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Asymptotics in the bi-Yang-Baxter sigma model
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Working in a sector of large charge is a powerful tool to analytically access models that are either
strongly coupled or otherwise difficult to solve explicitly. In the context of integrable systems, Volin’s
method is exactly such a large-charge approach. In this note, we apply this method to the bi-Yang-Baxter
deformed SU(2) principal chiral model. Our main result is an explicit expression for the free energy density
as an asymptotic expansion. We moreover determine the leading nonperturbative effects both via analytic

methods and a resurgence analysis.
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I. INTRODUCTION

In recent years, the large-charge expansion [1-3] has
proven to be a powerful tool for accessing models that are
otherwise difficult to treat analytically. A prime example are
strongly-coupled conformal field theories (CFTS). It allows
one to express the observables as an expansion in inverse
powers of a large and fixed global charge. Also in scenarios
where there is already a certain amount of control over the
model, working in a large-charge limit brings additional
advantages.' One limitation of the technique is encountered
in the case of two-dimensional strongly coupled CFTS.
Because of the special structure of the two-dimensional
conformal group, in this case fixing the charge results in the
decoupling of a free boson and the rest of the theory remains
inaccessible [13,14].

Large-charge methods, however, are not restricted to
CFTS. They can also be used for integrable models, which
despite being integrable are often hard to solve explicitly
[15]. The reach of well-understood models can be increased
by studying their integrable deformations. The Yang-Baxter
(YB) deformation is an important class of them and has
generated a lot of interest [16—18].

The idea of using a simplifying limit is of course not a
novel one and has been widely employed in the past. In the
integrable context, the thermodynamic Bethe Ansatz (TBA),

lExamples are the large-N limit [4-6], epsilon expansion
[7-9], or superconformal field theories [10-12].
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which applies in the case of large particle number, large
system size and fixed density, is exactly such an example.
Even so, it is in general hard to solve. Volin’s method
[19,20] provides an efficient way of expanding the integral
equations. In technical terms, the idea is to write both the
energy and the charge density as function of the size 2B of
the support of the density of the rapidity distribution y(6).
For large density p — oo, B also diverges, and we can use
this fact to express the observables as perturbative expan-
sions in 1/B.

In this paper, we apply Volin’s method to the bi-Yang-
Baxter (bYB) model, which is a two-parameter deformation
of the principal chiral model (PCM). Having chosen the
charge density as a control parameter, we also need to
specify how the renormalization group (RG)-invariant
parameters of the theory, denoted p; and p,, scale with
it (or, equivalently with the parameter B). We consider the
limit in which p; — oo, keeping p; = p;/B fixed and large,
which corresponds to the limit where the deformation
parameters of the theory, denoted # and ¢, are small. Our
main result is an explicit derivation of the free energy,

b3 T 1 2
e(p)zipzap(p(ap):5p2<ap+0{/2,<§+;>+...>, (1.1)

where ¢(a,) is a convenient adimensional quantity, p is an
appropriate combination of the p;, and a,, is the p-dependent
coupling that satisfies

L —%log(ap) — log (4 2—”(1 —3> ﬁ>, (1.2)
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with m the mass gap, i.e., the mass of the lightest charged
. 2 .

particle.” For p — oo the coupling a, goes to zero and we

can write explicitly the leading terms using the asymptotic

expansion of the Lambert W function, since «a, =

2/ W(x/e(8p/m(1 -2/ p)). ’

T 1
e(p) = Eﬂz <log(%)

wofs(2)))

Here, we compute the first nonperturbative contribution
as well as its coefficient, and confirm the result via analytic
methods. After a resurgence analysis, we find for the
transseries of e/p? for the bYB at large p,

log(log (%)) + 2 — log(327) + 3
Z(IOg(%))2

(1.3)

e

b2 8i _2 4 4
?NE% <(p(a/,) Foew (1 +;> + O(e™)

ro(h) )

where ¢(a,) is computed up to first order in 1/ p.

Both Volin’s method and the analytic approach to
deducing nonperturbative effects involve the TBA equa-
tions as well as the Wiener-Hopf (WH) decomposition of
the TBA kernel. However, in practice, these methods play
complementary roles to one another, allowing us to check
either method against the other.

The Wiener-Hopf technique has, in fact, been previously
applied to the bi-Yang-Baxter sigma model (in the form of
the SS model) in the work of Fateev [21] without taking the
aforementioned p; — oo limit of the RG-invariant param-
eters, where it was shown that the free energy consists only
of nonperturbative exponential terms without perturbative
series multiplying them.” On the other hand, the bYB
model is a deformation of the bosonic principal chiral

(1.4)

Here we adhere to the standard thermodynamics conventions
and call free energy the energy as function of the charge Q
(canonical ensemble). Its Legendre transform is the grand
potential E(h), which is function of the chemical potential /
(grand canonical ensemble). We wuse the normalization
&(h) = E(h) — E(0), where in a volume V and total Euclidean
time f, the energy E per unit volume is defined as

1
— — lim — ~p(H-hQ)
E(h) v.zy—{loo Vi log Tre .

To be precise, Fateev first studied the SS model (a theory with
three scalar fields with Sine-Gordon-type interactions) and
showed that particles in this model have an S-matrix involving
two Sine-Gordon factors. The SS model and a certain sigma
model were shown to have the same free energy in a certain large
charge limit. This sigma model was shown to be equivalent to the
bi-Yang-Baxter sigma model in [22].

model, whose free energy involves nonperturbative expo-
nential terms that are each multiplied by a perturbative
series. It is important to understand how these results are
related in the p; — oo limit, and this is one of the main
motivations of our work.

We note that there has been previous work by Schepers
and Thompson [23] on resurgence in the bi-Yang-Baxter
sigma model. However, our approach and setup differs
significantly from theirs, especially in utilizing Volin’s
method to generate a long perturbative series for the free
energy. We intend to address the connection between our
work and theirs in future studies.

The plan of this note is as follows. In Sec. II, we briefly
review the bYB as a YB deformation of the PCM. We first
give its Lagrangian and renormalization group equations
(Sec. I A), and discuss the coupling to a chemical potential,
the resulting symmetry structure, and its TBA equations
(Sec. II B). Next, we introduce Volin’s method (Sec. II C). In
Sec. 111, we apply the method to the bYB model. We first
perform a large p; expansion of the function G, that arises
from the Wiener-Hopf decomposition of the TBA kernel
(Sec. I A) and then write the perturbative series for e/p? in
a double-scaling limit. In Sec. IV, we use this perturbative
series to determine nonperturbative properties of the bYB
model via a resurgence analysis. In Sec. V, we perform a
perturbative calculation to verify our earlier results. In
Sec. VI, we summarize our findings and present some
further directions. In the Appendix, we give the precise
relationship between the TBA kernels of the bYB model
and the PCM.

II. THE BI-YANG BAXTER MODEL
A. Lagrangian and RG

Let us start reviewing some of the key aspects of the
so-called bYB model. Its Lagrangian reads

1 1
=—=Tr|lg'0,g——+——=g'd_g]. 2.1
Lyys P r(Q +97Z R, — CRg _g) (2.1)

The field g takes values in a simple Lie group G with Lie
algebra Lie(G) = g. R is a constant operator on g, acting
in the adjoint representation Ad X = gXg~', and R, =
Adg‘lRAdg. This model is a deformation of the PCM;
turning off both deformations, i.e., = ¢ = 0, we find

1
Lpcy = —;ng_l‘hgg_la—g)- (2.2)

0
The PCM has a G; x Gy global symmetry. If we turn on
the n-deformation alone, we break G, to a subgroup G,

whose elements commute with the operator R. This is
usually called the YB deformation of the PCM.* Turning on

*See e.g., Ref. [24] for a nice review on integrable deformations.

125023-2



ASYMPTOTICS IN THE BI-YANG-BAXTER SIGMA MODEL

PHYS. REV. D 112, 125023 (2025)

both deformations further reduces the global symmetry to
G; x Gy, where G also commutes with R.

In this work, we will focus on the bYB deformation of
the G = SU(2) PCM with

0 -1 0
R=|1 0 0 (2.3)
0 0 0

In this setup the original global symmetry SU(2); X
SU(2)y is broken down to U(1), x U(1)g.

The renormalization group (RG) properties of the SU(2)
PCM are well-known. It is an asymptotically free theory
and the beta function for the coupling a is

d 1
= —da =
“

1
_ 4t 3t 5
Sﬂa 64”261 + ...

p(a) (2.4)

It is convenient to rewrite it in terms of the coupling
a=d?/4n.

1

pla) = —a? —§a3 +..., (2.5)

so that in presence of the deformations the RG-flow
equations take the simple form [26],

pla) =-a*(1+(n+ )1+ (-0 + ...,
Plan) =0+ ...,
plag) =0+ ...,

(2.6)

where the ellipsis stands for scheme-dependent terms
occurring at order o and higher. In the case of just
one coupling constant, only the first two terms are RG-
independent, while with more than one coupling, only the
first term is independent. The products an and al are one-
loop RG invariants. Our analysis shall utilize the equiv-
alence between the bi-Yang-Baxter sigma model and the SS
model studied by Fateev in [21], which holds when 7 and {
are imaginary. For our future convenience we introduce the
quantities

T o T
P2 =5t

P1 (2.7)

" 2iay’
that are the RG invariant parameters of the SS model.
The identification between the parameters can be found

by comparing (2.6) with the RG-flow equations of the
SS model.

3In the literature sometimes the label 7 is used to indicate the
PCM coupling. So in our notation, we would have a = /2 of
Ref. [23] or a = t/4x of Ref. [25].

B. TBA and coupling with chemical potential

As is well known, the bYB model is integrable. We can
couple an external field to a conserved current and write the
thermodynamic Bethe Ansatz equations. By doing so, as
observed by Polyakov and Wiegmann [27], we are able to
compute the free energy exactly as a function of this
external field £, which plays the role of chemical potential.
Unfortunately, these equations are too complicated to be
solved analytically. However, by taking 7 — oo, we can
probe the ultraviolet (UV) of the theory and calculate the
free energy in perturbation theory as done in [27—40] and
more recently [41-54].

For general values of the deformation parameters, our
model has a U(1); x U(1), symmetry, so we can couple it
to two external fields /; and hg. The values taken by these
fields are fixed by asking for a given charge configuration
(Qr, Q) of the corresponding ground state. Different
charge configurations are described by different compo-
nents of the S-matrix.

In the following, we will use a different representation of
the bYB deformation in terms of the two-parameter Fateev
model (also known as the SS model) [21], which was
shown to be equivalent to the bYB model in [22]. One
subtlety in this mapping is related to the fact that Fateev’s
model is a deformation of the O(4) o-model, and the
SU(2) x SU(2) symmetry of the undeformed PCM model
is the double cover of SO(4),

SU(2) x SU(2)
{(L1),(-1.-1)}

In Fateev’s model, the natural (unbroken) charges corre-
spond to the Cartan generators of SO(4), which are related

to Q; and Qp by

{Q1:QL+QR,
0> =0 — Ok

SO(4) =

(2.8)

(2.9)

The double-cover structure implies that, while Q; and Qp
can be integers or half-integers as representations of
SU(2) x SU(2), only pairs such that Q; and Q, are
integers are allowed as representations of SO(4).

In this work we will concentrate on the sector with
Q; fixed (and large) and Q, =0, which in the unde-
formed model corresponds to the completely symmetric
representation of SO(4) with Q boxes, and in terms of
SU(2) x SU(2), to the “axial” U(1) charge. Note that this
configuration cannot obtained by setting 4, = 0, simply
because the Lagrangian has a nontrivial target-space metric.
In Fateev’s words, one needs a “compensating field” [21].

Our goal is to compute the energy density e as function
of the particle density p (we are in the canonical ensemble)
in the limit in which the number of particles O and the
length of the system L go to infinity, at fixed p = Q/L. In
the TBA, this is obtained by computing the density of the
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rapidity distribution y(6) which satisfies the integral
equation,

2(0) - /_ " 40K - 0)4(0) = meosh(6).  (2.10)

B

Here, we have indicated explicitly the boundary of the
support of y(8),
supp(y) € (-=B, B), (2.11)

and the kernel K(6) is the logarithmic derivative of the
S-matrix,

The main advantage of the two-parameter model that we
have chosen is that its S-matrix factorizes into the product
of two copies of the S-matrix for solitons in the sine-
Gordon model,

SbYB (9) = —§5G (9) ® SSG (9)’

P1.P2 r=pr1 Y=pP2

(2.13)

where p; and p, were introduced in Eq. (2.7). As explained
by Fateev [21], this model can be described in terms of two
coupled Sine-Gordon models. When the parameters satisfy
p1 =1 and p, > 1, there are four different types of
particles in the theory. We shall be interested in these
ranges for p; and p, in what follows.

( )—2—m,£10g(5(9))9 (2.12) In our configuration, only particles of type 1 (with
Q; #0 and Q, = 0) condense. This corresponds to pure
soliton-soliton scattering Sy;(0) = —s,, (0)s,,(6), where
|
$56(6) = exp i/°°d_a)sin(9w) Sillh(ﬂ:.(]/ -1w/2)
—o 2w cosh(zw/2) sinh(zyw/2)
o d
= exp |:l/ 2—wsin(9w)(1 — coth(zyw/2) tanh(ﬂw/2))} . (2.14)
0 20
Thus, the scattering kernel appearing in the TBA _1
equations will be b= 2 (p1log p1 + p2log po
= (p1 + p2)log(py + pa) +log4), (2.19)

KP78(0) = - 1og (~539(0)530(0)).

= — 2.1
2ri dO (2.15)

and computing its Fourier transform K*Y%(w), we find
sinh(z(p, + py)o/2)
sinh(p,zw/2) sinh(p,ww/2)
(2.16)

- 1
1 - KB (w) = Etanh(zra)/Z)

Now that we have the TBA equations ready, we can
prepare to solve them perturbatively at large chemical
potential. To do so, we will use the Wiener-Hopf method
[55]. Its key step is the decomposition of the kernel in terms
of the product of two functions, analytic in the upper and
lower halves of the complex plane,

1
1-Kw) =———7—. 2.17
)= 6 (@6 @) &17)
For our model, G**8(w) = G?"8(-w) and
) 1/2 B iw,iw
GYYB(w) = e~ibw (p I 2) _(i 2> 2 )” . (2.18)
2p1p2 B(=5*, =52)

Here, B is the beta function B(x,y) = T'(x)['(y)/T'(x + y),
and b is the parameter

so that G5Y2(ix) = 1 + O(1/x) for x = 0.

C. Volin’s method

In this section, we briefly review a powerful technique
for extracting long perturbative series starting from the
TBA equations introduced by Volin [19,20].6 The method
allows one to systematically find the ground-state rapidity
distributions in the weak-coupling regime corresponding to
the limit B > 1. We list here the main steps since we will
build upon them later. Volin’s method involves computing
the resolvent,

R(0) = /_ ? a9 29) (2.20)

g 0-0"

distinguishing the bulk (8 far from £B) and an edge (0
close to the branch cuts at +B) limit, both with B > 1.
Through this approach, we obtain two Ansdtze. By ensur-
ing their mutual consistency we find algebraic constraints
that lead to a perturbative expansion of the observables.

®For an organic introduction, see Chapter 6 of Ref. [56].
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The bulk limit is the double-scaling limit for which

B,0 > o with u=6/B finite.  (2.21)
In this limit, it is possible to rewrite the TBA equation (2.10)
in terms of the resolvent (2.20) and shift operators.7 From
there, an Ansatz in terms of a power series in 1/B can be
deduced for the resolvent. In models in which K(0) = 1—
which is the case for bosonic systemsg—the bulk Ansatz

takes the form,

co  m+n nmk H/B)kmodZ
— ZA n;O;Bm —n— ]/2 02 Bz)n+1/2

(me(355))

We will show that in the limit where p; — o0, this Ansarz is

also relevant to the bYB model, even though it is not

bosonic [in the sense that K(0) = 1] before taking the limit.
In the edge limit, we have

(2.22)

B,0 > o0 with z=2(0—-B) finite.  (2.23)

In this regime it is convenient to work in Laplace space and

exploit the WH method introduced in the previous section.
The Laplace transform of the resolvent is defined as

ko) = [ eRG),

ico+0 2mi

(2.24)

and we use the Ansatz

N meBG (i) 1 1 Zoo 0
R = 7(; 2. J— n,m .
(S) 2 +( lS) <S +%+ BsanBm+nsn>

(2.25)

Now, what is left to do is to match the two Ansdtze for the
resolvent in the overlapping regime of validity of the two
double scalings. By doing so, we will fix the coefficients
Cumk and Q, . The limit for which the matching pro-
cedure has to be performed is

B,z > o with z/B—0. (2.26)
In terms of the dual variable s, this is s — 0 and we find an
expansion in powers of s and log(s) at each order in 1/B.
This will be matched, after an inverse Laplace transform, to
an expansion of the bulk that in the overlapping limit of
Eq. (2.26) turns out to be organized as a series in

A shift operator is an operator that acts on a function as
DF(z) = F(z+1i), so D = e,

8See Sec. 3.3.6 of [56] for a detailed discussion of the
distinction between bosonic and fermionic systems.

(z/B)"log(z/B)" at each order in 1/B. Concretely, follow-
ing this procedure, we find a sequence of linear equations
that fix the coefficients ¢, ,,, and Q,,, order-by-order.

From here, using the definitions of the density p and the
energy density e,

o) =[x, emy=m [ Ty

it is straightforward to obtain

(0) cosh(0),

(2.27)

A = Como—C A
B)=mePv/B= (14 —0mO_0mL) = meb\/B=p,
p(B) =me \/_ﬂ< +m:1 B me fﬂp

(2.28)
2 08 A° i’: I
eB)=m*e’ 5= |1+ —» 2710,
nk —oB" =
AZ
= mZEZBWE, (229)

showing explicitly that B — oo is a large charge density
limit. The normalization is composed of the constant k
which is related to the function G, (w) as

G, (iw) = k/vVo(l + O(w)) (2.30)
and of the prefactor A = kG, (i)\/2x/4—the same as in
the bulk Ansarz. Note that the constant A drops if we
consider the ratio e(p)/p?*.

In order to have a series expressed in terms of an actual
running coupling, it is best to define a p-dependent
coupling a, via
L = 1)log(a,) = log (¢ (2.31)
I — a, ) = — 1, .

a, el% E\m

where m is the mass gap, and & and ¢ are model-dependent
constants. The parameter £ is related to the RG of the
model, while ¢ « 1/(kG_(i)).

The p-function of a, reads

Bla,) = —a2 —Ea} + ... (2.32)
For p — oo, @, is infinitesimal and can be used to write

weakly-coupled perturbative expansions. Crucial for the
method is the fact that 1/B has a simple power series,

Z b,ay.

n=1

(2.33)

Da\'—

Finally, a natural adimensional combination to study is
e/p?. For bosonic models, as well as the bYB model we
study here, one defines

125023-5



MEER ASHWINKUMAR et al.

PHYS. REV. D 112, 125023 (2025)

e
a,9(a,) = kz;, (2.34)
so that
pla,) =1+ Zcia;,. (2.35)
i1

III. PERTURBATIVE EXPANSION
FOR SMALL DEFORMATIONS

A. The kernel and the Wiener-Hopf decomposition

The free energy for the bYB model was previously
derived by Fateev in [21], where it was shown to consist

In this limit, as shown in the Appendix, we find

only of nonperturbative exponential terms without pertur-
bative series multiplying them. As we reviewed above, the
bYB model is a deformation of the PCM, and for the latter
model, the free energy can be written in terms of a
transseries that involves nonperturbative exponential terms
that are each multiplied by a perturbative series. Our goal is
to understand how these results are related in the limit
where the RG-invariant parameters are large, i.e., the p; — oo
limit.

It turns out that the expansion of G5Y%(w) at large p, and
p» makes this function amenable to Volin’s procedure,
allowing us to write our observables as long perturbative
series in a, and the deformation parameters.

1+6(17 l

1+p2)w

2 1
W tpa)al T O(<<p1+p2>w>3) + -

G (0) = 61 (a)

RENERY
i 2 1 i 2 1
<1 T 6o TR T O((pnw)3) + > (1 T 8o~ (psa? T O(<p2w>3> + )

where the ellipses denote exponentially suppressed terms,” and where

61 (@) =

e—iwlogZ 1"(1 _ i%)2

/~Fiw T(1 - iw)

(3.2)

is the function G, for the SU(2) PCM [or, equivalently, the O(4) nonlinear sigma model].
If we combine the deformation parameters as x = p,/p, = n/{, we can rewrite Eq. (3.1) so that G5Y8 (@) is expressed in

terms of GEM together with corrections in powers of 1/p,

617%() = G2 (w) (1 -

p]—a) 12x(1 + x)

The Stirling approximation used to derive (3.1) is valid
since we will take w to be positive and imaginary, and p;
and p, to be positive and real. These conditions on p; and
p» follow since we defined # and { to be imaginary in
Sec. IT A. In fact, for { = 0, this corresponds to the case of
the A-deformed principal chiral model to which the Yang-
Baxter sigma model is related via Poisson-Lie T-duality
[26,58,59], with the deformation parameters related as

(3.4)

A study on the A-deformed model using similar techniques
to ours has been presented in Ref. [53].

°The relation (3.1) is based on Stirling’s approximation, which
is an asymptotic series that is itself resurgent. See [57], for
example, for further details.

L) (L )

(3.3)

Different values of the parameter x correspond to differ-
ent regions of the double deformation. For example, for
x —» oo and x =0, we obtain the one-parameter Yang-
Baxter deformation (also called #-deformation). For x = 1,
we have the configuration with = {; the so-called critical
line for this model that corresponds to the single-parameter
n-deformation of the sigma model on S° interpreted as the
coset SO(4)/S0O(3), following the formulation of [60,61].

Interestingly enough, this type of series expansion appears
only in the functions G derived with the WH technique.
Had we tried to expand directly the kernel of the TBA, we
would have found only exponentially suppressed terms,

1 - K" (@) = (1= KPM () (1 + e77@P1 4 e7m@P1¥ 1)
= tanh <”2w) (14 e7™@P1 4 emm@P1x ),

(3.5)
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ASYMPTOTICS IN THE BI-YANG-BAXTER SIGMA MODEL

PHYS. REV. D 112, 125023 (2025)

The perturbative expansion in the deformation parameter
1/ p,, which is crucial for our analysis, only appears after the
WH decomposition.

B. Perturbative series

We still need one more step before we can use Volin’s
technique. Let us define

Now, up to quadratic order in 1/(p;w), G58(w) in
Eq. (3.3) can be expressed as a series in powers of 1/p,
which is small since we are taking p; > 1."° Since both P
and B are taken to be large, we need to specify their
relationship. We choose to consider the double-scaling
limit in which

(3.6)

p= % is fixed and large. (3.7)

If we rewrite our edge Ansatz (2.25) in terms of p, its
analytic structure matches the one of the bulk defined in
(2.22) which is the relevant one for bosonic theories with
K(0) =1, and we can follow the procedure outlined in
Sec. I C. We compute the resolvent in both the bulk and the
edge regime for the bYB sigma model, with the coefficients
Cnmi and Q, ,, expanded in series of 1/p. From there, we
can compute p and e as functions of 1/B. Recalling the
relation between e and & and p and p defined in (2.28), we
obtain, at first order in 1/p,

1, 1 9 1
it= 5t +
é:1+4 3p+32 212 +128 3%2,:
B B B
1872 + a5 — )
+ BZ + (3.8)
3, 1 15 1 105 5 3¢(3)
-4 L b 1 A0 o> 4y Sl
- 8 T 6p 128 " 16p 1024 — 256p 64
=1
e L B
4725 35 9%E3) , <B)
59ce — nges T +
T 32768 T 20487 128 T 128p
]';4 LR (3.9)

In our expansion, we have k = /2/z. The prefactor A is,
instead, proportional to G_ (i), so it has a nontrivial p
dependence. By expanding for large p and keeping
corrections up to the first order in 1/p we find

""The expansion of G%"2(w) at cubic and higher orders in
1/p will in general have coefficients that have explicit depend-
ence on Xx.

(3.10)

1 2
A= (1-2).
2V2 p

Finally, to compute a series for the energy density in
terms of a,, we use Eq. (2.31) with £=1/2 and

¢ =4./2z/e(1+2/p),"" which allows us to write the
parameter 1/B as a series in a

p?
1 = R
3= E,l b,ay, (3.11)
where the first few coefficients are given by

1 1 2

by =1, by =—=, by =-+—,

1 2 7 373 b

4 19 3¢(3) 4
by =——, bs = —— —. 3.12
Tp ST 64 T p (3.12)

Putting everything together, we find, up to the first order
in 1/p and using the notation introduced in Eq. (2.34), the
series

a 1 2 5 33
o(a,) :1+3”+ag(1+5> +ag<ﬁ—%)
a4<§—£(3)+i_>+
4p

P\96 64
Or, equivalently, in terms of p = Bp, using the expansion
in Eq. (3.11),

=1+ <1+2>+ 2<1+1>
ola,) =1+a,(5 o) e\t
55 30) >
T (16 2
53 9¢(3) 1 3¢(3)

We have computed this series up to the 39th order in a,,.
As a consistency check, we note that taking |p| — oo, or in
other words, the RG-invariant quantity a,n — 0, our series
in Eq. (3.14) becomes the one of the undeformed PCM,

@o(a,), as expected.'”

(3.13)

(3.14)

" Also the constant c is a function of p through G (i) and we
expand it.

"It should be noted that this result is not symmetric under
n — —n and { — —¢, although the bi-Yang-Baxter sigma model
has such a symmetry upon dropping a B-field. This is expected,
since the S-matrix (2.13) does not have such a symmetry.
Moreover, the dual SS model studied by Fateev [21] also does
not have this symmetry even at the classical level, meaning that it
is not a symmetry of the quantum theory.
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IV. TRANSSERIES AND RESURGENCE

The perturbative series (3.14) is asymptotic in the
coupling a,. Thus, it is just a part of a more generic
transseries that also contains nonperturbative terms. In this
section, we will investigate the large-order behavior and the
resurgence properties of this series at order 1/p.

The undeformed model. Let us start with the zeroth order,
i.e., the SU(2) PCM [or equivalently the O(4) nonlinear
sigma model]. The study of its resurgence structure has been
performed in detail in multiple works [42—-44,47,48,52]. Let
us review the main ingredients here. We have

e
p—2~<D0(a/,,Ci), (41)

where ~ indicates “asymptotically equivalent to” and
<I>0(ap, C*) is a transseries of the form,

a 2 2
CI)O(apv Ci) = k_g <(p0(ap) + Z e aﬂ(p(g)(ap’ Ci)) . (42)

i=0

It consists of the perturbative series ¢,(a,) and nonpertur-

bative contributions. The C* are the transseries parameters.
In particular, the first correction is entirely due to an infrared
IR renormalon and is simply

(4 _2 _4
@y (@, C*) =5 (90(@,) + Crleeme ™ +O(e7™))).

(4.3)
The =+ is associated to a two-fold ambiguity that compen-
sates the ambiguity present in the resummation prescription.
Indeed, if we indicate by s the lateral Borel resummations
we have

e
? = si(CDO)(ap;Ci). (44)
The value of the leading transseries parameter is
8i
Ctloem =F o (4.5)

In general, the first IR renormalon contribution corre-
sponds to a term in the relative ground-state energy &
independent of the chemical potential /4, and thus it is
related to the vacuum energy of the model at 4 = 0. This
contribution comes from the pole in @ = i that arises when
studying the TBA equation via the WH procedure [62]. It
is, therefore, possible to express it entirely in terms of the
kernel decomposition function G, [47]. For bosonic
models, like the PCM, the leading transseries parameter is

N 2 k? N
Cf == GL)GLI+0). (4.6)

-4 -2 5 4
—1F
_9f
FIG. 1. Borel plane with the positions of the singularities for the

Padé-Borel [18/18] of our series ¢;(a,) in red.

In fact, if we plug into this equation the function GEM
from Eq. (3.2) and the appropriate values of ¢ and & for the
SU(2) PCM we find the value of Eq. (4.5). Several
numerical checks of this value—starting from the pertur-
bative series ¢(a,) looking at the large-order behavior of
its coefficients or Borel resumming it—have been per-
formed in the literature [43,44,47].

First-order terms in 1/p. We can now move on to the
first-order corrections in 1/p that we have computed. Let
us write our perturbative series ¢(,) as

1

p(a,) = po(a,) + S (a,)- (4.7)

Unsurprisingly, the series ¢, (a,) is also divergent in a,. Let
us study it in more detail. First of all, we can compute its
Padé-Borel transform and plot the poles in the Borel plane,
see Fig. 1. As expected, they condense on the real axis, up
to —2 on the negative side and starting from 2 on the
positive side.

This indicates the presence of two leading singularities,
namely a UV and an IR renormalon. With this in mind, we
can study the large-order behavior of the coefficients of

@1 (a,) = >, hyal,. It is given by

h,~27"S, T(n+b,)(14+O(n™"))
+ (=2)""8_T'(n+b_)(1 +0O(n™")). (4.8)

The parameters b, and S, are related to the discontinuity
across the positive real line and, in turn, to the first
correction in the transseries. We have

S(g1) (@) ~ 218, 20 e e 4 (49)
Thus, the Stokes parameter S, = —i(Cy — Cl) is
S, = 2x8 2, (4.10)

and, finally,
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- 2-by
-
* 27i

(Cr =Cf).

(4.11)

Having computed the first 39 coefficients 4,,, we can
extract a numerical estimate for them. Defining

2nh2n+l 2n_]h2n
k, = , 4.12
S )l (2n)! (4.12)

we find that

k
b, = nlog <k—+1) +1 (4.13)

n

will approach b, for n > 1. Once a good estimate for it is

obtained, one can compute an estimate of S, via the
combination

_ 2nh2n+l 2n_1h2n
" T(2n+1+b,) T(2n+b,)

(4.14)

Syt

for n > 1. Moreover, we can use the Richardson transform
to accelerate the convergence of these sequences. Starting
from our coefficients, we find for the b-sequence and for its
fourth Richardson transform

biy = 0.0436.... (4.15)

b\Y = 0.0000221.... (4.16)

They point towards a value of b, = 0. Computing the
sequence s,, with b, =0 we find

s1g = 3.7468.... (4.17)

Since we have the analytic form of the transseries

parameter C; we can use it to compute the correction at

the order 1/p we are interested in. Plugging in the values

for the bYB model expanded at large p, we find at first
order in 1/p

4 1~ 8i 4
Ct v =CF 1+—)=Cf —Cf=F—(1+—).
1 bYB lPCM< +p) IPCM+p 1 :Fe< +p>

(4.18)

In particular, the contributions from G (i) and G_(i £ 0)
cancel, and we are left with the one coming from ¢. We can
now compare this number with the one coming from the
study of the large-order behavior of ¢;(a,). Using
Eq. (4.11) with b, =0, we find

.3
5, === (4.19)

er’

-3.740F °®

—-3.745F .

-3.750F

—-3.755F

0 5 10 15
n

FIG. 2. The sequences s, and its 4th Richardson transform
5(4), in blue and orange, respectively. They approach the solid
black line at the value S, = 32/(ex).

Computing the difference with the last values of our
sequence s, and its Richardson transform, we have

515 — S, = 0.0436..., (4.20)

s\W 8, =-565...x 1075 (4.21)
This indicates good agreement between the prediction from
the perturbative series we have calculated and the analytical
value, see Fig. 2.

Let us collect our findings for the transseries of e/p?* for
the bYB at large p,

e 104

8 _2 4
P oy -
p* 2 (40(%) M e ‘ (1 +P>
_4 1
Lo +o<_) +)
( ) p2

where ¢(a,) is the series (3.14), computed up to first order
in 1/p. Calculating further orders in this parameter can be
achieved by expanding the kernel decomposition function
G, up to higher orders, keeping in mind that in general,
there would also be dependence on x = p,/p, at cubic and
higher orders in 1/p. This could be interesting in order to
further study the nature of the series in 1/p and to
investigate the corrections exponentially suppressed in p,
whose presence is indicated by the ellipsis in Eq. (4.22). We
will discuss them in the remaining part of this section.

Let us look in more detail at the h-independent term of
the relative ground state energy. It has the form

(4.22)

2

&(h) > 226G, ()G (i £ 0).

i (4.23)

The real part of this term is the vacuum energy of the
model,
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2

E(0) = Re (Z‘—” iG, ()G (i + 0)) . (424)

while the imaginary part represents only the IR renormalon
contribution. Plugging into the expression (4.23) the
function G2 from Eq. (2.18), we get an entirely real
quantity,

bYB(()) _ _m_ZSin(Plﬂ/z) sin(p,7/2)
0= 4 sin((py + p2)r/2)

(4.25)

This matches the result presented in [21] where this model
has been studied. Let us now expand this quantity for p;,
and p, large keeping track of all the terms. If we expand it
for p; = +i|p;| and p, = +i[p,| and take [p, [, |p,| — oo,
we find

sin(py2/2) sin(pon/2) _ @ (1 — (el 4 el — 2mInl+lpaDy § gorll +pz|>n)_ (4.26)

sin((p1 + p2)n/2) 2

The zeroth-order term is precisely the one responsible for
the IR renormalon contribution in the PCM model that we
had discussed before in the canonical formalism.
Perturbative corrections in 1/p; and 1/p, arise just in
the canonical formalism in the model that we studied. In
fact, we have seen that they originate from c¢. As far as
nonperturbative corrections are concerned, we can deduce
from this expansion that terms of the type e~ "71l, e=IP:
will populate the transseries for e/p?.

One of the main goals of this work is to understand the
relationship between the free energy in the PCM, which
includes a perturbative series, and that of the bYB model,
which does not, by exploring the limit from the latter to the
former. We have found that in the limit where the
deformation parameter 1/p (which is 1/p; in the case
of a single deformation) is small, the perturbative series
indeed approaches that of the PCM. We only derived
perturbative corrections in 1/p up to linear order, but
further perturbative corrections at higher orders are
expected. A resurgence analysis for a perturbative series
in the deformation parameter is expected to give rise to the
nonperturbative corrections of the type %71l and e~
We leave a detailed analysis for future work.

V. PERTURBATIVE EXPANSION
FROM THE SIGMA MODEL

In this section we will use perturbative methods to
confirm the prediction that there are no #-dependent terms
in the free energy of the YB sigma model up to one loop
when working at leading order in #, as we observed in
Eq. (3.14) [recall the relation between n and p given
in (2.7)].

We will study the YB sigma model in the form,

n=0

for g€ SU(2) and R given in Eq. (2.3). We want to study
the system in the weak-coupling regime, so we need to
write the action of the operator R as explicitly as possible.
Let T, =io,, a =1, 2, 3 be the generators of the algebra
su(2). First we decompose

1
=rA, +Vr(1-7)R,

= 5.2
where y = 1/(1 + %), and the operators A and R act on
the 7| and T, as a rescaling and a rotation,

1 1
A:(Tl,Tz,T:;) [ad <;T1,;T2,T3), (53)

R(T\, Ty, T;3) = (T2, —T,,0). (54)
We would like to express the action in sigma-model form
up to linear order in 7. To this end we employ the
parametrization

g = exp (4’ ; 4 T3) exp(0T) exp ((0 ; 4 T3).

The .A-dependent part of the action can be expressed in
sigma-model form with the target-space metric of a
squashed sphere,

(5.5)

1
G = —(d6? + cos?(0)d¢? + sin?(0)d¢?
2na

+ (y = 1)(cos?(0)dg — sin?(0)dg)?). (5.6)
Since the dependence on the deformation is linear in y, it is
also quadratic in #, and at leading order in # the contri-
bution from the metric to the free energy is the same as in
the undeformed PCM.

The R-dependent part of the action leads to a B-field
term of the form
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d*xe0,00, (¢ — ¢) cos() sin(F), (5.7)

/B:_L
2na

where the Levi-Civita tensor has the components
€™ = —e~" = 1. This B-field term is a total derivative,
and vanishes unless there is nontrivial holonomy of fields
along a cycle of the torus worldsheet. Generically, this term
will give corrections of order 7, and therefore we expect that
it contributes nontrivially due to the presence of terms odd
in 7 in (3.14). Here we want to zoom in on the leading-a
contribution, which is obtained by expanding in powers of
the field 6,

/ B= —ZL / dxe00,00,(p — ¢).  (5.8)

104

Now we need to couple our system to a chemical
potential so that the ground state has the same charge
configuration as described in Sec. II B, which in terms of
SU(2) x SU(2) generators is (Q/2,Q/2). At the order at
which we are working this is obtained by simply replacing
the derivative in the time direction with

%09 = dog + h(Qg + 9Q). (5.9)
where Q has the form
1 50
==-T;= . 5.10
o > 15 (0 _%> (5.10)

In our parametrization, only the field ¢ transforms (non-
linearly) under this U(1), so the modification to the action
is just a shift in the time derivative of ¢ by h. The
contribution from the B-field involving the chemical
potential is thus

1
/B:—hq/dzxﬁalﬁ.
2ra

To quadratic order in the fields and leading order in #, the
Lagrangian is then

(5.11)

1
L =5 —(0.00.0+ 0,40 §+0,90_¢ — 10"

+ h? 4 nh00,0). (5.12)

We can now compute the one-loop contribution to the
grand potential by computing the determinant of the kinetic
operator,

1 -0 —h>+nho, 0 O
M=— 0 -* 0 |,

(5.13)
g 0 0 -

for example, by way of zeta function regularization

log detM = —{},(0). (5.14)
Here, we have introduced the mass scale x (to make the
eigenvalues of M dimensionless) and the zeta function is

£ai(s) = Te(M—) = —— A "9 i Te(e). (s.15)

[(s) t

We only need to consider the @ field, as in our para-
metrization the ¢ and ¢ fields each have the kinetic
operator of a free massless boson which contributes a
constant. The one-loop contribution coming from the
kinetic operator of @ then arises from the zeta function

Vi [oodr ek
— s —t(k*+inhk;—h )’ 5.16
K:M(s) F(S) /) t / (2”)26 ( )

where V is the regularized volume of two-dimensional
spacetime, and k are spacetime momenta. Now, the
n-dependent kinetic term can be written as

hn 2 2h2
—0% — & + nho, — > = =03 — <a1 —7'7) +"T—h2,

(5.17)

and the Fourier transform of this quantity is k3 +
(ky + ihn/2)* + n*h? /4 — b

The k; integral is over the whole real line, so it is
invariant under the shift k; — k; — ihn/2. It follows that
the ¢ function is

Vu? [ dt N d%k )
Luls) = =2 / = et / — e L O(pP)
0

I(s) t (2r)?
25 i 2-2s
:%HQW). (5.18)

This expression has manifestly no contribution of order
O(n). In other words, at this order in a, the one-loop
partition function (and hence the free energy) is the same as
for the undeformed PCM. This result is in agreement with
the prediction of #-independence of the free energy
obtained using Volin’s technique, given in Eq. (3.14), in
which the leading deformation scales as O(a’#) [recall that
the free energy is proportional to ag(a)].

VI. CONCLUSIONS

Volin’s method is an example of a large-charge expan-
sion. It can be applied in the limit of large particle number
and large system size and fixed and large density.

In this note, we have used it to compute the free energy
density for the integrable bi-Yang-Baxter model in the limit
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of small deformation parameters as a function of the charge
density in terms of an expansion in a charge-dependent
coupling which goes to zero for large charge density. The
bYB model, being a YB deformation of the SU(2) PCM,
for which similar results have already been found in the
literature [42-44,47,48,52], is a representative of an
important class of integrable deformations which have
met with a high interest in the community over the last
ten years.

In order to be able to successfully apply Volin’s method,
we had to first perform a Wiener-Hopf decomposition, and
work in a double-scaling limit, where the B parameter
measuring the charge density is taken to be large with the
ratio p = p/B held fixed and large. We were able to verify
our predictions via an independent perturbative computa-
tion. We furthermore performed the resurgence analysis to
find the nonperturbative behavior of the free energy, going
beyond our original perturbative result. Notably, we com-
puted the first nonperturbative correction and its coefficient.

Based on this work, there are a number of open questions
that we would like to address:

(i) One could further explore the relationship between
our integrability-based result and the perturbative
analysis of the model which we have outlined here;

(i) We have studied the simplest possible charge con-
figuration, corresponding to fixing the completely
symmetric representation of O(4). However differ-
ent charge configurations are possible, describing
other sectors of the theory which are in principle
accessible with similar techniques;

(iii) It would be interesting to include higher-order
corrections in the deformations p; and p,, ideally
leading to a double asymptotic expansion in & and p;

(iv) One could perform a more systematic study of the
nonperturbative physics in terms of the analytic
structure of the function G, in the WH decom-

(vi) It would be interesting to understand the relation
between our results and those obtained by Schepers
and Thompson [23].

We leave these points for future investigation.
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APPENDIX: RELATING G%'8 AND GiM

In this appendix we shall relate G5'% and GYM that
appear in the Wiener-Hopf decomposition of the TBA
kernels for the bYB sigma model and PCM. For the sake of
convenience, we shall work with the quantities G5Y2(2is)
and GEM(2is), defined respectively as

position, as done for example in [47,52,54]; GYB(2is) = s <p1 i p2>z B(s.s) ) (A1)
(v) One could go beyond the SU(2)PCM and try to 2pip2 ) B(pis. pas)
generalize the construction to the SU(N) case,
which have a much richer zoology of sectors and ~ where b is defined in (2.19) and B(x,y)=
deformations; (C'(x)['(y))/T'(x +y), and
|
. s+ 1(s+1) 1
GPCM 2 — —2slogt —. A2
Y SR VTS (A42)
To achieve this, we recall Stirling’s approximation for the gamma function,
i 1 1 139 571 1
I'(z) ~V2rz772e™ | 1 +— - - ol—=] ). A3
(2) ~ V272772 ( 12z T 2882 T 518405 248832020 (z5>> (A43)

z

The series multiplying +/ 27z72¢™ is an asymptotic series, that can be completed into a transseries. Based on this

expansion, let us define
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I'(z)
V275 1e™

where A(z) is a transseries in z. Using the definition of the
beta function, one finds that

= A(z), (A4)

! _ 1 +P2) 'szs_% (/1(171S+P25)>
B(pis.pas) 2z (p))Po 2 (pa)P = \A(P15)A(pas)
(AS)
It then follows that (A1) can be expressed as
GiYB(ZiS) — e2bSLF(S)F(S) 1 (pl + psz)plsﬂ?s
V2 T(2s) 2z (p1)"*(p2)P
A(pis + P25)>
X /5| ———2). A6
(o (40
Using the expression (2.19) for b, we have
2 DU e (A7)

(p1 + pa)(Prir)s

Substituting this expression into (A6), we obtain

iaggy 1T 1
G = TR Vi
w Jso-2ll0gh)s (HP18 + pas)
oot () e
Finally, using the identities
C(s+ 1) =sI(s),
[(2s + 1) = 2sT(2s). (A9)
we find
VB C(s+DO(s+1)
GYYB(2is) = \/_(2)W
x—ie‘z(lo bs Mp15+ pas)
i Gpng): 410
and, using (A2),
bYB(2ig) — GPCM (275 [ AP1S T P2S)
o (aie = 1) () (A

This is equivalent to the result quoted in (3.1).
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