitudinal polarization fraction.
As mentioned before, the dominant NLO contribution

from the charm-loop diagrams generates the considerable
cancellation of the imaginary part of leading power con-
tribution; in consequence, the NLO effect considered in this
work provides an important source of the strong phases
of the weak-annihilation nonleptonic B̄q-meson decay
amplitudes, which can lead to considerable impact on
the CP-violating observables. We first demonstrate the
influence of the high-order corrections on the strong
phase. The decay amplitudes can be decomposed as
A ∼ VubV�

uDAu þ VtbV�
tDAtðD ¼ d; sÞ, then the strong

phase of Au;t is written by δu;t, respectively, and
Δδ≡ δu − δt. The direct CP violation is proportional to
the sine of the difference in the strong phases and the sine of
the difference in the weak phases of the two amplitudes,
i.e., Adir

CP ∼ sinΔδ sinΔϕ; it is obviously very sensitive to
Δδ. We present the difference in the strong phases of B̄0

s →
πþπ−; ρþρ− decays in Table II, where Δδ from twist-2
LCDAs and twist-3 LCDAs of the light meson are listed for
a comparison. It is found that both of them can generate
sizable strong phase difference, which significantly modi-
fies the leading-order result. As a result, the predicted
sinΔδ is over 0.5 for both B̄0

s → πþπ− and B̄0
s → ρþρ−

decays. Therefore, in these processes, objective direct CP
violation can be anticipated.
The time-dependent CP asymmetries for the neutral B̄q

meson decaying into CP eigenstates are defined by

ACPðtÞ ¼
ΓðB̄q → M1M2Þ − ΓðBq → M1M2Þ
ΓðB̄q → M1M2Þ þ ΓðBq → M1M2Þ

¼ −
Adir

CP cosðΔmqtÞ þAmix
CP sinðΔmqtÞ

coshðΔΓqt=2Þ þAΔΓ sinhðΔΓqt=2Þ
; ð24Þ

TABLE II. Numerical predictions of the decay amplitudes ALO
and ANLO and strong phase difference between tree amplitude
and penguin amplitude for B̄s → πþπ−; ρþρ− decays.

ALO ANLO
jANLOj
jALOj

jALOþNLO j
jALOj

B̄0
s → πþπ− 4.97þ 3.97i 1.26 − 2.07i 0.38 1.02

B̄0
s → ρþLρ

−
L 7.06þ 11.5i 3.83 − 2.90i 0.36 1.02

Δδjtwist−2 Δδjtwist−3 Δδjtotal ΔδjLO
B̄0
s → πþπ− 35.8° 33.6° 38.0° 7.2°

B̄0
s → ρþLρ

−
L −166.0° −112.7° 30.3° −8.9°

TABLE III. Theory predictions of the branching ratio B (in units of 10−6) and the percentage of the longitudinal
polarizations fL for the weak-annihilation B̄q → PP; VLVL decay processes, where we have included in parentheses
the corresponding leading-order (LO) QCD results for a comparison.

106BjTheory 106BjExp. fL

B̄s → πþπ−, 0.39þ0.19
−0.18 (0.36þ0.21

−0.18 ) 0.72� 0.10 � � �
B̄s → π0π0 0.19þ0.10

−0.09 (0.18þ0.11
−0.10 ) <7.7 1.0 (1.0)

B̄s → ρ0ρ0 0.89þ0.19
−0.17 (0.82þ0.19

−0.16 ) <320 ∼1.0 (∼1.0)
B̄s → ρþρ−; 1.71þ0.36

−0.32 (1.58þ0.36
−0.30 ) � � � ∼1.0 (∼1.0)

B̄s → ωω 0.62þ0.27
−0.25 (0.55þ0.31

−0.25 ) � � � ∼1.0 (∼1.0)
B̄s → ρω ∼0 (∼0) � � � ∼1.0 (∼1.0)

B̄d → KþK− 0.12þ0.05
−0.03 (0.11þ0.04

−0.03 ) 0.078� 0.015 � � �
B̄d → K�þK�− 0.14þ0.06

−0.05 (0.12þ0.06
−0.04 ) <0.4 ∼1.0 (∼1.0)

B̄d → ϕϕ 0.029þ0.010
−0.010 (0.015þ0.007

−0.005 ) <0.027 0.99 (0.97)
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where the observables Adir
CP, Amix

CP , and AΔΓ can be
found in [54–56], satisfying the exact algebra relation
jAdir

CPj2 þ jAmix
CP j2 þ jAΔΓj2 ¼ 1. The predictions for the

two independent CP asymmetries (Adir
CP and Amix

CP ) are
displayed in Table IV. It is evidently revealed that NLO
QCD correction significantly enhances both Adir

CP and Amix
CP

of the decay processes studied in this paper. The direct CP
asymmetry of Bs → ππ; ρρ;ωω is predicted to about −5%,
which needs to be tested in the future experiment. The
absolute value of our prediction is smaller than that in [51],
which shows the differences in the sources of strong phases
between the PQCD and QCDF approaches. Notably, the
predicted direct CP asymmetry in B → ϕLϕL approaches
−40%, and strong phase difference is totally from the NLO
contribution. Compared to direct CP violation Adir

CP, the
observable Amix

CP receives more significant corrections from
NLO contribution, since it is proportional to the imaginary
part of the decay amplitudes. An exception is the B̄s →
ρLωL decays, where Adir

CP and Amix
CP are kept unchanged.

This is because, in this process, the final-state isospin is 1,
and the production through the two-gluon process violates
the conservation of isospin; i.e., the matrix element
hρLðpÞωLðqÞjg�ðpg; αÞg�ðp̃g; βÞi vanishes if the tiny
ρ − ω mixing effect is neglected. The uncertainties of
the branching ratios and CP asymmetries are also present
in Tables III and IV. The main sources of the uncertainty is
the Gegenbauer moments of the light mesons and the
parameter ω in the B-meson wave functions. The uncer-
tainties from difference sources are added in quadrature.

V. CONCLUSIONS

Nonleptonic B-meson decays provide an ideal place for
unraveling the fundamental nature of CP violation. In this
context, weak-annihilation contributions are not merely
significant but absolutely crucial, and they play an indis-
pensable role in driving the CP-violation processes
observed in nonleptonic B-meson decays. In this paper,
we endeavored to perform an improved study on the pure

annihilation-type charmless hadronic B decays, including
B0 → KþK−; K�þK�−;ϕϕ, and Bs → ππ; ρρ; ρω;ωω,
within the framework of the PQCD approach. Compared
to the previous studies, we included a type of enhanced
contribution to the various decay processes at next-
to-leading order in the strong coupling constant αs. The
enhanced contribution arises from the quark-loop con-
tractions of the four-quark operators, which might be
accompanied by large Wilson coefficients and/or the
multiplication CKM factors. We only considered the
B → PP; VV decay processes and do not pay attention
to B → PV modes since the quark-loop diagram will not
contribute to these processes. In the PQCD approach, there
is no end point singularity in the convolution of the hard
kernel and the wave functions of initial- and final-state
mesons, and we have employed both twist-2 and two-
particle twist-3 distribution amplitudes in our calculation.
The NLO amplitudes contain large imaginary parts with
opposite sign to that of leading-order amplitude, and the
cancellation effect leads to the fact that the NLO contri-
bution cannot have a significant impact on the branching
ratios as well as longitudinal polarization fractions (for
B → VV modes) of the considered processes. Meanwhile,
the NLO effect considered in this work provides an
important source of the strong phases of the weak-annihi-
lation nonleptonic B̄q-meson decay amplitudes, which can
lead to considerable impact on the CP-violating observ-
ables such as the CP asymmetry Adir

CP and mixing-induced
CP asymmetry Amix

CP . The numerical result evidently
revealed that NLO QCD correction significantly enhances
both Adir

CP and Amix
CP of the decay processes studied in this

paper, and the observable Amix
CP receives more significant

corrections from NLO contribution, since it is proportional
to the imaginary part of the decay amplitudes.

ACKNOWLEDGMENTS

This work is partly supported by the National Natural
Science Foundation of China with Grants No. 12175218
and No. 12435004 and the Natural Science Foundation
of Shandong with Grants No. ZR2024 MA076,
No. ZR2022ZD26, and No. ZR2022 MA035.

DATA AVAILABILITY

The data supporting this study’s findings are available
within the article.

APPENDIX A: PQCD FUNCTIONS

The evolution factors Eð0Þ
a and Eð0Þ

a0 entering in the
expressions for the factorization formulas are given by

E0
aðtÞ ¼ αsðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�;

E0
a0 ðtÞ ¼ α2sðtÞ exp½−SBðtÞ − S2ðtÞ − S3ðtÞ�; ðA1Þ

TABLE IV. Theory predictions of the CP asymmetries Adir
CP

and Amix
CP (in units of 10−2) for the weak-annihilation B̄q →

PP; VLVL decay processes, where we have included in paren-
theses the corresponding LO QCD results for a comparison.

Adir
CP Amix

CP

B̄s → πþπ−; π0π0 −6.0þ1.1
−2.5 (−3.6þ1.8

−3.1 ) −4.2þ21.4
−9.0 (35.9þ15.6

−11.2 )
B̄s → ρþLρ

−
L; ρ

0
Lρ

0
L −4.2þ0.7

−0.5 (−1.9þ0.7
−0.7 ) −4.3þ21.5

−9.0 (35.9þ15.6
−11.2 )

B̄s → ωLωL −4.6þ1.2
−2.0 (−2.6þ1.6

−2.4 ) −3.8þ21.8
−9.7 (35.9þ15.6

−11.2 )
B̄s → ρLωL 0.0� 0.0 (0.0� 0.0) −71.0þ6.3

−5.4 (−71.0þ6.3
−5.4 )

B̄d → KþK− 41.6þ12.5
−12.3 (38.7þ13.2

−12.2 ) −2.2þ19.1
−26.4 (−47.0þ15.7

−18.8 )
B̄d → K�þ

L K�−
L 36.7þ16.0

−9.5 (25.4þ17.4
−11.1 ) −1.4þ19.7

−26.9 (−47.0þ15.7
−18.8 )

B̄d → ϕLϕL −39.7þ6.1
−8.4 (0.0) 27.8þ5.7

−25.9 (0.0� 0.0)
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where we have not included the threshold resummation factor since it cannot bring about significant impact on the
contribution from annihilation diagrams. The hard scales are chosen as

tc ¼ maxf ffiffiffiffiffi
x̄3

p
MBq

; 1=b2; 1=b3g; ðA2Þ

t0c ¼ maxf ffiffiffiffiffi
x2

p
MBq

; 1=b2; 1=b3g; ðA3Þ

td ¼ maxf ffiffiffiffiffiffiffiffiffi
x2x̄3

p
MBq

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðx̄2 − x1Þx3

p
MBq

; 1=b1; 1=b2g; ðA4Þ

t0d ¼ maxf ffiffiffiffiffiffiffiffiffi
x2x̄3

p
MBq

;
ffiffiffiffiffiffiffiffiffi
x3x̄2

p
MBq

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 − x2jx̄3

p
MBs

; 1=b1; 1=b2g; ðA5Þ

tn ¼ maxf ffiffiffiffiffiffiffiffiffi
x2x̄3

p
MBq

;
ffiffiffiffiffiffiffiffiffi
x2x̄3

p
MBq

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðx̄2 − x1Þx3

p
MBq

; 1=b1; 1=b2g; ðA6Þ

t0n ¼ maxf ffiffiffiffiffiffiffiffiffi
x2x̄3

p
MBq

;
ffiffiffiffiffiffiffiffiffi
x3x̄2

p
MBq

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1 − x2jð1 − x3Þ

p
MBq

; 1=b1; 1=b2g: ðA7Þ

The Sudakov factor associated in Bq and light meson wave functions read, respectively, as

SBðx1; b1; μÞ ¼ s

�
x1

mBffiffiffi
2

p ; b1

�
þ sqðb1; μÞ; ðA8Þ

Siðxi; x̄i; bi; μÞ ¼ s

�
xi
mBffiffiffi
2

p ; bi

�
þ s

�
x̄i
mBffiffiffi
2

p ; bi

�
þ sqðbi; μÞ; ðA9Þ

where x̄i ¼ 1 − xi. The factor sðQ; bÞ collects the resummation of the double logarithms containing the transverse
momentum of partons inside the initial- and final-state mesons,

sðξQ;bÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
þAð2Þ

4β21

�
q̂

b̂
− 1

�
−
Að1Þ

2β1
ðq̂− b̂Þ−Að1Þβ2q̂

4β31

�
lnð2b̂Þ þ 1

b̂
−
lnð2q̂Þ þ 1

q̂

�

−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γE−1

2

��
ln

�
q̂

b̂

�
−
Að1Þβ2
8β31

½ln2ð2b̂Þ− ln2ð2q̂Þ�−Að1Þβ2
8β31

ln

�
e2γE−1

2

��
lnð2b̂Þ þ 1

b̂
−
lnð2q̂Þ þ 1

q̂

�

−
Að2Þβ2
16β41

�
2 lnð2q̂Þ þ 3

q̂
−
2 lnð2b̂Þ þ 3

b̂

�
−
Að2Þβ2
16β41

q̂− b̂

b̂2
½2 lnð2b̂Þ þ 1�−Að2Þβ22

432β61

b̂− q̂

b̂3
½9ln2ð2b̂Þ þ 6 lnð2b̂Þ þ 2�

−
Að2Þβ22
1728β61

�
18ln2ð2b̂Þ þ 30 lnð2b̂Þ þ 19

b̂2
−
18ln2ð2q̂Þ þ 30 lnð2q̂Þ þ 19

b̂2

�
: ðA10Þ

The abbreviated variables are

q̂≡ ln

�
ξQffiffiffi
2

p
Λ

�
; b̂≡ ln

�
1

bΛ

�
; ðA11Þ

and the coefficients AðiÞ and βi are

Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10

27
nf þ

8

3
β1 ln

�
eγE

2

�
;

β1 ¼
33 − 2nf

12
; β2 ¼

152 − 19nf
24

: ðA12Þ

The factor sqðb; μÞ arises from the resummation of the single logarithms in the quark self-energy correction

sqðb1; μÞ ¼
5

3

Z
μ

1=b1

dμ̄
μ̄
γqðgðμ̄ÞÞ; sqðbi; μÞ ¼ 2

Z
μ

1=bi

dμ̄
μ̄
γqðgðμ̄ÞÞ; ðA13Þ

with the quark anomaly dimension γq ¼ −αsðμÞ=π.
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The hard functions hi in decay amplitudes are given by

hnaðx1; x2; x3; b1; b2Þ ¼
πi
2
½θðb2 − b1ÞJ0ð

ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb1ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb2Þ

þ θðb1 − b2ÞJ0ð
ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb2ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb1Þ�K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðx̄2 − x1Þx3

p
Mb1Þ; ðA14Þ

h0naðx1; x2; x3; b1; b2Þ ¼
πi
2
½θðb2 − b1ÞJ0ð

ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb1ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb2Þ þ θðb1 − b2ÞJ0ð

ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb2ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x2x̄3

p
Mb1Þ�

×

(
πi
2
Hð1Þ

0 ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 − x1Þx̄3
p

Mb1� x1 − x2 < 0

K0½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 − x2Þx̄3

p
Mb1� x1 − x2 > 0;

ðA15Þ

hnanðx1; x2; x3; b1; b2Þ ¼
πi
2

1

ðx2 − x3ÞM2
K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðx̄2 − x1Þx3

p
Mb1Þf½θðb2 − b1ÞJ0ð

ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb1ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb2Þ

þ θðb1 − b2ÞJ0ð
ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb2ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb1Þ� − ðx2 ↔ x3Þg; ðA16Þ

h0nanðx1; x2; x3; b1; b2Þ ¼
πi
2

1

ðx2 − x3ÞM2
f½θðb2 − b1ÞJ0ð

ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb1ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb2Þ

þ θðb1 − b2ÞJ0ð
ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb2ÞHð1Þ

0 ð ffiffiffiffiffiffiffiffiffi
x̄2x3

p
Mb1Þ� − ðx2 ↔ x3Þg

×

(
πi
2
Hð1Þ

0 ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 − x1Þx̄3
p

Mb1� x1 − x2 < 0

K0½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx1 − x2Þx̄3

p
Mb1� x1 − x2 > 0:

ðA17Þ

APPENDIX B: PURE ANNIHILATION-TYPE B → VV DECAY AMPLITUDES

The specific expression for the LO amplitudes of each pure annihilation decay process can be written by

Ai;LOðB̄0
s → ρþρ−Þ ¼ GFffiffiffi

2
p VubV�

usffBs
FLL;i
LO ½a2� þMLL;i

LO ½C2�g

−
GFffiffiffi
2

p VtbV�
ts

�
fBs

FLL;i
LO

�
2a3 þ

1

2
a9

�
þ fBs

FLR;i
LO

�
2a5 þ

1

2
a7

�

þMLL;i
LO

�
2C4 þ

1

2
C10

�
þMSP;i

LO

�
2C6 þ

1

2
C8

��
;

ffiffiffi
2

p
Ai;LOðB̄0

s → ρ0ρ0Þ ¼
ffiffiffi
2

p
Ai;LOðB̄0

s → ωωÞ ¼ Ai;LOðB̄0
s → ρþρ−Þ ðB1Þ

2Ai;LOðB̄0
s → ρ0ωÞ ¼ GFffiffiffi

2
p VubV�

us

�
fBs

FLL;i
LO ½a2� þMLL;i

LO ½C2�
�
−
GFffiffiffi
2

p VtbV�
ts

�
fBs

FLL;i
ann

�
3

2
a9

�

þ fBs
FLR;i
LO

�
3

2
a7

�
þMLL;i

LO

�
3

2
C10

�
þMSP;i

LO

�
3

2
C8

��
þ ½ρ0 ↔ ω�; ðB2Þ

Ai;LOðB̄0
d → K�þK�−Þ ¼ GFffiffiffi

2
p VubV�

ud

�
fBd

FLL;i
LO ½a2� þMLL;i

LO ½C2�
�
−
GFffiffiffi
2

p VtbV�
td

�
fBd

FLL;i
LO

�
2a3 þ

1

2
a9

�

þ fBd
FLR;i
LO

�
2a5 þ

1

2
a7

�
þMLL;i

LO

�
2C4 þ

1

2
C10

�
þMSP;i

LO a

�
2C6 þ

1

2
C8

��
;

Ai;LOðB̄0
d → ϕϕÞ ¼ −

GFffiffiffi
2

p VtbV�
td

�
fBd

FLL;i
LO

�
2a3 þ

1

2
a9

�
þ fBd

FLR;i
LO

�
2a5 þ

1

2
a7

�

þMLL;i
LO

�
2C4 þ

1

2
C10

�
þMSP;i

LO

�
2C6 þ

1

2
C8

��
; ðB3Þ
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where i ¼ L, N, T. The longitudinal polarization amplitudes AL can be obtained from those in the Bq → PP decays with
the following replacement in the distribution amplitudes:

ϕA
2ð3ÞðxÞ → ϕ2ð3ÞðxÞ;ϕP

2ð3ÞðxÞ → ð−Þϕs
2ð3ÞðxÞ;ϕT

2ð3ÞðxÞ → ð−Þϕt
2ð3ÞðxÞ: ðB4Þ

In addition, the ratios ri → mi=mBq
with mi being vector meson mass. On the contrary, to longitudinal polarization,

Figs. 1(a) and 1(b) can contribute to normal polarization and transverse polarization amplitudes, and the results are collected
as follows:

FLLðRÞ;N
LO ðaiÞ ¼ −8πCFm4

Bq
r2r3

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3fEaðtcÞaiðtcÞhaðx2; 1 − x3; b2; b3Þ

× ½ð2 − x3Þðϕv
2ϕ

v
3 þ ϕa

2ϕ
a
3Þ þ x3ðϕv

2ϕ
a
3 þ ϕa

2ϕ
v
3Þ� − Eaðt0cÞaiðt0cÞhað1 − x3; x2; b3; b2Þ

× ½ð1þ x2Þðϕv
2ϕ

v
3 þ ϕa

2ϕ
a
3Þ − ð1 − x2Þðϕv

2ϕ
a
3 þ ϕa

2ϕ
v
3Þ�g:

FLLðRÞ;T
LO ðaiÞ ¼ �16πCFm4

Bq
r2r3

Z
1

0

dx2dx3

Z
∞

0

b2db2b3db3fEaðtcÞaiðtcÞhaðx2; 1 − x3; b2; b3Þ

× ½x3ðϕv
2ϕ

v
3 þ ϕa

2ϕ
a
3Þ þ ð2 − x3Þðϕv

2ϕ
a
3 þ ϕa

2ϕ
v
3Þ� þ Eaðt0cÞaiðt0cÞhað1 − x3; x2; b3; b2Þ

× ½ð1 − x2Þðϕv
2ϕ

v
3 þ ϕa

2ϕ
a
3Þ − ð1þ x2Þðϕv

2ϕ
a
3 þ ϕa

2ϕ
v
3Þ�g: ðB5Þ

For the nonfactorizable annihilation diagrams shown in Figs. 1(c) and 1(d), we have

MLLðSPÞ;N
LO ðaiÞ ¼ −64πCFm4

Bq
r2r3=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db2b2db2ϕBq
ðx1; b1Þ

× ½ϕv
2ϕ

v
3xþ ϕa

2ϕ
a
3�E0

aðtdÞaiðtdÞhnaðx1; x2; x3; b1; b2Þ;

MLLðSPÞ;T
LO ðaiÞ ¼ ∓128πCFm4

Bq
r2r3=

ffiffiffi
6

p Z
1

0

dx1dx2dx3

Z
∞

0

b1db2b2db2ϕBq
ðx1; b1Þ

× ½ϕv
2ϕ

a
3 þ ϕa

2ϕ
v
3�E0

aðtdÞaiðtdÞhnaðx1; x2; x3; b1; b2Þ: ðB6Þ
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