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In this work, we implement a variational quantum eigensolver (VQE) suitable for investigating ground
states and static string breaking in a Z2 lattice gauge theory (LGT). We consider a two-leg ladder lattice
with Kogut-Susskind staggered fermions and verify the results of the VQE simulations using tensor
network methods. We find that for varying Hamiltonian parameter regimes and in the presence of external
charges, the VQE is able to arrive at the gauge-invariant ground state without explicitly enforcing gauge
invariance through penalty terms. Additionally, experiments showing string breaking are performed on
IBM’s quantum platform. Thus, VQEs are seen to be a promising tool for Z2 LGTs, and could serve as a
stepping stone toward studies of other gauge groups. We find that the scaling of gradients with the number
of qubits is favorable for avoiding barren plateaus. Furthermore, strategies that avoid barren plateaus arise
naturally as features of LGTs, such as choosing the initialization by setting the Gauss law sector and
restricting the Hilbert space to the gauge-invariant subspace.
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I. INTRODUCTION

Gauge theories, i.e. field theories with a local symmetry,
are the theoretical foundation for the description of particle
physics. At the same time, analytical access in the non-
perturbative regime is often not possible. One way forward
is lattice gauge theory (LGT), in which space-time is
discretized on a lattice [1]. In this framework, matter fields
are assigned to the lattice sites, while gauge fields are
associated with the connecting links, all while maintaining
gauge symmetry. In particular, this discretization allows for
a numerical approach with sophisticated Monte Carlo
methods.
While Monte Carlo methods have demonstrated excel-

lent predictive power for static problems, they are limited
by the sign problem in certain parameter regimes, leaving
many relevant questions unanswered. This has triggered the
ongoing effort to develop quantum and quantum-inspired
methods for LGTs, such as tensor networks (TNs), to
overcome these limitations. Current quantum processors
are a long way from being used for realistic simulations of
gauge theories. Successful demonstrations have been car-
ried out for low-dimensional toy models [2–14] of

confinement [15–19], and scattering dynamics [20–25].
For reviews, see, e.g. Refs. [26–30].
In this work, we apply a variational quantum eigensolver

(VQE) to a Z2 LGT [31] on a two-leg ladder geometry
coupled to Kogut-Susskind fermions [32].
In so doing, we are able to recover ground state

properties and to explore static string breaking. The two-
leg ladder lattice is an intermediate step between one and
two dimensions. It is the simplest geometry that features
magnetic plaquette interactions, and therefore all of the
terms of the LGT Hamiltonian, while still being efficiently
verifiable using tensor network techniques. The simplicity
of the Z2 LGT is amenable to noisy intermediate-scale
quantum (NISQ) devices, while still exhibiting complex
phenomena, such as confinement.
Confinement is the mechanism that explains why iso-

lated quarks or gluons are not observed in nature. The
dynamical process of string breaking is fundamental to
confining gauge theories, and is described by quantum
chromodynamics. Using Z2 LGT as a toy model, we
investigate static aspects of string breaking as a conse-
quence of confinement. At large values of the coupling,
when two charges are confined in the Z2 LGT, by Gauss
law they are necessarily connected by an electric flux tube.
Increasing their distance leads to a linearly rising potential.
At large distances, it becomes energetically favorable to
break the flux string, and here this is done by forming an
additional pair of charges. In addition, at intermediate
values of the coupling, a roughening transition can occur,
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which is a phase transition where the confining flux tube
becomes rough, i.e., its transverse fluctuations become
significant. This transition has recently been observed in
TN simulations [33].
Here we study this problem using VQEs. VQEs are

hybrid quantum-classical algorithms for estimating expect-
ation values and are widely studied in the NISQ era as they
do not require error-corrected qubits. They are among
numerous quantum approaches to study LGTs in the NISQ
era [34–37]. However, they have no provable guarantees, so
the question remains: are there problems that variational
quantum algorithms are better suited to solve compared to
classical methods?
While we do not yet have the quantum hardware to

answer this question, recent investigations of variational
quantum algorithms have unearthed many issues. In par-
ticular, there seems to be a connection between the train-
ability of a VQE (the absence of barren plateaus) and
efficient classical simulation [38]. Thus, it is important that
proposals involving barren-plateau free VQEs consider the
scaling with system size and the effects of noise.
We observe features within the framework of Z2 LGT,

and LGTs in general, that are compatible with common
strategies for avoiding barren plateaus. Warm starts are one
such strategy, where one initializes close to a solution,
where there may be narrow gorges [39] in the search
landscape. Analogously, for investigations of LGT, it is
necessary to initialize to some Gauss law sector, which
thereby restricts Hilbert space into a direct sum structure of
superselection sectors [40]. The search process for a VQE
is benefited by constraining to a subspace of Hilbert space
[41]; by gauge symmetry for LGTs, this is the subspace of
the gauge-invariant (GI), physical, states.
We draw upon these features using two types of Ansatz

circuits. One is restricted entirely to the symmetric sub-
space of physical states by being composed of gauge
invariant terms. The other has overlap with states outside
of the physical subspace, but nonetheless learns the correct
gauge degrees of freedom. Thus it is not necessary to
impose gauge invariance by use of penalty terms, that can
generally impede training. For the simulations we consider
scaling with system size and numbers of shots, to find good
convergence of ground states and can witness static string
breaking. Results are also obtained using IBM’s quantum
hardware, where we perform experiments in the region of
the transition into the string-broken phase. These findings
underscore the usefulness and suitability of VQEs in the
investigation of LGTs.

II. BACKGROUND AND METHODS

A. Lattice gauge theories

The defining feature of gauge theories is invariance
under local transformations. This leads to the presence of
a local conservation law or a continuity equation that

determines the interplay between the matter and gauge
degrees of freedom. In the Hamiltonian formulation using
temporal gauge, this results in an additional constraint
known as Gauss law [32].
Lattice gauge theories (LGTs) provide a means to probe

gauge theories numerically. Numerical studies such as
those using Monte Carlo techniques are limited by the
sign problem in certain parameter regimes, thus a long-term
goal for quantum computing is to access these intractable
regions. One way to discretize gauge theory considers
placing matter sites on the vertices and the underlying
gauge group acts on the connecting links.
The pure gauge part of the theory is constructed

following Ref. [31] and the lattice notation for the two-
dimensional ladder geometry we consider is illustrated in
Fig. 1. When the underlying gauge group is Z2, the unitary
operators acting on the links fulfill the Z2 algebra, so they
can be rewritten in terms of the Pauli matrices X and Z. For
the ladder geometry, the resulting pure gauge part of the
Hamiltonian is given by

Hg ¼ −μ
X

l;k¼x;y

Xl;lþk̂

−
X

l

Zl;lþx̂Zl;lþŷZlþx̂;lþx̂þŷZlþŷ;lþx̂þŷ; ð1Þ

where the operators act on the links emanating from the
matter site with coordinate l ¼ ðlx; lyÞ∈Z2, and x̂, ŷ are
unit vectors in x and y direction. The first part of this
equation is the electric energy, where X takes the role of an
electric field. The second term corresponds to the magnetic
energy contribution and represents a product of the Z

FIG. 1. Features of LGTs on the two-leg ladder lattice. The
LGT specifies matter sites and links between them pertaining to
the underlying gauge field. The arrows on the links show the
orientation of the lattice. We have labeled Êx and Êy the
orientations of the electric field and the ring labeled P̂ indicates
the magnetic plaquette term. For the vertex l, we have indicated
the notation for the adjacent link and matter site that is one unit
vector x̂ across. The red arrows show how we linearly arrange the
qubits to perform the Jordan-Wigner transformation: we count
sites from the leftmost lower corner, then traverse upwards, then
rightwards along the lattice. The alternating colors of the matter
sites illustrate the coupling to staggered fermions where the sign
alternates. On this diagram we have also included an example
string configuration, through the solid arrow connecting two
charges that have been placed. The overlapping circles show the
change in sign, indicating the placed charges.
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operators on a plaquette of the lattice. The parameter μ > 0
tunes the relative strength between the electric and mag-
netic energy.
To couple the theory to fermionic matter, we consider

Kogut-Susskind staggered fermions [32]. This formulation
essentially corresponds to separating the spinor compo-
nents to different lattice sites, resulting in alternating the
signs of the masses and charges across the lattice as
reflected in the orange and blue coloring in Fig. 1.
Then the terms representing the gauge-matter interaction

and the fermion mass read

Hm ¼ J
X

l;k̂

ðϕ†
l Zl;lþk̂ϕlþk̂ þ H:c:Þ

þm
X

l

ð−1Þl1þl2ϕ†
l ϕl; ð2Þ

where J;m > 0, ϕl is the spinless fermionic operator at site
l, and the connections Zl;lþk̂ lift the gauge symmetry to be
local for this Hamiltonian, that otherwise consists of
nearest-neighbor interactions. In the limit J → 0 the gauge
and matter fields do not interact, hence we refer to it as the
non-interacting limit.
The physical states satisfy Gauss law, which constrains

the ingoing and outgoing electric flux on the links from a
matter site and relates the staggered charge. In terms of the
Z2 algebra, ∀ l and physical states jψi, Gljψi ¼ qljψi,
where ql ¼ �1 and

Gl ¼ ð−1Þl1þl2ð−1Þnl
Y

k̂

Xl;lþk̂

Y

k̂

Xl−k̂0;l: ð3Þ

The prefactor represents the different nature of the odd and
even lattice sites, and we define the number operator
nl ¼ ϕ†

lϕl. Following Ref. [17], we interpret ql ¼ 1 as
the absence of a charge, whereas a value of ql ¼ −1
corresponds to a static charge at site l. Depending on
the point of the lattice, the operators acting on the links are
replaced by the boundary condition Xl;lþx̂ → 1 (see
Ref. [17] for details).
Since ∀ l, ½H;Gl� ¼ 0, Gl is a local symmetry that

decomposes the Hilbert space into separate sectors depend-
ing on the charge. Taking into account the staggering, we
can consider the Gauss law sector of the states we perform
calculations with.
For simulations of LGTs, it is necessary for physical

results to be gauge invariant, making it necessary to enforce
Gauss law. One way to enforce gauge invariance is through
penalty terms that are proportional to (3). Gauge-invariant
states subject to gauge-invariant operators remain in this
physical subspace, i.e., the symmetry remains intact. This
subspace is still exponentially large, while being nontrivial
to split into further gauge-invariant subspaces [42,43].
Incorporating terms proportional to (3) allows for

enforcing Gauss law, where infinitely massive static

charges can be introduced to the theory by setting the
corresponding ql ¼ −1. A consequence of Gauss law is
that a pair of charges placed on matter sites in vicinity of
each other are necessarily connected by a flux tube or
string. These charges experience a linearly rising potential
that is proportional to their separation.
From a certain distance onward, it becomes energetically

favorable to break the string, which creates an additional
pair of charges. This is known as static string breaking, and
is depicted in Fig. 1, where a configuration of a string is
shown between two sites with charges, indicated by the
opposite coloring. Static string breaking and confinement
has also been investigated for Z2 LGT in the following
works: [17,33,44,45].
Then, the total Hamiltonian is as follows:

H ¼ Hg þHm þ V
X

l

ðGl − qlÞ†ðGl − qlÞ; ð4Þ

with V > 0. Placing charges amounts to adding penalty
terms on the appropriate site with the opposite sign.
To compute expectation values of this Hamiltonian on a

quantum computer, we perform the Jordan-Wigner trans-
formation [46] on the matter Hamiltonian (2) that couples
to fermionic degrees of freedom. For this we must choose a
linear ordering of the fermions. The gauge part and penalty
terms already consist of Pauli operators. In Fig. 1, the
ordering zigzags from the bottom left qubit to the top, then
running across the rungs towards the left, as indicated by
the red arrows. Subsequently, we translate the fermions to
spins using ϕl ¼

Q
k<lðiZkÞσ−l , with σ� ¼ 1

2
ðX � iYÞ and l

being the linear index of the ordering of the fermionic fields
as described.

B. Variational quantum eigensolver

VQE [47] is a well-established hybrid quantum-classical
algorithm for computing expectation values of some
observable. On a quantum processor, one can make a
choice of rotation and entangling gates to form an Ansatz
circuit UðθÞ that prepares families of quantum states
jψðθÞi ¼ UðθÞjψ ini. An approximation for the ground
state jψi of a given observable H minimizes the cost
function:

CðθÞ ¼ hψðθÞjHjψðθÞi: ð5Þ

For observables formed of tensor products of simple
Pauli operators, the quantum processor can efficiently
evaluate the expectation value. A classical optimizer then
improves on this guess of parameters θ, thus completing
this quantum-classical loop.
The choice of Ansatz must carefully balance incorpo-

rating physical information of the problem, i.e., being
expressible, with being trainable. Expressibility is the
extent to which the ensemble of unitaries generated by
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the Ansatz contains the unitary that is “close” to that which
minimizes the cost. Then for classical gradient-based
optimizers, trainability indicates that the cost landscape
manifests large enough gradients to optimize the param-
eters and minimize the cost function. Barren plateaus occur
when the gradients of the cost function (5) become
exponentially suppressed with the system size. Thus the
features we require of the VQE seem to be at odds—deeper
circuits are in general more expressible, but by construction
are susceptible to barren plateaus.
Circumstantially, there seems to be the additional issue

that the trainability of a VQE implies that it is classically
simulable. We can avoid barren plateaus by using Ansatz
circuits that explore smaller regions of Hilbert space related
to the underlying problem structure. One way to reduce the
dimensionality of the parameter space is to apply the
symmetries of the system. Herein lies what enables efficient
classical simulation—this reduction tends to identify some
polynomially large subspace [38].
As such, it is possible to diagnose barren plateaus from

the size of the dynamical Lie algebra (DLA) spanned by the
gate generators. In [48] it is conjectured that the variance of
gradients of the cost function scale inverse polynomially
with the dimension of the DLA. However, while a small
DLA may avoid barren plateaus, a polynomial-sized DLA
implies the problem is classically simulable [49].
These are important considerations for Ansatz design. A

choice of Ansatz that considers the available native gates is
known as a hardware efficient Ansatz (HEA). Whereas an
Ansatz based on unitaries formed of the problem
Hamiltonian is known as the Hamiltonian variational
Ansatz (HVA). For the Hamiltonian consisting of k-local
terms, H ¼ HK , where each HK consists of commuting
Pauli operators, the HVA can be written [50,51] as

jψðθÞi ¼
Y

K

expð−iθK HKÞjψ0i: ð6Þ

Initialization strategies to avoid barren plateaus have
been proposed for both the HEA [52] and HVA [53].
However, while warm starts and related initialization
strategies show promise for VQEs, they are not guaranteed
to find the global minimum. Nor does there exist a general
approach in subspaces containing the solution. This occurs
for only a vanishing fraction of problem instances [39].
In [54] it is proven that local Hamiltonians training finite

or logarithmic local-depth circuits (FLDC) will not encoun-
ter barren plateaus. Here the two-dimensional Toric code is
considered, which is a variant of the pure gauge part of the
Z2 LGT. In general FLDC cannot be classically simulated
for two dimensions and higher.
VQEs are considered promising NISQ era algorithms

since they do not require error correction, however they
have no provable guarantees. To ask what problems can test
VQEs at scale invokes questions of trainability, so we know

more and more the limitations of VQEs. It is then crucial to
identify problems that are average-case hard to solve
classically while being barren-plateau free.

C. Tensor network states

In order to be able to access larger system sizes beyond
what can be straightforwardly done with exact diagonal-
ization, we use numerical methods based on matrix product
states (MPS), a particular kind of one-dimensional tensor
network. Given a lattice system with local, d-dimensional
bases, fjikigdik¼1, the MPS Ansatz for the wave function jψi
of a system with open boundaries is given by [55,56]

jψi ¼
Xd

i1;…;iN¼1

Mi1
1 Mi2

2 …MiN
N ji1i ⊗ … ⊗ jiNi: ð7Þ

In the expression above, the Mik
k are complex χ × χ

matrices for 1 < k < N and Mi1
1 (MiN

N ) is a χ-dimensional
row (column) vector. Thus, for a given set of indices ik, the
coefficients of the wave function are parametrized by a
product of matrices, hence the name of the Ansatz. The
matrix size χ, commonly referred to as the bond dimension
of the MPS, determines the number of parameters in the
Ansatz and limits the maximum amount of entanglement
that can be present in the state.
MPS can be used as a family of variational Ansätze to

compute the ground state of a (local) Hamiltonian. To this
end, the energy expectation value is variationally mini-
mized by successively updating a tensor while keeping the
others fixed. At each step, the optimal tensor is found by
determining the ground state of an effective Hamiltonian
describing the interaction of the site with its environment.
Iterating this procedure until convergence, the final MPS
provides an approximation for the ground state of the
Hamiltonian. A detailed review on MPS methods can be
found in Ref. [57].
Note that in order to apply the MPS approach to our

ladder geometry, we have to map the local degrees of
freedom sitting on the vertices and links to a linear chain.
This does not create interactions whose range scales with
the system size, so the resulting one-dimensional mapping
can generally be addressed efficiently with MPS.

III. RESULTS

In this section we present the findings of numerical
experiments simulating VQE and experiments using IBM’s
quantum hardware. First we motivate the choice of Ansatz
circuits. We then consider questions of scalability and
classical simulability. We go on to show results for ground
state estimation and static string breaking, while consid-
ering fixed numbers of shots and the presence of noise. The
numerical experiments are verified using tensor network
calculations, and in doing this we find cases where the VQE
can identify the ground state, while the TN converges to
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local minima, so that those TN simulations require the
addition of penalty terms.
Classical simulation of the VQE was performed using

Pennylane [58], and we have used Qiskit [59] to interact
with IBM’s quantum platform. We use the classical
optimizers SLSQP [60] and SPSA [61], where we find
SLSQP to be more performant. The estimated energies are
compared against TN calculations that use the ITensor
library, where we run a standard two-site algorithm updat-
ing two neighboring tensors [62,63].

A. Choice of Ansatz

We consider two forms of Ansatz circuit seen in Fig. 2
that we label GI and one based on Z-interaction gates (ZZ)
that we go on to explain. In the figure, the red gates
represent state initialization and in green we include one of
the parametrized repeating layers. For the simulations we
are limited to three plaquettes (that amounts to 18 qubits)
and use no more than three layers, to find good approx-
imations of the ground state. One layer of the GI Ansatz for
one plaquette requires 17 parameters, while for ZZ it is 21.
Qubits are assigned starting from the bottom left corner of
the ladder (Fig. 1) and then traversing up then left. In this
way, the qubit assignments run as matter- link- matter-
qubits, then link- link-qubits.
The state initialization step selects a Gauss law sector,

which corresponds to different configurations of static
charges. In Fig. 2(a) the initial state is the zero charge
sector, where Gljψi ¼ jψi, ∀ l. In the Ansatz, the alter-
nating X gates take into account the staggering. Common to
all of the initializations to Gauss law sectors is the
Hadamard gate H acting on each of the link qubits.
Not including the state initialization step would lead to

slow convergence of the VQE or trapping in local minima.
For the GI Ansatz, it is necessary to initialize in the correct
Gauss law sector. In Fig. 2(a), we have initialized to the
zero-charge sector. The alternating X gates take into
account the staggered fermions. Placing charges in the
theory changes the Gauss law sector. Practically, this
amounts to adding an extra X gate to the matter qubit

with the charge. For the ZZ Ansatz we can initialize to any
charge sector, so we choose that which uses the fewest
gates, as can be seen in the simpler state initialization step
in Fig. 2(b).
Then for the evolution, enforcing gauge invariance can be

difficult on a quantum computer since introducing large
penalty terms can lead to barren plateaus. Preserving gauge
invariance is also difficult, since errors in the system evolution
can push the state outside of the physical Hilbert space. One
way to enforce and preserve gauge invariance is by con-
structing a gauge-preserving Ansatz [17,64], and shown in
Fig. 2(a). The GI Ansatz is a Hamiltonian variational Ansatz
[53], where the parametrized unitaries are each of the terms
from the Hamiltonian equation (4). Upon transforming
Eq. (2) to spin degrees of freedom using the Jordan-
Wigner transformation acting on the relevant matter and link
qubits, the kinetic term introduces the unitaries proportional
to, e.g., exp ð−iθ=2X ⊗ Z ⊗ Z ⊗ YÞ.
We also consider a simpler Ansatz, that is presented in

Fig. 2(b) and we refer to as ZZ. In this Ansatz, multiqubit Z
rotation gates such as RZZZ and RZZZZ are placed where
three- and four-body interaction terms appear in the
Hamiltonian, i.e. the gauge part in Eq. (1) has 4-body
plaquette interactions and the kinetic part of the
Hamiltonian in Eq. (2) introduces 3-body interactions
along the edges connecting matter sites (see Fig. 1).
Link qubits are acted on by X rotations for the gauge
field, and the matter qubits have the freedom of X, Y, Z
rotations. In measurement-based quantum computing
(MBQC) [65], such multiqubit Z rotations can be imple-
mented using one ancillary qubit connected to the relevant
n qubits [66], so this Ansatz probes the use of such
interactions. The choice of simpler gates also makes this
Ansatz more hardware efficient (HE).
Furthermore, this Ansatz is gauge invariant when we

initialize close to the angle θ ≈ π for all the parametrized
gates, allowing relaxation beyond the gauge-invariant sub-
space, as seen in Fig. 3. Here we plot the fidelity of the
resultant state for 100 samples at each stage of the
optimization with the Gauss law operator Gl (3) to check
for Gauss law violations. The typical number of iterations
to arrive at the physical subspace is seen through the
standard deviation. This behavior can be seen to be generic,
providing an idea of how the optimization explores the
physical Hilbert space and its boundary. While the GI
Ansatz remains gauge invariant throughout the noiseless
optimization, we expect the ZZ Ansatz would require the
enforcement of Gauss law through penalty terms. However,
regardless of the Gauss law sector initialization, the VQE
can learn the gauge-invariant ground state.
In the investigations we find that using shallow depth

circuits (up to three layers), the VQE with either Ansatz is
able to arrive at good approximations of the ground state,
while for the ZZ Ansatz, it is able to learn the correct gauge
degrees of freedom in the absence of penalty terms.

(a) (b)

FIG. 2. The Ansatz circuits considered in this work. These are
circuits for the simplest example of one plaquette. The red gates
set the initial state, while the green gates are parametrized, and
form the repeating layers. Here we use the shorthand X → RXðθÞ,
so each green gate has associated one variable angle. (a) shows
the GI Ansatz and (b) the hardware-efficient, MBQC-inspired
(ZZ) Ansatz.
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To analyze the phenomena of barren plateaus we consider
the scaling of the variance of the cost function with
increasing the numbers of plaquettes (up to 3, and some
instances of 4) and numbers of layers (up to 12). We also
consider the scaling of the dynamical Lie algebra (DLA)
with increasing number of qubits.
In Fig. 4 we plot the variance of the cost function, (4),

with parameters J ¼ m ¼ μ ¼ 1, averaged over 500 sam-
ples (140 for the 4 plaquette case). These are compared to a
HE Ansatz consisting of layers of rotation gates para-
metrized by three angles and entangling controlled X
(CNOT) gates (for one plaquette each layer has 24
parameters). Both Ansatz shows decay of gradients, while
the ZZ Ansatz may manifest larger gradients with increas-
ing number of qubits. The trend suggests that for the
numbers of qubits that go beyond classical simulation and
within the regime of NISQ, the manifested variances are
large enough for training. That is, for VQE applied to this
problem, we obtain accurate approximations of the ground
state with shallow circuits, and the decay of variances is
slow enough, allowing for deeper circuits and larger system
sizes. With more layers the VQE becomes untrainable,
although arguably in the context of NISQ, for deep circuits,
sources of errors would dominate before the issue of barren
plateaus can arise.
To consider the scaling of the dimension of the DLA,

dim g, we take the unphysical scenario of adding one qubit
to the theory at a time and thus its corresponding para-
metrized gates. This is because the compute required to
scale as plaquettes is too high. These results are shown in
Fig. 5, where we see that the one-dimensional problem of

both GI and ZZ Ansatz show exponential scaling. Up to 7
qubits, the two-leg ladder is the same as the one-dimen-
sional chain, so we cannot use these points to compute the
scaling, but we see a larger dim g here.
Thus the Z2 LGT can be interesting for larger scale

studies using VQEs and LGTs generally seem suited to
VQE. For the average case it is not known how best to
initialize in the cost landscape, while in LGT this is
answered for by Gauss law sectors and the physical
subspace. The VQE also leverages symmetries of the
problem, and in this setting this is the gauge-invariant
subspace. A problem is classically simulable if this sub-
space is polynomially sized, but we know the overall
gauge-invariant subspace to be exponential in size [42,43].

B. Ground state estimation

We use VQE to find the ground state over a range of
Hamiltonian parameters, and can be seen in Table I. The
limit J → 0 is known as the noninteracting limit, and with
stronger interactions J, the ZZ Ansatz is seen to perform
less well. This performance is improved by including
penalty terms, with V ∼ J. We consider system sizes up
to three plaquettes, and simulations with up to three
repeating layers (see Fig. 2 for a schematic of an Ansatz
layer). The obtained ground state energy is compared to the
TN calculation.
We show results for varying the numbers of shots,

system size and numbers of layers for an instance of a
Hamiltonian configuration in Fig. 6. Here we use J ¼ 3,
m ¼ 1, μ ¼ 2, up to 3 layers and for system sizes up to
3 plaquettes. We find that with increasing system size

FIG. 3. Average fidelity of Gauss law operator Gl across each
site during the optimization. For the ZZ Ansatz we plot how the
fidelity varies for optimization using SLSQP for the Hamiltonian
with J ¼ m ¼ μ ¼ 1 across 100 runs and we include the standard
deviation at each iteration. In dark green, we initialize in the gauge-
invariant subspace by initializing the angles to π, whereas in light
green this choice is random. Beginning in the subspace, within a
few iterations, the VQE explores states outside of the space to then
return, arriving on the state that minimizes the cost function.When
the optimization begins outside of this subspace, the VQE none-
theless converges upon the state within the physical subspace.

FIG. 4. Scaling of the variance with system size across Ansätze
and numbers of layers. Using the GI, ZZ, and strongly-entangling
HE Ansatz, across 3, 6, 9, and 12 layers, averaged over 500
samples (140 for the 23 qubit case). The generic HE Ansatz
consists of layers of single qubit rotation gates followed by
entangling CNOT gates between pairs of qubits. As the system
size is increased, we see a favorable scaling in the variance,
projecting that gradients remain large enough for training systems
of more qubits, towards the NISQ regime.
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the performance of the VQE remains roughly constant.
For lower numbers of shots, the Ansatz performance is
not increased with increasing layers. We also see that
one layer of the GI Ansatz can obtain good conver-
gence, so the Ansatz is already quite expressive for
this case.

In Fig. 7, we plot the optimization to find the ground
state energy of the Hamiltonian in Eq. (4) with J ¼ 5,
m ¼ 1, μ ¼ 2 and charges placed at (0,0) and (0,2). In this
case the corresponding TN calculation is stuck in a local
minima, with this value plotted as a horizontal line.
In the main plot of Fig. 7 we plot two instances of state

vector simulation of the VQE with the GI Ansatz. In one of
these instances the simulation is able to converge towards
the ground state energy, while the other is an example
where the VQE escapes a local minimum—the local
minima that the TN simulation converges to. In the
subfigure, we plot results for varying numbers of shots
½500; 1000; 5000; 10000�, and we find that the behavior of
the VQE is less affected by increasing the number of shots.
We note here that experiments with fixed numbers of shots
use the SPSA optimizer, which we find to be less perform-
ant than SLSQP in this setting.

C. String breaking

We also use the VQE to investigate static string breaking.
Here we consider the two plaquette lattice, where we
introduce pairs of charges within the theory and increase
the distance between them. In the Hamiltonian of Eq. (4),
this surmounts to introducing site-dependent terms propor-
tional to Eq. (3) that take the opposite sign in the
coefficient. The notion of charge is thus charged or
uncharged. This can be observed for certain parameter
regimes of Eq. (4), where the string breaking critical
distance is on the order of the lattice size. This is true
for the Hamiltonian Eq. (4) with J ¼ 0.5, m ¼ 1.5, and
μ ¼ 1. We present these results in Fig. 8.
String breaking can be seen through the static potential

VðdÞ, where VðdÞ ¼ E0 − Ec, and Ec is the ground state
with charges. The lattice distance d is taken with reference

FIG. 5. Scaling of the dimension of the DLA. For increasing
number of qubits of the GI and ZZ Ansatz and the one- and two-
dimensional LGT. Here we include an exponential and poly-
nomial fit for the one-dimensional cases. For the GI Ansatz the
exponential fitting is given by dimðgÞ ≈ 3.49 × 10−1 21.50n, where
n is the number of qubits, and the mean squared error (MSE)
10.56, while the polynomial fit is dimðgÞ ≈ 5.71 × 10−7 n10.33
with MSE 8550.98. Whereas for the ZZ Ansatz the exponential fit
is dimðgÞ ≈ 5.47 × 10−1 21.98n with MSE 1.63, and then the
polynomial fit is dimðgÞ ≈ 1.04 × 10−3 n8.17 with MSE 258.65.
Up to 7 qubits, the one- and two-dimensional cases are the same,
as the 8th qubit introduces a plaquette term. With this additional
term, the DLA is larger than for the one-dimensional case. Also,
the ZZ Ansatz has a consistently larger DLA since this Ansatz
spans states outside of the physical subspace.

FIG. 6. Performance of the VQE. We variationally estimate the ground state of the Hamiltonian in Eq. (4) with J ¼ 3, m ¼ 1 and
μ ¼ 2, while increasing the number of plaquettes P, i.e., qubits N, numbers of Ansatz layers L, and number of shots. On the y axis we
plot the energy relative error ratio with the ground state energy EGS obtained using tensor network methods. As the system size is
increased, the behavior of the VQE remains stable, which is a good indication for using the VQE for larger system sizes. For each
instance we have taken the average of 20 runs and used the SPSA optimizer.
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to the fermion at (0,0), so d counts the number of links
between this and the second fermion. This means that for
distances d ¼ 1, 2 there are two possible fermion sites to
place the static charge, whereas for d ¼ 3 the only choice is
site (3,1). The values of VðdÞ for d ¼ 1, 2 do not agree
across all the simulations due to boundary conditions, with
this effect being more pronounced at d ¼ 2. Furthermore,
the charge at (2,0) still has the presence of a flux string,
while for (1,1) we find the string vanishes. The effects of
left and right boundary conditions can be mitigated using
longer ladder geometries, however in the y direction the
boundary is sharp so in general VðdÞ will not agree across
the pairs.
Here we use three layers of the more hardware efficient

ZZ Ansatz, so we can go on to implement this with IBMQ.
Running the entire VQE would be too costly, so we
consider the state preparation step that is required at every
iteration. For the simulations we perform full state vector
simulation to obtain the best convergence, although, as seen
in Fig 6, we do not expect using a fixed number of shots to
have a tangible effect. We perform one run of 100 iterations

FIG. 7. VQE optimization of the ground state. Here we consider
the Hamiltonian in Eq. (4) with J ¼ 5, m ¼ 1, μ ¼ 2 and charges
placed at (0,0) and (2,0). The main curves show two instances of
the full state-vector simulation for a single run of VQE optimized
using SLSQP. The bold curve is a generic instance, while the
translucent curve shows the case where the VQE escapes the local
minima. The grey dashed line is the ground state energy
(E ¼ −35.954) obtained using TN methods and we can see
the simulation is stuck in the same local minima. The black
dashed line is the reference TN simulation (E ¼ −39.019) with
the addition of a penalty term V ¼ 100 that we compare our
results with. Without the addition of penalty terms, the VQE is
successful in converging to the ground state. In the inset we show
results also for fixed numbers of shots ½500; 1000; 5000; 10000�
averaged over 15 runs. In the software, rather optimizing with
SPSA enables us to consider fixed numbers of shots. It seems the
final energy does not depend on the number of shots. The black
dashed line is the ground state obtained using tensor networks,
while the blue dashed line is the average of the SLSQP runs. We
note that on average, with this configuration SPSA attains values
higher than if we optimized using SLSQP.

FIG. 8. Observation of string breaking on quantum hardware.
Here we consider the P ¼ 2 plaquette Z2 LGTwith Hamiltonian
parameters J ¼ 0.5, m ¼ 1.5, and μ ¼ 1, which has a string
breaking transition at d ¼ 2. We show results for the ground state
energy with no charges (d ¼ 0) and pairs of charges with one
fixed at (0,0) and another at different lattice sites, with spacing d
from (0,0). There are multiple values for VðdÞ at d ¼ 1, 2 due to
the boundary conditions. The effect is more pronounced at d ¼ 2
where at (1,1) there is one boundary condition and broken flux
string, while at (0,2) there are two boundary conditions and a flux
string. The black line is the mean of the VðdÞ, which shows the
expected behavior of VðdÞ—this is a linearly increasing potential,
up to the point where string breaking occurs and it becomes
energetically favorable to break the string, thus VðdÞ becomes
constant. We plot the results for the TN simulation, one run of the
state vector simulation of the VQE, and state preparation using
the optimized rotation angles from the VQE on ibm_marrakesh.
The IBM results summarize 20 runs on the device, we plot the
average value and error bars. The VQE is performed using three
layers of the ZZ Ansatz. The TN simulations and the VQE
simulations have strong agreement, which means that the result-
ing angle parameters for the state preparation using IBM are close
to the ground state. We see the qualitative behavior of string
breaking and the two phases (existence of string and string-
broken). In the bottom figure we depict configurations of the
lattice at criticality, between d ¼ 2 and d ¼ 3. The expectation
values hPi correspond to the observable hZi on the matter sites
and hXi along the links. With charges placed between (0,0) and
(2,0) (d ¼ 2), we see the presence of a flux string, then extending
this second charge to (2,1) breaks the string, and we can see
the values of hZi becomes flipped, indicating the creation of a
charge.
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of the simulated VQE using Qiskit and then perform the
final optimization loop iteration with those optimized
angles on the quantum hardware. Results were obtained
using IBM’s 156 qubit Heron r2 processor, and the QPU we
use is ibm_marrakesh.
The black dashed line plots the average value of VðdÞ,

where we see a initial linear increase in VðdÞ as the charges
are separated and the flux string grows, then for some
2 < d < 3, it becomes energetically favorable to break the
string by forming two new charges. This behavior is seen in
the lattice configuration plots of Fig. 8. Here we have
measured the observable hZi on the matter qubits and hXi
on the link qubits. The observable hZi tells us the sign of
the staggering and where hXi ¼ −1 indicates flux. In the
upper diagram, we see the presence of a string when a

charge is placed at (2,0). In the lower diagram, where a
charge is placed at (2,1), we see the effects of string
breaking, as the flux string is no longer present, and the
opposite sign of hZi, which indicates charge creation.
Figure 8 also contains results obtained using the QPU

ibm_marrakesh. The experiments use 5000 shots, and each
data point is the average of 20 runs on the device. The
obtained ground state energies are presented in Table II. We
use the built-in Qiskit SDK error mitigation of zero-noise
extrapolation (ZNE) and Twirled Readout Error eXtinction
[67], and for the transpiler we use “high optimization,” so
that the process to select the best qubits in the graph is run
with greater effort and more trials. Idle qubits in a circuit
can invite coherent errors through unwanted interactions
between them, then it is beneficial to use dynamical
decoupling, which works by inserting pulse sequences
that are identity operations on the idling qubits to cancel out
this effect. Operations in our circuits seem to be packed
quite densely, so dynamical decoupling could be ineffective
and thus have an adverse effect due to imperfections in the
pulse sequences. We consider turning this off across a
comparative number of runs, however we find the energy
can be lower than the simulated value.
For the IBM experiments, the best state preparation

performance is in the case without charges. The qualitative
form of the string-breaking transition can be discerned in
the data, however the range of obtained energies is quite
large, yet evenly spread. It can be seen that the charge
placed at (1,1) (purple error bar) and (2,1) appear to have
the same spread of static potential, which is also true of the
simulated data as here the string has already broken. We
disqualify shot noise as having a strong influence on the
data, as repeating the experiments with 100000 shots leads
to similar behavior. It is not possible to distinguish the
individual runs based on the ZNE data at different noise
levels, which suggests some further optimization is occur-
ring in the background. The issue can lie in using “high
optimization,” while choosing gates based on the error
profile can improve average fidelity, it would introduce
greater run-to-run variability. Even for consecutive runs on
the device, the region of the device chosen can vary greatly,
and perhaps the source of error being optimized for is not as
relevant for these experiments. Fixing the layout of the
qubits would make the average performance worse, but
would make the data and ZNE curves more stable, and
given the number of runs (∼20) this may have been the
better choice.
Overall the numbers of interacting gates in the two

plaquette case seems manageable for using IBM quantum
hardware. The GI Ansatz has comparable performance with
fewer numbers of layers, (see Fig. 6) so it would be
interesting to perform similar analysis with one layer of the
GI Ansatz. The degree to which the ZZ Ansatz is hardware
efficient can also be determined in this way. It would also
be important to consider one connected subspace of the
hardware and perform more runs.

FIG. 9. Observation of string breaking in the Z2 LGT on the 3
plaquette ladder lattice. The topmost figure plots the static
potential VðdÞ against increasing lattice spacing d between the
charges. The main plot shows results for one run of VQE using
the GI ansatz. The lattice spacing is measured from (0,0), and one
of the charges is kept placed here. Thus charges at (0,1) and (1,0)
are d ¼ 1 apart, and for these equidistant pairs discernibility in
their values of VðdÞ is due to boundary effects. We also plot
simulated values from one run using the ZZ ansatz. Here the
optimization could have run for more iterations, however due to
the compute time it was terminated here. The values of the ZZ
ansatz are to be used in reference with the IBM results—this is
described in the main text. Here we have also plotted the static
potential of the state prepared on ibm_marrakesh using
the angles from this ZZ VQE simulation. The best result of
five consecutive runs was chosen. In the bottom figure we
depict configurations of the lattice at criticality, between
d ¼ 2 and d ¼ 3.

BARREN-PLATEAU FREE VARIATIONAL QUANTUM … PHYS. REV. D 114, 074503 (2026)

074503-9



Initially we considered three plaquettes of the LGT, where
a string breaking transition can be seen for J ¼ 5,m ¼ 1 and
μ ¼ 3, results for these are shown in the Appendix B and
results for the case μ ¼ 2 are seen in the previous section
Fig. 9. Between the values μ ¼ 2 and μ ¼ 3, there is a
transition such that string breaking occurs at the lattice
spacing d ¼ 3. However, when performing the optimization
with Qiskit, convergence could not be achieved in a
reasonable time so that the state being prepared on the
device was not the optimal. The results indicate that we
should consider smaller system sizes, so we looked at two
plaquettes. Herewe find that the resulting statewe prepare on
the quantum device is already close to the ground state.

IV. DISCUSSION

In this work we use a VQE to investigate a Z2 LGT
coupled to Kogut-Susskind fermions on a two-leg ladder
lattice. We are able to recover ground state properties and
aspects of static string breaking using this technique. In
doing so, we find that Z2 LGTs have features that suit
investigation using VQEs, such as good approximations to
the ground state using shallow circuits and the Ansatz
circuits themselves avoid barren plateaus.
One way to avoid barren plateaus is to use smart

initialization strategies [39]; however, a general strategy
to identify these or to avoid local minima is not known. For
LGTs on the other hand, we always initialize in some Gauss
law sector and would know beforehand which to initialize
in. Further, checking for Gauss law violations can alert as to
whether the solution is a local minimum.
Another way is to constrain the searchable Hilbert space.

This is done through the choice of Ansatz, which is
commonly designed to respect the symmetries of the
problem. Solutions of LGTs are constrained to the
gauge-invariant subspace of Hilbert space, and here we
present an Ansatz of gauge-invariant Hamiltonian terms
that remains in this space. When the subspace spanned by
the Ansatz is polynomial in size, the problem can be
classically simulated. All the while, the full space of
gauge-invariant states is exponentially large [42,43].
In this work we present two Ansatz circuits, one that is

constructed of gauge-invariant Hamiltonian terms, this we
refer to as GI, and another simpler Ansatz called ZZ, that is
composed of multi-qubit Z rotation gates. Despite not
being fully gauge-invariant, nor taking into account qubit
interactions from the Jordan-Wigner transformation, the ZZ
Ansatz is effective for the convergence of the VQE to the
ground state. Further, by tracking the fidelity with the
Gauss law operator, we see how this Ansatz explores
Hilbert space, to arrive in the gauge-invariant subspace.
As such multiqubit Z interactions can be a simple, MBQC
hardware-efficient, way for the Ansatz to capture multiqubit
interactions. Both of these Ansätze demonstrate good
scaling in the variance of the cost function with increasing
system size for reasonable numbers of qubits and circuit

depths. We also come across instances where the tensor
network simulation is stuck in local minima, while the
VQE is able to learn the correct gauge degrees of freedom.
Fundamentally, VQE cannot be implemented in ideal

conditions, so considering the effects of scaling with
system size, number of shots and incorporating the effects
of noise is vital for making such a determination. We find
that even with low numbers of shots in the simulations,
∼500, convergence to the ground state is accurate and the
resulting state is gauge invariant. We also find that when
scaling with system size, this behavior remains constant,
which indicates that for larger systems placed on quantum
devices, the VQE could behave as we expect.
Preliminary studies of the effects of noise are performed

using IBM’s quantum platform. Here we obtain results
using the ZZ Ansatz for a string breaking transition of a two
plaquette Z2 LGT. Since these circuits decompose to
become quite deep, we are surprised to find that with
the default error mitigation, and not fine-tuning the device,
we can arrive at low energy states and distinguish the string
breaking transition. In a limited capacity, we explore this
further, by performing experiments with a three plaquette
Z2 LGT. Here we can also see some hallmarks of the
transition. We would look to see if considering a fixed
layout of a connected region of the hardware would
improve results, and the best error metric to choose qubits.
In future work we would look to perform more experi-

ments using quantum hardware. For smaller system sizes, it
would be useful to perform some rounds of optimization in
the VQE to see whether the resulting state remains gauge-
invariant, and extending to observations of the string-
breaking transition, where it would be interesting to see
if this persists. Furthermore, erroneous results can be
distinguished if gauge-violations are present, which is a
diagnostic we should next time include. We are also
interested in the effects of small penalty terms on the cost
landscape, since small terms in a region ∼J can benefit the
convergence of the ZZ Ansatz. The small penalty terms
may also mitigate noise that can push the state out of the
gauge-invariant subspace. Larger ladder lattice sizes would
mitigate the boundary effects and we have performed
preliminary studies involving square lattices, showing that
we can extend this approach.
The behavior of the GI Ansatz using current hardware

versus the more hardware-efficient ZZ Ansatz can also be
analyzed, which would indicate the practicality of scaling
such a VQE in the NISQ era. For those studies it would be
beneficial to work more closely with the quantum hardware
provider. It would also be beneficial to extend these studies
to other platforms too. For instance the long-range multi-
qubit interaction gates of the two Ansatz may better suit
ion-trap [68] or neutral atom based [69] quantum hardware.
It is also interesting to explore applying the ZZ Ansatz
within the framework of measurement-based VQE [70],
and explore the effectivity of having multiqubit Z rotation
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gates in the Ansatz where the problem Hamiltonian has
many-qubit terms.
Another avenue to explore is to ask why it might be the

case that this Z2 LGT is suited to VQE. Where fault-
tolerant quantum algorithms might succeed and variational
approaches might fail is within the circuit unitaries. Fault-
tolerant quantum algorithms rely on precisely engineered
unitary gates, while VQEs have much redundancy here.
Then perhaps the Z2 LGT benefits from being a theory
made of simple Pauli operators, that is naturally encoded in
terms of qubits. It would be important to extend these
studies to other gauge groups, and to further explore the
relevance of gauge symmetries.
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APPENDIX A: GROUND STATE ENERGIES
ACROSS PARAMETER SPACE

In Table I we present some values for the ground state
energy obtained using VQE across parameter space.

TABLE I. Some values for the obtained ground state energy of Hamiltonian (4) for the two plaquette LGT using
GI and ZZ Ansatz over a range of Hamiltonian parameters J,m, μ. The VQE used 3 layers of each Ansatz circuit, and
the SLSQP optimizer, with 200 as the maximum number of iterations.

J m μ GI ZZ TN

0.01 0.01 0.01 −2.05 −2.05 −2.05
1.0 −7.28 −7.28 −7.28

10.0 −70.05 −70.06 −70.06
1.0 0.01 −5.00 −5.00 −5.00

1.0 −10.25 −10.25 −10.25
10.0 −73.03 −73.03 −73.03

10.0 0.01 −32.00 −32.00 −32.00
1.0 −37.25 −37.25 −37.25

10.0 −100.03 −100.02 −100.03

1.0 0.01 0.01 −6.46 −6.06 −6.46
1.0 −9.66 −9.20 −9.67

10.0 −70.40 −70.24 −70.40
1.0 0.01 −7.41 −7.15 −7.41

1.0 −11.77 −11.64 −11.77
10.0 −73.34 −73.34 −73.34

10.0 0.01 −32.35 −32.28 −32.35
1.0 −37.56 −37.47 −37.56

10.0 −100.20 −100.20 −100.2

10.0 0.01 0.01 −46.64 −41.43 −46.64
1.0 −47.71 −45.22 −47.77

10.0 −92.48 −88.03 −95.51

1.0 0.01 −46.75 −44.30 −46.75
1.0 −48.01 −44.55 −48.05

10.0 −94.39 −92.77 −94.43

10.0 0.01 −56.14 −53.68 −56.14
1.0 −59.25 −56.92 −59.30

10.0 −114.71 −113.55 −114.72
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APPENDIX B: FURTHER DETAILS OF IBMQ
EXPERIMENTS

Here we present those results for string breaking in
the three plaquette LGT, which was discussed in the
main text. We present the best run of five runs of the
VQE for the Hamiltonian equation (4) with J ¼ 5, m ¼ 1,
and μ ¼ 3. The case μ ¼ 2 is discussed in the main text in
Sec. III B. Between these values μ ¼ 2 and μ ¼ 3, there is a
transition such that string breaking occurs at the lattice
spacing d ¼ 3.
The state we arrive at is not fully converged yet as this

would require prolonged compute time, and for this we

found that Qiskit was slow. Yet, the state is gauge invariant,
so we use this. The resultant 141 angles are then used to
prepare the state on ibm_marrakesh.
For the complicated circuits it is encouraging that the

qualitative behavior of the VQE can be seen, but the results
indicate that we should consider smaller system sizes. The
initial angles for state preparation can be improved by using
small penalty terms with the ZZ Ansatz, since this would
lead to faster convergence, so reduced compute time. This
would also introduce another aspect of the experiments that
requires fine-tuning, which was not possible with the
limited access to hardware.
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