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This work serves as the generalization of the work [1], where we investigated the quantum field theory in
Klein space which has two time directions. We extend studies to the general spacetime R™*"(n,d — n >
2) in a similar manner; the “length of time” ¢ is regarded as the evolution direction of the system and
additional modes beyond the plane wave modes are introduced in the canonical quantization. We show that
this novel formulation is consistent with the analytical continuation of the results in Minkowski spacetime.
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I. INTRODUCTION

In textbooks, a d-dimensional relativistic quantum field
theory (QFT) is formulated in Minkowski spacetime R!-4~!,
calculating the scattering amplitudes A,,(py, pas--es Pim)
among ingoing and outgoing particles. During canoni-
cal quantization, the field ¢(7,X) evolves over time
and the Feynman correlation functions C(xy,...,x,,) =
(O0|Tp(xy) - - - p(x,,)|0) are calculated to derive the scattering
amplitudes via the Lehmann-Symanzik-Zimmermann (LSZ)
reduction formula,

m

A, = {Hi/d“xke_ipk"‘k(—()%—f—Mz) Clxp,eenxy). (1)

k=1

When considering on shell amplitudes (p7 + M? = 0), the
outgoing particles are denoted as the particles with p? > 0
and the ingoing ones with p¥ < 0.

People used to consider the analytic continuation of
these results from Minkowski spacetime to the spacetime
R™4~" with general signature. While the Feynman corre-
lation functions and the off shell amplitudes remain
sensible under the analytic continuation, the on shell
scattering amplitudes present very different properties.
For instance, the on shell three-point amplitudes of
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massless particles do not exist in Euclidean space
(n = 0) due to the nonexistence of on shell states, and
they universally vanish in Minkowski spacetime (n = 1)
for kinematic reasons, but they are nontrivial under the
general signature when n,d —n > 2 [2-6].

Although the Feynman correlation functions and scatter-
ing amplitudes under the general signature can be obtained
from analytic continuation, the intrinsic construction of a
QFT in the space R™*"(n,d —n >2) is lacking in the
literature." The main difficulty lies in the fact that such
space has only one conformal boundary in contrast to
Minkowski spacetime’s two boundaries, which can be seen
in the Penrose diagram Fig. 1. Thereafter, the classical
solution of the field composed of plane wave modes e~'7*
is not enough for canonical quantization.

In this work, we intrinsically define a QFT in the space
R™¥"(n,d — n > 2) with additional modes beyond plane
waves introduced to realize the canonical quantization, and
we deduce novel annihilation conditions for two different
vacuum states to calculate the Feynman correlation func-
tions. We will focus on the scalar field theory in this work.

This work can be regarded as a different but equivalent
formulation of QFT since all the results from our novel
constructions match those in the textbook by analytic
continuation. Moreover, it is the foundation for exploring
many important questions, including scattering amplitudes

'Tn [7], the authors constructed the S-vector in Klein space R>?2
as a Poincaré invariant vacuum state |C) in the Hilbert space built
on J, where the Hilbert space Hy =H; & Hy . And the
Hilbert spaces 7, are built on AdS;/Z slices, which is quite
different from our starting point. More importantly, they did not
explicitly show that their constructions lead to the results
obtained from the analytical continuation from four-dimensional
Minkowski spacetime.

Published by the American Physical Society
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FIG. 1. The Penrose diagram of flat space R**~"(n,d — n > 2).
The infinite coordinate ranges ¢, r€[0,00) are conformally
mapped to finite ranges Q, R € [0, 7). The conformal boundary
emerges at the singularity of Q~!, with null infinity Z located at
QO + R = xn. The endpoints (Q,R) = (0,x) and (Q,R) = (x,0)
correspond to the spacelike infinity iy and timelike infinity 7,
respectively.

[8-15], path integral [16,17], self-dual gravity [18-21],
black holes [22], the Unruh effect [23], etc.

Flat space with multiple time directions R”-“~" also plays
a unique role in studying holography [24,25]. On the one
hand, the n = 2 case can be related to the celebrated AdS/
CFT [26-28] by viewing AdS,_; as hyperbolic slices
embedded in the space R>¢~2 [29-33]. On the other hand,
since the flat space R™“~" with n,d — n > 2 has only one
conformal boundary, it is more suitable and convenient for
investigations of flat holography [34-45] from both the
Carrollian approach [46-57] and the Celestial approach
[7,58-70].

IL. THE SPACE R"¥="(nd-n > 2)

The space R™"(n,d — n > 2) has a metric of the form,

n—1 d-1
ds? = — z:(d)c")2 + Z(dxj)z
i=0 j=n
= —dq® — g*dy® + dr? + r2d§?
= Q72(-dQ? - sin®Qdy? + dR? + sin’Rd@?), (2)

with y,$ being (n— 1)-dimensional timelike and
(d — n — 1)-dimensional spacelike spherical coordinates.
Its Penrose diagram, shown in Fig. 1, with conformal factor

R R -
Q =2|cos <%Q> cos (TQ> , (3)
can be obtained by
Q = arctan(q + r) + arctan(g — r),
R = arctan(q + r) — arctan(q — r). (4)

In the Penrose diagram, the black dashed line and the
yellow wavy line (45°) denote the worldlines of massive

and massless particles, respectively. Unlike the Minkowski
space R"¥~!, which has two null boundaries, the space
R™4"(n,d — n > 2) possesses only a single null infinity.
This structural difference necessitates replacing the conven-
tional S-matrix with an S-vector to describe scattering
processes, following the discussion in [71].

Then in our construction, the fields evolve over the
coordinate ¢, the “length” of the time, from the original
point to the conformal boundary. The associated coordinate
system is equipped with a metric,

ds? = —dg* +ds5. . (5)

where the induced metric of ¢ = constant hypersurface %,
is given by

ds%q = —¢*dy? + d¥?, ¥= ("2 xd). (6)

The momentum space inherits the same geometric
structure as its dual space R™¢~". Consequently, we can

parametrize the d-momentum p* = ("), ) using analo-
gous coordinates,

P = (wcosy,wsiny, cosy,,...,osiny, --siny,_;),
e pdh), (7)
with @ > 0. Then the SO(n, d — n)-invariant momentum

measure can be defined in a similar manner to that in
Minkowski space,

-

p= <pn+1’pn+2’

/d"pé(p2+M2):/w”‘lda)d”‘ly?pdd‘”ﬁé(—a)z—|—a)%)

1 - —n 2, n—
:E/d”‘lyjp/dd P 2, (8)

where w3 = /|p|* + M? is the on shell energy.
III. SCALAR FIELD THEORY
A real scalar field is described by the Lagrangian,
1
L= —5(5ﬂ¢3"¢+M2¢2) - V(#). 9)
where V(¢) denotes the small interacting term, which can

be ignored at this stage. By using the coordinates (5), the
free field can be expanded as

0 d-n3
_ m =y [ 4T sk
¢ - Z Yl,{y} (l//) / (Zﬂ')d_n e'P

1=0 {u}
J .(n N n
< [a) ot (@5a) + ay)yni” (@;0)]. (10)

5"{);!} denotes the hyperspherical harmonic [72], and

the functions f(u) = j" (u) and n!"”

where Y

(u) with u = wzq
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obeying the equation,

wf"(u) + (n = Duf'(u) + [u? = 1(1+ n = 2)|f(u) =0,
(11)
are given by
(n) Jl+" 2( ) (n) NI+TZ( )
Py T e

where J,(u) and N, (u) are the first- and second-kind
Bessel functions, respectively. In particular, the n = 2 case
reduces to conventional Bessel functions. In the n = 3 case,
the solution f(u) is the spherical (S?) Bessel function. The
functions j§">, n§"> for larger n are the generalization of the
Bessel function, for simplicity, we call them «gn=1 Besgsel
functions”.

The conjugate momentum is defined as

1 n— s
o= 0,0, (13)
where h;<15—)1 denotes the determinant of the metric of a unit

sphere $"~!. At g = constant hypersurfaces, the canonical
quantization condition is

[P(q. 2. %), 7, (q. 1. %1)] = "1 6(012)8(X12),
[¢<q,ll71,551),¢((]7ll7273?2)] =0, (14)

becomes

) (N) _
[aﬁ;[’{ﬂ},aﬁ,;l,_{”,}] —

T - -
=3 (053/2)" 26,18 1,y6(P + D).

(15)

where we used the identity for the S"~1 Bessel functions,

1 (@30) (@50) (@13, (@03q) = = (3/2".  (16)

IV. VACUUM STATES AND CORRELATION
FUNCTIONS

Since our system evolves from ¢ =0 to g = o0, we
interpret the Feynman correlation functions as g-ordered
operator vacuum expectations similar to those in
Minkowski spacetime,

CO(x,.oix,) = (00| Qbp(x1) - (x,,)[0).  (17)

The state at the original point |0) should be constrained
by the regularity condition

$(q.v.%)|0)],_ = finite. (18)

(n)

Since the Neumann function modes n; ' (u) is divergent at
q = 0, the regularity condition becomes

(VY n,p). (19)

This is analogous to the definition of asymptotic states in
conformal field theory [73]. Since the state |0) is annihi-
lated by the Neumann function coefficient, we will call it
the Neumann vacuum in contrast with the Hankel vacuum
(oo, which will be defined in (22) later.

As the vector 9, is not a (conformal) Killing vector, the
vacuum state (oo| at ¢ — oo is not related to the Neumann
vacuum |0) at all. The field ¢ at the asymptotic infinity
behaves as

o d—
_ () (=1 d ;
¢ - Z Z Yl.{/t} w( )) / (Zﬂ)d n €

H® 2),(n
w5a) + agy i (@54)]

d—n ipx
(n) (=(n-1) d p ¢
— Y
qﬁooz:} l-{ﬂ}(ll/ )/(27[>d_n

a™o)y =0
np

X

S

L m(@9)""!
% [a;’};ll(,l{);i}e( pa-30-149-5) 4 oW l< (e O],
where
4 (N) 4 )
SO _pn =gy e R TR
pilfu} 2 AT D) ’

(20)
and the Hankel function modes are

) =77 )+ i ). B ) =1 ) = i w).
(21)

The modes 77 and e~*#4 are similar to ¢’ and e~" in
the Minkowski case. Thus, the vacuum state (co| should
satisfy

(1
(oolalfy ) =0. (22)
and we will call it the Hankel vacuum since the state (oo is
annihilated by the Hankel function coefficient acting from
the right side.

Now we can calculate the Feynman correlation func-
tions via the Wick contraction, based on the commu-
tation relations (15), the annihilation conditions of
Neumann vacuum (19), and the Hankel vacuum (22).
Let us consider the two-point propagator A(x —x') =
(0| Qp(q,y,X)p(q'.w',X')|0). Set g > ¢’ without loss
of generality, it is
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(colgp(q.w. X)p(q" .y, X¥')|0) /{e0]0)
i A o
= g /(27[)11’—;1 elP'(x—x)(wﬁ/z)n zhéz)'( >(a)[;Aq),

(23)

with

Ag = \/ 7 +4q”% = 2qq' (7 - ") (24)

The two-point Feynman correlation function from ana-

lytical continuation is
<oo|¢(q,l/7,)?)¢(q',l/7',)7)|0> o / ddp eip-(x=x)
(2r)4 p* + M? — ic

(00|0)
_ (n=2)UA(S")
= —Nn
d—-n3
[ )
(2m)? ?

(25)

where the coefficient A, = 25 or 2'5/I'(1) when n is even

(n)

or odd, respectively. The integral 7" is calculated as

P
© '(")(a)A )
I&”) — / dow™ ! Jo 4q
P 0 -w* + w% — i€
i n
=Z o5 hy " (05Aq). (26)

which means the result from our construction (23) is
consistent with that from analytical continuation (25).

The details of computing the correlation functions are
presented in Appendix B.

V. CONCLUSIONS AND DISCUSSIONS

In this work, we introduced how to canonical quantize a
field theory in a generic flat spacetime R™4~"(n,d — n > 2)
with multiple time directions. We selected the “length of
time” g as the evolution parameter such that the field can be
expanded in terms of the Bessel functions and the Neumann
functions. Though the Neumann functions are divergent at
the original point, they are necessary in canonical quan-
tization. The calculations in this work resemble the
previous discussions in Klein space for n = 2 [1], which
also has only one asymptotic boundary. We imposed the
regularity condition to constrain the Neumann vacuum state
|0). On the other hand, we also define the Hankel vacuum
state (oo| which is associated with the asymptotic region
g — oo, where the mode expansions behave as e*/“79. By
using these constructions, we explicitly calculated the free
two-point function (23), which is consistent with the

covariant one (25). The agreement between the results
from our intrinsic construction and those from analytic
continuation justifies the correctness of our formalism.

The novel modes associated with the Neumann functions
need further study. They may play an essential role in flat
holography. One unanswered question in flat holography
concerns the extrapolation dictionary between the operators
in boundary field theory and the bulk fields. It would be
interesting to investigate the role of these novel modes in
the bulk reconstruction in flat holography.

As discussed in [1], the LSZ reduction formula, path-
integral quantization, and perturbative calculation of inter-
acting theory are all realizable in the space R™¢". Due to
the limitation of this manuscript, we only demonstrate the
LSZ reduction formula in Appendix A. We also give some
details on the calculations of the correlation functions in
Appendix B.
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APPENDIX A: THE INTERACTING REAL
SCALAR FIELD AND LSZ
REDUCTION FORMULA

For the interacting real scalar, the potential V(¢) in the
Lagrangian is nonvanishing, such that the equation of
motion should be modified to include potential terms.
Here we adopt the Heisenberg picture in which the mode
expansion can be formally performed in a similar form to
that of free field theory,

x [a¥) (@i (@50) + by (@n (@pq)). (A1)

But now the coefficients a’)(g),a™)(q) are no longer
independent of the coordinate q.

At the quantum level, ¢(g — 0)|0) still needs to be
finite, leading to

al) (g =0)0)=0 VY i, p.

Wy

(A2)

with
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(N)

N
a-.

t//,,J? n/ 2

(A3)

ZZ”YW} V) (@)

=

Here, the coefficient \,, is the same as that in Eq. (25).

In general, agv?ﬁ(q = 0)|0) #0 as agv?ﬁ(oo) differs
from a;N?ﬁ(O) in a nontrivial way. Their difference can
be computed as

N N
ag, (%) = ag 5(0) =

(e7P*,p(x)) [
:/ddxe_ip'x(—02+M2)¢(x)- (A4)

Here, we used the expansion of n-dimensional plane
wave [72],

ei;w).w = 251N F<—— 1> le n+21-2

=0
oy /() L 30
252 [ PV X
x i (155 >|>c§”<w>’ (A3)
[P
where CE%) is the Gegenbauer polynomial. Specifically,

1
Ci(w-y') (namely n =3) is the Legendre polynomial
P;(y -y'). In the derivation of (A4), we also used the
expansion formula for the Gegenbauer polynomial [74],

A(Sn 1 -,
2 +n— ZYI {ﬂ} V'),

(A6)

(P ) = -2

with A(S"1) = l%é) being the area of $"~!, the definition of

the Klein-Gordon inner product

B¢ = / IIGAIEY (10,8 (AT)

q

and the orthonormal condition for the hyperspherical
harmonics [74],

n—1,7 () -\ y(1) AR
/d ! z{ﬂ}(W)Yz/,{,/}(’//)—51,1’5{;4},{;/}- (A8)

The scattering amplitude is defined by the inner product
between the scattering state living on the conformal
boundary and the S-vector |S) = |0) (originally mentioned
in Sec. II), or more explicitly

A = (p1s - (eolap, (00) -+ ap, (0)]0),

where the scattering state defined at the asymptotic region
q — oo is given by

’pm|S> = (A9)

(P1 e P = (o0lay, () -~ @y, (00).  (A10)
The explicit expression for the counterpart of a, in
Minkowski space is the Klein-Gordon inner product
between the plane wave and the field ¢(x). In the space
R™¥"(n,d —n >2), a, can be similarly defined as the
plane wave generator (e"P", (x)) in the asymptotic
regions g — 0, oo,

(ap(q) = (77 () = 0 5(@)]lgm0r (AL
Therefore, the amplitude becomes,
o N N
A, = <°°'QkHl () (c0) =al)  (0))[0)
= (0| Q [ J(e7 . p(x0))52,/0). (A12)
k=1

where we use the regularity condition (A2) to add the
ay's (0)|0) term in the first equality. Finally, by using
Eq. (A4), we have the LSZ reduction formula,

A, = {H/ddxke‘i”k'xk(—a%—l—Mz) CU (xy, oo Xy
k=1

(A13)

APPENDIX B: CALCULATION OF THE
CORRELATION FUNCTIONS

In this appendix, we present the computation details of
the correlation functions.
In the derivation of (23), we have used the identity,

W (w5 Aq) = r(’; - 1) > @l+n-2)

=0

2).(n .(n ”T'z N
x h?" " (050) /" (054)CY T (5 - 7),

and Eq. (A6).
In the derivation of (25), we used the following
identity [74]:

/ dn—lQe—iZi-E ( 2)”A(Sn l)

N, o (lallBl),  (B2)

for any n-dimensional vectors a, b.

085008-5



BIN CHEN, ZEZHOU HU, and XIN-CHENG MAO

PHYS. REV. D 112, 085008 (2025)

To derive Eq. (26), we will used the recursion relation,

) (-28) 7). n=2k
by (x) = ~ (B3)
(-28) "o, n=2k41,
for S§"! spherical Bessel functions b — j£">, "
R0 p@)(n) 4 reexpress the integral I%") by Ig) or
A g) for even or odd n
(Rads) 18 n=2%
Aq (A o N=
I%”) - _Z (aq) k—1 fg) <B4)
The relation (B3) can be derived from B”;—L(x) =-4 [Bx_(x)]

for Bessel functions B, = J,,N,, H il), H iz). Therefore, we

only need to compute 7 %2) and 7 %3).

Note that the 7 %2) is computed in Appendix B of [1]

2) w20
7@ :—h(())( )(a);,Aq);

o=z (B3)

while the calculation for the n = 3 case is relatively simple:

© B) (WA
70— / dwar —J0_(@89)
P 0 —w” + wy —ie
P in.—l/ZeiaJAq
= d A - -
/—oo wo(Aq) w* — @3 + ie

i 2).(3
= —a)~h(() ) )(a);,Aq),

> @ (B6)

where we used the expression of zeroth-ordered spherical

function j(03)(x) = —ei;‘;:x , h(oz)‘(n=3)(x) = ﬁ%r
and used the residue theorem. And thereafter, Eq. (26) is

proved by using (B3) and (B4).
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