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It has been shown that the non-Abelian vortex string in 4D A = 2 supersymmetric QCD (SQCD)
with the U(2) gauge group and N, = 4 flavors becomes a critical superstring. Its 10D target space is a
product of the flat 4D space and an internal noncompact Calabi-Yau threefold, namely, the conifold. It was
also shown that the Coulomb branch of the associated string sigma model, which opens up at strong
coupling, can be described by A" =2 Liouville theory. We continue here the study of the recently
proposed mass deformation of the U(2) theory with N, = 4, interpolating to SQCD with the U(4) gauge
group and N, = 8 quarks, by analyzing the mass-deformed N = 2 Liouville theory on the string world
sheet, and show that it is always described by the trumpet geometry of the target space, which is 7-dual to
the 2D N = 2 supersymmetric black hole. We use this correspondence to find the low-lying hadron
spectrum in the deformed SQCD, and explain the expected increase in the number of hadronic states
in the theory with more gauge fields and quarks by considering the near-Hagedorn behavior of the 2D

black hole.
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I. INTRODUCTION

Non-Abelian vortices were first found in four-dimensional
(4D) N = 2 supersymmetric QCD (SQCD) with the gauge
group U(N) and Ny > N flavors of quarks [1-4]. The
non-Abelian vortex string is 1/2 BPS (Bogomol’nyi-Prasad-
Sommerfield) saturated and therefore has N = (2, 2) super-
symmetry on its world sheet. In addition to four translational
moduli, the non-Abelian string carries orientational moduli,
as well as the size moduli if Ny > N [1-4] (see [5-8] for
reviews). The dynamics of the internal orientational and size
moduli of the non-Abelian string are described by the
effective two-dimensional (2D) sigma model on the string
world sheet, the so-called N = (2,2) supersymmetric
weighted CP-model WCP(N,N; - N).

It was shown in [9] that the non-Abelian solitonic string
in V=2 SQCD with the U(2) gauge group and N, =
2N =4 flavors of quark hypermultiplets behaves as a
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critical superstring.1 For Ny = 2N the world sheet sigma
model WCP(N, N) becomes conformal, and additionally
for N = 2 the six orientational/size moduli can be com-
bined with four translational moduli to form a ten-
dimensional target space for a critical superstring [9,10].
In this case the target space of the world sheet theory is
R* x Y, where Y is a noncompact six-dimensional Calabi-
Yau (CY) manifold, the conifold [11], see [12] for a review.
The theory of the critical vortex string was identified as the
type IIA superstring theory [10], and the spectrum of low-
lying closed string excitations was found in [10,13].

Most of the massless and massive string modes have
non-normalizable wave functions over the conifold Y, i.e.,
they are not localized in 4D and cannot be interpreted as
dynamical states in 4D theory, in particular, there are no
massless 4D gravitons in the physical spectrum [10].
However, an excitation associated with the deforma-
tion of the complex structure modulus b of Y has a

'By critical superstring we mean canonical superstring with
N =1 local supersymmetry in the world-sheet (super)gravity
sector. The N = (2,2) supersymmetric world-sheet models,
including supersymmetric A/ = 2 Liouville belong to the matter
sector of string theory.
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(logarithmically) normalizable wave function and was
interpreted as a massless baryon in the spectrum of hadrons
of 4D A/ =2 SQCD [10].

To analyze the massive states, a different approach was
chosen, similar to that used for little string theories (see [14]
for a review). It is based on the equivalence [15] between
the critical string on the conifold and a noncritical ¢ = 1
string containing the Liouville field and a compact scalar
at the self-dual radius (united into a complex scalar of
N =2 Liouville theory [16,17]).2 Later a similar corre-
spondence was proposed (and treated as a holographic
AdS/CFT-type duality) for the critical string on certain
noncompact CY spaces with an isolated singularity in the
so-called double scaling limit, and a noncritical ¢ =1
string with an additional Landau-Ginzburg N = 2 super-
conformal system [18,19]. In the conifold case, this extra
Ginzburg-Landau conformal field theory (CFT) is absent.
The above equivalence was used in [13,20] to find the low-
lying spectrum of hadrons in 4D N' = 2 SQCD with gauge
group U(2) and N, = 4 quark flavors.

Recently, this equivalence was demonstrated in a more
direct way. Namely, it was shown in [21] that Coulomb
branches of world sheet WCP(N, N) models on non-
compact toric CY manifolds, which open up at strong
coupling, can be described by A/ = 2 Liouville theory with
N-dependent background charge. Using the description of
the theory of the critical non-Abelian string in terms of
N =2 Liouville theory, the program of interpolation
between SQCDs with different gauge groups and numbers
of quark flavors was initiated in [22]. The motivation is to
broaden the class of 4D A/ = 2 SQCDs where the hadron
spectrum can be described using the string theory of the
non-Abelian string.

The idea was that, to study this interpolation, one can
introduce quark masses in A’ = 2 SQCD and by changing
mass parameters decouple certain quark flavors. In par-
ticular, one can interpolate between N =2 SQCD with
gauge group U(2) and Ny = 4 (which supports a critical
non-Abelian string) and /' = 2 SQCD with gauge group
U4) and Ny =8 quark flavors “integrating four quark
flavors in” by reducing their mass parameters [22].

Of course, the quark masses break the conformal
invariance on the world sheet, and the mass-deformed
theory cannot be used directly for the string quantization.
Instead, to find a true string vacuum, the effective
supergravity equations of motion can be solved with
appropriate initial conditions associated with the mass
deformation [22].

In this paper, we continue these studies and show that
actually the mass-deformed background found in [22] is
T-dual to the N = 2 supersymmetric 2D black hole with
cigar geometry [23], which is the N' =2 SL(2,R)/U(1)

*In [15] this equivalence was shown for topological versions of
the string theories.

coset Wess-Zumino-Novikov-Witten (WZNW) model
[15,18,24,25]. In fact, the metric found in [22] can be
reduced to the metric of a trumpet, first discussed in [26]
and used in [27] for study of winding modes in the 2D
black hole geometry of the cigar.

It is known that the original N' =2 Liouville theory
deformed with a Liouville superpotential has a mirror
description in terms of a N'=2 2D black hole [28].
Using this, we argue that the combination of both super-
potential and mass deformations leads to the black hole
with the same cigar geometry, while the mass of the 2D
black hole depends now on both deformation parameters.
Namely, we conjecture that the total black hole mass is the
sum of masses associated with each of the above defor-
mations. This conjecture is one of the key points of our
paper, however actually we use it only in the limit when the
mass deformation dominates.

This allows us to find the low-lying hadron spectrum of
the A/ = 2 SQCD with the U(4) gauge group and N =38
quark flavors. In fact, it turns out that the form of the
spectrum of string states (which determines the hadron
spectrum in 4D SQCD) does not depend on the mass
deformation, and only the number of states is changed. We
also use the field theory arguments on the SQCD side to
explain this surprising effect. We explain the expected
increase in the number of hadronic states in SQCD, which
has more quarks, by considering the near-Hagedorn behav-
ior of the 2D black hole.

The paper is organized as follows. In Sec. II we briefly
review the 4D N =2 supersymmetric SQCD and the
world sheet theory of the non-Abelian string. In particular,
we review results of [21] which show that the Coulomb
branch of the world sheet WCP (N, N) model is described
by N = 2 Liouville theory and describe the low-lying 4D
spectrum in terms of string states in the world-sheet theory
for N = 2. In Sec. III we consider the mass deformation and
show that the mass-deformed solution, found in [22], is
T-dual to the 2D black hole with cigar geometry. We also
discuss the Liouville theory with both superpotential and
mass deformations switched on, and formulate a conjecture
how the deformation parameters are related to the back-
ground of the dual theory with cigar geometry. In Sec. IV
we solve the Schrodinger equation for string excitations in
the mass-deformed background, using the effective gravity
approach, and find the discrete spectrum, the result con-
firms the statement about 7-duality from Sec. III. In Sec. V
we use the field theory arguments from SQCD to explain
the surprising behavior of the 4D spectrum, predicted by
string theory. In Sec. VI we finally study the near-Hagedorn
behavior of the 2D black hole to explain the expected
increase in hadron states in the 4D SQCD with more
quark flavors. Sec. VII contains our conclusions, while the
Appendix deals with an analytic continuation of the
singular solution to the Schrodinger equation for string
excitations.
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II. NON-ABELIAN VORTEX STRING
AND N =2 LIOUVILLE THEORY

In this section we are going to review some basic facts
about vortex strings in A/ = 2 SQCD. The goal is to make
the reader familiar with the world-sheet theory and to
explain how the hadron spectrum emerges in this con-
struction, which will be generalized later in this work.

A. Four-dimensional A" =2 SQCD

Our starting point is the N' = 2 SQCD in 4D with eight
supercharges and gauge group U(1) x SU(N); see, for
example, [7] for a detailed review of this theory. We take
the number of fundamental quark hypermultiplets to be
Ny = 2N; with this choice, the f-function of the 4D SQCD
is zero and the 4D coupling does not run. However, the
conformal invariance of the 4D theory is explicitly broken
by the Fayet-Iliopoulos (FI) term [29] with FI parameter &,
which defines the vacuum expectation values (VEVs) of
quarks. The FI parameter is not renormalized.

At weak coupling ¢*> < 1, this theory is in the Higgs
phase. In a vacuum where the first N quark flavors are
massless at zero £, the matrix of adjoint scalars of the
N =2 vector multiplet develops VEV of the form

(a) = —diag(m,, ...

,mN), (2.1)

where my (A =1,..., Ny) are bare quark masses. Adjoint
condensates (2.1) break U(N) gauge group down to U(1)",
with the masses of the off-diagonal gauge bosons given by
|my —my| (k,l=1,...,N), while the quark masses of g*
and G4 (two complex scalars of the A" = 2 hypermultiplet)
are equal to |my — my].

At nonzero ¢, first N squarks also develop VEVs,

(g =/, (Gu)=0 k=1,...N, A=1,..,N,.

(2.2)

These quarks’ VEVs break the U(N) gauge group,
Higgsing all gauge bosons. The Higgsed gauge bosons
combine with the screened quarks to form long N =2
multiplets with mass ~g/€ in the limit of zero quark
masses.

In this limit, the global flavor SU(N/) is also broken
down by quark VEVs to the so-called color-flavor locked
group. The resulting global symmetry is

SU(N)¢yp X SU(N) x U(1)g, (2.3)
see [7] for more details. The unbroken global U(1), factor
above is identified with a baryonic symmetry.

In the Higgs phase, quarks are screened, while monop-
oles are confined by non-Abelian strings. In fact, in U(N)
theories, confined monopoles are junctions of two distinct
elementary non-Abelian strings, see [7] for a review. In

particular, baryons represent closed “necklace” configura-
tions of monopoles on the string. At weak coupling, all
these stringy hadrons are heavy and decay into perturbative
states; however, at strong coupling, the theory enters the so-
called instead-of-confinement phase [30,31]. In this phase
quarks and gluons decay into monopole-antimonopole
pairs and we are left with hadrons formed by monopoles
confined by non-Abelian strings.

Below we assume that N is even, N = 2K, where K is
integer and consider a special choice of quark masses,

rﬁAzmA, Azl,...,N, (24)
where iy = my,y, A =1, ..., N. This ensures that “extra”
quarks with A = (N + 1), ..., 2N have the same masses as
the first N ones. Moreover, we assume that quark masses

are taken to be

Ny
myt, =40,...,00M,....M,0,....,.00M,....M 2.5
{matali =A{ bo(25)
N/2 N/2 N/2 N/2

with M being the deformation parameter. In the large M
limit, the original SQCD splits into two sectors with mutual
interactions suppressed by the scale 1/M,

[SUQ2K) + (N, = 4K)]

M—oo

— [SU(K) + (Nf =2K)] x [SU(K) + (Nf = 2K)]
(2.6)

(see [22] for details). In the opposite limit M — 0, we
recover the full SU(2K) with N, = 4K fundamental
flavors. Thus, varying the parameter M, we can interpolate
between these two theories.

The case with K = 2, when both SQCDs in the rhs of
(2.6) support critical non-Abelian strings, will be the main
subject of this study.

B. World-sheet theory of the non-Abelian string

1. WCP(N,N) model

The presence of the color-flavor locked group
SU(N)cyp in 4D N =2 SQCD with gauge group U(N)
is the reason for the formation of non-Abelian vortex
strings [1-4]. The most important feature of these vortices
is the presence of the orientational zero modes described
by complex fields n/, i=1,...,N living on the 2D
world sheet. In our case, the number of quark flavors
exceeds the number of colors; the solitonic vortices become
semilocal and acquire extra size moduli [32], described
by Ny—N =N complex fields p/ with j=1,....,N;
see [1,4,32-35]. In A/ =2 SQCD the flux-tube strings
are 1/2 BPS saturated and preserve N = (2, 2) supersym-
metry with four supercharges on the world sheet. Their
tension is determined exactly by the FI parameter,
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7 =2né. (2.7)
The effective theory on the string world sheet is 2D N =
(2,2) supersymmetric WCP(N,N) model, defined as a
low-energy limit of the U(1) gauge theory [36], with
twisted-mass deformation,

. ~ 1
_ i|2 2 2
S—/JZX{|van| +|Vap/| _4_3%F"/j

1 1 0
—|0,6* + — D?> ——F
+€(%| ao'| +2€% o0 01

— V3o 4 miP I = Vo + 1, Pl
T D(ni = P —Rem},

a,p=1,....2, i,j=1,...,N, (2.8)
see review [7] for details. The fields n’ and p/ have charges
+1 and —1, respectively,
va = aa - iA(l’ ﬁ(l = aa + iA(l' (29)
Twisted masses of the n’ and p/ fields coincide with the
masses m; and i of the 4D quarks. The complex scalar o is
a superpartner of the U(1) gauge field A, and D is the
auxiliary field in the vector supermultiplet. These fields can
be written in terms of the twisted chiral superfield [36],3

2:U+ \/EHR/_‘LL_\/EéLlR+\/§9R9L(D_iFO])' (210)
The complexified inverse coupling in (2.8),
S}
P=Rep+i—. (2.11)
2n

is defined via the 2D FI term (twisted superpotential)

—g d2é\62:—§(1)—iFm). (2.12)

For our purposes, the following facts about this 2D

theory will be most essential:

(1) The beta function for this sigma model vanishes, and
this 2D theory is conformal in the zero-mass limit.
Therefore, its target space is Ricci-flat and [being
Kihler due to N = (2,2) supersymmetry] repre-
sents a (noncompact) Calabi-Yau manifold. As usual
for such compactifications the N = (2,2) super-
conformal symmetry of 2D world-sheet theory

*Here spinor indices are written as subscripts, say QL = Op,
OF = —0, . We also define the twisted measure d>0 = %dQLdHR to
ensure that [ d?06> = [ d;d0R0z0, = 1.

ensures N =2 spacetime supersymmetry in 4D
after the Gliozzi—Scherk—Olive (GSO) projection.

(2) The global symmetry group of the WCP(N,N)
sigma model coincides with the unbroken global
group of the 4D SQCD (2.3); see [10]. The fields n'
and p/ transform in the representations,

1 1
N.1,- ), LN.Z
(v12) (o)

respectively. Note that another U(l) symmetry,
which rotates the n and p fields with opposite
charges, is gauged.

(3) 2D-4D correspondence: the BPS spectrum of states
in this 2D world sheet theory coincides with the BPS
spectrum of 4D states in the quark vacuum (2.2)
given by the exact Seiberg-Witten solution [37] at
& = 0. This coincidence was observed in [38,39] and
explained later in [3,4] using the picture of 4D
monopoles confined by the non-Abelian string that
are seen as kinks in the 2D world-sheet theory.

The Calabi-Yau space associated with the massless

WCP(2,2) model is the conifold. It is six-dimensional,
and, combined with the flat Minkowski 4D space, forms a
ten-dimensional space required for a superstring to be
critical [9,10]. In fact, we are interested in considering the
WCP(2,2) model at strong coupling = 0, the so-called
“thin string conjecture” put forward in [9,10] implies that
only at vanishing # (2.11) we expect that the world sheet
WCP(2,2) model defines the consistent string theory for
the solitonic non-Abelian vortex in A/ = 2 4D SQCD.

At =0, the conifold singularity detw”/ = 0, where

wi = nip/ is the set of U(1) gauge-invariant “mesonic”
variables, can be alternatively smoothed by the deformation
of the complex structure. Following [12], this deformation
can be described as

(2.13)

detw’ = b, (2.14)
where b is a complex parameter. Promoted to a 4D field, the
deformation constant b was interpreted as a scalar compo-
nent of a massless baryonic hypermultiplet of 4D N = 2
QCD in [10]. Its quantum numbers with respect to the
global symmetry group (2.3) for N =2 are determined
by (2.14),

(1,1,2), (2.15)
it is a singlet with respect to both SU(2) groups with
B(b) = 2 baryonic charge [10].

The massless field b can form a condensate. Thus, we
have a new Higgs branch in 4D A =2 SQCD which
develops only at the critical value of the 4D coupling
constant zgy = 1 associated with # = 0 [40].
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2. N =2 Liouville theory
As we mentioned in the Introduction, it was recently
shown in [21] that the Coulomb branch of the 2D
WCP(N, N) world sheet model which opens up at strong
coupling # =0 can be described by N =2 Liouville
theory (see [41] for a review of Liouville theory in general).
Its bosonic action reads

1 1
Sefr = 4—/ d*xV'h <§h"ﬂ(aa¢0ﬁ¢ +0,Y0,Y) —%fﬁR(z)) ,
T

(2.16)

for the real Liouville scalar field ¢, supplemented by the
real compact scalar ¥ ~Y + 2z. Here R is the Ricci
scalar for the world sheet metric /1,5, and i = det(h,). The
linear dilaton in (2.16),

. (2.17)

contains the background charge Q for the Liouville field ¢,
given by

O(N) = V2(N—-1).

The action in (2.16) leads to the following holomorphic
stress tensor of the bosonic part of the theory,

(2.18)

T=-3104)7+ 0%+ @Y7 (219

so that the central charge is ¢, =1+30°+2=
3(1 + Q?). For the N =2 conifold case, (2.18) gives

0= \/f so the central charge of the internal part of the
world sheet theory equals nine as required for criticality.

The N = 2 Liouville interaction superpotential (see [41])
for the N = 2 case has the form,

Pty

Lm:b/f%‘m (2.20)

where we promote the scalars ¢ and Y to (twisted) chiral
superfields, and b is the conifold complex structure
deformation parameter (2.14). It comes from the 2D FI
term (2.12) in the WCP(2,2) model when we use the
relation

_¢+i¥
c=ye 2,

(2.21)

between the complex scalar ¢ from the U(l) gauge
multiplet of the WCP(2,2) model and the fields ¢ and
Y in the Liouville theory, where y = —v/2b/f. Note that we
must take the constant y singular in the limit # — 0 in order
to keep the Liouville superpotential (2.20) finite, see [21]

for details. This superpotential is a marginal deformation of
the N = 2 Liouville theory (2.16).

To conclude this subsection, we note that the dilaton has
a linear dependence on the Liouville coordinate ¢, see
(2.17). Therefore, the string coupling constant g, = e®
would become large at large negative ¢. On the other hand,
at nonzero b, the Liouville wall prevents the field ¢ from
penetrating into the region of large negative values. In fact,
the maximum value of the string coupling is g, ~ 1/|b| for
0= v/2. In this paper, we keep b large to ensure that the
string coupling is small and the string perturbation theory is
reliable, see [18,20]. In particular, one can use the tree-level
approximation to obtain the string spectrum. In terms of 4D
SQCD, keeping b large means moving along the Higgs
branch far away from the origin.

C. Primary operators on the world sheet

In this subsection, we review primary operators in the

N =2 Liouville theory. Forthe N =2 [Q=+/2(N—1)=1/2]
case, they describe physical string states interpreted as
hadrons in 4D SQCD; see [13] for details.

The primary operators at large ¢ have the form [40,42,43]

Ty mg = eiQ(mLYL_mRYR)[er¢ + R(j, my g; k)e_Q(/*l)‘/’]’
(2.22)

where Y, r correspond to the holomorphic and antiholo-
morphic parts of the compact scalar, with quantum numbers
mp R

1
mpe :E(l’ll —knz), k= (223)

@7

related to integer winding (n;) and momentum (7n,) num-
bers, respectively. These operators should also obey mp =
+m; to have equal left and right conformal dimensions,

B=L = jli 4 D) =L - G D) @29

and unitarity requires A;,, > 0. For our 4D string applica-
tions, we setin (2.22) m; = —mp = m.* This corresponds to
the local or momentum operator with n, #0, n; =0
(depending on Y = Y; + Yp) in the Liouville theory, and
to the dual vortex or winding state in the mirror cigar picture.

The so-called reflection coefficient in (2.22), given
by [42-44]

“This is the condition for the type IIA string, while for the type
1IB string mz = my [20].
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k

vanishes for values of j and m from the discrete spectrum

1 3

j=—5-1-2

, — i j=1,j=2....},
5 5 m==+{j,j—1.j }

(2.26)

for k = 1 (Q = v/2), which kills the rising exponential in
(2.22), so that the primary operator gives a normalizable
wave function at j < —1/2; see (2.30) below.’

The spectrum (2.26) was exactly determined using
the mirror description [28] of the theory as a N =2
SL(2,R)/U(1) coset with a cigar geometry with the level,

k = é (2.27)

of the supersymmetric version of the Kac-Moody algebra
in [24,45-48], see [49] for a review.

To exclude the states with negative norm, one has to
impose an extra restriction [45-49],

k+1
—iSj<0.

5 (2.28)

These conditions are also seen from the reflection coef-
ficient (2.25), namely, they are associated with T'(1 + %)
and ['(=2j — 1), see [40] for more details.

Moreover, we look for string states with normalizable
wave functions,

le;m,_,mR (¢’ Y) = e_q)Tj,mLst

~ eQ(j"r%)lﬁ'f‘iQ(mLYL—mRYR) ,
P>

(2.29)

to be interpreted as hadrons in 4D A =2 SQCD. This
requires

j<-3. (2.30)

NSRR

where the borderline case j = —% is also included. Thus,

for our value k =1, we are left with only two options
j=-1/2and j=-1°

> Another option is with Re j = —1/2, when both exponentials
are present in (2.22), but they have the same normalization
properties. This corresponds to the principal continuous repre-
sentation with j = —1 4 iR.

®Note that j = —1isincluded for k = 1 as indicated in (2.28)

because the pole of T'(1 +2]—;“1) is canceled by the pole of

I'(1 =) from the prefactor.

1T(1 +%)] (1 -2
L(1+ 20 (my, = )T (mg = HT(2j + 1)

: (2.25)

|
D. 4D SQCD low-lying hadron spectrum

Dressing the tachyon vertex (2.22) with the 4D plane
wave,

Tjm="T}m _m, (2.31)
we impose the mass-shell condition
pup" 1

S tAjn=5 2.32

2 T Bjm 2 ( )

Here we use dimensionless notation, imposing normaliza-
tion 477 =1 (@ =2, o’ =1/(27r) and Minkowski 4D
metric diag(—1, 1,1, 1). The GSO projection restricts 2m
for the operator (2.31) at k =1 to be odd [17,18], i.e.,

1
m=—=+2.

5 (2.33)

Then the only possibility [see (2.26) and (2.28)] is j = —%.
This determines the masses of the 4D scalars’ to be [13]

MZ H 1 1 3
Yr_ bl 0 1 m=+—,+>, ...

2 2 4’ 22 (2:34)

In particular, the operator (2.22) with j=—1/2 and
m; = £1/2 has conformal dimension (2.24)

Aje it =5 (2.35)

so it is marginal and describes a massless string state in 4D.
As was noted in [13] this massless state corresponds to the
complex structure modulus b for the string compactifica-
tion on the conifold. Two possible values of m = +1/2
correspond to two real degrees of freedom of the complex
scalar field b. The associated string state has a logarithmi-
cally normalizable wave function in terms of the conifold
radial coordinate [10,50]. On the Liouville side, this
corresponds to the borderline normalization of the massless
state (2.22) with j = —1, m = +1, see [13] for details.

Consider now the 4D spin-2 states, corresponding to the
vertex operators

Wi whe P T (2.36)

where y  are the world-sheet superpartners of the 4D
coordinates x*. The GSO projection selects 2m to be even,

"These states are, of course, not tachyonic in 4D, but we will
use the standard terminology and refer to them as “tachyons”.
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|m| =0,1,2,... [18], thus we are left with the only value
j=—11n (2.26) and (2.28). This leads to the following
masses of spin-2 states [13]:

M3 =2m?, |m| =1,2,.... (2.37)
We call 4D states with masses (2.37) massive “gravitons”,8
note that m = 0, associated with the massless 4D graviton,
is excluded. The momentum m in the compact dimension is
related to the baryonic charge as [13,20]

0y = 4m, (2.38)

and all closed string states are baryons.

II1I. MASS DEFORMATION

In this section, we introduce the mass deformation and
first review the solutions of effective gravity equations for
the mass-deformed superstring background found in [22].
Then, we show that the mass deformed N = 2 Liouville
theory is T-dual to the 2D supersymmetric black hole with
cigar geometry and reduce its target space metric to the
metric of the trumpet. Finally, we discuss the theory with
both the mass deformation and the Liouville superpotential
switched on.

A. Metric after mass deformation

The bosonic part of the action of the type-II supergravity
in string frame for the metric and dilaton is given by

1
[ —

=50 dPxvV/—Ge >®{R + 4GMN 9,y Dy + - - -},

(3.1)

where G,y is the D-dimensional metric, M,N =1, ..., D.
Here 2«2 = (27)32 g2 /2371,

Einstein’s equations following from (3.1) have the
form,

while the equation for the dilaton reads,
4GMN 9, @Iy D — 2GMNDy Dy® + p =0, (3.3)

where p = D_TIO (in dimensionless units) is included when
D # 10.

8Physical states in 4D SQCD come in N = 2 supermultiplets.
This name underlines that the highest spin components of the
corresponding supermultiplets have spin two, see [20].

We assume that our space-time is a direct product of the
flat 4D Minkowski space and an internal space which has a
nontrivial metric,

dsi, = g(h)(dep? + dY?), (3.4)
associated with mass-deformed A = 2 Liouville theory.

Thus, D = 6 and the solution, found in [22], for the metric
warp factor is

1 1
9(¢) = = —
1— \‘j\b/ﬁz e 2 1—e O(p—o)
1. |MP?
$o = —élog||b|l : (3.5)
and for the dilaton,
(0] 1
() = —545 +510gg(¢)

1

= —%qﬁ —5log [1— e C@=d0)].  (3.6)

We see that the warp factor of the metric and the dilaton are
functions of the Liouville field ¢ and do not depend on Y.
The solution (3.5) satisfies the initial condition,

b
pe ot

9(p)~ 1+ (3.7)

imposed by the mass deformation only in our case
0 = V/2; see [22] for details. Here M = —M/2 is the
rescaled parameter of the mass deformation, which we keep
finite in the limit # — 0.

Notice that in the limit M — oo solution (3.5), (3.6)
turns into solution of (3.2), (3.3) with flat metric with
9(¢p) = 1 and the linear dilaton (2.17). Einstein’s equations
are then valid trivially, while Eq. (3.3) is satisfied only

when Q = /2 is matched with p = —2.

Note also that the first nontrivial term in the expansion of
the warp factor (3.5) at large ¢ gives rise to the following
deformation:

(0.¢p — i0.Y)(0-¢p + i0-Y)e=9?. (3.8)
of the free action. This operator (3.8) has j = —1, m =0,
and is marginal with conformal dimension A = (1, 1). Itis
the bosonic part of so-called nonchiral marginal deforma-
tion of A/ = 2 Liouville theory; see [41] for a review. We
see that (3.5) and (3.6) represent an exact solution for the
mass deformation, which is infinitesimally associated with
the nonchiral marginal operator (3.8).

*This rescaling is due to the presence of the coefficient y in the
relation (2.21) missed in [22].
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Putting together all terms, we get for the bosonic part of
the world sheet action of the mass-deformed Liouville
theory [22],

Sue =3 | @A o007 + 0.7

+®wm@+Lm} (3.9)

where the metric warp factor g(¢) and the dilaton ®(¢) are
given by (3.5) and (3.6), while the Liouville superpotential
still takes the form (2.20) since it is not modified by the
mass deformation [22]. The action (3.9) defines a continu-
ous family of world-sheet CFT’s to be used for the
string quantization. They all have the central charge ¢; =
3(1 + Q%) = 9 (for our choice Q = v/2) and the family is
parametrized by the mass parameter M of marginal
deformation.

The world-sheet action (3.9) describes a nontrivial
interacting world-sheet theory, and in order to extract
information about the hadron spectrum of the 4D
SQCD, we will rather use some indirect duality arguments.

B. T-duality

Now let us now show that the mass-deformed theory is
actually 7-dual to the 2D black hole. Consider the N = 2
supersymmetric version of the two-dimensional black
hole [23], which is the SL(2,R)/U(1) coset WZNW
theory [15,18,24,25] with the level k of supersymmetric
Kac¢-Moody algebra. The bosonic part of the action reads

k
Sy = 4—/ dxVh{(0,p)* + tanh? p(9,0)%}
n

1
+ - / d2xVh®d(p)R? (3.10)
7
with the dilaton given by
®(p) = @y — logcoshp, (3.11)

so that the target space has the form of a semi-infinite cigar
with radial coordinate 0 < p < co and angular coordinate
0 ~ 0+ 2r, see Fig. 1. Here k is related to Q via (2.27).

The first observation is that the action (3.10) can be
rewritten as the following 2D sigma model with a com-
plexlO metric [51]:

1
S = g/aﬂx\/ﬁ((aﬂ(p)z +(0,X)? — QR

+ e~ (9,¢p — i9,X)?). (3.12)

"We are grateful to A. Litvinov for important comments on
this point.

- |

FIG. 1.

Cigar geometry of 2D black hole.

Indeed, under the substitution

2 2
¢:§10g cosh p + ¢y, X:§(9+ilog tanh p), (3.13)
the action (3.12) turns into (3.10) if one takes
0

in (3.11). Let us now make a 7T-duality transformation of
the action (3.12), rewriting it first as

1
s=§/ﬁ%@uuwﬂﬂ@m%urwﬂm@m2
—2ie"2?9,¢9,X — QR ¢}

1 1
= E/ dzz\@{i [Gyp(0u)* + Gxx(9,X)?

+ 2G yx 0,40, X] — %R%&}, (3.15)
with ¢y = 0 for simplicity. By a standard trick
z—/dzz\/_ (0,0)* + V2 - QR
+ e‘Q‘/’(()ﬂqﬁ - ) +2Ye,0,V,). (3.16)

with Lagrange multiplier Y so that S|,z Jsv—0 = 5. However,
solving the equations 85/ oV, = 0 one finds

je=9% €

— HA
WS s W T T e Y
G .
= -y, (3.17)
GXX GXX

Substituting this back into (3.16) we come to the dual
action,

1 .
Sualb V] = - [ @23{31Gas0,07 + Grr(0,17
+2iBy4€,,0,Y0,¢] + R<2>q>}, (3.18)
with
G L é,-6 G By, = X0 (3.19)
TG T G T G
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and

Q

P=-=
2

1
coming from changing integration measure DX — DV
(see e.g., [52]). We get, therefore, after the duality
transformation, i

- ~ 1
Gyy(9) = Gyy(d) = ==k 9(¢),

D(g) = —%d)—%log(l — e~ 9=do)), (3.21)

coinciding exactly, after restoring the dependence on ¢ in
the warp factor, with solution (3.5) for the metric and the
dilaton (3.6).

C. Trumpet geometry and fluctuations

Now let us make the world-sheet geometry of the mass-
deformed N = 2 theory

Sw=ge [ Vi Lo 007 + 0,071 + 001k .
(3.22)

with the metric warp factor (3.5) and the dilaton (3.6) more
transparent. At ¢ = ¢y, this metric develops a naked
singularity, so the geometry is defined at ¢ > ¢y.
Making a change back to the radial coordinate,

e5#=90) = cosh p, (3.23)
the action (3.22) turns into
k
Sus = 4z [ V(00 + ot (0,8))
V3
1
+4- / d2xVh®(p)R? (3.24)
T
with 8 = %Y,
I~ 4 2n/k, (3.25)
and the dilaton is now given by
__2 ;
D(p) = _Ed)o —log (sinh p). (3.26)

The target manifold of the dual theory (3.24) looks like a
“trumpet”; see Fig. 2. This metric was first discussed

"An extra B-field By, = ilf;?g(z% in the dual theory is

almost inessential in two dimensions and we neglect it below.

—

FIG. 2. Trumpet geometry. Asymptotically, at p — oo, it turns
into a cylinder of radius Q.

in [26] and then in [27] for the black hole model (3.10). The
point is that the effective theory for the winding modes of
the string in the cigar metric (3.10) of the 2D black hole is
given by fluctuations of “particles” (momentum modes) in
the trumpet metric in (3.24) [27] (see also [53] for a
review of the supersymmetric version). It is just a result of
T-duality transformation, which here takes the form

coth p

V2k

Taking the limit p — oo, we see that k = 1 corresponds to
the self-dual point [this is also seen, of course, from (2.23)].

Let us now say a few words about the expected spectrum
for the string in trumpet geometry. The primary operators of
the coset theory, corresponding to the string in the 2D black
hole, are actually given at large p by the formula similar to
the one in (2.22) (written for Liouville theory)

V2k tanh p - o a =2.

(3.27)

T.

Gy mp = e2i(m0p+mgOg) [P +R(j,my gik)e™200r .. 1,

(3.28)

where now the Liouville momenta and windings change
roles and are interpreted as windings and momenta of the
string in the cigar geometry, n, and n; respectively; see
(2.23). Hence, once we are interested in the operators (3.28)
with n, # 0 (m; = —my), they correspond to the windings
on the black hole side, and (in the minisuperspace approxi-
mation) itis natural to look for them as solutions of the target-
space equations of motion in the trumpet geometry [27].
This target-space approximation works for large k — oo, in
contrast to direct Liouville quasiclassics, which works at
large Q> =2/k. One can even be convinced that such
reasoning is valid in the theory when both marginal
deformations—the Liouville superpotential and the trumpet
warp factor—are switched on independently.

D. Switching on both superpotential
and mass deformations

As is commonly believed, N' = 2 Liouville theory with
Liouville superpotential has a mirror description [28] in
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terms of the N/ = 2 supersymmetric version of the two-
dimensional black hole (3.10) with the level k = Ql The
constant @, entering the expression for the dilaton (3.11) in

this background is given by

D, = o) = —%m 1b| (3.29)
in terms of the coefficient » (modulus of the conifold
complex structure) in front of the Liouville superpotential
by the standard argument with the shift ¢ — ¢ — Qlog|b|=
¢ — Pyan, Where ¢, can be interpreted as a “position” of
the “Liouville wall” (superpotential).

As was shown in [23], the value of the dilaton at the
horizon @, determines the ADM mass of the black hole,

1

Q 20
Mpy = = 2% = e, 3.30
and therefore the entropy
M
Spy = % = 2720 (3.31)

of the 2D black hole with the Hawking temperature

T = ﬁ = %. Hence, we see that the black hole entropy
(and therefore the mass at fixed radius R = v/2k) is
completely determined by a single free parameter @, of
the solution (3.11).

For the supersymmetric black hole associated with the
Liouville theory, this parameter is totally determined (3.29)
by the constant in front of the Liouville superpotential.
Thus, for the black hole mass associated with the Liouville
theory with superpotential deformation we have

n O
M = > b2/, (3.32)

On the other hand, as was shown in the previous section,
the mass-deformed Liouville theory (3.22) is T-dual to the
same theory (3.10) with the cigar geometry, where now the
constant part of the dilaton,

b
M

) 1
oM = ~Sdy=—5ln (3.33)

PR

which is given by the location of the singularity at ¢ = ¢,
of the warp factor (3.5) of the metric, i.e., is actually
determined by the mass deformation parameter M. The
associated black hole mass is

) _ Q |bP
BH 2 |M|2

(3.34)

Let us now make a physically plausible conjecture. If both
marginal deformations are switched on [see (3.9)], one still

gets the same dual black hole theory (3.10) with cigar
geometry, and we only have to fix the value of “total” ®, or
total mass of the black hole [they are related by (3.30)] in
terms of the initial data in the theory. We conjecture that the
total mass of the black hole upon switching on both
deformations is the sum of masses (3.32) and (3.34),

ota M
Mg = My + My, (3.35)

This gives for the total mass and entropy of the black
hole, corresponding to the theory with both deformations,
M S o, P

0/2 2=n |M|?

(3.36)

Let us now try to justify the conjecture (3.35), (3.36):
(i) Each term in the rhs (3.35) dominates at large

negative values of (3.29) or (3.33), when e7>® =
_2¢)(b> _2@(«\/0 .

e “%0 4+ e %0 can be rewritten as
%l = 2191 4 o200 (3.37)

or, in the limit, as a “tropical sum”,

b M
@] = 0" | @ 5|

b M

= max(jof’|, @) (3.38)

(i1) The asymptotic condition (3.38) does not uniquely
fix the exact form of the function in (3.35), but it is
reasonable to have a linear addition law for the
entropy and mass in (3.36).

(iii) At large M — oo the black hole mass does not feel
the mass deformation. However, as we reduce the
mass parameter M, both terms in (3.36) become of
the same order and the system goes through a
crossover. At small M the second term in (3.36)
dominates.

Formula (3.35) is one of the key points of our paper. It
comes out of the fact that both (undeformed and mass-
deformed) theory are formulated in the same string back-
ground, and the only parameter which can depend on the
mass deformation is the dilaton constant ®,. The exact
form of this formula can be verified only by rather
complicated analysis of the world-sheet theory (3.9), so
we proposed instead its most straightforward form moti-
vated by the idea that the full mass or entropy of the black
hole can be naturally thought to be the sum of two
independent contributions associated with the Liouville
superpotential and the mass deformation. It obviously
reproduces both “boundary” cases when either the
Liouville superpotential deformation or the nontrivial
metric warp factor, arising due to the mass deformation,
dominates. These two limits of cigar theory are effectively
described either by its mirror or 7-dual formulations, which
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relate (3.9) to the black hole (3.10) with @, determined
either by (3.29) or by (3.33) respectively.

IV. STRING SPECTRUM AFTER MASS
DEFORMATION

In this section, we use an effective gravity approach to
study the string spectrum associated with the mass-
deformed N = 2 Liouville world sheet theory. First, we
review the setup for this problem developed in [22], then
we study the associated Schrodinger equation and find its
discrete spectrum. We show that this spectrum coincides
with the spectrum of a 2D black hole with cigar geometry,
confirming the result of the previous section that these
theories are related by T-duality.

A. Tachyon equations

Primary tachyon vertex operators (2.22) can be described
as scalar fields in the effective supergravity (3.1). To take
them into account, we add the tachyonic (with the “wrong”
sign in the D-dimensional space-time) term,

1
Stachyon :2_I<'2/de _Ge—ZCD

X A{=G" oy T ; wonT juu + |Tjml?},  (41)
to the gravity action (3.1), cf. [54]. This gives the equation
for the tachyon field,

DyD"T;,, —20y®T ;,, +T;,, =0, (4.2)
and we neglect the back reaction of tachyons on the
background (3.5), (3.6) for the metric and the dilaton.

Dressing the tachyon with the dependence on the 4D
coordinates as in (2.31) we rewrite the tachyon
equation (4.2) in the form,

D,D"T;,, —20,®9"T;,, + (1 + M})T;,,

== DnDnijm - 20,,(13()”Tj’m + ZAj’mijm = 0, (43)
where derivatives are now taken only with respect to two
internal coordinates, {¢,Y}. In (4.3) we have used the
relation,

M} =24, -1, (4.4)
which coincides with Eq. (2.32), obtained by world sheet
methods, see [13] for details. Here the conformal dimen-
sion A; , is given by (2.24). The relation(4.4) is also easily
verified by substitution,

Tj e eQUdtimy], (4.5)

in the flat background with the linear dilaton (2.17).

Since the warp factor (3.5) does not depend on Y, one
can look for solutions of (4.3) using the ansatz,

Tim(@.Y) = e®e®™¥,; (9), (4.6)

where the factor e® kills first derivatives in (4.3). This
substitution gives the Schrodinger equation for the wave
function ¥; ,,(¢) [22],

_a(zpq}j.m + Veff(¢)Tj,m = E“Pj,m’ (47)

where the potential is given by

P O N v sded (IR RY)
T4 (000 — 1)2 eQb=d0) _ 1
1
~ —— ., 4.8
p=do 4(¢ = do)? 9
while energy levels are determined by j,
o 1V
E;=-0 <j+§> . (4.9)

The potential (4.8) is attractive for m> — j(j + 1) > 0 and
tends to zero at ¢ — oco. Therefore, one expects the
continuous spectrum12 with j = —%—i— iR with positive
E; and a discrete spectrum with negative Ej;.

Equation (4.3) for tachyons can also be written in
the trumpet background (3.21). Introducing the wave
function via

eZIml() ([)
T = e\ 4.10
I V/sinh2p /™ (4.10)

[cf. with (4.6)] one gets a similar to (4.7) Schrodinger
equation,

—aﬁ‘l‘ﬂ + Veff(ﬂ)q,ﬁn = EY)\P%; (4.11)
where the effective potential is now given by
Vealp) =~ + 1 4
4sinh“p  4cosh”p
and the energy levels are just
EY = —(2j+ 1) (4.13)

Note that we are looking for the spectrum of normalizable
and borderline-normalizable states. The continuous spectrum
mentioned here corresponds to the principal continuous spectrum
of the cigar theory [24,45-48], see [49] for a review.
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The wave function ‘I’an at large p, where the potential goes

to zero has the form

P (p) m 2040,

j.m

(4.14)

The potential (4.12) is also attractive and, of course, gives
the same spectrum as the one from (4.8). Solutions of
Egs. (4.11) and (4.7) are related by

W () = ¥j.(¢)/coth (4.15)
together with (3.23).

Equation (4.11) describes the momentum modes with
n, #0 [see (2.23)] in the trumpet geometry (3.24). The
nonsupersymmetric version of this equation was consid-
ered first in [27] for winding modes (also with n, # 0) for
the dual black hole theory with the cigar geometry.

B. Equations for massive “gravitons”

Consider now string states with integer m and j
associated with massive ‘“‘gravitons”; see (2.36). The
gravity action for the scalar components V;,, of the
corresponding spin-2 supermultiplets has the form

1 _
Sgraviton = 2—K2/de _Ge_2©{_GMNaMVj,maNVj,m}’

(4.16)

where the mass term is absent in contrast to (4.1). Much in
the same way as before for the tachyons, one gets the
equations of motion

D,D"V;,, —20,®0"V;,, +M;V,, =0, (4.17)
where V;,, depends only on ¢ and Y. Taking the limit of
large ¢, where g(¢) — 1, and looking for a solution of
(4.17) with the ansatz
~ eQ[j(/)+imY] s

V.

im (4.18)

we get

This coincides with (2.37) for j = —1. Substituting this into
(4.17), we get

DnDan.m - 26n<l)a”ijm + 2Aj,mVj$m = 0, (420)
This equation has the same form as the equation of motion

(4.3) for tachyons; thus we conclude that the wave function
for massive “gravitons” defined via

Vj,m (¢v Y) = ed)eiQmYle’m (45)7 (421)
satisfies the same Schrodinger equation (4.7) or (4.11), and
we need only select solutions with different (integer) values
of m and j.

C. Exact spectrum and profiles

Luckily enough, the second-order differential equation (4.7)
can be solved exactly, and the solution profiles are even
expressible in terms of elementary functions. The conditions
for the spectrum that arise in the process will also give us an
important hint.

We start with a substitution,

e —1

P(x) = w(x) (4.22)

T Oy bl
€me

and change the variable x = ¢ — ¢) to z = 1 — e2*. Then
w(z) satisfies the hypergeometric equation

g 1=2(1-m)z , (j+m)(j+1-m)
W z2(1-2) W 72(1-2) w=0,

(4.23)

and the solution regular at z = 0 (i.e., at ¢ = ¢) is given by

Wreg = F(a. p.1,2), (4.24)
a standard hypergeometric function with
a=—j—m, p=1+j—m. (4.25)

The second (linearly independent) solution is singular at
z = 0, nonsymmetric under m <> —m, and therefore should
be discarded (see Appendix).

To continue analytically the solution (4.24) to the region
7 — —oo along the negative real axis (corresponding to
¢ — o0) one can use (9.132) from [55] and get

Wreg|z—>—oo = F(a’ﬂv 1;Z)|z—>—oo
T(1+j—mI(L+j+m)

X [(_Z)j + Rreg(_z)_l_j + - ]

(4.26)

At ¢ — +oo (2 —),
(—=2) ™1/ 2W,eq(2) so the first term in the brackets corre-

for the function Y¥;, ~

sponds to the falling exponent e2U+1/2¢  while (—z)~!~/
gives the rising e"9U*+1/24 in the wave function ¥;,,
corresponding to (2.22) for j < —1/2. The reflection
coefficient in (4.26) is given by
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(=1 =2))0(1 + j—m)['(1 + j+ m)
(1 +2/)0(=j = m)[(=j + m)

R —

reg —

(4.27)

The discrete spectrum is determined by the zeros of the
reflection coefficient, see Sec. II C, which ensures that the
rising exponent is absent at

—j—|ml=-n, n=0,1,..., (4.28)
The reflection coefficient (4.27) coincides with the
k-independent part of the exact formula (2.25), obtained
using the SL(2,R)/U(1) coset (super)conformal theory,
and matches with the statement of the previous section that
the mass-deformed A/ = 2 Liouville theory is T-dual to the
supersymmetric black hole with cigar geometry (so these
theories have the same spectrum of string states). Indeed,
we see that Egs. (4.23) and (4.11) do not depend on &, so
our result (4.27) from the effective gravity approach
reproduces the exact expression (2.25) only in the limit
of large k (or the leading order in '), while missing the
o ~1/k world-sheet corrections' (even in the supersym-
metric case). We point out again here, that although the
gravity approximation in the mirror to Liouville “cigar
theory” works only at large k — oo, still the k-independent
conclusions can be applied to the most interesting critical
k =1 case. In particular, the reflection coefficient (4.27)
reproduces the correct discrete spectrum (2.26) however
misses the lower unitarity bound for allowed values of j
in (2.28).

Under conditions (4.28) for integer and half-integer j and
m the parameters (4.25) of the hypergeometric equa-
tion (4.23) become integers, and it can be solved in terms
of rational functions. For the branch of solutions to (4.28)
with m > |j| > 0 one gets the polynomial solutions,

(+)

Wimso(2) = F(=j—m, 1+ j—m,1;z)

(1 _Z)Qm dr .
= "1 =z)™ 4.29
g 0| 429

For negative values of m < j < 0, using a Kummer identity
one can write

W;,_n1<0(z) =F(-j—-m,1+j—m1;z2)

=(1=2)F(=j+m1+j+m1;z)

=(1=2)2"F(=j—|m|,1+j—|m| L;z)
1 d" .
- adz” (Zn(l B Z)]+m) n:j—m’ <430)

BAIthough the target space geometry (3.9) itself in the
supersymmetric case (in contrast to the bosonic 2D black hole)
does not receive the &’ ~ 1/k corrections.

where the bottom line follows from (4.29). We see
that w'?)_o(z) = w') (2)(1 =z)~2"I, and therefore both

Jom<0 Jelm]
degenerate hypergeometric solutions with m = +|m]|
by (4.22) give rise to the same wave function ¥; .. To
conclude this section, we list the wave functions ¥(x) for
the low-lying string states with allowed values of j = —1/2
and j = —1, see the table below,

Asympt.
Jj moa B Wee(z) ¥(x) X = ©
—% —% 1 1 1%1 e—% 9% _ 1
1o o 1
-3 2 2 (11233 e~F (2 - e9) Vel — 1 =1
3o _
3 1 -1 1+z
-1 -1 2 1 (l—lz)’ e~ 0x\/e0x _ e‘f%c
1 0 1 1
-2 3 2 % €7207(3-209%)y/e0 _1 D¢~
2 -1 =2 1+2¢
and for the “border case” j = —& m = +£ these functions
take the form

lP(—tl)c/Z.ik/z(p) = \/MCoshl—kp,

=g

Y ipaxn(p) =e 2 Vel h) — 1. (4.31)

V. SQCD INTERPRETATION

The results of Sec. IIID show that when both the
superpotential and the mass deformation are switched on
in the A/ =2 Liouville theory, one gets the same cigar
geometry in the dual black hole picture, and the only effect
of the mass deformation is an increase of the black hole
mass, see (3.36). This means that as we reduce the mass
parameter M the mass spectrum of the string states does
not change. In particular, the low-lying hadron spectrum of
the mass-deformed 4D SQCD is still given by Eqgs. (2.34)
and (2.37) from Sec. IID.

This rather surprising result from the string theory side
seems to run into a contradiction with the intuitive expect-
ations on the field theory side. One would expect the
emergence of new hadronic states in SQCD with the
masses determined by M, which become lighter as we
reduce M. Now we are going to demonstrate that in N = 2
supersymmetric QCD this intuitive expectation is actually
incorrect under rather mild assumptions.

Of course, one cannot calculate the hadron masses
directly from SQCD, since the theory is at an extremely
strong-coupling regime ¢ — oo (associated with g = 0),
and therefore our approach is to use the effective string
theory of the critical non-Abelian string to find the hadron
spectrum in SQCD. However, we can make certain plau-
sible assumptions on the hadron mass dependence on quark
mass parameters, typical for N’ =2 SQCD, and on the
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quantum numbers of allowed states. In particular, we
assume that the squared hadron masses, depending on &
and on quark masses, are given by the sum of the
(é-dependent) non-BPS part and the squared central charge
Zgps(m;, ;) of the N' = 2 supersymmetric algebra for a
given state,

miy = ml pps(&) + | Zpps(m, ’ﬁj)|2-

(5.1)
The BPS central charges are given by exact formulas,
depending on the global symmetry charges of a given
state, cf. [37].

To illustrate (5.1), consider the masses of the perturbative
states (quarks and gluons and their superpartners) in the
Higgs phase at weak coupling. The non-BPS part of the
mass, say, of the squark g4 A=1,.., N, arising due to
squark condensation (2.2), is determined by the D-term in
the SQCD scalar potential (|g*|> —|G4|> — N&)?, see [7]
for details, and gives m2 gps ~ g>&. On the other hand, the
BPS part of the mass of g4 arises from the F-term in the
SQCD scalar potential, |(a + m,)g*[> which turns into
|m; — my|* when VEVs of adjoint scalars (2.1) are taken
into account.

To discuss the BPS parts of the masses of 4D SQCD
states, it is convenient to use the 2D-4D correspondence
mentioned in Sec. II B, which claims that the BPS spectrum
of 2D world sheet theory coincides with the BPS spectrum
of 4D SQCD in the quark vacuum (2.2) at £ = 0. For
example, the quark ¢4 with A = N + j has the same mass
|my — ;| as the gauge-invariant “meson” wt/ = n*p/ in
the WCP(N, N) model.

A. BPS central charges

We have already discussed the global symmetry group
(2.3) of the WCP(N, N) model in Sec. II B, so that the n'
and p/ fields belong to its representations (2.13). The exact
formula for their BPS central charges has the form,

Zgps = irﬁné)n - iﬁ%pépv (52)
where m,, = {my, ..., my} and 1?1,, = {iy, ..., my} are the
masses of n and p fields (they coincide with the masses of
2N flavors of quarks, see Sec. II B). Here we use that 1y =
$uy @ u; and consider the gly D uy charges g, and g,
(instead of 8[, D 8u, charges), since both n’ and p/ fields
transform under the fundamental representation N of gly.

In the simplest “canonical” basis,

()i =6u. ik=1,_..N (5.3)
the Cartan gl,-generators
(H;)j = 6ij0u (5.4)

determine the charges ¢, by

Hye; = (q)ie; (5.5)

for both g, and (_jp/, and therefore the “perturbative states”
n' and p/ have charges,

-

qni = gi? qp/ _> (56)

so that they form the basis of the lattice ZV c RV.
Substituting (5.6) into the BPS formula (5.2), we immedi-
ately obtain, for an arbitrary “mesonic” n'p/ state,

Zni/)j = l(ml - I’;"l]), (57)

as expected. Any charge vector can be decomposed as

I -
q=—eB+q,,

S (5.8)

where ¢ =), ¢; is the diagonal vector, B =}, ¢q; is
the corresponding baryonic charge, while ¢ is the vector
of the sly charges, satisfying g, -¢ =0. In the N—1-
dimensional hyperplane orthogonal to ¢, the basis vectors
{&;} project to {¥; = ¢; — ¢} and satisfy

. 1 -
l/l'IJj = 61} - N, Zl/] = 0
J

For the set of 8l charges, let us take the root basis @; =

(5.9)

U; —U; = ¢; — ¢, for the simple roots
Gy =Gyap. a=1,...N—1  a@=2 (510
which have the charges h; = diag(1,-1,0,...,0),h, =

diag(0,1,-1,0,...,0), ..., Ay_; = diag(0,...,0,1,-1,)
with respect to 3l Cartan generators

hy=H,—H,, a=1,..N-=1 (511
also satisfying
[has €] = Capep. [has f] = =Capfp
e 5] = Baphas  ab=1,...N—1, (5.12)
with C,p =@, -y =28, — 84415 —O4py1 being the

Cartan matrix of 8ly, while e, =E,, . and f, =
E, . , are the matrices of simple roots. The corresponding
charges in the fundamental representation N,

ha(l_jj) :aazj:(‘)‘a/—ééH_lj, (513)
are always integers. One therefore gets
N N-1
Z qQ°a,. (5.14)
i=1 a=1
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so that

N-1 N
anbqb:ZQi&a'Di:qa_Qa+lEQw a=1.N-1
b=1 i=1

(5.15)

is the charge with respect to the ath 3, subalgebra (if Q, = 0 for a certain a, the state is a singlet with respect to this 31,

subalgebra).

Hence q“ =Y N-/ C;}Q, are “dual charges” [not necessarily integers, in contrast to {Q,}, due to C;} =

min(a, b) — %], and therefore

- ma+1)qa - (’/ha - ma+l)q~a)’

-B - — - — e .- o
Zgps = zﬁ(e M, — € m,) 4 im, gy — im,qgr
B N N N-1
=ig (=) i
j=1 j=1 a=1
B N N N-1
=g (=2 ) 4
j=1 j=1 ab=1

1. SU(2) case

Now let us consider the starting point of our interpolation
procedure at M — oo, namely the WCP(2, 2) model. The
global symmetry group (2.3) of this model is

SU(2) x SU(2) x U(1), (5.17)

and each SU(2) factor here is broken down to U(1) by the
quark mass difference.
Following (5.4), (5.5), and (5.6), one gets

H, =diag(1,0),  H, = diag(0,1), (5.18)

and

Gp =4, = (1,0), G =4, =(0,1) (5.19)

while, in the 81, @ u, terms, for h = H; — H, and the unit
Hl + H2, we get

)= (1,1),

(0.B),2 = (0.B), = (-1.1), (5.20)

for the projections of isospin and baryonic charge.
The global symmetry group of the WCP(2,2) model is
(5.17), so the formula (5.2) reads in this case,

ZBPS = lrﬁnﬁn - iﬁ}l‘/}‘_])p
B
— 7 ~ Al P
= 15 (Zm —Zm) +im,qy —im,q,.

Each ¢, corresponds to an 8(, charge via

(5.21)

((mq = mas1)Cop Qp = (1t = 1hia41)Cp Q). (5.16)
|
L= qi; = %(QI ~)a = %5 =qd.  (522)
i=12
where
P —%z:%(zl 3y _%5—22 — 5, (523)
and a = ¢, — ¢,. Formula (5.21) therefore gives
Zpps = lg(ml + my — 1ty = 1ity) + i(my —my)q
—i(rmy — 1i,)4, (5.24)

for instance, Z,1,» = i(m; —1i1,) [cf. with (5.7)].

Now let us turn to the nonperturbative states; the lightest
is the massless stringy baryon, associated with the conifold
complex structure parameter b. Eq. (2.14) shows that the
b-baryon transforms with respect to (5.17) as detw'/,
namely, it is a singlet with respect to both SU(2) factors
in (5.17) and has B = 2. This state is characterized by the
u, charges (5.19), i.e.,

g, = (1,0)+(0,1) = (1, 1) (5.25)

B=(qy)+(qy)r=2.
(5.26)

With these B and Q, Eq. (5.24) gives
Zb = l(m1 + my — I’ﬁl - 7’712) (527)

This result was obtained in [31]. Note that within our
interpolation procedure the mass of this state in the

105010-15



IEVLEV, MARSHAKOV, SUMBATIAN, and YUNG

PHYS. REV. D 112, 105010 (2025)

WCP(2,2) model vanishes even at finite M because
m; = m;; moreover, m; = m, = 0.

All massive string states in the theory with N = 2 are
also singlets with respect to both SU(2) factors in (5.17),
see Sec. II D. They differ only by the value of their baryonic
charge B. Therefore, their central charges are just multiples
of the one in (5.27). Thus, the BPS part of the mass is
always zero for these states. They become massive due to
the first non-BPS term in (5.1), which depends only on the
string tension, 7 = 2z¢.

2. SU(4) case

Now consider our interpolation procedure at finite M. In
particular, at M = 0 the global symmetry group reads

SU4), x SU(4), x U(1)g, (5.28)

where each SU(4) factor is associated with n’ and p/ fields,

respectively, i,j=1,...,4. At nonzero M each SU(4)
factor is broken down to

SU(4) —» SU(2),, X SU(2)3, x U(1),  (5.29)

see (2.5). The groups SU(2),, and SU(2);, rotate the
fields n'? (p'?) and n** (p>*) respectively, and therefore
correspond to the a = 1 and a = 3 subgroups.

To consider the nonperturbative string states, we have to
decide first which quantum numbers with respect to the
global group (5.28) are allowed. In the N = 2 case all string
states are singlets with respect to both SU(2) factors in
(5.17), but all have nonzero baryonic charges B. Moreover,
from the point of view of their transformation properties
these states should behave as powers of detw to be
nontrivial on the deformed conifold, see (2.14); this latter
requirement (assuming, in particular, equality Q = Q of the
n- and p-charges) we call a “conifold rule”. These argu-
ments suggest that we propose the following generalization
of these rules'* for the WCIP(4,4) model:

(i) First, we assume that all allowed stringy states at
nonzero M are singlets with respect to both
SU(2),, and SU(2); 4 subgroups in (5.29) for both
SU(4) groups associated with n and p fields, see
(5.28). It means that

Ql:Q?a:Ql:QS:O'

In contrast to the N =2 case, the b-baryon now
belongs to a nontrivial (long fundamental) repre-
sentation 6 in 4 x4 =10+ 6 of SU(4) with the
highest weight ji, = U; +,. Hence, a stronger
requirement for all states to be singlets of the whole

(5.30)

“Below in this section we present only some qualitative
features of the hadron states in SU(4) gauge theory. We postpone
a more detailed analysis of this picture in a generic SU(N) case
for a separate publication.

SU(4) would kill the b-baryon state, which is
expected, however, to survive the transition to a
theory with a larger gauge group;

(i) Second, we still assume a generalized “conifold
rule”, requiring that the charges of a stringy state
with respect to the SU(4), and SU(4), groups
coincide, i.e., in addition to (5.30), impose

0,=0,=0,

being the charge of the diagonal SU(2),; C
SU4), c SU(4), x SU(4),,.
Formula (5.16) then gives for the baryons,

ST

(5.31)

B
:l(ml +m2—rﬁ1 —Yﬁ2)<z+%>

(s 9)

Consider first the b ,-baryon, which is a particular com-

+1 (WL3 +my — m3 (532)

ponent (w!''w? — w'2w?!) of 6, x 6, with u(4) charges,
dy,, = 41 + G = (1,0,0,0) +(0,1,0,0)
= (1,1,0,0). (5.33)
For {Q,} and the baryonic charge one gets
Ql (abll)l - (Eibl,z)z - 1 - 1 - b}
Q3 = (Gp,,)3 — (Gp,,)a =0-0=0,
0, =0=Gy.)2—(Gp,)s=1-0=1,
B=Y (G,);=1+1+0+0=2 (5.34)
J

Similarly, for the b5, state, which is another component

(WBw* — w¥*w®) of 6, x 6,. we have
= (Gpy,)1 = (Gp,,)» =0-0=0,
(C?zm)g (@p,,)a=1-1=0,

( b34) - (ah34)3 = 0 - 1 = _1’

B Zab” =04+0+1+1=2
J

(5.35)

Hence, one gets here two baryons (b, and b34) with
charges Q = +1 with respect to the a,-subgroup
SU(2),5 C SU(4), respectively. Their masses are

Zbl.z = l(ml + my — I’IN/ll - n~12) (536)
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and

me = l(m3 -+ my — i’Fl3 - 7’7!4) (537)
as expected.

Geometrically, all states with uy = (8uy), @ (11)g
charges form an integer lattice Z* C R*. The (8u,),, X
(8u,);, singlet states we are looking for form a sub-
lattice Z? C R?, generated by the (orthogonal) vectors
(El + 52, 23 —+ 24), i.e.,

é — lzjb],z + kah“‘ — I(El + Ez) + k(§3 + 54), (538)
where / and k are non-negative integers, see Fig. 3. The
baryonic charge of these states is measured by

B=¢-G=2(k+1) (5.39)

and the BPS masses of these stringy states are given by

— -

Zgps = i(’ﬁn - mp)Q

Il
3
_|_
3

|
§1

|
§z

+
=
3
_|_
5

|
§1

|
51

(5.40)

B. Number of states

Actually, the main observation we need from the
previous Sec. VA 1is that under our mass deformation
we always have 7i1; = m;, and therefore the BPS parts of the
masses of all these states in (5.1) vanish for the states
satisfying the “conifold rule”. This is a simple consequence
of the general formula (5.2), and one can easily see this
effect in the considered above examples (5.36), (5.37) and
for the generic case (5.40).

It actually means that the form of the spectrum (5.1) does
not change as we reduce the mass deformation parameter
M. However, this is not so trivial, since the number of
physical states changes for each fixed baryon charge B.
Namely, at M — oo, with the infinite mass barrier, certain
quarks totally decouple from the theory. In fact, in this limit
the theory factorizes into two noninteracting SQCDs as
shown in (2.6) for K = 2, and there is no way to form a
state with mixed b;, and b3, global charges. Hence, at
M — oo we have only two states with central charge given
by (5.40), corresponding to [ = B/2, k = 0 and/or [ = 0,
k = B/2, while all other states are separated by infinite
barriers. Instead, for finite M at each value of B more states
are allowed, actually, at small M, all of them with
[+ k= B/2, so that the whole “cone” in Fig. 3 with
internal points, marked with red, appears in the spectrum,
increasing the number of states with the same mass.

We also expect that, as we reduce M, the system goes
through a certain number of crossovers, similar to walls of
marginal stability for BPS states, where the number of

54 -@- B/2=1 o
-@- B/2=k g
, 1
/’ 1
’ 1
4 f 2 x
Rt 1
// 1 1
d 1 1
JRe 1 1
s 1 1
3 [ X X
R 1 1
! A | :
td
A D
? et ! ! :
7’ 1 1 1 1
e 1 1 1 1
- * * * X
1 A | | | :
7’ 1 1 1 1 1
R 1 1 1 1 1
R 1 1 1 1 1
0 ®-——————— L EEEEEET [ EELE L - >~ -———— -
0 1 2 3 4 5
B/2
FIG. 3. States with different baryonic charges. The blue dashed

line corresponds to [ =%,k = 0, the green one to / = 0,k = 4.
Red crosses are new states that emerge as we reduce M.

states jumps. In the next section we will see that this
behavior is in qualitative agreement with results from string
theory.

VI. NUMBER OF STATES FROM BLACK HOLE

A. Hagedorn behavior

Now let us return to the string theory described by
N =2 Liouville world sheet model (3.9) with both
Liouville superpotential and mass deformation switched
on. As we discussed in Sec. III D, this theory is dual to the
2D black hole (3.10) with a cigar geometry. We also
conjectured that the mass of the black hole is given by
Eq. (3.36) and depends on both deformation parameters b
and M. We will show in this section that, although the
string spectrum does not change as we reduce the mass
deformation parameter M (which has a reasonable explan-
ation on the field theory side, see the previous section), the
number of states on each energy level increases.

One of the ways to find the number of states is to
calculate the entropy of the system. In Euclidean formu-
lation, the compact dimension of the target space can be
interpreted as a temperature 7 = (27R)~", where R = \/2k
is the asymptotic radius of the cigar, see (3.10). We have to
stress here that in our theory real time is one of the 4D
Minkowski coordinates and has nothing to do with the
compact dimension around the cigar, but we use the trick
with the Euclidean 2D black hole to estimate the number of
states in 4D theory.

This idea, however, immediately faces a problem. In
string theory there is a limiting Hagedorn temperature
Ty [56] beyond which the higher energy levels are no
longer suppressed by the factor exp (—E/T) due to the
exponential growth of the density of the string states
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E
w(E) ~ exp <—> (6.1)
Ty
and the partition function
Z- / * dEw(E)et (6.2)
0

becomes divergent at T > Ty (see [57] and references
therein). Similarly, the exponential growth (6.1) leads to
another unusual fact [58], that string theory belongs to a
nonlocalizable class of theories where the Green functions
can have singularities in a finite space-time domain (of the
order of the string length).

In the Euclidean formulation, the Hagedorn behavior is
described by the so-called thermal scalar, which is a
winding string mode around the thermal circle [57]. As
temperature approaches 7'y this mode becomes massless
and presumably becomes tachyonic at T > Ty, leading to
an instability.

For the black holes we are interested in here, the
Hagedorn behavior is related to the black hole/excited
strings transition [59,60]. At low temperatures, we have a
well-defined black hole geometry with small &’ corrections.
As the temperature grows above some critical value, the
string’s size exceeds its Schwarzschild radius and the black
hole turns into an excited string [60].

Similar behavior was found for the 2D black hole with
the linear dilaton (3.10) in [61]. As we reduce k (increase
temperature), the theory enters a strong coupling regime
where o ~ 1/k corrections grow, and below some critical
value k.., the black hole, as a geometric object, no longer
exists. Moreover, it is argued in [61] that the critical value
k. =1 is equal to unity, i.e., exactly the value we are
interested in for the critical non-Abelian string in 4D
SQCD. At this value, the thermal winding scalar becomes
massless [61,62], see also [63] for the nonsupersymmetric
version. Below, in this section, we consider k£ above the
critical value kK =1 to regularize the theory. We use the
target-space effective action to calculate the entropy,
associated with the thermal scalar, and find its dependence
on the mass deformation parameter M.

B. Thermal scalar

The thermal scalar for the 2D black hole (3.10) is our
(massless in 4D) b-baryon, associated with the conifold
complex structure parameter b. It corresponds to the
minimal winding n, = £1 state, see (2.23) [57], i.e., its
quantum numbers are

k
=+ =2 .
m X J (6.3)

2

This state belongs to the discrete spectrum, see Sec. 11 C;
for k > 1 this state is normalizable and for k = 1 it is on the

borderline between normalizable and non-normalizable
modes. It is seen from the asymptotic behavior,"

Tg) (p) ~ ez(j+%>ﬂ = e_(k_l)/)’ (64)

of the wave functions ‘{’2’) (p) = ‘P(_',)( 2.44/2(P), see (4.14).
It shows that at k — 1 the thermal scalar becomes massless
(with respect to the p dimension), but never becomes

tachyonic, —Eﬁ-t) >0, see (4.13).

Its effective theory can be described by the tachyonic
action (4.1) in the supergravity background (3.1). For the
tachyon (2.31) with quantum numbers (6.3) on mass-shell,
when the conformal dimension (2.24) satisfies

28 ,(Tp) =28 4202 = 1, (6.5)

the action (4.1) can be reduced to 2D Euclidean theory,

1 -

SE =2t / dpdd/Ge2®{¢" 8, Ty, T, — |Ty |2}, (6.6)
K

where # = % = (2;/;‘3[’“,2 is proportional to the volume of

the 4D Minkowski space, while the string coupling ¢> =
exp (2®,) is included into exp (—2®).

Since our thermal scalar (b-baryon) is a winding mode
in cigar theory, (6.6) is written in the 7-dual trumpet
metric (3.24),

ds* = 2k(dp? + coth? pd9?), (6.7)
with the dilaton (3.26), see [26,27].
To calculate the entropy of the black hole we use the

formula for the (dominant) part of the black hole entropy,
associated with the thermal scalar

9 9 .
5= <1 —R()R) log Z ~ <R0R— 1>Sb, (6.8)

in the quasiclassical limit (see review [65] for a recent

discussion). Here R = \/2_k is the radius of the cigar at
p — oo, proportional to the inverse Hawking temperature.
However, one should use the formula (6.8) with great care,
since changing the level k not only deforms the radius of
the “temperature circle” but also many properties of the
whole theory, in particular it rescales the radial direction in
the background (6.7), see [64] for the discussion of this
peculiarity for the case of the nonsupersymmetric 2D
black hole.

In order to avoid this problem, we first take the action
(6.6) after the substitution

This behavior was found in [62], see also [63,64] for the
nonsupersymmetric version.
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2mIT(p) = eii%&-r(p),

Ty(p.0) =e ,
m=+R*/4

(6.9)

together with (k-dependent!) metric (6.7) and dilaton
(3.26). After the integration over the compact direction
I~39+ 42 [we separate the radius and the level k for a
moment, cf with (3.25)] one gets

Qe 2P0k foo
—_— dp sinh(2

{21k (0,T)* + <§—Ztanh2p - 1>T2}. (6.10)

To find the entropy one substitutes (6.10) into (6.8), where
the derivative is taken only of the explicit R-dependence,
since the possible extra terms, coming from the derivatives
of the fields, vanish, being proportional to the equations of
motion,'® and we keep k constant when taking R-derivatives,

v/2k only at the end. This leads to

SE =

putting R =

d
=(R—-1)SE
re=2%

—T/) dp sinh(2p)

x{—%(aT) (gtanh2p+3>T2}. (6.11)

R=V2k

Yoipann(p) 1

Substituting here T(p) = ez~ Vieotts and comput-
ing the integral, one finds
Qrd)? e 1 e e
Ve S TroT aoqe e
V2k
=1-1 ML (6.12)

where in the last two equalities we have used (3.35) and
(3.36). Hence, we see that the entropy (6.12) diverges at
k — 1, a similar result for the entropy of the nonsupersym-
metric 2D black hole was obtained in [64]. This divergence
comes from the infrared region p — oo, due to asymptotic
behavior (6.4), leading to explosion of the norm
[ dpsinh(2p)[T|> = [dp|¥,|? of the thermal scalar wave
function at k — 1.

The rest of the contributions into the black hole
entropy (not associated with the thermal scalar) are also

I
proportional to M = o \/—, but give subleading terms in

"For the thermal scalar T equation of motion is equivalent

to (4.11) at j = —k/2, m = +k/2 under T(p) = Mfﬁ/z”

in the equations of motion for the background (6.7) and (3.26) we
neglect the contribution of the field T.

while

the limit k — 1. As argued in [61,62] the critical value
ky =1 is related to the black hole/excited strings phase
transition.

Note that the Hagedorn temperature in flat space in the
supersymmetric case corresponds to kT = 2, see [53] for a
review. Still, in the cigar geometry one can increase the
temperature till k£ reaches the critical value ky = 1 from
above, similar behavior for the nonsupersymmetric case
was discussed in [64].

Observe now that due to (3.36) at the initial stage of the
mass deformation at M — oo the entropy (6.12) does not
really feel the mass parameter, being just s ~ |b|>(k — 1)7!
However, at small M — 0 the black hole mass increases

due to the second term in (3.36), giving a ‘“second
divergence” to the entropy, becoming
2 /\2 1 b2

Vip k= 1M

Hence, we always meet the Hagedorn behavior of excited
strings, which implies that all high energy levels are filled
now in the system. However, we also see that the number of
states (finite at each level with fixed energy or baryonic
charge B) increases dramatically as we reduce M. This
qualitatively confirms our expectations on the field theory
side. Our 4D N = 2 supersymmetric theory interpolates
from SQCD with the gauge group U(2) and N =4 to
SQCD with the gauge group U(4) and Ny =8 as we
reduce the mass deformation parameter M, and one
naturally expects more hadronic states to appear in a theory
with more quark matter multiplets.

VII. CONCLUSIONS

In this work we examined a particular mass deformation
of N'=2 SQCD with gauge group U(4) and N, =8
hypermultiplets of fundamental quarks, introducing a bare
mass M for half of the quark flavors, while keeping the
other half without a mass term. At large M, this theory
splits into two non-interacting sectors, each representing
an SQCD with two colors and four flavors. As reviewed
in Sec. II D, the hadron spectrum of the latter theory is
known from the string theory of the critical non-Abelian
string [13,20].

Perhaps our most surprising result is that the spectrum of
string states of the mass-deformed theory does not change
when we reduce the mass parameter M interpolating to
SQCD with more quark flavors. In particular, the low-lying
spectrum of hadrons in 4D SQCD is still given by (2.34)
and (2.37) and is actually independent of M.

On the string theory side, this fact is established with the
help of the deformed N = 2 Liouville theory (3.9) on the
world sheet of the non-Abelian strings supported in A/ = 2
SQCD. First, we proved that the mass-deformed theory
with the Liouville superpotential dropped in (3.9) is in fact
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T-dual to the N =2 black hole with the same cigar
geometry. Then, combining mirror and 7-duality argu-
ments, we concluded that the theory (3.9) with both
deformations switched on is actually dual to the 2D black
hole with increasing mass, determined by the deformation
parameters. We also used field theory arguments on the
SQCD side to explain this surprising behavior of the string
spectrum.

Nevertheless, as a result of the deformation, the multi-
plicities of the hadron SQCD states with given baryonic
charges increase as we reduce M and interpolate to SQCD
with more quarks. We estimated the entropy of the resulting
black hole near the Hagedorn transition, showing that the
string theory results qualitatively confirm our field theory
expectations.

We have also derived the string spectrum, associated
with the mass-deformed Liouville theory, explicitly solving
the equations for vertex operators’ wave functions in the
gravity background. Our result for the reflection coefficient
(which fixes the discrete spectrum) coincides with the
known exact result for the 2D black hole in the large k limit.
This matches our conclusion that the two theories are just
related by T-duality. It also shows that the effective gravity
approach for the reflection coefficient misses the o' ~ 1/k
correction even in the supersymmetric case, where it
reproduces the metric and dilaton exactly.

(@) (B)x
(k1)?

Weing = F(a,f.1,2)logz + Z(Z)k
=1

where (a), = ala+1)...

{wla+k) —w(a) +w(f+k) —y(p)
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APPENDIX: THE ANALYTIC CONTINUATION
OF THE SINGULAR SOLUTION
AT z=0TO z= -

The second, singular at z = 0 solution to Eq. (4.23) takes
the form

“op(k+ 1)+ 20D} (AD)

(a4 n—1) is the Pochhammer symbol.

To make an analytic continuation of this solution to infinity, consider Eq. (9.131.2) from [55] and apply it to our case

y—a—f =e¢ with € = 0,

Jra-p C(y)C(a+p-7y)
' Ly —a)T(y - B)

e)F(B,a,1+€;7))

Fly—ay=py—a—-p+1z)

(A2)

F(a"[)]’y;l _Z) = F8:>f((i/);<j_ﬁ; F(a7ﬁ7a+ﬂ_y+ 1;Z) +
- T() ‘ .
- ll—l;%r(ﬁ)r(a) (F(G)F(O{ p.1-¢ Z) +z F(—
__T0) p - e
“Tr (a>F( p. 1;2)lim(T(e) + 2T (—¢))
__ T
T T(AT(a) F(a,p.1;2)(2r, +1nz)

where a and f are given by (4.25), y = 1-2m, while y,, is the Euler’s constant. In (A2), when moving to line four we use the
symmetry of the hypergeometric function under interchange of its first two parameters (a and /), and in the last line we use

the following expansion:

I(e) + (2)T(=e) % -

Hence, neglecting the ~y, term, from (A2) we get

(27e +1Inz) + O(e).

(A3)
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Fla,p,1;z)Inz ~ —

LA (a)
I'(y)

F(a,p,7;1—2). (A4)

This means that the singular solution at z = 0 behaves as the regular one at z = 1. Using this property, we make an analytic

continuation to infinity,

[(=j = m)[(1 +2)) (L .
ing N — 1" - 1)F|—j—m,— —2j;——
Weing T+ j—m) (2= 1" (2= DIF( =j=m.—j+m =2ji5—
. 1
+ Ring(z — 1)—1—-/F<1 +j-m 14 j+m2+ 2j;1——z>} , (AS)
where
L(-1-2/)I2(1+j-
sing — ( ]> 2( . / m) (A6)
L(1+2))I%(=j —m)

Obviously, R, , has no symmetry under the replacement m — —m, which contradicts our condition m = m; = —mg, see

footnote 4 on page 18.
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