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We investigate the enhanced dynamically assisted electron-positron pair production in differently polarized
electric fields with frequency chirps within the real-time Dirac-Heisenberg-Wigner formalism. The combined
influence of the chirp strength and the field polarization on the momentum distribution and the total number
density of the created pairs is studied in detail for one-color fields as well as dynamically assisted two-color
combined fields. Frequency chirps, applied in different field configurations, strongly reshape the momentum
spectra by modifying the interference patterns and enhancing the peak momentum distribution. In the
dynamically assisted case, the total number density can be enhanced significantly over 2–3 orders when large
chirps are applied to both strong and weak fields. Furthermore, we observe that sensitivity of the number
density to field polarization progressively diminishes as the chirp strength increases, a trend that holds for
both one-color field and the assisted two-color combined fields. A comparison of different chirping scenarios
shows that chirping only the weak field produces nearly the same enhancement in the pair yield as chirping
both fields simultaneously, demonstrating that the weak-field chirp plays the dominant role in the chirp-
induced enhancement of the dynamically assisted Schwinger mechanism. We also find the enhancement
factor to be the largest near circular polarization in the chirp-free and weakly chirped regimes but is strongly
suppressed with increasing weak-field chirp despite the continued growth of the absolute pair yield. These
results provide new insight into the interplay among chirp, polarization, and dynamical assistance in strong-
field quantum electrodynamics.

DOI: 10.1103/rygd-bkrv

I. INTRODUCTION

One of the novel features of quantum electrodynamics
(QED) is its prediction of the creation of matter from light
in the quantum vacuum, such as electron–positron (eþe−)
pair production under ultrastrong electromagnetic fields. In
this nonperturbative phenomenon, the vacuum behaves as a
nonlinear medium that can decay into real particle-anti-
particle pairs when subjected to sufficiently intense fields.
This was first proposed by Sauter in 1931 [1] and studied
in 1936 by Euler and Heisenberg [2]. Later in 1951,
Schwinger extended the problem by employing the
proper-time technique and calculated the pair production
rate Γ ∼ expð−πEcr=EÞ for a constant electric field [3],
where Ecr ¼ m2c3=eℏ ≈ 1.3 × 1016 V=cm is Schwinger
critical field strength (m is the electron mass and −e is
the electron charge) above which the pair production rate

becomes appreciable. However, due to the extremely high
critical strength (corresponding to a laser intensity of
Icr ∼ 4.3 × 1029 W=cm2), researchers have not been able
to observe this phenomena experimentally. Consequently,
vacuum pair production in ultraintense external fields,
commonly referred to as the Schwinger effect, remains a
major challenge for researchers due to its nonperturbative
tunneling nature and the extraordinarily large field
strengths required for direct observation.
The recent advances in ultraintense laser technology [4,5]

are directed toward the experimental observation of eþe−

pair production. The application of chirped pulse amplifi-
cation technique has significantly enhanced achievable laser
intensities. For instance, present-day laser systems have
reached intensities on the order of 1022 W=cm2 [6], while
several planned facilities aim to achieve intensities in the
range of 1025–1026 W=cm2 [7]. With the advent of next-
generation high-intensity and ultrashort laser facilities, such
as the extreme light infrastructure [8] and the x-ray free
electron laser [9], subcritical field strengths approaching
E ≈ 0.1Ecr may become accessible. Consequently, exper-
imental investigations of QED vacuum decay into eþe−

pairs could become feasible in the near future. See
Refs. [10,11] for the recent investigations on high-energy

*Contact author: 2022rpy9087@mnit.ac.in
†Contact author: anees.phy@mnit.ac.in

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 036029 (2026)

2470-0010=2026=114(3)=036029(20) 036029-1 Published by the American Physical Society

https://orcid.org/0009-0006-1053-8594
https://orcid.org/0009-0001-5252-2156
https://ror.org/0077k1j32
https://crossmark.crossref.org/dialog/?doi=10.1103/rygd-bkrv&domain=pdf&date_stamp=2026-08-25
https://doi.org/10.1103/rygd-bkrv
https://doi.org/10.1103/rygd-bkrv
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


processes within the realm of relativistic quantum dynam-
ics, QED, and nuclear and particle physics, occurring in
extremely intense laser fields.
In the last two decades, several methods have been

developed to investigate the pair production from the
vacuum instability in presence of the ultraintense external
fields. Notable methods include the worldline instanton
technique [12–15], effective Lagrangian techniques [16],
Furry-picture quantization [17,18], quantum kinetic meth-
ods such as solving quantum Vlasov equation [19–26] or its
equivalent formulation in terms of the Riccati-type equation
[27–29], computational quantum field theory [30–33],
S-matrix theory [34–37], and the Dirac-Heisenberg-
Wigner (DHW) formalism [38–40], among others.
Various field configurations with temporal and spatial

pulse shaping have been the subject of extensive research.
Hebenstreit et al. discovered the extreme sensitivity of the
longitudinal momentum spectra to the field parameters,
and its oscillations can be used as a probe of subcycle
structure in ultrashort laser pulses [41]. Numerous studies
have shown that both the dynamics of created particles and
the electron-positron pair production rate are highly
sensitive to the characteristics of the external field, includ-
ing the pulse duration, carrier-envelope phase, number of
pulses, and pulse shape (or envelope) [26,42–45]. In
addition, temporally oscillating and spatially inhomo-
geneous electric fields have been widely explored using
a variety of theoretical approaches, revealing a nontrivial
dependence of pair production on the underlying field
parameters [17,33,46–54].
Since an appreciable pair production rate in Schwinger

effect requires extremely intense fields that have not yet
been achieved experimentally, several catalytic mecha-
nisms have been proposed to overcome this limitation
and enable observable pair production under subcritical
field strengths. Schützhold et al. [55] proposed one such
mechanism, known as the dynamically assisted Schwinger
effect (DASE), which effectively combines a low-fre-
quency strong field with a high-frequency weak field.
This combined field configuration enhances the pair
production rate by several orders of magnitude compared
to a single-field setup. It has also been observed that the
enhancement under DASE mechanism strongly depends on
the shape of the fast pulse [56]. DASE has been the focus of
significant research efforts in the literature, where its
combined effects have been analyzed for a wide range
of field parameters for both temporally and spatially
inhomogeneous field configurations. Representative works
can be found in Refs. [25,33,53,57–59].
Another method to enhance the pair production is the

introduction of a frequency chirp in the electric field. For
appropriate chirp parameters, the pair number density can
be amplified by several orders of magnitude, and the
resulting momentum spectra show pronounced sensitivity
to the chirp. Frequency-chirped electric fields have been

investigated in spatially homogeneous but time-dependent
field configurations [27,60–62] as well as in spatially
inhomogeneous oscillating electric fields [52,53].
eþe− pair production in a general elliptically polarized

electric field has emerged as an important direction in
strong-field QED research. Elliptically polarized fields are
widely employed to probe distinctive features of strong-
field ionization (SFI) dynamics that remain inaccessible in
purely linearly polarized configurations [63,64]. Due to
similarity between strong-field ionization and vacuum pair
production, investigating pair creation under elliptical
polarization not only reveals novel aspects of nonpertur-
bative QED processes but also offers valuable comparative
insight into SFI phenomena. While numerous theoretical
works have analyzed the influence of laser-field polariza-
tion on pair production, experimental techniques have
already achieved polarization degrees as high as �0.93
in low-intensity electric fields [65]. In addition, several
studies [39,58,60,62,66,67] have explored the interplay
between polarization and other field parameters such as
frequency chirp, temporal asymmetry, or the dynamically
assisted Schwinger effect, demonstrating their combined
impact on momentum spectra and particle yield.
The aforementioned studies have established that fre-

quency chirping, field polarization, and dynamical assis-
tance each play an important role in determining the pair-
production rate and the resulting momentum distributions.
In particular, Olugh et al. [60] investigated frequency-
chirped elliptically polarized one-color electric fields
within the DHW formalism and demonstrated that chirping
and polarization jointly influence the momentum spectra
and particle yield. However, frequency chirping in dynami-
cally assisted two-color fields with different polarization
configurations remains largely unexplored. In particular,
the independent chirping of the strong low-frequency field
and the weak high-frequency assisting field has not been
systematically studied. Such a setup allows the individual
roles of the two chirps in shaping interference patterns,
momentum distributions, and pair-production enhancement
to be disentangled.
In this paper, we adapt the DHW formalism to study the

eþe− pair production in frequency-chirped dynamically
assisted electric fields with various polarization configu-
rations. We present numerical results for both the momen-
tum distributions and the number densities of the produced
particles in presence of either strong or weak one-color
field with different chirp values. In addition, we analyze
the dynamically assisted two-color combined field and
discuss the corresponding numerical results. In particular,
we address the following key questions: How does the
momentum distributions evolve when a chirp is applied to
the strong field only, weak field only, or both simulta-
neously in case of two-color combined field? Does chirping
the weak field influence the pair yield differently from
chirping the strong field? Furthermore, how does the
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polarization interplay with the strong or weak field chirp
parameters in shaping the momentum distributions and total
number density? By independently controlling the chirp of
each field component, we disentangle their respective roles
in modifying interference patterns, spectral shifts, and
enhancement mechanisms in the dynamically assisted
regime. The results provide a detailed characterization of
how chirping and polarization jointly affect pair creation in
dynamically assisted electric fields.
The paper is organized as follows: In Sec. II, we

introduce the electric field model and briefly discuss the
DHW formalism as our numerical approach. In Sec. III, we
present our numerical results for the chirp-free fields.
Section IV is devoted to the case where chirping is applied
to the strong field only, while Sec. V discusses chirping in
the weak field only. In Sec. VI, we investigate the case
where chirping is applied to both strong and weak fields,
simultaneously. Finally, we summarize our findings and
conclude in Sec. VII.

II. BACKGROUND FIELD
AND THEORETICAL FORMALISM

A. Model of the background electric field

We consider the spatially homogeneous, time-dependent
two-color dynamically assisted laser pulse with frequency
chirps and arbitrary polarization as our model for the
electric field. This is constructed as the combination of a
strong-slowly varying field E1sðtÞ with a weak-rapidly
varying field E2wðtÞ, both sharing the same polarization
state, as follows:

EðtÞ ¼ E1sðtÞ þ E2wðtÞ

¼ E1s0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p exp

�
−

t2

2τ2

�0B@
cosðb1t2 þ ω1tÞ
δ sinðb1t2 þ ω1tÞ

0

1
CA

þ E2w0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p exp

�
−

t2

2τ2

�0B@
cosðb2t2 þ ω2tÞ
δ sinðb2t2 þ ω2tÞ

0

1
CA;

ð1Þ
where E1s0=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
and E2w0=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
denote the maxi-

mal field strength of the strong-slowly varying and weak-
rapidly varying electric fields, respectively. To ensure the
meaningful comparison across different polarizations,
the peak field amplitude is normalized by the factor
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
. The pulse duration is τ, while ω1;2 and b1;2

are the field frequencies and frequency chirps of the strong
and weak field, respectively. In the standard approach to
DASE [55], we set ω2 ¼ kω1, where k is the high
harmonics order of the weak field relative to the strong
field. In this work, we fix k ¼ 7, placing the weak field in
the high-frequency regime where dynamical assistance is
effective, while maintaining computational feasibility and
remaining consistent with values commonly used in pre-
vious studies, see the references listed in Sec. I.
The field polarization (or ellipticity) δ satisfies jδj ≤ 1,

with δ ¼ 0 corresponds to linear and δ ¼ �1 to circular
polarization. The time evolution of the electric field (1) is
shown in Figs. 1 and 2 for fields without chirp and fields
with chirp, respectively.

FIG. 1. Electric field configuration described by Eq. (1). The top panels (a) and (b) show the time-dependence of the field components
ExðtÞ and EyðtÞ for different polarization in chirp-free case (b1 ¼ b2 ¼ 0), while the bottom panels (c) and (d) present the corresponding
polar diagrams of the field EðtÞ. The field parameters are same as given in Eq. (2).
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Throughout this paper, natural units (ℏ ¼ c ¼ 1) are
used. Furthermore, in our numerical calculations, a set
of parameters characterizing the electric field (1) are
fixed as

E1s0 ¼ 0.2
ffiffiffi
2

p
Ecr; E2w0 ¼ 0.25E1s0 ¼ 0.05

ffiffiffi
2

p
Ecr;

ω1 ¼ 0.09 m; ω2 ¼ 7ω1 ¼ 0.63 m; τ ¼ 40=m:

ð2Þ
In this work, we assume identical pulse durations,

τ1 ¼ τ2 ¼ τ, a common simplification adopted in many
previous studies of the dynamically assisted Schwinger
effect. This choice reduces the dimensionality of the
parameter space, allowing us to focus on the combined
effects of field polarization and frequency chirp without
introducing an additional independent parameter associ-
ated with the pulse durations. Allowing τ1 and τ2 to vary
independently would modify the chirp parameters
bi ¼ aωi=τi, as well as the effective Keldysh parameters
and temporal overlap of the individual field components.
Consequently, both the pair yield and the enhancement
factor may be quantitatively affected. A systematic inves-
tigation of the combined influence of independently
varying pulse durations, frequency chirp, and field polari-
zation is beyond the scope of the present work and is left
for future study.
For subcritical fields ðE < EcrÞ, the density of the

created pairs remains sufficiently small, allowing the
induced backreaction to be neglected. Detailed study of
the backreaction effects can be found in Refs. [24,68–70].
The purely time-dependent electric field (1) should be

considered as an idealized theoretical model that enables
us to isolate specific behaviors of the system. If interpreted

as the dipole approximation to a realistic space-time-
dependent two-color standing-wave field generated by
counterpropagating laser pulses, the approximation is
expected to be valid when the characteristic spatial scales
of the laser field, such as the focal width and carrier
wavelength, are much larger than the pair-formation length
scale. For a detailed discussion on the limitations of the
dipole approximation, we direct readers to Refs. [18,51].
These studies demonstrated that the relative error associ-
ated with the dipole approximation can reach several orders
of magnitude for rapidly oscillating fields. Moreover, even
within the nominal range of validity of the approximation,
deviations from the full space-time-dependent treatment
may remain significant, reaching approximately 100%. It is
also well established that the finite spatial extent of the field
and its gradients can modify the total pair yield, reshape
momentum distributions, and alter interference patterns
through self-bunching and ponderomotive effects [46,47].
Therefore, the results presented in this work should be
understood as corresponding to the spatially homogeneous
limit, while a fully space-time-dependent treatment is left
for future investigation.
Pair production can occur via two different processes

or/and mechanisms. The Keldysh parameter γ ¼ mω=eE
[71,72] describes the dominant mechanism for the pair
production. One mechanism is the tunneling process, also
called the Schwinger mechanism [3,55], which dominates
for γ ≪ 1 (low-frequency strong fields). In contrast, the
other one is the perturbative multiphoton absorption
mechanism [72,73] which dominates for γ ≫ 1 (high-
frequency weak fields). While the Schwinger effect has
yet to be experimentally observed, perturbative multi-
photon absorption was first observed experimentally in
1997 at Stanford Linear Accelerator Center through the

FIG. 2. Same as Fig. 1 except for b1½ω1=τ� ¼ b2½ω2=τ� ¼ 0.5.
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collision of a high-energy electron beam with an intense
laser pulse [73,74]. For the intermediate regime γ ∼Oð1Þ,
the multiphoton absorption becomes nonperturbative in
nature and is known as the nonperturbative multiphoton
regime [75,76].
With the field parameters in Eq. (2), we obtain, for the

strong-slowly varying field, the Keldysh parameter γs ¼
0.32

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
, and for the weak-rapidly varying field, γw ¼

8.91
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
for each polarization without chirp. These

values indicate that pair production in the strong field
predominantly occurs in the tunneling regime, whereas in
the weak field it is primarily associated with multiphoton
processes. For the two-color fieldEðtÞ, the combinedKeldysh
parameter [55] is γc ¼ mω2

eE1s0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
¼ 2.23

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p
.

For nonzero chirps, the effective Keldysh parameter is
calculated at a given time using the effective frequency
ωeff ¼ ωþ bt, where b denotes the linear chirp parameter.
We restrict our study to the normal chirp regime [52,53,60],
for which the chirp parameter is defined as b ¼ aω=τ with
0 < a < 1. Without loss of generality, and in line with our
exploratory objective of understanding qualitative analysis
into the combined effects of chirp and polarization on pair
production, we extend our analysis to the range 0 ≤ a ≤ 1.
This extension is intended to provide insight into the
qualitative trends associated with increasingly strong fre-
quency modulation within the DHW framework, rather
than to establish quantitatively realistic predictions for
experimentally relevant laser pulses. While the correspond-
ing maximum chirp values, bmax

1 ¼ ω1=τ ¼ 0.00225m2 for
E1s and bmax

2 ¼ ω2=τ ¼ 0.01575m2 for E2w, correspond to
the limiting case a ¼ 1, which has also been considered in
previous studies [60], the results obtained for these largest
chirp values should therefore be interpreted as illustrating
qualitative trends induced by strong chirping, rather than as
quantitative predictions.

B. Theoretical description: The DHW formalism

Our work is based on the real-time Dirac-Heisenberg-
Wigner formalism that has been extensively used to inves-
tigate vacuum pair production in strong external background
fields [47,77,78]. This method has the advantage of not only
providing complete phase-space information for particle
production in vacuum but also being applicable to arbitrary
background fields. The details of the derivation can be found
in [77,79,80]; here, we summarize only the essential key
steps relevant for the numerical calculations. We start by
introducing the gauge-covariant density operator of Dirac
field operator Ψ in the Heisenberg picture,

Ĉαβ ¼ UðA; r; sÞ½Ψ̄βðr − s=2Þ;Ψαðrþ s=2Þ�; ð3Þ

where r and s are the center of mass and relative coordinates,
respectively. The Wilson line factor,

UðA; r; sÞ ¼ exp

�
ies

Z
1=2

−1=2
dξAðrþ ξsÞ

�
; ð4Þ

is introduced (which is related to the elementary charge e
and the background gauge field A) to ensure the gauge
invariance of the density operator. The heart of the DHW
approach is the quantity known as the covariant Wigner
operator, which is defined as the Fourier transform of the
density operator Eq. (3) with respect to the relative coor-
dinate s,

Ŵαβðr; pÞ ¼
1

2

Z
d4 s eipsĈαβðr; sÞ: ð5Þ

Since the focus is on the vacuum pair creation, taking the
vacuum expectation value of the Eq. (5) allows us to switch
from the covariant Wigner operator Ŵðr; pÞ to the covariant
Wigner function (or simply the Wigner function) Wðr; pÞ,

Wðr; pÞ ¼ hΦjŴðr; pÞjΦi: ð6Þ

The Winger function follows the Dirac algebra and can be
decomposed in terms of the Dirac bilinears. Thus, taking a
spin decomposition on the Wigner function yields 16
covariant Wigner coefficients,

W ¼ 1

4
ð1Sþ iγ5Pþ γμVμ þ γμγ5Aμ þ σμνTμνÞ: ð7Þ

Under orthochronous Lorentz transformations, these coef-
ficients transform as a scalar S, pseudoscalar P, vector Vμ,
axial vector Aμ, and tensor Tμν. They are related to the
physical quantities as follows: S corresponds to the mass
density, P to the pseudoscalar condensate density, Vμ to the
net fermion current density, Aμ to the polarization density,
and Tμν is related to the electric dipole-moment density. The
Wigner function follows the equations of motion [79,80],

DtW ¼ −
1

2
Dx½γ0γ;W� þ im½γ0;W� − iPfγ0γ;Wg; ð8Þ

where Dt, Dx, and P represent the pseudodifferential
operators.
By substituting Eq. (7) into Eq. (8), we can obtain a set of

partial differential equations for the 16 Wigner components.
Since the field profile in Eq. (1) is spatially homogeneous
and time dependent, applying the method of characteristics
[38,81] and replacing the kinetic momentum p with the
canonical momentum k reduces the 16 partial differential
equations for the Wigner coefficients to 10 ordinary differ-
ential equations for the nonvanishing equal-time Wigner
components, given by

w ¼ ðs; vi;ai; tiÞ; ti ≔ t0i − ti0: ð9Þ
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Correspondingly, the nonvanishing vacuum initial condi-
tions are

svac ¼ −
2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
p ; vi;vac ¼ −

2piffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p : ð10Þ

These 10 equations of motions are rather lengthy; we refer
the readers to Refs. [79,80] for their detailed forms.
The single-particle momentum distribution function is

defined as

fkðtÞ ¼
1

2ΩkðtÞ
ðε − εvacÞ; ð11Þ

where ΩkðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk − eAÞ2 þm2

p
is the

total energy of the particles, where AðtÞ denotes the vector
potential corresponding to the electric field EðtÞ of Eq. (1).
ε ¼ msþ pivi denotes the phase space energy density.
Further, we define an auxiliary three dimensional vector,

vkðtÞ ≔ vikðtÞ − ð1 − fkðtÞÞvik;vacðtÞ: ð12Þ

The one-particle momentum distribution function fkðtÞ can
then be obtained by solving the following ten ordinary
differential equations (ODEs) for f and the other nine
auxiliary quantities v; a ≔ ai; t ≔ ti,

ḟ ¼ eE · v
2Ω

;

v̇ ¼ 2

Ω3
½ðeE · pÞp − eEΩ2�ðf − 1Þ − ðeE · vÞp

Ω2

− 2p × a − 2mt;

ȧ ¼ −2p × v;

ṫ ¼ 2

m
½m2v þ ðp · vÞp�; ð13Þ

with the initial conditions fkð−∞Þ ¼ vkð−∞Þ ¼
akð−∞Þ ¼ tkð−∞Þ ¼ 0, where an overdot represents
the total time derivative.
The asymptotic momentum distribution of produced

pairs is obtained in the limit t → þ∞,

fkð∞Þ ¼ lim
t→þ∞

fkðtÞ: ð14Þ

Finally, the total number of produced pairs per unit volume
(in units of m3) is calculated by integrating the asymptotic
momentum distribution function fkð∞Þ over full momen-
tum space,

N ¼
Z

d3k
ð2πÞ3 fkð∞Þ: ð15Þ

The coupled ODE system in Eq. (13) is solved numeri-
cally using Runge-Kutta algorithms of various orders,
including both adaptive and fixed-step schemes, over the

interval t∈ ½−ητ; ητ�, where η > 0 is chosen sufficiently
large to ensure that the external field vanishes at the
integration boundaries. The numerical implementation
was benchmarked by reproducing the momentum distri-
butions reported in Ref. [60], yielding excellent agreement
with the published results.
The momentum integration for the total number density is

performed using a momentum cutoff of kcutoff ¼ 10 m and a
uniform momentum grid spacing of Δk ¼ 0.08 m. The
numerical convergence of the calculated number densities
was verified by increasing the momentum cutoff to kcutoff ¼
15 m and refining the momentum grid to Δk ¼ 0.04 m for
representative cases, including those with the largest particle
yields. In all cases examined, the resulting number densities
differed by less than 0.3%, demonstrating that the adopted
momentum discretization provides well-converged results.
We further verified that the numerical solutions are insensi-
tive to the choice of algorithm, the integration step size, and
variations in η, confirming the stability and robustness of the
numerical implementation.

III. NUMERICAL RESULTS: CHIRP-FREE FIELDS

In this section, we present our numerical results for the
one-color field configurations E1sðtÞ and E2wðtÞ, as well as
for the two-color combined field EðtÞ. The effects of chirp
are not considered in this section.

A. One-color strong field E1sðtÞ
In this subsection, we present our numerical results for

the momentum distribution of the created eþe− pairs in
presence of the one-color strong field,

E1sðtÞ ¼
E1s0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p exp

�
−

t2

2τ2

�0B@
cosðb1t2 þ ω1tÞ
δ sinðb1t2 þ ω1tÞ

0

1
CA;

ð16Þ
in the chirp-free case (b1 ¼ 0), with variation in δ. With
the field parameter values and corresponding γs discussed
in Sec. II A, this field configuration lies in regime of
Schwinger effect, i.e., tunneling regime. The momentum
distribution for different values of δ is shown in Fig. 3.
In Fig. 3(a), the field is polarized along the x direction. The

corresponding momentum distribution is symmetric with
respect toky ¼ 0 and is strongly but symmetrically elongated
along the kx axis. The appearance of fine oscillatory structure
in the distribution is a consequence of temporal interference
between multiple pair-creation events during the pulse. This
result is similar to the one in Ref. [41]. The distribution is
overall centered about zero momentum, consistent with the
absence of a net transverse force as the asymptotic value of
the vector potential is chosen to be Að∞Þ ¼ 0 (which also
removes the distinction between canonical and kinetic
momentum at asymptotic times).
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With the introduction of the transverse component in the
field, i.e., δ ≠ 0, the momentum distribution undergoes a
qualitative change. The symmetry along the ky ¼ 0 axis is
broken, and the distribution shifts toward the finite ky region,
indicating the onset of transverse drift induced by the rotating
field. Simultaneously, the oscillatory interference pattern
becomes suppressed, and with the increment in δ, the
distribution broadens in the momentum space as particles
acquire momentum from both polarization components. The
interference effect in themomentumdistribution of produced
pairs is related to the electric field profile. Thevariation of the
field polarization can influence the dominant turning points
tp obtained by solving the condition ΩkðtpÞ ¼ 0 (see
Refs. [15,82] for analysis of interference effects in momen-
tum spectra, based on turning points). The suppression of the
interference pattern from Figs. 3(a)–3(d) is due to the
departure of the dominating pairs of turning points from
the real time t axis when the field polarization is changed
from linear to circular, and hence, the interference effects
between those pairs of turning points become weaker and
evenvanishingwith increase in field polarization [39,58].We
also observe an overall decrease in peak momentum dis-
tribution value as δ increases.
In the circular polarization limit δ ¼ 1 [Fig. 3(d)], the

momentum distribution transforms into a crescentlike
structure while the peak momentum distribution value is
strongly suppressed compared to the linearly polarized case.
The gradual decrease in the peak value with increase in the
polarization δ is because of the fact that pair production, in
the tunneling regime, is exponentially sensitive to the
instantaneous field strength. As the field becomes elliptical
or circular, its direction rotates, and the effective tunneling

component along any fixed direction decreases, leading to
exponential suppression and redistribution of probability
over a broader ring structure, thereby lowering the maxi-
mum peak. A similar observation based on the variation of
the polarization parameter for the one-color field, with
parameters rendering the field in the tunneling regime, was
observed in Ref. [39].

B. One-color weak field E2wðtÞ
In this subsection, we investigate the momentum dis-

tribution of the created eþe− pairs in the presence of the
one-color weak field,

E2wðtÞ ¼
E2w0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δ2

p exp

�
−

t2

2τ2

�0B@
cosðb2t2 þ ω2tÞ
δ sinðb2t2 þ ω2tÞ

0

1
CA;

ð17Þ
in chirp-free case ðb2 ¼ 0Þ, with variation in δ. With the
field parameter values and corresponding γw discussed in
Sec. II A, the weak field configuration lies in the multi-
photon absorption regime. This is also evident from the
pronounced ringlike structure appearing in the momentum
distribution shown in Fig. 4, contrary to the strong field
case in Fig. 3.
For small values of polarization, i.e., δ ¼ 0 and 0.2, the

distribution is split into multiple segments scattered sym-
metrically making a fragmented ringlike structure in the
ðkx; kyÞ plane. As the value of δ is increased, these
segments fuse together, and the distribution is progressively
smoothed out to evolve toward a more uniform ring as
shown in Fig. 4(d). This ringlike structure is formed due to
the multiphoton absorption process [83]. The radius of this
ring, for linearly polarized field (δ ¼ 0), follows from
energy conservation,

jkj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
nω
2

�
2

−m2�

s
; ð18Þ

where m� ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2E2

0

2m2ω2

q
is the effective mass, and n

denotes the number of absorbed photons [75]. The energy
conservation expression has a physical meaning that the
absorption of n photons of frequency ω, shared between the
electron and the positron, produces a characteristic excess
momentum k. See Refs. [17,76,84,85] for other applica-
tions of (18) and its generalizations.
With the laser intensity kept constant throughout this

work, we nevertheless employ the effective-mass expression,
although it is formally derived for monochromatic plane-
wave backgrounds. Its purpose here is not to provide a
rigorous description of the present polarized field configu-
ration but rather to serve as a simple reference for estimating
the radius of the observed multiphoton ring. The corre-
sponding effective mass is defined by

FIG. 3. Momentum distribution of the created eþe− pairs with
kz ¼ 0 in the one-color strong field E1s. The plot shows the
variation with δ in a chirp-free case ðb1 ¼ 0Þ. The other field
parameters are same as Eq. (2).
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m� ¼ m

�
1þm2h−AμAμi

E2
cr

�
1=2

; ð19Þ

where Aμ is the four-vector potential [75]. For the field
parameters given in Eq. (2), the effective-mass model
predicts the four-photon process (n ¼ 4), corresponding
to a theoretical ring radius of jkjtheoretical ¼ 0.7624 m,
while the numerically extracted radius from Fig. 4(d) is
jkjnumerical ¼ 0.7611 m. A comparison between the theo-
retical and numerical radii of higher-order rings is presented
in Table I.
It should be emphasized that the effective-mass expression

is derived under several idealized assumptions, including
monochromatic plane-wave backgrounds and the long-pulse
(effectively infinite pulse duration) limit, and it does not
explicitly incorporate the polarization parameter used in the
present field configuration. Consequently, the comparison
should be regarded as a consistency check rather than a
rigorous validation of the effective-mass model. The close
agreement between the theoretical and numerical ring radii
indicates that the effective-mass approximation nevertheless

provides a useful estimate of the multiphoton ring radius in
the present calculations. The remaining small discrepancy is
naturally attributable to the idealized assumptions underlying
the effective-mass model rather than to the numerical
calculations themselves.
The peak value of the asymptotic momentum distribution

function fkð∞Þ exhibits a monotonic increment as the field
polarization δ is increased. This result is contrary to the case
of one-color strong field, see Fig. 3 where the peak value
decreases with field polarization. The difference originates
from the fact that the weak field operates in the multiphoton
regime, rather than the tunneling regime. As the transverse
component of the field is introduced (δ ≠ 0), the electric
field is rotated continuously, allowing particles to gain
momentum in multiple directions during the pulse. This
enhances the angular accessibility of multiphoton absorp-
tion channels. Consequently, the momentum distribution
becomes more uniformly distributed along the resonant
ring, leading to an increase in the peak value.

C. Two-color combined field EðtÞ
In this subsection, we investigate the eþe− pair creation

in the presence of the dynamically assisted two-color
combined field EðtÞ ¼ E1sðtÞ þ E2wðtÞ, given by Eq. (1)
but in the chirp-free case (b1 ¼ b2 ¼ 0). We present the
numerical results for the momentum distribution and
the number density of the created eþe− pairs, as well as
the enhancement factor, all with the variation in the field
polarization δ. Figure 5 shows the asymptotic momentum
distribution function fkð∞Þ in the ðkx; kyÞ plane with
variation in δ.
A very clear observation is that the peak value of the

momentum distribution function in the overall figure is
comparatively larger than the one-color strong field or one-
color weak field individually, which clearly states the
dynamically assisted Schwinger mechanism [57,58].
For linear polarization (δ ¼ 0), the distribution is sym-

metric about ky ¼ 0 and is elongated along the kx direction,
with pronounced interference fringes, similar to the one-
color strong field, cf. Fig. 3(a). This indicates the efficient
dynamic assistance, where the weak field lowers the
effective tunneling barrier of the strong field and enhances
pair production while preserving the interference structure
of linearly polarized fields. As the ellipticity parameter is
increased, the distributions exhibit a qualitative change: the
central interference fringes are heavily suppressed, and
the distribution shifts toward the finite ky region, reflecting
the growing influence of the rotating electric field and the
resulting transverse drift of the produced particles. In the
circular polarization limit δ ¼ 1, Fig. 5(d), the distribution
transforms like a fragmented ringlike structure with several
localized intensity maxima. This is the indication of a
competition between tunneling-dominated dynamics from
the strong field and multiphoton absorption from the weak
field. The suppression of the momentum distribution peak

FIG. 4. Momentum distribution of the created eþe− pairs with
kz ¼ 0 in the one-color weak field E2w. The plot shows the
variation with δ in a chirp-free case ðb2 ¼ 0Þ. The other field
parameters are the same as Eq. (2).

TABLE I. Comparison between theoretical and numerical radii
of multiphoton rings for the one-color weak fields E2w obtained
at δ ¼ 1 without chirp ðb2 ¼ 0Þ. The other field parameters are
the same as Eq. (2).

n jkjtheoretical½m� jkjnumerical½m�
4 0.7624 0.7611
5 1.2142 1.2120
6 1.6018 1.6001
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values in this limit demonstrates that, although dynamical
assistance remains operative, the dynamics still retain
significant nonperturbative character [γc ∼Oð1Þ]. Hence,
increasing the field polarization significantly weakens the
tunneling efficiency and redistributes the pair yield over a
broader region of momentum space. The multiple peaks
observed at circular polarization, as shown in Fig. 5(d),
correspond to the so-called shell structures [86], which
have also been reported in [58].
To further analyze our study, we investigate the influence

of the field polarization on the total number of produced
particles in presence of the one-color weak field E2w,
one-color strong field E1s and two-color combined field
E ¼ E1s þE2w, all in the chirp-free case. The correspond-
ing number density behavior as a function of δ is shown in
Fig. 6(a). We observe that the number density produced by
the strong field dominates over the weak field contributions
over all δ, while the combined field yields a substantially
larger number density than either field alone, clearly
demonstrating the effectiveness of dynamical assistance.
In the case of the weak field E2w, the number density is

monotonically increased as jδj is increased. This is con-
sistent with the corresponding momentum distribution plots
as shown in Fig. 4. While in the case of the strong field E1s
and the combined field E, the behavior of the number
density on the field polarization is opposite to the case of
the weak fieldE2w; i.e., the number of produced particles in
the case of the strong and combined field decreases as jδj is
increased. This behavior can be explained by the fact that in
the case of the strong field, the pairs are produced by the
nonperturbative tunneling process, which is highly sensi-
tive to the instantaneous field strength along a fixed

direction. As δ is increased, the field vector is rotated,
as shown in Figs. 1 and 2, which reduces the time during
which the field remains strong in any given direction. This
effectively suppresses tunneling, leading to a monotonic
decrease in the number density with increasing δ. A similar
behavior is observed in the case of the combined field.
We also observe that the sensitivity of the number density

on the field polarization is strongest for the strong field,
weaker for the combined field, and weakest for the weak
field. The variation of the number density with polarization
in the case of the two-color combined fieldE, in Fig. 6(a), is
not unique, in general, but depends on the chosen field
parameters. In Ref. [58], it was shown that variation of the
number density with polarization is highly sensitive to the
harmonic order of the weak field relative to the strong field,
i.e., the parameter k introduced in Sec. II A. Their results
indicate that the number density increases with increasing
harmonic order for each value of polarization and that the
dependence of the number density on the field polarization
is nonlinear. Moreover, for lower harmonic orders, the
number density decreases more rapidly as δ approaches 1
compared with the case of higher harmonics.
To investigate the efficiency of the dynamical assistance

in the two-color combined field E, we plot in Fig. 6(b) the
enhancement factor ξ, defined as [33,53,85]

ξ ¼ N1sþ2w

N1s þ N2w
; ð20Þ

FIG. 5. Momentum distribution of the created eþe− pairs with
kz ¼ 0 in the two-color combined field EðtÞ. The plot shows the
variation with δ in chirp-free fields (b1 ¼ b2 ¼ 0). The other field
parameters are the same as Eq. (2).

FIG. 6. Chirp-free case (b1 ¼ b2 ¼ 0). (a) The number destiny
(in units of m3) of created particles as a function of field
polarization δ for the weak field E2w, strong field E1s, and
combined field E ¼ E1s þE2w. (b) Corresponding enhancement
factor of the total number as a function of δ in the combined field
E. The other field parameters are the same as Eq. (2).
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as a function of the field polarization δ in the chirp-free case
(b1 ¼ b2 ¼ 0). Here, N1sþ2w, N1s and N2w are the number
densities of the produced particles for the combined field,
strong field, and weak field, respectively.
We observe a gradual increase in the enhancement

factor from ξ ∼ 14 at δ ¼ 0 to ξ ∼ 89 at jδj ¼ 1. This
behavior arises because increasing jδj suppresses the
tunneling-driven particle yield of the strong field more
efficiently that the multiphoton contribution of the weak
field, thereby amplifying the relative role of dynamical
assistance. Consequently, even though the absolute num-
ber density decreases with an increase in jδj, the ratio
defining the enhancement factor grows, indicating that the
weak field becomes increasingly effective in assisting pair
production at higher ellipticities.

IV. NUMERICAL RESULTS: CHIRP APPLIED
TO E1sðtÞ ONLY

In this section, we present our numerical results for the
one-color field configurations E1sðtÞ and the two-color
combined field EðtÞ. In both cases, we consider chirping
only for E1sðtÞ, i.e., b1½ω1=τ� ¼ 0.1, 0.3, 0.6 and 1.

A. One-color strong field E1sðtÞ
In this subsection, we investigate the momentum dis-

tribution and the number density of the produced eþe−
pairs in the one-color strong field E1s with nonzero
chirp b1. Figure 7 shows the corresponding momentum
distribution of the created pairs with variation in field
polarization δ and the chirp parameter b1. The variation of

FIG. 7. Momentum distribution of the created eþe− pairs with kz ¼ 0 in the presence of the one-color strong field E1s with nonzero
chirp b1. The field parameters are given in Eq. (2).
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the overall distribution with field polarization δ is similar
to the discussion made in Sec. III A. For linear polarization
δ ¼ 0, we observe the distribution to be symmetrical about
the ky axis and elongated along the field direction with
pronounced interference fringes, while increasing δ sup-
presses these fringes and shifts the distribution toward the
finite ky region, eventually forming crescentlike structures
in circular polarization limit (δ ¼ 1).
On introducing frequency chirps, we observe the momen-

tum distribution to be is highly sensitive to the chirp
parameter b1. As the chirp value is increased, the momentum
distribution undergoes a significant qualitative changes for
all δ. Chirping introduces a time-dependent instantaneous

FIG. 8. The number destiny (in units of m3) of created particles
as a function of field polarization δ for the one-color strong
field E1s with different chirp values b1. The field parameters are
given in Eq. (2).

FIG. 9. Momentum distribution of the created eþe− pairs with kz ¼ 0 in presence of the two-color combined fieldEwith chirp applied
to E1s only. The field parameters are given in Eq. (2).
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frequency, which breaks the temporal symmetry of the pulse;
hence, we observe distorted and partial smeared interference
fringes for δ ¼ 0. This smeariness increases with an increase
in chirp value. For elliptically polarized fields (δ ¼ 0.2
and 0.5), the combined effect of chirp and transverse field
components enhances asymmetry in momentum space and
promotes the formation of crescentlike structures, which are
pronounced when field polarization is increased further to
δ ¼ 1. This reflects the interplay between the rotating
electric field and the continuously changing frequency,
which drives particles along curved trajectories in momen-
tum space.
The peak value of the asymptotic momentum distribu-

tion function fkð∞Þ is increased gradually with an in-
crease in the chirp parameter b1 for a fixed δ. Meanwhile,
for a fixed chirp strength, increasing δ reduces the
peak value.
Figure 8 shows the number density of the created

particles in the presence of the one-color strong field
E1s as a function of field polarization δ and variation in
chirp values of b1. We observe that the number density
exhibits a clear maxima at linear polarization (δ ¼ 0) and a
monotonic suppression as jδj is increased, for all values of
b1. We also observe that the number density shows only a
weak dependence on the chirp parameter over the entire
polarization range. Moreover, the highest number density is
achieved for linearly polarized fields with the largest chirp,
while elliptically and circularly polarized configurations
produce significantly fewer pairs.

B. Two-color combined field EðtÞ
In this subsection, we investigate the pair production in

the case of the two-color combined field E with chirp
applied to E1s only. The momentum distribution of the
created pairs with variation with field polarization δ and
chirp values b1 is shown in Fig. 9.
For the linear polarization (δ ¼ 0), the distribution is

symmetric about the ky ¼ 0 axis, with pronounced inter-
ference fringes similar to the δ ¼ 0 case in Figs. 3 and 5. As
the chirp value b1 increases, these fringes exhibit smeari-
ness along the kx direction, and the peak momentum
distribution value rises, similar to δ ¼ 0 case in Fig. 7.
For δ ¼ 0.2 and 0.5, the distribution shifts toward the
positive ky region, signaling the onset of the transverse
momentum transfer due to the rotating field vector. In this
case, the chirp mainly increases the peak momentum
distribution value while preserving the overall spectrum
structure. In the circularly polarized limit δ ¼ 1, the
momentum distribution forms a fragmented ringlike struc-
ture with peak momentum distribution values increasing
gradually with the chirp value b1.
Overall, increasing the polarization δ at a fixed b1 value,

continuously redistributes the momentum spectra from a
narrow, interference-rich structure to a broadened frag-
mented ringlike structure while strongly suppressing the

total pair yield. In contrast, increasing the chirp b1, at a
fixed value of δ, gradually enhances the production rate and
fringe visibility at small δð∼0Þ.
In Fig. 10(a), we plot the number density of the created

particle with variation in field polarization for different
chirp values b1 in the two-color combined field EðtÞ. We
observe that for all b1 the number density reaches its
maximum for linear polarization δ ¼ 0 and decreases
monotonically toward elliptical and circular polarization
ðjδj → 1Þ. Overall, the chirp parameter has only a weak
influence on the number density across the entire polari-
zation range, with the maxima being most noticeable at
δ ¼ 0. In particular, chirp values b1½ω1=τ� ¼ 0.6 and 1
show a visible increase in the number density, while the
curves corresponding to the other chirp values largely
overlap.
Figure 10(b) shows the enhancement factor for the total

number as a function of field polarization δ for different
chirp values b1 in the two-color combined field EðtÞ. We
observe a minima at δ ¼ 0 (at a fixed b1) and gradually
increasing values toward large ellipticity. This is similar to
the enhancement factor observed in Fig. 6(b) in the chirp-
free case. The enhancement curves for different chirp
strengths remain nearly identical, with only a slight
decrease in the enhancement factor as the chirp increases.
This suggests that the polarization dependence of the
enhancement factor is largely insensitive to the chirp
applied to the strong field, with chirp producing only a
minor quantitative modification.

FIG. 10. Chirp applied to the strong field E1s only. (a) The
number density (in units of m3) of created particles as a function
of the field polarization δ for the two-color combined field
E ¼ E1s þE2w. (b) Corresponding enhancement factor of the
total particle number in the combined field E. The field
parameters are given in Eq. (2).
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V. NUMERICAL RESULTS: CHIRP APPLIED
TO E2wðtÞ ONLY

In this section, we present our numerical results for the
one-color field E2wðtÞ and the two-color combined field
EðtÞ. In both the cases, we consider chirping only for
E2wðtÞ, i.e., b2½ω2=τ� ¼ 0.1, 0.3, 0.6 and 1.

A. One-color weak field E2wðtÞ
Figure 11 shows the momentum distribution of the

created pairs in the one-color weak field E2w with variation
in field polarization δ and different chirp values b2. For
small chirp strength (b2½ω2=τ� ¼ 0.1), the momentum

spectra remain strongly localized near the origin for linear
polarization (δ ¼ 0). The fragmented ringlike structure as
seen in the chirp-free case, Fig. 4(a), is no longer visible
when chirp is applied. This is because the ringlike structure
observed for the chirp-free weak field originates from
multiphoton resonance. Meanwhile, the introduction of
even a small chirp broadens the resonance condition,
causing the ring structure to collapse into a localized
momentum distribution patch. As δ increases, the distri-
bution gradually broadens and develops weak circular
features, signaling the onset of transverse momentum trans-
fer induced by the rotating electric field component. At
intermediate chirp values (b2½ω2=τ� ¼ 0.3 and 0.6), the

FIG. 11. Momentum distribution of the created eþe− pairs with kz ¼ 0 in the presence of the one-color weak field E2w with nonzero
chirp b2. The field parameters are given in Eq. (2).
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spectra exhibit the spiral-like patterns. These patterns get
pronounced with an increase in chirp value and field
polarization, reflecting the competition between chirp-driven
temporal coherence and polarization-driven rotational
dynamics. For the strongest chirp value b2½ω2=τ� ¼ 1, the
momentum distributions are dramatically enhanced with
more numbers of crescentlike structures visible in the
spectra structure. The spectra develop bright near-central
accumulations surrounded by smooth circular-crescent
patterns.
The peak value of the momentum distribution increases

rapidly with increasing chirp strength. In contrast, increas-
ing the polarization δ gradually reduces the peak height and
redistributes strength over a wider momentum range, with
chirp partially compensating this suppression at larger
values. This variation of the peak value with field polari-
zation is contrary to the case of one-color weak field
without chirp, cf. Fig. 4. We believe this is because, in the
chirp-free case, increasing polarization enhances multi-
photon absorption channels while particles still accumulate
on the same resonance momentum ring, leading to a higher
peak value of the distribution. In contrast, when chirp is
present, the resonance condition is smeared, and polariza-
tion mainly redistributes particles over a wider transverse
momentum region, hence reducing the peak value for a
fixed chirp.
Figure 12 shows the number density as a function of field

polarization in one-color weak field E2w with different
chirp values b2. A small chirp value b2½ω2=τ� ¼ 0.1
increases the yield by nearly an order of magnitude and
leads to a pronounced maximum at δ ¼ 0. With further
increase in the chirp, the number density rises by several
orders of magnitude and becomes almost insensitive to
polarization. For the strongest chirp b2½ω2=τ� ¼ 1, the yield
reaches its maximum and remains essentially constant with

respect to δ, showing that strong chirping dominates over
polarization effects.
Overall, these results demonstrate that in a one-color

weak field E2w chirp is the primary control parameter
governing pair production, while the influence of polari-
zation becomes negligible once the frequency modulation
is sufficiently strong.

B. Two-color combined field EðtÞ
In this subsection, we investigate the pair production in

the two-color combined field EðtÞ with chirp applied to
E2w only. Figure 13 shows the corresponding momentum
distribution of the created pairs with different δ and chirp
values b2.
For the linear polarization δ ¼ 0, we observe the

spectra to be dominated by a single, centrally localized
peak elongated on the kx direction, reflecting the domi-
nance of the strong field component and the effective
one-dimensional acceleration of the created pairs. As the
chirp parameter b2 is increased, the peak magnitude rises
significantly. With increasing polarization ellipticity
(δ ¼ 0.2 and 0.5), the momentum spectra shifts toward
the positive ky region and evolves into asymmetric
structures which accounts for the growing transverse
momentum transfer caused by the rotating field vector.
The peak values generally decrease compared to the
linear case. In the circular polarization δ ¼ 1 with small
chirp b2½ω2=τ� ¼ 0.1 and 0.3, the momentum spectra
form a fragmented ringlike structure which turn into a
more complex spiral-like structure when the chirp b2 is
increased further gradually.
Overall, the results demonstrate that polarization pri-

marily controls the global structure and symmetry of the
momentum distribution, while chirp acts as an efficient
control knob for enhancing peak values. Here, the chirp
is applied only to the weak field, and its role is not to
dominate the dynamics but to resonantly assist the strong
field by modulating the temporal structure of the com-
bined field. This leads to enhanced pair creation and
richer momentum-space features, particularly for linear
and elliptic polarizations, highlighting the potential of
weak-field chirping as a powerful tool for coherent
control of strong-field vacuum pair production.
In Fig. 14(a), we plot the number density as a

function of the field polarization for the two-color
combined field E, where the chirp is applied only to
the weak field component E2w. We observe a clear
dependence on both the polarization parameter δ and the
chirp parameter b2. For small chirp values, i.e.,
b2½ω2=τ� ¼ 0.1 and 0.3, the behavior of the number
density with respect to δ is quite similar: it peaks around
linear polarization (δ ¼ 0) and decreases toward circular
polarization ðjδj ¼ 1Þ.
As the chirp parameter b2 increases, the number density

gradually increases. However, the sensitivity to the field

FIG. 12. The number destiny (in units of m3) of created
particles as a function of field polarization δ for the one-color
weak field E2w with different chirp values b2. The field
parameters are given in Eq. (2).
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polarization is suppressed, as the curves become flatter and
the number density becomes nearly independent of δ.
Physically, strong chirping broadens the frequency spec-
trum and introduces rapid phase variations, which reduce
the sensitivity to the geometric structure of the field
polarization. In other words, the chirp-driven enhancement
dominates over the polarization-dependent suppression.
We note the enhancement in number density up to 2 − 3
orders when the strongest chirp, i.e., b2½ω2=τ� ¼ 1 is
applied in such case.
In Fig. 14(b), we plot the enhancement factor for the

two-color combined field E, where the chirp is applied
only to the weak field component E2w, as a function of

the field polarization δ for different chirp values b2. For
the unchirped case and for a small chirp (b2 ¼ 0.1ω2=τ),
the enhancement factor exhibits a minimum at linear
polarization (δ ¼ 0) and increases significantly toward
circular polarization (jδj → 1), indicating that the relative
gain due to dynamical assistance is greatest for circularly
polarized fields. As the weak-field chirp is increased,
however, both the magnitude of the enhancement factor
and its dependence on polarization are progressively
suppressed. For b2 ¼ 0.3ω2=τ, the enhancement factor
develops a distinct winglike profile, exhibiting minima at
jδj ¼ 1 and broad maxima at intermediate ellipticities,
while for b2 ¼ 0.6ω2=τ and b2 ¼ ω2=τ it remains close

FIG. 13. Momentum distribution of the created eþe− pairs with kz ¼ 0 in the two-color combined field E with chirp applied to E2w
only. The field parameters are given in Eq. (2).
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to unity over the entire polarization range. This demon-
strates that increasing the chirp of the weak field
diminishes the relative contribution of dynamical assis-
tance, even though the absolute pair yield continues to
increase, because the chirped weak field itself becomes
increasingly effective at producing pairs. Consequently,
the additional enhancement arising from the combined-
field configuration is substantially reduced.

VI. NUMERICAL RESULTS: CHIRP APPLIED
TO BOTH E1sðtÞ AND E2wðtÞ

In this section, we investigate the pair production in the
presence of the two-color combined field E ¼ E1s þ E2w
with chirp applied to both the strong field E1s and weak
field E2w, simultaneously. For simplicity and a meaningful
comparison of the results, we adopt a rule for selecting the
chirp parameters b1 and b2 as b1=b2 ¼ ω1=ω2, such that

both the strong and weak field components are chirped with
equal relative strength, i.e., b1 ¼ aω1=τ and b2 ¼ aω2=τ
where a is a dimensionless control parameter. We vary a as
0.1, 0.3, 0.6 and 1. In Fig. 15, we plot the momentum
distribution function for the created eþe− pairs for different
δ and a.
For small chirp (a ¼ 0.1), the distribution retains fea-

tures characteristic of polarization. At δ ¼ 0, the spectrum
is elongated along the field direction with pronounced
interference fringes. As δ increases to 0.2 and 0.5, the
distribution becomes more localized in the transverse
momentum plane and develops multiple separated lobes.
In the circular limit (δ ¼ 1), the spectrum forms a frag-
mented ringlike structure, reflecting multiphoton channel
interference. As the chirp strength increase (a ¼ 0.3 and
0.6), the distributions undergo clear rotational distortion.
The lobes bend and gradually transform into spiral-like
patterns, especially for δ ≥ 0.2. The spiral structure
becomes very pronounced at a ¼ 1, where all polarization
cases exhibit a rotating, vortexlike momentum distribution.
The overall trend of the peak value is the gradual

increment with an increase in the chirp control parameter
a and gradual decrement with an increase in the field
polarization δ. This is because of the suppression of
tunneling in more circular polarization. As a result, the
peak value decreases as δ increases, while the increment of
the peak value with an increase in the chirp is due to the
improvement of the temporal overlap of the field. The
parameter a primarily governs the strength of enhancement
and the transition from interference-dominated patterns to
spiral/vortex structures, whereas δ controls the geometric
symmetry and angular redistribution of momentum. The
combined action of frequency chirp in both fields and
polarization rotation leads to strong reshaping and signifi-
cant quantitative enhancement of the peak momentum
density.
In Fig. 16(a), we plot the number density as a function

of field polarization for the two-color combined field
EðtÞ for different chirp parameters b1 and b2. The over-
all behavior closely resembles the case where only the
weak field is chirped, cf. Fig. 14(a). For small chirps
(b1½ω1=τ� ¼ b2½ω2=τ� ¼ 0.1, 0.3), the number density is
maximum near linear polarization (δ ¼ 0) and decreases
toward circular polarization (jδj ¼ 1). Increasing the chirp
enhances the absolute pair yield while progressively
reducing its dependence on polarization, so that for
b1½ω1=τ� ¼ b2½ω2=τ� ¼ 1 the number density becomes
nearly independent of δ. Thus, simultaneous chirping of
both fields leads to the same qualitative behavior as
chirping only the weak field, with a comparable enhance-
ment of the pair yield.

FIG. 14. Chirp applied to the weak field E2w only. (a) The
number density (in units of m3) of created particles as a function
of the field polarization δ for the two-color combined field
E ¼ E1s þE2w. (b) Corresponding enhancement factor of the
total particle number in the combined field E. The field
parameters are given in Eq. (2).
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Figure 16(b) presents the corresponding enhancement
factor. Similar to the previous case, i.e., Fig. 14(b), the
unchirped and weakly chirped fields exhibit a minimum
at δ ¼ 0 and increase toward circular polarization. For
b1½ω1=τ� ¼ b2½ω2=τ� ¼ 0.3, the enhancement factor
develops the same characteristic winglike profile with
broad maxima at intermediate ellipticities. As the chirp
strength is increased further, the enhancement factor
approaches unity and becomes only weakly dependent
on polarization, indicating that although simultaneous

chirping substantially increases the absolute pair yield
it reduces the relative contribution of dynamical assis-
tance. The physical mechanism behind this result/phe-
nomenon needs to be studied further.
Thus, chirp acts as a powerful control parameter that

enhances the overall yield while simultaneously sup-
pressing polarization dependence in the two-color com-
bined field. Also, strong chirping of both fields suppresses
the nonlinear cooperation between them, making the pair
production more additive rather than dynamically assisted.

FIG. 15. Momentum distribution of the created eþe− pairs with kz ¼ 0 in two-color combined field E with chirp applied to both E1s
and E2w. The chirp parameters b1 and b2 are varied together through the dimensionless control parameter a, defined as b1 ¼ aω1=τ and
b2 ¼ aω2=τ. The other field parameters are given in Eq. (2).
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VII. CONCLUSION AND DISCUSSION

Within the real-time DHW formalism, we investigated
the combined effects of linear frequency chirps and field
polarization on electron-positron (eþe−) pair production
in three field configurations: a one-color strong-slowly
varying field, a one-color weak-rapidly varying field, and
their dynamically assisted two-color combinational field.
Our numerical results are presented in terms of the
number density and momentum distribution of the
produced pairs, as well as the enhancement factor in
the dynamically assisted case. In particular, we analyzed
pair production for these field configurations under
different chirp conditions: (i) chirp-free fields, (ii) chirp
applied only to the strong field E1s, (iii) chirp applied
only to the weak field E2w, and (iv) chirp applied to both
strong and weak fields, simultaneously. The main find-
ings of this study are summarized as follows.
In the chirp-free case, we examined one-color strong and

weak fields as well as their two-color dynamically assisted
combination. In all three cases, we find the momentum
distribution to be is highly sensitive to the field polarization.
For the strong field, the momentum distribution exhibits
elongated spectra with pronounced interference fringes in
linear polarization, while increasing ellipticity suppresses the
interference and eventually leads to crescentlike structures
for circular polarization. Correspondingly, the peak momen-
tum distribution value and the number density decrease
monotonically with increasing ellipticity due to the reduction
of the effective tunneling component along a fixed direction.
In contrast, for the weak field, the momentum spectra exhibit
characteristic multiphoton ring structures whose peak values
and corresponding number density increase with polariza-
tion. When both fields are combined, the dynamically
assisted Schwinger mechanism enhances the particle yield
significantly compared with either field alone, while the
polarization dependence remains qualitatively similar to the
tunneling-dominated strong-field behavior.

When chirp is introduced in the strong field alone, the
momentum spectra become distorted, and interference
fringes gradually smear due to the time-dependent instanta-
neous frequency. However, the overall pair yield exhibits
only moderate enhancement, and the polarization depend-
ence remains largely unchanged, indicating that the tunnel-
ing dynamics continue to dominate the production process.
In contrast, chirping the weak field leads to a much stronger
modification of the particle spectra and production rate. The
momentum distributions develop spiral- and crescentlike
structures as the chirp increases, reflecting the interplay
between the rotating electric field and the time-dependent
frequency modulation. More importantly, the number den-
sity increases by several orders of magnitude for sufficiently
strong chirp. In this regime the pair yield becomes almost
insensitive to the field polarization, indicating that chirp-
induced nonadiabatic frequency sweeping becomes the
dominant mechanism controlling pair production.
Finally, we investigated the case where both the strong

and weak fields are chirped simultaneously. In this con-
figuration, the momentum distributions evolve from inter-
ference-dominated patterns to vortexlike or spiral struc-
tures as the chirp strength increases. The particle yield is
significantly enhanced compared with the chirp-free case,
while the dependence on field polarization becomes pro-
gressively weaker. This demonstrates that strong frequency
modulation can effectively override the geometric effects
associated with field polarization. At the same time, we
observe that the enhancement factor of the dynamically
assisted mechanism may decrease for very strong chirp,
suggesting that excessive chirping can reduce the nonlinear
cooperation between the two fields and make the produc-
tion process more additive rather than dynamically assisted.
We find that the enhancement factor consistently reaches

its maximum at circular polarization, jδj ¼ 1, for all chirp
configurations considered. Interestingly, we also find that
among the different chirp cases, the enhancement factor is
the largest, ξ ∼ 89, in the chirp-free case, b1 ¼ b2 ¼ 0.

FIG. 16. Chirp applied to both E1s and E2w. (a) The number density (in units of m3) of created particles as a function of the field
polarization δ for the two-color combined field E ¼ E1s þE2w. (b) Corresponding enhancement factor of the total particle number in
the combined field E. The field parameters are given in Eq. (2).
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Overall, our results demonstrate that frequency chirp
provides a powerful control parameter for manipulating
vacuum pair production in strong laser fields. While
polarization primarily determines the geometric structure
of the momentum spectra and influences tunneling effi-
ciency, chirp can strongly enhance particle production and
reshape the spectral features through time-dependent fre-
quency modulation. Chirping the fields substantially
enhances the pair-production yield, with the enhancement
becoming more pronounced as the chirp strength increases.
A notable result of this work is that chirping only the weak
field produces nearly the same increase in the total number
density as chirping both the strong and weak fields
simultaneously, indicating that the weak-field chirp plays
the dominant role in the chirp-induced enhancement of the
dynamically assisted Schwinger mechanism. In contrast,
chirping only the strong field results in a comparatively
modest increase in the pair yield. Furthermore, although the
absolute number density increases with increasing chirp,
the enhancement factor exhibits a distinctly different
behavior. For the chirp-free and weakly chirped cases,
the enhancement factor is largest for circular polarization
(jδj ¼ 1), reflecting the stronger relative contribution of
dynamical assistance at higher ellipticities. However, when
the chirp is applied to the weak field alone or to both fields
simultaneously, the enhancement factor decreases rapidly
with increasing chirp and eventually approaches unity over
the entire polarization range, indicating that the chirped

fields themselves become increasingly efficient in produc-
ing pairs and hence reduce the relative gain from dynamical
assistance.
Finally, the present results indicate that the polarization

dependence of the enhancement factor is governed by a
nontrivial interplay between chirping and the dynamical-
assistance mechanism. A more complete understanding of
this behavior will require systematic parameter scans includ-
ing independent variation of the pulse durations of both
strong and weak field (τ1 and τ2), together with the high
harmonic order k (¼ ω2=ω1), chirp strengths (b1 and b2),
and polarization δ. Such an extended analysis would help
identify the parameter regimes in which dynamical assis-
tance is optimized and clarify the transition between
tunneling- and multiphoton-dominated dynamics. This
investigation lies beyond the scope of the present work
and is reserved for future studies.
Our work provides useful insights into the coherent

control of nonperturbative pair production processes and
may serve as a guide for optimizing laser-field configura-
tions in future high-intensity laser facilities aimed at probing
strong-field quantum electrodynamics.
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