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This work serves as the generalization of the work [1], where we investigated the quantum field theory in
Klein space which has two time directions. We extend studies to the general spacetime Rn;d−nðn; d − n ≥
2Þ in a similar manner; the “length of time” q is regarded as the evolution direction of the system and
additional modes beyond the plane wave modes are introduced in the canonical quantization. We show that
this novel formulation is consistent with the analytical continuation of the results in Minkowski spacetime.
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I. INTRODUCTION

In textbooks, a d-dimensional relativistic quantum field
theory (QFT) is formulated in Minkowski spacetime R1;d−1,
calculating the scattering amplitudes Amðp1; p2;…; pmÞ
among ingoing and outgoing particles. During canoni-
cal quantization, the field ϕðt; x⃗Þ evolves over time t
and the Feynman correlation functions Cðx1;…; xmÞ ¼
h0jTϕðx1Þ � � �ϕðxmÞj0i are calculated to derive the scattering
amplitudes via the Lehmann-Symanzik-Zimmermann (LSZ)
reduction formula,

Am¼
�Ym
k¼1

i
Z

d4xke−ipk·xkð−∂2kþM2Þ
�
Cðx1;…;xmÞ: ð1Þ

When considering on shell amplitudes (p2
k þM2 ¼ 0), the

outgoing particles are denoted as the particles with p0
k > 0

and the ingoing ones with p0
k < 0.

People used to consider the analytic continuation of
these results from Minkowski spacetime to the spacetime
Rn;d−n with general signature. While the Feynman corre-
lation functions and the off shell amplitudes remain
sensible under the analytic continuation, the on shell
scattering amplitudes present very different properties.
For instance, the on shell three-point amplitudes of

massless particles do not exist in Euclidean space
(n ¼ 0) due to the nonexistence of on shell states, and
they universally vanish in Minkowski spacetime (n ¼ 1)
for kinematic reasons, but they are nontrivial under the
general signature when n; d − n ≥ 2 [2–6].
Although the Feynman correlation functions and scatter-

ing amplitudes under the general signature can be obtained
from analytic continuation, the intrinsic construction of a
QFT in the space Rn;d−nðn; d − n ≥ 2Þ is lacking in the
literature.1 The main difficulty lies in the fact that such
space has only one conformal boundary in contrast to
Minkowski spacetime’s two boundaries, which can be seen
in the Penrose diagram Fig. 1. Thereafter, the classical
solution of the field composed of plane wave modes e−ip·x

is not enough for canonical quantization.
In this work, we intrinsically define a QFT in the space

Rn;d−nðn; d − n ≥ 2Þ with additional modes beyond plane
waves introduced to realize the canonical quantization, and
we deduce novel annihilation conditions for two different
vacuum states to calculate the Feynman correlation func-
tions. We will focus on the scalar field theory in this work.
This work can be regarded as a different but equivalent

formulation of QFT since all the results from our novel
constructions match those in the textbook by analytic
continuation. Moreover, it is the foundation for exploring
many important questions, including scattering amplitudes
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1In [7], the authors constructed the S-vector in Klein spaceR2;2

as a Poincaré invariant vacuum state jCi in the Hilbert space built
on J , where the Hilbert space HJ ¼ HJ þ ⊗ HJ −

. And the
Hilbert spaces HJ � are built on AdS3=Z slices, which is quite
different from our starting point. More importantly, they did not
explicitly show that their constructions lead to the results
obtained from the analytical continuation from four-dimensional
Minkowski spacetime.
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[8–15], path integral [16,17], self-dual gravity [18–21],
black holes [22], the Unruh effect [23], etc.
Flat space with multiple time directionsRn;d−n also plays

a unique role in studying holography [24,25]. On the one
hand, the n ¼ 2 case can be related to the celebrated AdS/
CFT [26–28] by viewing AdSd−1 as hyperbolic slices
embedded in the space R2;d−2 [29–33]. On the other hand,
since the flat space Rn;d−n with n; d − n ≥ 2 has only one
conformal boundary, it is more suitable and convenient for
investigations of flat holography [34–45] from both the
Carrollian approach [46–57] and the Celestial approach
[7,58–70].

II. THE SPACE Rn;d −nðn;d − n ≥ 2Þ
The space Rn;d−nðn; d − n ≥ 2Þ has a metric of the form,

ds2 ¼ −
Xn−1
i¼0

ðdxiÞ2 þ
Xd−1
j¼n

ðdxjÞ2

¼ −dq2 − q2dψ⃗2 þ dr2 þ r2dφ⃗2

¼ Ω−2ð−dQ2 − sin2Qdψ⃗2 þ dR2 þ sin2Rdφ⃗2Þ; ð2Þ

with ψ⃗ ; φ⃗ being (n − 1)-dimensional timelike and
ðd − n − 1Þ-dimensional spacelike spherical coordinates.
Its Penrose diagram, shown in Fig. 1, with conformal factor

Ω ¼ 2

���� cos
�
RþQ

2

�
cos

�
R −Q

2

�����; ð3Þ

can be obtained by

Q ¼ arctanðqþ rÞ þ arctanðq − rÞ;
R ¼ arctanðqþ rÞ − arctanðq − rÞ: ð4Þ

In the Penrose diagram, the black dashed line and the
yellow wavy line (45°) denote the worldlines of massive

and massless particles, respectively. Unlike the Minkowski
space R1;d−1, which has two null boundaries, the space
Rn;d−nðn; d − n ≥ 2Þ possesses only a single null infinity.
This structural difference necessitates replacing the conven-
tional S-matrix with an S-vector to describe scattering
processes, following the discussion in [71].
Then in our construction, the fields evolve over the

coordinate q, the “length” of the time, from the original
point to the conformal boundary. The associated coordinate
system is equipped with a metric,

ds2 ¼ −dq2 þ ds2Σq
; ð5Þ

where the induced metric of q ¼ constant hypersurface Σq

is given by

ds2Σq
¼ −q2dψ⃗2 þ dx⃗2; x⃗ ¼ ðxnþ1; xnþ2;…; xdÞ: ð6Þ

The momentum space inherits the same geometric
structure as its dual space Rn;d−n. Consequently, we can
parametrize the d-momentum pμ ¼ ðp⃗ðnÞ; p⃗Þ using analo-
gous coordinates,

p⃗ðnÞ ¼ ðω cosψ1;ω sinψ1 cosψ2;…;ω sinψ1 � � �sinψn−1Þ;
p⃗¼ðpnþ1;pnþ2;…;pd−n−1Þ; ð7Þ

with ω > 0. Then the SOðn; d − nÞ-invariant momentum
measure can be defined in a similar manner to that in
Minkowski space,

Z
ddpδðp2þM2Þ¼

Z
ωn−1dωdn−1ψ⃗pdd−np⃗δð−ω2þω2

p⃗Þ

¼ 1

2

Z
dn−1ψ⃗p

Z
dd−np⃗ωn−2

p⃗ ; ð8Þ

where ωp⃗ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗j2 þM2

p
is the on shell energy.

III. SCALAR FIELD THEORY

A real scalar field is described by the Lagrangian,

L ¼ −
1

2
ð∂μϕ∂μϕþM2ϕ2Þ − VðϕÞ; ð9Þ

where VðϕÞ denotes the small interacting term, which can
be ignored at this stage. By using the coordinates (5), the
free field can be expanded as

ϕ ¼
X∞
l¼0

X
fμg

YðnÞ
l;fμgðψ⃗Þ

Z
dd−np⃗
ð2πÞd−n e

ip⃗·x⃗

× ½aðJÞp⃗;l;fμgj
ðnÞ
l ðωp⃗qÞ þ aðNÞ

p⃗;l;fμgn
ðnÞ
l ðωp⃗qÞ�; ð10Þ

where YðnÞ
l;fμg denotes the hyperspherical harmonic [72], and

the functions fðuÞ ¼ jðnÞl ðuÞ and nðnÞl ðuÞ with u ¼ ωp⃗q

FIG. 1. The Penrose diagram of flat spaceRn;d−nðn; d − n ≥ 2Þ.
The infinite coordinate ranges q; r∈ ½0;∞Þ are conformally
mapped to finite ranges Q;R∈ ½0; πÞ. The conformal boundary
emerges at the singularity of Ω−1, with null infinity I located at
Qþ R ¼ π. The endpoints ðQ;RÞ ¼ ð0; πÞ and ðQ;RÞ ¼ ðπ; 0Þ
correspond to the spacelike infinity i0 and timelike infinity i0,
respectively.
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obeying the equation,

u2f00ðuÞ þ ðn − 1Þuf0ðuÞ þ ½u2 − lðlþ n − 2Þ�fðuÞ ¼ 0;

ð11Þ
are given by

jðnÞl ðuÞ ¼
Jlþn−2

2
ðuÞ

ðu=2Þn−22 ; nðnÞl ðuÞ ¼
Nlþn−2

2
ðuÞ

ðu=2Þn−22 ; ð12Þ

where JνðuÞ and NνðuÞ are the first- and second-kind
Bessel functions, respectively. In particular, the n ¼ 2 case
reduces to conventional Bessel functions. In the n ¼ 3 case,
the solution fðuÞ is the spherical (S2) Bessel function. The
functions jðnÞl ; nðnÞl for larger n are the generalization of the
Bessel function, for simplicity, we call them “Sn−1 Bessel
functions”.
The conjugate momentum is defined as

πq ¼ in−1qn−1
ffiffiffiffiffiffiffiffiffi
hðSÞn−1

q
∂qϕ; ð13Þ

where hðSÞn−1 denotes the determinant of the metric of a unit
sphere Sn−1. At q ¼ constant hypersurfaces, the canonical
quantization condition is

½ϕðq; ψ⃗2; x⃗2Þ; πqðq; ψ⃗1; x⃗1Þ� ¼ in−1δðψ⃗12Þδðx⃗12Þ;
½ϕðq; ψ⃗1; x⃗1Þ;ϕðq; ψ⃗2; x⃗2Þ� ¼ 0; ð14Þ
becomes

½aðJÞp⃗;l;fμg; a
ðNÞ
p⃗0;l0;fμ0g� ¼ −

π

2
ðωp⃗=2Þn−2δl;l0δfμg;fμ0gδðp⃗þ p⃗0Þ;

ð15Þ

where we used the identity for the Sn−1 Bessel functions,

jðnÞl ðωp⃗qÞðωp⃗qÞðqn−1∂qÞ
↔

nðnÞl ðωp⃗qÞ ¼
2

π
ðωp⃗=2Þ2−n: ð16Þ

IV. VACUUM STATES AND CORRELATION
FUNCTIONS

Since our system evolves from q ¼ 0 to q ¼ ∞, we
interpret the Feynman correlation functions as q-ordered
operator vacuum expectations similar to those in
Minkowski spacetime,

CðnÞðx1;…; xmÞ ¼ h∞jQϕðx1Þ � � �ϕðxmÞj0i: ð17Þ

The state at the original point j0i should be constrained
by the regularity condition

ϕðq;ψ ; x⃗Þj0ijq¼0 ¼ finite: ð18Þ

Since the Neumann function modes nðnÞl ðuÞ is divergent at
q ¼ 0, the regularity condition becomes

aðNÞ
n;p⃗ j0i ¼ 0 ð∀ n; p⃗Þ: ð19Þ

This is analogous to the definition of asymptotic states in
conformal field theory [73]. Since the state j0i is annihi-
lated by the Neumann function coefficient, we will call it
the Neumann vacuum in contrast with the Hankel vacuum
h∞j, which will be defined in (22) later.
As the vector ∂q is not a (conformal) Killing vector, the

vacuum state h∞j at q → ∞ is not related to the Neumann
vacuum j0i at all. The field ϕ at the asymptotic infinity
behaves as

ϕ¼
X∞
l¼0

X
fμg

YðnÞ
l;fμgðψ⃗ ðn−1ÞÞ

Z
dd−np⃗
ð2πÞd−n e

ip⃗·x⃗

× ½aðHð1ÞÞ
p⃗;l;fμgh

ð1Þ;ðnÞ
l ðωp⃗qÞ þ aðH

ð2ÞÞ
p⃗;l;fμgh

ð2Þ;ðnÞ
l ðωp⃗qÞ�

⟶
q→∞

X
l;fμg

YðnÞ
l;fμgðψ⃗ ðn−1ÞÞ

Z
dd−np⃗
ð2πÞd−n

eip⃗·x⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πðωp⃗qÞn−1

q

× ½aðHð1ÞÞ
p⃗;l;fμge

iðωp⃗q−π
2
ðl−1þn

2
Þ−π

4
Þ þ aðH

ð2ÞÞ
p⃗;l;fμge

−iðωp⃗q−π
2
ðl−1þn

2
Þ−π

4
Þ�;

where

aðH
ð1ÞÞ

p⃗;l;fμg ¼
aðJÞp⃗;l;fμg− iaðNÞ

p⃗;l;fμg
2

; aðH
ð2ÞÞ

p⃗;l;fμg ¼
aðJÞp⃗;l;fμgþ iaðNÞ

p⃗;l;fμg
2

;

ð20Þ

and the Hankel function modes are

hð1Þ;ðnÞl ðuÞ¼jðnÞl ðuÞþinðnÞl ðuÞ;hð2Þ;ðnÞl ðuÞ¼jðnÞl ðuÞ−inðnÞl ðuÞ:
ð21Þ

The modes eiωp⃗q and e−iωp⃗q are similar to eiωt and e−iωt in
the Minkowski case. Thus, the vacuum state h∞j should
satisfy

h∞jaðHð1ÞÞ
p⃗;l;fμg ¼ 0; ð22Þ

and we will call it the Hankel vacuum since the state h∞j is
annihilated by the Hankel function coefficient acting from
the right side.
Now we can calculate the Feynman correlation func-

tions via the Wick contraction, based on the commu-
tation relations (15), the annihilation conditions of
Neumann vacuum (19), and the Hankel vacuum (22).
Let us consider the two-point propagator Δðx − x0Þ ¼
h∞jQϕðq;ψ ; x⃗Þϕðq0;ψ 0; x⃗0Þj0i. Set q > q0 without loss
of generality, it is
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h∞jϕðq; ψ⃗ ; x⃗Þϕðq0; ψ⃗ 0; x⃗0Þj0i=h∞j0i

¼ iπ1−
n
2

8

Z
dd−np⃗
ð2πÞd−n e

ip⃗·ðx⃗−x⃗0Þðωp⃗=2Þn−2hð2Þ;ðnÞ0 ðωp⃗ΔqÞ;

ð23Þ

with

Δq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ q02 − 2qq0ðψ⃗ · ψ⃗ 0Þ

q
: ð24Þ

The two-point Feynman correlation function from ana-
lytical continuation is

h∞jϕðq; ψ⃗ ; x⃗Þϕðq0; ψ⃗ 0; x⃗0Þj0i
h∞j0i ∝

Z
ddp
ð2πÞd

eip·ðx−x0Þ

p2 þM2 − iϵ

¼ ðn − 2Þ!!AðSn−1Þ
N n

×
Z

dd−np⃗
ð2πÞd e

ip⃗·ðx⃗−x⃗0ÞI ðnÞ
p⃗ ;

ð25Þ

where the coefficient N n ¼ 2
n
2 or 2

nþ1
2 =Γð1

2
Þ when n is even

or odd, respectively. The integral I ðnÞ
p⃗ is calculated as

I ðnÞ
p⃗ ¼

Z
∞

0

dωωn−1 jðnÞ0 ðωΔqÞ
−ω2 þ ω2

p⃗ − iϵ

¼ πi
2
ωn−2
p⃗ hð2Þ;ðnÞ0 ðωp⃗ΔqÞ; ð26Þ

which means the result from our construction (23) is
consistent with that from analytical continuation (25).
The details of computing the correlation functions are

presented in Appendix B.

V. CONCLUSIONS AND DISCUSSIONS

In this work, we introduced how to canonical quantize a
field theory in a generic flat spacetimeRn;d−nðn; d − n ≥ 2Þ
with multiple time directions. We selected the “length of
time” q as the evolution parameter such that the field can be
expanded in terms of the Bessel functions and the Neumann
functions. Though the Neumann functions are divergent at
the original point, they are necessary in canonical quan-
tization. The calculations in this work resemble the
previous discussions in Klein space for n ¼ 2 [1], which
also has only one asymptotic boundary. We imposed the
regularity condition to constrain the Neumann vacuum state
j0i. On the other hand, we also define the Hankel vacuum
state h∞j which is associated with the asymptotic region
q → ∞, where the mode expansions behave as e�iωp⃗q. By
using these constructions, we explicitly calculated the free
two-point function (23), which is consistent with the

covariant one (25). The agreement between the results
from our intrinsic construction and those from analytic
continuation justifies the correctness of our formalism.
The novel modes associated with the Neumann functions

need further study. They may play an essential role in flat
holography. One unanswered question in flat holography
concerns the extrapolation dictionary between the operators
in boundary field theory and the bulk fields. It would be
interesting to investigate the role of these novel modes in
the bulk reconstruction in flat holography.
As discussed in [1], the LSZ reduction formula, path-

integral quantization, and perturbative calculation of inter-
acting theory are all realizable in the space Rn;d−n. Due to
the limitation of this manuscript, we only demonstrate the
LSZ reduction formula in Appendix A. We also give some
details on the calculations of the correlation functions in
Appendix B.

ACKNOWLEDGMENTS

We would like to thank Yu-fan Zheng for inspiring
discussions and thank Yu-ting Wen, Jie Xu, and Zhi-jun
Yin for the valuable suggestions on the manuscript.
This research is supported in part by NSFC Grants
No. 11735001 and No. 12275004.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: THE INTERACTING REAL
SCALAR FIELD AND LSZ
REDUCTION FORMULA

For the interacting real scalar, the potential VðϕÞ in the
Lagrangian is nonvanishing, such that the equation of
motion should be modified to include potential terms.
Here we adopt the Heisenberg picture in which the mode
expansion can be formally performed in a similar form to
that of free field theory,

ϕ ¼
X∞
l¼0

X
fμg

YðnÞ
l;fμgðψ⃗Þ

Z
dd−np⃗
ð2πÞd−n e

ip⃗·x⃗

× ½aðJÞp⃗;l;fμgðqÞjðnÞl ðωp⃗qÞ þ aðNÞ
p⃗;l;fμgðqÞnðnÞl ðωp⃗qÞ�: ðA1Þ

But now the coefficients aðJÞðqÞ; aðNÞðqÞ are no longer
independent of the coordinate q.
At the quantum level, ϕðq → 0Þj0i still needs to be

finite, leading to

aðNÞ
ψ⃗p;p⃗

ðq ¼ 0Þj0i ¼ 0 ∀ ψ⃗p; p⃗; ðA2Þ

with
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aðNÞ
ψ⃗p;p⃗

ðqÞ ¼
ω2−n
p⃗ N n

2−n=2π

X∞
l¼0

X
fμg

ilYðnÞ
l;fμgðψ⃗pÞaðNÞ

p⃗;l;fμgðqÞ: ðA3Þ

Here, the coefficient N n is the same as that in Eq. (25).
In general, aðNÞ

ψ⃗p;p⃗
ðq ¼ ∞Þj0i ≠ 0 as aðNÞ

ψ⃗p;p⃗
ð∞Þ differs

from aðNÞ
ψ⃗p;p⃗

ð0Þ in a nontrivial way. Their difference can

be computed as

aðNÞ
ψ⃗p;p⃗

ð∞Þ−aðNÞ
ψ⃗p;p⃗

ð0Þ¼he−ipx;ϕðxÞij∞q¼0

¼
Z

ddxe−ip·xð−∂2þM2ÞϕðxÞ: ðA4Þ

Here, we used the expansion of n-dimensional plane
wave [72],

eip⃗
ðnÞ·x⃗ðnÞ ¼ 2−

n
2
−1N nΓ

�
n
2
− 1

�X∞
l¼0

ilðnþ 2l − 2Þ

× jðnÞl ðjp⃗ðnÞjjx⃗ðnÞjÞCðn−2
2
Þ

l

�
p⃗ðnÞ · x⃗ðnÞ

jp⃗ðnÞjjx⃗ðnÞj

�
; ðA5Þ

where C
ðn−2

2
Þ

l is the Gegenbauer polynomial. Specifically,

C
1
2

lðψ⃗ · ψ⃗ 0Þ (namely n ¼ 3) is the Legendre polynomial
Plðψ⃗ · ψ⃗ 0Þ. In the derivation of (A4), we also used the
expansion formula for the Gegenbauer polynomial [74],

C
ðn−2

2
Þ

l ðψ⃗ · ψ⃗ 0Þ ¼ ðn − 2ÞAðSn−1Þ
2lþ n − 2

X
fμg

YðnÞ�
l;fμgðψ⃗ÞYðnÞ

l;fμgðψ⃗ 0Þ;

ðA6Þ

with AðSn−1Þ ¼ 2π
n
2

Γðn
2
Þ being the area of S

n−1, the definition of

the Klein-Gordon inner product

hϕ1;ϕ2i ¼
Z
Σq

dn−1ψ⃗dd−nx⃗ϕ1ðqn−1∂qÞ
↔

ϕ2; ðA7Þ

and the orthonormal condition for the hyperspherical
harmonics [74],

Z
dn−1ψ⃗YðnÞ�

l;fμgðψ⃗ÞYðnÞ
l0;fμ0gðψ⃗Þ ¼ δl;l0δfμg;fμ0g: ðA8Þ

The scattering amplitude is defined by the inner product
between the scattering state living on the conformal
boundary and the S-vector jSi≡ j0i (originally mentioned
in Sec. II), or more explicitly

Am ≔ hp1;…; pmjSi ¼ h∞jap1
ð∞Þ � � � apm

ð∞Þj0i; ðA9Þ

where the scattering state defined at the asymptotic region
q → ∞ is given by

hp1;…; pmj ¼ h∞jap1
ð∞Þ � � � apm

ð∞Þ: ðA10Þ

The explicit expression for the counterpart of ap in
Minkowski space is the Klein-Gordon inner product
between the plane wave and the field ϕðxÞ. In the space
Rn;d−nðn; d − n ≥ 2Þ, ap can be similarly defined as the
plane wave generator he−ipx;ϕðxÞi in the asymptotic
regions q → 0;∞,

½apðqÞ ≔ he−ipx;ϕðxÞi ¼ aðNÞ
ψ⃗p;p⃗

ðqÞ�jq→0;∞: ðA11Þ

Therefore, the amplitude becomes,

Am ¼ h∞jQ
Ym
k¼1

ðaðNÞ
ψ⃗pk;p⃗k

ð∞Þ − aðNÞ
ψ⃗pk;p⃗k

ð0ÞÞj0i

¼ h∞jQ
Ym
k¼1

he−ipk·xk ;ϕðxkÞij∞q¼0j0i; ðA12Þ

where we use the regularity condition (A2) to add the

aðNÞ
θi;p⃗i

ð0Þj0i term in the first equality. Finally, by using
Eq. (A4), we have the LSZ reduction formula,

Am ¼
�Ym
k¼1

Z
ddxke−ipk·xkð−∂2k þM2Þ

�
CðnÞðx1;…; xmÞ:

ðA13Þ

APPENDIX B: CALCULATION OF THE
CORRELATION FUNCTIONS

In this appendix, we present the computation details of
the correlation functions.
In the derivation of (23), we have used the identity,

hð2Þ;ðnÞ0 ðωp⃗ΔqÞ ¼ Γ
�
n
2
− 1

�X∞
l¼0

ð2lþ n − 2Þ

× hð2Þ;ðnÞl ðωp⃗qÞjðnÞl ðωp⃗q0ÞCðn−2
2
Þ

l ðψ⃗ · ψ⃗ 0Þ;
ðB1Þ

and Eq. (A6).
In the derivation of (25), we used the following

identity [74]:

Z
dn−1Ωe−ia⃗·b⃗ ¼ ðn − 2Þ!!AðSn−1Þ

N n
jðnÞ0 ðja⃗jjb⃗jÞ; ðB2Þ

for any n-dimensional vectors a⃗, b⃗.
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To derive Eq. (26), we will used the recursion relation,

bðnÞ0 ðxÞ ¼

8><
>:

�
− 2

x
d
dx

	
k−1

bð2Þ0 ðxÞ; n ¼ 2k�
− 2

x
d
dx

	
k−1

bð3Þ0 ðxÞ; n ¼ 2kþ 1;
ðB3Þ

for Sn−1 spherical Bessel functions bðnÞν ¼ jðnÞν ; nðnÞν ;

hð1Þ;ðnÞν ; hð2Þ;ðnÞν to reexpress the integral I ðnÞ
p⃗ by I ð2Þ

p⃗ or

I ð3Þ
p⃗ for even or odd n

I ðnÞ
p⃗ ¼

8><
>:

�
−2
Δq

∂

∂ðΔqÞ
	
k−1

I ð2Þ
p⃗ ; n ¼ 2k�

−2
Δq

∂

∂ðΔqÞ
	
k−1

I ð3Þ
p⃗ ; n ¼ 2kþ 1:

ðB4Þ

The relation (B3) can be derived from Bνþ1ðxÞ
xν ¼ − d

dx ½BνðxÞ
xν �

for Bessel functions Bν ¼ Jν; Nν; H
ð1Þ
ν ; Hð2Þ

ν . Therefore, we

only need to compute I ð2Þ
p⃗ and I ð3Þ

p⃗ .

Note that the I ð2Þ
p⃗ is computed in Appendix B of [1]

I ð2Þ
p⃗ ¼ πi

2
hð2Þ;ð2Þ0 ðωp⃗ΔqÞ; ðB5Þ

while the calculation for the n ¼ 3 case is relatively simple:

I ð3Þ
p⃗ ¼

Z
∞

0

dωω2
jð3Þ0 ðωΔqÞ

−ω2 þ ω2
p⃗ − iϵ

¼
Z

∞

−∞
dωωðΔqÞ−1 iπ−1=2eiωΔq

ω2 − ω2
p⃗ þ iϵ

¼ πi
2
ωp⃗h

ð2Þ;ð3Þ
0 ðωp⃗ΔqÞ; ðB6Þ

where we used the expression of zeroth-ordered spherical

Bessel function jð3Þ0 ðxÞ ¼ eix−e−ix
i
ffiffi
π

p
x ; hð2Þ;ðn¼3Þ

0 ðxÞ ¼ 2ffiffi
π

p
i
e−ix
x

and used the residue theorem. And thereafter, Eq. (26) is
proved by using (B3) and (B4).
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