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Recently, LHCb reported the radiative-decay ratio Rψγ ≡ B½Xð3872Þ → ψ 0γ�=B½Xð3872Þ → J=ψγ� ¼
1.67� 0.25 extracted from Bþ → KþðJ=ψγ;ψ 0γÞ. This result differs markedly (∼4.6σ) from the BESIII
value obtained from eþe− → γðJ=ψγ;ψ 0γÞ, Rψγ ¼ −0.04� 0.28. Such a significant tension suggests that
more than one state in the Xð3872Þ region contributes to the processes. We therefore propose a two-state
scenario: a shallow D�0D̄0 bound state with JPC ¼ 1þþ and a 2−þ charmonium candidate, ηc2, slightly
above the D�0D̄0 threshold. We show that this hypothesis consistently describes these ratios along with
other branching fractions and line shapes across multiple processes. By contrast, fits without the ηc2
component fail to reproduce the radiative-ratio data. We also predict helicity-angle distributions that
motivate the future experiments to test the two-state hypothesis and search for the so-far missing ηc2.
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I. INTRODUCTION

The 2003 discovery of Xð3872Þ [1] ignited a modern
era of hadron spectroscopy [2–10] by highlighting
limitations of the traditional quark model [11,12].1

Lying essentially at the D�0D̄0 threshold, Xð3872Þ
exhibits a dual character: its mass and the narrow
width favor a loosely bound hadronic molecule
[14–17], while its prompt production rates point to a
more compact component [18–24]. Lattice QCD also
found an s-wave D�0D̄0 bound state consistent with
Xð3872Þ [25,26].
Here we point out that existing data actually strain the

assumption that a single state dominates the Xð3872Þ
region. To quantify this, we define the ratio

RBðf; f0Þ ¼
Γ½Bþ → KþXð3872Þ;Xð3872Þ → f�
Γ½Bþ → KþXð3872Þ;Xð3872Þ → f0� ; ð1Þ

with fð0Þ ¼ J=ψπþπ−; J=ψω; D�0D̄0 þ c:c:; J=ψγ, and ψ 0γ;
Γ½Bþ → KþX;X → fð0Þ� is an Xð3872Þ contribution to a
Bþ → Kþfð0Þ partial decay width, obtained through exper-
imental analysis. Similarly, Reþe− is defined by replace-
ments Γ → σ (cross section), Bþ → eþe−, and Kþ → γ
in Eq. (1).
We expect RBðf;f0Þ∼Reþe−ðf;f0Þ∼B½Xð3872Þ→ f�=

B½Xð3872Þ→ f0�, assuming that the experimental Γ½Bþ →
KþX;X → fð0Þ� contain sufficiently isolated Xð3872Þ
contributions. However, previous experiments found
RBðJ=ψγ; J=ψπþπ−Þ ¼ 0.22� 0.072 [27,28] and
Reþe−ðJ=ψγ; J=ψπþπ−Þ ¼ 0.79� 0.28 [29], giving a dif-
ference of ∼2σ. Even more strikingly, Rψγ

x ≡
Rxðψ 0γ; J=ψγÞ with x ¼ B or eþe− were reported to be
Rψγ

B ¼ 1.67� 0.25 [30] and Rψγ
eþe− ¼ −0.04� 0.28 [29],

giving a difference of ∼4.6σ.
Reconciling these results with a single Xð3872Þ state

would require an unexpectedly strong process dependence
of Rψγ

x , for example from residual backgrounds, fit-model
assumptions, or underestimated systematic uncertainties.
Rather, the puzzling Rψγ

x can be naturally understood by
considering two distinct states XA and XB, and supposing
that: (i) ψ 0γ (J=ψγ) events arise predominantly from XA
(XB) decays; (ii) the production of XA relative to XB is
substantially enhanced in Bþ decays compared with eþe−
annihilations.
We next identify the two inferred contributions.

From analyses of Bþ → KþðJ=ψπþπ−Þ, the Xð3872Þ
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1We follow the particle naming convention of the Particle Data
Group (PDG) [13]. We also denote ψð2SÞ, ψð4230Þ, and
χc1ð3872Þ by ψ 0, Yð4230Þ, and Xð3872Þ, respectively. The
notation fD�D̄g indicates the positive C-parity state such as
ðD�0D̄0 þ D̄�0D0Þ= ffiffiffi

2
p

in our convention.

2Statistical and systematic uncertainties are summed in quad-
rature throughout this paper.
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properties are well constrained, with mXð3872Þ ¼ 3871.64�
0.06 MeV [28]3 and JPC ¼ 1þþ [31]. It is therefore natural
to identify XA with the established Xð3872Þ, interpreted as
a shallow D�0D̄0 bound state (with a small cc̄ admixture)
that accounts for the observed isospin-violating decay
strength [32,33] and accommodates a wide range of relative
branching ratios to ψ 0γ and J=ψγ [34–37].
Regarding XB, previous analyses hinted at a nearby 2−þ

charmonium (ηc2) decaying into J=ψω [38] and D�0D̄0

[39]. An ηc2 in this mass region is also expected in quark
models [11,12,40] and lattice QCD [41,42], but has not yet
been observed [43,44]. Moreover, its radiative decay is
expected to favor J=ψγ over ψ 0γ [45–47]. We therefore
identify XB with an ηc2 lying slightly above the D�0D̄0

threshold. An isospin-violating ηc2 decay, expected to be
small, would not affect the JPC determination using the
J=ψπþπ− data [31]. This two-state picture is also consistent
with the observation that the Xð3872Þ mass extracted from
J=ψω [38,48] andD�0D̄0 [39,49] data tends to be 2–3MeV
higher than that from J=ψπþπ− [28,50]. Although several
issues in assigning 2−þ to Xð3872Þ have been critically
examined [51–53], most of them do not apply to the two-
state hypothesis.
In this work, we develop a two-state model that con-

sistently describes a broad set of Xð3872Þ data and high-
lights clear advantages over a single-state description. We
also predict helicity-angle distributions with which the
future experiments can test the two-state hypothesis and
search for the missing ηc2.

II. METHOD

We analyze Bþð0Þ → Kþð0Þf and eþe− → γf data
using the decay mechanisms summarized in Fig. 1.
For eþe− → γf, we work at

ffiffiffi
s

p ¼ mYð4230Þ and model
the production as eþe− → Yð4230Þ → γf, following
Refs. [17,48]. In Figs. 1(a), 1(b), Xð3872Þ emerges as a
pole of a JPC ¼ 1þþ coupled-channel system dominated by

the fD�D̄g channels. Any compact cc̄ component [54,55]
is treated effectively through short-range contact inter-
actions. We additionally include an explicit ηc2-excitation
mechanism [Fig. 1(c)] to address the radiative-ratio tension.
To describe peaks atMJ=ψω ∼ 3.92 GeV [38,48], we follow
the BABAR analysis [56] and include the χc0ð3915Þ-
excitation mechanism [Fig. 1(c)]. An alternative 2þ state
[57] would not significantly change our result since
1þ Xð3872Þ interferes with neither 0þ nor 2þ states in
the MJ=ψω distribution.
For the Xð3872Þ production mechanism in B decay

[Fig. 1(a)], the initial weak vertex B → D�D̄K is para-
metrized as

vBD�D̄K ¼ cBD�D̄Kf
0
D�D̄F

1
KB pK · ϵD� ; ð2Þ

with coupling constant cBD�D̄K . The B → DD̄�K vertex
with cBDD̄�K is similar. The Bþ decays include color-

favored couplings [58] cB
þ

D�0D̄0Kþ and cB
þ

D0D̄�0Kþ

(cB
þ

D�0D̄0Kþ ≠ cB
þ

D0D̄�0Kþ) and color-suppressed couplings

cB
þ

D�þD−Kþ and cB
þ

DþD�−Kþ (cB
þ

D�þD−Kþ ¼ cB
þ

DþD�−Kþ).
Regarding the weak B0-decay couplings, we use
relations: cB

0

D�þD−K0 ¼ cB
þ

D�0D̄0Kþ , cB
0

DþD�−K0 ¼ cB
þ

D0D̄�0Kþ , and

cB
0

D�0D̄0K0 ¼ cB
0

D0D̄�0K0 ¼ cB
þ

D�þD−Kþ . The vertices in Eq. (2)

include dipole form factors, fLijðqij;ΛBÞ and FL0
klðpk;ΛÞ,

fLij ¼
ð1þ q2ij=Λ2

BÞ−2−
L
2ffiffiffiffiffiffiffiffiffiffiffiffi

4EiEj
p ; FL0

kl ¼
ð1þ p2

k=Λ2Þ−2−L0
2ffiffiffiffiffiffiffiffiffiffiffiffi

4EkEl
p ;

ð3Þ
where qij (pk) and L (L0) are the momentum and orbital
angular momentum of i (k) in the ij (total) c.m. frame,
respectively. The cutoff ΛB, chosen to be independent of ij,
is fitted to data, while Λ ¼ 1 GeV is fixed.
The weak decays [Eq. (2)] are followed by coupled-

channel rescatterings among the fD�0D̄0g − fD�þD−g −
J=ψω − J=ψρ − J=ψγ − ψ 0γ channels. We model the
coupled-channel dynamics with separable s-wave poten-
tials,

vβ;αðq0; qÞ ¼ hβ;αf0βðq0;ΛvÞf0αðq;ΛvÞ; ð4Þ

FIG. 1. Bþ;0 and Yð4230Þ decay mechanisms. Panels (a) and (b) show Bþ;0 and Yð4230Þ decays into open-charm intermediate states,
respectively, followed by coupled-channel rescattering. The shaded blobs are the rescattering amplitude that generates the Xð3872Þ pole.
Panel (c) shows the ηc2- and χc0ð3915Þ-excitation mechanisms. Panel (d) shows the tree-level mechanisms. Final states α include
J=ψρ0; J=ψω; fD�0D̄0g; J=ψγ, and ψ 0γ.

3We denote a particle x’s mass, momentum, energy, width, and
spin state in the total c.m. frame by mx, px, Ex, Γx, and szx,
respectively; Ex ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

x þ p2
x

p
with px ¼ jpxj. The mass and

width values are from the PDG [13]. See Appendix A 4 for the
energy dependence of Γx.
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where α and β label the channels, hβ;α are coupling constants, and Λv is a cutoff. Motivated by the Okubo–Zweig–Iizuka
rule, we set hβ;α ¼ 0 if both α and β are in hidden-charm channels. We treat electromagnetic interactions to first order. The
resulting Bþ → Kþα decay amplitude is

AðaÞ
Bþ→Kþα ¼ pKþ · ϵα

X
β0
f0αðqα;ΛvÞGα;β0 ðpKþ ; EÞ hβ0;βffiffiffi

2
p

 XD�D̄;DD̄�

x

cB
þ

xKþσ
ΛvΛB
β ðpKþ ; EÞ

!
F1
KþBþðpKþ ;ΛÞ; ð5Þ

with E ¼ mBþ − EKþ ; β ¼ fD�0D̄0g for x ¼ D�0D̄0;
D0D̄�0 and β ¼ fD�þD−g for x ¼ D�þD−; DþD�−; ϵα is
the total spin polarization of α. The 1=

ffiffiffi
2

p
factor is due to

projecting out the C ¼ þ1 component of x. We introduced

½G−1ðp; EÞ�βα ¼ δβα − hβ;ασ
ΛvΛv
α ðEÞ; ð6Þ

and [59]

σΛ1Λ2
α ðp;EÞ ¼

Z
dqq2

MαðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

αðqÞ þ p2
p

×
f0αðq;Λ1Þf0αðq;Λ2Þ

E −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

αðqÞ þ p2
p

þ i
Γα1

þΓα2
2

; ð7Þ

with MαðqÞ ¼ Eα1ðqÞ þ Eα2ðqÞ; α1 and α2 are mesons
forming α. The Green function Gβα of Eq. (6) violates the
isospin due to the mass difference between fD�0D̄0g and
fD�þD−g channels. A corresponding B0 → K0α amplitude
follows from Eq. (5) by replacing Bþ → B0 and Kþ → K0.
The Y → γα amplitude for Fig. 1(b) is obtained analo-

gously. The ηc2 and χc0ð3915Þ excitation contributions to B
and Y decays [Fig. 1(c)] are modeled with Breit-Wigner
forms. We fit mηc2 to the data while taking a non-open-
charm (nOC) partial width as ΓnOC

ηc2 ¼ 0.5 MeV [47]. The
χc0ð3915Þ parameters are taken from Ref. [38]. For tree-
level Bþ decay contributions [Fig. 1(d)], we use Eq. (2) and
its DD̄� counterpart; a tree-level Y decay amplitude is
similar. LHCb observed an ω − ρ mixing effect in the
Mπþπ− distribution of Bþ → KþJ=ψπþπ− [60]. We add this

FIG. 2. (a)–(e) Invariant mass Mf and (f) helicity angle θXð3872Þ distributions for B → Kf where final states f are indicated in each
panel; Bþ → Kþf for (a)–(e), B0 → K0f for (e), and an efficiency-weighted sum of Bþ → Kþf and B0 → K0f in (f). The units are
events/bin. Histograms are obtained by smearing the corresponding theoretical curves with experimental resolutions and then averaging
within each bin. In (c), the lower histograms and the data (orange triangle) are obtained by cutting off contributions from
Mπþπ−π0 < 0.7695 GeV. The legend in (a) applies to all panels except (b), which has its own legend. The data are from Ref. [61] in (a);
[60] in (b); [38] in (c) and (d); [49] (D�0 → D0π0) in (e); [39] in (f). The uncorrected data points (orange triangle) in (c) are scaled to be
comparable with the corrected data (black circles).
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mixing effect to the amplitudes discussed above. We also
incorporate ρ0 → πþπ− and ω → πþπ−π0 decays when
α ¼ J=ψρ0 and J=ψω, respectively. Amplitude expressions
not shown here and formulas for differential decay widths
are provided in Appendixes A and B, respectively.

III. RESULTS

By fitting the experimental distributions4 in Figs. 2, 3 and
the ratios in Tables II, III, we obtainmodels A (default) andB
that include all mechanisms of Fig. 1 (23 fit parameters). For
comparison, we also construct an ηc2-less (=ηc2) model by
removing the mechanism in Fig. 1(c) (16 parameters). The
parameter sets and experimental inputs (resolutions, effi-
ciencies, and kinematic selections) into our calculations are
summarized in Appendixes A and C, respectively.
Given that the datasets feature vastly different statistical

uncertainties, we employ a weighted analysis to obtain
balanced fits. Consequently, we refrain from quoting formal
parameter uncertainties, as they may not fully capture the
underlying statistical and systematic effects. The pole posi-
tions are extracted from the models and shown in Table I.
Within our model variants, these pole locations are stable.
Xð3872Þ and ηc2 poles are slightly below and above the
D�0D̄0 threshold (3871.7MeV), respectively. We also find a
virtual pole, called Wc1 [62,63], near the D�þD− threshold
(D�þD− unphysical sheet). Our Wc1 pole locations are
similar to that reported in Ref. [63].
All three models give comparable fits to the line shape

data in Figs. 2, 3. The differences between the default and
=ηc2 models are within the experimental uncertainties. The
slightly concave shape of the default model in Fig. 2(f) is
due to ηc2. As demonstrated previously [60,64], we also
confirm in Fig. 2(b) that the Mπþπ− line shape is formed by
the main Xð3872Þ → J=ψρ0 contribution (“J=ψρ” in the
figure) and its interference with Xð3872Þ → J=ψω

followed by the ω → ρ mixing. In Fig. 2(e), the MD�0D̄0

line shapes differ between Bþ and B0 decays for
MD�0D̄0 ≳ 3.88 GeV. Our models explain this by the fact
that the Bþ-decay amplitude features the color-favored tree
mechanisms, while the B0-decay amplitude involves only
color-suppressed ones.
The BABAR analysis [38] suggested that Xð3872Þ could

be a 2−þ state by analyzing the Mπþπ−π0 distribution
[Fig. 2(d)] where the ω tail governs the lineshape. Our
default and =ηc2 models are consistent with the data after
considering the resolution (σ ¼ 6 MeV). Compared to our
=ηc2 model, the 1þXð3872Þ model in Ref. [38] produces a
lineshape shifted to higher Mπþπ−π0. This is likely because
mXð3872Þ of Ref. [38] is heavier at 3873.0 MeV, thereby
including a larger ω contribution from the higher Mπþπ−π0

region. Thus, these data suggest that any state slightly
above the D�0D̄0 threshold cannot decay appreciably into
s-wave J=ψω (0þþ, 1þþ, 2þþ). They do not, however,
exclude a substantial J=ψω decay in a higher partial wave.
As will be discussed later in relation to Fig. 5, the current
data instead favor such a possibility for ηc2. For ηc2 →
J=ψω in a p wave, the centrifugal barrier suppresses the

TABLE II. RB0=BþðfÞ from A, B, and ηc2-less (=ηc2) models.
D�0D̄0 indicates D�0D̄0 þ c:c:. Data are from references indi-
cated in the first row.

f J=ψπþπ− [65] J=ψω [38] D�0D̄0 [49] J=ψγ [27] ψ 0γ

A 0.59 0.64 0.96 1.0 0.51
B 0.60 0.64 0.93 1.0 0.52
=ηc2 0.61 0.52 0.90 0.52 0.52
Exp. 0.50� 0.15 1.0� 0.6 1.34þ0.48

−0.42 0.70þ0.47
−0.40 � � �

TABLE I. Pole locations (MeV) from models A, B, and =ηc2.

Xð3872Þ ηc2 Wc1

A 3871.4 − 0.022i 3874.2 − 0.25i 3882.6þ 1.5i
B 3871.4 − 0.022i 3874.2 − 0.25i 3882.5þ 1.4i
=ηc2 3871.5 − 0.025i � � � 3882.2þ 1.4i

FIG. 3. Invariant mass (Mf) distributions for eþe− → γf where final states f are indicated in each panel. The data are from Ref. [50] in
(a); [48] in (b); [29] in (c).

4For a decay chain B → Xc and X → ab, a helicity angle
[Fig. 2(f)] is given with momenta in the X-at-rest frame
as cos θX ≡ qa·qB

jqajjqBj; a ¼ D�0ðD̄�0Þ for Figs. 2(f) and 6(b), and

a ¼ J=ψ or ψ 0 for Figs. 6(a), 6(c), and 6(d).
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high-mass tail and prevents a shift to higher energies [38],
as realized by the default model in Fig. 2(d).

The ratios RB0=BþðfÞ≡ Γ½B0→K0Xð3872Þ;Xð3872Þ→f�
Γ½Bþ→KþXð3872Þ;Xð3872Þ→f� are pre-

sented in Table II. This ratio should be independent of f,
provided that the Xð3872Þ contribution is well isolated. The
central values of the data are rather dependent on f,
although the uncertainties are large. Our results from all
models are consistent with the data, considering the large
uncertainties. The =ηc2 model gives similar RB0=BþðfÞ for
different f, following the Xð3872Þ dominance. For the =ηc2
model, RB0=BþðfÞ < 1 can be understood from the facts
[58] that: (i) Dominant color-favored Bþ (B0) decays in
Fig. 1(a) produce fD�0D̄0g (fD�þD−g); (ii) Xð3872Þ
couples more strongly to fD�0D̄0g than to fD�þD−g.
For the models A and B, RB0=BþðfÞ are more dependent
on f. This is because both Xð3872Þ and ηc2 contribute and
they have different partial decay widths for each f, and the
Xð3872Þ production rate relative to ηc2’s is different
between Bþ and B0 decays.
The ratios Rx [Eq. (1)] in Table III are crucial quantities

for determining the validity of the models. Our models
A and B yield similar Rx consistent with the data.
However, the =ηc2 model significantly fails to reproduce
the experimentalReþe−ðJ=ψγ; J=ψπþπ−Þ,Rψγ

B , andRψγ
eþe− .

In particular, the =ηc2 model yields Rψγ
B ∼Rψγ

eþe− since
Xð3872Þ → J=ψγ;ψ 0γ occur in the same way in B decays
and eþe− annihilations. The models A and B give

Rψγ
B ∼ 6.4 ×Rψγ

eþe− because ψ 0γ and J=ψγ are mainly from
Xð3872Þ and ηc2 decays, respectively, and the production
rate of ηc2 relative to that of Xð3872Þ is larger in eþe−
annihilations than in B decays. The comparisons in
Table III indicate that the current data disfavor the =ηc2
model, and strongly support the hypothesis that Xð3872Þ is
accompanied by a nearby state.
Recently, BESIII analyzed eþe− → ωXð3872Þ data [66]

and extracted the Xð3872Þ branching-fraction ratio
B½Xð3872Þ → J=ψγ�=B½Xð3872Þ → J=ψπþπ−� ¼ 0.38�
0.20, which is only marginally consistent with
Reþe−ðJ=ψγ; J=ψπþπ−Þ ¼ 0.79� 0.28. Even if they are
confirmed to differ in the future, the two-state hypothesis
can naturally accommodate the data since the cross-section
ratio of σ½eþe− → ωηc2�=σ½eþe− → ωXð3872Þ� should be
different from σ½eþe− → γηc2�=σ½eþe− → γXð3872Þ�.
Figure 4 helps clarify why the ηc2 signal has not been

identified experimentally so far. In Fig. 4(a), the
unsmeared J=ψω spectrum exhibits two nearby narrow
structures associated with Xð3872Þ and ηc2, but after
smearing with the experimental resolution of σ ¼
6.7 MeV, they are merged into a single broad enhance-
ment. In the D�0D̄0 þ c:c: channel, Figs. 4(b), 4(c) show
that the bin-averaged spectra can further obscure the ηc2
peak: even when the underlying spectrum contains a clear
narrow structure, averaging over the experimental bin
width (2 MeV) washes it out and leaves only a smooth
line shape. These observations indicate that the absence

TABLE III. Rxðf; J=ψπþπ−Þ [Eq. (1)] and Rψγ
x . (Left) x ¼ B. (Right) x ¼ eþe−. See Table II for other features.

f J=ψω [38] D�0D̄0 [28,49] J=ψγ [27,28] Rψγ
B [30] J=ψω [48] D�0D̄0 [29] J=ψγ [29] Rψγ

eþe− [29]

A 0.77 12. 0.20 1.6 1.9 13. 0.85 0.24
B 0.77 12. 0.19 1.6 1.9 13. 0.86 0.24
=ηc2 0.95 13. 0.27 0.62 0.98 12. 0.20 0.62
Exp. 0.7� 0.3 12.2þ3.0

−2.6 0.22� 0.06 1.67� 0.25 1.6� 0.4 11.77� 3.09 0.79� 0.28 −0.04� 0.28

FIG. 4. (a) MJ=ψω distribution for Bþ → KþJ=ψω. The red solid and blue dashed curves are from the default model before and after
smearing with the experimental resolution, respectively. The inset shows an enlarged view of the low-yield region. (b) MD�0D̄0

distribution for Bþ → KþðD�0D̄0 þ c:c:Þ. The red solid curve and blue dashed histogram are from the default model before and after
averaging with 2-MeV bin width; the resolution smearing has been applied to both. (c) Similar to (b) but for B0 → K0ðD�0D̄0 þ c:c:Þ.
The vertical axes are arbitrary units.
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of an experimentally resolved ηc2 peak does not con-
tradict its existence, but can naturally result from
the combined effects of finite resolution and bin
averaging.
Figure 4(c) also shows a threshold cusp at the D�þD−

threshold, enhanced by the nearby Wc1 virtual pole.
Because B0 decay preferentially proceeds through the
color-enhanced D�þD− production mechanism, this cusp
is more prominent in B0 decay than in Bþ decay. This
isovector 1þþ pole does not play a visible role to resolve the
radiative-decay ratio tension, as seen in the results for the
=ηc2 model that involves Wc1.
Figure 5 compares the full calculation with the con-

tribution from only the ηc2-excitation mechanisms of
Fig. 1(c), thereby illustrating the possible size of the
ηc2 component in the relevant observables. In the J=ψω
and D�0D̄0 þ c:c: spectra, the ηc2 contribution is found to
be comparable to, and in some regions even larger than,
the Xð3872Þ contribution in the full result. At the same
time, one should note an important caveat: the invariant-
mass fits in Figs. 2 and 3 alone do not unambiguously
establish the ηc2 contribution, because the default and =ηc2
models provide comparably good descriptions. Therefore,
the ηc2 contributions in Fig. 5 would have sizable
uncertainties. Nevertheless, the existing data still suggest
non-negligible ηc2 effects in the J=ψω and D�0D̄0 þ c:c:
channels. For J=ψω, Table III indicates that, relative to
J=ψπþπ−, this mode is produced more strongly in eþe−
annihilation than in B decay, and such a trend is naturally
explained if the ηc2 contribution is enhanced in eþe−

reactions as seen in Figs. 5(a) and 5(b). For D�0D̄0 þ c:c.,
the helicity-angle data in Fig. 2(f) tend to favor a nonzero

ηc2 contribution, since the default model gives a slightly
better account of the observed shape.
It is also important to emphasize that ηc2 contributes to

the J=ψπþπ− mode only through the ρ0–ω mixing effect,
and thus its contribution there is very small. Therefore, the
presence of a nearby ηc2 does not contradict the LHCb
determination of Xð3872Þ’s JPC ¼ 1þþ from the J=ψπþπ−
channel [31]. Rather, the picture suggested by Fig. 5 is that
ηc2 can play an essential role in channels such as J=ψω and
D�0D̄0 þ c:c., while remaining almost invisible in the
J=ψπþπ− mode where the established Xð3872Þ signal
dominates.
Having shown that the two-state hypothesis can account

for the existing data, it is important to test it experimentally.
We therefore provide helicity-angle (see footnote 4) dis-
tributions for several processes. Our predictions for Bþ →
ðψγÞKþ and eþe− → ðψγÞγ (ψ ¼ J=ψ or ψ 0) are obtained
by integrating over 3850 ≤ Mψγ ≤ 3890 MeV and are
shown in Fig. 6(a). Because this window is wide, we
neglect resolution smearing in Mψγ . The angular depend-
ence differs strongly between J=ψγ and ψ 0γ because the

FIG. 5. (a) [(b)] MJ=ψω distribution for Bþ → KþJ=ψω
[eþe− → γJ=ψω]. The red solid [blue dashed] curves are from
the full calculations [ηc2 contributions] of the default model; the
resolution-smearing has been applied. (c) [(d)] Similar results
for MD�0D̄0 distribution of Bþ → KþðD�0D̄0 þ c:c:Þ [eþe− →
γðD�0D̄0 þ c:c:Þ]. The vertical axes are arbitrary units.

FIG. 6. Helicity-angle distributions. Panels (a) and (b) show
predictions from the default model, while panels (c) and
(d) compare the default and =ηc2 models. The vertical axes are
arbitrary; however, within each of panels (a) and (b), the model
predicts the relative strengths of different final states from the
same initial state. In panels (c) and (d), the curves are normalized
to the same area to compare their angular shapes. In (b), XL and
XH contributions correspond to the integrated MD�0D̄0 regions.
See the main text for details on the resolution smearing and
integration procedures.
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two channels are dominated by ηc2 and Xð3872Þ decays,
respectively. If both final states were produced only
through Xð3872Þ decays, the two distributions would
instead follow the magenta dashed (green dash-dotted)
curve for Bþ decay (eþe− annihilation).
We also predict helicity-angle distributions for the

D�0D̄0 þ c:c: final state [Fig. 6(b)]. Because both
Xð3872Þ and ηc2 contribute, we introduce simple kine-
matic selections to enhance one component at a time. We
smear the MD�0D̄0 spectrum using the experimental reso-
lution (σ ∼ 1 MeV) of Ref. [29] and define XL and XH
by integrating over MD�0D̄0 ≤ 3872 MeV and 3872 ≤
MD�0D̄0 ≤ 3875 MeV, respectively. With these definitions,
XL is dominated by Xð3872Þ while XH is dominated by ηc2
as seen in Figs. 5(c) and 5(d), leading to distinct angular
dependences. If only a single Xð3872Þ state were present,
both XL and XH would exhibit a flat distribution.
Finally, we show helicity-angle distributions for the

J=ψω final state in Figs. 6(c) and 6(d), comparing the
default model with the =ηc2 model. The two models lead to
markedly different angular dependences, reflecting the
sizable ηc2 contributions to this channel in the default
model; see Figs. 5(a) and 5(b). The kinematic cuts used for
these distributions are specified in Table IX in Appendix C.

IV. SUMMARY AND OUTLOOK

The radiative-decay ratios reported by LHCb and BESIII
in the Xð3872Þ region are difficult to reconcile with a single
isolated resonance. A minimal explanation is a nearby two-
state structure: a shallow 1þþ D�0D̄0 bound state and a 2−þ

charmonium candidate, ηc2, slightly above the D�0D̄0

threshold. In this framework, we describe line shapes
and branching ratios across different production and decay
channels, and we find that an explicit ηc2 component is

required to reproduce the radiative-ratio tension. Our
helicity-angle predictions provide a direct experimental
handle for testing the two-state scenario and searching for
the missing ηc2.
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APPENDIX A: FORMULAS FOR AMPLITUDES

We presented amplitude formulas in Eqs. (2) and (5).
The formulas not shown in the main text are given below.
The parameters in these amplitudes are determined by
fitting data, as shown in Figs. 2 and 3 and Tables II, III. The
parameter values are given in Tables IV–VII.

1. Mechanisms of Figs. 1(b) and 1(d)

The Yð4230Þ decay vertices in Fig. 1(b) are

vYβγ ¼ cYβγf
0
βðqβ;ΛYÞF0

Yγðpγ;ΛÞðϵβ × ϵγÞ · ϵY; ðA1Þ

with β ¼ fD�0D̄0g or fD�þD−g. The Y → γα amplitude is
written, with E ¼ mY − Eγ, by

AðbÞ
Y→γα ¼ ðϵα × ϵγÞ · ϵY

X
β0
f0αðqα;ΛvÞGα;β0 ðpγ; EÞ

 XfD�0D̄0g;fD�þD−g

β

hβ0;βcYβγσ
ΛvΛY
β ðpγ; EÞ

!
F0
γYðpγ;ΛÞ; ðA2Þ

where ϵα is the total spin polarization of α. For example, ϵα ¼ ϵD� or ϵD̄� for α ¼ fD�D̄g, and ϵα ¼ ðϵx × ϵJ=ψÞ=
ffiffiffi
2

p
for

α ¼ J=ψx with x ¼ ω; ρ0; γ.
For tree-level Y decay contributions [Fig. 1(d)], we use Eq. (A1).

2. Mechanisms of Fig. 1(c)

We use Breit-Wigner forms for the ηc2 and χc0ð3915Þ excitation amplitudes. The ηc2-excitation amplitude with
α ¼ fD�0D̄0g, J=ψω, J=ψγ, or ψ 0γ is given by

Aηc2
B→Kα ¼ cBηc2Kc

ηc2
α f1αðqα;ΛvÞ

1

2Eηc2

ϵα · pKqα · pK − 1
3
ϵα · qαp2

K

E − Eηc2 þ i½ΓD�D̄
ηc2 ðMαÞ þ ΓnOC

ηc2 �=2F
2
KBðpK;ΛÞ; ðA3Þ

for B → Kα and E ¼ mB − EK , and
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Aηc2
Y→γα ¼ cYηc2γc

ηc2
α f1αðqα;ΛvÞ

1

2Eηc2

ϵY · ½pγ × ð1
2
ϵα · ϵγqα þ 1

2
qα · ϵγϵα − 1

3
qα · ϵαϵγÞ�

E − Eηc2 þ i½ΓD�D̄
ηc2 ðMαÞ þ ΓnOC

ηc2 �=2 F1
γYðpγ;ΛÞ; ðA4Þ

for Y → γα and E ¼ mY − Eγ;Mα is the invariant mass of α. Coupling constants for B → Kηc2 and Y → γηc2 are cBηc2K and
cYηc2γ , respectively, and the ηc2 → α couplings are cηc2α . These coupling constants, mηc2 , and the nOC decay width ΓnOC

ηc2 are
fitting parameters. Sincemηc2 is close to theD

�D̄ thresholds, we consider the energy dependence of the ηc2 partial width for
ηc2 → D�D̄ as

ΓD�D̄
ηc2 ðMαÞ ¼ 2π

ðcηc2fD�D̄gÞ2
M2

α

�
q3
D�0D̄0

ð1þ q2D�0D̄0=Λ2
vÞ5

þ q3D�þD−

ð1þ q2D�þD−=Λ2
vÞ5
�
; ðA5Þ

where the denominators in the square bracket are from the square of the form factor f1D�D̄ðqD�D̄;ΛvÞ;
Mα ¼ ED� ðqD�D̄Þ þ ED̄ðqD�D̄Þ.
Similarly, the χc0ð3915Þ excitation amplitude with α ¼ J=ψω is [χ0c0 ≡ χc0ð3915Þ]

A
χ0c0
B→Kα ¼ ϵJ=ψ · ϵωcBχ0c0K

c
χ0c0
α f0αðqα;ΛvÞ

1

2Eχ0c0

1

E − Eχ0c0
þ i

Γχ0
c0
2

F0
KBðpK;ΛÞ; ðA6Þ

for B → Kα and E ¼ mB − EK , and

A
χ0c0
Y→γα ¼ ϵJ=ψ · ϵωϵY · ϵγcYχ0c0γ

c
χ0c0
α f0αðqα;ΛvÞ

1

2Eχ0c0

1

E − Eχ0c0
þ i

Γχ0
c0
2

F0
γYðpγ;ΛÞ; ðA7Þ

for Y → γα and E ¼ mY − Eγ . The values of mχ0c0
and Γχ0c0

are taken from Ref. [38]. In the formulas of this subsection
and Appendix A 4, the Lorentz contraction of the resonance
widths is not included; its effect is expected to be small.

3. ρ0 −ω mixing

Let us define an amplitude ĀB→Kα by collecting the
amplitudes discussed so far in Eqs. (5), (A3), and (A6) as

ĀB→Kα ¼ AðaÞ
Bþ→Kþα þ Aηc2

B→Kα þ A
χ0c0
B→Kα: ðA8Þ

In addition, for α ¼ J=ψρ0 or J=ψω, we consider the
ρ0 − ω mixing. Thus, let us define an amplitude AB→Kα by

AB→KJ=ψρ0 ¼ ĀB→KJ=ψρ0 −
ϵρω

m2
ω − m̄2

ω þ im̄ωΓ̄ω

× ĀB→KJ=ψω; ðA9Þ

TABLE IV. B decay strength parameters and cutoff for models A, B, and =ηc2, appearing in formulas indicated
in the last column. Parameters not shown are related to those in the table by cB

þ
DþD�−Kþ ¼ cB

þ
D�þD−Kþ,

cB
0

D�þD−K0 ¼ cB
þ

D�0D̄0Kþ , cB
0

DþD�−K0 ¼ cB
þ

D0D̄�0Kþ , cB
0

D�0D̄0K0 ¼ cB
þ

D�þD−Kþ , and cB
0

D0D̄�0K0 ¼ cB
þ

DþD�−Kþ .

A B =ηc2 Eq.

cB
þ

D�0D̄0Kþ (GeV−1) −0.0438 −0.0115 0.0505 (2)

cB
þ

D0D̄�0Kþ (GeV−1) 0.0138þ 0.0408i 0.0601þ 0.0097i −0.0101 − 0.0158i (2)

cB
þ

D�þD−Kþ (GeV−1) −0.0103 − 0.0047i 0.0003þ 0.0114i 0.00679þ 0.00668i (2)

cBηc2K (GeV−1) −0.118 −0.0760 � � � (A3)

cBχ0c0K
(GeV) 1 (fixed) (A6)

ΛB (GeV) 0.700 0.700 0.700 (2)

TABLE V. Yð4230Þ decay strength parameters and cutoff.

A B =ηc2 Eq.

cYfD�0D̄0gγ 0.0193 0.0190 −0.0237 (A1)

cYfD�þD−gγ −0.00384 −0.00377 −0.00473 (A1)

cYηc2γ −0.333 −0.216 � � � (A4)
cYχ0c0γ

(GeV) 1 (fixed) (A7)

ΛY (GeV) 1.973 1.973 1.972 (A1)
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for α ¼ J=ψρ0, and

AB→KJ=ψω ¼ ĀB→KJ=ψω −
ϵρω

m2
ρ − m̄2

ρ þ im̄ρΓ̄ρ

× ĀB→KJ=ψρ0 ; ðA10Þ

for α ¼ J=ψω, and

AB→Kα ¼ ĀB→Kα; ðA11Þ

otherwise. We have introduced the ρ0 − ω mixing param-
eter ϵρω ¼ 3.35 × 10−3 GeV2 [64], and the nominal vector
meson mass (m̄V) and width (Γ̄V) for V ¼ ρ0 and ω;
m̄ρ0 ¼ 775 MeV, Γ̄ρ0 ¼ 150 MeV, m̄ω ¼ 783 MeV, and
Γ̄ω ¼ 8.49 MeV [13]. The mass symbols mω in Eq. (A9)
andmρ in Eq. (A10) are treated as variables, as will be seen
below in Appendix B 1.
Similarly, we include the ρ0 − ω mixing for Y → γα. We

define an amplitude ĀY→γα by summing the amplitudes in
Eqs. (A2), (A4), and (A7) as

ĀY→γα ¼ AðbÞ
Y→γα þ Aηc2

Y→γα þ A
χ0c0
Y→γα; ðA12Þ

and the amplitudes AY→γα, including the mixing effect, are
obtained from Eqs. (A9)–(A11) by replacing B → Y
and K → γ.

4. Widths in Eq. (7)

For α ¼ J=ψρ0, we use in Eq. (7) ΓJ=ψ ¼ 0 and

Γρ0ðMÞ ¼ Γ̄ρ0
k3

k̄3

�
m̄ρ0

M

�
2 ð1þ k̄2=Λ2

VÞ5
ð1þ k2=Λ2

VÞ5
; ðA13Þ

with ΛV ¼ 1 GeV, and the last factor is the ratio of squared
form factors. The argument M denotes the invariant mass
of πþπ− from ρ0 decay, and k is the πþ momentum in the
ρ0-at-rest frame; k̄ is for M ¼ m̄ρ0. In Eq. (7), M is
calculated using

M2 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − p2

q
− EJ=ψ ðqÞ

�
2

− q2: ðA14Þ

For α ¼ J=ψω, we again use Eq. (A14) to determine M,
and pass it to the total ω width of

ΓωðMÞ ¼ Γω→π0γðMÞ þ Γω→πþπ−π0ðMÞ; ðA15Þ

where

Γω→π0γðMÞ ¼ Γ̄ωBðω → π0γÞ
"
m̄ωðM2 −m2

π0
Þ

Mðm̄2
ω −m2

π0
Þ

#
3

; ðA16Þ

with Bðω → π0γÞ ¼ 0.0840 [13], and

Γω→πþπ−π0ðMÞ ¼ cω1

�
M

1 GeV
þ cω2

�
cω
3

; ðA17Þ

for M ≥ 2mπ� þmπ0, and Γω→πþπ−π0ðMÞ ¼ 0 otherwise;
the parameters are cω1 ¼ 1.061 × 10−3 MeV, cω2 ¼ 0.663,
and cω3 ¼ 24.148. To determine these parameters, we con-
sider a ω → ρπ (ρ → ππ) model including a Breit-Wigner ρ

TABLE VI. Coupling constants hβ;α and a cutoff Λv for
fD�0D̄0g − fD�þD−g − J=ψω − J=ψρ − J=ψγ − ψ 0γ coupled-
channel scattering [Eq. (4)]. Parameters not shown are related
to those shown in the table by hfD�þD−g;fD�þD−g ¼
hfD�0D̄0g;fD�0D̄0g, hfD�þD−g;J=ψω ¼ hfD�0D̄0g;J=ψω, and
hfD�þD−g;J=ψρ ¼ −hfD�0D̄0g;J=ψρ. The coupling parameters are also
converted to the isospin basis, and are shown in the lower block of
the table. With an isospin state jI; Izi, a convention of jDð�Þþi ¼
−j1=2; 1=2i is used.

A B =ηc2

hfD�0D̄0g;fD�0D̄0g −14.9 −15.0 −13.7
hfD�0D̄0g;fD�þD−g −6.27 −6.20 −4.98
hfD�0D̄0g;J=ψω 0.945 0.963 1.29
hfD�0D̄0g;J=ψρ 1.63 1.65 1.59
hfD�0D̄0g;J=ψγ 0.00 0.000135 −0.200
hfD�0D̄0g;ψ 0γ 0.191 0.193 0.157
hfD�þD−g;J=ψγ −0.00 0.000135 −0.200
hfD�þD−g;ψ 0γ 0.191 0.193 0.157

hfD�D̄gI¼0;fD�D̄gI¼0
−21.2 −21.2 −18.7

hfD�D̄gI¼0;J=ψω −1.34 −1.36 −1.83
hfD�D̄gI¼0;J=ψγ 0.00 −0.000191 0.283
hfD�D̄gI¼0;ψ

0γ −0.269 −0.273 −0.222

hfD�D̄gI¼1;fD�D̄gI¼1
−8.67 −8.77 −8.75

hfD�D̄gI¼1;J=ψρ 2.31 2.33 2.25
hfD�D̄gI¼1;J=ψγ � � � � � � � � �
hfD�D̄gI¼1;ψ

0γ � � � � � � � � �
Λv (GeV) 0.950 0.952 1.046

TABLE VII. ηc2 and χc0ð3915Þmass, width, and decay strength
parameters defined in Eqs. (A3)–(A7).

A B =ηc2

mηc2 (MeV) 3874.2 3874.2 � � �
ΓnOC
ηc2 (MeV) 0.5 (fixed) 0.5 (fixed) � � �

cηc2fD�0D̄0g −0.112 0.171 � � �
cηc2J=ψω −0.0731 −0.113 � � �
cηc2J=ψγ 0.00492 −0.00761 � � �
cηc2ψ 0γ 0.00 −0.00 � � �
mχ0c0

(MeV) 3919.9 (fixed)
Γχ0c0

(MeV) 31.0 (fixed)

c
χ0c0
J=ψω (MeV) 1 (fixed)
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amplitude; all possible ρπ charge states are included
coherently. The ω → ρπ coupling constant is fixed to
reproduce Γω→πþπ−π0ðm̄ωÞ ¼ Γ̄ωBðω → πþπ−π0Þ with
Bðω → πþπ−π0Þ ¼ 0.892 [13]. Then, the M dependence
of Γω→πþπ−π0 from this model is fitted with the para-
metrization of Eq. (A17) in the region M < 0.8 GeV.
For α ¼ fD�þD−g, M is determined using Eq. (A14)

where EJ=ψ is replaced by ED−, and

ΓD�þðMÞ ¼ ΓD�þ→D0πþðMÞθðM −mD0 −mπþÞ
þ ΓD�þ→Dþπ0ðMÞθðM −mDþ −mπ0Þ
þ ΓD�þ→DþγθðM −mDþÞ; ðA18Þ

where θðxÞ is the Heaviside step function, and

ΓD�þ→D0πþðMÞ ¼ 2

3
2π

g2D�k3πþ
M2

�
1þ k2πþ

Λ2
V

�−5
; ðA19Þ

ΓD�þ→Dþπ0ðMÞ ¼ 1

3
2π

g2D�k3π0
M2

�
1þ k2

π0

Λ2
V

�−5
; ðA20Þ

and ΓD�þ→Dþγ ¼ 1.33 keV; gD� ¼ 0.948; ΓD�þðmD�þÞ ¼
83.4 keV.
Similarly, for α ¼ fD�0D̄0g, we use

ΓD�0ðMÞ ¼ ΓD�0→D0π0ðMÞθðM −mD0 −mπ0Þ
þ ΓD�0→Dþπ−ðMÞθðM −mDþ −mπ−Þ
þ ΓD�0→D0γθðM −mD0Þ; ðA21Þ

with

ΓD�0→D0π0ðMÞ ¼ 1

3
2π

g2D�k3π0
M2

�
1þ k2

π0

Λ2
V

�−5
; ðA22Þ

ΓD�0→Dþπ−ðMÞ ¼ 2

3
2π

g2D�k3π−

M2

�
1þ k2π−

Λ2
V

�−5
; ðA23Þ

and ΓD�0→D0γ ¼ 19.4 keV; ΓD�0ðmD�0Þ ¼ 55 keV.

APPENDIX B: FORMULAS FOR DIFFERENTIAL
DECAY WIDTH

The differential decay width (Dalitz plot distribution) for
B → Kf1f2 (f1f2 form a final state f) is given by

d2ΓB→Kf

dM2
f1f2

dM2
Kf1

¼ 1

ð2πÞ3
1

32m3
B

1

2sBþ 1

X
spins

jMB→Kfj2; ðB1Þ

where the initial spin states are averaged, and all the final
spin states are summed. The invariant amplitudeMB→Kf is
related to AB→Kf by

MB→Kf ¼ −ð2πÞ3
ffiffiffiffiffiffiffiffiffi
2mB

p ffiffiffiffiffiffiffiffiffi
2EK

p ffiffiffiffiffiffiffiffiffiffi
2Ef1

p ffiffiffiffiffiffiffiffiffiffi
2Ef2

p
AB→Kf;

ðB2Þ

where

AB→Kf ¼
1ffiffiffi
2

p AB→Kα þ vBfK ðB3Þ

for f ¼ D�0D̄0 or D0D̄�0, and α ¼ fD�0D̄0g, and

AB→Kf ¼ AB→Kα; ðB4Þ

otherwise; we do not consider f ¼ D�þD− and DþD�− in
this work. The amplitude AB→Kα has been defined in
Eqs. (A8)–(A11); vBfK is defined in Eq. (2); ABþ→KþD�0D̄0 ≠
ABþ→KþD0D̄�0 since vB

þ
D�0D̄0Kþ ≠ vB

þ
D0D̄�0Kþ , while

AB0→K0D�0D̄0 ¼ AB0→K0D0D̄�0 since vB
0

D�0D̄0K0 ¼ vB
0

D0D̄�0K0 .
Regarding eþe− → γf1f2, we first obtain MY→γf from

Eqs. (B2)–(B4) by replacements B → Y, K → γ, and, then,
vYfγ →

1ffiffi
2

p vYαγ in Eq. (B3). AY→γα is defined in Eq. (A12) and

the following sentence; vYαγ is defined in Eq. (A1). Then we
calculate differential cross sections for eþe− → γf1f2
using Eq. (23) of Ref. [67] with M̄μ

abc ¼ MY→γf=
½2MYðE −MY þ i ΓY

2
Þ�; the superscript μ denotes the polari-

zation of Yð4230Þ.
For B → KD�0D̄0, we also calculate the helicity-angle

(θXð3872Þ) distribution; θXð3872Þ is the angle between the D�0

and B momenta in the D�0D̄0 CM frame. We use the
formula (f ¼ D�0D̄0 or D0D̄�0),

dΓB→Kf

d cos θXð3872Þ
¼
Z

d2ΓB→Kf

d cos θXð3872ÞdMf1f2

dMf1f2 ; ðB5Þ

with

d2ΓB→Kf

d cos θXð3872ÞdMf1f2

¼ d2ΓB→Kf

dM2
f1f2

dM2
Kf1

4mBpKqf1 ; ðB6Þ

where pK is the K momentum in the total c.m. frame and
qf1 is the f1 momentum in the f1f2 c.m. frame.

1. ρ0 → π +π − and ω → π +π − π0

For describing B → KJ=ψρ0ðρ0 → πþπ−Þ and
B → KJ=ψωðω → πþπ−π0Þ, dΓB→KJ=ψV=dMJ=ψV

(V ¼ ρ0;ω) of Eq. (B1) is extended as follows:

d2ΓB→KJ=ψπV

dMJ=ψπVdMπV

¼ 1

2π

dΓB→KJ=ψV

dMJ=ψV

����
mV¼MπV

×
½MπV =EV �2ΓV→πV ðMπV Þ

jE − EJ=ψ − EV þ i
2
ΓVðMπV Þj2

; ðB7Þ
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where ðV; πVÞ is either ðρ0; πþπ−Þ or ðω; πþπ−π0Þ.
ðdΓB→KJ=ψV=dMJ=ψVÞjmV¼MπV

is calculated with Eq. (B1)

where the phase-space and the momenta involved depend
on mVð¼ MπV Þ, and the V propagators in Eqs. (A9) and
(A10) are also functions of mV ; otherwise, MB→Kf in
Eq. (B1) does not depend on mV . The nominal masses for
ρ0 and ω enter Eq. (B7) through EV ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m̄2

V þ p2V
p

. The
total and partial V decay widths are denoted by ΓV and
ΓV→πV , respectively, and the formulas are given in
Eqs. (A13) and (A15)–(A17); Γρ0→πþπ− ¼ Γρ0 .
For eþe− → γJ=ψρ0ðρ0 → πþπ−Þ and eþe− →

γJ=ψωðω → πþπ−π0Þ, we extend the cross-section for-
mula in Eq. (23) of Ref. [67] in a manner similar
to Eq. (B7).

APPENDIX C: EXPERIMENTAL INFORMATION

Experimental information considered in our calculations
is summarized in Table IX. The resolution models used for
the MJ=ψπþπ− and MD�0D̄0 distributions, which are refer-
enced in Table IX, are described in Appendix D. In the
table, we also refer to the following formulas:

σðMπþπ−Þ ¼ 2.39ð1 − expð−Mπþπ−=220.3ÞÞ
− 5.4 expð−Mπþπ−=220.3Þ; ðC1Þ

ϵðMπþπ−Þ ¼ 0.966þ 1.345 × 10−3ðMπþπ− − 700Þ
þ 1.607 × 10−6ðMπþπ− − 700Þ2; ðC2Þ

with σðMπþπ−Þ and Mπþπ− being in MeV.

APPENDIX D: RESOLUTION MODELS
FOR MJ=ψπ + π − AND MD�0D̄0 DISTRIBUTIONS

To compare theoretical line shapes with invariant-mass
distribution data, we smear the theory input Fthðx0Þ with an
effective detector-resolution function Rðx; x0Þ as

FsmðxÞ ¼
Z

dx0RðΔÞFthðx0Þ; ðD1Þ

with Δ≡ x − x0. Here x is the observed invariant mass and
x0 is the true invariant mass.

1. Crystal ball function

We use a one-sided crystal ball (CB) function [68]
together with a Gaussian. The lower-side-tail CB
function is

CB−ðΔ; σ; α; nÞ ¼ N CB

8<
: exp

�
− t2

2

	
; t > −jαj;

AðB − tÞ−n; t ≤ −jαj;
ðD2Þ

with

t≡ Δ
σ
; A ¼

�
n
jαj
�

n
exp

�
−
jαj2
2

�
; B ¼ n

jαj − jαj:

ðD3Þ
Here N CB is fixed byZ

dΔCB−ðΔ; σ; α; nÞ ¼ 1: ðD4Þ

In this convention the tail lies at Δ < 0. The reversed and
upper-side-tail form is given by

CBþðΔ; σ; α; nÞ ¼ CB−ð−Δ; σ; α; nÞ: ðD5Þ

2. MJ=ψπ + π − distribution

For fitting the LHCb J=ψπþπ− spectrum [61], we use a
crystal-ball-plus-Gaussian resolution model,

RLHCbðΔÞ ¼ cGðΔ; σgaussÞ þ ð1 − cÞCB−ðΔ; σCB; α; nÞ;
ðD6Þ

where

GðΔ; σÞ ¼ 1ffiffiffiffiffiffi
2π

p
σ
exp

�
−
Δ2

2σ2

�
: ðD7Þ

In the actual LHCb analysis, the detector response is
modeled by a narrow crystal ball function combined with
a wider Gaussian contribution [61]. The publication does
not specify the tail orientation explicitly. In the present
work, we use the low-side tail in Δ, i.e., Eq. (D6), since this
choice is more commonly used.

3. MD�0D̄0 distribution

For fitting the Belle data on the MD�0D̄0 spectrum from
the D�0 → D0π0 mode, we use the signal-resolution model
described in Refs. [49,69]. In this case, the resolution
function is

RBelleðΔÞ ¼ ½cGðΔ; σgaussÞ þ ð1 − cÞCBþðΔ; σCB; α; nÞ�
× fturn-onðMD�0D̄0Þ; ðD8Þ

TABLE VIII. Resolution-model parameters used in the present
analysis.

LHCb Belle

σgauss (MeV) 6.0 0.059
σCB (MeV) 2.6 0.10
α 1.5 −1.04
n 3.0 127.18
c 0.15 0.7003
p0 (MeV−1) � � � 36.0656
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TABLE IX. Experimental information considered in our calculations. Observables are partial widths Γp and cross sections σp for
processes p. The helicity angle θXð3872Þ is denoted by θX. We do not apply cuts to kinematical variables other than those shown in
“kinematical regions.” Resolutions are given by the standard deviations (σ) of the Gaussian distribution. Experimental information in the
curly brackets are chosen by ourselves, while the others are taken from references in the column “Ref.”Dots indicate that resolution and/
or efficiency are not considered. The calculated observables are shown in tables and figures indicated in the last column.

Process (p) Observable Kinematical Regions (MeV) σ (MeV) Efficiency Ref.

Bþ → KþJ=ψπþπ− Γp {3850 ≤ MJ=ψπþπ− ≤ 3890} � � � � � � � � � Tables II,III
dΓp=dMJ=ψπþπ− � � � Eq. (D6) � � � [61] Fig. 2(a)
dΓp=dMπþπ− {3869 ≤ MJ=ψπþπ− ≤ 3873} Eq. (C1) Eq. (C2) [60] Fig. 2(b)

B0 → K0J=ψπþπ− Γp {3850 ≤ MJ=ψπþπ− ≤ 3890} � � � � � � � � � Table II

Bþ → KþJ=ψω Γp
a, dΓp

d cos θX



740 ≤ Mπþπ−π0 ≤ 796.5
f3850 ≤ MJ=ψω ≤ 3890g

� � � � � � [38] Tables II, III

dΓp=dMJ=ψω 740 ≤ Mπþπ−π0 ≤ 796.5 6.7 � � � [38] Fig. 2(c)
dΓp=dMJ=ψω 769.5 ≤ Mπþπ−π0 ≤ 796.5 6.7 � � � [38] Fig. 2(c)
dΓp=dMπþπ−π0 3862.5 ≤ MJ=ψπþπ−π0 ≤ 3882.5 {6}b � � � [38] Fig. 2(d)

B0 → K0J=ψω Γp
a 


740 ≤ Mπþπ−π0 ≤ 805.5
f3850 ≤ MJ=ψω ≤ 3890g

� � � � � � [38] Table II

Bþð0Þ → Kþð0ÞD�0D̄0

þKþð0ÞD0D̄�0
Γp

c {MD�0D̄0 ≤ 3900} � � � � � � � � � Tables II, III

dΓp=dMD�0D̄0 � � � Eq. (D8) See Ref. [49,69] Fig. 2(e)
dΓp=d cos θX

d {MD�0D̄0 ≤ 3880} � � � 

4.3 × 10−4ðBþÞ
0.7 × 10−4ðB0Þ

[39] Fig. 2(f)

dΓXL
p =d cos θX {MD�0D̄0 ≤ 3872} ∼1 � � � [29] Fig. 6(b)

dΓXH
p =d cos θX {3872 ≤ MD�0D̄0 ≤ 3875} ∼1 � � � [29] Fig. 6(b)

Bþð0Þ → Kþð0ÞJ=ψγ Γp {3850 ≤ MJ=ψγ ≤ 3890} � � � � � � � � � Tables II, III
dΓp=d cos θX {3850 ≤ MJ=ψγ ≤ 3890} � � � � � � Fig. 6(a)

Bþð0Þ → Kþð0Þψ 0γ Γp {3850 ≤ Mψ 0γ ≤ 3890} � � � � � � � � � Tables II, III
dΓp=d cos θX {3850 ≤ Mψ 0γ ≤ 3890} � � � � � � Fig. 6(a)

eþe− → γJ=ψπþπ− σp {3850 ≤ MJ=ψπþπ− ≤ 3890} � � � � � � � � � Table III
dσp=dMJ=ψπþπ− � � � 1.14 � � � [50] Fig. 3(a)

eþe− → γJ=ψω σp
a, dσp

d cos θX



720 ≤ Mπþπ−π0 ≤ 810
f3850 ≤ MJ=ψω ≤ 3890g

� � � � � � [48] Table III

dσp=dMJ=ψω 720 ≤ Mπþπ−π0 ≤ 810 4.3 � � � [48] Fig. 3(b)

eþe− → γðD�0D̄0 þ c:c:Þ σp
e {MD�0D̄0 ≤ 3900} � � � � � � � � � Table III

dσp=dMD�0D̄0 � � � ∼1 � � � [29] Fig. 3(c)

dσXL
p =d cos θX {MD�0D̄0 ≤ 3872} ∼1 � � � [29] Fig. 6(b)

dσXH
p =d cos θX {3872 ≤ MD�0D̄0 ≤ 3875} ∼1 � � � [29] Fig. 6(b)

eþe− → γJ=ψγ σp {3850 ≤ MJ=ψγ ≤ 3890} � � � � � � � � � Table III
dσp=d cos θX {3850 ≤ MJ=ψγ ≤ 3890} � � � � � � Fig. 6(a)

eþe− → γψ 0γ σp {3850 ≤ Mψ 0γ ≤ 3890} � � � � � � � � � Table III
dσp=d cos θX {3850 ≤ Mψ 0γ ≤ 3890} � � � � � � Fig. 6(a)

aχc0ð3915Þ contribution is not included. Bðω → πþπ−π0Þ ¼ 89.2% [13] is used to convert πþπ−π0 to ω final state.
bThis resolution is obtained from fitting the η peak in Fig. 1 of Ref. [38].
cΓp from our full calculations are multiplied by 42% (Bþ) and 58% (B0) to compare with data; Fig. 4 (right) of Ref. [49] shows their

analysis result where the Xð3872Þ contributions are ∼42% (Bþ) and ∼58% (B0) of the full contribution for MD�0D̄0 ≤ 3900 MeV.
dBþ and B0 decay results are multiplied by their efficiencies, respectively, and then summed.
eσp from our full calculation is multiplied by 59% to compare with data; Fig. 2(e) of Ref. [29] shows their analysis result where the

Xð3872Þ contribution is ∼59% of the full contribution for MD�0D̄0 ≤ 3900 MeV.
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where the upper-side-tail crystal ball form is used.
Compared with the LHCb resolution model, the Belle
resolution function contains an additional threshold-related
correction factor,

fturn-onðMD�0D̄0Þ ¼ 1

2
½1þ erfðp0MdiffÞ�; ðD9Þ

with Mdiff ≡MD�0D̄0 −mD�0 −mD̄0 .

4. Parameter values

The parameter values used in the present analysis are
summarized in Table VIII. For the LHCb case, the exact
numerical values of the crystal-ball-plus-Gaussian param-
eters are not given explicitly in Ref. [61]. We therefore use
representative working values, chosen within the range
commonly employed in high-energy-physics mass fits. For
the Belle π0 mode, the parameters are from Refs. [49,69].
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