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We present an effective field theory (EFT) framework for coupled-channel Bð�ÞD̄ð�Þ scattering, applying
it to recent lattice QCD results by Alexandrou et al. [Phys. Rev. Lett. 132, 151902 (2024)]. Two
complementary EFT approaches are developed: (1) a low-energy theory near the BD̄ (J ¼ 0) and B�D̄
(J ¼ 1) thresholds, where coupled-channel effects are integrated out; (2) coupled-channel formulation,
where all relevant momentum scales are treated as soft, incorporating contact interactions and one-pion
exchange (OPE). Importantly, OPE contributes to the lowest channels only through off-diagonal
transitions, thus resulting in the appearance of the left-hand cut from two-pion exchange. The two
approaches yield mutually consistent results, supporting the existence of shallow bound states in both
channels, in agreement with the lattice findings. The finite-volume spectra and extracted pole positions
show a near-degeneracy in J ¼ 0 and J ¼ 1 channels, consistent with heavy-quark spin symmetry (HQSS).
Using HQSS, we predict additional shallow bound states near the BD̄� and B�D̄� thresholds, which are
accessible to future lattice simulations. The effect of OPE on the finite volume spectra is found to be small,
with only moderate impact on HQSS partners.
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I. INTRODUCTION

Among the most compelling discoveries in the field of
exotic hadrons is the recent experimental observation of the
Tcc state by the LHCb collaboration [1,2]. The discovery of
this manifestly exotic isoscalar state with minimal quark
content ccū d̄ marks a significant milestone, given that Tcc
is the first experimentally confirmed doubly-charm tetra-
quark. Its remarkably narrow width and mass, lying
just below the lowest meson-meson threshold (D�þD0),
strongly suggest a molecular nature. The isoscalar DD�
scattering channel has also been studied in lattice QCD
[3–7], albeit at unphysically large pion masses. These
studies confirm the presence of a near-threshold state. In
contrast, no indication of a shallow near-threshold state has
been observed in the isovector DD� channel, neither
experimentally [1,2] nor in lattice QCD simulations [8,9].
Apart from Tcc, its heavier doubly heavy analogs have

also attracted significant interest: the doubly bottom tetra-
quark Tbb ∼ bbq̄1q̄2, and the mixed bottom-charm system
Tbc ∼ bcq̄1q̄2 as well as their antiparticles. Lattice QCD
studies have converged on the existence of a deeply bound

Tbb state with quantum numbers IðJPÞ ¼ 0ð1þÞ, which is
predicted to be stable under both strong and electromagnetic
interactions, decaying only via the weak force [10–16]. In
contrast, the situation for Tbc remains much less clear. In
what follows, we collectively denote the tetraquark states
with quark content bcq̄1q̄2 and their antiparticles b̄ c̄ q1q2 by
Tbc. With one bottom and one charm quark, Tbc occupies a
unique position between Tcc and Tbb, offering an important
testing ground for the interplay of heavy-quark symmetries
and low-energy QCD dynamics.
Initial lattice hints of the existence of a bound Tbc

tetraquark with IðJPÞ ¼ 0ð1þÞ were reported in [17], but
subsequent calculations with improved statistics and larger
volumes did not confirm this result [14,18]. More recently,
a Lüscher-based analysis of ground-state energy levels at
various light-quark masses (corresponding to pseudoscalar
meson masses ranging from 0.5 to 3.0 GeV) in Ref. [19]
revealed an attractive interaction in the IðJPÞ ¼ 0ð1þÞB̄�D
channel. Extrapolation to the physical pion mass and the
continuum limit yielded a bound state 43þ7

−6
þ24
−14 MeV below

threshold. A similar analysis was performed for the
IðJPÞ ¼ 0ð0þÞ B̄D channel, leading to analogous conclu-
sions [20]. The b̄ c̄ ud four-quark system has also been
studied using the Born–Oppenheimer approximation in
Ref. [21], employing the antistatic-antistatic potentials
computed with lattice QCD in Ref. [22] at three values
of the pion mass between 340 and 650 MeV, and extrapo-
lated to the physical pion mass. This approach leads to the
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appearance of virtual Tbc states located quite far from the
lowest meson–meson thresholds for quantum numbers
IðJPÞ ¼ 0ð0þÞ as well as 0ð1þÞ.
Another recent lattice QCD study [23] performed a

Lüscher-based analysis of both ground and multiple excited
states in the IðJPÞ ¼ 0ð0þÞBD̄ and IðJPÞ ¼ 0ð1þÞB�D̄
channels, aiming to determine the energy dependence of
the scattering amplitudes near their respective thresholds.
Using lattice QCD results at the pion mass of approx-
imately 220 MeV and lattice spacing of 0.12 fm and
utilizing the effective range expansion (ERE), this study
identified shallow bound states a few MeV below both BD̄
and B�D̄ thresholds. In addition, broad resonance poles
above thresholds were found in both channels.
The growing number of more sophisticated lattice

calculations yielding energy spectra beyond the ground
state reinforces the need for equally advanced theoretical
methods to reliably extract key physical quantities, such as
infinite-volume (IFV) scattering amplitudes and pole posi-
tions, from finite-volume (FV) energies. In particular,
Refs. [24–26] emphasized that the ERE is only valid for
parametrizing the near-threshold energy behavior of the
inverse scattering amplitude in the absence of nearby left-
hand cuts (lhc) that can arise from long-range interactions.
The validity of the Lüscher formula [27–30], the underlying
method for extracting IFV amplitudes from FV energy
levels, can be called into question in the presence of a
nearby lhc. Consequently, several extensions of the Lüscher
method and alternative approaches have been proposed to
address this issue [31–36].
In particular, a chiral effective field theory (EFT) based

method for two heavy mesons consistent with unitarity and
analyticity was proposed in Ref. [32]. This framework was
successfully applied to analyze DD� scattering in the
isoscalar (I ¼ 0) [32] and isovector (I ¼ 1) [8] channels
at a pion mass of approximately 280 MeV. In this approach,
FV spectra are computed by solving the Lippmann–
Schwinger equation, with the effective potential involving
both the long-range one-pion exchange (OPE) and short-
range interactions parametrized by contact terms. The rele-
vant low-energy constants are extracted by fitting the FV
spectra, and the resulting Tcc pole in the isoscalar DD�
channel is identified as a near-threshold resonance in the
corresponding infinite-volume scattering amplitude. Notably,
Ref. [32] showed that the OPE (i) generates sizable repulsion
in the isoscalar channel, (ii) governs the energy dependence
of the S- and P-wave amplitudes near threshold—thereby
contributing to range corrections—and (iii) controls the
leading exponentially suppressed FV corrections that are
neglected in the Lüscher formalism.
Furthermore, the OPE turns out to have nontrivial impact

on the light-quark mass dependence of the Tcc pole [37].
While its effect is minor at pion masses just above the
physical value, in agreement with the HAL QCD results
[7], it becomes increasingly important at larger pion

masses, eventually shifting the pole into the complex
energy plane.
In contrast, the OPE’s influence onDD� scattering in the

isovector channel is significantly weaker, consistent with
the suppression of isospin coefficients relative to the
isoscalar case [8]. The main difference between the lattice
results in the isoscalar and isovector channels at mπ ≃
280 MeV was attributed to the exchange of isovector-
vector mesons, associated either with the ρ-meson or with
two-pion exchange (TPE) mechanisms. This interpretation
is further supported by the results of Ref. [38], where the
leading TPE contributions were calculated at next-to-
leading order (NLO) in chiral EFT with coupled channels.
Indeed, these TPE loops were found to be strongly
attractive in the isoscalar channel but repulsive in the
isovector channel. Nonetheless, while the TPE was found
to be important, it was also shown that these potentials can
be largely absorbed into the NLO contact interactions, with
minor residual nonanalytic TPE contributions.
In this work, we apply EFT to analyze lattice data for

Bð�ÞD̄ð�Þ scattering in the context of Tbc states [23]. To this
end, we employ two approaches:
(1) In the first approach, momentum scales associated

with coupled-channel dynamics are treated as hard
and integrated out, leading to a low-energy EFT
valid near the lowest thresholds (BD̄ for J ¼ 0, B�D̄
for J ¼ 1). In this regime, the OPE does not
contribute to elastic interactions, and pion dynamics
is encoded in contact terms only. Thus, a purely
contact theory is employed, with low-energy con-
stants fitted to the lowest-lying finite-volume energy
levels, up to momenta kmax ≃ 310–380 MeV.

(2) In the second approach, coupled-channel momen-
tum scales are treated as soft, leading to the
formulation which includes both contact interactions
and the OPE, with the OPE contributing to the
lowest channels only through off-diagonal transi-
tions. It allows us to perform a coupled-channel EFT
analysis that incorporates TPE effects—contributing
to the lowest-lying channels through loops with
intermediate states from higher thresholds—and
their associated left-hand cuts. All relevant lattice
data from the lowest to higher thresholds are
included in the fits.

As detailed below, the two approaches yield consistent
results within uncertainties and support the existence of
shallow bound states in both lowest channels, in agreement
with the findings of Ref. [23]. The nearly identical spectra
in the J ¼ 0 and J ¼ 1 channels align with heavy-quark
spin symmetry (HQSS), suggesting nearly identical BD̄ →
BD̄ and B�D̄ → B�D̄ interactions. HQSS also predicts
shallow states near BD̄� and B�D̄� thresholds, which can
be searched for in future lattice QCD simulations. TPE
effects are found to be negligible, but the effect of the OPE
on the shallow states near the B�D̄� thresholds is more
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pronounced. Off-diagonal contact terms are found to be
strongly correlated with diagonal ones, yielding no sig-
nificant improvement in the fit quality.
Finally, we note that theoretical implications of HQSS,

including the possible existence of spin partners for the BD̄
states, have been discussed in the literature [see, e.g.,
Refs. [39–43]]. However, in the absence of experimental
data, no reliable methods for constraining the parameters
accompanying the short-range interactions were available
until the recent lattice QCD results of Ref. [23] were recently
reported. We also emphasize that the above-mentioned
predictions for Bð�ÞD̄ð�Þ states based on heavy-flavor sym-
metry are afflicted with uncontrolled uncertainties, since
it is not possible to relate different heavy-flavor sectors
containing two heavy quarks within a systematic EFT
framework [44].
In Sec. II, we briefly outline the formalism employed in

our calculation. Section III presents the results of our
analysis of the lattice data near the BD̄ and BD̄� thresholds
within a single-channel EFT. In Sec. IV, we extend the
analysis to a broader energy range, examining the role of
coupled-channel off-diagonal interactions, the OPE, and
higher-order terms. Our conclusions are summarized in
Sec. V. Additional details are provided in the appendixes.
Specifically, Appendix A shows quantile-quantile (QQ)
plots supporting our statistical analysis; Appendix B
focuses on the details of the fitting procedure and statistical
uncertainty estimates; and Appendix C presents consis-
tency checks and additional uncertainty estimates.

II. FRAMEWORK

Since the lattice QCD data for FV energy levels of
Ref. [23] are located near the relevant thresholds, it is
natural to analyze them using an EFTapproach. This allows
systematic calculations of the IFVobservables with reliable
error estimates. A similar EFT approach was used by some
of the authors to analyze lattice data for DD� scattering in
the isospin-0 and isospin-1 channels in the context of
doubly charmed tetraquark states [8,32]. The present work
describes the first application of a coupled-channel exten-
sion of this EFT approach to lattice QCD data.
Below, we outline the general aspects of the employed

EFT framework. Specific details of the two approaches
used to analyze lattice data for Bð�ÞD̄ð�Þ scattering are
presented in Secs. III and IV.
To describe the interaction between heavy mesons in an

EFT framework, we employ a low-energy expansion of the
effective potential in powers of Q, where Q denotes a
typical soft scale in the problem, assumed to be well
separated from the hard scales. Furthermore, as B and D
mesons contain heavy quarks, Bð�ÞD̄ð�Þ interactions are
expected to be constrained by HQSS, which dictates that
interactions depending on the spins of heavy quarks are
suppressed by the heavy-quark mass. Then, the leading-
order (LO) Bð�ÞD̄ð�Þ S-wave contact interaction follows

from the effective Lagrangian, which for isospin-0 can be
written as

LLO
HH ¼C00

2
TrðH̄†

DH
†
BHBH̄DÞþ

C01

2
TrðH̄†

DσiH
†
BHBσiH̄DÞ:

ð1Þ
Here, C00 and C01 are two low-energy constants (LECs)
accompanying contact interactions between the heavy-light
mesons grouped into the superfields

HB ¼ Bþ B� · σ;

H̄D ¼ D̄ − D̄� · σ; ð2Þ
where BðDÞ and B�ðD�Þ are pseudoscalar and vector meson
fields. Then, using the following basis states for different JP

quantum numbers (written in the spectroscopic notation
2Sþ1LJ with S, L and J referring to the spin, orbital angular
momentum and total angular momentum, respectively),

0þ∶ fBD̄ð1S0Þ; B�D̄�ð1S0Þg;
1þ∶ fB�D̄ð3S1Þ; BD̄�ð3S1Þ; B�D̄�ð3S1Þg;
2þ∶ fB�D̄�ð5S2Þg; ð3Þ

the LO coupled-channel S-wave potentials read

VCT
LO½0þ� ¼

 
Cd þ Cf

ffiffiffi
3

p
Cfffiffiffi

3
p

Cf Cd − Cf

!
; ð4Þ

VCT
LO½1þ� ¼

0
BB@

Cd þ Cf Cf
ffiffiffi
2

p
Cf

Cf Cd þ Cf −
ffiffiffi
2

p
Cfffiffiffi

2
p

Cf −
ffiffiffi
2

p
Cf Cd

1
CCA; ð5Þ

VCT
LO½2þ� ¼ Cd þ 2Cf; ð6Þ

wherewe introduced the redefined LECs fCd; Cfg according
to Cd ¼ 2ðC00 þ C01Þ and Cf ¼ C01 − C00.
In addition to the LO contact potentials from

Eqs. (4)–(6), the one-pion exchange also contributes
at LO. However, the three-pseudoscalar-meson vertex,
BD̄π, is forbidden by angular momentum and parity
conservation. As a result, the OPE is only allowed
in elastic B�D̄� interactions and in coupled-channel tran-
sitions JP ¼ 0þ BD̄ → B�D̄� and 1þ B�D̄ → Bð�ÞD̄�.
Consequently, no elastic OPE-driven interactions emerge
in the low-lying channels BD̄ for J ¼ 0 and B�D̄ for J ¼ 1.
On the other hand, diagonal interactions in these lower
channels do receive contributions from two-pion exchange
via intermediate coupled-channel loops, namely, BD̄ →
B�D̄� → BD̄ and B�D̄ → Bð�ÞD̄� → B�D̄. The OPE poten-
tials 12 → 1020 in the relevant off-diagonal and diagonal
Bð�ÞD̄ð�Þ → Bð�ÞD̄ð�Þ transitions read
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VOPE½12 → 1020� ¼ ðτ1 · τ2Þ
g2

4F2
π

ðk · S1Þðk · S2Þ
2ωπðkÞ

×

�
1

D210π
þ 1

D120π

�
; ð7Þ

where Si (i ¼ 1, 2) refers either to a polarization vector

ϵð�Þi in the case of a pseudoscalar-vector-pion vertex or to
iðϵi × ϵ�i0 Þ for a vector-vector-pion vertex, ωi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
i þm2

i

p
,

with p1 ¼ −p2≕ p (p10 ¼ −p20 ≕ p0) and ωπðkÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

π

p
, with mπ being the pion mass and

k ¼ p0 þ p. The three-body propagators read

D210π ¼ E − ω2 − ω10 − ωπ; ð8Þ

D120π ¼ E − ω1 − ω20 − ωπ: ð9Þ

The isospin factor for the OPE potential in the isoscalar
channels reads τ1 · τ2 ¼ −3. The dependence of the pion
decay constant Fπ on the pion mass is considered using the
one-loop chiral perturbation theory following Ref. [45],
which gives Fπ ≈ 100 MeV for mπ ¼ 220 MeV. The value
of the coupling constant g was extracted from fits to the
lattice data of Ref. [46] and its experimental value at the
physical pion mass in [32]. For the given lattice spacing of
a ≈ 0.12 fm and mπ ¼ 220 MeV, one has g ¼ 0.45 for
Dð�Þ mesons [see Supplemental Material in Ref. [32]],
which is consistent with g ¼ 0.51 for Bð�Þ mesons [47].
Therefore, in what follows, we use g ¼ 0.45 for all
couplings.
At order OðQ2Þ, i.e., at NLO, momentum-dependent

contact interactions start to contribute. The corresponding
Lagrangians can be obtained by acting with two derivatives
on the Lagrangian in Eq. (1); see, e.g., Refs. [48,49]. The
higher-order momentum-dependent S-wave interactions
can be incorporated through the following replacements
in Eqs. (4)–(6):

Cd → Cd þDdðp2 þ p02Þ þ � � � ;
Cf → Cf þDfðp2 þ p02Þ þ � � � ; ð10Þ

where the dots stand for interactions of order OðQ4Þ and
higher. The contact interactions and the OPE are supple-

mented with the exponential regulators of the form e
−ðpnþp0nÞ

Λn

with n ¼ 6.
Finally, we emphasize that the energy levels associated

with D-wave interactions are fully consistent with the
noninteracting spectrum. Based on this observation, we
restrict our analysis to S-wave interactions in what follows.
However, in Sec. IV, we also discuss S-to-D-wave tran-
sitions induced by the OPE.
For the given EFT potential, the FV energy levels (for a

given set JP) in a given irreducible representation (irrep) are
obtained by solving the determinant equation

det ½G−1ðEÞ − VðEÞ� ¼ 0; ð11Þ

which arises from the Lippmann-Schwinger-type integral
equations in FV:

TαβðEÞ ¼ VαβðEÞ þ VαγðEÞGγðEÞT γβðEÞ; ð12Þ

where α, β, and γ label the basis states defined in Eq. (3).
Here, the potential V is defined as

Vαβ
n;n0 ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2m10m20

p
Vαβðpn; pn0 Þ;

where Vαβðpn; pn0 Þ represents the sum of the contact and
OPE potentials from Eqs. (4)–(6), and (7), including the
higher-order terms from Eq. (10). The discretized propa-
gator G reads

Gγ
n;n0 ¼ J

1

L3
Gγðpn; EÞδn0;n; ð13Þ

where the Green function Gγ is1

Gγðp;EÞ ¼ 1

4ω1;γðp2Þω2;γðp2Þ
1

E − ω1;γðp2Þ − ω2;γðp2Þ ;

while J is the Jacobi determinant arising from the trans-
formation between the box and the center-of-mass frames
[see [32] for details], and pn are the discretized momenta.2

Furthermore, the heavy-meson energies ω1;γ and ω2;γ in the
channel γ are related with the three-momenta p as

ωa;γðpÞ ¼ Ea;γð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmkin

a;γÞ2 þ p2

q
−mkin

a;γ ; ð14Þ

where a ¼ 1, 2 [a ¼ 1 stands for either B or B� and a ¼ 2

for D̄ or D̄�, depending on the channel γ in Eq. (3) for the
given JP], and the mass parameters Ea;γð0Þ and mkin

a;γ are
taken from Tables II and III in Supplemental Material
of [23].
To solve Eq. (11) in a finite volume, we use the plane

wave basis instead of expanding it in partial waves; see [52]
for details.
Once the LECs are adjusted to reproduce the FV spectra

(see Secs. III and IV for details), the IFV amplitudes are
obtained by solving LS-type integral equations. In the
single-channel case, the on-shell IFV scattering amplitude
can be related to the phase shifts as

1The integral equations with this Green function are referred to
as the Kadyshevsky equations [50]; see also [51] for an alter-
native derivation and related discussion.

2Note that J ¼ 1 holds for the lattice irreps Aþ
1 ½0� and Tþ

1 ½0�
from Ref. [23], since they correspond to the special case of zero
total momentum. However, our method can be also applied to
moving boxes in the same manner [32,52].
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−2π
μ

T−1ðEÞ ¼ k cot δ − ik; ð15Þ

with k denoting the on-shell momentum in the center-of-
mass frame. In the vicinity of the threshold, the phase shifts
can be parametrized in terms of the ERE:

k cot δ ¼ 1

a
þ 1

2
rk2 þ v2k4 þOðk6Þ; ð16Þ

where a and r denote the scattering length and the effective
range, respectively, while v2 represents the so-called shape
parameter. The convergence radius of the ERE is limited by
the nearest left-hand singularity of the scattering amplitude.
In what follows, we use the naming scheme CTNd þ

NCf
þ NDf

for fits involving only contact interactions,
where Nd denotes the number of contact terms included in
the diagonal channels, and NCf

and NDf
denote the number

of momentum-independent OðQ0Þ and momentum-
dependent OðQ2Þ off-diagonal interactions, respectively.
When the OPE is included, the corresponding fits are
labeled CTNd þ NCf

þ NDf
& OPE.

III. SINGLE CHANNEL EFT AT LOW ENERGIES

In the first approach, we treat the momentum scales
associated with coupled-channel effects as hard and inte-
grate them out. This leads to a low-energy EFT valid near
the lowest thresholds, namely, the BD̄ threshold for J ¼ 0

and the B�D̄ threshold for J ¼ 1. As discussed above, the
OPE does not contribute directly in this regime, since it is
governed by the coupled-channel momentum scales. As a
result, we employ a purely contact, single-channel theory,
with LECs adjusted to fit the lowest-lying FVenergy levels.
Specifically, we consider either three data points (corre-
sponding to the maximum momentum kmax ≃ 310 MeV) or
four data points (kmax ≃ 380 MeV) in each channel. It is
also worth noting that, for the considered pion mass, the
left-hand cut associated with the ρ-meson exchange begins
at k ¼ imρ=2 ≃ i400 MeV. We, therefore, consider the
momentum range below this scale.
HQSS dictates that the elastic interactions in the low-

lying BD̄ and B�D̄ channels are identical [see the “11”
matrix elements in Eqs. (4) and (5)]:

V½BD̄� ¼ V½B�D̄� ¼ C0 þ C2ðp2 þ p02Þ þ C4ðp4 þ p04Þ;
ð17Þ

where, following Eq. (10), we extended the interactions to
incorporate terms of order OðQ2Þ and OðQ4Þ, while those
of OðQ6Þ and higher are omitted. Following [37], we can
rewrite the LECs in the following form:

C0 ¼
α0
F2
π
; C2 ¼

α2
F2
π

1

Λ2
χ
; C4 ¼

α4
F2
π

1

Λ4
χ
; ð18Þ

where fα0; α2; α4g are dimensionless parameters adjusted
to obtain the best fit and Λχ ≃ 1.0 GeV is the chiral
symmetry breaking scale.
We test HQSS through three independent fits: (a) a fit to

the four lowest data points in Aþ
1 ½0� referred to as fitð4þ0Þ,

(b) a fit to the four lowest data points in Tþ
1 ½0� referred to as

fitð0þ4Þ, and (c) a combined fit to the four lowest points in
both Aþ

1 ½0� and Tþ
1 ½0� referred to as fitð4þ4Þ. All other FV

energy levels in Aþ
1 ½0� and Tþ

1 ½0� come out as predictions.
The results of these fits for the FV spectra for Aþ

1 ½0� and
Tþ
1 ½0� are shown in the left panel of Fig. 1, while

the predicted IFV phase shifts (k cot δ) are shown in the
right panel. All results correspond to fits with two contact
terms (CT2þ 0þ 0), C0 and C2, using the cutoff value
of Λ ¼ 1.0 GeV.
The resulting FV spectra from these fits are nearly

identical, and the extracted LO contact terms agree within
∼10% (see Fig. 1), indicating only minor possible HQSS
violation. Table I summarizes the extracted pole positions
in the lowest channels together with the ERE parameters. In
addition to the statistical uncertainty included in all fits, for
the HQSS-based fit—fitð4þ4Þ—we account for possible
HQSS-breaking effects by assigning a 10% uncertainty
to the LO interaction C0 and propagating it to the observ-
ables. Furthermore, since the elastic interaction in the BD̄�
channel is governed by the same linear combination of the
contact terms as in the BD̄ and B�D̄ channels,

V½BD̄�� ¼ V½BD̄� ¼ V½B�D̄�; ð19Þ

as follows from Eqs. (4) and (5), HQSS allows us to predict,
without introducing new parameters, the pole position near
the BD̄� threshold—see Table I. Given the excellent
agreement between the pole positions for the BD̄ and
B�D̄ bound states, a shallow state near the BD̄� threshold
emerges as a robust prediction that can be verified in future
lattice investigations. While states near the B�D̄� threshold
depend on different LEC combinations (Cd, Cf), an
approximate but reasonable estimate remains possible
under the assumption that the off-diagonal interaction Cf
is negligible as compared to Cd. The corresponding pole
positions are also listed in Table I. This assumption is
supported by the explicit coupled-channel calculation
presented in the next section, where we also discuss the
corresponding pole structures.
To investigate systematic uncertainties, Fig. 2 compares

results from fits CT1þ 0þ 0 and CT2þ 0þ 0 with one
(i.e., only C0) and two contact terms (C0 and C2), respec-
tively, showing also their variation with the cutoff Λ in the
range 0.8–1.2 GeV. For the fit CT1þ 0þ 0, the effective
range is positive and scales inversely with the cutoff,
resulting in some cutoff dependence of k cot δ near thresh-
old. In contrast, the fit CT2þ 0þ 0 removes this depend-
ence through the cutoff running of C2, yielding nearly
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(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

FIG. 1. Results of the single-channel EFT (EFT1) for the finite-volume spectra and the infinite-volume S-wave phase shifts δ. Left
panel: FV spectra in the Aþ

1 ½0� (J ¼ 0) and the Tþ
1 ½0� (J ¼ 1) irreps. Right panel: predictions for the infinite-volume k cot δ. The three fits

discussed in the text—fitð4þ0Þ, fitð0þ4Þ, and fitð4þ4Þ—are presented in panels (a1), (b1), and (c1), respectively. Lattice data points from
Aþ
1 ½0� used in the fits are shown in green, those from Tþ

1 ½0� in orange, while data points not included in the fits are indicated in gray. The
fit range in each fit is also indicated by a cyan ellipse. The EFT results are shown in red, with error bands indicating the 68% (1σ)
statistical uncertainty. Each panel also reports the χ2=dof and the fitted values of parameters defined in Eq. (18). The noninteracting
energy levels (left panel) are shown as dashed lines: gray for the lowest channel (BD̄ or B�D̄, depending on J), black for BD̄�, and blue
for B�D̄�. The predicted energy levels are displayed up to approximately 30 MeV above the B�D̄� threshold. The predicted FV levels
from different two-meson channels are horizontally shifted so that levels from each channel are easily distinguishable. For Aþ

1 ½0� irrep,
the B�D̄� levels are placed to the right of the BD̄ levels. For Tþ

1 ½0�, the ordering from left to right is B�D̄, BD̄� and B�D̄�. The gray
dashed lines in the right panels correspond to ik ¼ �jkj from unitarity.
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cutoff-independent results for the scattering length, the
effective range and thus also for the pole position—see
Fig. 2. A mild cutoff dependence beyond the relevant
momentum range reflects the influence of higher-order
terms. Since k cot δ exhibits essentially linear behavior
in k2, the inclusion of the higher-order term ∼C4 (fit
CT3þ 0þ 0) does not improve the fit quality and instead
leads to overfitting. Moreover, due to this linear behavior,
the choice between using the three or four lowest data

points as input has only a minor impact on the results. In
particular, the effective range extracted from the fitð3þ3Þ is
slightly smaller but remains consistent within statistical
errors with that from the fitð4þ4Þ.

IV. EFT IN THE WHOLE MOMENTUM RANGE

A. Coupled-channel calculations of the finite
volume energy levels

In the second approach, the momentum scales asso-
ciated with coupled-channel effects are treated as soft.
Accordingly, we allow for coupled-channel interactions
driven by both one-pion exchange and contact terms.
This framework is, to our knowledge, the first coupled-
channel EFT-based analysis of FV spectra. It enables us
to incorporate the OPE dynamics and the associated left-
hand cuts into the analysis of the lowest-lying channels.
Assuming that the effects of ρ-meson exchange are
largely represented by contact interactions, we include
all available lattice data points between the lowest and
higher thresholds in the fits.
The coupled-channel calculations are carried out step by

step as follows:
(1) We begin with a contact EFT including two diagonal

contact interactions (fit CT2þ 0þ 0), fitted simul-
taneously to both the Aþ

1 ½0� and Tþ
1 ½0� irreps using all

relevant data points up to the next threshold (i.e., 9
points in Aþ

1 ½0� and 5 in Tþ
1 ½0�). The highest-energy

data point in this fit (the 9th point in Aþ
1 ½0�)

corresponds to the shallow ground-state level asso-
ciated with the B�D̄� threshold. Excluding this point

FIG. 2. Residual cutoff dependence of k cot δ from fits with one
(CT1þ 0þ 0, green band) and two (CT2þ 0þ 0, red band)
contact terms in EFT1. For k cot δ > 0, the upper edge of each
band corresponds to the lowest cutoff Λ ¼ 0.8 GeV and the
lower edge to the highest cutoffΛ ¼ 1.2 GeV; for k cot δ < 0, the
ordering is reversed. The green dashed line corresponds to ik ¼
�jkj from unitarity.

TABLE I. Pole positions of the near-threshold Bð�ÞD̄ð�Þ states and the ERE parameters in the corresponding channels extracted from
the lattice data, together with the HQSS-based predictions. All poles correspond to bound states. In the EFT1 fitð4þ4Þ, the BD̄� ð1þÞ state
is predicted parameter-free from HQSS, while the B�D̄� states, marked with †, are obtained under the additional assumption that
off-diagonal interactions are negligible, as supported by the EFT2 results. The first uncertainty represents the statistical 1σ error, while
the second (for fits (4þ 4) and (9þ 5)) accounts for a 10% HQSS-violation in the LO interaction C0 in Eq. (17). The EFT1 results are
shown for a cutoff of Λ ¼ 1.0 GeV, whereas for EFT2 we use Λ ¼ 1.2 GeV, which ensures a clearer separation of scales. We note that
the cutoff-induced uncertainties in the pole positions are much smaller than the other uncertainties quoted in the Table—see Figs. 2 and 7
in Appendix C for further details. We do not show values for v2 in the EFT1 case, as they are consistent with zero and cannot be reliably
extracted from low-energy fits.

Fit type Threshold JP Poles [MeV] 1=a [fm−1] r [fm] v2 [fm3]

EFT1 (CT2þ 0þ 0)

fitð4þ0Þ BD̄ 0þ −1.1þ0.9
−1.6 −0.27þ0.14

−0.14 0.41þ0.15
−0.15 …

fitð0þ4Þ B�D̄ 1þ −2.6þ1.9
−3.0 −0.40þ0.17

−0.17 0.33þ0.25
−0.25 …

fitð4þ4Þ

BD̄ 0þ −1.8þ1.0þ1.6
−1.3−4.0 −0.33þ0.10þ0.24

−0.10−0.25 0.39þ0.11þ0.02
−0.11−0.02 …

B�D̄ 1þ −1.7þ0.9þ1.6
−1.3−4.0 −0.33þ0.10þ0.24

−0.10−0.25 0.39þ0.11þ0.02
−0.11−0.02 …

BD̄� 1þ −3.6þ1.2þ2.7
−1.5−5.0 −0.48þ0.07þ0.22

−0.07−0.23 0.39þ0.10þ0.01
−0.10−0.01 …

B�D̄�† 0þ; 1þ; 2þ −3.6þ1.2þ2.7
−1.5−5.0 −0.47þ0.07þ0.22

−0.07−0.23 0.39þ0.10þ0.01
−0.10−0.01 …

EFT2 (CT3þ 0þ 0) fitð9þ5Þ

BD̄ 0þ −0.8þ0.6þ0.4
−1.1−0.6 −0.23þ0.12þ0.07

−0.12−0.07 0.37þ0.11þ0.02
−0.11−0.02 −0.025þ0.007þ0.001

−0.007−0.001
B�D̄ 1þ −0.7þ0.6þ0.4

−1.0−0.6 −0.22þ0.12þ0.07
−0.12−0.07 0.38þ0.11þ0.02

−0.11−0.02 −0.025þ0.007þ0.001
−0.007−0.001

BD̄� 1þ −8.0þ2.8þ1.3
−3.4−1.4 −0.70þ0.11þ0.05

−0.11−0.05 0.25þ0.08þ0.01
−0.08−0.01 −0.024þ0.006þ0.001

−0.006−0.001
B�D̄� 0þ; 1þ; 2þ −7.6þ2.7þ1.3

−3.3−1.4 −0.68þ0.11þ0.06
−0.11−0.05 0.26þ0.08þ0.01

−0.08−0.01 −0.024þ0.006þ0.001
−0.006−0.001
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from the fit yields virtually the same result, with this
ground-state level emerging as a prediction.
While this setup generally provides a reasonable

description of the FV spectrum [see Fig. 3(a)], it fails
to quantitatively reproduce the data near the lowest
thresholds. Furthermore, the QQ plots presented in
Appendix A reveal significant deviations from the
expected normal distribution of the residuals, thus
indicating that such fits may not be regarded as
statistically consistent.

(2) We then add various coupled-channel inter-
actions involving both short-range terms and the
long-range OPE and discuss their impact on the
results.

(2.1) The CT2þ 1þ 0 fit with three contact terms in-
cluding Cf provides only a minor and statistically
insignificant improvement in the χ2 compared to the
CT2þ 0þ 0 fit, while the QQ plots still demon-
strate a pronounced deviation from the normal
distribution.

(a)

(c) (d)

(b)

FIG. 3. Comparison of the EFT2 results obtained using different interaction terms. Panel (a) shows the fit with two diagonal contact
terms (CT2þ 0þ 0); panel (b) displays the fit including the OPE interaction together with the off-diagonal term Cf
(CT2þ 1þ 0 & OPE); panel (c) shows the fit including the off-diagonal term Df (CT2þ 0þ 1); and panel (d) presents the fit
with three diagonal contact terms (CT3þ 0þ 0), as discussed in text. All results correspond to a cutoff of 1.2 GeV. The color coding is
the same as that in Fig. 1. For fits with diagonal interactions, as in Fig. 1, FV levels from different two-meson channels are horizontally
shifted so that levels from each channel are easily distinguishable. See the caption of Fig. 1 for further details.
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(2.2) The effect of the one-pion exchange is illustrated in
Fig. 3(b)—fit CT2þ 1þ 0 & OPE. For the lower
channels, BD̄ and B�D̄, the OPE enters only through
off-diagonal terms and contributes solely through
the effective elastic TPE transitions. We note that,
to properly renormalize the OPE, it must appear
together with contact interactions [53]. For S-wave
transitions, it is the off-diagonal momentum-
independent contact term Cf that ensures the re-
normalization. For example, for the static OPE,

one finds that the linear combination C̃f ¼ Cf þ g2

4F2
π

absorbs the leading short-range part of the OPE into
the redefined contact term. This linear combination
then contributes to all potentials with different angular
momenta J, as required by HQSS. For dynamical
pions, the renormalization is performed numerically.
Although the inclusion of S-wave pions leads to a
further decrease in χ2, the resulting effect is minor as
compared to an analogous fit without pions. On the
other hand, the influence of the OPE is expected to be
more noticeable near the B�D̄� threshold, where it
enters as a diagonal repulsive interaction.
To estimate the impact of the D-waves in the OPE

on the results, we proceed as follows. Since the
role of the D-waves increases with momentum, we
focus on the irrep Aþ

1 ½0�, where energy levels
are available over a larger energy range up to the
B�D̄� threshold. We then extend the basis of the 0þ

states to allow for the D-wave OPE in the B�D̄�

channel (note that BD̄ can only occur in the
S-wave). Specifically, we incorporate the S-wave-
to-D-wave OPE transitions BD̄ð1S0Þ → B�D̄�ð5D0Þ
and B�D̄�ð1S0Þ → B�D̄�ð5D0Þ into the current fit
CT2þ 1þ 0 & OPE, and refit the contact inter-
actions. The resulting effect on the χ2 and on the
energy levels is found to be almost negligible,
consistent with the nearly noninteracting D-wave
energy levels.

(2.3) Fitting the lattice data with four contact terms,
including both Cf and Df in addition to the two
diagonal contact interactions, leads to the appear-
ance of multiple minima close to each other, with the
contact terms exhibiting strong correlations among
themselves. This behavior points toward overfitting.
We therefore consider an alternative contact

scenario in which only Df is included in addition
to the diagonal contact terms (fit CT2þ 0þ 1), as
illustrated in Fig. 3(c). While the contact terms are
still strongly correlated, with the off-diagonal inter-
action being the largest among all contact terms,
the fit exhibits a well separated global minimum
with a significantly reduced χ2. On the other hand,
although the overall description of the data is visibly
improved, the ground-state energy levels at smaller
volumes are still not reproduced with sufficient

accuracy. Furthermore, the QQ plot for this fit still
shows significant deviations from the expected normal
distribution of the residuals.

(3) As discussed above, while the fit CT2þ 0þ 0
provides an overall reasonable description of the data,
it fails to reproduce the near-threshold energy levels
with high accuracy. This deficiency cannot be cured
sufficiently well by including off-diagonal inter-
actions. Furthermore, in this fit, multiple points in
the QQ plot lie outside the 68% interval and some
even outside the 95% interval, indicating that the
residuals do not follow a normal distribution. There is
one more subtle issue with this fit: although the results
of the fit CT2þ 0þ 0 near the lowest thresholds are
stable for cutoffs Λ≳ 1.2 GeV3, the cutoff depend-
ence becomes more pronounced for Λ≲ 1 GeV. This
behavior likely reflects a poorer separation between
soft and hard scales at lower cutoffs, which leads to
unphysical poles in k cot δ appearing close to thresh-
old and distorting the low-energy behavior.
To address these issues, we perform a three contact

term fit by supplementing the diagonal interaction
with an additional OðQ4Þ contact term of the form
C4ðp4 þ p04Þ (fit CT3þ 0þ 0) [see Eq. (17)], which
provides additional flexibility to account for the non-
trivial momentum dependence exhibited by the lattice
data, starting from the fifth-lowest data point in each
irrep, respectively. The results of this fit are shown in
Fig. 3(d). Furthermore, Fig. 4 illustrates the conver-
gence behavior of the FV spectra and the phase shift in
the infinite volume as two or three contact terms are
included in the diagonal potentials (fits CT2þ 0þ 0
vs CT3þ 0þ 0). As expected, introducing the addi-
tional contact term improves the fit quality, particu-
larly near the lower thresholds, while also significantly
reducing the cutoff dependence (see Fig. 7 in Appen-
dix C), where the results of fit CT3þ 0þ 0 are shown
for different cutoffs. As a result, the cutoff-induced
uncertainties in the extracted pole positions are much
smaller than other uncertainties quoted in Table I. Still,
at higher momenta ðakÞ2 ≳ 0.1, the influence of
nearby poles in k cot δ becomes more substantial,
which leads to an increased systematic uncertainty
stemming from the cutoff variation.
Although the fits CT2þ 0þ 1 and CT3þ 0þ 0

in Fig. 3 yield very similar values of χ2, the latter
(diagonal) fit provides a somewhat better description
of the ground-state energy levels. In particular, the
corresponding χ2 values for the four ground-state
data points are 2.11 and 1.47 for these two fits,
respectively. The resulting infinite-volume ground-
state poles are very shallow virtual states in fit

3Note that a cutoff of 1.2 GeV with our regulator corresponds
to a sharp cutoff of less than 1.0 GeV.
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CT2þ0þ1 but correspond to bound states in fit
CT3þ 0þ 0. In addition, the distribution of residuals
of the fit CT3þ 0þ 0 is consistent with a normal one,
in contrast to the fit CT2þ 0þ 1—see the QQ plots
in Fig. 6 in Appendix A. Although the available lattice
data do not permit an unambiguous discrimination
between these two fits, they result in notably different
predictions for the energy levels above the BD̄�

threshold, most prominently near the B�D̄� threshold
in the Tþ

1 ½0� (J ¼ 1) irrep for L ¼ 24. Future lattice
data in the higher channels would therefore provide
valuable additional constraints on the effective inter-
actions.

To further assess the stability of our results and estimate
systematic uncertainties, we performed several consistency
checks:
(a) We performed a fit CT3þ 0þ 0 using an alternative

OðQ4Þ contact term of the form C04p
2p02. Although

this term is the on-shell equivalent to C4ðp4 þ p04Þ, the
two exhibit different off-shell behavior, which can
introduce systematic effects in observables that can
be used to estimate the impact of neglected higher-
order terms [54]. We found that the resulting k cot δ
is consistent between both interaction forms within
the uncertainties already estimated from the cutoff
variation.

(b) We performed a self-consistency check by fitting only
the J ¼ 0 data in Aþ

1 ½0� and predicting the J ¼ 1

spectrum in Tþ
1 ½0�, and vice versa. Since HQSS is

expected to hold well in this system (as demonstrated
in EFT 1), the results should not depend on the choice
of fitting input. This consistency is indeed observed
for the fits CT2þ 0þ 1 and CT3þ 0þ 0, as well as

for CT2þ 0þ 0—see, e.g., Fig. 8 in Appendix C for
the results of the main fit CT3þ 0þ 0.

(c) Finally, we have verified that extending the fit CT3þ
0þ 0 by including the OPE together with an addi-
tional contact term Cf (fit CT3þ 1þ 0 & OPE) leads
to only a very minor, perturbative change in the
parameter values and, consequently, to an insignificant
improvement in the fit quality.

To summarize, we take the fit CT3þ 0þ 0 as our main
result among the fits to all lattice data points over the entire
momentum range.

B. Infinite-volume poles in the Bð�ÞD̄ð�Þ channels

In Table I, we present the pole positions in the relevantBD̄
and B�D̄ channels extracted from the fit CT3þ 0þ 0,
together with the ERE parameters. In addition, we provide
predictions for the pole positions of their heavy-quark spin
symmetry partners near the BD̄� and B�D̄� thresholds and
the corresponding ERE parameters, including the estimated
uncertainties.
The pole positions obtained using both EFT1 and EFT2

are found to be mutually consistent, providing strong support
to the existence of Tbc bound states identified in Ref. [23]
and yielding robust predictions for their HQSS partners. To
gain further insight into the nature of the extracted Tbc poles,
we estimate their compositeness, X̄A defined as

X̄A ¼
�
1þ 2

���� ra
����
�

−1=2
; ð20Þ

where X̄A ¼ 1 corresponds to a purely molecular state
and X̄A ¼ 0 to a compact configuration. This quantity,

FIG. 4. Convergence of the results from fits using two (blue) and three (red) diagonal contact interactions. The FV spectra in the Aþ
1 ð0Þ

and Tþ
1 ð0Þ irreps are shown in the left panel. Right panel: corresponding k cot δ in the infinite volume. Bands indicate 1σ statistical

errors. The results are shown for a cutoff of 1.2 GeV. Lattice data points from Aþ
1 ½0� used in the fits are shown in green, those from Tþ

1 ½0�
in orange, while data points not included in the fits are indicated in gray.
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introduced in Ref. [55], provides a tool to characterize the
compositeness of near-threshold bound states, virtual states,
and resonances. Using the S-wave scattering length a and
effective range r listed in Table I, we obtain X̄A ≈ 0.9 for all
poles reported in that table. This result strongly supports
their interpretation as predominantly molecular states.
To illustrate the effect of the OPE on the pole positions,

we compare in Table II the results of our main fit,
CT3þ 0þ 0, with those obtained from the fit
CT3þ 1þ 0 & OPE. In the pionic fit, the ground-state
poles correspond to bound states, with magnitudes con-
sistent with the binding energies extracted from the pure
contact fit. The poles associated with the higher channels in
the CT3þ 1þ 0 & OPE fit are identified as quasibound
states, implying that they can decay into the lower-lying
channels. However, due to strongly suppressed coupled-
channel effects, these states remain very narrow. As
expected, the poles near the highest B�D̄� channel for
J ¼ 0 and J ¼ 1 lie closer to the threshold than their
counterparts in the contact fit. This shift occurs because the
OPE, which is repulsive in this channel, contributes directly
to the diagonal B�D̄� interaction. By contrast, in the J ¼ 2
channel, where the OPE is attractive, the pole is shifted
slightly further away from the threshold. Future lattice data,
especially near the higher thresholds, would be valuable for
testing these predictions and for further clarifying the role
of coupled-channel effects and OPE.
To account for the peculiar momentum dependence of

the lattice data beyond the threshold region considered in
EFT1, a strong interplay between attractive and repulsive
interactions is required. This interplay leads to the appear-
ance of poles in k cot δ, corresponding to zero crossings in
the phase shifts (see, e.g., the rapidly increasing k cot δ at
larger momenta for cutoff values of 1.0 GeV and, espe-
cially, 0.8 GeV in Fig. 7 in Appendix C). In addition,
resonance poles in the scattering amplitude appear deeply
in the complex plane, as also noted in Ref. [23]; however,
their precise positions are highly sensitive to details of the

EFT setup—such as the number of contact terms and the
choice of cutoff—and therefore cannot be regarded as a
reliable physical prediction.

V. SUMMARY AND CONCLUSIONS

We develop an EFT framework to study the dynamics of
coupled-channel Bð�ÞD̄ð�Þ scattering and apply it to recent
lattice QCD results from Alexandrou et al. [23]. Our
analysis is based on two complementary EFT formulations:
(1) a low-energy theory applicable near the BD̄ (J ¼ 0) and
B�D̄ (J ¼ 1) thresholds, where coupled-channel effects are
integrated out and encoded in diagonal short-range inter-
actions (EFT1); (2) a fully coupled-channel formulation
(EFT2), in which all relevant momentum scales are treated
as soft, incorporating both contact interactions and the
OPE. In this framework, the OPE contributes to the BD̄ and
B�D̄ channels only through off-diagonal transitions, gen-
erating a left-hand cut associated with the two-pion
exchange. EFT2 is aimed at exploring the behavior of
the lattice spectrum over an extended energy range.
The lowest-lying lattice FV energy levels are internally

consistent and accurately described within EFT1 using two
HQSS-constrained contact interactions. Independent fits to
the lowest four data points in either the J ¼ 0 (fit 4þ 0) or
J ¼ 1 (fit 0þ 4) channel, as well as a combined fit to both
(fit 4þ 4), yield consistent low-energy constants and
predict similar bound-state poles. From these fits, possible
violations of HQSS are estimated to be at most ∼10%, and
this is propagated to estimate a systematic uncertainty in the
extracted pole positions. The extracted low-energy param-
eters, scattering lengths and effective ranges, are found to
be essentially independent of the cutoff. Nearly identical
results (within statistical errors) are obtained when only the
lowest three data points are used.
Above the fourth data point, however, the lattice data

exhibit significant deviations from the simple near-
threshold behavior: while the lowest energy levels follow
an approximately linear rise with k2 of k cot δ, the fifth and
higher levels bend downward, showing a clear departure
from linearity and indicating the onset of additional
dynamics. The minimal setup with two diagonal contact
terms, as implemented in EFT1, yields a globally reason-
able description of all lattice data; however, it does not
capture the near-threshold behavior with sufficient accu-
racy, exhibits increased sensitivity to the cutoff, and leads to
a distribution of residuals that deviates significantly from a
normal distribution. Attempts to improve the description
by including off-diagonal interactions—either contact or
OPE-driven as implemented in EFT2—typically yield
multiple nearby minima without significantly improving
the fit quality. To better capture the observed trend, we
revert to a diagonal-only interaction scheme and introduce
a higher-order OðQ4Þ contact term, which provides addi-
tional flexibility to account for the nontrivial momentum
dependence exhibited by the lattice data. The resulting

TABLE II. Comparison of pole positions and Riemann
Sheet (RS) classifications for fit CT3þ 0þ 0 and fit
CT3þ 1þ 0 & OPE. Values are relative to the respective thresh-
olds. The RS column indicates the signs of the imaginary parts of
the momenta in the relevant coupled channels.

Fit CT3þ 0þ 0 Fit CT3þ 1þ 0 & OPE

Threshold JP Pole [MeV] RS Pole [MeV] RS

BD̄ 0þ −0.8 (þ) −1.0 (þþ)
B�D̄� 0þ −7.6 (þ) −6.7 − 0.4i (−þ)

B�D̄ 1þ −0.7 (þ) −0.9 ðþ þ þÞ
BD̄� 1þ −8.0 (þ) −8.3 − 0.3i ð−þþÞ
B�D̄� 1þ −7.6 (þ) −7.1 − 0.7i ð− −þÞ
B�D̄� 2þ −7.6 (þ) −8.4 (þ)
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three-parameter fit leads to the improved description of FV
spectra and k cot δ, particularly near the lowest thresholds,
while significantly reducing the cutoff dependence. This fit
is also fully statistically consistent. Nevertheless, repro-
ducing the full lattice spectrum requires additional fine-
tuning of low-energy parameters, making such fits more
sensitive to systematic uncertainties than those restricted to
the low-energy regime.
The pole positions extracted from both EFT1 and EFT2

remain consistent, reinforcing the existence of shallow Tbc
bound states reported in Ref. [23] and providing reliable
predictions for their HQSS partners. In particular, HQSS
requires the presence of a shallow bound state near the BD̄�
threshold. Additional shallow bound states are also expected
near the B�D̄� threshold with JP ¼ 0þ; 1þ, and 2þ. These
predictions (i) follow directly from thewell-constrained low-
energy fits, (ii) are nearly cutoff independent, and (iii) do not
involve any additional free parameters. They are amenable to
direct tests in future lattice simulations or experiments.
The nontrivial momentum dependence observed beyond

the fourth data point in each channel suggests a subtle
interplay between attractive and repulsive forces, leading to
zero crossings in the phase shift (poles in k cot δ). While
resonance poles do emerge—though located deeply in the
complex plane, as noted in Ref. [23]—their positions are
highly sensitive to model details and cannot be extracted
reliably.
Additional lattice data at different pion masses would be

crucial to constrain the pion-mass dependence of short-range
interactions, which is necessary for controlled chiral extrap-
olations to the physical point. Moreover, data near the higher
thresholds would provide an important test of our EFT
predictions and further constrain short-range interactions.
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APPENDIX A: TESTING NORMALITY
OF FIT RESIDUALS

WITH QUANTILE-QUANTILE PLOTS

In this appendix, we test the statistical consistency of
the fits discussed in the main text. A statistically con-
sistent χ2-fit should yield residuals that follow a normal

distribution. For each fit, we present a QQ plot, which
allows us to visually assess the difference between a normal
distribution and an actual distribution of the residuals in
the fit.
Figures 5 and 6 display QQ plots comparing the

quantiles of a standard normal distribution (x-axis) to the
normalized residuals (y-axis), defined as

Resi ¼
EEFTðiÞ − ELQCDðiÞ

ΔELQCDðiÞ ; ðA1Þ

where EEFT and ELQCD are the finite-volume energy levels
from EFTand the lattice, respectively, and ΔELQCD denotes
the corresponding lattice statistical uncertainties. If the
distribution of residuals is close to normal, the points in the
QQ plot should lie approximately along the line x ¼ y. To
quantify deviations from normality, all QQ plots include
tail-sensitive confidence bands computed according to
Ref. [56]. The bands are computed such that 68% (95%)
of pulls from a true standard normal distribution fall
inside the corresponding band. If any point in the QQ
plot lies outside the corresponding band, the probability
that the residuals follow a normal distribution is less than
32% (5%).
As expected, the QQ plot in Fig. 5 shows good agree-

ment between the sample data and the theoretical distri-
bution from the fitð4þ4Þ of EFT1 (see the lower panel in
Fig. 1 for the results of this fit). All points lie well within
the 68% confidence interval. There are no outliers within
this band, and any minor deviations suggest only slight
differences in the distribution tails.

FIG. 5. QQ plot for the fitð4þ4Þ EFT1 calculation (blue dots), as
described in the main text. A straight 45° line is shown to guide
the eye. The area between the green (orange) lines corresponds to
the 68% (95%) confidence interval.
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The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2þ 0þ 0).
Results from these cases are shown in Fig. 6, which
includes the five lowest data points from each of the
J ¼ 0 and J ¼ 1 channels (fitð5þ5Þ, the upper left panel),
and 9þ 5 data points (fitð9þ5Þ, the lower left panel). In both
QQ plots, the residuals deviate significantly from the
expected normal distribution: the points curve upward
away from the x ¼ y line, indicating pronounced right-
skewness (positive skew) in the residuals. In addition,
multiple residuals fall above the 68% confidence band,
pointing to statistically significant outliers or extreme
values that the theory does not account for.
A slightly improved, yet still not fully satisfactory,

behavior is observed for the fit CT2þ 0þ 1, in which
an off-diagonal momentum-dependent OðQ2Þ contact term
is included in addition to the two diagonal contact terms—
see Fig. 6 (middle panel).
On the other hand, this picture improves considerably

when a third contact term of the form p4 þ p04 is included.
In this case, the QQ plots closely follow the x ¼ y reference

line, with all data points residing within the 68% confidence
band—see Fig. 6 (right panel). This supports the hypothesis
that the residuals follow a normal distribution with mean 0
and standard deviation 1, and confirms that the extended fit
with 3 diagonal CTs (CT3þ 0þ 0) provides a statistically
sound description of the data.

APPENDIX B: DETAILS OF THE FITS TO
LATTICE QCD DATA AND STATISTICAL

UNCERTAINTY ESTIMATES

We fit the LECs to FV spectra by minimizing the
following χ2 function:

χ2ðfCcontgÞ ¼
X
i;j

δEði; fCcontgÞC−1ði; jÞδEðj; fCcontgÞ;

ðB1Þ

where fCcontg is a set of contact terms, Cði; jÞ is the
covariance matrix, and

δEði; fCcontgÞ ¼ ELQCDðiÞ − EEFTði; fCcontgÞ

FIG. 6. Comparison of QQ plots for EFT calculations with different numbers of contact terms. The left, middle, and right panels
correspond to the fits CT2þ 0þ 0, CT2þ 0þ 1, and CT3þ 0þ 0, respectively. The upper panels show fits to the lowest (5þ 5) lattice
data points in the Aþ

1 ½0� and Tþ
1 ½0� irreps, while the lower panels display fits to all (9þ 5) lattice data points. A straight 45° reference line

is included to guide the eye. The regions between the green (orange) lines correspond to the 68% (95%) confidence intervals.
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is the difference between the FV energy levels from lattice
QCD simulations and our fit result—see Appendix A in
Ref. [32] for more details on the general fitting procedure.
Correlated uncertainties from the original data set are

propagated into our calculations using the bootstrap
procedure—see, e.g., Ref. [57] for details on the general
method. Here, we assume that the original lattice data are
multivariate-normally distributed andperform aMonteCarlo
simulation to randomly generate numerous additional data
sets. Subsequently, we fit each of these generated data sets
individually by minimizing the χ2 function (B1), resulting in
a distribution of contact terms.We then calculate observables
for each set of contact termswithin the distribution, e.g., pole
positions or effective range parameters.

APPENDIX C: CONSISTENCY CHECKS AND
ESTIMATES OF SYSTEMATIC UNCERTAINTY

In this appendix, we provide additional details on the
results obtained from fitting all available lattice data within
the EFT2 framework, as discussed in Sec. IV. In particular,
we analyze the sensitivity of the results to the choice of the
cutoff and estimate the size of HQSS-violating corrections,
which are then propagated to the associated uncertainty in
the pole positions.

We consider the results of the fits CT2þ 0þ 0 and
CT3þ 0þ 0 with purely diagonal contact interactions for
the cutoffs Λ ¼ 0.8, 1.0, and 1.2 GeV. The fit CT2þ 0þ 0
exhibits a pronounced cutoff dependence already at very
low energies. Due to unphysical poles that emerge close to
and below the threshold, k cot δ is significantly distorted
in the low-energy region. In contrast, the calculations
with three diagonal contact terms remain largely cutoff-
independent over the relevant momentum range, from
below threshold up to k ∼ 450 MeV (k2 ∼ 0.2 GeV2).
This feature is illustrated in Fig. 7, where the results for
all three cutoffs are shown together for the fit CT3þ 0þ 0.
To estimate the impact of HQSS violation, we compare

the fit to the J ¼ 0 channel data in Aþ
1 ½0� (fitð9þ0Þ) with the

fit to the full lattice dataset involving both the Aþ
1 ½0� and

Tþ
1 ½0� irreps (fitð9þ5Þ), as shown in Fig. 8. As expected, the

calculated energy levels and the extracted contact terms are
fully consistent between the two fits within statistical
uncertainties—see the results in the left and right panels.
Consequently, following the strategy adopted in EFT1, we
allow for a 10% HQSS violation in C0 for the fitð9þ5Þ. This
introduces an additional uncertainty, which propagates
to the pole positions reported in Table I. The estimated
HQSS-violation uncertainty is smaller than the correspond-
ing statistical error.

FIG. 7. Cutoff dependence of the fit CT3þ 0þ 0 for the cutoffs Λ ¼ 0.8 (violet), 1.0 (blue), and 1.2 GeV (red), respectively. The left
panel shows the energy levels, while the right panel displays p cot δ in the lowest channels. The results shown include the 1σ statistical
uncertainty. See the caption of Fig. 1 for further details.
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