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We investigate the quantum stability of a timelike topological wormhole with a simple geometry
M2 × S2, supported classically by anisotropic fluid. We compute the one-loop quantum backreaction
generated by the vacuum fluctuations of a minimally coupled, massive scalar field propagating on the
wormhole background. Using dimensional regularization we renormalize the one-loop energy-momentum
tensor and identify the necessary gravitational counterterms. We then solve the semiclassical Einstein
equations to linear order in ℏ for both time-dependent and static metric Ansätze. Depending on the choice
of finite counterterms, the quantum effects can induce either negative or positive angular pressure, which
will tend to destabilize or stablize the wormhole, respectively. We also show that a classically traversable
wormhole will remain traversable when the quantum backreaction is taken into account. It would be of
interest to investigate whether these conclusions remain true when the equations of semiclassical gravity are
self-consistently solved.
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I. INTRODUCTION

Wormholes [1–3] are among the most intriguing sol-
utions of general relativity, providing hypothetical short-
cuts between distant regions of spacetime. Classical
analyses [4] have long shown that traversable wormholes
typically require stress-energy tensors violating null energy
condition, motivating the study of exotic matter sources,
modified gravity theories, and semiclassical effects as
possible mechanisms for realizing such geometries.
Nevertheless, it is of interest to explore configurations that
evade such requirements at the classical level.
A particularly simple example is a wormhole with

spacetime geometry M2 × S2, where M2 denotes two-
dimensional Minkowski space and the curvature is entirely
localized on the spherical section S2. The spacetime is
otherwise flat, and the Einstein equations admit a solution
supported by a homogeneous anisotropic stress-energy
tensor, effectively corresponding to a two-dimensional
cosmological constant along M2. Related constructions
have appeared in scalar-tensor theories, where spherically
symmetric solutions supported by scalar stresses exhibit
nontrivial global structure and wormholelike properties
without requiring localized material sources [5–8].

Classical consistency, however, does not guarantee
quantum stability. Even in classically well-behaved space-
times, quantum vacuum fluctuations of matter fields
generically produce nontrivial backreaction effects
[9,10]. In semiclassical gravity [11] these effects are
encoded in the renormalized expectation value of the
energy-momentum tensor, which acts as a source in
Einstein’s equations. Assessing whether such quantum
corrections preserve or destabilize a given classical geom-
etry is therefore essential, particularly for wormholes
whose viability depends sensitively on their stress-energy
content.
Early investigations of this question demonstrated

that Casimir-type vacuum energies can influence wormhole
geometries. In a seminal work, Khabibullin, Khusnutdinov,
and Sushkov [9,10] studied the Casimir effect in wormhole
spacetimes and showed that vacuum polarization can
generate negative energy densities, although typically at
microscopic scales and often requiring additional structure
to sustain traversability. Related studies of Casimir energies
in curved and compact backgrounds, including analyses of
the thermal Casimir effect in the Einstein universe with
spherical boundaries, further illustrate how global geom-
etry and boundary conditions shape quantum stresses when
the background spacetime is treated as fixed [12–15].
Casimir effects have been revisited in the context of
semiclassical wormhole constructions, where vacuum
energy is combined with additional classical or semi-
classical sources to obtain self-consistent solutions of the
semiclassical Einstein equations [16] and to explore con-
ditions for sustained traversability [17,18].
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In this work, we address the closely related question of
whether quantum vacuum fluctuations stabilize or desta-
bilize a classically admissible wormhole geometry. We also
study how traversability is affected by the inclusion of the
quantum backreaction. For analytical tractability, we con-
sider a wormhole described by the product spacetime
M2 × S2, with the two-sphere S2 of constant radius a.
At the classical level, the geometry is supported by a
homogeneous anisotropic stress-energy tensor and by
localized negative energy shells at both mouths rather than
by localized matter at a throat. The wormhole length L0 is
assumed to be much larger than its radius, allowing for a
simplified treatment. The classical stress-energy tensor
exhibits a thin shell at the interface between the wormhole
region and the surrounding Minkowski space, which would
be smoothed out in more realistic models.
We quantize a minimally coupled massive scalar field on

this background and compute the renormalized one-loop
expectation value of its energy-momentum tensor using
dimensional regularization and appropriate renormalization
conditions. We choose the finite cosmological constant
counterterm such that the observed the cosmological
constant vanishes both in the Minkowski spaces outside
the wormhole and inside the wormhole. The finite Newton
constant counterterm is chosen such that the observed
Newton constant has identical value inside and outside the
wormhole.
Treating gravity semiclassically, we then study the

backreaction of the one-loop quantum stress-energy on
the classical geometry. We find that, depending on the
choice of finite higher derivative counterterms, quantum
effects can induce either a negative or a positive angular
pressure. When the angular pressure is negative (positive),
the quantum backreaction will tend to destablize (stabilize)
the wormhole. In both cases a traversable wormholes will
remain traversable.

II. CLASSICAL WORMHOLE

In this work we consider a topological wormhole, whose
geometry is given by R ×R × S2,1 and four-dimensional
metric of the wormhole is

ds2 ¼ −dt2 þ dz2 þ a2dΩ2
2 ðdΩ2

2 ¼ dϑ2 þ sin2ðϑÞdφ2Þ;
ð1Þ

where a is the wormhole radius, ϑ∈ ½0; πÞ and φ∈ ½0; 2πÞ
are the usual spherical coordinates on S2, z∈ ð−∞;∞Þ is
the longitudinal coordinate along the wormhole,and
t∈ ð−∞;∞Þ is time. In this paper we use units in which
the speed of light c ¼ 1. The wormhole in Eq. (1) is
illustrated in Fig. 1.

The spherical section of the wormhole is curved, so
nonvanishing Chrisoffel symbols are

Γϑ
φφ ¼ − sinðϑÞ cosðϑÞ; Γφ

ϑφ ¼ Γφ
φϑ ¼

cosðϑÞ
sinðϑÞ : ð2Þ

The wormhole in Eq. (1) is attached to flat Minkowski
spaces above and below as shown in Fig. 1. It is instructive
to analyze how the attachment works in some detail. The
corresponding flat metrics are

ds2¼−dt2þdr2�þr2�ðdϑ2þsin2ðϑÞdφ2Þ ðr�≥aÞ; ð3Þ

where at the points of contact between the wormhole and
the flat spaces r� ¼ a� z − L0=2, where L0 is the worm-
hole length, and z ¼ 0 at the center of the wormhole.
Nonvanishing Christoffel symbols for the metrics in
Eqs. (1) and (3) are

Γr�
ϑϑ ¼ −

X
�
r� × Θðr� − aÞ;

Γr�
φφ ¼ −

X
�
r� sin2ðϑÞ × Θðr� − aÞ;

Γϑ
r�ϑ ¼

X
�

1

r�
× Θðr� − aÞ; Γϑ

φφ ¼ − sinðϑÞ cosðϑÞ;

Γφ
ϑφ ¼ Γφ

φϑ ¼
cosðϑÞ
sinðϑÞ ; ð4Þ

where the Heaviside theta functions ΘðxÞ indicate that the
Christoffel symbols in Eq. (4) exhibit a jump at r� ¼
a (z ¼ �L0=2).
Nonvanishing components of the Riemann curvature

tensor are then

FIG. 1. The wormhole geometry described by the metric in
Eq. (1) shown as R × S1 for illustrative purpose. The cylinder
length is L0 and its radius is a. The points of contact between the
flat Minkowski spaces and the wormhole is the boundary of the
cylinder, shown as the two circles of radius a at z ¼ �L0=2.

1Note that the wormhole in Eq. (1) has a flat five-dimensional
Minkowski space, M5 ¼ M2 × R3, as the embedding space.
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Rr�ϑr�ϑ¼Rϑr�ϑr� ¼−Rϑr�r�ϑ¼−Rr�ϑϑr� ¼−a
X
�
δðr�−aÞ;

ð5Þ

Rr�φr�φ ¼ Rφr�φr� ¼ −Rφr�r�φ

¼ −Rr�φφr� ¼ −a sin2ðϑÞ
X
�
δðr� − aÞ; ð6Þ

Rϑφϑφ¼Rφϑφϑ¼−Rϑφφϑ¼−Rφϑϑφ¼a2sin2ðϑÞΘ
�
L0

2
−jzj

�
:

ð7Þ

These relations imply for nonvanishing components of the
Ricci tensor and Ricci scalar

Rr�r� ¼ −
2

a

X
�
δðr� − aÞ;

Rϑϑ ¼ −a
X
�
δðr� − aÞ þ Θ

�
L0

2
− jzj

�
;

Rφφ ¼ −a sin2ðϑÞ
X
�
δðr� − aÞ þ sin2ðϑÞΘ

�
L0

2
− jzj

�
;

R ¼ −
4

a

X
�
δðr� − aÞ þ 2

a2
Θ
�
L0

2
− jzj

�
; ð8Þ

such that nonvanishing components of the Einstein curva-
ture tensor, Gμν ¼ Rμν − 1

2
gμνR, are

Gtt ¼ −
2

a

X
�
δðr� − aÞ þ 1

a2
Θ
�
L0

2
− jzj

�
;

Gzz ¼ −
1

a2
Θ
�
L0

2
− jzj

�
; Gϑϑ ¼ a

X
�
δðr� − aÞ;

Gφφ ¼ a sin2ðϑÞ
X
�
δðr� − aÞ: ð9Þ

The Einstein equation,

Gμν ¼ 8πGTμν; ð10Þ

then implies that the classical energy-momentum tensor
that supports our topological wormhole is given by

T t
t ¼ 1

4πGa

X
�
δðr� − aÞ − 1

8πGa2
× Θ

�
L0

2
− jzj

�
;

T z
z ¼ −

1

8πGa2
× Θ

�
L0

2
− jzj

�

T ϑ
ϑ ¼ T φ

φ ¼ 1

8πGa

X
�
δðr� − aÞ; ð11Þ

which contains regular contributions inside the wormhole
and singular contributions at the boundary between the

wormhole and the flat spacetimes. Inside the wormhole the
energy-momentum tensor in Eq. (11) corresponds to an
anisotropic fluid with the classical energy-momentum
tensor of an anisotropic fluid,

T ν
μ ¼ diagð−ρ; pz; p⊥; p⊥Þ; ð12Þ

with pz ¼ −ρ ¼ −1=ð8πGa2Þ and p⊥ ¼ 0, which is
large when converted to SI units, ρ ≈ 5×
1042 ð1 m=aÞ2 ½kg=ðms2Þ�, which corresponds to a mass
density ρ=c2 ≈ 5 × 1025 ð1 m=aÞ2 ½kg=m3�, where a is here
expressed in meters. This means that for a wormhole with
a ¼ 10 km, mass density is about 5 × 1017 kg=m3, which
is comparable to that in a neutron star. This means that
the amount of energy needed to build a wormhole of
radius a (in meters) is E ≈ 2 × 1043 ða=1 mÞ ½J�, which
is comparable with Earth’s rest energy, E⊕ ¼
m⊕c2 ≃ 5.36 × 1041 J. As expected, the energy needed
to build a wormhole is very large [4], simply because it
takes a large amount of energy to curve space.2 Therefore,
the wormhole is supported by a fluid with a negative
pressure along the z direction, and a vanishing pressure in
the angular directions, i.e., it behaves as a two-dimensional
cosmological constant.
An interesting question is what kind of fluid can sup-

port such a wormhole. One possibility is a classical
massless scalar field χ, whose energy density reads
Tμν ¼ ∂μχ∂νχ þ gμν½− 1

2
gαβ∂αχ∂βχ�. For a χ field with linear

z dependence along the wormhole, χ ¼ X0z for jzj ≤ L0=2
and a continuously matched constant outside the wormhole
we have

T00¼
1

2
ð∂zχÞ2¼

X2
0

2
Θ
�
L0

2
− jzj

�
≡ρχ ;

Tzz¼−
1

2
ð∂zχÞ2¼−

X2
0

2
Θ
�
L0

2
− jzj

�
≡pχ

z ¼−ρχ : ð13Þ

Comparing this with Eq. (11) we see that

X0 ¼ � 1ffiffiffiffiffiffiffiffiffi
4πG

p
a

ð14Þ

reproduces the nonsingular part of the energy-momentum
in Eq. (11). The change of the scalar field across the
wormhole is then jΔχj ¼ jX0jL0 ¼ L0=ð

ffiffiffiffiffiffiffiffiffi
4πG

p
aÞ ¼

ð ffiffiffi
2

p
L0=aÞMP, where MP ¼ 1=

ffiffiffiffiffiffiffiffiffi
8πG

p
≃ 2.4 × 1018 GeV

denotes the reduced Planck mass. This means that
jΔχj becomes super-Planckian when L0 > a, which

2The Universe is known to be spatially flat to a high precision
[19]. If the observed universe were positively or negatively
curved, one would need an equally large amount of energy to
curve it. Even though this energy is large, one does not use it as an
argument against a spatially curved universe.
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some may consider problematic. Alternatively, one
can use [20] the following classical electromagnetic
potential Aμ ¼ ð0; Ezt; 0; 0Þ inside the wormhole
(jzj ≤ L0=2), which produces constant electric field
along the wormhole, F01 ¼ −F10 ¼ Ez, which yields
ðTEÞνμ ¼ diagð−E2

z ;−E2
z ; 0; 0Þ þ δνμE2

z=2. It now follows

that the choice Ez ¼ �1=
ffiffiffiffiffiffiffiffiffi
8πG

p
a together with the cos-

mological constant ΛE ¼ 4πGE2
z ¼ 1=ð2a2Þ, reproduces

the regular part of (11). Such electric fields can be
supported by placing a positive electric charge on one
side of the wormhole and the compensating negative charge
on the other side. The singular shells at r� ¼ a in Eq. (11)
are harder to get from a classical field theory.
Note that, for null vectors lμ

1 ¼ ð1; 1; 0; 0Þ and lμ
2 ¼

ð1; 0; a−1; 0Þ (l2
1 ¼ 0, l2

2 ¼ 0), we have

Tμνl
μ
1l

ν
1 ¼ T00 þ Tzz ¼ ρþ pz ¼ 0; ð15Þ

Tμνl
μ
2l

ν
2 ¼ T00 þ

1

a2
Tϑϑ ¼ ρþ p⊥ ¼ 1

8πGa2
> 0; ð16Þ

implying that null energy condition (NEC) is marginally
satisfied inside the wormhole for the regular contribution in
Eq. (12). On the other hand, the singular contribution in
Eq. (11) corresponds to a surface energy density tensor σμν
of matter with

σ ν
μ ¼ diagð−σt; σz; σ⊥; σ⊥Þ; σt ¼ −

1

4πGa
;

σz ¼ 0; σ⊥ ¼ 1

8πGa
; ð17Þ

which is also needed to support the wormhole.3 The
negative value of σt makes this wormhole somewhat
problematic. In realistic wormholes the singular shells of
energy and pressure in Eq. (11) would be smoothed out.
Here we keep the geometry singular in order to make
our analytic calculations tractable. One way of incorporat-
ing the singular shells into an energy condition is by
introducing an averaged energy-momentum tensor of the
wormhole,

hTμνiV ≡ 1

L0

Z L0
2
þδ

−L0
2
−δ

dzTμν; ð18Þ

with δ > 0 an infinitesimal quantity, resulting in

hT t
t iV ¼ −hρiV ¼ −

1

8πGa2

�
1 −

4a
L0

�
;

hT z
z iV ¼ hpziV ¼ −

1

8πGa2
;

hT ϑ
ϑ iV ¼ hT φ

φ iV ¼ hp⊥iV ¼ 1

4πGaL0

: ð19Þ

Using these results in Eqs. (15)–(16) one obtains for
average null energy condition (ANEC),

hTμνiVlμ
1l

ν
1 ¼ hT00iV þ hTzziV
¼ hρiV þ hpziV ¼ −

1

2πGaL0

< 0; ð20Þ

hTμνiVlμ
2l

ν
2 ¼ hT00iV þ 1

a2
hTϑϑiV

¼ hρiV þ hp⊥iV ¼ 1

8πGa2

�
1 −

2a
L0

�
; ð21Þ

implying that ANEC is violated inside the wormhole, which
is in agreement with the literature [4,21–25]. This means that
the singular shells in Eq. (11) contribute towards violation of
ANEC. In order to make our calculations analytically
tractable, in this work we assume that the wormhole is
supported by the classical energy-momentum tensor given in
Eq. (11). However, recent literature [26–32] has established
that even standard model matter can be used to form
traversable wormholes which may, but need not, be stable.
Curiously, the wormhole in Eq. (1) neither violates the

weak energy condition (WEC) nor the average weak energy
condition (AWEC),

Tμνtμtν ¼ −T 0
0 ¼ ρ ¼ 1

8πGa2
> 0; ð22Þ

hTμνiVtμtν ¼ −hT 0
0 iV ¼ hρiV ¼ 1

8πGa2

�
1 −

4a
L0

�
> 0;

ðL0 > 4aÞ; ð23Þ

where tμ ¼ ð1; 0; 0; 0Þ (t2 ¼ −1) is a timelike vector. To get
the last inequality in Eq. (23) we assumed that the worm-
hole is sufficiently long, L0 > 4a.
A note on topology. The wormhole spacetime in

Eq. (1) considered in this work is topological in the
sense that the second homotopy group of the wormhole
manifold is nontrivial, π2ðM2 × S2Þ ¼ Z, and in this
sense it accords with the definition promoted in
Ref. [22]. Note that higher homotopy groups are
also nontrivial. For example, π3ðM2 × S2Þ ¼ Z and
π4ðM2 × S2Þ ¼ π5ðM2 × S2Þ ¼ Z2. The fact that the
wormhole in Eq. (1) is continuously connected to two flat
Minkowski spaces as illustrated in Fig. 1 does not change
the wormhole topology. On the other hand, when the two
wormhole ends are attached to different spatial sections of

3Including the negative surface energy in Eq. (17) will violate
NEC.
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the same Minkowski space, then spacetime topology
changes to R × S1 × S2. In this case, in addition to π2,
also fundamental homotopy group π1 of the manifold
becomes nontrivial, π1ðR × S1 × S2Þ ¼ Z. It is reasonable
to assume that topology is preserved by the classical
evolution. However, topology can be changed by the
quantum evolution [4,31]. Since here we are primarily
interested in the classical and quantum dynamics of the
wormhole geometry, and topological differences between
M2 × S2 and R × S1 × S2 do not affect the wormhole
dynamics, the fate of topology will not be our primary
concern in this work.

III. QUANTUM BACKREACTION

In this section we compute the one-loop quantum
backreaction induced by a massive scalar field on
the classical geometry in Eq. (1). We begin by introducing
the theory, and then proceed toward computation of the
quantum backreaction.

A. Bare theory

We consider a noninteracting, massive real scalar field,
whose bare matter action is given by

Sb½gμν;ϕ� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
−
1

2
gμνð∂μϕbÞð∂νϕbÞ −

1

2
m2

bϕ
2
b

�
;

ð24Þ

where gμν and gμν is the metric tensor and its inverse,
g ¼ det½gμν�, ϕb is the bare field, and mb is the bare mass.
Upon defining

ϕb ¼
ffiffiffiffiffiffi
Zb

p
ϕ; Zb ¼ 1þδZ; Zbm2

b ¼m2þδm2; ð25Þ

where ϕ is classical (tree-level) scalar field, Zb is field
strength renormalization, m2 is tree-level mass, and δm2

and δZ are used to renormalize loop divergences of the
theory. With these remarks in mind, the bare action in
Eq. (24) splits into two parts, the classical action Sϕ and the
counterterm action Sctϕ ,

Sb½gμν;ϕ� ¼ Sϕ½gμν;ϕ� þ Sctϕ ½gμν;ϕ�;

Sϕ½gμν;ϕ� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
−
1

2
gμνð∂μϕÞð∂νϕÞ −

1

2
m2ϕ2

�
;

ð26Þ

Sctϕ ½gμν;ϕ� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
−
1

2
δZgμνð∂μϕÞð∂νϕÞ−

1

2
δm2ϕ2

�
:

ð27Þ

In what follows we canonically quantize ϕ to study how its
quantum fluctuations backreact onto the spacetime. We

shall use the semiclassical gravity approximation, accord-
ing to which gravity is classical, and matter is quantum.
For the purposes of this work, we shall use Einstein’s
gravity, whose bare action is given by

Sg½gμν� ¼
1

κ2b

Z
dDx

ffiffiffiffiffiffi
−g

p ½R − 2Λb�; ð28Þ

where R ¼ RðgμνÞ is the Ricci curvature scalar and κ2b ¼
16πGb and Λb are the bare gravitational coupling and the
cosmological constant, respectively. The bare gravitational
couplings can be split into their classical parts and quantum
parts (needed for renormalization),

1

κ2b
¼ 1

κ2
þ δ

�
1

κ2

�
;

Λb

κ2b
¼ Λ

κ2
þ δ

�
Λ
κ2

�
; ð29Þ

where κ2 ¼ 16πG and Λ are the tree-level gravitational
coupling constant and cosmological constant (G is the tree-
level Newton constant), respectively, and δð 1

κ2
Þ and δðΛ

κ2
Þ

are the corresponding Ricci scalar and cosmological
constant counterterm couplings. When Eq. (29) is in-
serted into Eq. (28), the bare gravitational action Sg½gμν�
splits into the tree-level and counterterm action,
Sg½gμν� ¼ SHE½gμν� þ SctHE½gμν�, where

SHE½gμν� ¼
1

κ2

Z
dDx

ffiffiffiffiffiffi
−g

p ½R − 2Λ�; ð30Þ

SctHE½gμν� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
δ

�
1

κ2

�
R − 2δ

�
Λ
κ2

��
: ð31Þ

In the renormalization procedure we shall also use the
following higher dimensional counterterm gravitational
action,

SR2 ½gμν� ¼ δαR2

Z
dDx

ffiffiffiffiffiffi
−g

p
R2; ð32Þ

where R denotes the Ricci curvature scalar and δαR2 is the
corresponding coupling constant. For simplicity, we shall
assume that the observed cosmological constant vanishes in
the Minkowski spaces that surround the wormhole and that
the tree-level Newton constant G ¼ κ2=ð16πÞ corresponds
to the observed one.

B. Canonical quantization

We are interested in canonical quantization in the
background of a classical topological wormhole, whose
D-dimensional geometry4 is given by Rt ×RD−3 × S2, and
whose classical metric is

4We consider a classical topological wormhole in general D
spacetime dimensions, needed for dimensional regularization
which we shall use to renormalize the divergences of the one-
loop energy momentum tensor. After renormalization one can set
D ¼ 4.
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ds2 ¼ −dt2 þ dz · dzþ a2dΩ2
2; ð33Þ

where a is the radius of the wormhole, and dΩ2
2 ¼ dϑ2 þ

sin2ðϑÞdφ2 is the metric on the two-dimensional sphere.
The classical matter action (26) implies a canonical

momentum, πðxÞ¼ δSϕ=δ∂0ϕðxÞ¼− ffiffiffiffiffiffi−gp
g0νð∂νϕÞ, which

in a flat space background simplifies to πðxÞ ¼ ϕ̇ðxÞ, where
Ẋ ≡ d

dt X. Canonical quantization is exacted by

½ϕ̂ðt;xÞ; π̂ðt;x0Þ� ¼ iℏδD−1ðx − x0Þ: ð34Þ

Varying Eq. (26) with respect to ϕðxÞ yields a Klein-
Gordon equation for the quantum field ϕ̂,

ð□x −m2Þϕ̂ðxÞ ¼ 0; ð35Þ

where □ ¼ 1ffiffiffiffi−gp ∂μ
ffiffiffiffiffiffi−gp

gμν∂ν is the d’Alembertian (wave)

operator for curved spacetimes, which for the metric in
Eq. (33) simplifies to

□x ¼ −∂2t þ ΔD−3 þ
1

a2
ΔS2 ; ð36Þ

where here

ΔS2 ¼
1

sinðϑÞ
∂

∂ϑ
sinðϑÞ ∂

∂ϑ
þ 1

sin2ðϑÞ ∂
2
φ ð37Þ

is the wave operator on the sphere S2 and ΔD−3 is Laplace
operator on the (D − 3)-dimensional flat Euclidean space,
which in Cartesian coordinates reads

ΔD−3 ¼ δabD−3
∂

∂xa
∂

∂xb
; ð38Þ

where δabD−3 is a flat metric on the (D − 3)-dimensional
subspace.
Taking account of the background symmetries of the

metric (33), the field operator can be decomposed in terms
of mode functions ulmðt;kÞ as

ϕ̂ðt;z;ϑ;φÞ¼
X
lm

Z
dD−3k
ð2πÞD−3ðeik·zulmðt;kÞâlmðkÞYlmðϑ;φÞ

þe−ik·zu�lmðt;kÞâ†lmðkÞY�
lmðϑ;φÞÞ; ð39Þ

where â†lmðkÞ and âlmðkÞ and the creation and annihilation
operators which satisfy

½âlmðkÞ; â†l0m0 ðk0Þ� ¼ ð2πÞD−3δD−3ðk − k0Þδll0δmm0 ;

½âlmðkÞ; âl0m0 ðk0Þ� ¼ 0 ¼ ½â†lmðkÞ; â†l0m0 ðk0Þ�; ð40Þ

such that âlmðkÞjΩi ¼ 0 destroys the vacuum jΩi and
â†lmðkÞ creates a particle with quantum numbers fk;l; mg,

where l∈ f0; 1; 2;…g, −l ≤ m ≤ l and k∈RD−3.
Furthermore, Ylmðϑ;φÞ are the usual spherical harmonics,
and ulmðt;kÞ and u�lmðt;kÞ are the mode functions of the
problem that obey

�
d2

dt2
þω2

l

�
ulmðt;kÞ¼0;

�
ω2
l¼kkk2þm2þlðlþ1Þ

a2

�
:

ð41Þ

One can then show that canonically normalized mode
functions are

ulmðt;kÞ ¼
1

a

ffiffiffiffiffiffiffiffi
ℏ

2ωl

s
e−iωlt; u�lmðt;kÞ ¼

1

a

ffiffiffiffiffiffiffiffi
ℏ

2ωl

s
eiωlt:

ð42Þ

It is useful to recall that spherical harmonics are
eigenfunctions of the Laplace operator ΔS2,

ΔS2Ylmðϑ;φÞ ¼ −lðlþ 1ÞYlmðϑ;φÞ; ð43Þ

are orthonormal polynomials on the sphere,

Z
π

0

dϑ sinðϑÞ
Z

2π

0

dφYlmðϑ;φÞY�
l0m0 ðϑ;φÞ ¼ δll0δmm0 ;

ð44Þ

and they satisfy a completeness relation,

X
l;m

Ylmðϑ;φÞY�
lmðϑ0;φ0Þ ¼ δðcosðϑÞ − cosðϑ0ÞÞδðφ − φ0Þ

¼ δðϑ − ϑ0Þ
sinðϑÞ δðφ − φ0Þ; ð45Þ

the coincidence limit of which is

X
m

Ylmðϑ;φÞY�
lmðϑ;φÞ¼

2lþ1

4π
⇒

X
l;m

Ylmðϑ;φÞY�
lmðϑ;φÞ

¼
X
l

2lþ1

4π
¼2ζð−1Þþζð0Þþ1

4π
;

ð46Þ

such that the sum over l diverges. The last equality
expresses the divergent sums in terms of the Riemann zeta
functions, defined as ζðzÞ ¼ P∞

n¼1
1
nz.

C. One-loop energy-momentum tensor

The classical energy-momentum tensor associated with
the scalar field ϕ is defined as
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TμνðxÞ¼ 2ffiffiffiffiffiffi−gp δSϕ
δgμνðxÞ

¼ð∇μϕÞð∇νϕÞþgμν
�
−
1

2
gαβð∂αϕÞð∂βϕÞ−

1

2
m2ϕ2

�
;

ð47Þ

where Sϕ is the classical action in Eq. (26), ∇μϕ ¼ gμν∂νϕ,
and ϕ satisfies the classical equation of motion
[cf. Eq. (35)],

ð□x −m2ÞϕðxÞ ¼ 0; ð48Þ

where ϕðxÞ ¼ hϕ̂ðxÞi, hϕ̂ðxÞi ¼ Tr½ρ̂ðtÞϕ̂ðxÞ� and ρ̂ðtÞ is
the density operator. For the purpose of the paper, the
density operator corresponds to the pure vacuum state jΩi,
and therefore it can be written as

ρ̂ðtÞ ¼ jΩihΩj: ð49Þ

In this paper we are not interested in studying classical
gravitational backreaction generated by the energy-
momentum tensor in Eq. (47), as that depends on the
classical field ϕðxÞ, which satisfies Eq. (48), but otherwise
it is not constrained. Instead, we consider here the quantum
backreaction induced by the one-loop contribution to the
energy-momentum tensor, which is defined by

hΔT̂μνðxÞi ¼ hT�½∇μϕ̂ðxÞ∇νϕ̂ðxÞ�i

þ gμν

�
−
1

2
gαβhT�½∂αϕ̂ðxÞ∂βϕ̂ðxÞ�i

−
1

2
m2hT�½ϕ̂2ðxÞ�i

�
ð50Þ

¼½∇μ∇0νiΔϕðx;x0Þ�x0→x

þgμν
�
−
1

2
gαβ½∂α∂0βiΔϕðx;x0Þ�x0→x

−
1

2
m2iΔϕðx;xÞ

�
; ð51Þ

where iΔϕðx; x0Þ is the Feynman (time-ordered) propagator,
defined by

iΔϕðx; x0Þ ¼ Θðt − t0Þhϕ̂ðxÞϕ̂ðx0Þi þ Θðt0 − tÞhϕ̂ðx0Þϕ̂ðxÞi;
ð52Þ

which obeys

ffiffiffiffiffiffi
−g

p ð□ −m2ÞiΔϕðx; x0Þ ¼ iℏδDðx − x0Þ: ð53Þ

To get the second equality (51) we used a T� ordering,
according to which the Heaviside Θ functions in the time-
ordering operator T� commute with the vertex derivatives.
One can show that the difference between the more-usual
T-ordering prescription and the T� ordering used here are

ultralocal terms containing Dirac δ functions evaluated at
spacetime coincidence and/or derivatives acting on δ
functions evaluated at spacetime coincidence, which all
vanish in dimensional regularization used here. Our con-
siderations in the Appendix imply that, for the purposes of
this work, the difference between the T� and T ordering is
immaterial.
Here we are interested in studying the backreaction

generated by the one-loop energy-momentum tensor of the
quantum scalar field ϕ̂ðxÞ, which are universal in the sense
that they are completely specified once the background
metric is fixed.5 The self-consistent semiclassical metric
can then be obtained from the semiclassical Einstein
equation,

Gμν ¼ κ2

2
ðTμν þ hΔT̂μνðxÞi þ Tμν

ct ðxÞÞ; ð54Þ

where Gμν denotes the Einstein curvature tensor, Tμν is the
classical energy-momentum tensor in Eq. (11) needed to
support the wormhole, its quantum contribution is given in
Eq. (51), and the corresponding counterterm contribution is
defined as

Tμν
ct ðxÞ ¼

2ffiffiffiffiffiffi−gp δSct
δgμνðxÞ

; ð55Þ

where Sct is a sum of the counterterm actions in Eqs. (27),
(31), and (32). In this work we assume that classical scalar
field ϕðxÞ vanishes, and therefore we shall not need the
matter counterterm action Eq. (27) to renormalize the one-
loop energy-momentum tensor in Eq. (51).
Solving self-consistently the system of equations of

semiclassical gravity in Eqs. (53) and (54) is a hard
problem and it cannot be solved in general. Instead, we
shall resort to perturbative methods and construct a
perturbative solution, according to which the right-hand
side of Eq. (54) can be viewed as the source for the left-
hand side. In this scheme, the metric, the Einstein tensor,
the propagator, and the energy-momentum tensors can all
be expanded in powers of ℏ as

gμν ¼ gð0Þμν þ gð1Þμν þ gð2Þμν þOðℏ3Þ; ð56Þ

Gμν ¼ Gμνð0Þ þGμνð1Þ þ Gμνð2Þ þOðℏ3Þ; ð57Þ

5This is only true if the quantum fluctuations are evaluated in a
vacuum which respects the symmetries of the background metric,
which is what we assume here. This is however not always
possible. For example, in de Sitter space quantum fluctuations of
a massless scalar field violate de Sitter symmetry even at the tree
level [33,34], which is then manifested in secular contributions to
the propagator which grow in time. Quite unexpectedly, an
analogous violation of de Sitter symmetry occurs in the gauge
sector of the photon field in de Sitter space in general covariant
gauges [35,36].
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iΔϕðx; x0Þ ¼ iΔϕ
ð1Þðx; x0Þ þ iΔϕ

ð2Þðx; x0Þ þOðℏ3Þ; ð58Þ

Tμν
ct ¼ Tμν

ct
ð1Þ þ Tμν

ct
ð2Þ þOðℏ3Þ; ð59Þ

hΔT̂μνi ¼ hΔT̂μνið1Þ þ hΔT̂μνið2Þ þOðℏ3Þ; ð60Þ

where gð0Þμν is the classical wormhole metric in Eq. (33).
Since the source hΔT̂μνðxÞi in Eq. (54) is the one-loop
energy-momentum tensor, which is OðℏÞ, the expansion in
Eq. (56) is indeed an expansion in powers of ℏ. The
equations of motion (53)–(54) can be expanded as

Gμνð0Þ ¼ κ2

2
Tμν; Gμνð1Þ ¼ κ2

2
ðhΔT̂μνið1Þ þTμν

ct
ð1ÞÞ; ð61Þ

and [cf. Eq. (53)],

ffiffiffiffiffiffiffiffiffiffi
−gð0Þ

p ð□ð0Þ −m2ÞiΔϕ
ð1Þðx; x0Þ ¼ iℏδDðx − x0Þ;

□ð0Þ ¼
1ffiffiffiffiffiffiffiffiffiffi−gð0Þ

p ∂μ
ffiffiffiffiffiffiffiffiffiffi
−gð0Þ

p
gμνð0Þ∂ν; ð62Þ

and to leading order in ℏ Eq. (51) reads

hΔT̂μνðxÞið1Þ ¼ ½∂μð0Þ∂0νð0ÞiΔð1Þ
ϕ ðx; x0Þ�

x0→x

þ gμνð0Þ

�
−
1

2
gαβð0Þ½∂α∂0βiΔð1Þ

ϕ ðx; x0Þ�
x0→x

−
1

2
m2iΔð1Þ

ϕ ðx; xÞ
�
: ð63Þ

The interested reader can easily write down the relevant
equations at Oðℏ2Þ. In this work, however, we limit
ourselves to studying the leading order solution OðℏÞ
of the quantum backreaction problem, for which
Eqs. (61)–(63) suffice.
In the Appendix we compute the one-loop energy-

momentum tensor in Eq. (51), and determine the counter-
term action Sct needed to renormalize it. It turns out that the
Hilbert-Einstein counterterm action in Eq. (31) is sufficient
to remove the divergences in the one-loop energy-momen-
tum tensor and to renormalize it. However, our analysis
shows that one can also use a finite higher derivative
counterterm action in Eq. (32) to further simplify the
quantum backreaction.
With this in mind, we can write down nonvani-

shing components of Eq. (61) as [see Eqs. (9), (11) and
(A92)–(A93)],

Gt
t
ð1Þ ¼ Gz

z
ð1Þ ¼ κ2

2
½T t

t þ hΔT̂ t
t ið1Þren� ¼ −

1

a2
−

ℏκ2

128π2

��
m4 −

2m2

3a2
þ 2

15a4

��
ln

�
m2 − 1

4a2

4πμ2

�
þ γE −

3

2

�

−
1

12a2

�
m2 −

31

40a2

�
−

31

4032a6
1

m2 − 1
4a2

þOða−8; e−2πamÞ
�
þ 2κ2

a4
αR2 þ κ2

κ̄2
1

a2
−Λ;

ð64Þ

Gϑ
ϑ
ð1Þ ¼Gφ

φ
ð1Þ ¼ κ2

2
hΔT̂ϑ

ϑið1Þren¼−
ℏκ2

128π2

��
m4−

2

15a4

��
ln

�
m2− 1

4a2

4πμ2

�
þ γE−

3

2

�

þ 1

4a2

�
m2−

27

40a2

�
þ 457

20160a6
1

m2− 1
4a2

þOða−8;e−2πamÞ
�
−
2κ2

a4
αR2 −Λ; ð65Þ

where κ̄−2, Λ and αR2 are finite counterterm coefficients, and we dropped the Oð1=a8Þ terms. The μ dependence in
Eqs. (64)–(65) was introduced by the counterterms needed to renormalize the theory. Indeed, making a different choice of
the scale μ, the quantum backreaction changes as

κ2

2
hΔT̂t

tið1Þrenðμ0Þ ¼ κ2

2
hΔT̂t

tið1ÞrenðμÞ þ ℏκ2

64π2

�
m4 −

2m2

3a2
þ 2

15a4

�
ln

�
μ0

μ

�
; ð66Þ

κ2

2
hΔT̂ϑ

ϑið1Þrenðμ0Þ ¼ κ2

2
hΔT̂ϑ

ϑið1ÞrenðμÞ þ ℏκ2

64π2

�
m4 −

2

15a4

�
ln

�
μ0

μ

�
: ð67Þ

This scale dependence of the quantum backreaction is also present in Minkowski space, when the cosmological constant
backreaction is considered [37].
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A natural choice of the finite cosmological constant in
Eqs. (64)–(65) is that for which the cosmological constant
in Minkowski space vanishes,

Λ ¼ −
ℏκ2m4

128π2

�
ln

�
m2

4πμ2

�
þ γE −

3

2

�
; ð68Þ

with the price of introducing a fine-tuning. Equations (66)–
(67) suggest that the fine-tuning needs to be repeated for
every choice of scale μ. This is however an artifact of the
perturbative approximation [38]. Indeed, when the geo-
metric cosmological constant is tuned to cancel the energy
associated with the minimum of the RG-improved effective

potential of the theory, then fine-tuning ought to be done
once, thus resolving the problem of dependence of the
quantum backreaction on the choice of the renormalization
scale μ, see Ref. [38] for more details.
The considerations of Ref. [38] can be extended to the

problem at hand as follows. The μ-dependent fine-tuning of
Λ in Eq. (68), which removes the perturbative one-loop
quantum backreaction at some scale μ, can be generalized
to the RG-improved effective action of the theory such that
the total cosmological constant remains zero in the sur-
rounding Minkowski space. However, even when this is
done, the wormhole will harbor a nonvanishing quantum
energy-momentum tensor,

Gt
t
ð1Þ ¼ Gz

z
ð1Þ ¼ κ2

2
½T t

t þ hΔT̂ t
t ið1Þren� ¼ 1

a2

�
κ2

κ̄2
− 1

�
þ ℏκ2m2

192π2a2

��
1 −

1

5ðamÞ2
��

ln
�

m2

4πμ2

�
þ γE

�

−
�
1 −

4

105ðamÞ4
�
þOða−8; e−2πamÞ

�
þ 2κ2

a4
αR2 ; ð69Þ

Gϑ
ϑ
ð1Þ ¼ Gφ

φ
ð1Þ ¼ κ2

2
hΔT̂ϑ

ϑið1Þren ¼
ℏκ2

960π2a4

�
ln

�
m2

4πμ2

�
þ γE −

8

21ðamÞ2
�
þOða−8; e−2πamÞ

�
−
2κ2

a4
αR2 : ð70Þ

There are two more counterterms in Eqs. (69) and (70) that
remain unfixed, namely those of the Ricci scalar and Ricci
scalar squared. One way of fixing the Ricci scalar counter-
term is to fix the finite part of it to zero. In this case the term
κ2=ða2κ̄2Þ in Eq. (69) vanishes, leaving us with the classical
contribution−1=a2 plus the quantum contribution∝ ℏ. The
more natural choice is to fix κ̄2 to remove as much of the
quantum source in Eq. (69) as possible, but such that κ̄2 is
independent on the wormhole size a,

1

κ̄2
¼ −

ℏm2

192π2

�
ln

�
m2

4πμ2

�
þ γE − 1

�
: ð71Þ

This choice represents a second tuning. Just like for the
cosmological constant tuning in Eq. (68), the choice of the
Newton constant counterterm in Eq. (71) guarantees con-
tinuity of the Newton constant at the boundary between the
wormhole and the asymptotic Minkowski spaces shown in
Fig. 1, and from that point of view is not a tuning, but a
good way of fixing the counterterms. In this case the tree-
level Newton constant in Eq. (30) corresponds to the
observed one on large scales both in the Minkowski spaces
and inside the wormhole. An analogous choice of the
Newton constant counterterm was used in Ref. [39] to
prove a gravitational decoupling theorem between the
ultraviolet and infrared massive scalar fluctuations in
Minkowski space, constituting the gravitational version
of the Appelquist-Carazzone decoupling theorem, origi-
nally proved for gauge fields in Ref. [40].

Finally, one can also fix the finite Ricci scalar squared
counterterm in Eqs. (69)–(70) to remove as much as
possible of the quantum energy-momen-tum tensor in
Eq. (70),

αR2 ¼ ℏ
1920π2

�
ln

�
m2

4πμ2

�
þ γE

�
; ð72Þ

representing yet another fine-tuning. Upon inspecting the
dependence on the radius a of the quantum backreaction in
Eqs. (69)–(70) one sees that the choice in Eq. (72)
corresponds to choosing a vanishing Ricci scalar squared
coupling constant in the contribution to the effective action
of the form given in Eq. (32). Adding a finite contribution
in Eq. (72), αR2 → ½ℏ=ð1920π2Þ� × ½lnðm2=ð4πμ2ÞÞ þ
γE� þ α would imply that the measured coupling constant
in the higher derivative action in Eq. (32) is α both inside
and outside the wormhole. Since observable modifications
of gravity induced by higher derivative terms such as
the one in Eq. (72) are tiny in the infrared, our constraints
on higher derivative couplings are very weak, see e.g.,
Ref. [39].6 Sensitivity to higher derivative terms inside the

6An exception is Starobinsky’s inflation [41], in which the
value of the R2 coupling is constrained by the normalization of
the scalar cosmological perturbations to be α ∼ 109. This means
that, by measuring the quantum beckreaction inside a wormhole,
one could in principle measure α, which would in turn provide a
direct test of Starobinsky inflation.
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wormhole is much higher, however, and could be, in
principle, used to measure the higher derivative coupling
α. With these choices of the counterterms the quantum
sources in Eq. (69) simplify to

Gt
t
ð1Þ ¼Gz

z
ð1Þ ¼κ2

2
½T t

t þhΔT̂t
tið1Þren�

¼−
1

a2
þ ℏκ2

5040π2a6m2
þOða−8;e−2πamÞ; ð73Þ

Gϑ
ϑ
ð1Þ ¼ Gφ

φ
ð1Þ ¼ κ2

2
hΔT̂ϑ

ϑið1Þren

¼ −
ℏκ2

2520π2a6m2
þOða−8; e−2πamÞ: ð74Þ

Note that the remaining contributions are tiny in the limit of
large wormholes (am ≫ 1). Note also that our choice of the
finite counterterms removed all of the logarithmic contribu-
tions. This is so because the ratio of the coefficients in front
of the logarithms and the divergent terms ∝ 1=ðD − 4Þ are
fixed by the requirement that the primitive energy-momen-
tum tensor (before renormalization) is μ independent. In
what follows we shall investigate perturbative quantum
backreaction induced by the general quantum one-loop
energy-momentum tensor in Eqs. (69) and (70). We shall
also investigate the special case when the additional fine-
tuning in Eqs. (71)–(72) is exacted, such that the quantum
energy-momentum tensor reduces to Eqs. (73) and (74).

IV. SOLVING SEMICLASSICAL
EINSTEIN’S EQUATIONS

Here we investigate stability of the topological worm-
hole by solving the corresponding semiclassical Einstein’s
equation (61) to the leading order in the Planck constant ℏ.
Based on this analysis we arrive at a quantitative stability
criterion for the semiclassical wormhole. We also study

how traversability of the wormhole is affected by the
quantum backreaction.

A. Time dependent Ansatz

In what follows we consider the wormhole spacetime in
the presence of the one-loop energy-momentum tensor in
Eqs. (69)–(70) generated by the quantum fluctuations of a
massive scalar inside the wormhole. We assume that the
cosmological constant counterterm is chosen as in Eq. (68),
which subtracts the vacuum energy of the Minkowski
vacuum fluctuations. This choice ensures that the vacuum
fluctuations in the Minkowski space surrounding the
wormhole do not contribute to the quantum energy-
momentum tensor, which is supported by observations.
For our considerations the presumed cosmological constant
driving the observed accelerated expansion of the Universe
can be neglected as long as aH0 ≪ 1 (here H0 ≃
78 km=s=Mpc is the present expansion rate of the
Universe), which is amply satisfied. If, in addition, the
Newton constant and the Ricci scalar squared counterterms
are chosen as in Eqs. (71) and (72), the source in the
semiclassical Einstein equation κ2

2
½T ν

μ þ hΔT̂ν
μið1Þren� simpli-

fies to that in Eqs. (73)–(74). With these remarks in
mind, we are now ready to consider the perturbative
quantum backreaction induced by Eqs. (69)–(70) or by
Eqs. (73)–(74).
The source in Eqs. (69)–(70) in the semiclassical

Einstein’s equations (61) suggests the following time-
dependent Ansatz for the metric,

ds2 ¼ −dt2 þ a2zðtÞdz2 þ a2⊥ðtÞdΩ2
2; ð75Þ

where a2zðtÞ and a2⊥ðtÞ are the scale factors associated with
the longitudinal (z) and angular directions of the wormhole,
respectively. The corresponding nonvanishing Christoffel
symbols implied by Eq. (75) are then

Γt
μν ¼

1

2
∂tgμν ⇒ Γt

zz ¼ a2zHz; Γt
ϑϑ ¼ a2⊥H⊥; Γt

φφ ¼ a2⊥H⊥ sin2ðϑÞ; Γz
μν ¼

1

2a2z
ð∂μgνzþ ∂νgμzÞ⇒ Γz

tz ¼ Γz
zt ¼Hz;

Γϑ
μν ¼

1

2a2⊥
ð2∂ðμgνÞϑ− ∂ϑgμνÞ⇒ Γϑ

tϑ ¼ Γϑ
ϑt ¼H⊥; Γϑ

φφ ¼−sinðϑÞcosðϑÞ; Γφ
μν ¼ 1

a2⊥ sin2ðϑÞ
∂ðμgνÞφ ⇒ Γφ

tφ ¼ Γφ
φt ¼H⊥;

Γφ
ϑφ ¼ Γφ

φϑ ¼
cosðϑÞ
sinðϑÞ ; ð76Þ

from which it follows that

Γμ
μα ¼ 1ffiffiffiffiffiffi−gp ∂α

ffiffiffiffiffiffi
−g

p
⇒ Γμ

μt ¼ Hz þ 2H⊥; Γμ
μϑ ¼

cosðϑÞ
sinðϑÞ ; ð77Þ

where Hz ¼ ȧz=az and H⊥ ¼ ȧ⊥=a⊥. We can now calculate nonvanishing elements of the Ricci tensor and Ricci scalar.
Notice first the Ricci tensor is diagonal, so its nonvanishing components are
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R t
t
ð1Þ ¼ ðḢz þH2

zÞ þ 2ðḢ⊥ þH2⊥Þ; R z
z
ð1Þ ¼ ðḢz þH2

zÞ þ 2HzH⊥; R ϑ
ϑ
ð1Þ ¼ R φ

φ ¼ HzH⊥ þ ðḢ⊥ þ 2H2⊥Þ þ
1

a2⊥
;

Rð1Þ ¼ gμνRð1Þ
μν ¼ 2½ðḢz þH2

zÞ þ 2HzH⊥ þ ð2Ḣ⊥ þ 3H2⊥Þ� þ
2

a2⊥
; ð78Þ

such that the Einstein tensor and the corresponding semi-
classical Einstein equations read

Gt
t
ð1Þ ¼−½2HzH⊥þH2⊥�−

1

a2⊥
¼ κ2

2
½T t

t þhΔT̂t
tið1Þren�; ð79Þ

Gz
z
ð1Þ ¼−½2Ḣ⊥þ3H2⊥�−

1

a2⊥
¼ κ2

2
½T t

t þhΔT̂t
tið1Þren�; ð80Þ

G ϑ
ϑ
ð1Þ ¼ G φ

φ
ð1Þ ¼ −½HzH⊥ þ ðḢz þH2

zÞ þ ðḢ⊥ þH2⊥Þ�

¼ κ2

2
hΔT̂ ϑ

ϑ ið1Þren; ð81Þ

such that the G φ
φ

ð1Þ equation contains no new information.
The structure of these equations suggests to subtract the
second equation from the first to obtain

ðḢ⊥ þH2⊥Þ −HzH⊥ ¼ 0; ð82Þ

from where we conclude

Hz ¼
Ḣ⊥
H⊥

þH⊥: ð83Þ

This can be used in Eq. (79) to obtain

ð2Ḣ⊥ þ 3H2⊥Þ þ
1

a2⊥
þ κ2

2
½T t

t þ hΔT̂t
tið1Þren� ¼ 0: ð84Þ

This is a closed equation for a⊥ðtÞ and it can be solved as
follows. First notice that, for the quantum source in
Eqs. (79) and (69), there exists a time independent solution,

1

a2⊥
¼ 1

a2

�
1 −

κ2

κ̄2

�
−

ℏκ2m2

192π2a2

��
1 −

1

5ðamÞ2
�

×

�
ln

�
m2

4πμ2

�
þ γE

�
−
�
1 −

4

105ðamÞ4
�

þOða−8; e−2πamÞ
�
−
2κ2

a4
αRiem2 ;

¼ 1

a2
−

ℏκ2

5040π2a6m2
þOða−8; e−2πamÞ; ð85Þ

where the second equality holds when both κ̄ and αRiem2 are
fine-tuned to the values in Eqs. (71) and (72), see Eq. (73).
A simple consideration shows that iterating Eq. (86) would
result in a self-consistent solution for semiclassical gravity,

1

a2⊥
¼ 1

a2

�
1 −

κ2

κ̄2

�
−

ℏκ2m2

192π2a2⊥

��
1 −

1

5ða⊥mÞ2
�

×

�
ln

�
m2

4πμ2

�
þ γE

�
−
�
1 −

4

105ða⊥mÞ4
��

þOða−8⊥ ; e−2πa⊥mÞ − 2
κ2

a4⊥
αR2

¼ 1

a2
−

ℏκ2

5040π2a6⊥m2
þO

�
1

a8⊥
; e−2πa⊥m

�
; ð86Þ

which, when solved, gives a⊥ ¼ a⊥ðaÞ. As before, the
second equality holds for the fine-tunings in Eqs. (71) and
(72). The conjecture in Eq. (86) ought to be checked by
constructing a self-consistent solution of semiclassical
gravity.
Notice that Eq. (84) allows for a time dependent

solutions for a⊥ðtÞ. To better understand the form of these
solutions, it is useful to introduce a time variable,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a⊥ðtðτÞÞ

p
dτ ¼ dt, in terms of which Eq. (84) becomes

a00⊥ðτÞ þ
1

2
þ a2⊥

κ2

4
½T t

t þ hΔT̂t
tið1Þren� ¼ 0; ð87Þ

which is solved by the Weierstrass elliptic function P
(related to the Jacobi elliptic function),

a⊥ðτÞ ¼
1

α1=3
× P

�
α1=3τ;

�
1

α1=3
; C

��
;

α ¼ −
3κ2

2
½T t

t þ hΔT̂t
tið1Þren�; ð88Þ

where C is an integration constant (the other integration
constant is absorbed in the definition of time).
Next, Eq. (81) can be recast as

ðḢz þH2
zÞ þ 2ðḢ⊥ þH2⊥Þ þ

κ2

2
hΔT̂ϑ

ϑið1Þren ¼ 0; ð89Þ

QUANTUM BACKREACTION AND STABILITY OF TOPOLOGICAL … PHYS. REV. D 114, 105012 (2026)

105012-11



which for a⊥ ¼ const: simplifies to

ðḢz þH2
zÞ ¼

äz
az

¼ −
κ2

2
hΔT̂ϑ

ϑið1Þren; ð90Þ

which is solved by

azðtÞ ¼ azð0Þ coshðHztÞ;

H2
z ¼ −

κ2

2
hΔT̂ϑ

ϑið1Þren ≃
2ℏG

315πa6m2
> 0; ð91Þ

where azð0Þ ¼ azð0Þ, where the value chosen here is that of
the fine-tuned solution in Eq. (74).7 The solution in Eq. (91)
is chosen such that it is symmetric in t → −t. At late times,
the exponentially decaying solution in Eq. (91) can be
neglected, and the scale factor can be approximated by
azðtÞ ¼ ½azð0Þ=2�eHzt. This means that, due to the negative
angular pressure p⊥ ≃ −ℏ=ð1250π2a6m2Þ < 0 generated
by the one-loop vacuum fluctuations inside the wormhole,
the wormhole’s length (along the z direction) will tend to
expand exponentially. The topological wormhole harbors a
cosmological horizon along the z direction, Rz ¼ 1=Hz,
such that for distances larger than Rz the wormhole will not
be be traversable, i.e., it will expand faster than the speed of
light, as its physical size will grow as

LðtÞ ¼ azðtÞL0 ¼ L0eHzt; ð93Þ

which means that, even a relatively short wormhole, whose
initial length L0 ≪ Rz, will grow after some time Δt ≃
Rz lnðRz=L0Þ into a Hubble-sized wormhole, thus becom-
ing nontraversable. One ought to keep in mind that this
conclusion is reached based on a perturbative solution of
the semiclassical equations. Furthermore, as we argue
below, the exponentially expanding solution is credible
only if the initial length of the wormhole is sufficiently
large, i.e., if L0 > 1=Hz, which will typically not be
satisfied for the tiny quantum backreaction in Eq. (74).
To complete the analysis we need to show that the

solutions given in Eqs. (84) and (91) are the physical
solutions. Recall that the equation for a⊥ also harbours a
time-dependent solution given in Eq. (88). We will now
argue that that is not a physical solution. Note first that

Eq. (81) can be combined with Eq. (83) (and its derivative)
to yield

Ḧ⊥
H⊥

þ 5Ḣ⊥ þ 3H2⊥ þ κ2

2
hΔT̂ϑ

ϑið1Þren ¼ 0: ð94Þ

One can subtract from this a time derivative of Eq. (84)
(divided by 2H⊥) to obtain

2Ḣ⊥ þ 3H2⊥ þ 1

a2⊥
þ κ2

2
hΔT̂ϑ

ϑið1Þren ¼ 0; ð95Þ

which is consistent with Eq. (84) only in the isotropic case,

in which hΔT̂ϑ
ϑið1Þren ¼ T t

t þ hΔT̂t
tið1Þren, which is not the case

for the topological wormhole. This therefore completes the
proof that the unique solution satisfying all three Einstein’s
equations (79)–(81) is given in Eqs. (84) and (91). One
should keep in mind that these solutions are perturbative,
and therefore they are not reliable at late times. To get
solutions that are reliable at late times, one would have to
solve the self-consistent semiclassical Einstein equations,
in which the renormalized energy-momentum tensor is
computed with the metric in Eq. (75), which is beyond the
scope of the present work.

B. Static Ansatz

Let us now consider the following metric Ansatz for the
semiclassical wormhole,

ds2 ¼ −e2αðzÞdt2 þ e2βðzÞdz2 þ a2⊥dΩ2
2: ð96Þ

Nonvanishing Christoffel symbols are

Γt
zt ¼ Γt

tz ¼ α0ðzÞ; Γz
tt ¼ e2ðα−βÞα0; Γz

zz ¼ β0;

Γϑ
φφ ¼ − sinðϑÞ cosðϑÞ; Γφ

ϑφ ¼ Γφ
φϑ ¼

cosðϑÞ
sinðϑÞ ; ð97Þ

and those of the Ricci tensor and Ricci scalar are

R t
t ¼ R z

z ¼ −e−2β½α00 þ α02 − α0β0�; R ϑ
ϑ ¼ R φ

φ ¼ 1

a2⊥
;

R ¼ −2e−2β½α00 þ α02 − α0β0� þ 2

a2⊥
; ð98Þ

such that the Einstein tensor and the corresponding
semiclassical Einstein equations read

G t
t ¼ G z

z ¼ −
1

a2⊥
¼ κ2

2
½T t

t þ hΔT̂t
tið1Þren�; ð99Þ

G ϑ
ϑ ¼ G φ

φ ¼ e−2β½α00 þ α02 − α0β0� ¼ κ2

2
hΔT̂ϑ

ϑið1Þren: ð100Þ

Just as in the former Ansatz in Eq. (69), Eq. (99) is solved
by Eq. (84),

7Had we not included the higher dimensional Ricci scalar
squared counterterm (corresponding to the choice αR2 ¼ 0), then
the pressure in Eq. (91) would be that implied by Eq. (70), which
is positive,

p⊥ ≈
ℏ

480π2a4

�
ln

�
m2

4πμ2

�
þ γE −

8

21ðamÞ2
��

: ð92Þ

In this case the metric would be static, and the corresponding
quantum backreaction could be studied in the context of the static
metric Ansatz considered in the following subsection.
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1

a2⊥
¼ 1

a2

�
1 −

κ2

κ̄2

�
−

ℏκ2m2

192π2a2

��
1 −

1

5ðamÞ2
�

×

�
ln

�
m2

4πμ2

�
þ γE

�
−
�
1 −

4

105ðamÞ4
�

þOða−6⊥ ; e−2πamÞ
�
− 2

κ2

a4
αR2 : ð101Þ

Notice that the second equation (100) can be solved by
β ¼ −α, in which case Eq. (100) becomes [cf. Eq. (91)],

e2α½α00 þ 2α02� ¼ 1

2
ðe2αÞ00 ¼ −H2

z ;

H2
z ≡ −

κ2

2
hΔT̂ϑ

ϑið1Þren ¼ const:; ð102Þ

whose general solution is

e2αðzÞ ¼ −H2
zz2 þ ω1zþ ω0: ð103Þ

The two integration constants, ω1 and ω0, can be fixed by
matching the wormhole metric onto the Minkowski metric
outside the wormhole. Assuming that the wormhole length
is L0 and that the wormhole center is located at z ¼ 0, we
have

e2αðL0=2Þ ¼ 1 ¼ e2αð−L0=2Þ; ð104Þ

from which it follows, ω1 ¼ 0, ω0 ¼ 1þ ðHzL0=2Þ2, such
that the metric in Eq. (96) inside the wormhole becomes

ds2¼−
�
1þH2

z

�
L2
0

4
− z2

��
dt2

þ dz2

1þH2
zðL

2
0

4
− z2Þ

þa2⊥dΩ2
2;

�
jzj≤L0

2

�
; ð105Þ

which at r ¼ jzj ¼ L0=2 continuously matches onto the
outside Minkowski metrics in Eq. (3). However, first
derivatives of the metric are discontinuous. Notice that,
had we attached only one wormholelike spacetime onto the

Minkowski space, both the metric and its first derivative
could have been matched continuously. Notice also that
with a different renormalization choice, namely Λ and κ̄2 as
in Eqs. (68) and (71), but αR2 ¼ 0 instead of that in
Eq. (72), one would have obtained [cf. Eq. (70)],

H2
z¼−

κ2

2
hΔT̂ϑ

ϑið1Þren≈−
ℏκ2

960π2a4

�
ln

�
m2

4πμ2

�

þγE−
8

21ðamÞ2
��

≡−χ2z <0; ð106Þ

and the metric in Eq. (106) would still give a valid solution,

ds2 ¼ −
�
1þ χ2z

�
z2 −

L2
0

4

��
dt2

þ dz2

1þ χ2zðz2 − L2
0

4
Þ
þ a2⊥dΩ2

2;
�
jzj ≤ L0

2

�
: ð107Þ

Since this metric has no horizon along the z direction, an
initially traversable metric will remain traversable after the
quantum backreaction is taken into account. The geometry
of the metric in Eq. (107) is that of AdS2 × S2. A curious
fact is that the effect of the quantum backreaction on the
geometry depends on the choice of finite gravitational
counterterms.
The metric (105) can be compared with the metric

obtained by using the time-dependent Ansatz in Eq. (75),

ds2 ¼ −dt2 þ a2zð0Þ coshðHztÞdz2 þ a2⊥ðtÞdΩ2
2; ð108Þ

where, by a suitable rescaling of the coordinate z, one can
set azð0Þ ¼ 1. Below we show that these two solutions are
physically equivalent.

C. Quantum energy conditions

Let us now consider nonvanishing Christoffel symbols
for the metrics in Eqs. (105) and (3), whose coordinates are
continuously connected at r� − a⊥ ¼ �z − L0=2,

Γt
zt ¼ Γt

tz ¼ −
H2

zz

1þH2
zðL

2
0

4
− z2Þ

× Θ
�
L0

2
− jzj

�
; Γz

zz ¼
H2

zz

1þH2
zðL

2
0

4
− z2Þ

× Θ
�
L0

2
− jzj

�
;

Γr�
ϑϑ ¼ −

X
�
r� × Θðr� − a⊥Þ; Γr�

φφ ¼ −
X
�
r� sin2ðϑÞ × Θðr� − a⊥Þ;

Γϑ
r�ϑ ¼

X
�

1

r�
× Θðr� − a⊥Þ; Γϑ

φφ ¼ − sinðϑÞ cosðϑÞ; Γφ
ϑφ ¼ Γφ

φϑ ¼
cosðϑÞ
sinðϑÞ : ð109Þ

A comparison of these Christoffel symbols with those in Eq. (4) reveals that, apart from the singular components listed in
Eqs. (5)–(6), additional singular Riemann tensor components arise,
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Rtztz ¼ Rztzt ¼ −Rtzzt ¼ −Rzttz ¼ −
H2

zL0

2

X
�
δ

�
z ∓ L0

2

�
¼ −

H2
zL0

2

X
�
δðr� − a⊥Þ: ð110Þ

When these singular contributions are added to the regular contributions one obtains for nonvanishing components of the
Ricci tensor and Ricci scalar [cf. Eq. (8)],

Rt
t ¼

H2
zL0

2

X
�
δðr�−a⊥ÞþH2

zΘ
�
L0

2
− jzj

�
; R z

z ¼
�
H2

zL0

2
−

2

a⊥

�X
�
δðr�−a⊥ÞþH2

zΘ
�
L0

2
− jzj

�
;

R ϑ
ϑ ¼Rφ

φ ¼−
1

a⊥

X
�
δðr�−a⊥Þþ

1

a2⊥
Θ
�
L0

2
− jzj

�
; R¼

�
H2

zL0−
4

a⊥

�X
�
δðr�−a⊥Þþ

�
H2

zþ
2

a2⊥

�
Θ
�
L0

2
− jzj

�
; ð111Þ

from where one arrives at nontrivial components of the Einstein tensor [cf. Eq. (9)],

G t
t ¼ 2

a⊥

X
�
δðr� − a⊥Þ −

1

a2⊥
Θ
�
L0

2
− jzj

�
; G z

z ¼ −
1

a2⊥
Θ
�
L0

2
− jzj

�
;

G ϑ
ϑ ¼ G φ

φ ¼
�
−
H2

zL0

2
þ 1

a⊥

�X
�
δðr� − a⊥Þ −H2

zΘ
�
L0

2
− jzj

�
: ð112Þ

The semiclassical Einstein equation (61) then implies that nonvanishing components of the energy-momentum tensor are
[cf. Eq. (11)],

T t
t þ hΔT̂ t

t ið1Þ ¼
1

4πGa⊥
×
X
�
δðr� − a⊥Þ −

1

8πGa2⊥
× Θ

�
L0

2
− jzj

�
; T z

z þ hΔT̂ z
z ið1Þ ¼ −

1

8πGa2⊥
× Θ

�
L0

2
− jzj

�
;

T ϑ
ϑ þ hΔT̂ ϑ

ϑ ið1Þ ¼ T φ
φ þ hΔT̂ φ

φ ið1Þ ¼ 1

8πG

�
−
H2

zL0

2
þ 1

a⊥

�
×
X
�
δðr� − a⊥Þ −

H2
z

8πG
× Θ

�
L0

2
− jzj

�
: ð113Þ

The corresponding results for the metric in Eq. (107) are
obtained by exacting the change H2

z → −χ2z in Eqs. (109)–
(113), as well as in the energy conditions discussed in
Eqs. (114)–(120) below. Comparing this with the classical
energy-momentum tensor in Eq. (11) we see that inside the
wormhole null energy condition reads [cf. Eqs. (15)–(16)],

Tμνl
μ
1l

ν
1¼−T t

t − hΔT̂ t
t ið1Þ þT z

z þhΔT̂ z
z ið1Þ ¼ 0; ð114Þ

Tμνl
μ
2l

ν
2¼−T t

t − hΔT̂ t
t ið1Þ þT ϑ

ϑ þhΔT̂ ϑ
ϑ ið1Þ

¼ 1

8πG

�
1

a2⊥
−H2

z

�
¼ 1

8πG

�
1

a2⊥
−

2ℏG
315πa6m2

�
> 0;

ð115Þ

where we made use of Eq. (91). The last inequality in
Eq. (115) follows from a⊥ ≃ a, G ≪ a2 and am ≫ 1. Note
that the null vectors in Eqs. (114)–(115) are constructed for
the semiclassical metric in Eq. (105),

lμ
1 ¼

��
1þH2

z

�
L2
0

4
− z2

��
−1=2

;

×

�
1þH2

z

�
L2
0

4
− z2

��
1=2

; 0; 0

�
;

lμ
2 ¼

��
1þH2

z

�
L2
0

4
− z2

��
−1=2

; 0; a−1⊥ ; 0

�
; ð116Þ

and that they indeed satisfy l2
1 ¼ 0, l2

2 ¼ 0 and they are
normalized as usual, ðl1Þtðl1Þt ¼ −1 ¼ ðl2Þtðl2Þt. A
simple consideration shows that quantum average null
energy condition (ANEC) for the metric in Eq. (105) reads

hTμνþhΔT̂μν⟫Vl
μ
1l

ν
1¼−hT t

t þhΔT̂ t
t ⟫V þhT z

z þhΔT̂ z
z ⟫V

¼−
1

2πGa⊥L0

< 0; ð117Þ

hTμνþhΔT̂μν⟫Vl
μ
2l

ν
2¼−hT t

t þhΔT̂ t
t ⟫V þhT ϑ

ϑ þhΔT̂ ϑ
ϑ ⟫V

¼ 1

8πGa2⊥

�
1−

2a⊥
L0

−2a2⊥H2
z

�
> 0

× ðL0≫ a⊥Þ; ð118Þ
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which is to be compared with classical ANEC in
Eqs. (20)–(21). As explained above, the last contribution
in Eq. (118) is expected to be small, and therefore, for
sufficiently long wormholes, L0 ≫ a⊥, Eq. (118) is satis-
fied. However, as in the classical case, quantum ANEC is
violated by Eq. (117), for the null vector lμ

1 pointing in the z
direction along the wormhole. The only difference between
the classical and quantum cases is in a slight change in the
radius of the wormhole, a → a⊥, which is quantitatively
insignificant. An interesting question worth investigating is
whether this conclusion holds true if one solves the semi-
classical gravity equations (54) self-consistently.
Finally we give a couple of remarks on weak

energy condition. For a timelike vector tμ (t2 ¼ −1) we
have for quantum WEC and quantum average weak energy
condition,

Tμνtμtν ¼ −T t
t − hΔT̂ t

t ið1Þ ¼
1

8πa2⊥
> 0; ð119Þ

hTμνþhΔT̂μν⟫Vtμtν¼−hT t
t þhΔT̂ t

t⟫V

¼ 1

8πa2⊥

�
1−

4a⊥
L0

�
>0; ðL0>4a⊥Þ;

ð120Þ

which is to be compared with Eqs. (22)–(23). The only
difference between the classical and semiclassical weak
energy conditions is in that the classical radius a ought to
be replaced by the semiclassical one, a → a⊥, so that—
provided L0 > 4a⊥ is satisfied—the semiclassical worm-
hole satisfies both WEC and AWEC.

D. Coordinates on de Sitter

To shed light on the question whether the metric is
expanding or static, let us consider de Sitter space in two
spacetime dimensions ðt; zÞ, which can be represented by
the following three-dimensional flat Minkowski space
embedding,

dS2 ¼ −dT2 þ dX2 þ dY2; −T2 þ ðX2 þ Y2Þ ¼ 1

H2
;

ð121Þ

where T is a time coordinate, X and Y are spatial
coordinates, and 1=H is the throat radius of the de Sitter
space hyperboloid, which in de Sitter plays the role of the
constant expansion rate. When the following coordinate
transformations,

T ¼ 1

H
sinhðHtÞ; X ¼ 1

H
coshðHtÞ cosðHzÞ;

Y ¼ 1

H
coshðHtÞ sinðHzÞ; ð122Þ

are inserted into Eq. (121) one obtains the metric

ds2 ¼ −dt2 þ cosh2ðHtÞdz2: ð123Þ
This is the global metric of de Sitter space, in which a
contracting phase is followed by an expanding phase. On
the other hand, the coordinate transformations,

T¼ 1

H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðHzÞ2

q
sinhðHtÞ;

X¼ 1

H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ðHzÞ2

q
coshðHtÞ; Y¼z; ð124Þ

yield the metric

ds2 ¼ −ð1 −H2z2Þdt2 þ dz2

1 −H2z2
; ð125Þ

such that the two metrics in Eqs. (123) and (125) describe
the same two-dimensional de Sitter space. With this insight
in mind, we see that the two semiclassical metrics in
Eqs. (108) and (105) describe the same four-dimensional
spacetime: dS2 × S2, and therefore they are physically
equivalent. The metric in Eq. (125) can be transformed
to the ðt; zÞ part of the metric in Eq. (105) by a linear
coordinate transformation z → z=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0=2Þ2

p
and

t→ t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðHzL0=2Þ2

p
, and therefore these two-dimensional

metric sections are physically equivalent. We choose the
form in Eq. (105) to match it continuously to the external
Minkowski metrics in Eq. (3).
The metric in static coordinates in Eq. (105) possesses

a cosmological horizon where the vector orthogonal to
z ¼ const: becomes null, k∂μzk2 ¼ gzz ¼ 0. When this is
solved it gives

zH ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

H2
z
þ L2

0

4

s
; ð126Þ

which is always outside the wormhole (jzj ≤ L0=2 < jzHj)
and therefore it is not part of the spacetime manifold.8

Below we show that consequently a traversable worm-
hole will remain traversable after the quantum backre-
action is taken into account. Note that typically
1=Hz ¼ 6

ffiffiffiffiffi
35

p
πa3mMP ≫ L0=2, where we used Eq. (91)

and we defined a reduced Planck mass, MP ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGℏ

p
≃ 2.5 × 1018 GeV. To see that let us compare

Rz ≡ 1=Hz with the cosmological Hubble radius today,
RH0

≃ 1.3 × 1026 m. From

Rz

RH0

≃ 6
ffiffiffiffiffi
35

p
π

a
RH0

ða2mMPÞ ≃ 1 × 1025
�

m
MeV

�
ða½m�Þ3;

ð127Þ

8We thank Farshid Jafarpour for pointing this out to us.
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we see that Rz is indeed very large. For example, for a
typical particle whose mass is equal to that of the electron
(me ≃ 0.5 MeV), one finds Rz ∼ 1025RH0

, which is huge.
This means that the quantum backreaction on the wormhole
generated by the quantum vacuum fluctuations of a massive
scalar field is tiny. We expect analogous results to hold for
massive particles with spin.
We now know that the expanding and static wormhole

metrics in Eqs. (123) and (125) are physically equivalent.
Nevertheless, a legitimate question to ask is which of the
two metrics gives the correct physical picture. A subsystem
of test particles, whose energy is too small to escape from
the wormhole, will move on virialized trajectories whose
average distance from the wormhole center will be less than
L0=2 and independent on time. On the other hand, energetic
test particles, whose energy is larger than the escape energy,
will move on trajectories whose average distance from the
wormhole center will grow in time. These particles will
perceive a wormhole that is expanding in the z direction.

E. Traversing the wormhole

Here we shall estimate the time it takes to traverse the
wormhole. Firstly, a traversable wormhole satisfies
Eq. (127), and its metric is given by Eq. (105). Since
the wormhole possesses spherical symmetry, it suffices to
consider motion in the equatorial plane of the sphere
(ϑ ¼ π=2). The two Killing vectors we need is K ¼ ∂t

and R ¼ ∂φ, which imply a conserved energy E ¼
−mKμ

dxμ
dτ and a conserved momentum L ¼ mRμ

dxμ
dτ , which

for the metric in Eq. (105) give

E¼m

�
1þH2

z

�
L2
0

4
− z2

��
dt
dτ

; L¼ma2⊥
dφ
dτ

; ð128Þ

where τ is proper time (dτ2 ¼ −ds2). When these are used
in Eq. (105) one obtains

E2

m2 − ðdzdτÞ2
1þH2

zðL
2
0

4
− z2Þ

¼ 1þ L2

ða⊥mÞ2 : ð129Þ

Next, one can perform a separation of variables to obtainZ
dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2

m2 −
h
1þ L2

ða⊥mÞ2
ih
1þH2

zðL
2
0

4
− z2Þ

ir ¼ τ: ð130Þ

This integral is solved by ∼ ln½Hzzþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðHzzÞ2 þ α2

p
�

which, when inverted, results in

zðτÞ ¼ 1

2Hz

�
eωτ −

� ðE=mÞ2
1þ ð L

a⊥mÞ2
−
�
1þ

�
HzL0

2

�
2
�
e−ωτ

�
;

ð131Þ

with ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð L

a⊥mÞ2
q

Hz. From this it follows that the

proper time interval Δτ needed to traverse the wormhole is
given by

Δτ ¼ 1

Hz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð L

a⊥mÞ2
q × ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=mÞ2

1þ ð L
a⊥mÞ2

− 1

s
−
HzL0

2

�
;

ð132Þ

which is well defined only when the following condition is
satisfied,

ðE=mÞ2
1þ ð L

a⊥mÞ2
> 1þ

�
HzL0

2

�
2

: ð133Þ

The condition in Eq. (133) implies a minimum energy Emin

(in units of c2) a particle must have in order to be able to
traverse the wormhole,

E > Emin ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
L

a⊥m

�
2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
HzL0

2

�
2

s
: ð134Þ

As expected, the condition in Eq. (134) becomes less
restrictive for a particle whose angular momentum vanishes
(for L ¼ 0, Emin ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0=2Þ2

p
), as in this case the

particle does not lose time circling around the internal
sphere. This means that, as long as a particle enters the
wormhole with a large enough energy satisfying Eq. (134),
it will traverse the wormhole in a finite proper time given
in Eq. (132).
In what follows we show that the finite proper time

interval in Eq. (132) will remain finite when measured in
the coordinate time of outside Minkowski space observers,
which is the last step needed to establish traversability of
the wormhole. We can get the coordinate time interval Δt
by solving Eq. (128).
First note that the solution for tðτÞ can be written as

t ¼ E=ð2mÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0

2
Þ2

q
2
4Z dτffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðHzL0

2
Þ2

q
þHzzðτÞ

þ
Z

dτffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0

2
Þ2

q
−HzzðτÞ

3
5: ð135Þ

Upon inserting Eq. (131) into Eq. (135) and integrating
over τ one obtains
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tðτÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð L

a⊥mÞ2
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0

2
Þ2

q ln

8><
>:
e2ωτ − ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0=2Þ2

p
− E=mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðL=ða⊥mÞÞ2
p �2

e2ωτ − ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðHzL0=2Þ2

p
þ E=mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðL=ða⊥mÞÞ2
p �2

9>=
>;; ð136Þ

where t0 ≡ tð0Þ is not zero. The desired time interval Δt is
obtained by subtracting tð0Þ from tðτÞ in Eq. (136) and
inserting Δτ from Eq. (132),

Δt¼ l
l0

ln

"
ð

ffiffiffiffiffiffiffiffiffiffiffiffi
E2−1

p
−HzL0

2
Þ2− ðE−l0Þ2

ð
ffiffiffiffiffiffiffiffiffiffiffiffi
E2−1

p
−HzL0

2
Þ2− ðEþl0Þ2

×
1− ðEþl0Þ2
1− ðE−l0Þ2

#
;

ð137Þ

where we introduced a shorthand notation,

l0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
HzL0

2

�
2

s
; l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
L

a⊥m

�
2

s
;

E ¼ E=mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðL=ða⊥mÞÞ2

p : ð138Þ

These calculations give traversal times for the case when
the quantum backreaction is given by Eq. (74), and the
effective angular pressure is negative, p⊥ < 0. In this case
H2

z > 0, such that the quantum backreaction tends to
stretch the wormhole in the z direction, thereby destabiliz-
ing it. On the other hand, when the Ricci scalar squared
coupling in Eq. (70) is chosen to vanish, αR2 → 0, the
corresponding metric is shown in Eq. (107), which is a
direct product of the two-dimensional anti–de Sitter space
and the sphere, AdS2 × S2. In that case the quantum
backreaction tends to stabilize the wormhole, and a
classically traversable wormhole will remain traversable.
We leave to the reader to repeat the above calculation of the
minimum energy and traversal times in this case.

V. DISCUSSION AND OUTLOOK

In this work we consider the quantum backreaction in a
timelike wormhole of topologyM2 × S2, whereM2 denotes
two-dimensional Minkowski space. The wormhole metric
in Eq. (1) is supported by the classical energy-momentum
tensor of an anisotropic fluid in Eq. (11), which marginally
satisfies null energy condition (15)–(16); however, it breaks
average null energy condition (20)–(21).
In a comprehensive Appendix we calculate the quantum

one-loop backreaction of a minimally coupled, massive
scalar field induced by the corresponding quantum vacuum
fluctuations, in which we use a dimensional regularization
scheme to renormalize the energy-momentum tensor. The
two counterterms needed are the cosmological constant

counterterm and the Ricci scalar counterterm. The finite
parts of these counterterms in Eqs. (68) and (71) are chosen
such to yield a vanishing observed cosmological constant
and a continuous Newton constant in the entire spacetime.
To simplify the results even further we have used a finite
Ricci scalar squared counterterm in Eq. (72). We neglected
the tiny cosmological constant giving rise to dark energy,
which is justified as long as the size of the wormhole is
much smaller than the cosmological horizon today H0, i.e.,
aH0 ≪ 1, which is amply satisfied. It would be easy to
include this contribution, but that would not change our
results in any significant way. The renormalized quantum
energy-momentum tensor in Eqs. (69)–(70), and its simpler
cousin in Eqs. (73)–(74), are then used as the source in the
equations of motion of semiclassical gravity (54). We solve
these equations perturbatively and find a static metric
solution in Eq. (105), with an inverse expansion rate
1=Hz in the z direction [see Eqs. (91) and (127)],

RHz
≡ 1

Hz
≈ 6

ffiffiffiffiffi
35

p
πa3mMP; ð139Þ

where, to get Eq. (139), we used the fine-tuned energy-
momentum tensor in Eq. (74). The length scale in Eq. (139)
is typically very large, much larger than the wormhole
length, RHz

≫ L0, which means that the quantum back-
reaction is tiny and does not significantly affect the
wormhole geometry.
We also study traversability [42] of the semiclassically

corrected wormhole by sending a test particle through the
wormhole. We find that large wormholes remain generally
traversable, provided the particle has a sufficient energy
(133) at the entrance to the wormhole. The proper and
external observer time intervals needed to traverse the
wormhole are given in Eqs. (132) and (137), respectively.
From these results one sees that quantum fluctuations do
not significantly affect traversability of the wormhole:

If a classical wormhole is traversable, it will
remain traversable when the quantum backreac-
tion is taken into account.

Even though we solve here the semiclassical Einstein
equations perturbatively (to linear order in ℏ), based on the
fact that the quantum backreaction is very small for large
wormholes, we expect that the self-consistent solution of the
semiclassical gravity will maintain the principal features of

QUANTUM BACKREACTION AND STABILITY OF TOPOLOGICAL … PHYS. REV. D 114, 105012 (2026)

105012-17



the perturbative solution. This statement becomes more
quantitatively accurate for larger wormholes.
In this paper we do not address the question how to

create wormholes. Classical wormholes are characterized
by a nontrivial topology [22], which is protected by the
classical evolution. Therefore, to create a wormhole, one
probably needs quantum fluctuations [4].9 The Appendix of
this paper contains exact expressions (A47)–(A48) for the
one-loop quantum backreaction of a massive scalar field.
Here we are primarily interested in the quantum back-
reaction of large wormholes, and these are obtained from
asymptotic expansions of the exact results. On the other
hand, small argument expansions of Eqs. (A47)–(A48)
contain information on the quantum backreaction of small
wormholes, and therefore they would be used to get an
insight into the formation of wormholes via quantum
fluctuations.
A natural extension of this work would be to consider a

self-consistent quantum backreaction. That can be achieved
by firstly constructing the scalar field propagator in a
presumed wormhole spacetime, and then use that propa-
gator to compute the quantum backreaction and solve the
corresponding semiclassical equations for the metric tensor.
Furthermore, one could study the quantum backreaction in
the wormhole background induced by massive fermions
and gauge fields, which constitute particle content of the
standard model (we do not expect gravitons or photons to

yield any significant backreaction, since they are both
massless particles). Finally, one can modify the shape and
topology of the classical wormhole studied in this work
fromM2 × S2 to some other shape/topology and investigate
how that would change the quantum backreaction.
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APPENDIX: ONE-LOOP ENERGY-MOMENTUM TENSOR

The goal of this Appendix is to compute the leading-order quantum energy-momentum tensor in Eq. (51), where the
propagator obeys the equation of motion in flat space given in Eq. (62). In this work we adopt a T� ordering, as mentioned in
the main text. However, in our calculations we shall use the more standard T ordering as the difference in the ordering is
immaterial for the calculation of the one-loop energy-momentum tensor.
From Eq. (39) we have

∂tϕ̂ðt; z; ϑ;φÞ ¼
X
lm

Z
dD−3k
ð2πÞD−3 ð−iωleik·zulmðt;kÞâlmðkÞYlmðϑ;φÞ þ iωle−ik·zu�lmðt;kÞâ†lmðkÞY�

lmðϑ;φÞÞ; ðA1Þ

∂zϕ̂ðt; z; ϑ;φÞ ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðikeik·zulmðt;kÞâlmðkÞYlmðϑ;φÞ − ike−ik·zu�lmðt;kÞâ†lmðkÞY�

lmðϑ;φÞÞ; ðA2Þ

∂ϑϕ̂ðt; z; ϑ;φÞ ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðeik·zulmðt;kÞâlmðkÞ∂ϑYlmðϑ;φÞ þ e−ik·zu�lmðt;kÞâ†lmðkÞ∂ϑY�

lmðϑ;φÞÞ; ðA3Þ

∂φϕ̂ðt; z;ϑ;φÞ ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðeik·zulmðt;kÞâlmðkÞ∂φYlmðϑ;φÞ þ e−ik·zu�lmðt;kÞâ†lmðkÞ∂φY�

lmðϑ;φÞÞ; ðA4Þ

9See, however, Ref. [43] for an example of how the topology of spatial slices of an expanding Universe can be changed by global
monopoles.
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from which we conclude that only the diagonal terms μ ¼ ν
contribute to h∂μϕ̂ðxÞ∂νϕ̂ðxÞi. We therefore have

hð∂tϕ̂ðxÞÞ2i ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðω2

ljulmðt;kÞj2

× Ylmðϑ;φÞY�
lmðϑ;φÞÞ; ðA5Þ

hð∂zϕ̂ðxÞÞ2i ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðkkk2julmðt;kÞj2

× Ylmðϑ;φÞY�
lmðϑ;φÞÞ; ðA6Þ

hð∂ϑϕ̂ðxÞÞ2i ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðjulmðt;kÞj2

× ∂ϑYlmðϑ;φÞ∂ϑY�
lmðϑ;φÞÞ; ðA7Þ

hð∂φϕ̂ðxÞÞ2i ¼
X
lm

Z
dD−3k
ð2πÞD−3 ðjulmðt;kÞj2

× ∂φYlmðϑ;φÞ∂φY�
lmðϑ;φÞÞ; ðA8Þ

where we used the commutation relations in Eq. (40)
and âlmðkÞjΩi ¼ 0, and no time ordering is yet
imposed. The next question we address is how the T
ordering would affect the results in Eqs. (A5)–(A8).
Comparing the definition of time ordering, T½Â B̂� ¼
ΘðΔtÞ½Â B̂� þ Θð−ΔtÞ½B̂ Â�, with the operator structure
of Eqs. (A5)–(A8), we see that in these equations
Â ¼ B̂. Since T½Â Â� ¼ ðÂÞ2, operator ordering in
Eqs. (A5)–(A8) is immaterial. In other words, calculating
Eqs. (A5)–(A8) is equivalent to calculating the time-
ordered product of the same quantities. With this insight
in mind we shall drop time ordering in the rest of the
Appendix. Next, making use of Eqs. (46) and (42),
Eqs. (A5) and (A6) can be simplified to

hð∂tϕ̂ðxÞÞ2i ¼
ℏ

8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þωl; ðA9Þ

hð∂zϕ̂ðxÞÞ2i ¼
ℏ

8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þ kkk
2

ωl
: ðA10Þ

To evaluate the angular contributions (A7)–(A8), the
following spherical harmonics addition theorem is useful,

Xl
m¼−l

Ylmðϑ;φÞY�
lmðϑ0;φ0Þ ¼ 2lþ 1

4π
PlðμÞ; ðA11Þ

where

μ ¼ r̂ · r̂0 ¼ cosðϑÞ cosðϑ0Þ þ sinðϑÞ sinðϑ0Þ cosðφ − φ0Þ;
ðA12Þ

from where it is straightforward to obtain

X
m

∂φYlmðϑ;φÞ∂φY�
lmðϑ;φÞ ¼ sin2ðϑÞ 2lþ 1

4π
½P0

lðμÞ�μ¼1

¼ sin2ðϑÞ 2lþ 1

4π

lðlþ 1Þ
2

;

ðA13Þ

X
m

∂ϑYlmðϑ;φÞ∂ϑY�
lmðϑ;φÞ ¼

2lþ 1

4π
½P0

lðμÞ�μ¼1

¼ 2lþ 1

4π

lðlþ 1Þ
2

; ðA14Þ

where we used ½P0
lðμÞ�μ¼1 ¼ lðlþ 1Þ=2, which can be

derived from the Rodrigues formula. With these results in
mind Eqs. (A7)–(A8) can be simplified to

hð∂ϑϕ̂ðxÞÞ2i ¼
ℏ

8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þlðlþ 1Þ
2ωl

;

ðA15Þ

hð∂φϕ̂ðxÞÞ2i¼sin2ðϑÞ ℏ
8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ1Þlðlþ1Þ
2ωl

:

ðA16Þ

Finally, from Eq. (51) we see that we also need hϕ̂2ðxÞi.
Repeating the same steps as above, one obtains

hϕ̂2ðxÞi ¼ ℏ
8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þ 1

ωl
: ðA17Þ

Making use of the wormhole metric (33) one obtains

hL̂i≡ −
1

2
gαβð0Þh∂αϕ̂ðxÞ∂βϕ̂ðxÞi −

1

2
m2hϕ̂2ðxÞi;

¼ −
1

2

ℏ
8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þ
�
−ωl þ

kkk2
ωl

þ lðlþ 1Þ
a2ωl

þm2

ωl

�
¼ 0; ðA18Þ

such that the energy-momentum tensor in Eq. (51)
simplifies to

hΔT̂ ν
μ ðxÞið1Þ ¼ gνρð0Þh∂μϕ̂ðxÞ∂ρϕ̂ðxÞi; ðA19Þ

and, therefore, its nonvanishing components are
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hΔT̂ t
t ðxÞið1Þ ¼ −hð∂tϕ̂ðxÞÞ2i

¼ −
ℏ

8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þωl; ðA20Þ

hΔT̂ zi

zi ðxÞið1Þ ¼ hð∂ziϕ̂ðxÞÞ2i

¼ ℏ
8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þ kkk2
ðD − 3Þωl

;

ðA21Þ

hΔT̂ ϑ
ϑ ðxÞið1Þ ¼ hΔT̂ φ

φ ðxÞið1Þ

¼ ℏ
8πa2

Z
dD−3k
ð2πÞD−3

X
l

ð2lþ 1Þlðlþ 1Þ
2a2ωl

:

ðA22Þ

1. Renormalization

The primitive one-loop energy-momentum tensor in
Eqs. (A20)–(A22) is expressed in terms of composite field
operators, and therefore it is divergent.
Let us now first consider vacuum fluctuations in an

infinite wormhole, a → ∞ (i.e., the flat Minkowski space
limit), for which the propagator obeys the equation

ð∂2 −m2ÞiΔMðx; x0Þ ¼ iℏδDðx− x0Þ ð∂2 ¼ ημν∂μ∂νÞ:
ðA23Þ

The Minkowski space propagator is given by

iΔMðx;x0Þ ¼
ℏ
2

Z
dD−1k
ð2πÞD−1

eik·x

ωðkÞ½Θðt− t0Þe−iωðkÞðt−t0Þ

þΘðt0− tÞeiωðkÞðt−t0Þ� ¼ ℏmD−2

ð2πÞD=2

KD−2
2
ðm

ffiffiffiffiffiffiffiffi
Δx2

p
Þ

ðm
ffiffiffiffiffiffiffiffi
Δx2

p
ÞD−2

2

;

ðA24Þ

where KνðzÞ is the Macdonald function (the Bessel
function of the second kind),

Δx2ðx; x0Þ ¼ −ðjt − t0j − iεÞ2 þ kx − x0k2 ðA25Þ

is the (Lorentz) invariant distance squared between x and x0,
and the iε piece (ε > 0 and ε → 0) generates the imaginary
part of the propagator that corresponds that of the vacuum
Feynman (time-ordered) propagator. The coincident limit
of the Feynman propagator in Eq. (A24) reads

iΔMðx; xÞ ¼ hT½ϕ̂2ðxÞ�i ¼ ℏ
2

Z
dD−1k
ð2πÞD−1

1

ωðkÞ

¼ ℏmD−2

ð4πÞD2 Γ
�
1 −

D
2

�
; ðA26Þ

where to get this result we made use of the following master
integral [44],

Z
ddk
ð2πÞd

1

ðk2 þM2Þβ ¼
1

ð4πÞd=2
Γðβ − d

2
Þ

ΓðβÞ ðM2Þd2−β; ðA27Þ

where ωðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkk2 þm2

p
. It is now not difficult to

show that

hð∂tϕ̂ðxÞÞð∂tϕ̂ðxÞÞið1ÞM ¼ −
ℏ
2

Z
dD−1k
ð2πÞD−1 ωðkÞ

¼ ℏ
2

mD

ð4πÞD2 Γ
�
−
D
2

�
; ðA28Þ

hð∂iϕ̂ðxÞÞð∂jϕ̂Þið1ÞM ¼ ℏ
2

δji
D − 1

Z
dD−1k
ð2πÞD−1

kkk2
ωðkÞ

¼ ℏ
2

δji
D − 1

Z
dD−1k
ð2πÞD−1

�
ωðkÞ − m2

ωðkÞ
�

¼ ℏ
2
δji

mD

ð4πÞD2 Γ
�
−
D
2

�
; ðA29Þ

such that

hL̂ið1ÞM ≡−
1

2
ημνhð∂μϕ̂ðxÞÞð∂νϕ̂ðxÞÞið1ÞM −

m2

2
hðϕ̂ðxÞÞ2ið1ÞM ¼0;

ðA30Þ

where we made use of the fact that operator ordering in the
above calculations is immaterial. From here it then follows
that the nonvanishing elements of the one-loop energy-
momentum tensor in Minkowski vacuum are

hΔT̂ t
t ið1ÞM ¼ hð∂tϕ̂ðxÞÞð∂tϕ̂ðxÞÞið1ÞM ¼ ℏ

2

mD

ð4πÞD2 Γ
�
−
D
2

�
;

ðA31Þ

hΔT̂ j
i ið1ÞM ¼ hð∂iϕ̂ðxÞÞð∂jϕ̂ðxÞÞið1ÞM ¼ ℏ

2
δ j
i

mD

ð4πÞD2 Γ
�
−
D
2

�
;

ðA32Þ

such that
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hΔT̂ ν
μ ið1ÞM ¼ ℏ

2
×

mD

ð4πÞD=2 Γ
�
−
D
2

�
δ ν
μ

¼ −
ℏ
2
×

m4

ð4πÞ2
μD−4

D − 4

�
1þD − 4

2

�
ln
�

m2

4πμ2

�

þ γE −
3

2

��
δ ν
μ ; ðA33Þ

where to get the last equality we used

Γ
�
−
D
2

�
¼ −

1

D − 4

�
1þD − 4

2

�
γE −

3

2

��
; ðA34Þ

where γE ¼ −ψð1Þ ¼ 0.577 � � � is the Euler-Mascheroni
constant. In Eq. (A33) we have introduced a fiducial scale
μ, which will later turn out to be useful for renormalization.
In what follows we use the method of Minkowski vacuum

subtraction,which is often used inCasimir effect studies [45].
It is convenient to subtract the one-loop contribution from the
Minkowski space vacuum fluctuations, in which fluctuations
on the sphere S2 are replaced by fluctuations on the planeR2.
Our Minkowski space coordinates are denoted as t∈R,

z∈RD−3 and x∈R2, and the corresponding momenta are
denoted as k∈RD−3 and p∈R2. With these remarks in
mind, subtracting the Minkowski vacuum contributions
in Eqs. (A31)–(A32) from the energy-momentum tensors in
Eqs. (A20)–(A22) results in

hΔT̂ t
t ðxÞið1Þ − hΔT̂ t

t ðxÞið1ÞM ¼ −
ℏ
2

Z
dD−3k
ð2πÞD−3

�
1

4πa2
X
l

ð2lþ 1Þωl −
Z

d2p
ð2πÞ2 ωðk;pÞ

�
; ðA35Þ

hΔT̂ zi

zi ðxÞið1Þ − hΔT̂ zi

zi ðxÞi
ð1Þ
M ¼ ℏ

2

Z
dD−3k
ð2πÞD−3

kkk2
ðD − 3Þ

�
1

4πa2
X
l

ð2lþ 1Þ 1

ωl
−
Z

d2p
ð2πÞ2

1

ωðk;pÞ
�
; ðA36Þ

hΔT̂ ϑ
ϑ ðxÞið1Þ− hΔT̂ ϑ

ϑ ðxÞið1ÞM ¼hΔT̂ φ
φ ðxÞið1Þ− hΔT̂ φ

φ ðxÞið1ÞM ¼ℏ
2

Z
dD−3k
ð2πÞD−3

�
1

4πa2
X
l

ð2lþ1Þlðlþ1Þ
2a2ωl

−
Z

d2p
ð2πÞ2

kpk2
2ωðk;pÞ

�
;

ðA37Þ

where ωðk;pÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkk2 þ kpk2 þm2

p
, with no summation over zi in Eq. (A36).

The expressions in square brackets can be evaluated by using Abel-Plana formulas [46]. Let us begin our analysis by
introducing the following substitutions,

ν → lþ 1

2
; lðlþ 1Þ → ν2 −

1

4
; kpk2 → 1

a2

�
ν2 −

1

4

�
; ðA38Þ

after which the expressions in square brackets in Eqs. (A35) and (A36) become

Bω ≡ 1

4πa2
X
l

ð2lþ 1Þωl −
Z

d2p
ð2πÞ2 ωðk;pÞ; ¼ 1

2πa3

2
4 X
ν¼1

2
;3
2
;…

ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4
þ ν2

r
−
Z

∞

1
2

dνν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4
þ ν2

r 3
5; ðA39Þ

B1
ω
¼ 1

2πa

2
4 X
ν¼1

2
;3
2
;…

νffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4
þ ν2

q −
Z

∞

1
2

dν
νffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 − 1
4
þ ν2

q
3
5; ðA40Þ

where u2 ¼ a2ðm2 þ kkk2Þ. Noting that
R∞
1
2

dν ¼ R∞
0 dν −

R 1
2

0 dν, we can use the half-integer Abel-Plana formula [46],

X∞
n¼0

f

�
nþ 1

2

�
−
Z

∞

0

fðxÞdx ¼ −i
Z

∞

0

fðitÞ − fð−itÞ
e2πt þ 1

dt; ðA41Þ

which for
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fðνÞ → ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ ν2 −

1

4

r
and fðνÞ → νffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ ν2 − 1
4

q
ðA42Þ

gives

Bω ¼ 1

πa3

2
4Z ffiffiffiffiffiffiffi

u2−1
4

p

0

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4
− t2

q
e2πt þ 1

dt

þ 1

2

Z 1
2

0

dνν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4
þ ν2

r 3
5; ðA43Þ

B1
ω
¼ 1

πa

2
4Z ffiffiffiffiffiffiffi

u2−1
4

p

0

tdtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4
− t2

q
ðe2πt þ 1Þ

þ 1

2

Z 1
2

0

νdνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4
þ ν2

q
3
5; ðA44Þ

where we assumed that t <
ffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4

q
, which is a reasonable

assumption for large wormholes, for which u ≥ am ≫ 1.
For light particles, for which am ≤ 1=2, there is no cut
contribution from the Abel-Plana formula (A41) to Bω and
B1

ω
in Eqs. (A43)–(A44), and we have

Bω ¼ 0 ¼ B1
ω
;

�
am ≤

1

2

�
; ðA45Þ

implying that light and massless scalar particles satisfying
am ≤ 1=2 do not produce any quantum backreaction at the
one-loop level inside the wormhole. It would be of interest
to investigate whether analogous results hold for particles
with spin.
The latter integrals in Eqs. (A43)–(A44) are easily

evaluated,

1

2

Z 1
2

0

dνν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4
þ ν2

r
¼ 1

6

�
u3 −

�
u2 −

1

4

�3
2

�
;

1

2

Z
1
2

0

dν
νffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 − 1
4
þ ν2

q ¼ 1

2

�
u −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4

r �
: ðA46Þ

The former integrals in Eqs. (A43)–(A44) are hard, and one
has to resort to approximations to evaluate them. Expanding
the integrand in powers of e−2πt and changing the integra-

tion variable, t → u0τ, with u0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4

q
, one obtains

Bω ¼ 1

πa3

�
−u30

X∞
n¼1

ð−1Þn
Z

1

0

τ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p
e−2πnτdτ

þ 1

6
ðu3 − u30Þ

�
; ðA47Þ

B1
ω
¼ 1

πa

�
−u0

X∞
n¼1

ð−1Þn
Z

1

0

τdτffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p e−2πu0τ þ 1

2
ðu − u0Þ

�
:

ðA48Þ
These integrals can be evaluated,

Bω ¼ 1

πa3

�
−u30

X∞
n¼1

ð−1Þn
�
1

3
þ ð2πnu0Þ2

15

× 1F2

�
1;
1

2
;
3

2
; ðπnu0Þ2

�
−

1

4nu0

× I2ð2πnu0Þ
�
þ 1

6
ðu3 − u30Þ

�
; ðA49Þ

B1
ω
¼ 1

πa

�
−u0

X∞
n¼1

ð−1Þn
�
1F2

�
1;
1

2
;
3

2
; ðπnu0Þ2

�

−
π

2
I1ð2πnu0Þ

��
þ 1

2
ðu − u0Þ

��
; ðA50Þ

where 1F2 and IνðzÞ denote a generalized hypergeometric
function and a modified Bessel function of the first kind,
respectively. We are primarily interested in large worm-
holes, which corresponds to the large argument limit
(asymptotic expansion) of special functions in
Eqs. (A49)–(A50), which can be found, for example, in
Sec. 16.11 of Ref. [47]. Since both functions have branch
cuts at large argument values, to get the correct expression
for the integrals, one should take the average value above
and below the cuts, to obtain

Bω¼
1

πa3

�
−u30

X∞
n¼1

ð−1Þn
�

1

ð2πnu0Þ2
−

3

ð2πnu0Þ4
−

15

ð2πnu0Þ6

−
315

ð2πnu0Þ8
−

14175

ð2πnu0Þ10
þOðu−120 Þ

�
þ1

6
ðu3−u30Þ

�
;

ðA51Þ

B1
ω
¼ 1

πa

�
−u0

X∞
n¼1

ð−1Þn
�

1

ð2πnu0Þ2
þ 3

ð2πnu0Þ4
þ 45

ð2πnu0Þ6

þ 1575

ð2πnu0Þ8
þ 99225

ð2πnu0Þ10
þOðu−120 Þ

�
þ1

2
ðu−u0Þ

��
:

ðA52Þ
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Next, one can perform the sums to obtain

Bω¼
1

πa3

�
u30

�
1

48u20
−

7

3840u40
−

31

129024u60
−

127

983040u80

−
2555

17301504u100
þOðu−120 Þ

�
þ1

6
ðu3−u30Þ

�
; ðA53Þ

B1
ω
¼ 1

πa

�
u0

�
1

48u20
þ 7

3840u40
þ 31

43008u60
þ 127

196608u80

þ 17885

17301504u100
þOðu−120 Þ

�
þ1

2
ðu−u0Þ

��
; ðA54Þ

where to get these results we made use of

X∞
n¼1

ð−1Þn
nz

¼ −
�
1 −

1

2z−1

�
ζðzÞ: ðA55Þ

Here ζðzÞ ¼ P∞
n¼1

1
nz is the Riemann zeta function,

which when evaluated at even integers takes simple
values: ζð2Þ ¼ π2=6, ζð4Þ ¼ π4=90, ζð6Þ ¼ π6=945,
ζð8Þ ¼ π8=9450, ζð10Þ ¼ π10=93555, etc. In general,
one can obtain ζð2nÞðn∈NÞ from its generating function,

X∞
n¼0

ζð2nÞx2n ¼ −
πx
2
cothðπxÞ; ðA56Þ

and from here one can show that ζð2nÞ can be expressed
in terms of Bernoulli numbers B2n as ζð2nÞ ¼
ð−1Þnþ1B2nð2πÞ2n=½2ð2nÞ!�.
An inspection of the coefficients of the asymptotic series

in the square brackets in Eqs. (A49)–(A50) shows that they
can be written with the help of the Pochhammer symbols,
ðaÞn0 ≡ Γða þ n0Þ=ΓðaÞ, as 22ðn0−1Þð−1

2
Þn0−1ð32Þn0−1=

ð2πnu0Þ2n0 and −22n0 ð−1
2
Þn0 ð12Þn0=ð2πnu0Þ2n

0
(n0 ¼ 1;2;…),

respectively. This is however hard to prove from the
complicated form of the asymptotic series as given in
Ref. [47]. In what follows, we prove that by construction,
i.e., by evaluating the integrals in Eqs. (A43)–(A44) by a
different approximate method. We begin by expanding the
square roots in Eqs. (A43)–(A44),

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4
− t2

r
¼ u0

X∞
n¼0

ð− 1
2
Þn

n!

�
t
u0

�
2n
;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

4
− t2

q ¼ 1

u0

X∞
n¼0

ð1
2
Þn
n!

�
t
u0

�
2n
; ðA57Þ

where ðaÞn ¼ Γðaþ nÞ=ΓðaÞ denotes the Pochammer
symbol and

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 −

1

4

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðamÞ2 þ ðakkkÞ2 − 1

4

r
: ðA58Þ

Both series in Eq. (A57) converge for t < u0, which
suffices for our purposes. Inserting Eqs. (A46) and
(A57) into Eqs. (A43)–(A44) gives

Bω ¼ 1

πa3

�X∞
n¼0

ð− 1
2
Þn

n!
u1−2n0

Z
u0

0

t1þ2ndt
e2πt þ 1

þ 1

6
ðu3 − u30Þ

�
;

ðA59Þ

B1
ω
¼ 1

πa

�X∞
n¼0

ð1
2
Þn
n!

1

u1þ2n
0

Z
u0

0

t1þ2ndt
e2πt þ 1

þ 1

2
ðu − u0Þ

�
:

ðA60Þ

The integral can be evaluated by firstly rewriting it as

Z
u0

0

t1þ2ndt
e2πt þ 1

¼
Z

∞

0

t1þ2ndt
e2πt þ 1

−
Z

∞

u0

t1þ2ndt
e2πt þ 1

: ðA61Þ

The second integral is exponentially suppressed in u0 as

Z
∞

u0

t1þ2ndt
e2πtþ1

¼ u01þ2n

2π
e−2πu0

�
1þO

�
1

u0
;e−2πu0

��
; ðA62Þ

and the first integral in Eq. (A61) can be evaluated exactly,

Z
∞

0

t1þ2ndt
e2πt þ 1

¼ −
X∞
n0¼1

ð−1Þn0
ð2πn0Þ2þ2n

Z
∞

0

v1þ2ne−vdv

¼ 1

ð2πÞ2þ2n

�
1−

1

21þ2n

�
Γð2þ 2nÞζð2þ 2nÞ;

ðA63Þ

where we made use of Eq. (A55). Inserting Eqs. (A62) and
(A63) into Eqs. (A59)–(A60) results in

Bω ¼ 1

πa3

�X∞
n¼0

ð− 1
2
Þn

n!

�
u01−2n

ð2πÞ2þ2n

�
1−

1

21þ2n

�

× Γð2þ 2nÞζð2þ 2nÞ þOðe−2πu0Þ
�
þ 1

6
ðu3 − u30Þ

�
;

ðA64Þ

B1
ω
¼ 1

πa

�X∞
n¼0

ð1
2
Þn
n!

�
1

ð2πÞ2þ2n

1

u01þ2n

�
1 −

1

21þ2n

�

× Γð2þ 2nÞζð2þ 2nÞ þOðe−2πu0Þ
�
þ 1

2
ðu − u0Þ

�
;

ðA65Þ

where, instead of inserting the results from Eq. (A62),
we have inserted just an estimate Oðe−2πu0Þ, as we
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are not sure of the precise form of the asymptotic
expansion that includes exponential suppression. This
is because the results in Eq. (A62) multiply a series that,
when summed, either gives zero or diverges. The reason
for that ambiguous result can be traced back to the fact
that the original integral in Eq. (A61) contains a cut
at t ≥ u0.

With these results we have achieved the intended goal,
namely we have obtained an explicit form for the asymp-
totic series coefficients in Eqs. (A53)–(A54), which in light
of Eq. (A55) can be used to reconstruct the coefficients of
the asymptotic series in Eqs. (A51)–(A52).
Indeed, upon inserting Eqs. (A64)–(A65) into

Eqs. (A35)–(A37) one obtains

hΔT̂ t
t ðxÞið1Þ − hΔT̂ t

t ðxÞið1ÞM ¼ −
ℏ
2

Z
dD−3k
ð2πÞD−3 Bω ≈

ℏ
2πa

�
16MD−2

ð4πÞDþ3
2 a

X∞
n¼0

Γðnþ 3
2
ÞΓðnþ 1 − D

2
Þ

ðπaMÞ2n
�
1 −

1

21þ2n

�
ζð2þ 2nÞ

−
a

4ð4πÞD−2
2

ðmD −MDÞΓ
�
−
D
2

�
þOðe−2πaMÞ

�
; ðA66Þ

hΔT̂ zi

zi ðxÞið1Þ− hΔT̂ zi

zi ðxÞi
ð1Þ
M ¼ℏ

2

Z
dD−3k
ð2πÞD−3

kkk2
ðD−3ÞB1

ω
≈

ℏ
2πa

�
16MD−2

ð4πÞDþ3
2 a

X∞
n¼0

Γðnþ 3
2
ÞΓðnþ1−D

2
Þ

ðπaMÞ2n
�
1−

1

21þ2n

�
ζð2þ2nÞ

−
a

4ð4πÞD−2
2

Γ
�
−
D
2

�
ðmD−MDÞþOðe−2πaMÞ

�
; ðA67Þ

hΔT̂ ϑ
ϑ ðxÞið1Þ − hΔT̂ ϑ

ϑ ðxÞið1ÞM ¼ hΔT̂ φ
φ ðxÞið1Þ − hΔT̂ φ

φ ðxÞið1ÞM ¼ ℏ
4

Z
dD−3k
ð2πÞD−3 ½Bω − ðkkk2 þm2ÞB1

ω
�;

≈
ℏ

4πa

�
−
16MD−2

ð4πÞDþ3
2 a

X∞
n¼0

Γðnþ 3
2
ÞΓðnþ 1 − D

2
Þ

ðπaMÞ2n
�
1 −

1

21þ2n

�
×

�
2nþ nþ 1 − D

2

2a2M2

�
ζð2þ 2nÞ

−
a

2ð4πÞD−2
2

�
mD −MD −

D
8a2

MD−2
�
Γ
�
−
D
2

�
þOðe−2πaMÞ: ðA68Þ

Summing up all of the contributions in Eqs. (A66)–(A68) results in

XD−1

μ¼0

ðhΔT̂ μ
μ ðxÞið1Þ− hΔT̂ μ

μ ðxÞið1ÞM Þ¼−
ℏ
2

Z
dD−3k
ð2πÞD−3 ½m2B1

ω
�≈−

ℏ
2πa

�
32MD−2

ð4πÞDþ3
2 a

X∞
n¼0

Γðnþ 3
2
ÞΓðnþ2−D

2
Þ

ðπaMÞ2n
�
1−

1

21þ2n

�

×

�
1þ 1

4a2M2

�
ζð2þ2nÞ− a

2ð4πÞD−2
2

�
mD−MD−

1

4a2
MD−2

�

×Γ
�
1−

D
2

�
þOðe−2πaMÞ

�
¼−m2ðhϕ̂2ðxÞið1Þ− hϕ̂2ðxÞið1ÞM Þ;

ðA69Þ

which is consistent with Eq. (A18), representing a nontrivial check of our results.
For large wormholes, u ≥ am ≫ 1, in most applications one can neglect the exponentially small correction ∝ e−2πu0 ,

such that the series expressions in Eqs. (A64)–(A65) are rapidly converging toward the desired answer if truncated at some
reasonably high value of n. With this in mind, one can insert Eqs. (A64)–(A65) into Eqs. (A35)–(A37) to obtain

hΔT̂ t
t ðxÞið1Þ − hΔT̂ t

t ðxÞið1ÞM ¼ −
ℏ
2

Z
dD−3k
ð2πÞD−3 Bω ¼ −

ℏ
2

Z
dD−3k
ð2πÞD−3

1

πa3

��
u0
48

−
7

3840u0
−

31

129024u03

þOðu0−5; e−2πu0Þ
�
þ 1

6
ðu3 − u30Þ

�
; ðA70Þ

HARIS MEHULIĆ and TOMISLAV PROKOPEC PHYS. REV. D 114, 105012 (2026)

105012-24



hΔT̂ zi

zi ðxÞið1Þ − hΔT̂ zi

zi ðxÞi
ð1Þ
M ¼ ℏ

2

Z
dD−3k
ð2πÞD−3

kkk2
ðD − 3ÞB1

ω
¼ ℏ

2

Z
dD−3k
ð2πÞD−3

kkk2
ðD − 3Þ

1

πa

��
1

48u0
þ 7

3840u03
þ 31

43008u05

þOðu0−7; e−2πu0Þ
�
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2
ðu − u0Þ

�
; ðA71Þ

hΔT̂ ϑ
ϑ ðxÞið1Þ − hΔT̂ ϑ

ϑ ðxÞið1ÞM ¼ hΔT̂ φ
φ ðxÞið1Þ − hΔT̂ φ

φ ðxÞið1ÞM ¼ ℏ
4

Z
dD−3k
ð2πÞD−3 ½Bω − ðkkk2 þm2ÞB1

ω
�; ðA72Þ

where u ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkk2 þm2

p
, u0 ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkk2 þm2 − 1

4

q
.

The next step is to evaluate the integrals in Eqs. (A70)–(A72). For this we use the master integral (A27) with β ¼
− 3

2
;− 1

2
; 1
2
; 3
2
; 5
2
and M2 ¼ m2; m2 − 1

4a2 to obtain

hΔT̂ t
t ðxÞið1Þ − hΔT̂ t

t ðxÞið1ÞM ¼ ℏ
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2
Þ

24a2

�
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1
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Γ
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�D−4
2 þ 31
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Γ
�
3−

D
2

�
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�
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−
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−
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Γ
�
−
D
2

��
m2 −

1

4a2

�D
2 þOða−8; e−2πamÞ

�
; ðA73Þ

hΔT̂ zi

zi ðxÞið1Þ− hΔT̂ zi

zi ðxÞi
ð1Þ
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which can be simplified to

hΔT̂ t
t ðxÞið1Þ ¼

ℏ

ð4πÞD2
�
1
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�
−
D
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hΔT̂ zi

zi ðxÞið1Þ ¼ hΔT̂ t
t ðxÞið1Þ; ðA76Þ

where we added the Minkowski vacuum contributions given in Eqs. (A31)–(A32). Following the analogous procedure,
from Eq. (A72) we obtain the angular contributions to the one-loop energy-momentum tensor,

hΔT̂ ϑ
ϑ ðxÞið1Þ ¼ hΔT̂ φ

φ ðxÞið1Þ ¼ ℏ
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�
:

ðA77Þ

To complete the calculation, we also evaluate the expectation value of the field operator squared,
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As an accuracy check of our calculations, we now evaluate the expectation value of the quantized Lagrangian,

hL̂ið1Þ ¼−
1

2
½δμ

ν hΔT̂ ν
μ ið1Þ þm2hðϕ̂ðxÞÞ2ið1Þ�¼−

1
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ðA79Þ

which is the expected result.
We are now ready to renormalize the result by using dimensional regularization. To prepare for renormalization, we

expand Eqs. (A75)–(A77) around D ¼ 4 to obtain

hΔT̂ t
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ϑ ðxÞið1Þ ¼ hΔT̂ φ

φ ðxÞið1Þ ≈ −
ℏ

64π2

��
m4 −

2

15a4

��
2μD−4

D − 4
þ ln

�
m2 − 1

4a2

4πμ2

�
þ γE −

3

2

�

þ 1

4a2

�
m2 −

27

40a2

�
þ 457

20160a6
1

m2 − 1
4a2

þOða−8; e−2πamÞ
�
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where we dropped the termsOðD − 4Þ and we made use of
[cf. Eq. (A34)],

MD−2n

ð4πÞD2 ¼M4−2nμD−4

16π2
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2
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�
þOðD−4Þ: ðA85Þ

Observe now that the divergent terms ∝ 1=ðD − 4Þ in
Eqs. (A80)–(A81) are not identical, such that vacuum

fluctuations in the topological wormhole background are
not isotropic. That means that, apart from the cosmological
constant counterterm, we also need the Hilbert-Einstein and
R2 counterterms,

Sct½gμν� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
δ

�
1

κ2

�
R − 2δ

�
Λ
κ2

�
þ δαR2R2

�
;

ðA86Þ

which contribute to the energy-momentum tensor Tμν
ct ðxÞ ¼

2ffiffiffiffi−gp δSct
δgμνðxÞ as [48]

ðTctðxÞÞ ν
μ ¼ −2δ

�
1

κ2

�
G ν

μ − 2δ

�
Λ
κ2

�
δ ν
μ

þ δαR2ð−δ ν
μ R2 − 4ðGμν −∇μ∇ν þ gμν□ÞRÞ:

ðA87Þ

Upon using Eqs. (9) and (5)–(7) in Eq. (A87) one obtains
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ðTctÞ ν
μ ¼ δ

�
1

κ2

�
2

a2
ðδ ν

μ − δ̃ ν
μ Þ − 2δ

�
Λ
κ2

�
δ ν
μ

þ δαR2

4

a4
ðδ ν

μ − 2δ̃ ν
μ Þ; ðA88Þ

where δ̃ ν
μ ≡ diagð0; 0;…; 0; 1; 1Þ is the diagonal matrix

with zeros along the t and zi directions and one along the
angular (ϑ and φ) directions. Note that the result in
Eq. (A88) holds close toD ¼ 4, and to work in dimensions
that differ by an integer from D ¼ 4 one would have to add
other counterterms. The counterterms in Eq. (A88) have the
same structure as the primitive result in Eqs. (A80)–(A81)
(ðTctÞ t

t ¼ ðTctÞ zi

zi , ðTctÞ ϑ
ϑ ¼ ðTctÞ φ

φ ), so we need to con-
sider only two linearly independent equations. A simple
algebra shows the following choice of the counterterm
coefficients,

δ

�
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ℏm4
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; ðA89Þ
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þ 1
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δαR2 ¼ ℏm2

960π2
×

μD−4

D − 4
þ αR2 ; ðA91Þ

where Λ=κ2, Ḡ ¼ κ̄2=ð16πÞ and αR2 are the finite cosmo-
logical constant, Newton constant, and R2 coupling con-
stant associated with the counterterms, respectively,
and which in general are not equal to their observed
values. Adding Eq. (A88) to Eqs. (A80)–(A81) results in
the renormalized energy-momentum tensor, hΔT̂ ν

μ ið1Þren ≡
hΔT̂ ν

μ ið1Þ þ ðTctÞ ν
μ ,
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where we dropped index i on zi as there is only one z coordinate in D ¼ 4. These results are used in Eqs. (64)–(65) in the
main text.
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