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Weyl anomaly for chiral fermions
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We compute the parity-odd part of the Weyl anomaly for chiral fermions in a background gravitational
field. We start from a manifestly real form of the Lagrangian (that is, not only real up to a total derivative),
and we regularize it by means of Pauli-Villars fermions. All parity-odd terms in the anomaly cancel in the
integrand, so that the result of the anomaly is necessarily parity even.
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I. INTRODUCTION

There has recently been some interest in the Weyl
(conformal) anomaly of a chiral fermion on a background
gravitational field with metric g, . This was motivated by a
paper by Bonora, Giaccari, and Lima de Souza (cf. the first
paper in [1]) claiming that there is a parity-odd term in
the trace anomaly proportional to the Pontryagin index.
Symbolically

<g/41/le> ~ iRﬂv/mnlmaﬁRa/}”yv

(1.1)

with an imaginary coefficient. Here R are the compo-

Hvpo
nents of Riemann’s tensor and 7,45 = |9|"%€00p: €poap
being the Levi-Civita symbol.

In addition, in [1] it was claimed that this contribution
was suggested earlier by Christensen and Duff [2].
Actually, in [2] the conformal anomaly corresponding to
a Euclidean field transforming with the (A, B) representa-
tion of the SO(4) group is determined in terms of the
Schwinger-DeWitt coefficients as

Th = = (~1)"28(b,(A.B) + by(B.A)).  (1.2)
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Although both b4(1/2,0) and b4(0,1/2) contain pieces
proportional to Pontryagin’s term, they cancel in the sum,
which is indeed parity even.

This term would violate unitarity and point to a fatal
inconsistency in the physics of such chiral fermions. The
main reason is that the energy momentum tensor is the
coefficient of the response of the action to an arbitrary
(but real) variation of the metric

5Sz/d(vol)TW59””. (1.3)

If the trace of the energy momentum tensor is not real, then
the action itself is also not real, which violates unitarity
among other things.

This result however disagrees with the computations
of some authors [2-8], but some other works like [9]
support it. A useful summary of the literature discussing the
proposal can be found in the book [10].

To be precise, in Ref. [1] it is argued that the total
conformal anomaly of a chiral fermion is given by

i 1. 9 15
Tp=—— (B —owriip,). (14
k 180x167r2(4 1Tyt 1) (1.4)

Here E, is the integrand of the Euler characteristic, a
topological invariant given by

1
x(M) = W/”abcdRab AR = /d(V01)E4

I 1

1
- / d(vol)(R2,,, — 4R2, + R?) (1.5)
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and W? is the square of Weyl’s tensor, which can
be characterized by being invariant under conformal
transformations

(1.6)

G = LG,
namely,

W”vpo- - Wﬂt/pa' (17)
It follows that /|g|W,,,,W** is a conformal singlet in
n = 4 dimensions:

1
Wire = R2, . —2R2, + ~R?

Wi=w
3

ppo (1.8)
and P; is the Pontryagin density which upon integration
and normalization yields the Poincaré number, P(M)
(another topological invariant [11]):

1 1 * vpc
P](M) = —g trRAR = (471->2/ d(VOl)RﬂW){;Rﬂ Po
(1.9)
The dual Riemann tensor is given by
R = 5 upoR . (1.10)

Our aim in this paper is to compute this anomaly using a
different, and in our opinion, safer procedure [12—14]. We
will start from a real Lagrangian and regulate the theory
using Pauli-Villars fermions in an attempt to avoid the
ambiguities of dimensional regularization in the presence
of Y5-

Our main interest will be in the parity-odd part of the
anomaly (the coefficient of the Pontryagin invariant) which
is where there is disagreement in the literature.

Let us now be more precise about the definition of the
problem.

First, the vierbein ej(x) is defined as follows:

ﬂabeﬁ (x)ef (X) = g/w(x)'
The Latin indices are Lorentz indices whereas the Greek
indices are curvilinear indices.

Let w,,,(x) be the Lorentz (spin) connection defined in
terms of the Levi-Civita one by

wﬂab(x) = _ei(x)aﬂeﬂu(x) + eﬂa(x)rﬁﬂeg(x)'
Then, the classical action of the model reads as

1 4 " oy ~aaa
S :E/d xe(x)el(x)[i&,(x)5°"(D,E) 4 (x)

= i(D,8)4(x)5"* &, (x)],

where e(x) = det ej(x) and

(Du)ax) = 94a(x) =5 Dy (¥) (0°°8) ().
(DB),(x) = 9,8a(x) + 3 B(x)5™)san ().
Here, following [15], we define

6%’ = — (06" — 6%5), 6% = — (69" — 5°0%).

We shall denote spinorial indices by the first letters of the
Greek alphabet (a, @, f, ﬁ ... = 1,2) and reserve the middle
letters of the Greek alphabet for four-dimensional vector
indices (¢,v, ... =0,...,3). Our convention [15] for the
Pauli matrices is as follows:

Q

%)

\

|

Qi

%)

I
7N
-~ O
SN
~_

(1.11)

Q
|

|
QI
1l

(0 )
0 -1/
There is another notation frequently used representing

chiral spinors as left and right ones, w; or wg. The
relationship with ours is

VL < éav

v < & (1.12)

It is important to remark that the action is real without
total derivatives. This fact will be relevant later on. The
reader should bear in mind that the complex conjugation of
the spinors is defined as in [15]:

(50{)* = Ea-

In constructing the quantum theory for the fermions
in perturbation theory around Minkowski spacetime, we
shall express the metric, g,,, the vierbein ey, the inverse
vierbein, ¢4, and the spin connection, @, . as follows (the
perturbative parameter is related to Newton’s constant by

k= 872G):
9w = NMw + Kh/w’
e = oy + KE,(,I)“ + KZE,(,Z)H 4+
=+ kEM 4 REPH 1.

+ KQQEEI),C e,

_ K —_ 0o
Wg pe = eawﬂbc - KQa,bc
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in the above the terms involving the external gravitons
become

(a _ 1 (2)a _ a
e = Eh’;, £ g h "y
1 3
e =—Zn, e ="pwn
2 8
1
Qt(zl,l)w = 2 (abhca achba>7

1
2
Q). = 7 HhOuhey = chy) = 5 (0uhey Wy

4
1
3 (M0, heq = W0y ) =7 (H0chp = Hedyhg).

B

The linearized conformal transformation reads as

0

The previous expansions in powers of «, leads to the
following expansion of the action S:

(1.13)

S=50+ Sint:
1 . Z —aa . = ~ao
So=y [ B35 (0,8),0) = i(0,8) (055,
S =Y xS
In both S, and S, all the indices are flat. S is the free

action in Minkowski spacetime and S;, carry the inter-
action vertices between the graviton field 4, and the

fermions. S is quadratic on the fermion fields and
involves n powers of h,, and/or its derivatives.

Let Z[h,, | be the partltlon function of the model defined
by perturbatlon theory around the Minkowski background:

1 o A
Z[h/w] = N/Dfal)fdels — <elsim>0’
N = / DE,DEze’™.

(O), denotes the average of O with regard to the free
action Sy:

O) = [ DeDEO.

Then, the quantum action, W|h
defined to be

,,,,], of the model is

Wih,,) =—iLnZ[h

connected)
—i Sint) .

(1.14)

The superscript “connected” signals that only connected
contractions, as given by Wick’s theorem, are to be kept.

A. Pauli-Villars fields
and the regularized quantum action

As it stands, W[h,,], (1.14) is ill defined due to
ultraviolet (UV) divergences. We shall associate to this
ill-defined quantity a regularized—and, therefore, well-
defined mathematically—expression. This will be done by
introducing several massive Pauli-Villars (PV) bispinor

fields: &9, &0 ;= 1.

& ..f, with classical actions

10 =5 [ dxe(a) )80 e (0,60, x)
—MDE%AMWW$%Q
= [ e [0 () + B (30|

_ eaﬂ;(ﬂl) and E0@ — eaﬂgj;{

The usual PV regulators (as explained, for example in
Faddeev and Slavnov’s book [16] page 131, or in Itzykson
and Zuber’s [17] page 411) consist in replacing some
fermionic Gaussian integral

where £

det (1.15)

f
det p [ ] (det p))<, (1.16)
j=1

where the massive covariant derivatives are defined as

p;=p—m;, (1.17)
where the set of masses m; and constants c; are determined
by some equations that will be made explicit in what
follows. In our case the Gaussian integral does not really
define a determinant, but the regularization proceeds by
replacing everywhere in the above formulas the determi-
nant in them by our Gaussian integral, i.e., by replacing the
Gaussian path integrals which formally give the determi-
nants in (1.16) with our Gaussian path integrals.
By using the PV regulators, we define

Wlh,,| = —i an.[h;w]

connected)
=i 1nt ’
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Finally, we regularize W[h, ] by replacing it with
WEV R, ], the latter defined as follows:

M)~

W, = e, Wih,], (1.19)

i=0

with the understanding that i = O labels the physical field:
5&0) =&, 5{(_10) = &,,my = 0and ¢, = 1. The coefficients c;
are real numbers.

The ¢;’s above are the PV parameters and, along with
Pauli-Villars masses, are to be chosen so that the loop
integrals are UV finite by power counting at nonexcep-
tional momenta. This regularization breaks the fermion
number owing to the PV mass terms, but respects diffeo-
morphism invariance. Any dependence on the PV masses

will disappear in the physical theory.
|

It is well known that when dealing with anomalies it is
of paramount importance not to carry out any kind of
simplification in the integrands of the nonregularized UV
divergent integrals. So, here, we shall be careful and choose
the ¢;’s and the Pauli-Villars masses so that all the loop
integrals are regularized before carrying out any manipu-
lations in the integrands of the loop integrals.

It is not difficult to come to the conclusion that the most
UV divergent loop integrals which occur in W|h,,] are

/ d4q Gy Dy~ " Do
(27)* (g4 P1)*(q+ Py)* -+ (g + Po)*’

where the P,’s are (nonexceptional) linear combinations
of the external momenta. The Pauli-Villars regularization of
the previous integral amounts to its replacement with

d4q f
/Wl;c"«qwnz—m%><<q+P2>2—m%>~~~<<q+Pn>2—m% ]

In (1.17) we have added to the action fields with similar
couplings to gravity as the original fields but with equal
or opposite statistics; namely, the coefficients c¢; can be
negative. The masses m; and coefficients c¢; are chosen in
such a way that the ratio is UV finite.

In fact all these integrals will be UV finite by power
counting if the c¢;’s and m;’s satisfy the Pauli-Villars
conditions, which, in the case at hand, become

f
C; = 0,
i=0

f f
Z c;m? =0 and Z cimt = 0.
P Py

COZI,

The condition on m} has to do with the fact that the
integrals in (1.20) diverge as the fourth power of the loop
momentum. An explicit set that satisfies the above con-
ditions is given by

m3 :M\/g,

C3 = —1.

m2 :M\/E,

C2:3,

mg :M,

¢ = -3, (1.21)

But this is not all, for the mass terms of the Pauli-Villars
fields also couple to gravity so that we shall have
interaction vertices linear in the m;’s. These vertices do
not occur in the massless physical theory. Further, unlike in
the massless case, the free propagators

Nt (1.20)
|
i i d4 . )
<§é)(x)§;;)()’)>o = / (27:)74 mieﬂaGi(p)e-lP(x—})’
—(i —(i d4 o
(B0 )), = /ﬁmi 6y Gl p)e ),
: (1.22)

have numerators linear in the ms.

Now, the integrals in (1.20) come from contributions
where only propagators of the type <§§,’)(x)§g)(y))o and
only vertices which read as

/ b HA () (E5°0,6 — 0,E6°) (x).  (1.23)

HY[h](x) being a function of 4, occur. Hence, each time a
propagator of the type & is replaced, in an integral such
as (1.20), by a propagator of the kind displayed in (1.22),
the UV degree of divergence of the corresponding integral
decreases by one unit. The same decrease by one unit takes
place when a vertex of type (1.23) is replaced by a vertex
linear in m;. We thus conclude that only integrals with
fewer than 5 powers of m; can be UV divergent: recall that
the UV degree of divergence of the integral in (1.20) is 4.
Let us point out that since the Pauli-Villars mass terms
break the fermion number symmetry, only even powers of
the m;’s occur in the Feynman integrals. To conclude, we
will meet UV divergent integrals of the type

105016-4
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e

with n’ = 1, 2. Making these integrals UV finite does not require new Pauli-Villars conditions.

ic»mZn/ q/thﬂz"'Qﬂan)
= (g+P)?—m})(qg+P2)* —mi) - ((q+ P> —mi)|’

II. NO PARITY-ODD TERMS IN THE CONFORMAL ANOMALY

A simple way of understanding the Weyl anomaly stems from a Weyl transformation in the path integral [18]. This will be
enough to show that no parity-odd terms appear in the anomaly. Recall that

Slon£.8) = [ v en) ) a0 (D,), ) = (DD 1) ).
50 [g. 20 5@] — [ detn)ett) [i;ff-;" (15 (D, ) (x) = i(D,E0), ()& (x)].
30 [00£9.80] = =51 [ @tre()[g00(e () + ) (00|
and that in (1.19) we defined the regularized Pauli-Villars effective action W(*V)[g,,] by
Ngw) = —tzcl In Z;[g,].
where

Zilg.) = /Dfa pé: oiSP[g.60 E0)+is)) 9,60 E0)

Then by performing the Weyl transformations

gﬂl/ - ngﬂl/’ é - 9_3/257 E - 9_3/257 §(l> d 9_3/2§<i)7 E(O d Q_B/zé(i)v (21)
we get
f f 1 N
W(EPV) [92‘9””] _ _iz ¢; In Zi[gzg;w] _ _iz ¢ IH/\—//ng;)ng) e,s(l)[gyg(l),f(l)]ﬂS (9,69, ] (22)
i=0 i=0 !

where the transformed PV mass terms read as
i i) 2 m; i i i ia
Silg. &0, ;@) = -7 / a2 Qx)e(x) [&0(x0)el) (x) + &) () V().

The previous equation shows that the Pauli-Villars mass terms explicitly break Weyl invariance.
Let us linearize around the unit transformation

Q(x) =14 0(x), 0<0(x) <.

Now, the infinitesimal version of (2.2) reads as

;
1 i —=(i i NG i) E i i
sW P [g,] = AT / DeIDE) (595,(,1)) 150 1g.£0 B0 +is{ .20 0] (2.3)

i=1 i

105016-5
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where

) = = ym; [ o) e [€0 el () + B WE]. iz

The right-hand side of (2.3) yields the anomaly, and at order 2 in the number of graviton fields 4, it is given by

~

I © | R /o0 cli) 2\
= Ezcl< km k1n > +ZZC< kln >0 +lzcl<5(9)s£'l)S£}))1n >0

f
i=1 i=1 i=1

i% Sy ¢ S (05 24

Let us recall that the superscript (c¢) stands for the connected contributions, the subscript O denotes the vacuum expectation
value when h,, is set to zero, and the Weyl variation of the PV mass terms becomes

and the kinetic and spin parts are defined as

iy’ = [ s {2 S [B 050,80 (x) - 0,8 (vl ()]
- ) [0 ) + B 0B
s = [ a8, (0B ()70, 5) - 0,8 ) v

- 20 () [0 ) + B 0B o) .

i),2 1 vpo i —aa gl
S = [ e 0 (0B (el ),

H () = 5 (W09t~ 1),
H () =~ I (x >+§
Ha(x) = 5 (H05))? = 3 17 (<) )

((3))20% = (3 (3) - 17 () ()

Before we show that there is no parity-odd contribution to 4, in (2.4), let us discuss how this result bears on the
properties of the renormalized effective action obtained from our regularized effective action W(*V) [h,,] in (1.19). Let us
define the renormalized effective action by minimal subtraction, i.e., by subtracting from W) [h,,] its minimal UV
divergent contribution. Then we conclude that this subtraction will not give rise to any anomalous parity-odd Weyl
contribution to the three point part of renormalized effective action, for it turns out that A, carries no parity-odd contribution
for any value of the regulator masses and parameters. This in turn implies that no parity-odd Weyl anomaly occurs in the
renormalized theory under consideration since, as shown in [19], the only parity-odd term which can arise reads as

105016-6
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/ /gl D)0 R o () R77 ().

The coefficient r, is just given by the term order 2 in the number of /,,, in the previous expression. Of course, the value of r,
can be obtained from A,.

A. No parity-odd anomaly from triangles

There are terms including a variation of a Pauli-Villars mass and two terms from the kinetic terms that would give rise,
upon Wick contractions, to triangle type Feynman diagrams. Let us examine them.
First of all,

f .
%Z < km Sl(<l1211>(()6) - _%(Tl +7,+ 73)
i=1

We shall show below that this contribution to (2.4) yields no parity-odd anomalous term. Indeed, in the previous equation,
T, m=1,2,3,is given by

1
T] S/dxldedX’;e(Xl)Hly (XQ>HIfD (.X3)

x {i m< [0 (x1) + EDEOx0)| [ (xa) = e ()] [ () = 40 (e) | )1 } 2.5)

i=1

Here the left and right currents are defined as

Ju(x) = &) (057w 0,0 (x),

A4 = 0,8 (v)5ae) (x). (2.6)
72_%1- / e, doeyds 0, Y (6 HES ()
x {i com{ [0 ) + 87 00x)] [e060) o)+ BV 80 [ (e 0 0] )] 2
and
T5= ﬁ/dx]dxzdxge(x,)hﬁ%(xz)hﬁz()@)

{3 e [s6) ) + 8780 [0 ) + 20 )| [0 () 4 EEO)] ). 28

i=1

1. No parity-odd Weyl anomaly from T ,

Let us express 7 in (2.5) in terms of the three different products of the left and right currents and their symmetrizations

1 6
Tl = g Z Tlmv
m=1

where

105016-7
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f -
a (i) (i) (c)

T, = / dydyds0(x, 2, (), {zc,m,<5 &) (ki) (xa) ol (x3) ) }
i=1 .
! (i3 (a0 )\ (O]

T = /dxldxzdxﬂ(xl)H’f (x)HY, {Z c,m,< y £ Xl)jRﬂ22<X2)jRﬂ33(X3)>0 }
i=1 .
. (i Y 00 (©)]

713 I/dxldxzdx39(x1)H1,, x2 {chmz<§ 115 l)jLﬂzz(xz)jLﬂ33(x3)>o }’
i=1 }

f
(i)vy ()vs (¢)
Ty = /dx1dx2dx39(x1)H’f,2 (x2)HY,, {‘f‘zclm < xl)]i;)q (xz)J(L;)g (x3)> }}
f
Tis = —Z/dxldxzdxﬁ(xl)H’f D) HP, ( )@){Z c,ml< “"5{1 )JRMZ X5 jL”:(

f
Ti6= _z/dxldxzdxﬂ(xl)Hlf 2 HY, (3 { i <;E‘<’ x,) (xR (x3) >(c }}
i=1

Recall that the integrand of 7| is symmetric under the exchange of (u,,v,,x,) and (us3,v3, x3).
In the sequel the following traces of Pauli matrices—see Ref. [15]—will be used to identify the parity-odd contributions
to the connected Green functions we shall be dealing with:

tr[c#56”5°] = 2(n"“ 0’ — P n® + o + ietr?). (2.9)

The application of Wick’s theorem and (2.9) readily leads to the following results for the parity-odd contributions of 7 y,,,:

3
T, [odd] = / )*8(p1 + P2+ p3)0(p1)HY,, (p2)HY, (P3)

X

1

d*q Ef: , €44 (g + p3),, (g + P3)m (P2 +P3)0, 90 —2(q + P2+ P3),, (4 + P3) 1, P30, Gus)
=1 (¢* - 7

(n) | & m)(q+ p3)* = m) (g + pa+ p3)2 —m?)

3 o
Tiolodd| =4 [ [T G201+ pa+ po)0p B (p2)HE ()
=1

—~

5 { d*q {zf: . 23 (2(q + py 4 P3),, (4 + P3) P — (4 + P2+ P3),, 4 (P2 + ps)mqys]} }

27)* |4 (¢* —m; )((q+p3) —m?)((g+ pa+ p3)* —m}) ’
T 13[odd] = =7 1, [odd],
T 14[0dd] = =T, [odd],

4

[od
3
T 15[odd] = /H 7 (27)*8(p1 + p2 + p3)0(p1)HY, (p2)HY,, (P3)
{ / d*q {zf‘: 5 €457 Pay, 3, (G + P3)y, (G + P3)yy + P2uyus (4 + P3) 0, Py, + pswq%pzﬂzqml] }

(n) | & (@ =m2)((q+ s —m2)((q+ pa+ p3)? —m2)
T 16lodd] = =T ;5[odd].

It follows that
Tll [Odd] + T14[0dd] = 0, le[odd] + Tm[Odd] = 0, Tls[odd] + 716[0dd] = 0,

so that no parity-odd contribution to the Weyl anomaly comes from 7 .

105016-8
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2. No parity-odd Weyl anomaly from T,

The only contributions to 7, in (2.7) which may give rise to a trace over four Pauli matrices, and thus an parity-odd

contribution, are
T = (§7) [ anvaan ote e + oty ()
{3t (gm0 B e )]
m-(—%z) [ e ot )52 + 000 e ) A 5

i {Z;c,mf KESI)(X‘);&U)Q' (1) 0 ()& )(xQ)J(L)3 (x3)>éC)] }

A tedious computation shows that the parity-odd contribution to 7 ,; reads as

d4p1 4
T 5 [odd] = / H (27)*8(p1 + P2 + P3)[0(P )1 (p2) + O(p2) i (p1)IHY, (P3)

4/ élT? [zf: i T pb?% iii o )

whereas the parity-odd contribution to 7 ,,[odd] is

T22 {Odd] = —721 [Odd]
Putting it all together we conclude that 7, carries no parity-odd contributions.

3. No parity-odd anomaly from T

(2.10)

(2.11)

(2.12)

T 5 in (2.8) never yields parity-odd contributions since the maximum number of Pauli matrices in them to trace over

1s two.

B. No parity-odd anomaly from bubble-type contributions

There are also terms that would give rise under contractions to bubble type Feynman diagrams. These terms carry one
variation of the PV mass term and a kinetic term to second order. Here, we shall show that no parity-odd contribution to the

Weyl anomaly will arise from either

5= 3 a5

or else
L0 () g2\ )
B, = ; c,-<59 S’ Sgpin >0
or again,
J | 1\ ()
Bo= (a5
i=1
in (2.4).

105016-9
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Neither B nor B; can give rise to parity-odd anomalous terms since the maximum number of Pauli matrices to trace over
is two. Let us analyze next what the situation is with regard to B,.
Let us express B, as follows:

By = By + By,

where

1 f
821 = __/ dxldX29<X1) /w/) {e;w/wz Zcz
i=0

1

1 f
622 - —E/dxldle%xl) W’P {Eﬂbpy z(;clm,<

Hyup( ) 16h/};( )abhpzl(x)‘

A little computation yields

By = - / H ”’ (28)*6(p1 + P2)0(p1) Hy (12) { /

622 = _BZI ’

so that
Hence, we conclude that B, in (2.14) gives rise to no parity-

odd anomalous term.

C. No parity-odd anomaly
from tadpole-type contributions

The terms in the second order variation of the PV mass
terms would give rise to tadpoles upon Wicks contractions.
The tadpole-type contributions to the anomaly, if any,
come from

/ 2) o()\ (©)
3 c,-<5§, >S,§i>>
i=1 0

Since this contribution involves no Pauli matrices, there is
no parity-odd term coming from it.

III. CONCLUSIONS

When computing the Weyl anomaly in perturbation
theory one has to deal with the following type of vacuum
expectation values:

Sint|0>
= /dxdx1 < dx, (06 Lin (%) Lige (1) - - -

(01680t Sing -+ -
‘Cim (xn) |O> ’
(3.1)

mz< g (x, é:al (xl)§(12 (x2)5 azazfaz (x2)> },

(5 e )

(2.16)

{Zcm e’ (q + p1), . )”

(¢> =m})((q + p1)?

where |0) is the Fock vacuum of the theory, and Sj, the
part of the action which contains the interaction, and 8S;,, is
its symmetry variation. Obviously, we assume that S;,; is
Hermitian and so is 65;,,. Formally, the vacuum expectation
value in question is real; but this is not a mathematically
rigorous statement, for, in general, the correlation functions
on the right-hand side of (3.1) contain UV divergences,
which must be regularized. If there is a regularization
method that explicitly preserves the formal reality of
correlation functions under scrutiny, it is clear that no
parity-odd contribution to the Weyl anomaly should show
up. In this paper we have put forward such a regularization
method—a Pauli-Villars regularization—based on the use
of a real Lagrangian (not just a real Lagrangian modulo a
total derivative) for each Pauli-Villars field. Notice, how-
ever, that the regularized correlation functions are well
defined once they are represented in momentum space,
and once the loop contributions coming from the physical
fields and the Pauli-Villars fields have been collected as a
linear combination inside the loop integrations. Hence, to
show that the correlation functions which may give rise to
a parity-odd contribution to the anomaly do cancel, we
have checked that for each contribution of this type there
is always a contribution with the opposite sign. This leads
to the conclusion that the renormalized, by minimal
subtraction, gravitational effective action carries no
parity-odd Weyl anomaly—see discussion right above
Sec. I A. Finally, we believe that the formal reality of the
correlation functions should be preserved in the regular-
ized theory since it comes from the reality of the classical
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action and should be taken as a fundamental property of
the quantum theory.

Let us end with a comment. There is no known
topological interpretation of the Weyl anomaly; in particu-
lar, there is no known relationship with any index theorem.
In this respect it is interesting to highlight the work [20]
where the exact form of the one-loop beta function of QCD
is recovered from an index theorem on twistor space.
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APPENDIX: SOME COMPUTATIONAL DETAILS

As an example of the standard techniques used to obtain
the results displayed in this paper, we shall give here some
details of the computations to be done to reproduce the
results in Sec. IT A 2.

To calculate 7,; in (2.10), one needs to work out the correlation function

(g0 (e )k (o0 EL ()80 (03B (g Yoo, 8 () )1

(A1)

A trivial application of Wick’s theorem leads to the conclusion that the previous Green function is equal to

senendigios (&) ), (5
- (B ),

Now, the free propagators—see Ref. [15]—in the previous
equation read as

(@R 0), = [ L pouGilp)e ),
(@0 0)), = [ Ll poutilp)e .

<a§f,i>(x)§éi)(y)>0: / (ij; miepaGi(p)e P,

(EWE0), = [ Ghmensipere
(9805 01), = [ SZominlensGi(prer.

(A3)

(x2)9,, &8 (x5))
i 121201 12)) (988 (12)85) 1) |

REGUENEHENNE

(A2)

The substitution of the free propagators in (A3) in
Eq. (A2), and some algebra, yields the correlation
function in (Al) in terms of its Fourier transform. This
expression for the Green function in (A3) substituted in
(2.10) yields (2.11). Notice that, on the one hand, the
product of three free propagators in the second line of
(A2) does not contribute to the parity-odd part of 7,;, for
it leads to the trace of the product of only two Pauli
matrices. On the other hand, the computation of the
contribution to 7,; coming from the first line of (A2)
demands to work out the trace over the product of four
Pauli matrices, which yields a term involving the e***°
pseudo-tensor.

Finally, Eq. (2.12) can be obtained in a completely
analogous way.
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