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Construction of creation operators which can properly sample the underlying energy eigenstates remains
a fundamental first step in lattice QCD spectroscopy calculations, particularly when the spectrum includes
states with different compositions such as mesons, glueballs, multiparticle states, etc. We tackle this issue in
the study of the scalar glueball and charmonium mixing, where we use improved operators for both types of
states to resolve the low-lying spectrum and identify the dominant composition of each state in a mass
regime where the glueball is stable. We include derivative-based meson operators combined with
distillation profiles, as well as glueball operators built from the chromomagnetic field and its derivatives
which retain angular momentum information from their continuum counterparts. We comment on the
advantages of these operators, particularly on the construction and implementation of the glueball ones,

thanks to which we identify the lightest isoscalar state as glueball-dominated 0.
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I. INTRODUCTION

Whether glueballs, hadrons composed mainly of gluons
[1-3], exist remains one of the most significant open
questions both experimentally and theoretically for the
standard model. These exotic bound states can share
quantum numbers with conventional hadrons [4-6], like
flavor-singlet mesons, and most studies predict glueballs to
be heavier than quark-model states, e.g. the lightest scalar
glueball is expected around 1700 MeV [7] while the lightest
isoscalar scalar meson is the f,(500) below 1 GeV [6].
While the common quantum numbers lead to possible
mixing between glueballs and conventional meson states,
their predicted heavy masses open a wide array of possible
decay channels [8—11]. A recent identification of a possible
pseudoscalar glueball candidate added further interest to
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glueball studies [12]. The lattice quantum chromodynamics
(QCD) community has been a key participant on the
theoretical side via calculations from first principles.
Landmark studies of glueballs in a simplified theory without
quarks [7] were an initial approach to study them, and at
present most lattice QCD calculations include the dynamics
of quarks and gluons together in the simulations, which is a
fundamental ingredient to understand the mixing between
the different states and their decays. Two recent reviews
emphasizing lattice QCD calculations are in [13,14].
There are still other obstacles to overcome. Lattice QCD
calculations rely on Monte Carlo averages. Several of these
quantities suffer from a signal-to-noise problem which is
more severe in the study of glueballs [15,16]. Energies of
different states of interest are extracted from the exponen-
tial decay behavior of Euclidian two-point correlation
functions at large enough temporal separations; however,
these become too statistically noisy before this asymptotic
regime is reached. Significant work is already being
invested into tackling the signal-to-noise problem via the
multilevel sampling technique for mesonic and gluonic
observables [17-30]. The final goal is to use this technique
in the presence of dynamical quarks, where understanding
the mixing dynamics between mesons and glueballs can

Published by the American Physical Society
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shed some light on the nature of these exotic states. The
short-time behavior of the correlation function, where
statistical uncertainty is still small, and therefore, we can
extract useful physical information, is affected by a differ-
ent problem. Here, different states with identical quantum
numbers contribute to the correlation function with differ-
ent exponentially decaying terms. Since the temporal
separation is not sufficiently large for the lightest state
with slowest decaying exponential to dominate, we often
cannot reliably extract the energy of the lightest state. The
coefficients of these different terms are dictated by how
well the hadron creation and annihilation operators used in
the correlation function sample the true energy eigenstates
of the theory. Operators which mostly resemble only the
state of interest and not any others will lead to a faster
convergence to a single exponential decay, and therefore, to
a reliable extraction of the corresponding energy at short
time separations. While there are some prescriptions on
how to choose operators that are somewhat close to
satisfying this condition, it is not possible to know a priori
the “perfect” operator, and additional techniques, like the
formulation of a generalized eigenvalue problem (GEVP)
to help determine it [31,32], are almost always used.

In this work we continue our efforts to study the scalar
glueball [33] albeit in a theory where this state is expected
to be the lightest one. We extract the isovector and isoscalar
JP€ = 0" spectrum in N, = 2 QCD with two degenerate
clover-improved Wilson quarks, each one at half the
physical charm quark mass. With an isovector pseudoscalar
(“pion”) of mass 2.2 GeV, a scalar glueball around
1.7 GeV is well below the 2-pion threshold. This makes
the state stable while also ensuring a strong exponential
suppression of the contributions of two-particle states to the
correlation functions. We pay special attention to the operator
construction for both mesons and glueballs, choosing those
with continuumlike structure similar to the method put
forward by the Hadron Spectrum Collaboration (HadSpec)
[34,35] to better sample the energy eigenstates of the theory.
For the glueball-like operators we use the continuumlike
construction in terms of the chromomagnetic component B;
and its gauge-covariant spatial derivatives D; [3,36].

II. LATTICE ENSEMBLE DETAILS

We use an ensemble, denoted Em1, with lattice size
48 x 243 and two degenerate dynamical nonperturbatively
O(a)-improved Wilson quarks [37,38] with the mass set
to half the physical charm quark mass, periodic boundary
conditions for the gauge links and Wilson plaquette gauge
action. The hopping parameter is x = 0.13270 and the
bare coupling is g3 :%, resulting in a lattice spacing
a = 0.0658(10) fm [39,40] and flow scale [41,42] 2—‘1 =
1.8486(7). We use the technique of optimal distillation
profiles which we presented in [43] using this same
ensemble, and so, we reuse the distillation data we
calculated there, i.e. perambulators and elementals.

Algorithmic details on how the distillation vectors and
perambulators were calculated can be found there. As in
that study, we use N, = 200 distillation vectors. The Em1
ensemble has around 30,000 gauge configurations; how-
ever, we measured perambulators only on a subset of 4080
configurations. Nonetheless we will also report on the
glueball measurements performed on the full statistics,
since these require no inversions of the Dirac operator and
are therefore relatively cheap to evaluate.

ITII. OPERATOR CONSTRUCTION

The GEVP formulation [31,32,44] remains the most
robust approach to extracting the energy spectrum based
on building a temporal correlation matrix from a set of
linearly independent lattice hadron creation operators shar-
ing the same quantum numbers. In the absence of statistical
noise and in the limit of infinitely large temporal separation,
this approach can resolve N distinct energy levels using N
operators as long as the energy states have nonzero overlaps
with the states created by the operators. However, in realistic
calculations there are additional complications. The signal-
to-noise problem present in the correlation matrix directly
impacts the GEVP, and the uncertainties of extracted
energies of states higher up the ladder of excitations usually
become increasingly large. In turn, the signal for these high
enough states is lost before a reliable plateau can be found.
While the reference time of the GEVP can be systematically
chosen for faster convergence of the effective masses [32],
this requires going to larger values of time separation, which
is also challenging since the correlation matrix is not
necessarily positive-definite once the statistical noise is
large. Furthermore, if the operators used for the GEVP do
not have a large enough overlap with all states in the
spectrum of interest then one or more could be missed by
the GEVP; i.e., the extracted finite-volume spectrum lacks
one or more states. To avoid this, lattice calculations attempt
to saturate the spectrum by including operators with the
same quantum numbers but different numbers of (anti-)
quarks [45—48], gauge covariant derivatives [34,35,48-50],
quark and gauge link smearing levels, etc.

A. Meson operators

Here we focus on a specific strategy widely used by
the Hadron Spectrum collaboration to build one-particle
meson operators with fixed lattice angular momentum
R=A,A,,E, T, T, starting from operators having fixed
SO(3) angular momentum J = 0, 1,2, 3, ... [34,35]. Since
the cubic group is a subgroup of SO(3), operators which
generate an irreducible representation (irrep) labeled J in
SO(3) generate a representation, not necessarily irreduc-
ible, of the cubic group [51,52]. Some examples of this
subduction relation are 0 > A;, 1 > T, 2> E®T,.
Operators of a lattice irrep R are also labeled by the
continuum J from which they were built and are expected
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to mostly overlap with that same J as the continuum is
approached. The overlaps in the spectral decomposition of
correlations built from operators in different lattice irreps
coming from a common J continuum operator are related to
each other, and this serves to identify the dominant J for
each energy level across all lattice irreps [35]. For example,
with this approach we can tell which states in the ladder of
excitations of the A, irrep correspond to J = 0, J = 4, and
higher values of J. This is particularly useful for charmo-
nium studies where the 17~ states J/y, w(2S) and w(3770)
lie below the 37~ state y3(3842) which is then followed by
the 17~ w(4040); telling apart J = 1 and J = 3 is funda-
mental to disentangle these states in a lattice calculation.
The HadSpec approach not only resolves the ladder of
excitations but also disentangles the dominant J and
identifies hybrid states containing explicit gluonic excita-
tions beyond a simple c¢c structure [53].

For this work we start with some of the HadSpec meson
operators presented in [34] for the A{ " irrep. Namely, we take
¢I"c as our charmonium operators with[" = I, 7, V;, yo757:B;,
where V; is the gauge-covariant spatial derivative in direction
i and B; = ¢;4V;V,. We note that B; and B;, as will
be defined later, are two different objects. By using up to
two spatial derivatives, we expect to sample different
spatial structures which are relevant for radial excitations.
Furthermore, using the chromomagnetic component B; we
can better sample nontrivial gluonic contributions to the
different excitations. These three operators are even under
time reversal and therefore can be put together in a single
correlation matrix without introducing additional problems in
the GEVP when using periodic boundary conditions in time
for the gauge links [54]. While these three operators have the
above-mentioned useful features, we need more in order to
reliably extract the spectrum. Instead of including more
derivative-based operators to increase our basis, we introduce
meson distillation profiles in each operator as was first shown
in [43]. As in that previous study, we use seven Gaussians
with different widths, but in this study, three different I"
operators are included. This combination of approaches
yields 21 different operators. It is worth noting that in [53]
the use of up to 3 spatial derivatives yielded a total of 13
operators for the A] " channel using standard distillation [55].
The use of profiles is computationally much cheaper as it does
not require building increasingly complicated derivative
combinations, and it almost doubles the total number of
operators compared to a basis involving up to three deriva-
tives. The most complete approach would be to use all 13
derivative-based operators together with profiles for each one;
however, the size of the correlation matrix would become too
large. Fortunately, pruning procedures to reduce the basis size
while retaining the physically relevant information are well
known [32,56,57]. For this work we are interested in the very
low-lying spectrum, and therefore, our choice of 21 operators
is sufficient to be an efficient proof of principle of the
combined approach for operator construction.

B. Glueball operators

Glueball operators are conventionally built from spatial
Wilson loops of different shapes with different levels of link
smearing [44,58—60]. While it is easy to build a wide basis of
different loop shapes, spatial link smearing has been shown
to make the resulting operator basis almost degenerate [59].
This makes the correlation matrix close to singular, the
GEVP becomes ill posed, and pruning becomes necessary.
Alternative constructions are based on lattice versions of
operators involving the full field-strength tensor F,, [58];
however, this involves temporal links which are unaffected
by spatial link smearing. Inspired by the subduction-based
construction of meson operators previously described, we
use operators built from the chromomagnetic component of
the field-strength tensor B; o €;;;F j; and its spatial gauge-
covariant derivatives D; as first presented in [36,61-63]. The
analogous 4-dimensional construction was first used to
qualitatively predict the glueball spectrum based on mass-
dimension arguments [3]. Following a similar procedure to
the meson case, B; (mass-dimension 2) and D; (mass-
dimension 1) can be written in a basis with definite J under
SO(3) and the corresponding Clebsch-Gordan coefficients
used to build operators with an increasing number of 3; and
D; in them. The simplest example for the J'¢ = 0 case is
1 ® 1 — 0 via the fully symmetric contraction. The result-
ing operator is given by

O(1) = ZZTr(Bi(i 02, (1)

where we include the projection to zero spatial momen-
tum as well as the trace to make the operator gauge
invariant. We note that this trace could be replaced by a
left and right multiplication by 3D Laplacian eigenvectors
in a similar spirit as in distillation, e.g. Tr(B(%,1)?) —
SN g0 (R, )T B(E, 1)20,(X, 1), where g, is a distillation
profile. For simplicity in a proof-of-concept calculation,
we use the operators with the trace; however, we will
also test the eigenvector approach in the future. The
operator in Eq. (1) was also discussed in [58]. Examples
of operators up to mass-dimension 6 are presented in [36],
with an example of a mass-dimension 6 derivative-based
operator being

o)=Y Y Tr <B,.(55, 1) DIB;(%, z)). (2)
i k

X

This approach has several advantages compared to the
Wilson loop construction. First, the subduction retains
information about the continuum J as in the HadSpec
approach for meson operators. Second, getting all possible
operators for a fixed mass-dimension with B; and D;
provides a systematic way to build a basis based on the
physical intuition of sampling gluonic excitations by
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explicitly including the field-strength tensor. Third, and
particularly important for the A" channels, the use of
derivatives D; introduces relative minus signs and addi-
tional spatial structure which might better probe the under-
lying energy eigenstates. This is contrary to the case of
spatial Wilson loops where we build A; operators by simply
summing over all 24 cubic transformations of a fixed loop
shape, and there are no relative minus signs. Fourth, in this
approach there is a better grasp on the linear independence
between different operators. As noted in [58], the classical
small-a expansion of the loop shapes used there for the A7
has the same leading term ¢, Tr(B;D;B;) (omitting spatial
and time variables as well as momentum projection). A
better approach to ensure linear independence between
operators is to use this mass-dimension 5 operator and then
build the next possible one in odd mass-dimension, rather
than using different loop shapes with equal content in the
expansion. Fifth, the projection of these operators into the
corresponding irreps is much simpler to implement. When
using spatial Wilson loops, we have to determine which
irreps, and how many times, are contained in the repre-
sentation of the cubic group generated by a fixed loop
shape. Only then can we sum over the 24 cubic trans-
formations of the loop shape with specific projection
coefficients [7,44,51,58—60]. With the approach used here,
the operators are defined already in a fixed irrep, and there
is no need to measure different orientations of a given loop
shape which then need to be further processed to build
glueball operators. This is particularly relevant for the case
of nonzero spatial momentum, e.g. as needed in [64], when
the symmetry group is further broken down into one of the
momentum little groups. One way to build the correspond-
ing glueball operators is to again determine the often-
reducible representations generated by a given shape
orientation in the new group and perform the corresponding
projection onto fixed irreps. The continuumlike operators
used here already generate irreps of the cubic group, and
therefore, the subduction into little groups can be done via
tabulated relations [51,52]. Finally, it is worth noting that
B; and D; are composed of spatial link variables similar to
spatial Wilson loops and therefore are suitable for multi-
level calculations which exploit locality in time of the
observables, e.g. [30,60].

While we use the continuumlike operators presented in
[36], we implement them differently. In that work and [58],
the operators are defined on the lattice by building a linear
combination of spatial Wilson loops which recovers the
continuum expression up to a given power of the lattice
spacing a. In this work, we use the clover definition of F,,
as given in [65]. Following their conventions, we start from
the plaquette in the spatial ij-plane given by

and build the spatial clover field

Qij(]_é, t) - Pi,j()—c)v t) + Pj,—i('%? t)
+P_;_j(X.1) + P_j;(X.1), (4)

where it is convenient to use the definition
U_i(X,1)=U;(X - i, t)T. (5)

We then build the spatial F;;(¥,t) as
- —i - -
Fi(X,1) = ?(Qij(x’ 1) = Qi(X.1)). (6)

We set B;(X.1) =1e;; F (X, 1) and discretize the first
derivative and Laplacian acting on a field ¢(X,7) with
adjoint charge as seen in [66]

Dp(E.1) = 3 (U,(E 09(F + . U, .0

—U,(R—al.0)'p(Z - ai, U (X - ai. 1)) (7)
> Dip(F.1) = —64(%.1)
k
+ D (UkE D) p(E+ak, ) U (%,1)!
k

+ U (X —ak, 1) (X — ak, 1)) Uy (X — ak,1)).
(8)

Furthermore, we rederive the operators from [36] in a
different way. Instead of starting from the continuum J
forms and their corresponding products, we build products
directly from lattice irreps. While this approach loses
information from continuum contributions, the advantages
previously mentioned remain. This change makes the
systematic construction of operators of increasingly higher
mass-dimensions more straightforward. This calculation
can be done by hand and has been cross-checked using the
PYTHON package opbasis [67,68].

Here we show our procedure and conventions for the
operator construction, the latter following closely the one
used in [35]. Both B; and D; generate the T'; irrep in the
“vector” basis, i.e. where the matrix elements correspond to
the transformations of a 3-dimensional vector [52]. We
build operators with definite R and label them as below,
following the conventions of [35]:

1 np ng
Ons = (B0 x DY x ) o)

9
R.k

where R is the irrep generated by the operator and k is the
]

row in the irrep. B%’: means we couple np B fields and
[n

project the result onto irrep Rp, and D RD] means we couple

D
np derivatives and project the result onto irrep Rp. In this

work we use np,ng <2 and always keep the leftmost B;
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field on its own. However, more general constructions are
possible when going to sufficiently high mass-dimension.

With this notation, (B[T]I] X BQ}) 4,1 corresponds to Eq. (1)

and (B[Tll] X Dgzl] X B[Tll])Al , to Eq. (2). Following Ref. [35]
for the SO(3) case, we can write our operators in terms of

the corresponding Clebsch-Gordan coefficients coupling
the B; and D;, e.g.

(B[;} x B[;})R’k =3 (T TR THBE).  (10)

In our choice of basis the Clebsch-Gordan coefficients
for T/QT,=A®@EDT, ®&T, can be found in
[34,49,52]. For the A; we use the fully symmetric combi-
nation §;;, for 7'y we use the antisymmetric combination via
the Levi-Civita symbol ¢;;;, for T, we use |e; |, and for E
we use the Q;j; coefficients shown in [34]. In the case of
€jk» the cyclic property of the trace makes the operator
vanish. The remaining 7, and E cases reproduce the
results in [36]. For the case of three fields, for example
B; x B; x B;, we have

(BRI xBR) ., = > TRy ky|R.K)

i.j.kg
X<T1,i;T1,j|RB,kB>Tr(BiBjBk). (11)

When we have more than one derivative, we follow the
prescription of [35] and couple all of them into a definite
irrep before coupling this result with a 13;, e.g.

(Bl < DR xBY), = > (TvisRi kiR

ijkp ok,

X (Rp,kp; Ty, jIRy, ky)

x (Ty,m;Ty,n|Rp, kp)

% Te(B,D,, D, 5)). (12)

SinceT; T =A@ EDT; & T, then R can only be
one of these irreps. Furthermore, it must be chosen such
that R is contained in 77 @ R;. To extract the T; compo-
nent from £ ® T we use the R; ;. coefficients presented in
[34] and for the T; componentin 7; ® T, the ones in [49].
As the numbers of derivatives and B fields increase, so do
the possible intermediate couplings to obtain a given R.
We include some final words about our choice of
implementation for these operators. First, the choice of
the clover discretization of F;; and the symmetric finite
difference for D; makes parallelization along the spatial
dimensions much simpler. If we were to discretize our
operators via linear combinations of different loop shapes,
we would have to account for possibly complicated ones
requiring more than nearest-neighbor communication.
Since we only require a lattice definition of B; and D;

=
<<=
K>

FIG. 1. Link variables involved in the calculation of D?B;(X, 1)

for a fixed spatial derivative direction k and all components i. The
red dot marks the spatial position X and the blue links indicate the
links used for the derivative.

regardless of the order of the discretization error, this
choice is very convenient. Second, nontrivial spatial struc-
ture in the operators is achieved by including derivatives.
When working with Wilson loops we would need to
implement increasingly more complicated loop shapes,
which relates to the issue of spatial parallelization, while
in our case we simply need to include more derivatives in
the definition of the operator relying only on nearest-
neighbor communication. An illustrative example is the
operator given in Eq. (2). Each derivative term in the sum
over directions of 5; has the Laplacian, which linearly and
gauge-covariantly combines the field at spatial positions X,
X + ak, and ¥ — ak. Figure 1 shows all the link variables
involved in a single term of the derivative expression for all
components of 3;. The red dot marks the position X and the
blue lines indicate the links required for the derivative.
Thanks to the sum over the three spatial directions, the
operator uses several links in a 4a x 4a cube. This large
extent, together with the relative minus signs in the
derivatives, gives the operator a nontrivial spatial structure.

IV. IMPROVEMENT IN THE SPECTRUM

We use the previously described meson and glueball
operators to extract the isovector and isoscalar scalar
spectrum in our Ny =2 ensemble. To showcase the
usefulness of our operator construction, we compare the
results with those coming from unimproved operators in
both meson and glueball cases. All the statistical error
analysis is done using the pyerrors library [69] which uses
the I'-method [70-72] with automatic differentiation [73].

A. Isovector channel

For the isovector (I = 1) channel, we only use meson
operators projected to this flavor quantum number. In
practical terms, this results in requiring only quark-
connected correlations. The correlation matrix has entries
given by

C;j(t) = =Tr(®[t]z]t, O](i)J'[O]T[O, 1), (13)

where ®@,[7] is the elemental for a fixed choice of I' and
profile at time 7 and ®;[f] is the analogous elemental with
" = y,I""y,. To showcase the effectiveness of our operator
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construction, we extract the ground state effective masses
using three different types of GEVPs. First, we solve a
3x3 GEVP using T'=1,y;V;,7o7s57iB; and standard
distillation. Second, we solve three separate 7 x 7 GEVPs,
one for each choice of I'. This is the approach first
presented in [43]. Finally, we solve a 21 x21 GEVP
including the three choices of I and seven profiles for
each one. For this last GEVP the basis size is considerably
large, so we use the same pruning procedure used in
Ref. [43] taken from [32,56,57], i.e. projecting the corre-
lation matrix at all times onto the singular vectors corre-
sponding to the largest singular values of a fixed reference
time. In doing so, we reduce the basis size, preserving a set
of orthonormal operators which retain the information of
the low-lying states while at the same time removing
possible numerical instabilities. This approach mixes oper-
ators with different I' and therefore hinders the spin-
identification strategy of [35]. Since in this work we are
not interested in identifying continuum quantum numbers,
this issue does not trouble us. However, one way to
circumvent this would be a partial pruning as presented
in [33]. By selecting the significant singular vectors of
the diagonal submatrices of a fixed I" and embedding them
into vectors in the full space of all operators we can reduce
the basis size and sensitivity to statistical noise without
mixing different I" operators. In all cases we normalize the
correlation matrix before any pruning using

C;i(t

Cl](t> N l]( ) ,
Cii(tr)Cjj(1r)

where we use fz = 2a unless stated otherwise, and we

solve the GEVPs using as reference time t; = 1z, i.e. we

solve the equation

C(t)vi(t, tg) = 4i(t, 1) C(ts)vi(t, tg). (14)

For the pruning we use the eight largest singular values,
unless stated otherwise, at time t. In Fig. 2 we show the
ground state effective masses calculated in the different
GEVPs previously. We point out two major observations.
First, the approach to the plateau is much faster when using
a single T" with profiles, either T or y,;V;, compared to
combining all three choices of I" with standard distillation.
As was shown when distillation was first presented [55] as
well as in recent work on static-light spectroscopy [74], one
can find an optimum number of distillation vectors for the
standard approach. However, this requires tuning via trial
and error, and it is unfeasible to optimize the method this
way for every state of interest. Furthermore, Ref. [74]
shows the use of optimal profiles always outperforms the
standard approach. In this sense, it very well might be that
200 vectors is not the optimal choice for this ground state,
and the red points could converge faster to a plateau after
tuning. Fortunately, the use of optimal distillation profiles

1.100
x ¥ 0, YiVi, YoysYiBi
1+ 7+ Profiles
1.095+ t  viVi + Profiles
! t 2, ViVi YoysyiB; + Profiles
= 1.090 x
Q
E +
© 1.085 .
*
+
t
1.080 by
1.075 T )
2 4 6 8 0 12 14 16

U+

FIG. 2. Ground state effective masses coming from separate
GEVPs. Red points come from a 3 x3 GEVP using
I' =1,y;V,,y0rs57:B;. The red band is the corresponding plateau
average. Blue and green points come from solving a 7 x 7 GEVP
for I and y;V; respectively using distillation profiles. Black points
come from building a 21 x 21 correlation matrix including all
three choices of I' and seven profiles for each one and then
pruning it down to an 8 x 8 matrix to solve the GEVP. The black
band is the corresponding plateau average. We omit the results
from the 7 x 7 GEVP using only yys7;B; since the statistical
uncertainties are much larger than for the other cases.

eliminates the need for this time-consuming, state-
dependent tuning by allowing the GEVP to find the optimal
profile in each case. Since distillation-based studies often
fix the same number of vectors for all channels, and it is not
possible to predict the optimal choice, the red points in
Fig. 2 represent the results we would obtain in this
approach, and the use of optimal profiles brings a major
improvement. Second, the combination of profiles with not
one but all available choices of I' further accelerates the
convergence of the effective masses to a plateau. While
going from standard distillation to using optimal profiles
brings the largest gain, extending the basis with multiple
Is is still useful for the ground state. We extract mass
plateaus comparing the cases of the three I" operators
with and without distillation profiles, given by am =
1.07927(54) and am = 1.08002(63) respectively. The ear-
lier plateau coming from the improvement results in smaller
statistical uncertainty for the plateau average [75].

In Fig. 3 we show the correlation matrices at t = 2a
including the different choices of I" both with standard
distillation and with seven profiles per choice of I', the
former being also contained in the latter. Each entry in the
3 x 3 matrix of standard distillation gets extended into a
7 x 7 block thanks to the inclusion of profiles. These new
blocks do not introduce numerically unstable degeneracies
since the operators coming from different profiles are still
sufficiently different, which is graphically evidenced by
the different shades contained in a same block. This is
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particularly clear in the blocks relating yqysy;B; with the
other two operators: different profile combinations lead to
correlations with different signs. Even after the inclusion of
profiles, the blocklike coupling between the different I"’s
keeps the same qualitative behavior: a large correlation in
absolute value between I and y;V; but a small correlation in
absolute value between these two and yqysy;B;. To further
emphasize the usefulness of introducing the profiles to the

Yivi

Il.O

YoVsYiBi 0.5

7 YiVi  YoYsVil3i
r0.0

r—0.5

I—l.O
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basis containing different choices of I', we can look at the
resulting spectrum with and without using them. Figure 4
shows the lowest three states determined via three different
GEVPs. On the left, we use I' =1,y;V,,yors7;B; with
standard distillation. In the middle, we use I' = I with seven
different profiles. On the right, we use all three choices of I"
with seven profiles for each one. While Fig. 2 shows all
three approaches resolve a consistent ground state, the
benefit of extending our basis is already seen on the first
excitation state in Fig. 4. When using only the three choices
of I" with standard distillation, this first excitation cannot be
clearly resolved and neither can the following one, so out of
three possible states, only one is resolved.

B. Isoscalar channel

For the isoscalar (I = 0) case, we have both meson and
glueball operators with this flavor quantum number. These
different types of operators can mix nontrivially in the off-
diagonal entries of a correlation matrix, and therefore, we
must take them all into account for extracting the spectrum.
The full correlation matrix is given blockwise by

(1) = (CMM(Z) + 2Dy (1)

—V2Cy6(1)
—V2Cqu (1) ) 1)

Cg(1)

where Cyy (1) is given by Eq. (13), and the remaining
blocks are

Dy (t) = Tr(®@[t]z[t, 1]) Tr(®[0]2[0, 0])
I ViV YoYsViBi Cua(1) = Tr(®@lr][z, 1]) G[0]
Cou(t) = G[t]Tr(®[0]7[0, 0
FIG. 3. Correlation matrices at t = 2a using three choices of I' om(?) [ Tr(®{0]2[0. 0))
with standard distillation (top) and seven profiles per I (bottom). Cse = G[1]G]0], (16)
2.0 n
1.81 <1 1, YiVi, YoYsViBBi . 7 + Profiles «, Lo viViL YoysYibi
L ’ ! ! + Profiles
= 1.6
£
XX x x x XX x x x ¥
© 14 t *
1.2
--------------------------- Y L I I R R A I
1.0
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t i 13
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FIG. 4. Low-lying Aj* isovector spectrum determined via different GEVPs. Left: using I' =1, y,V;, yorsr;B; with standard
distillation. Middle: using I' = I with seven profiles. Right: using I' =1, y,;V;, yorsy;B; with seven profiles for each I.
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where G[t] is a glueball operator at time ¢. Each block
contains the correlations mixing the different operators
involved, e.g. Cy;(f) has as many rows as there are meson
operators and as many columns as there are glueball
operators. To display the advantages of our operator
construction, we will first use meson and glueball operators
separately and compare the results with the current
approaches. Afterward, we combine our improved

O1(1) = Y TH(Bi(R. 1))

Oy(1) = ZeijkTr(Bi()_év 1)B;(x, 1)By(X. 1))

O5(1) = Z}:Tr (B,- (%.1)> D}B;(%, z))

k

operators to extract the isoscalar spectrum by including
either all the correlation matrix or only some of its diagonal
blocks in the GEVP.

1. Glueball operators only

We list the A{ " glueball operators employed up to mass-
dimension 6 omitting overall normalization factors:

O4(1) = S Tr(B1 (7. 1) (2D} = D3 = DB (7.1) + Tr(Bs(7. 1) (2D} - D = DY)By(.1)

+ Tr(Bs(X,1)(2D3 — D? — D3)B3(X

Os(t) = Z|€ijk”€jmn|Tr(Bi(7" 1)D,,D, By (X, 1)). (17)

Although we build them using Clebsch-Gordan coefficients
from the cubic group, we can still make a qualitative
statement about the contributions they receive from con-
tinuum J. By counting the number of fields included, we
expect the first two operators to have a leading contribution
from J =0, since we need at least four fields to get
11 ®1®1—4. We also expect the third operator
to have a leading contribution from J = 0 since we have
coupled the derivatives to A;, equivalent to how we can
couple them as 1 ® 1 — 0. This results in having 1 ® 0 ®
1 — 0 for the overall operator. For the last two operators,
the derivatives are not coupled as 1 ® 1 — 0. In our case,
we have chosen to couple them in the lattice irreps E and
T,, which are related to the continuum J = 2. We have
1 ® 2 ® 1, which has contributions from J = 0 and J = 4.
Since we have chosen not to isolate these contributions, but
rather, to work directly in our choice of cubic group irreps,
we cannot rule out leading contributions from J = 4 as well
as J = 0 in the last two operators.

We test this approach first by looking at the resulting
correlation matrix. We take not only the above 5 operators
but also evaluate them at 5 different levels of APE smearing
[76] with & = 0.35 and 5,10,15,20,30 iterations, yielding a
total of 25 operators. Figure 5 shows the normalized
correlation matrix at ¢ = a taking the absolute value of
the entries. The approximately block-diagonal form con-
firms our expectation about the leading J = 0 contributions
to the first three operators, which are grouped together. The
fourth operator couples to the first three, hinting at a strong
J = 0 content despite a possible J = 4 we did not explicitly

suppress. It also seems more sensitive to the different levels
of smearing when coupling to itself and the other four
operators. This is advantageous, since it means the operator
is less prone to smearing-induced degeneracy. The last
operator is rather decoupled from the others, hinting at a
strong J =4 contribution, as well as less prone to
smearing-induced degeneracy. We remark that we did
not build all our operators to have an assigned leading
J. Rather, we constructed them to be as linearly indepen-
dent as possible based on their construction from the
chromomagnetic and derivative fields. Nonetheless, build-
ing them to have an assigned J would simply require using
SO(3) Clebsch-Gordan coefficients for the tensor products
of representations and the corresponding subduction coef-
ficients. We note that, as in the case of meson operators
with fixed I" and different profiles, fixing the glueball
operator construction and changing the level of APE
smearing does not change the qualitative behavior of the
correlation matrix. Interestingly, the entries change sign
when relating the fifth operator with the first three depend-
ing on the level of smearing used. This hints at the
importance of smearing even when using these alternative
operators. For comparison with the traditional approach, we
have taken 5 different loop shapes from [44] and measured
them at 5 different levels of APE smearing with @ = 0.35
and 10,15,20,25 iterations. Figure 6 shows the normalized
correlation matrix at t = a, with W, labeling the different
loop shapes. Unlike for the operators based on the B;
and D;, the correlation matrix is not close at all to being
block diagonalized and remains dense. Furthermore, the
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FIG. 5. Normalized correlation matrix taking the absolute
value of the entries at t = a using the alternative glueball operators
at different levels of APE smearing. The operators O; are
defined in Eq. (17).

near-degeneracies observed in previous studies, e.g. in [59],
are clear here; most entries being close to 1.

We have already highlighted some important aspects of
the operators O; built from the fields 53; and D;; they follow
a physical intuition in their construction including a
systematic procedure to include an arbitrary number of
these fields, their implementation is much more straight-
forward and suitable for parallelized calculations, and the
simplicity of their construction extends to the cases of
nonzero total spatial momentum. These three features make
them preferable compared to the commonly used spatial
Wilson loops. Nonetheless, these two approaches are not
completely independent. Just as we chose to discretize the
fields to recover them up to a fixed power of the lattice
spacing via a clover definition for B; and a symmetric
difference for D;, we could also find a suitable linear
combination of spatial Wilson loops which recover a given
operator involving any of these fields up to a given power
of the lattice spacing. While this is a well-known procedure
extensively applied mainly for the construction of improved
gauge actions, e.g. [77-79], and has also been used for
glueball operators involving the 4-dimensional F,, [58], it
entails the limitations related to implementing arbitrarily
complicated loop shapes as well as the parallelization of the
calculations. If we use the appropriate loop shapes W,;, we
can find a linear transformation relating the operators in
terms of those loop shapes with the same continuumlike
operators (up to a power of the lattice spacing) which the
operators (J; also recover. Since here we have taken only
five loop shapes, we do not expect an exact matching to
happen. However, we do expect both sets of operators to
span a very similar space. The advantage in the choice of
basis for the O; lies in how well they individually couple to
continuumlike states as well as their linear independence.
The former property is present in the HadSpec operators for

1.0

0.4

0.2

W 12%,) Ws Wy Ws

FIG. 6. Normalized correlation matrix taking the absolute value
of the entries at # = a using five different Wilson loop shapes at
different levels of APE smearing.

mesons; one could choose a set of operators containing the
same number of derivatives not built from a subduction
from SO(3) such that there is no memory from the
continuum J; however, as long as the same space of
operators is spanned, the spectrum will remain the same
thanks to the GEVP being invariant under unitary trans-
formations. In Fig. 7 we show the ground state effective
masses coming from two separate GEVPs: one with the W,
operators and another with the O, operators, both extended
with the different levels of APE smearing. The near-
degeneracy between the effective masses confirms both
sets of operators span almost the same space. We empha-
size that the overall human and computational effort to
obtain the O; results is smaller than for the WV, ones.
Measuring the five W; and O; at equal smearing levels
takes roughly the same amount of time with no paralleli-
zation along the spatial dimensions. Introducing such
parallelization is trivial for the O; thanks to the nearest-
neighbor discretizations of the derivatives, while for the WV,
it is not, since we might need links outside of the cloverlike
plaquettes centered at every spatial point for large enough
loop shapes and therefore need more than nearest-neighbor
communication if there is large parallelization along any of
the spatial dimensions. For high-statistics studies, e.g.
O(107) configurations such as in [64] where speedups
from parallelization are convenient, if not necessary, our
construction of the ; eliminates the need for further
human programming effort. Furthermore, instead of meas-
uring a large number of loop shapes and eliminating
numerical redundancy via pruning as was done in [60],
we can simply take all operators up to a fixed mass-
dimension. This is a systematic criterion for the number of
operators and eliminates additional computational cost of
measurements which might anyway lead to numerical
redundancy. Finally, as we previously mentioned, building
the W, first requires measurement of the Wilson loop along

014509-9



URREA-NINO, KNECHTLI, KORZEC, and PEARDON

PHYS. REV. D 114, 014509 (2026)
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FIG. 7. Ground state effective masses from two separate
GEVPs: one using only the Wilson loop operators W, and
another one using the alternative operators O;.

all possible cubic transformations of a fixed shape, and then
linearly combining them to create an operator which
transforms irreducibly under the cubic group with parity.
Significant bookkeeping is required since different loop
shapes generate different reducible representations with
different irrep contents. This is the case for shape-
dependent [44] as well as shape-independent [60] irrep
projection methods, since in the latter the multiplicity of the
irrep must still be known to avoid building trivial operators
which are simply zero. The method for constructing the O;
has no shape dependence at all, since the irrep information
comes from the Clebsch-Gordan coefficients, not the shape
of the loops involved in the operator. This eliminates any
need for storing intermediate measurements, e.g. each of
the 24 transformations of a given loop shape, and further
manipulation after the measurement stage such as projec-
tion onto irreps.

2. Meson operators only

We now calculate the spectrum using only isoscalar
meson operators with the same I" structures and profiles as
in the isovector case. The corresponding correlation points
include disconnected contributions, well known to have
larger statistical uncertainty compared to the connected
contributions. Since the statistical errors in these isoscalar
correlations grow exponentially with the temporal separa-
tion, it is of fundamental importance to be able to extract
reliable spectrum information at short time separations. For
this reason, optimizing the meson operators involved is a
key improvement. A first aspect to take into account is the
choice of I'. One might think increasing the number of
derivatives increases the contributions from excitations,
which is a key ingredient for the GEVP, and so if we had to
choose only one operator, we would go with the simplest
one available, i.e. I' = I for the Af* channel. In Fig. 8 we
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FIG. 8. Ground state effective masses using each choice of I
and standard distillation for the isovector (/ = 1) channel (above)
and the isoscalar (/ = 0) channel (below).

show the ground state effective masses obtained using
standard distillation and each choice of I" separately for the
isovector case in the upper panel and for the isoscalar one in
the lower panel. We restrict the time separations to those
where the isoscalar case has signal before the error bars
become too large. In the isovector channel the effective
masses follow the above-mentioned intuition rather well;
I' =1 has the fastest approach to a plateau, followed very
closely by I' = y,;V,. Apart from a very small difference,
these two operators behave similarly well. The case
I' = yo757:B; has a much slower convergence, and there-
fore, it is mostly useful as part of a GEVP to determine
radial excitations. In the isoscalar channel the behavior is
very different. The fastest approach to a plateau is shown by
I' = y,;V,, whose points remain significantly below those of
I' =1 until around ¢ = 4a before they become consistent
with each other. This makes the I' = y,;V, a better choice
for this channel, a conclusion we could not have reached
by looking only at the isovector data. The error bars for
this operator are nonetheless still larger than for the
no-derivative one, so combining them together to get
both their benefits remains the best path to follow. With
I' = yor57:B; we observe even larger errors; however, the
approach to the plateau is comparable to that of I' =1,
contrary to the isovector case where it had the slowest
convergence to a plateau by a significant margin. This
rather major change in behavior between different flavor
symmetry channels is yet another reason why a careful
construction of operator basis is important, as those
operators which appear optimal for one channel might
not be so for another one.

As with the isovector case, we build a GEVP including
all choices of I" and seven profiles for each one, pruning the
21 x 21 correlation matrix down to an 8 x 8. In Fig. 9 we
present the resulting ground state effective masses using
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FIG. 9. Ground state effective masses from the meson operator
basis including I' =1, y,;V,;,yo757:B; with seven profiles each
(red) as well as from a basis containing the alternative glueball
operators O; (green). Note the meson results use 7; = 2a while
the O; use t; = 0.

meson-only operators, and we also include the same masses
obtained for the glueball-only operators O; from Fig. 7. We
note here the two GEVPs have different #; O for the O; and
2a for the meson operators. Regardless, the effective
masses are completely consistent with each other and
reveal an A" isoscalar ground state considerably lighter
than the AT* isovector ground state. In [43] we determined
the lowest-lying isovector state, the A7* (pion), to have a
mass in lattice units equal to am = 0.74986(8), which
makes the isoscalar A] " state we see in Fig. 9 stable in our
setup. With a mass in lattice units slightly above am = 0.6,
this would correspond to ~1900 MeV, consistent with
quenched predictions of the A| " ground state glueball, e.g.
[7]. While this is already a promising hint of the nature of
this state, we can obtain additional information by building
a correlation function which includes both meson and
glueball operators which until now we have analyzed
separately.

3. Meson and glueball operator mixing

To put together meson and glueball operators in our
basis, we first need to account for a few issues. First, we
have 21 meson operators and 25 glueball operators, which
would result in a 46 x 46 correlation, and numerical
problems related to stability would probably arise. Just
as we pruned when analyzing the operators separately, we
will also prune this correlation matrix. However, since we
wish to quantify how relevant the two types of operators
used are to resolve the energy eigenstates, we cannot prune
using the singular vectors of the full matrix, as these get
nonzero entries for all operators. Instead, we use the partial
pruning approach we also used in [80] in the context of
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FIG. 10. Normalized correlation matrix at = a including the
pruned charmonium operators ¢c; and the pruned glueball
operators ;. See the text for our choice of pruning for the
construction of the meson and glueball operators. In particular,
the charmonium operators are chosen to exactly diagonalize the
first 5 x 5 block at 1 = a.

isolating light-meson and charmonium operators; we cal-
culate pruning vectors for the meson and glueball operators
separately. This approach improves the numerical stability
of the GEVP while still retaining the distinction between
glueball and meson operators. Second, we have to be
careful when choosing the reference time ¢; for the GEVP.
While the choice 7; =0 worked well for the glueball
operators alone, the correlation matrix for the meson
operators at this time is not always positive definite owing
to operator-dependent contact term effects. Since we can
only study the mixing between meson and glueball oper-
ators using the gauge configurations where we have
perambulators, the reduced statistics will increase the
uncertainty in the glueball correlation functions compared
to Fig. 5, and we should therefore try to work with the
smallest 7; possible. The correlation matrix using only
I' = y,;V,; with seven profiles is positive-definite at r = 0,
and this operator had already the fastest convergence to a
plateau when using standard distillation, so we use this one
with different profiles to mix with the glueball operators.
We choose as pruning vectors the five ones corresponding
to the largest singular values of the corresponding 7 x 7
block. For the glueball operators we extract the normalized
diagonal blocks corresponding to each operator O; includ-
ing different levels of smearing and calculate the singular
vector corresponding to the largest singular value. This
results in five pruning vectors which still distinguish
between the different choices of O; and simply linearly
combine the same type of operator at different smearing
levels. This preserves the almost block-diagonal structure
of the glueball block in our correlation matrix. Figure 10
shows the resulting correlation matrix at t = a, which we
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FIG. 11. Isoscalar ground and first excited state effective
masses obtained from three different GEVPs: glueball operators
only (O;), charmonium operators only (c¢c;), and both types
combined. The blue band corresponds to the plateau average of
the isovector case for comparison.

again normalize for clear visualization. We label as cc;,
i=1,...,5 the five different meson operators built from
the pruning vectors, and (7),-, i=1,....,5 are the five
different glueball operators built from the corresponding
pruning vectors which still conserve the structure of each
original ;. As expected, the glueball 5 x 5 block preserves
its almost block-diagonal structure as in Fig. 5. The meson
block is the identity matrix at t = a due to how we chose
the pruning and normalization; however, this no longer
holds at ¢t > a. The off-diagonal blocks corresponding to
the mixing between meson and glueball operators have
entries with very small magnitude compared to the diagonal
blocks, showing how, while there is definitely nontrivial
mixing between these two types of operators, it is not as
strong as most of the mixing among the same type of
operator. We extract the spectrum by solving three different
GEVPs: one with the full 10 x 10 matrix, another one using
only the 5 x 5 charmonium operator block, and another one
using the 5 x 5 glueball operator block. This way we can
compare the quality of the resulting effective masses in
terms of convergence to a plateau as well as statistical
uncertainty. Figure 11 shows the resulting effective masses
for the ground state and first radial excitation from the three
different GEVPs. All three display a consistent ground
state, with the charmonium-only case having a marginally
slower convergence yet smaller uncertainties. For the case
of the first radial excitation there is a more varied behavior.
The clearest signal in terms of uncertainties comes from the
charmonium-only case, which is expected, yet its conver-
gence remains the slowest. It is only when we mix these
with the glueball operators that a faster convergence is
achieved, and the glueball operators give only very little
signal before the errors become too large. While the mixing
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FIG. 12. Overlaps between states created by the charmonium
¢c; (gray) and glueball @; (shades of blue) operators and the
energy eigenstates. The first column per operator is the ground
state, and the second one is the first excitation. Within the
glueball operators, we distinguish the ones with dominant J = 0

contributions (dark blue) from those which a priori can have also
sizable J > O contributions (light blue).

leads to a significant improvement in the first radial
excitation, one could argue that for the ground state the
glueball operators were already good enough. This, how-
ever, we cannot know a priori, and performing the mixing,
particularly to resolve a first excitation, remains the
systematically correct approach.

To get a deeper understanding of the nature of these two
states, as well as why the ground state appears to be clearly
resolved without the charmonium operators while the first
excitation needs them, we can use the GEVP vectors to
access the overlaps between the states created by our
different operators and the energy eigenstates [34,35].
Figure 12 shows these overlaps at fixed time ¢ = 2a, for
ground state (first column in each pair) and first excitation
(second column in each pair). We take the absolute value of
the overlaps and normalize them such that the sum of the
overlaps per operator is equal to 1. These overlaps are
expected to be time independent up to exponentially
suppressed contributions [32], and we observe this when
comparing them across different values of time before the
error becomes too large. With these results we can make
some qualitative statements about the composition of our
energy eigenstates. First, the glueball operators with i = 1,
2, 3, 4 contribute significantly more to the ground state than
to the first excitation. The fifth one seems equally distrib-
uted for both states. Since the first three glueball operators
couple strongly to J = 0 and this is the lightest glueball,
this preference for the ground state is expected. The fourth
one coupled strongly to the first three and therefore likely
has a sizable J = O contribution, which is consistent with
the large overlap onto the ground state. The fifth one does
not have a particular preference toward the two states we
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resolve, so it probably has a larger overlap onto a higher
state we do not consider here, which would be consistent
with a dominant J =4 content. For the charmonium
operators the pattern of preference is not as marked as
for the glueball operators; however, it is clear there are at
least two which contribute significantly more to the first
excitation than to the ground state while the remaining three
are approximately equally distributed. The contributions
from the former two can help explain why we need
charmonium operators to resolve this first excitation which
could not be seen clearly by the glueball operators alone.
We cannot compare overlaps between different operators
onto the same state due to unknown operator-dependent
renormalization factors. Based on these overlaps, we
identify the ground state to be a mostly gluonic state while
the first excitation is mostly mesonic.

V. CONCLUSIONS AND OUTLOOK

In this work we presented a systematic study of
improved mesonic and gluonic operators to extract the
low-lying scalar isovector and isoscalar spectrum in two-
flavor QCD. For mesons, we combined the method of
optimal distillation profiles with derivative-based opera-
tors, widely used in single- and multihadron studies by the
Hadron Spectrum collaboration (HadSpec) and observed
several key improvements. First, using only the simplest
operator with seven different profiles in a GEVP yielded
ground state effective masses which converged much faster
to a plateau than the ones coming from a GEVP involving
the different derivative-based operators with standard dis-
tillation, i.e. constant profile for each one. While including
all the available derivative-based operators resulted in even
faster convergence, the sole inclusion of profiles had the
largest effect. Since carefully chosen derivative-based
operators can grant access to states dominated by higher
values of J from the continuum, combining suitably chosen
derivative-based operators with distillation profiles is the
most systematically complete approach to resolve the
spectrum. A careful choice of operators for each symmetry
channel is fundamental even before introducing the dis-
tillation profiles; in the isoscalar case using standard
distillation, the one-derivative operator had considerably
less excited-state contamination than the zero-derivative
one, completely different to the isovector case, where the
effective masses behaved very similarly. This result empha-
sizes how what is optimal for one channel might be far from
being so for another channel.

On the gluonic side, we presented a novel implementa-
tion of glueball-like operators built to resemble combina-
tions of the chromomagnetic field and its gauge-covariant
derivatives which have not been systematically used and
studied since they were first presented in [36,61-63]. This
construction allowed us to build continuumlike operators
with several advantages. Their explicit expressions in terms
of the chromomagnetic component provide a more intuitive

approach to model glueball-like states on the lattice. By
choosing linearly independent operators at different mass-
dimensions we obtain a better conditioned basis than
spatial Wilson loops. Saturating each mass-dimension is
a more systematic way to build independent operators than
spatial Wilson loops. In particular, thanks to the nontrivial
spatial structure generated by the derivatives, different
operators remain independent from each other even after
applying 3D link smearing. This directly contrasts the near-
degeneracies exhibited by different Wilson loop shapes
under the effects of smearing, which was an issue for
previous lattice studies [59,60]. This nontrivial structure
leads to a significant spatial size. The use of spatial
derivatives in this work made our operators 4a x 4a in
size even before including the effects of smearing. As with
the meson operators of HadSpec, an increasing number of
derivatives, as well as chromomagnetic components, can be
included in the operators by use of well-known Clebsch-
Gordan coefficients of either SO(3) or the cubic group,
depending on our choice of basis. While we chose the cubic
group approach, we still saw different operators were
dominated by different J contributions. This resulted in
a correlation matrix with a nearly block-diagonal structure,
analogous to those obtained by HadSpec using their meson
operators built via subduction from SO(3) to the cubic
group [35]. Because of this feature, the HadSpec strategy
for assigning values of J to the spectrum can straightfor-
wardly be applied using the glueball-like operators imple-
mented in this work. Doing so, we identified the lightest
isoscalar state in our calculation as J*¢ = 0% consisting
predominantly of gluons. While we showed that a basis of
spatial Wilson loops can recover the same spectrum as
these continuumlike operators, their linear independence
and strong coupling to definite J make them a better choice
of basis. These alternative operators are appealing not only
due to the mentioned convenient physical properties, but
also thanks to their ease of implementation. By using a
clover definition of the chromomagnetic field and a nearest-
neighbor one for the derivatives instead of linear combi-
nations of Wilson loops, parallelized implementations are
straightforward and are specially beneficial for large
enough lattices. Complex spatial structure is achieved
without needing to hard-code arbitrarily complicated
Wilson loop shapes, whose large extent might also make
parallelization difficult or even unfeasible. Since the
operators are built with already fixed lattice angular
momentum, parity, and charge conjugation quantum num-
bers, the additional work of projecting them onto these
fixed quantum numbers, which is necessary for spatial
Wilson loops, is completely avoided. These features,
particularly the simplicity in construction even for the case
of nonzero spatial momentum, can make these operators
useful for recent studies of glueballs such as [64].

By combining these improved mesonic and gluonic
operators we could resolve the two lowest isoscalar states
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in our setup, which neither type of operator could do as well
by itself, as well as quantify the contributions of each type
of operator to these energy eigenstates. Since we observed a
larger contribution of the glueball-like operators, particu-
larly those coupling strongly to J = 0, to the ground state,
we conclude this is a mostly gluonic one. This was
supported also by the meson operators having larger
overlaps with the first excitation rather than this ground
state. Based on the preference of the meson operators for
the first excitation, as well as the very little contribution it
receives from the J = 0 gluonic operators, we conclude
that this excitation is mostly mesonic. While our nonphysi-
cal quark masses do not allow a comparison with the meson
spectrum in nature, at our relatively fine lattice spacing we
find this mostly gluonic isoscalar ground state close to the
pure-gauge predictions of 1.8 GeV [7].

The improvements presented in this work can be applied
well beyond what was shown here. HadSpec currently uses
an extensive basis of operators for scattering studies where
reliable finite-volume spectrum determinations are funda-
mental [81-88]. While derivative-based operators are def-
initely necessary, some of them might be close to redundant
and therefore could be replaced by extending a minimal set
with distillation profiles. Alternatively, one could determine
the optimal profiles for each single-hadron operator and then
introduce them in the corresponding component of the
multiparticle operators. Other studies which rely on shorter
lists of operators, e.g. only ys, ¥;, and other combinations of
Dirac matrices, could very cheaply extend their basis with
distillation profiles as well [45,47,89-92]. Glueball studies,
whether in pure gauge or with dynamical quarks, can benefit
from the features of the glueball-like operators explored
here; the rather arbitrary choices of Wilson loops can be
replaced by the systematic combinations of chromomag-
netic components and their derivatives, allowing strong
coupling to states of interest and spin-identification which is
already widely used for mesons, as well as simplifying the
human effort behind building and implementing the oper-
ators. Suitable operator construction is a fundamental issue
in lattice hadron spectroscopy, since unreliably plateaus, or
missing states in the worst case, can severely hinder

calculations even when there is good statistical precision.
With the methods explored here we aimed to extend the tools
available for reliable spectrum determinations via optimized
operators and will use them in future studies of the scalar
glueball, where meson and glueball operators must be mixed
at different lattice volumes as a first step toward a scattering
analysis.
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