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In the Newtonian limit of fðRÞ gravity, for an isolated self-gravitating system consisting of N extended
fluid bodies, the interbody dynamics are studied by applying the symmetric and trace-free formalism in
terms of irreducible Cartesian tensors. The multipole expansion of each body’s center-of-mass acceleration
is derived, and the expansion comprises the Coulomb-type part and the Yukawa-type part, where the
former, identical to that in general relativity, is encoded by the products of the mass multipole moments of
the body with those of other bodies, and the latter, as the modification introduced by fðRÞ gravity, is
encoded by the products of the scalar multipole moments of the body with those of other bodies. Due to the
finite range of the massive scalar mode, the scalar multipole terms in the Yukawa part do not decay
systematically with increasing order. As an essential component of the system’s orbital dynamics, the
multipole expansion for the total gravitational potential energy is provided, and the expression for the total
conserved energy in terms of the mass and scalar multipole moments of the bodies is offered. To investigate
the system’s spin dynamics, the equation of motion for each body’s spin angular momentum is further
deduced and presented in the form of multipole expansion. These findings constitute the main content of
the coarse-grained description of interbody dynamics for the system within the framework of the
Newtonian limit of fðRÞ gravity. As a by-product, for a two-body system, the effective one-body equation
governing the relative motion between the two bodies and the total energy of this system are achieved.

DOI: 10.1103/rlxh-zm39

I. INTRODUCTION

A. Theoretical background and literature review

Although general relativity (GR) has achieved astonish-
ing accomplishments [1–4], it still faces many challenges
when it is used to interpret the observed data at astro-
physical and cosmic scales [5]. It is well known that one
approach to addressing these challenges is to construct
alternative theories of gravity, and these theories are based
on generalizations of GR [6–9]. In this paper, we will focus
our attention on fðRÞ gravity [10–13], and as a typical
relativistic gravity theory, it replaces the Ricci scalar R in
the Einstein-Hilbert action with a general function f of R.

Compared with GR, fðRÞ gravity can not only improve
renormalization properties [14] but also naturally lead to a
period of accelerating expansion early in the universe’s
history [15], so it could be considered as an attractive
candidate for the alternatives to GR [7]. To test fðRÞ gravity
with astrophysical observations, it is essential to study the
motions of extended bodies in such models. Given that the
Yukawa-type modification to the Newtonian potential
introduced by such models [16–19] renders point-mass
approximations invalid, in celestial mechanical systems
involving extended sources, the motion of an object is
heavily influenced by the size and shape of the gravitational
source.
The theoretical treatment of the motions of extended

bodies in gravitational fields has a rich history in metric
theories of gravity [20–23]. These developments include
the systematic formulations of relativistic celestial mechan-
ics and reference systems by Kopeikin, Efroimsky, and
Kaplan [20], and by Soffel and Han [21], as well as the
multipolar post-Newtonian frameworks developed by
Damour and collaborators [22] and by Blanchet and
collaborators [23]. Collectively, these all provide the
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foundation for the classical description of extended-body
dynamics in GR and scalar-tensor gravity. Complementing
the classical description, recent advances in the effective
field theory (EFT) of gravity offer a powerful and system-
atic alternative for analyzing the dynamics of extended
bodies. Pioneered by Goldberger, Rothstein, and Ross
[24–26], this approach utilizes field-theoretic methods to
treat extended bodies as worldline point particles endowed
with multipole moments. Within the EFT framework, the
finite-size effects and spin of extended bodies are system-
atically encoded into worldline operators. Notably, this
formalism not only reproduces the classical results but also
provides a more efficient computational scheme for com-
plex effects such as gravitational radiation reaction and
finite-size corrections.

B. Physical motivation and model assumptions

The gravitational potential in fðRÞ gravity consists of a
Newtonian part and a Yukawa correction, representing the
massless and massive scalar fields [27–29]. While the
multipole expansion of a massless scalar field is straight-
forward, the massive scalar field introduces significant
complications. Thus, a systematic multipole analysis of
extended-body dynamics in a self-gravitating system under
fðRÞ gravity has not been developed. EFT has been applied
to scalar-tensor gravity to study extended-body motion and
gravitational radiation [30,31]. However, those studies
involve only massless fields and do not provide the required
multipole analysis for fðRÞ gravity. References [32,33]
give the metric for an extended source’s external field up to
1=c3 order in fðRÞ gravity in the form of multipole
expansion. From this, the potential’s multipole expansion
can be read off. It includes GR-like and modified terms,
determined by mass and scalar multipole moments. Since
all scalar multipole moments depend on the mass distri-
bution, unlike in GR, a spherical body’s external field
cannot be generated by a point source at its center [34].
Thus, in fðRÞ gravity, the source’s size and shape cru-
cially affect near-field phenomena. Here, building on
Refs. [32,33], we aim to perform a complete multipole
analysis of extended-body dynamics in the Newtonian limit
of fðRÞ gravity.
In this paper, for an isolated self-gravitating system of N

extended fluid bodies, we will study the interbody dynam-
ics under the Newtonian limit of fðRÞ gravity using the
classical method. While the EFT framework offers a
powerful tool for higher-order PN corrections and radiation
reactions, the classical approach is sufficient for our focus
on the Newtonian limit. The self-gravitating system is
assumed to satisfy two assumptions: (i) Each body is
composed of a perfect fluid, and maintains approximate
hydrostatic equilibrium; (ii) no matter is being ejected or
accreted by any body, and their typical sizes are far less
than the typical separation between them. Although
these two assumptions are applicable to a wide range

of self-gravitating systems, such as binary systems of
main-sequence stars, they are not intrinsic requirements
from the perspective of general extended-body dynamics.
Rather, they are simplifying assumptions adopted within
the present fluid-based framework, not prerequisites for the
general theory of extended-body motion. To clearly delin-
eate the range of applicability of the results obtained in this
paper, the validity and scope of the above assumptions are
examined in detail below.
The first assumption provides a tractable framework that

decouples the intrabody dynamics from the interbody
dynamics, enabling a coarse-grained description of each
body in terms of total mass, center-of-mass position, spin
angular momentum, and multipole moments. However, this
assumption inherently excludes more complex internal
rheology or violent dynamical evolution, so the framework
does not apply to systems undergoing tidal disruption or
strong pulsations. The second assumption ensures mass
conservation for each individual body, maintains well-
defined and time-independent integration domains, and
provides the correct condition for the multipole expansion
of the integral kernels in the center-of-mass frame. Therefore,
this assumption renders our framework inapplicable to close
binaries with active mass transfer, or to systems approaching
collision or merger. It is worth emphasizing, however, that
while the perfect-fluid assumption is adopted for the deri-
vation, the Newtonian-order gravitational field depends only
on the macroscopic mass density distribution and is inde-
pendent of the specific equation of state or internal compo-
sition. Thus, the resulting interbody dynamics of this paper
are broadly applicable to extended bodies composed of
arbitrary matter remaining in mechanical equilibrium,
whether fluid or solid, such as Earth-like planets.

C. Translational motion and specific problem

To understand the orbital dynamics of the system, it is
essential to derive the equations of motion for all the
bodies, which necessitates specifying their center-of-mass
accelerations. Since fðRÞ gravity is considered only at the
Newtonian order, the definition of an object’s center-of-
mass acceleration is identical to that in classical mechanics.
In general, each body’s center-of-mass acceleration is
obtained by inserting Euler’s equation of hydrodynamics
in a gravitational field and the gravitational potential
produced by all the bodies in the system into its definition.
However, performing a multipole analysis on the center-of-
mass acceleration of each body by applying the symmetric
and trace-free (STF) formalism in terms of irreducible
Cartesian tensors [35–38] presents a challenging and
critical issue. Specifically, the primary technical difficulty
lies in performing a multipole analysis on the integral
kernel and its spatial derivative for the screened Poisson
operator in the center-of-mass frame of each body within
the system. In this paper, we resolve this challenge by
utilizing spherical modified Bessel functions and the STF
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formalism to successfully decouple the position vector of
each body with respect to its center of mass from the
relative center-of-mass separation vectors, and present the
corresponding results, namely closed-form multipole
expansions for the Yukawa-type kernel and its spatial
derivative given in Eqs. (3.48) and (3.52). Consequently,
the multipole expansion for the center-of-mass acceleration
of each body in the system is also derived (which, as
discussed below, exhibits a dual structure originating from
the Coulomb and Yukawa kernels, as well as nondecaying
scalar multipole terms that are rooted in the Yukawa
kernel).
The expansion contains the Coulomb-type part and the

Yukawa-type part, which are, respectively, contributed by
the GR-like terms and the modified terms in the gravita-
tional potential. The Coulomb-type part is encoded by the
products of the mass multipole moments of the body with
those of other bodies and is exactly the same as its
counterpart in GR. The Yukawa-type part is encoded by
the products of the scalar multipole moments of the body
with those of other bodies and represents the modification
to the Coulomb-type part introduced by fðRÞ gravity.
Given that the multipole expansions for the center-of-mass
accelerations of all the bodies form a complete set of
equations of motion for the orbital dynamics of the system
once the mass and scalar multipole moments of the bodies
are specified, they provide the foundation for understand-
ing the orbital motion of the system within the framework
of fðRÞ gravity.
If the system is composed of ideal spheres, the multipole

expansions for the center-of-mass accelerations of the
bodies only retain the monopole terms. This result shows
that in fðRÞ gravity, due to the presence of the scalar
monopole term, the center-of-mass acceleration of a
spherical body differs essentially from that of a point
source. This stands in contrast to the case of a massless
scalar field, where the equivalence between a spherical
body and a point source, a standard result in GR, is not a
generally valid statement in scalar-tensor theories. Rather,
the notion of sphericity itself depends on the specific
definition of multipole moments adopted in such theories.
This distinction highlights a key distinguishing feature of
fðRÞ gravity: regardless of definitional subtleties, it is the
finite range of the massive scalar field that intrinsically
makes the body size relevant even for spherically sym-
metric configurations. For nonspherical bodies, the multi-
pole expansion for each body’s center-of-mass acceleration
reveals that its orbital motion is influenced by several
factors: the deformation-induced gravitational potentials
generated by other bodies, its own nonspherical mass
distribution coupled to the monopole potentials caused
by other bodies, and the interactions between its own
higher-order multipole moments and those of other bodies.
Of these factors, the deformations and nonspherical mass
distributions are characterized by higher-order mass and

scalar multipole moments, so this suggests that both the
size and shape of the bodies can significantly impact orbital
motion under fðRÞ gravity. These multipole couplings also
appear in GR and massless scalar-tensor theories. However,
in GR, the mass dipole moment vanishes and higher-order
mass multipole terms decay with order. While nonzero
scalar dipole moments also appear in massless scalar-tensor
theories, the truly distinctive feature in fðRÞ gravity is that
scalar multipole terms do not follow the standard hierar-
chical decay with order (due to the Yukawa kernel), which
breaks the conventional power-counting and truncation
expectations.

D. Conserved quantities and system energies

For the system, we next demonstrate the conservation of
the total momentum, energy, and angular momentum in the
Newtonian limit of fðRÞ gravity, and present their expres-
sions in the coarse-grained description of the system. When
examining the system’s total energy, a multipole analysis of
the total gravitational potential energy is necessary, because
it depends on the gravitational potential contributed by all
the bodies. In this work, we derive the multipole expansion
for the system’s total gravitational potential energy. It is
shown that the potential energy comprises two types of
interaction energies between different bodies: one involv-
ing the couplings of the mass multipole moments and the
other involving the couplings of the scalar multipole
moments. With the expansion of the gravitational potential
energy, the expression for the system’s total energy is also
obtained. In this expression, the monopole-monopole
potential energy indicates that the total energy of the
system composed of ideal spheres is distinct from that
of the system made up of point sources. This implies that
unlike in GR, the sizes of the spherical bodies make an
important contribution to the system’s total energy in fðRÞ
gravity. In addition to the monopole-monopole potential
energy, the energy of the system is also contributed by all
the monopole-multipole and multipole-multipole potential
energies between different bodies. From these results, it is
clear that the monopole-dipole and dipole-dipole potential
energies are essential for the system’s energy under fðRÞ
gravity, whereas they do not play a role in GR as the mass
dipole moments of bodies are zero. It should be noted that
monopole-dipole and dipole-dipole potential energies also
appear in some massless scalar-tensor theories [31].
However, the scalar field in these theories is long ranged,
in contrast to that in fðRÞ gravity, where the scalar field is
short ranged due to the Yukawa suppression. This finite
range leads to the nonhierarchical behavior of higher-order
scalar multipole terms, which is a distinctive feature of the
massive scalar field.

E. Spin evolution and weighted multipole moments

To further investigate the system’s spin dynamics, the
time derivative of each body’s spin angular momentum is
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derived and presented in the multipole expansion form
under fðRÞ gravity at the Newtonian order. This formula
describes the time evolution of each body’s spin angular
momentum and provides the equation of motion governing
its spin behavior. Therefore, the equations of motion for the
spin angular momenta of all the bodies serve as the starting
point for understanding the system’s spin motion in fðRÞ
gravity. Similar to the acceleration case, the multipole
expansion for the time derivative of each body’s spin
angular momentum also consists of the Coulomb-type
and Yukawa-type parts, and they also arise from the
interactions between the multipole moments of the body
and those of other bodies. From this expansion, it is
important to note that the body’s monopole moment does
not influence its spin’s motion, which is consistent with the
inherent properties of the spin angular momentum and
presents an obvious distinction between spin and transla-
tional acceleration. Apart from this, another key distinction
between them lies in the fact that compared to the conven-
tional definition employed in the multipole expansion for
the center-of-mass acceleration, the definition of the scalar
multipole moments involved in the multipole expansion for
the time derivative of the spin angular momentum needs a
slight extension to incorporate the concept of weight
[cf. Eq. (4.53)], which actually reflects the intrinsic nature
of the spin angular momentum.

F. Two-body systems and effective-one-body reduction

The application of this paper’s previous findings to
studying the orbital dynamics of a two-body system is
pivotal for testing fðRÞ gravity. Just as in celestial
mechanics, the orbital dynamics of a two-body system
are often explored using the effective one-body approach.
To facilitate future applications, in this paper, we derive the
effective one-body equation governing the relative motion
between the two bodies and the expression for their total
energy. With these results, the unperturbed orbits of a two-
body system consisting of two ideal spheres or point
sources can be directly analyzed within the framework
of Newtonian fðRÞ gravity, and they are generalizations of
their counterparts (viz. conic sections) in Newtonian
gravity. In addition, these results can also be effectively
utilized in cases where the higher-order multipole moments
of a body are negligible such as a planet orbiting the Sun.
Under this circumstance, one can quantitatively analyze
how the Sun’s oblateness influences the planet’s orbit. In
light of these discussions, it can be concluded that these
results constitute the foundation for studying numerous
important phenomena in the Solar System within fðRÞ
gravity. Besides, as discussed before, while the derivation
assumes the bodies are composed of a perfect fluid, the
obtained results in this paper also apply to solid bodies such
as Earth-like planets. Thus, by applying these results, one
can further explore the effects of the Solar multipole

moments on Mercury’s orbit and the precession of the
planes of Earth-orbiting satellites in fðRÞ gravity models.
This paper is organized as follows. In Sec. II, notation

and related formulas in the STF formalism are described,
and the metric fðRÞ gravity is briefly reviewed. In Sec. III,
the equations of motion for extended fluid bodies in an
isolated self-gravitating system under the Newtonian limit
of fðRÞ gravity are derived. Furthermore, in Sec. IV, the
conserved quantities and spin dynamics in the system are
discussed. In Sec. V, the orbital motion of a two-body
system is explored in fðRÞ gravity at the Newtonian order
based on the results obtained in the previous sections. In
Sec. VI, the conclusions and the related discussions are
presented. In the Appendix, the weak-field and slow-
motion (WFSM) approximation of fðRÞ gravity is revisited
and the corresponding results are summarized. Throughout
this paper, we use the international system of units, and the
spacetime signature is ð−;þ;þ;þÞ. The Greek letters
α; β; γ; � � � (running from 0 to 3) denote the spacetime
indices, whereas the Latin letters i; j; k; � � � (running from
1 to 3) represent the spatial indices. The repeated Greek or
Latin indices within a term mean that the sum should be
taken over.

II. PRELIMINARY

A. Notation and related formulas in the STF formalism

In the Newtonian limit of fðRÞ gravity, the coordinates
ðxμÞ ¼ ðct; xiÞ behave like Minkowskian coordinates [39].
With them, we further define r ¼ ðxixiÞ1=2, ni ¼ xi=r,
∂μ ¼ ∂=∂xμ, ∂i ¼ ∂=∂xi, x ¼ xi∂i, Δ ¼ ∂a∂a,

XIl ¼ Xi1i2���il ≔ xi1xi2 � � � xil ; ð2:1Þ

NIl ¼ Ni1i2���il ≔ ni1ni2 � � � nil ; ð2:2Þ

∂Il ¼ ∂i1i2���il ≔ ∂i1∂i2 � � � ∂il ; ð2:3Þ

where the spatial indices are raised or lowered using the
Cartesian metric δij ¼ δij ¼ diagðþ1;þ1;þ1Þ. The sym-
bol ϵijk with ϵ123 ¼ 1 denotes the totally antisymmetric
Levi-Civita tensor. For a Cartesian tensor BIl ¼ Bi1i2���il, its
symmetric and STF parts [35] are, respectively,

SIl ≔ BðIlÞ ¼ Bði1i2���ilÞ ≔
1

l!

X
σ

Biσð1Þiσð2Þ���iσðlÞ ; ð2:4Þ

B̂Il ≔ BhIli ¼ Bhi1i2���ili

≔
X½l2�
k¼0

bkδði1i2 � � � δi2k−1i2kSi2kþ1���ilÞa1a1���akak ; ð2:5Þ

where σ runs over all permutations of ð12 � � � lÞ, ½l=2�
represents the integer part of l=2, and
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bk ≔ ð−1Þk ð2l − 2k − 1Þ!!
ð2l − 1Þ!!

l!
ð2kÞ!!ðl − 2kÞ! : ð2:6Þ

In the STF formalism, other related formulas of direct use
in this paper are

N̂Il ¼
X½l2�
k¼0

bkδði1i2 � � � δi2k−1i2kNi2kþ1���ilÞ; ð2:7Þ

∂̂Il ¼
X½l2�
k¼0

bkδði1i2 � � � δi2k−1i2k∂i2kþ1���ilÞΔ
k; ð2:8Þ

∂̂Il

�
FðrÞ
r

�
¼ N̂Il

Xl

k¼0

ðlþ kÞ!
ð−2Þkk!ðl − kÞ!

∂
l−k
r FðrÞ
rkþ1

; ð2:9Þ

Z
N̂IldΩ ¼ 0 if l ≥ 1; ð2:10Þ

where ∂l−kr is the (l − k)th derivative with respect to r, and
dΩ is the element of the solid angle about the radial vector.

B. A brief review on f ðRÞ gravity
Consider a spacetime with gμν as the metric, and let g

denote the metric determinant. In fðRÞ gravity, the action is
given by

S ¼ 1

2κc

Z
d4x

ffiffiffiffiffiffi
−g

p
fðRÞ þ SMðgμν;ψÞ; ð2:11Þ

where κ ¼ 8πG=c4 with G as the gravitational constant,
and SMðgμν;ψÞ represents the matter action. Varying the
above action with respect to the metric gμν can give rise to
the gravitational field equations

Hμν ≔ −
1

2
gμνf þ ðRμν þ gμν□ −∇μ∇νÞ

∂f
∂R

¼ κTμν;

ð2:12Þ

where Tμν is the energy-momentum tensor of matter fields.
As in Ref. [39], fðRÞ is assumed to have the polynomial
form

fðRÞ ¼ Rþ aR2 þ bR3 þ � � � : ð2:13Þ

Here, a possible cosmological constant is ignored because
we will adopt an expansion about a flat background
spacetime under the WFSM approximation, and moreover,
to link the above Lagrangian (2.13) to GR, the coefficient
of R is set to be 1.

III. EQUATIONS OF MOTION FOR EXTENDED
FLUID BODIES IN AN ISOLATED
SELF-GRAVITATING SYSTEM

A. Fundamental variables in the system

We consider an isolated self-gravitating system consist-
ing of N extended fluid bodies, and the system satisfies the
assumptions stated in Sec. I. Each body in the system is
labeled by a unique index A∈ f1; 2;…; Ng, and the volume
of the body A is represented by VA. Let ρðt; xÞ be the mass-
density field of the system, and because of T00ðt; xÞ ¼
ρðt; xÞc2 at the Newtonian order [1,2], according to
Eqs. (A15), (A30), (A31), and (A36), the gravitational
potential contributed by all the bodies in fðRÞ gravity is

Φðt; xÞ ¼
XN
A¼1

ΦAðt; xÞ; ð3:1Þ

where

ΦAðt; xÞ ¼ UAðt; xÞ þ YAðt; xÞ ð3:2Þ

is the gravitational potential produced in part by body A
with

UAðt; xÞ ¼ G
Z
A

ρðt; x0Þ
jx − x0j d

3x0; ð3:3Þ

YAðt; xÞ ¼ G
3

Z
A

ρðt; x0Þe−msjx−x0j

jx − x0j d3x0 ð3:4Þ

as the corresponding Coulomb-like and Yukawa-like
potentials, respectively. Here, it should be noted that the
parameter ms satisfying m2

s > 0 was introduced in
Eq. (A8), and the integrations in the above two equations
need to be performed over the matter-filled volume VA.
Within the framework of Newtonian fðRÞ gravity [viz.
fðRÞ gravity at the Newtonian order], inside the bodies, the
Euler’s equation

ρ
dv
dt

¼ ρ∇Φ −∇p ð3:5Þ

and the continuity equation

dρ
dt

þ ρ∇ · v ¼ 0 ð3:6Þ

govern the fluid dynamics, where ∇ is the gradient
operator, vðt; xÞ and pðt; xÞ are the velocity field and
the pressure field characterizing the fluid distribution of the
system, and

d
dt

≔
∂

∂t
þ v ·∇ ð3:7Þ
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is the convective time derivative that considers the intrinsic
time variations brought about by the motion of the fluid
elements. In metric fðRÞ gravity, the covariant conservation
of the matter energy-momentum tensor (which follows
from diffeomorphism invariance) reduces at the Newtonian
order to the continuity equation (3.6). Consequently, the
mass mA of each body A, defined by (3.8), is constant
in time.
For a body within the system, such as body A, its total

mass is given by

mA ≔
Z
A
ρðt; xÞd3x; ð3:8Þ

and its center-of-mass position is conventionally defined by

xAðtÞ ≔ 1

mA

Z
A
ρðt; xÞxd3x: ð3:9Þ

With these definitions, the center-of-mass velocity and
acceleration of body A are expressed as

vAðtÞ ≔ dxA

dt
¼ 1

mA

Z
A
ρðt; xÞvd3x ð3:10Þ

and

aAðtÞ ≔ dvA

dt
¼ 1

mA

Z
A
ρðt; xÞ dv

dt
d3x; ð3:11Þ

respectively, where the derivations of these expressions rely
on the following useful formula relevant to the convective
time derivative [1],

d
dt

Z
A
ρðt; xÞFðt; xÞd3x ¼

Z
A
ρðt; xÞ dF

dt
d3x: ð3:12Þ

The core goal of the coarse-grained description of the
interbody dynamics for the system in the Newtonian limit
of fðRÞ gravity is to obtain the equations of motion of the
bodies and recast these equations in terms of their multipole
moments. Therefore, how to perform a multipole analysis
on the equations of motion of the bodies by applying the
STF formalism in terms of irreducible Cartesian tensors is
the central task of this paper.

B. The internal and external potentials

By just plugging the gravitational potential (3.1) con-
tributed by all the bodies in the system and the Euler’s
equation (3.5) in the gravitational field into the expression
for the center-of-mass acceleration (3.11) of body A, its
equation of motion is derived,

mAaA ¼
Z
A
ρ∇Φd3x; ð3:13Þ

where the identity

Z
A
∇pd3x ¼

I
∂A
pdS ¼ 0 ð3:14Þ

is employed because of Gauss’s theorem and the fact that
the pressure vanishes on the boundary ∂A of the integration
region. If the internal potential ΦAðt; xÞ is defined as the
potential generated by body A and the external potential
Φ−Aðt; xÞ is defined as the potential contributed by all other
bodies, the gravitational potentialΦðt; xÞ contributed by all
the bodies should have the following decomposition,
namely

Φ ¼ ΦA þΦ−A: ð3:15Þ

With this decomposition, the equation of motion of body A
can be reexpressed as

mAaA ¼
Z
A
ρ∇ΦAd3xþ

Z
A
ρ∇Φ−Ad3x: ð3:16Þ

Similar to the corresponding result in GR, we can also
prove that the internal potential ΦA makes no contribution
to the equation of motion of body A. Obviously, from
Eq. (3.2), we only need to show

Z
A
ρ∇ΦAd3x ¼

Z
A
ρ∇UAd3xþ

Z
A
ρ∇YAd3x ¼ 0: ð3:17Þ

Considering the xi components of the two terms on the
right side of above equation and substituting the expres-
sions of the Coulomb-like potential (3.3) and Yukawa-like
potential (3.4), we have that

Z
A
ρ∂iUAd3x¼G

Z
A

Z
A
ρρ0

∂

∂xi

�
1

jx−x0j
�
d3xd3x0

¼G
Z
A

Z
A
ρ0ρ

∂

∂x0i

�
1

jx0−xj
�
d3x0d3x

¼−G
Z
A

Z
A
ρρ0

∂

∂xi

�
1

jx−x0j
�
d3xd3x0 ð3:18Þ

and

Z
A
ρ∂iYAd3x ¼ G

3

Z
A

Z
A
ρρ0

∂

∂xi

�
e−msjx−x0j

jx − x0j
�
d3xd3x0

¼ G
3

Z
A

Z
A
ρ0ρ

∂

∂x0i

�
e−msjx0−xj

jx0 − xj
�
d3x0d3x

¼ −
G
3

Z
A

Z
A
ρρ0

∂

∂xi

�
e−msjx−x0j

jx − x0j
�
d3xd3x0;

ð3:19Þ
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where ρ0 is the mass density expressed in terms of t and x0.
The derivations of the two identities are similar. In each
derivation, the variables of integration in the second step are
swapped (which acts as a mere relabeling of dummy
variables and introduces no sign change), and the minus
in the third step originates from the fact that both 1=jx − x0j
and e−msjx−x0j=jx − x0j depend on the difference between x
and x0. With these two identities, one could find that
Eq. (3.17) holds, and as a result, the equation of motion of
body A becomes

mAaA ¼
Z
A
ρ∇Φ−Ad3x; ð3:20Þ

which confirms that the motion of body A is determined
solely by the external potential generated by other bodies.

C. Multipole analysis on 1=jx− x0j and e−msjx− x0j=jx− x0j
Equation (3.2) indicates that the gravitational potential

generated by each body within the system comprises the
Coulomb-like and Yukawa-like potentials. Thus, by defi-
nition, for body A, the external potential Φ−Aðt; xÞ could be
expressed as the sum of the external Coulomb-like potential
U−Aðt; xÞ and the external Yukawa-like potential Y−Aðt; xÞ,

Φ−A ¼ U−A þ Y−A; ð3:21Þ

where from Eqs. (3.3) and (3.4),

U−Aðt; xÞ ≔
X
B≠A

UBðt; xÞ ¼
X
B≠A

G
Z
B

ρðt; x0Þ
jx − x0j d

3x0; ð3:22Þ

Y−Aðt; xÞ ≔
X
B≠A

YBðt; xÞ ¼
X
B≠A

G
3

Z
B

ρðt; x0Þe−msjx−x0j

jx − x0j d3x0

ð3:23Þ

are, respectively, the Coulomb-like and Yukawa-like poten-
tials produced by all other bodies. Since the derivatives of
these two external potentials with respect to the spatial
coordinates play crucial roles in the equation of motion of
body A, we also present their expressions here,

∂iU−A ¼
X
B≠A

G
Z
B
ρ0

∂

∂xi

�
1

jx − x0j
�
d3x0; ð3:24Þ

∂iY−A ¼
X
B≠A

G
3

Z
B
ρ0

∂

∂xi

�
e−msjx−x0j

jx − x0j
�
d3x0: ð3:25Þ

To analyze the external potentials and their derivatives by
applying the STF formalism and investigate the system’s
dynamical equations in the following subsections, we
will now perform multipole expansions for 1=jx − x0j,
e−msjx−x0j=jx − x0j, and their derivatives by invoking the

assumption that the typical size of each body is far less than
the typical separation between bodies.
It is shown from Eqs. (3.20), (3.22), and (3.23) that the

vectors x and x0 vary within the characteristic sizes of
body A and body B, respectively. Since the bodies in the
system are well separated, and their characteristic sizes are
far less than the separations between them, there is
jx − xAj ≪ jx0 − xAj, where xA is the center-of-mass posi-
tion vector of body A. In order to separate the vector x − xA

from the vector x0 − xA, the multipole expansions for
1=jx − x0j and e−msjx−x0j=jx − x0j in the center-of-mass
coordinate system of body A need to be performed first.
Taking this into account, jx − x0j should be transformed
into jðx − xAÞ − ðx0 − xAÞj, and then, 1=jx − x0j and
e−msjx−x0j=jx − x0j can be rewritten as

1

jx − x0j ¼
1

jy − y0j ; ð3:26Þ

e−msjx−x0j

jx − x0j ¼ e−msjy−y0j

jy − y0j ð3:27Þ

with y ≔ x − xA and y0 ≔ x0 − xA. One is able to perform
the multipole expansions for 1=jy−y0j and e−msjy−y0j=jy − y0j
with the help of the following two formulas [39,40]

1

jy−y0j¼
X∞
l¼0

ð2l−1Þ!!
l!

ðr<Þl
ðr>Þlþ1

N̂Ilðθ;φÞN̂Ilðθ0;φ0Þ; ð3:28Þ

e−msjy−y0j

jy − y0j ¼
X∞
l¼0

ð2lþ 1Þ!!
l!

msilðmsr<Þklðmsr>Þ

× N̂Ilðθ;φÞN̂Ilðθ0;φ0Þ: ð3:29Þ

In the two formulas, r< represents the lesser of r ¼ jyj and
r0 ¼ jy0j, and r> the greater. The components of the vectors
y and y0 are denoted by

yi ¼ xi − xAi ≕ ðx − xAÞi; ð3:30Þ

y0i ¼ x0i − xAi ≕ ðx0 − xAÞi; ð3:31Þ

their angle coordinates are given by ðθ;φÞ and ðθ0;φ0Þ,
NIlðθ;φÞ ¼ ni1ni2 � � � nil with ni ≔ yi=r ¼ yi=ðyjyjÞ1=2,
and N0

Il
ðθ0;φ0Þ¼n0i1n

0
i2
���n0il with n0i≔y0i=r

0¼y0i=ðy0jy0jÞ1=2.
In addition, in Eq. (3.29),

ilðzÞ ≔
ffiffiffiffiffi
π

2z

r
Ilþ1

2
ðzÞ; klðzÞ ≔

ffiffiffiffiffi
2

πz

r
Klþ1

2
ðzÞ ð3:32Þ

are the spherical modified Bessel functions of l-order [41]
with Ilþ1=2ðzÞ, Klþ1=2ðzÞ as the modified Bessel functions
of ðlþ 1=2Þ-order. Continuing along previous lines and
directly inserting Eqs. (3.28) and (3.29) into Eqs. (3.26)
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and (3.27), the multipole expansions of 1=jx − x0j and
e−msjx−x0j=jx − x0j in the center-of-mass coordinate system
of body A are obtained,

1

jx − x0j ¼
X∞
l¼0

ð2l − 1Þ!!
l!

rl

r0lþ1
N̂Ilðθ;φÞN̂Ilðθ0;φ0Þ; ð3:33Þ

e−msjx−x0j

jx − x0j ¼
X∞
l¼0

ð2lþ 1Þ!!
l!

msilðmsrÞklðmsr0ÞN̂Ilðθ;φÞ

× N̂Ilðθ0;φ0Þ: ð3:34Þ

Both expansions need to be further transformed into a more
convenient form for use. On the basis of definitions and
Eqs. (2.7)–(2.9), the two identities

rlN̂Ilðθ;φÞ ¼ ðx − xAÞhIli; ð3:35Þ

∂̂
0
Il

�
1

r0

�
¼ ð−1Þlð2l − 1Þ!!

r0lþ1
N̂Ilðθ0;φ0Þ ð3:36Þ

are first established, where ðx−xAÞIl≔ðx−xAÞi1 ���ðx−xAÞil
and ∂

0
Il
¼ ∂

0
i1
� � � ∂0il with ∂

0
i ¼ ∂=∂x0i. When introducing

∂
A
i ≔ ∂=∂xAi , the identity

∂
A
i

�
1

jxA − x0j
�

¼ −∂0i

�
1

r0

�
ð3:37Þ

also holds. By means of these three identities, the expan-
sion (3.33) can immediately be recast into

1

jx − x0j ¼
X∞
l¼0

1

l!
ðx − xAÞhIli∂AIl

�
1

jxA − x0j
�
; ð3:38Þ

and here, ∂
A
Il
¼ ∂

A
i1
∂
A
i2
� � � ∂Ail . As to the handling of the

expansion (3.34), the situation becomes complicated. As
shown in Refs. [41,42], the spherical modified Bessel
functions of l-order have the following expressions:

8<
:

ilðzÞ ¼ zl
�

d
zdz

�
l
�
sinh z
z

�
¼ ez

2z

�P
l
k¼0

ð−1ÞkðlþkÞ!
k!ðl−kÞ!

1
ð2zÞk

�
− ð−1Þl e−z

2z

�P
l
k¼0

ðlþkÞ!
k!ðl−kÞ!

1
ð2zÞk

�
;

klðzÞ ¼ ð−1Þlzl
�

d
zdz

�
l e−z

z ¼ e−z
z

P
l
k¼0

ðlþkÞ!
k!ðl−kÞ!

1
ð2zÞk :

ð3:39Þ

If we define the function

δlðzÞ ≔ ð2lþ 1Þ!!
�

d
zdz

�
l
�
sinh z
z

�
; ð3:40Þ

there is

ilðmsrÞ ¼
ðmsrÞl

ð2lþ 1Þ!! δlðmsrÞ: ð3:41Þ

Moreover, by use of Eqs. (2.9), (3.39), and

e−z ¼ ð−1Þl−k dl−k

dzl−k
e−z; ð3:42Þ

we can infer that

klðmsr0ÞN̂Ilðθ0;φ0Þ ¼ ð−1Þl
mlþ1

s
∂̂
0
Il

�
e−msr0

r0

�
: ð3:43Þ

Equations (3.35), (3.41), and (3.43) collectively suggest
that the expansion (3.34) should be recast into

e−msjx−x0j

jx−x0j ¼
X∞
l¼0

1

l!
δlðmsjx−xAjÞðx−xAÞhIli∂AIl

�
e−msjxA−x0j

jxA−x0j
�
:

ð3:44Þ

Clearly, after performing the multipole expansions for
1=jx − x0j and e−msjx−x0j=jx − x0j in the center-of-mass
coordinate system of body A, the vector x − xA is com-
pletely separated from the vector x0 − xA. Given that x − xA

represents the position vector of a point within the body A
relative to its center of mass, the parts associated with
x − xA in expansions (3.38) and (3.44) could be employed
to define the multipole moments of body A. It can be
anticipated that the multipole moments of body B should
also be solely defined, and to achieve this purpose, the
vector x0 − xB must also be separated by performing
the further multipole expansions for 1=jxA − x0j and
e−msjxA−x0j=jxA − x0j in the center-of-mass coordinate sys-
tem of body B.
Remember that the vector x0 varies within the character-

istic size of body B, and by again invoking the assumption
that the characteristic size of body B is far less than the
separation between bodies A and B, there ought to be
jx0 − xBj ≪ jxA − xBj. Based on this conclusion, jxA − x0j
can be transformed into jxAB − x̄0j with xAB ≔ xA − xB and
x̄0 ≔ x0 − xB. Then, starting from formulas (3.28) and
(3.29) again, one only needs to repeat the previous
derivation processes so that the multipole expansions for
1=jxA − x0j and e−msjxA−x0j=jxA − x0j in the center-of-mass
coordinate system of body B can be obtained,
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1

jxA−x0j ¼
1

jxAB− x̄0j

¼
X∞
l0¼0

ð−1Þl0
l0!

ðx0−xBÞhJl0 i∂AJl0
�

1

jxA−xBj
�
; ð3:45Þ

e−msjxA−x0j

jxA − x0j ¼ e−msjxAB−x̄0j

jxAB − x̄0j

¼
X∞
l0¼0

ð−1Þl0
l0!

δl0 ðmsjx0 − xBjÞðx0 − xBÞhJl0 i

× ∂
A
Jl0

�
e−msjxA−xBj

jxA − xBj
�
; ð3:46Þ

where ðx0−xBÞJl0 ≔ðx0−xBÞj1 ���ðx0−xBÞjl0 with ðx0 − xBÞj
as the components of the vector x0 − xB and ∂

A
Jl0

¼
∂
A
j1
∂
A
j2
� � � ∂Ajl0 . After deriving these two results, by replacing

them into Eqs. (3.38) and (3.44), the final multipole
expansions for 1=jx − x0j and e−msjx−x0j=jx − x0j are
achieved,

1

jx − x0j ¼
X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

ðx − xAÞhIliðx0 − xBÞhJl0 i

× ∂
A
IlJl0

�
1

jxA − xBj
�
; ð3:47Þ

e−msjx−x0j

jx − x0j ¼
X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

δlðmsjx − xAjÞðx − xAÞhIli

× δl0 ðmsjx0 − xBjÞðx0 − xBÞhJl0 i

× ∂
A
IlJl0

�
e−msjxA−xBj

jxA − xBj
�
: ð3:48Þ

The above two equations present the appropriate
forms of the multipole expansions for 1=jx − x0j and
e−msjx−x0j=jx − x0j in applications. The same methodology
can also be employed to determine the corresponding forms
of their derivatives with respect to coordinates. From
Eqs. (3.38) and (3.44), we directly deduce that

∂

∂xi

�
1

jx−x0j
�
¼
X∞
l¼0

1

l!
ðx−xAÞhIli∂AiIl

�
1

jxA−x0j
�
; ð3:49Þ

∂

∂xi

�
e−msjx−x0j

jx − x0j
�

¼
X∞
l¼0

1

l!
δlðmsjx − xAjÞðx − xAÞhIli

× ∂
A
iIl

�
e−msjxA−x0j

jxA − x0j
�
; ð3:50Þ

and then, inserting the expansions (3.45) and (3.46) into the
above two equations gives rise to the corresponding forms
of the multipole expansions for the derivatives of 1=jx − x0j

and e−msjx−x0j=jx − x0j,

∂

∂xi

�
1

jx − x0j
�

¼
X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

ðx − xAÞhIliðx0 − xBÞhJl0 i

× ∂
A
iIlJl0

�
1

jxA − xBj
�
; ð3:51Þ

∂

∂xi

�
e−msjx−x0j

jx−x0j
�
¼
X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

δlðmsjx−xAjÞðx−xAÞhIli

×δl0 ðmsjx0−xBjÞðx0−xBÞhJl0 i

×∂
A
iIlJl0

�
e−msjxA−xBj

jxA−xBj
�
: ð3:52Þ

D. Equations of motion for bodies in the system

After the hard work in the previous subsection, we are in
a position to discuss the equations of motion for bodies in
the system. For body A, Eq. (3.20) indicates that its motion
is only affected by the gradient of the external potential,
namely ∇Φ−A, and thus, by plugging Eqs. (3.21), (3.24),
and (3.25), the equation of motion of body A can be
explicitly expressed as

mAaAi ¼G
X
B≠A

Z
A

Z
B
ρρ0

∂

∂xi

�
1

jx−x0j
�
d3xd3x0

þG
3

X
B≠A

Z
A

Z
B
ρρ0

∂

∂xi

�
e−msjx−x0j

jx−x0j
�
d3xd3x0: ð3:53Þ

In view that the multipole expansions for the spatial
derivatives of 1=jx − x0j and e−msjx−x0j=jx − x0j have been
provided in Eqs. (3.51) and (3.52), we are able to rewrite
the equation of motion of body A as

mAaAi ¼G
X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

M̂A
IlðtÞM̂B

Jl0 ðtÞ∂AiIlJl0
�

1

jxA−xBj
�

þG
3

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

Q̂A
IlðtÞQ̂B

Jl0 ðtÞ

×∂
A
iIlJl0

�
e−msjxA−xBj

jxA−xBj
�
; ð3:54Þ

where

M̂A
IlðtÞ ¼

Z
A
ρðt; xÞðx − xAÞhIlid3x; ð3:55Þ

M̂B
Jl0 ðtÞ ¼

Z
B
ρðt; x0Þðx0 − xBÞhJl0 id3x0 ð3:56Þ

MOTION OF EXTENDED FLUID BODIES IN THE NEWTONIAN … PHYS. REV. D 114, 044067 (2026)

044067-9



are the mass multipole moments of bodies A and B, and

Q̂A
IlðtÞ ¼

Z
A
ρðt; xÞðx − xAÞhIliδlðmsjx − xAjÞd3x; ð3:57Þ

Q̂B
Jl0 ðtÞ¼

Z
B
ρðt;x0Þðx0−xBÞhJl0 iδl0 ðmsjx0−xBjÞd3x0 ð3:58Þ

are their scalar multipole moments. This equation yields the
multipole expansion for the center-of-mass acceleration of
body A, and it is shown that the expansion consists of the
Coulomb-type part and the Yukawa-type part, which are,
respectively, characterized by the multi-index derivatives
of 1=jxA − xBj and e−msjxA−xBj=jxA − xBj. Obviously, the
Coulomb-type part is encoded by the products of the mass
multipole moments of the body with those of other bodies
and is exactly the same as its counterpart in GR [1]. The
Yukawa-type part is encoded by the products of the scalar
multipole moments of the body with those of other bodies
and represents the modification to the Coulomb-type part
introduced in fðRÞ gravity. One could infer that once the
mass and scalar multipole moments of the bodies are
specified as functions of time, the multipole expansions
of the center-of-mass accelerations of all the bodies form a
complete set of equations of motion for the orbital
dynamics of the system. Thus, Eq. (3.54) should be the
starting point to understand the orbital motion of the system
within the framework of fðRÞ gravity.
The expressions for the mass and scalar multipole

moments imply that both of them depend on the mass
distribution of the source. The definitions of the mass
multipole moments of bodies are identical to the those in
GR, so for a body, its mass monopole moment is the total
mass, and its mass dipole moment is zero. In contrast, the
scalar multipole moments of bodies lack these special
properties because in their definitions, the integrals are
regulated by a radial function δl, and thus, from Eq. (3.40),
one can verify that the scalar monopole moment of a body

Z
A
ρðt; xÞ sinh ðmsjx − xAjÞ

msjx − xAj d3x≕QAðtÞ ð3:59Þ

is not equal to its total mass, and its scalar dipole moment
does not vanish. Despite this, the scalar multipole moment,
similar to the mass multipole moment, still bears an
important property that all the nonmonopole moments of
an ideal spherical body are zero. In fact, by means of
formula (2.10) and Eq. (3.35), one can find that the angle
integrals in Eqs. (3.55)–(3.58) for l ≥ 1 vanish, which thus
validates the property. Based on this property, if all the
bodies in the system are ideal spheres, the center-of-mass
acceleration of body A only retains the monopole terms,

aAi ¼ −
X
B≠A

GmB

jxA − xBj3 ðx
A − xBÞi

þ G
3

X
B≠A

QA

mA Q
B
∂
A
i

�
e−msjxA−xBj

jxA − xBj
�
: ð3:60Þ

The mass monopole term corresponds to the result in GR,
and if only this term is considered, Eq. (3.60) is equivalent
to that governing the motion of a point body within a
system composed of point sources. In fðRÞ gravity, the
situation is different due to the existence of the scalar
monopole moments. When the system comprises N point
sources, the mass density of body A is given by

ρðt; xÞ ¼ mAδðx − xA0 Þ ð3:61Þ

with xA0 as its position vector. Given that the function δl
satisfies the following property [33,41],

lim
z→0

δlðzÞ ¼ 1; ð3:62Þ

one can prove that the scalar monopole moment of the point
body A is equal to its total mass

QAðtÞ ¼ mA: ð3:63Þ

As a result, in this case, its acceleration is further reduced to

aAi ¼−
X
B≠A

GmB

jxA−xBj3 ðx
A−xBÞiþ

G
3

X
B≠A

mB
∂
A
i

�
e−msjxA−xBj

jxA−xBj
�
:

ð3:64Þ

The comparison of Eqs. (3.64) and (3.60) explicitly
demonstrates that, in fðRÞ gravity, for a system composed
of multiple ideal spheres, the sizes of the bodies play an
essential role in determining their orbital motions. This
stands in contrast to GR, where a spherical body is exactly
equivalent to a point source. It also differs from massless
scalar-tensor theories [31], where the equivalence between
a spherical body and a point source depends on the
definition of the multipole moments. Additionally, other
features of fðRÞ gravity can also be found from Eq. (3.60).
Namely, the equation of motion for a spherical body is
generally time dependent, and its own monopole moment
plays an important role in defining its orbital motion.
Now, let us return to the situation of nonspherical bodies.

To facilitate a convenient analysis of the roles played by the
higher-order multipole moments, the multipole expansion
of the center-of-mass acceleration of body A is recast into a
friendlier form, namely
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aAi ¼ −
X
B≠A

GmB

jxA − xBj3 ðx
A − xBÞi þ G

X
B≠A

X∞
l¼2

1

l!

�
mB

mA M̂
A
Il þ ð−1ÞlM̂B

Il

�
∂
A
iIl

�
1

jxA − xBj
�

þ G
X
B≠A

X∞
l¼2

X∞
l0¼2

ð−1Þl0
l!l0!

1

mA M̂
A
IlM̂

B
Jl0∂

A
iIlJl0

�
1

jxA − xBj
�
þG

3

X
B≠A

QA

mA Q
B
∂
A
i

�
e−msjxA−xBj

jxA − xBj
�

þ G
3

X
B≠A

X∞
l¼1

1

l!

�
QB

mA Q̂
A
Il þ ð−1Þl Q

A

mA Q̂
B
Il

�
∂
A
iIl

�
e−msjxA−xBj

jxA − xBj
�

þ G
3

X
B≠A

X∞
l¼1

X∞
l0¼1

ð−1Þl0
l!l0!

1

mA Q̂
A
IlQ̂

B
Jl0∂

A
iIlJl0

�
e−msjxA−xBj

jxA − xBj
�
; ð3:65Þ

where the sums in the Coulomb-type and Yukawa-type
parts are both divided into terms linear in the nonmonopole
moments and terms involving products of the nonmonopole
moments. Firstly, as implied by the terms involving M̂B

Il and
QAQ̂B

Il=m
A in this equation, the motion of body A is

influenced by the deformation-induced gravitational poten-
tials generated by the other bodies. Secondly, from the
terms involving mBM̂A

Il=m
A and QBQ̂A

Il=m
A, it can be seen

that the motion of body A is also influenced by its own
nonspherical mass distribution coupled to the monopole
potentials caused by other bodies, which suggests that the
size and shape of a body can affect its orbital motion.
Finally, the last lines in the Coulomb-type and Yukawa-
type parts illustrate that the motion of body A is influenced
by the interactions between its own higher-order multipole
moments and those of other bodies. In GR, the leading
effect of this kind comes from a quadrupole-quadrupole
coupling. It should be noted that the emergence of a leading
dipole-dipole interaction, as well as the overall structure of
finite-size effects captured by multipole moments, is
broadly consistent with expectations from an EFT treat-
ment of extended bodies in massless scalar-tensor
theories [31]. Therefore, the presence of dipole effects is
not unique to fðRÞ gravity.
To conclude the discussion of Eq. (3.65), the distinction

regarding the approximation scheme needs to be high-
lighted. In GR, only the Coulomb-type part is kept on the
right side of Eq. (3.65), and since

ðx − xAÞhIliðx0 − xBÞhJl0 i∂AiIlJl0
�

1

jxA − xBj
�

in Eq. (3.51) scales as

1

jxA − xBj2
� jx − xAj
jxA − xBj

�
l
� jx0 − xBj
jxA − xBj

�
l0

ð3:66Þ

and the typical size of each body is far less than the typical
separation between bodies, the mass multipole terms will
get progressively smaller as the orders increase. Therefore,

in this case, the corresponding equation can serve as a
starting point of an approximation scheme for the system,
and thus, the sums can be truncated according to the
required precision. However, this conclusion does not
apply to the result given by Eq. (3.65) in fðRÞ gravity.
For body A, based on Eq. (3.35) and the relationship (3.41)
between δlðzÞ and ilðzÞ, we have

δlðmsjx − xAjÞðx − xAÞhIli
¼ 1

ml
s
δlðmsrÞðmsrÞlN̂Ilðθ;φÞ

¼ ð2lþ 1Þ!!
ml

s
ilðmsjx − xAjÞN̂Ilðθ;φÞ: ð3:67Þ

In order to ensure that the gravitational potential of fðRÞ
gravity presented in Eqs. (3.2)–(3.4) satisfies Solar System
observational constraints, the parameter ms must be taken
sufficiently large. Starting from this condition, by use of the
asymptotic expansion of ilðzÞ given in Eq. (3.39), the
leading-order term of δlðmsjx − xAjÞðx − xAÞhIli is

1

ml
s

emsjx−xAj

2msjx − xAj : ð3:68Þ

Similarly, the leading-order term of δl0 ðmsjx0 − xBjÞ×
ðx0 − xBÞhJl0 i for body B is

1

ml0
s

emsjx0−xBj

2msjx0 − xBj : ð3:69Þ

Besides these, the condition thatms is sufficiently large also
implies that the leading-order term of the multi-index
derivatives of e−msjxA−xBj=jxA − xBj in Eq. (3.52) should be

mlþl0þ1
s

e−msjxA−xBj

jxA − xBj : ð3:70Þ

Combining these three results, the leading-order
contribution of
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δlðmsjx − xAjÞðx − xAÞhIliδl0 ðmsjx0 − xBjÞðx0 − xBÞhJl0 i

× ∂
A
iIlJl0

�
e−msjxA−xBj

jxA − xBj
�

in Eq. (3.52) reads

ms
emsjx−xAj

2msjx − xAj
emsjx0−xBj

2msjx0 − xBj
e−msjxA−xBj

jxA − xBj ; ð3:71Þ

which is independent of the multipole orders l or l0. As a
consequence, it cannot be concluded that the scalar multi-
pole terms in Eq. (3.65) decay systematically with increas-
ing order. This means that, in contrast to the GR case, the
sums appearing in the Yukawa-type part cannot be arbi-
trarily truncated in practical calculations.

IV. CONSERVED QUANTITIES AND SPIN
DYNAMICS IN THE ISOLATED SELF-

GRAVITATING SYSTEM

A. Conserved quantities of the system

According to the initial assumption in the Introduction,
each body within the isolated self-gravitating system is
composed of a perfect fluid, which implies that all the
bodies form a perfect fluid system. Similar to the case in
GR, starting from the Euler’s equation (3.5), many impor-
tant global conservation laws can be established in fðRÞ
gravity at the Newtonian order, and from them, the
conserved quantities such as the total momentum, angular
momentum, and energy can also be provided. In this
subsection, we aim to present the expressions for these
conserved quantities in the isolated self-gravitating system.
By the definition in classical mechanics, the total

momentum of the entire system is given by

P ≔
XN
A¼1

Z
A
ρðt; xÞvðt; xÞd3x ¼

XN
A¼1

mAvA; ð4:1Þ

where the expression for the center-of-mass velocity of a
body is used. As expected, this suggests that the total
momentum of the system is the sum of each body’s center-
of-mass momentum. The conservation of the total momen-
tum of the system can be verified by considering

dP
dt

¼
XN
A¼1

Z
A
ρ
dv
dt

d3x¼
XN
A¼1

Z
A
ρ∇Φd3x−

XN
A¼1

Z
A
∇pd3x

¼G
XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0∇

�
1

jx−x0j
�
d3xd3x0

þG
3

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0∇

�
e−msjx−x0j

jx−x0j
�
d3xd3x0 ¼0: ð4:2Þ

In the first and second steps, the formula (3.12) and the
Euler’s equation (3.5) are applied, whereas in the third step,
Eqs. (3.14) and (3.1)–(3.4) are employed. As to the last
step, it is valid due to the following two identities,

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

∂

∂xi

�
1

jx − x0j
�
d3xd3x0

¼
XN
B¼1

XN
A¼1

Z
B

Z
A
ρ0ρ

∂

∂x0i

�
1

jx0 − xj
�
d3x0d3x

¼ −
XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

∂

∂xi

�
1

jx − x0j
�
d3xd3x0 ð4:3Þ

and

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

∂

∂xi

�
e−msjx−x0j

jx − x0j
�
d3xd3x0

¼
XN
B¼1

XN
A¼1

Z
B

Z
A
ρ0ρ

∂

∂x0i

�
e−msjx0−xj

jx0 − xj
�
d3x0d3x

¼ −
XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

∂

∂xi

�
e−msjx−x0j

jx − x0j
�
d3xd3x0; ð4:4Þ

and the derivation processes of them are similar to those of
Eqs. (3.18) and (3.19). Obviously, even though the gravi-
tational potential produced by all the bodies in the system
under fðRÞ gravity differs from that in GR, since the
function e−msjx−x0j=jx − x0j also depends solely on the
difference between x and x0 the conservation of the total
momentum of the system is still maintained. As a result,
with the help of Eq. (3.11), we can further obtain

XN
A¼1

mAaA ¼ 0; ð4:5Þ

which actually implies that Newton’s third law still holds in
fðRÞ gravity at the Newtonian order. In addition, the
conservation of the total momentum also means that the
barycenter of the system, defined by

X ≔
1

m

XN
A¼1

mAxA with m ≔
XN
A¼1

mA; ð4:6Þ

always moves at a constant velocity, which is exactly the
same as the situation in classical celestial mechanics. It
will be seen that the above property of the function
e−msjx−x0j=jx − x0j also ensures the conservation of the total
angular momentum of the entire system, and we will
demonstrate this conclusion in what follows. By the
conventional definition, the total angular momentum of
the system is defined by
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J ≔
XN
A¼1

Z
A
ρx × vd3x ¼

XN
A¼1

ðLA þ SAÞ ð4:7Þ

with

LA ≔ mAxA × vA; ð4:8Þ

SA ≔
Z
A
ρðx − xAÞ × ðv − vAÞd3x ð4:9Þ

as the orbital and spin angular momenta of body A,
respectively, and their expressions can directly be obtained
by means of the definitions for the center-of-mass velocity
and acceleration of a body. In order to demonstrate that J is
a conserved quantity of the system, we need to write

dJ
dt

¼
XN
A¼1

Z
A
ρx ×

dv
dt

d3x

¼
XN
A¼1

Z
A
ρx × ∇Φd3xþ

XN
A¼1

Z
A
∇ × ðpxÞd3x

¼ G
XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0x ×∇

�
1

jx − x0j
�
d3xd3x0

þG
3

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0x ×∇

�
e−msjx−x0j

jx − x0j
�
d3xd3x0;

ð4:10Þ

where the derivation of each step follows analogously to
that in Eq. (4.2), and especially, it ought to be noted that in
the third step,

Z
A
∇ × ðpxÞd3x ¼

I
∂A
dS × ðpxÞ ¼ 0 ð4:11Þ

is invoked due to the vanishing pressure on the boundary ∂A
of the integration region. Again, based on the aforemen-
tioned property that both 1=jx − x0j and e−msjx−x0j=jx − x0j
depend solely on x − x0, the two integral terms in Eq. (4.10)
are evaluated as

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ϵijkxj

∂

∂xk

�
1

jx−x0j
�
d3xd3x0

¼ 1

2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ϵijkðx−x0Þj

∂

∂xk

�
1

jx−x0j
�
d3xd3x0

¼ 1

2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

ϵijkðx−x0Þjðx−x0Þk
jx−x0j

×
d

djx−x0j
�

1

jx−x0j
�
d3xd3x0

¼ 0 ð4:12Þ

and

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ϵijkxj

∂

∂xk

�
e−msjx−x0j

jx−x0j
�
d3xd3x0

¼ 1

2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ϵijkðx−x0Þj

∂

∂xk

�
e−msjx−x0j

jx−x0j
�
d3xd3x0

¼ 1

2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

ϵijkðx−x0Þjðx−x0Þk
jx−x0j

×
d

djx−x0j
�
e−msjx−x0j

jx−x0j
�
d3xd3x0

¼ 0; ð4:13Þ

and thus, we arrive at the conclusion that dJ=dt ¼ 0.
Equation (4.7) shows that the total angular momentum
of the system is the sum of the orbital and spin angular
momenta for all bodies. However, while the total angular
momentum is conserved, the orbital or spin angular
momentum of each body is not generally conserved.
Normally, the spin angular momentum of a body within
the system will be influenced by the motions of other
bodies, so in practical applications, establishing the equa-
tion of motion for the spin angular momentum of each body
becomes a critical task. In the next subsection, we will
address this issue in detail.
As for the proof of total energy conservation in the

system, it is a bit more involved. As per fluid mechanics,
the total energy E of the entire system is composed of the
kinetic energy

TðtÞ ≔
XN
A¼1

1

2

Z
A
ρv2 d3x; ð4:14Þ

the gravitational potential energy

ΩðtÞ ≔ −
XN
A¼1

1

2

Z
A
ρΦ d3x; ð4:15Þ

and the internal thermodynamic energy

EintðtÞ ≔
XN
A¼1

Z
A
ρΠ d3x; ð4:16Þ

whereΠðt; xÞ is the specific internal energy. The definitions
of the above three types of energies are clear. The kinetic
energy of the system is defined as the sum of the kinetic
energies of all fluid elements within all bodies. In view of
the fact that ρðt; xÞΠðt; xÞ is the density of the internal
thermodynamic energy, the internal thermodynamic energy
of the system is also the sum of the internal energies of all
fluid elements within all bodies. By inserting the expres-
sion for the gravitational potential given in Eqs. (3.1) and
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(3.2), the gravitational potential energy of the system can be
written as

Ω¼−
XN
A¼1

XN
B¼1

1

2

Z
A
ρUBd3x−

XN
A¼1

XN
B¼1

1

2

Z
A
ρYBd3x; ð4:17Þ

which is distinct from the result in the classical celestial
mechanics because of the presence of the second term.
Within the framework of Newtonian fðRÞ gravity, the
validity of this definition for the gravitational potential
energy of the system needs to be ultimately confirmed by
the conservation of the total energy, and now, let us proceed
to the topic. From the above discussions, the total energy of
the system should be

E ≔ TðtÞ þ ΩðtÞ þ EintðtÞ: ð4:18Þ

We begin with the kinetic energy T. By employing the
formula (3.12) and the Euler’s equation (3.5), its time
derivative is

dT
dt

¼
XN
A¼1

Z
A
ρv ·

dv
dt

d3x

¼
XN
A¼1

Z
A
ρv ·∇Φd3xþ

XN
A¼1

Z
A
p∇ · vd3x; ð4:19Þ

where based on Gauss’s theorem and p ¼ 0 on the
boundary ∂A of the integration region, the identity

Z
A
∇ · ðpvÞd3x ¼

I
∂A
pv · dS ¼ 0 ð4:20Þ

is invoked in the last step.After pluggingEqs. (3.1)–(3.4) and
performing the variable swapping (A ↔ B and x ↔ x0), the
first term in Eq. (4.19) can be explicitly expressed as

XN
A¼1

Z
A
ρv ·∇Φd3x

¼G
XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0v ·∇

�
1

jx−x0j
�
d3xd3x0

þG
3

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0v ·∇

�
e−msjx−x0j

jx−x0j
�
d3xd3x0

¼G
XN
B¼1

XN
A¼1

Z
B

Z
A
ρ0ρv0 ·∇0

�
1

jx0−xj
�
d3x0d3x

þG
3

XN
B¼1

XN
A¼1

Z
B

Z
A
ρ0ρv0 ·∇0

�
e−msjx0−xj

jx0−xj
�
d3x0d3x; ð4:21Þ

in which, v0 ≔ vðt; x0Þ and ∇0 is the gradient operator
associated with x0. With this result, the first term in

Eq. (4.19) can be rewritten as follows:

XN
A¼1

Z
A
ρv ·∇Φd3x

¼G
2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ðv ·∇þv0 ·∇0Þ

�
1

jx−x0j
�
d3xd3x0

þG
6

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0ðv ·∇þv0 ·∇0Þ

�
e−msjx−x0j

jx−x0j
�
d3xd3x0:

ð4:22Þ

In the spirit of the convective time derivative [cf. Eq. (3.7)] in
fluid mechanics, there should be

ðv ·∇þ v0 · ∇0Þ
�

1

jx − x0j
�

¼ d
dt

�
1

jx − x0j
�
; ð4:23Þ

ðv ·∇þ v0 · ∇0Þ
�
e−msjx−x0j

jx − x0j
�

¼ d
dt

�
e−msjx−x0j

jx − x0j
�
; ð4:24Þ

which results in that the first term inEq. (4.19) is finally recast
into

XN
A¼1

Z
A
ρv ·∇Φd3x

¼ G
2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

d
dt

�
1

jx − x0j
�
d3xd3x0

þ G
6

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

d
dt

�
e−msjx−x0j

jx − x0j
�
d3xd3x0: ð4:25Þ

The handling of the second term in Eq. (4.19) is simple, and
the continuity equation (3.6) can give us

XN
A¼1

Z
A
p∇ · vd3x ¼ −

XN
A¼1

Z
A

p
ρ

dρ
dt

d3x: ð4:26Þ

The calculations of the time derivatives of the gravitational
potential energy Ω and the internal thermodynamic energy
Eint are direct. By applying formula (3.12) to Eq. (4.17) and
substituting the expressions for the Coulomb-like and
Yukawa-like potentials, we get

dΩ
dt

¼−
G
2

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

d
dt

�
1

jx−x0j
�
d3xd3x0

−
G
6

XN
A¼1

XN
B¼1

Z
A

Z
B
ρρ0

d
dt

�
e−msjx−x0j

jx−x0j
�
d3xd3x0: ð4:27Þ

In Ref. [1], for a fluid system in thermodynamic equilibrium,
the first law of thermodynamics is cast in the following form,
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dΠ ¼ p
ρ2

dρ; ð4:28Þ

and then, if it is assumed that all the bodies in the systemare at
all times in thermal equilibrium, by invoking formula (3.12)
again, the time derivative of the internal thermodynamic
energy is obtained,

dEint

dt
¼

XN
A¼1

Z
A

p
ρ

dρ
dt

d3x: ð4:29Þ

Combining Eqs. (4.19), (4.25), (4.26), (4.27), and (4.29), the
conclusion dE=dt ¼ 0 is derived, which signifies that the
total energy of the system in fðRÞ gravity (at the Newtonian
order) is indeed conserved.
For the isolated self-gravitating system, it is significant

to provide the reasonable expressions for the kinetic energy,
the gravitational potential energy, and the internal thermo-
dynamic energy. The internal kinetic energy of a body in
the system should be defined as the kinetic energy in its
center-of-mass frame, namely,

TA ≔
1

2

Z
A
ρðv − vAÞ2d3x; ð4:30Þ

and then, a simple calculation reveals that the total kinetic
energy of the system can be decomposed into

TðtÞ ¼
XN
A¼1

�
1

2
mAðvAÞ2 þ TA

�
: ð4:31Þ

Furthermore, the internal gravitational potential energy of a
body is given by

ΩA ≔ −
1

2

Z
A
ρΦA d3x ð4:32Þ

and it represents the potential energy due to the gravita-
tional interactions between fluid elements within the body
in fðRÞ gravity. Then, on the basis of the decomposition
(3.15), the total gravitational potential energy of the system
should be written as

Ω ¼
XN
A¼1

�
ΩA −

1

2

Z
A
ρΦ−A d3x

�
; ð4:33Þ

where after inserting Eqs. (3.21)–(3.23), the second term
within the bracket, being the gravitational potential energy
between body A and all other bodies, is expressed as

XN
A¼1

�
−
1

2

Z
A
ρΦ−A

�
¼−

G
2

XN
A¼1

X
B≠A

Z
A

Z
B
ρρ0

1

jx−x0jd
3xd3x0

−
G
6

XN
A¼1

X
B≠A

Z
A

Z
B
ρρ0

e−msjx−x0j

jx−x0j d3xd3x0:

ð4:34Þ

Clearly, the mass distributions of body A and all other
bodies play significant roles in the above gravitational
potential energy, so performing a multipole expansion for
this potential energy is crucial. Given that the multipole
expansions of 1=jx − x0j and e−msjx−x0j=jx − x0j have been
provided in Eqs. (3.47) and (3.48), there is

XN
A¼1

�
−
1

2

Z
A
ρΦ−A

�

¼ −
G
2

XN
A¼1

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

M̂A
IlM̂

B
Jl0 ∂

A
IlJl0

�
1

jxA − xBj
�

−
G
6

XN
A¼1

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

Q̂A
IlQ̂

B
Jl0∂

A
IlJl0

�
e−msjxA−xBj

jxA − xBj
�
:

ð4:35Þ

By definition, the internal thermodynamic energy of a body
is naturally given by

EA
int ≔

Z
A
ρΠd3x; ð4:36Þ

and thus, the internal thermodynamic energy of the system
is therefore the sum of those of all the bodies,

Eint ¼
XN
A¼1

EA
int: ð4:37Þ

With the internal kinetic energy, gravitational potential
energy, and thermodynamic energy of a body, its self-
energy ought to be furnished by

EA ≔ TA þ ΩA þ EA
int; ð4:38Þ

and based on the previous results, we obtain the final
expression for the total energy of the system,

E ¼
XN
A¼1

EA þ
XN
A¼1

1

2
mAðvAÞ2

−
G
2

XN
A¼1

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

M̂A
IlM̂

B
Jl0∂

A
IlJl0

�
1

jxA − xBj
�

−
G
6

XN
A¼1

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

Q̂A
IlQ̂

B
Jl0∂

A
IlJl0

�
e−msjxA−xBj

jxA − xBj
�
:

ð4:39Þ

This expression demonstrates that the total energy of the
system comprises the self-energies, the center-of-mass
kinetic energies, and the mutual interaction potential
energies of all the bodies, which is similar to the case in
GR. However, despite this similarity, both the self-energies
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and the mutual interaction potential energies of the bodies
in Eq. (4.39) differ significantly from their counterparts in
GR due to the distinct gravitational potential produced by a
gravitating source in fðRÞ gravity compared to GR. For the
system, the assumption that the typical size of each body is
far less than the typical separation between bodies implies
that each body can be approximately treated as a self-
gravitating system, so the self-energy of each body remains
approximately conserved, which can also be immediately
verified by following the analogous process outlined in
Eqs. (4.18)–(4.29). In light of this, we shall no longer focus
on the self-energies of bodies. In addition, since the center-

of-mass kinetic energies of bodies are conventionally
defined, our attention will turn to the interaction potential
energies between bodies in what follows. Equation (4.39)
indicates that the interaction potential energies between
different bodies within the framework of fðRÞ gravity
comprise two components: one arising from couplings of
mass multipole moments, and the other resulting from the
couplings of scalar multipole moments. To better illustrate
the roles of the potential energies due to multipole moment
couplings between bodies, as in Eq. (3.65), the above
expression for the total energy of the system is rearranged
as follows,

E¼
XN
A¼1

1

2
mAðvAÞ2−1

2

XN
A¼1

X
B≠A

GmAmB

jxA−xBj−
1

6

XN
A¼1

X
B≠A

GQAQB

jxA−xBje
−msjxA−xBj

−
G
2

XN
A¼1

X
B≠A

X∞
l¼2

1

l!
½ð−1ÞlmAM̂B

Il þ M̂A
Ilm

B�∂AIl
�

1

jxA−xBj
�
−
G
2

XN
A¼1

X
B≠A

X∞
l¼2

X∞
l0¼2

ð−1Þl0
l!l0!

M̂A
IlM̂

B
Jl0 ∂

A
IlJl0

�
1

jxA−xBj
�

−
G
6

XN
A¼1

X
B≠A

X∞
l¼1

1

l!
½ð−1ÞlQAQ̂B

Il þ Q̂A
IlQ

B�∂AIl
�
e−msjxA−xBj

jxA−xBj
�
−
G
6

XN
A¼1

X
B≠A

X∞
l¼1

X∞
l0¼1

ð−1Þl0
l!l0!

Q̂A
Il Q̂

B
Jl0 ∂

A
IlJl0

�
e−msjxA−xBj

jxA−xBj
�
; ð4:40Þ

where the self-energies of bodies have been omitted. As
mentioned previously, all the nonmonopole moments of an
ideal spherical body vanish, which implies that if all bodies
in the system are ideal spheres, the total energy of the
system simplifies to the first line in Eq. (4.40) (the
monopole-monopole potential energy), namely,

E ¼
XN
A¼1

1

2
mAðvAÞ2 − 1

2

XN
A¼1

X
B≠A

GmAmB

jxA − xBj

−
1

6

XN
A¼1

X
B≠A

GQAQB

jxA − xBj e
−msjxA−xBj; ð4:41Þ

where the last term represents the modification to the
familiar expression in classical celestial mechanics under
fðRÞ gravity. A comparison between this result and the
reduced version for a point-body system [cf. Eq. (3.63)]

E ¼
XN
A¼1

1

2
mAðvAÞ2 − 1

2

XN
A¼1

X
B≠A

GmAmB

jxA − xBj

−
1

6

XN
A¼1

X
B≠A

GmAmB

jxA − xBj e
−msjxA−xBj ð4:42Þ

further highlights that for a system composed of multiple
ideal spheres, the sizes of the bodies play a crucial role in
determining the total energy of the system, which is
different from the cases in GR and massless scalar-tensor
theories. In GR, the total energy of a system composed of

ideal spheres is independent of the sizes of the bodies.
However, such a conclusion does not universally hold in
massless scalar-tensor theories, because the structure of
multipole moments in these theories is more subtle, and the
notion of sphericity itself depends on the specific definition
of the multipole moments. Let us return to the system of
nonspherical bodies. The remaining lines in Eq. (4.40)
suggest that apart from the monopole-monopole potential
energy, the total energy of such system is also contributed
by all the monopole-multipole and multipole-multipole
potential energies between different bodies. Since the total
energy of the system in GR can be directly obtained when
all the scalar multipole moments of bodies vanish, from the
remaining lines in Eq. (4.40), it is clear that the monopole-
dipole and dipole-dipole potential energies do not contrib-
ute to the interaction potential energies of bodies in GR.
However, these potential energies are significant in fðRÞ
gravity, as the scalar dipole moments of bodies remain
nonzero. Similar dipole couplings also appear in mass-
less scalar-tensor theories, but there the scalar field is
long-ranged. In fðRÞ gravity, by contrast, the Yukawa
suppression leads to the massive scalar field being short-
ranged. These observations highlight key distinctions
between fðRÞ gravity and both GR and massless scalar-
tensor theories. Finally, from Eq. (4.40), we observe
that the interaction potential energies of bodies depend
on the multi-index derivatives of 1=jxA − xBj and
e−msjxA−xBj=jxA − xBj, and it follows that as the typical
separation jxA − xBj between bodies approaches positive
infinity, these potential energies vanish, which precisely
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captures the essential nature of the interaction potential
energy.

B. Spin dynamics in the system

As previously noted, in an isolated self-gravitating
system, the conservation of total angular momentum
ensures that the combined orbital and spin angular
momenta of all bodies remain invariant. This observation
suggests that the spin angular momentum of an individual
body is not generally conserved due to the interactions with
other bodies within the system. Specifically, in this sub-
section, we intend to analyze the temporal evolution of each
body’s spin angular momentum and establish the associated
equation of motion in fðRÞ gravity at the Newtonian order.
For body A, as in Eq. (4.9), its spin angular momentum is

given by

SAðtÞ ≔
Z
A
ρðt; xÞðx − xAÞ × ðv − vAÞd3x; ð4:43Þ

and by exploiting the formula (3.12) once again, the
differentiation of SA with respect to time is evaluated as

dSA

dt
¼

Z
A
ρðx − xAÞ ×

�
dv
dt

− aA
�
d3x

¼
Z
A
ρðx − xAÞ × dv

dt
d3x

¼
Z
A
ρðx − xAÞ ×∇Φd3x −

Z
A
ðx − xAÞ ×∇pd3x

¼
Z
A
ρðx − xAÞ ×∇Φd3x; ð4:44Þ

where the definitions of the center-of-mass position and
velocity are used in the first and second steps, the Euler’s
equation (3.5) is inserted in the third step, and the following
identity

Z
A
∇× ½pðx−xAÞ�d3x¼

I
∂A
dS× ½pðx−xAÞ� ¼ 0 ð4:45Þ

is invoked in the last step due to the vanishing pressure on
the boundary ∂A of the integration region. By substituting
the decomposition of the gravitational potential given in
Eq. (3.15), the above expression for dSA=dt becomes

dSA

dt
¼

Z
A
ρðx − xAÞ ×∇ΦAd3x

þ
Z
A
ρðx − xAÞ ×∇Φ−Ad3x: ð4:46Þ

Because of Eqs. (3.17) and (3.2)–(3.4), the first term is
simplified to be

Z
A
ρðx − xAÞ ×∇ΦAd3x

¼
Z
A
ρx ×∇ΦAd3x

¼ G
Z
A

Z
A
ρρ0x ×∇

�
1

jx − x0j
�
d3xd3x0

þ G
3

Z
A

Z
A
ρρ0x ×∇

�
e−msjx−x0j

jx − x0j
�
d3xd3x0

¼ 0: ð4:47Þ

The result in the last step is obtained by applying the
derivation technique introduced in Eqs. (4.12) and (4.13).
Thus, the expression for dSA=dt should be

dSA

dt
¼

Z
A
ρðx − xAÞ × ∇Φ−Ad3x; ð4:48Þ

which explicitly suggests that analogous to the case of the
center-of-mass acceleration, the time derivative of SA is
determined solely by the external potential generated by
other bodies in the system. In order to conveniently perform
the multipole expansion for dSA=dt later, we write

dSAi
dt

¼ ϵijk

Z
A
ρðx − xAÞj∂kΦ−Ad3x: ð4:49Þ

Given that the external potential Φ−A can also be decom-
posed into the external Coulomb-like potentialU−A and the
external Yukawa-like potential Y−A, from their expressions
in Eqs. (3.22) and (3.23), we have

dSAi
dt

¼Gϵijk
X
B≠A

Z
A

Z
B
ρρ0ðx−xAÞj

∂

∂xk

�
1

jx−x0j
�
d3xd3x0

þG
3
ϵijk

X
B≠A

Z
A

Z
B
ρρ0ðx−xAÞj

∂

∂xk

�
e−msjx−x0j

jx−x0j
�
d3xd3x0:

ð4:50Þ

The multipole expansions for the spatial derivatives of the
functions 1=jx − x0j and e−msjx−x0j=jx − x0j have been pro-
vided in Eqs. (3.51) and (3.52), so replacing them into the
above two equations yields the multipole expansion for
dSAi =dt,

dSAi
dt

¼ Gϵijk
X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

M̂A
jIlM̂

B
Jl0∂

A
kIlJl0

�
1

jxA − xBj
�

þG
3
ϵijk

X
B≠A

X∞
l¼0

X∞
l0¼0

ð−1Þl0
l!l0!

Z
A
ρðx− xAÞhjIli

× δlðmsjx− xAjÞd3xQ̂B
Jl0∂

A
kIlJl0

�
e−msjxA−xBj

jxA − xBj
�
: ð4:51Þ
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In the above derivations, two critical issues need to be
addressed. One is that there exists

ðx−xAÞjðx−xAÞhIli ¼ ðx−xAÞjhIli ¼ ðx−xAÞhjIli; ð4:52Þ

which holds because when ik ¼ jðk ¼ 1; 2;…lÞ, the
derivative operator ∂AkIlJl0 reduces to ∂

A
kjIl−1Jl0

, and the result
vanishes due to the multiplication by the totally antisym-
metric Levi-Civita tensor ϵijk. Another is the appearance of
the integral

R
A ρðx − xAÞhjIliδlðmsjx − xAjÞd3x, which dif-

fers from the (lþ 1)-order scalar multipole moment of
body A, as defined in Eq. (3.57). Despite this, in view that
the integral still describes the mass distribution of body A, it
should also be identified as some type of multipole
moment. In addition, the structural similarity between this
integral and that one in the definition of scalar multipole
moment strongly implies that the concept of the scalar
multipole moment needs to be extended. To this end, we
define the scalar multipole moments with weight k as

Q̂A½k�
Il

ðtÞ≔
Z
A
ρðt;xÞðx−xAÞhIliδkðmsjx−xAjÞd3x; ð4:53Þ

from which, one can infer that the previous l-order scalar
multipole moment corresponds to the one with weight l.
The introduction of the weighted scalar multipole moment
allows us to recast the multipole expansion of dSAi =dt as

dSAi
dt

¼ Gϵijk
X
B≠A

X∞
l¼0

X∞
l0¼0
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1

jxA − xBj
�

þG
3
ϵijk

X
B≠A

X∞
l¼0
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ð−1Þl0
l!l0!
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jIl

Q̂B½l0�
Jl0

× ∂
A
kIlJl0

�
e−msjxA−xBj

jxA − xBj
�
: ð4:54Þ

As in the case for the center-of-mass acceleration aAi , this
equation shows that the multipole expansion of dSAi =dt
also comprises the Coulomb-type part (corresponding
to the result in GR [1]) and the Yukawa-type part
[representing the modification introduced by fðRÞ gravity].
However, due to the presence of the index j, the products of
multipole moments appearing in the two parts differ from
their counterparts in the multipole expansion of aAi .
Specifically, one can observe that the product of monopole
moments makes no contribution to the motion of SA, which
reflects an obvious distinction between spin and transla-
tional acceleration. To better understand the roles of the
multipole moment products, Eq. (4.54) can be rewritten in a
more accessible form as

dSAi
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¼Gϵijk
X
B≠A

X∞
l¼1

1

l!
M̂A

jIlm
B
∂
A
kIl

�
1

jxA−xBj
�

þGϵijk
X
B≠A

X∞
l¼1

X∞
l0¼2

ð−1Þl0
l!l0!

M̂A
jIlM̂

B
Jl0 ∂

A
kIlJl0

�
1

jxA−xBj
�

þG
3
ϵijk

X
B≠A

X∞
l¼0

1

l!
Q̂A½l�

jIl
QB

∂
A
kIl

�
e−msjxA−xBj

jxA−xBj
�

þG
3
ϵijk

X
B≠A

X∞
l¼0

X∞
l0¼1

ð−1Þl0
l!l0!

Q̂A½l�
jIl

Q̂B½l0�
Jl0
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; ð4:55Þ

where those terms involving the monopole moment of body
B have been isolated, and the conclusion that the mass
dipole moments of bodies vanish is employed. It is shown
that for body A, the lack of mA and QA implies that its own
monopole moments do not affect the motion of SA, whereas

those terms involving M̂A
jIlm

B and Q̂A½l�
jIl

QB reveal that its
higher-order multipole moments can affect the motion of
SA, which is consistent with the inherent properties of the
spin angular momentum. Combined with the result from
Eq. (3.65), this observation highlights that both the size and
shape of a body not only impact its orbital motion but also
significantly influence its spin motion in fðRÞ gravity. The
remaining terms in Eq. (4.55) suggest that the couplings
between the higher-order multipole moments of body A and
those of other bodies can also influence the motion of SA.
Although this is analogous to the case for the center-of-
mass acceleration aA, it should be noted that the scalar
multipole moments involved in the multipole expansions of
SAi and aAi differ, where the definition of those in the
expansion of SAi has been slightly extended as outlined in
Eq. (4.53). Finally, from the terms in the Coulomb-type and
Yukawa-type parts, we recognize that the mass dipole
moment of body A fails to contribute to the motion of SA,
whereas its scalar dipole moment plays a role. While
similar scalar dipole effects are known in the context of
massless scalar-tensor theories (e.g., Ref. [31]), in fðRÞ
gravity these interactions are uniquely governed by the
massive Yukawa sector, a feature that distinguishes it from
both GR and the massless case.
Equation (4.55), being the equation of motion for SA,

describes how the spin angular momentum of each body
evolves over time and thereby determines the behavior of
each spin in fðRÞ gravity at the Newtonian order.
Explicitly, once the mass and scalar multipole moments
of the bodies are specified based on their internal dynamics,
the multipole expansions for the time derivatives of the spin
angular momenta of all the bodies form a complete set of
equations for the spin dynamics of the system.
Consequently, just like Eq. (3.65), this equation could
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serve as the starting point for understanding the spin motion
of the system within fðRÞ gravity.

V. ORBITAL MOTION OF THE
TWO-BODY SYSTEM

In the Universe, the most common many-body system is
the two-body system, and such a typical example is the
binary system ofmain-sequence stars. The application of this
paper’s previous findings to studying the orbital dynamics of
a two-body system is pivotal for testing fðRÞ gravity. Just as
demonstrated in classical celestial mechanics, the orbital
dynamics of a two-body system are often investigated using
the effective one-body approach. To facilitate future appli-
cations, this sectionwill be dedicated to deriving the effective
one-body equation governing a two-body system and estab-
lishing the expression for the total energyof this system in the
Newtonian limit of fðRÞ gravity.
Consider a two-body system consisting of a first body of

massm1 at a position x1 and a second body of mass m2 at a
position x2. According to Eq. (4.6), the barycenter position
of the two-body system is located at

X ≔
1

m
ðm1x1 þm2x2Þ ð5:1Þ

with m ≔ m1 þm2 as the total mass of the system. In the
spirit of the effective one-body approach, the origin of the
coordinate system is chosen to coincide with the bary-
center, and the relative motion between the two bodies
needs to be analyzed. With these requirements, the relative
separation between the bodies can be defined as

x ¼ x1 − x2; ð5:2Þ

and by using the identity

m1x1 þm2x2 ¼ 0; ð5:3Þ
we obtain

x1 ¼ m2

m
x; x2 ¼ −

m1

m
x: ð5:4Þ

These results indicate that once the relative separation x of
the two bodies is given, their orbital motions are fully
determined, and hence, our subsequent focus will turn to
studying the relative motion between them. In the frame-
work of Newtonian fðRÞ gravity (i.e., fðRÞ gravity at the
Newtonian order), the relative velocity and acceleration
between them should be evaluated by

v ≔
dx
dt

¼ v1 − v2; ð5:5Þ

a ≔
dv
dt

¼ a1 − a2; ð5:6Þ

where v1 ¼ dx1=dt and v2 ¼ dx2=dt are their velocities,
and a1 ¼ dv1=dt and a2 ¼ dv2=dt are their accelerations.
Clearly, the relative motion is determined by a, and since
the multipole expansions of a1 and a2 have been provided
in Eq. (3.65), the corresponding expansion for the compo-
nents of a can be derived as

ai ¼ −
Gm
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Q̂1
Il Q̂

2
Jl0∂iIlJl0

�
e−msjxj

jxj
�
: ð5:7Þ

This is exactly the effective one-body equation governing
the relative motion between the two bodies in fðRÞ gravity
at the Newtonian order. It is important to note that in this
equation, μ ≔ m1m2=m is the reduced mass of the two-
body system, xi denotes a component of the relative
separation x, and ∂i ≔ ∂=∂xi. The above derivation relies
on the following two basic facts that

∂
1
i

�
1

jxj
�

¼ −∂2i

�
1

jxj
�

¼ ∂i

�
1

jxj
�
; ð5:8Þ

∂
1
i

�
e−msjxj

jxj
�

¼ −∂2i

�
e−msjxj

jxj
�

¼ ∂i

�
e−msjxj

jxj
�
: ð5:9Þ

From Eqs. (5.4), we find that the velocities of the two
bodies satisfy the identities

v1 ¼ m2

m
v; v2 ¼ −

m1

m
v; ð5:10Þ

and based on them, by applying the facts (5.8) and (5.9)
again, the total energy of the two-body system in fðRÞ
gravity at the Newtonian order can also be derived from
Eq. (4.40), namely,
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E ¼ 1
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Equations (5.7) and (5.11) constitute the basis for
investigating the orbital motion of a two-body system in
fðRÞ gravity. If both the bodies are ideal spheres, all their
higher-order multipole moments vanish, which leads to the
degeneration of Eqs. (5.7) and (5.11) into

ai ¼ −
Gm
jxj3 xi þ

G
3μ

Q1Q2
∂i

�
e−msjxj

jxj
�
; ð5:12Þ

E ¼ 1

2
μv2 −

Gmμ

jxj −
GQ1Q2

3

e−msjxj

jxj : ð5:13Þ

It is not difficult to identify that the above two equations
explicitly yield the modifications to the corresponding
results in GR. Starting from them, one can systematically
explore the unperturbed orbits of two bodies within
Newtonian fðRÞ gravity for systems composed of spherical
bodies. As previously noted, the presence of the scalar
monopole moments in these two equations suggests that the
mass distributions of the bodies play significant roles in
shaping their orbits. Furthermore, when the two bodies are
sufficiently far apart that they can be treated as point
particles, due to Eq. (3.63), Eqs. (5.12) and (5.13) reduce to

ai ¼ −
Gm
jxj3 xi þ

Gm
3

∂i

�
e−msjxj

jxj
�
; ð5:14Þ

E ¼ 1

2
μv2 −

Gmμ

jxj −
Gmμ

3

e−msjxj

jxj : ð5:15Þ

With these equations, we can fully determine the unper-
turbed orbits of a system comprising two point particles,
even when the masses of the bodies are comparable, and
these orbits represent generalizations of their counterparts
(viz. conic sections) in Newtonian gravity. In addition to the
application to spherical bodies, Eqs. (5.7) and (5.11) can
also be effectively utilized in cases where the higher-order
multipole moments of body 1 are negligible. Such a typical
example is a planet orbiting the Sun, where all the higher-
order multipole moments of the planet are approximately
zero. Under this circumstance, Eqs. (5.7) and (5.11) are,

respectively, simplified to be
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Just as in the situation of a planet orbiting the sun, the above
two equations describe a spherical body moving around a
massive central body. By using them within the framework
of Newtonian fðRÞ gravity, one can quantitatively analyze
how the nonspherical mass distribution (e.g., oblateness) of
the central body influences the motion of the spherical
body. Therefore, Eqs. (5.16) and (5.17) are applicable to
analyzing numerous significant phenomena in the Solar
System such as the effect of the solar multipole moment on
the orbit of a planet.

VI. SUMMARY AND DISCUSSIONS

In this paper, the interbody dynamics of an isolated self-
gravitating system comprising N extended fluid bodies are
studied in the Newtonian limit of fðRÞ gravity. In order to
make research results applicable to a wide range of many-
body systems, we consider the system subject to two
assumptions: (i) Each body is composed of a perfect fluid,
and maintains approximate hydrostatic equilibrium; (ii) no
matter is being ejected or accreted by any body, and their
typical sizes are far less than the typical separation between
them. The two assumptions explicitly indicate that the
interbody and intrabody dynamics of the system are largely
decoupled from each other so that the motions of the bodies
are independent of the details of their internal states. This
enables us to describe motions of the bodies using a set of
coarse-grained variables characterizing each body as a
whole, such as mass, center-of-mass position, spin angular
momentum, and multipole moment. In this work, we
successfully establish this coarse-grained description of
the interbody dynamics for the system.
The orbital dynamics of the system are first explored by

performing a multipole analysis on the center-of-mass
accelerations of the bodies, which presents a challenging
and critical issue. As the first task of this paper, we resolve
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the issue and derive the multipole expansion for the center-
of-mass acceleration of each body in the system by
applying the symmetric and trace-free formalism in terms
of irreducible Cartesian tensors [35–38]. The expansion
comprises two components: the Coulomb-type part and the
Yukawa-type part. The former, identical to its counterpart
in GR, is encoded by the products of the mass multipole
moments of the body with those of other bodies, and in
contrast, the latter, representing the modification to the
Coulomb-type part introduced by fðRÞ gravity, is encoded
by the products of the scalar multipole moments of the
body with those of other bodies. The multipole expansions
for the center-of-mass accelerations of all the bodies form
the foundation for understanding the orbital motion of the
system within the framework of fðRÞ gravity because they
provide a complete set of equations of motion for the
bodies once the mass and scalar multipole moments of the
bodies are specified.
From the multipole expansion of each body’s center-of-

mass acceleration, several motion characteristics of the
system can be identified. The monopole terms reveal that in
the system composed of ideal spherical bodies, the pres-
ence of the scalar monopole term leads to the center-of-
mass acceleration of a spherical body differing essentially
from that of a point source. This is a key distinguishing
feature of fðRÞ gravity compared to GR (where spherical
bodies coincide with point sources) and long-range mass-
less scalar-tensor theories [31] (where point-source equiv-
alence depends subtly on the definitions of multipole
moments). This fact underscores that in fðRÞ gravity, it
is the finite range of the massive scalar field that intrinsi-
cally governs the importance of body sizes in determining
orbital motion. Furthermore, the higher-order terms indi-
cate that in the system consisting of bodies exhibiting
nonspherical distributions, each body’s orbital motion is
influenced by three factors: the deformation-induced gravi-
tational potentials generated by other bodies, coupling
between its own nonspherical mass distribution and the
monopole potentials caused by other bodies, and inter-
actions between its own higher-order multipole moments
and those of other bodies. Given that the higher-order mass
and scalar multipole moments of an object are often
employed to characterize its deformation or nonspherical
mass distribution, these three factors suggest that both the
size and shape of the bodies within the system can have
significant impacts on the orbital motion of each body
under fðRÞ gravity. Although these multipole couplings
also exist in GR and massless scalar-tensor theories, in GR
the mass dipole moment vanishes and higher-order mass
multipole terms decay with order. In massless scalar-tensor
theories, the scalar dipole moment is generally nonzero, but
the scalar multipole terms still decay with increasing order.
In contrast, within fðRÞ gravity, the scalar dipole moment is
nonzero, and more importantly, the scalar multipole terms
do not decay with order because of the Yukawa kernel.

Consequently, even if each body’s size is far less than the
typical separation between bodies, the equations of motion
cannot be treated as a starting point of an approximation
scheme in the same way as in GR.
To further explore the orbital dynamics of the system, its

total momentum, energy, and angular momentum are next
investigated. As the second task of this paper, we demon-
strate that these quantities are conserved in fðRÞ gravity at
the Newtonian order, and also provide their expressions in
the coarse-grained description of the system. The derivation
of the expression for the total energy requires careful
treatment because a multipole analysis of the total gravi-
tational potential energy is necessary. To this end, we first
derive the multipole expansion for the total gravitational
potential energy of the system. It is shown that the
interaction energies between different bodies arise from
two types of couplings: one involving mass multipole
moments and the other involving scalar multipole
moments. Building on this finding, the expression for
the total energy of the system is then obtained. The
monopole-monopole potential energy reveals that the total
energy of the system composed of ideal spheres is distinct
from that of the system made up of point sources, which
means that unlike in GR, the sizes of the spherical bodies
make an important contribution to the system’s total energy
in fðRÞ gravity. Apart from the monopole-monopole
potential energy, the system’s energy is also contributed
by all the monopole-multipole and multipole-multipole
potential energies between different bodies. These results
explicitly indicate that the monopole-dipole and dipole-
dipole potential energies are essential for the system’s
energy under fðRÞ gravity, whereas they do not play a role
in GR as the mass dipole moments of bodies are zero.
These multipole couplings also appear in massless scalar-
tensor theories. In those theories, scalar dipole moments are
nonzero, but higher-order scalar multipole terms still decay
with increasing order. In GR, by contrast, mass dipole
moments vanish and higher-order mass terms decay. The
distinctive feature of fðRÞ gravity is that, due to the
Yukawa kernel, scalar multipole terms do not decay with
order, thereby violating the usual power-counting and
truncation scheme.
The conservation of the system’s total angular momen-

tum implies that the spin angular momentum of an
individual body is generally time dependent. This makes
it particularly meaningful to explore the spin dynamics of
the system. As the third task of this paper, we derive the
multipole expansion for time derivative of each body’s spin
angular momentum and provide the corresponding equa-
tion of motion governing its spin behavior in fðRÞ gravity
at the Newtonian order. The expansion also consists of the
Coulomb-type and Yukawa-type parts that arise from the
interactions between the multipole moments of the body
and those of other bodies, which presents the similarity
between spin and translational acceleration. Despite this
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resemblance, the distinctions between them can still be
identified. Firstly, it is shown that the body’s monopole
moments have no effect on its spin’s motion. Secondly, the
definition of the scalar multipole moments involved in the
expansion for the spin angular momentum needs a slight
extension to incorporate the concept of weight
[cf. Eq. (4.53)] compared to the conventional definition
employed in the expansion for the center-of-mass accel-
eration. These observations underscore the intrinsic nature
of the spin angular momentum. With the multipole expan-
sions for all bodies’ spin angular momenta, we lay the
groundwork for understanding spin motion of the system
under fðRÞ gravity.
Within the content of Newtonian fðRÞ gravity, the three

preceding tasks establish the core framework for the coarse-
grained description of interbody dynamics in an isolated
self-gravitating system comprising N extended fluid
bodies. To apply the corresponding findings to studying
the orbital dynamics of a two-body system, as the fourth
task of this paper, we derive the effective one-body
equation governing the relative motion between the two
bodies and the expression for their total energy in fðRÞ
gravity at the Newtonian order. With these results, a variety
of significant astrophysical phenomena can be systemati-
cally addressed within fðRÞ gravity models. For instance,
as demonstrated in previous studies [18,19], the orbital
motion of a test particle moving around a massive point
body is investigated, and our results are able to extend the
study to more general scenarios, specifically arbitrary two-
body systems composed of point masses or spherical
bodies, even when the two bodies’ masses are comparable.
In addition, our results are also applicable to studying how
a massive central body’s oblateness influences an orbiting
sphere’s trajectory via perturbative approach in celestial
mechanics, which is a topic of interest in the many-body
system. In light of this, our results could serve as a
cornerstone for studying numerous important phenomena
in the stellar systems within the context of fðRÞ gravity.
As mentioned earlier, fðRÞ gravity has emerged as a

promising alternative to GR [7]. To systematically test fðRÞ
gravity, it is essential to develop the framework of celestial
mechanics within this theoretical context. The results
presented in this paper provide the foundational ingredients
for constructing this framework in the Newtonian approxi-
mation of fðRÞ gravity. In view of this, one of our
subsequent tasks is to utilize the results of this paper to
analyze various astrophysical phenomena so as to constrain
the model parameters appearing in fðRÞ gravity through
observational data. Furthermore, the natural progression
beyond the present Newtonian description is to formalize a
self-consistent theory of relativistic celestial mechanics
within fðRÞ gravity. The methodologies introduced in this
paper provide a direct pathway toward this goal, which is
essential for establishing a complete post-Newtonian
approximation. The successful construction of such an

approximation will, in turn, enable significantly tighter and
more systematic constraints on the parameters of fðRÞ
gravity. The effective field theory framework, as discussed
in the Introduction, provides a natural tool to systematically
incorporate the massive scalar mode at higher post-
Newtonian orders in this construction. Moreover, while
the present work assumes an isolated system embedded in a
flat background spacetime, extending this framework to a
more realistic cosmological FLRW background (as has
been elegantly demonstrated in scalar-tensor cosmology,
e.g., in Ref. [43]) remains a significant and interesting
avenue for future research. Thus, the results and method-
ologies presented here constitute a critical foundation for
the empirical testing of this alternative theory of gravity.
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APPENDIX: THE WEAK-FIELD AND SLOW-
MOTION APPROXIMATION OF f ðRÞ GRAVITY

In Ref. [32], the metric for the external gravitational field
of a spatially compact-supported source up to 1=c3 order in
fðRÞ gravity is provided in the form of multipole expan-
sion. To prepare for the derivations in Sec. III, we intend to
revisit the WFSM approximation of fðRÞ gravity and
summarize the corresponding results in this appendix.
In fðRÞ gravity, motivated by the Landau-Lifshitz

formulation of GR, the gravitational field amplitude hμν

is defined by

hμν ≔
ffiffiffiffiffiffi
−g

p
gμν − ημν ðA1Þ

with ημν as the Minkowskian metric in a fictitious flat
spacetime. Let hμν be a perturbation, and then, the
linearized gravitational field equations of fðRÞ gravity
can be derived from Eqs. (2.12) and (2.13),

Hμνð1Þ ¼ Rμνð1Þ −
1

2
ημνRð1Þ þ 2aημν□ηRð1Þ − 2a∂μ∂νRð1Þ

¼ κTμν; ðA2Þ

where ∂ρ ≔ ηρσ∂σ , □η ≔ ημν∂μ∂ν, the superscript (1) repre-
sents the linear part of the corresponding quantity, and Tμν is
the energy-momentum tensor of a source living inMinkowski
spacetime. The simplification of the linearized gravitational
field equations relies on the gauge condition [44,45]
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∂μh̃
μν ¼ 0 ðA3Þ

with

h̃μν ≔ hμν þ 2aημνRð1Þ; ðA4Þ

andby imposing it, the linearized gravitational field equations
decouple into

□ηh̃
μν ¼ 2κTμν; ðA5Þ

□ηRð1Þ −m2
sRð1Þ ¼ m2

sκT; ðA6Þ

where

T ≔ ημνTμν; ðA7Þ

m2
s ≔

1

6a
: ðA8Þ

It can easily be seen that by means of the gauge condition
(A3), the linearized gravitational field equations (A2) are
reduced to a manageable set of equations composed of
Eqs. (A5) and (A6). With these results, if a physically
meaningful solution to Eqs. (A5) and (A6) for a source is
found, from Eqs. (A4) and (A8), one can obtain the
gravitational field amplitude hμν by using

hμν ¼ h̃μν −
1

3m2
s
ημνRð1Þ; ðA9Þ

and then, in the weak-field approximation, the metric for the
gravitational field of the source will be provided by [32]

gμν ¼ ημν − h̄μν; ðA10Þ

where

h̄μν ≔ hμν −
1

2
ημνh; h ¼ ημνhμν: ðA11Þ

Equation (A9) shows that the metric is separated into two
distinct components associated with the fields h̃μν and Rð1Þ,
and to study their behaviors, the gauge transformations
satisfied by them should be addressed. One can verify
that under an infinitesimal coordinate transformation
x0μ ¼ xμ þ εμ, the gravitational field amplitude hμν and the
linearized Ricci scalar Rð1Þ satisfy

h0μν ¼ hμν þ ∂
μεν þ ∂

νεμ − ημν∂αε
α; ðA12Þ

R0ð1Þ ¼ Rð1Þ; ðA13Þ

and from them andEq. (A4), the transformation for the tensor
field h̃μν is

h̃0μν ¼ h̃μν þ ∂
μεν þ ∂

νεμ − ημν∂αε
α: ðA14Þ

The observation ofEqs. (A3), (A5), and (A14) reveals that the
field h̃μν exhibits the behavior analogous to the gravitational
field amplitude hμνGR in GR, so it represents the massless
propagation in fðRÞ gravity. Thus, one could conclude that
the introduction of the gauge condition (A3) is primarily
aimed at separating the massless tensor field h̃μν from the
gravitational field amplitude hμν. Regarding the scalar field
Rð1Þ, its behavior is determined by the sign of parameterm2

s in
Eq. (A6). Since Eq. (A6) reduces to the Klein-Gordon (KG)
equation with external source whenm2

s > 0, Rð1Þ in this case
should represent the massive propagation in fðRÞ gravity. As
indicated in Refs. [18,19,46], the scalar field Rð1Þ in this
scenario has significant applications in gravitational physics.
In contrast, solutions to equation (A6)with a negative squared
parametermight also be physically relevant, but they have not
been extensively studied in the literature. In view of this, we
will focus exclusively on the case ofm2

s > 0 to ensure that our
results have practical implications.
Next, in order to derive the gravitational potential in

fðRÞ gravity, Eqs. (A5) and (A6) need to be further
simplified by applying the slow-motion approximation.
Given that the gravitational potential can be read off from
the metric up to 1=c2 order, we assume that the metric
outside a source takes the form

8>><
>>:

g00ðt; xÞ ¼ −1þ 2
c2 Φðt; xÞ;

g0iðt; xÞ ¼ 0;

gijðt; xÞ ¼ δij þ 2
c2 Φijðt; xÞ;

ðA15Þ

where Φðt; xÞ and Φijðt; xÞ are the scalar and tensor
potentials, respectively. As implied in Refs. [1,2], Φðt; xÞ
is just the gravitational potential in fðRÞ gravity. Besides
the metric, it is shown from these references that under the
slow-motion approximation, due to

j∂=∂x0j
j∂=∂xij ∼O

�
1

c

�
; ðA16Þ

there is

□η ¼ −
∂
2

c2∂t2
þ δij

∂
2

∂xi∂xj
≈ δij

∂
2

∂xi∂xj
¼ Δ ðA17Þ

at the leading order, where Oð1=cnÞ (n is an integer)
denotes the “order of smallness” of the corresponding
quantity. Concerning the energy-momentum tensor, its
components up to 1=c2 order fulfill [16,38]

κT00 ∼O

�
1

c2

�
; κT0i ¼ 0; κTij ¼ 0; ðA18Þ
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from which, one could derive

κT ¼ −κT00 ∼O

�
1

c2

�
: ðA19Þ

These results, together with Eq. (A17), suggest that up to
1=c2 order, Eqs. (A5) and (A6) reduce to a Poisson
equation and a screened Poisson equation, namely,

Δh̃μν ¼ 2κTμν; ðA20Þ

ΔRð1Þ −m2
sRð1Þ ¼ m2

sκT: ðA21Þ

These two equations serve as the starting point to derive the
metric for a source in the WFSM approximation within
fðRÞ gravity, and they can be solved by applying the
Green’s function method. The Green’s functions of
Eqs. (A20) and (A21) are

Gtensorðx; x0Þ ¼
1

4πjx − x0j ; ðA22Þ

Gscalarðx; x0Þ ¼
e−msjx−x0j

4πjx − x0j ; ðA23Þ

and they satisfy [39,40]

∇2Gtensorðx; x0Þ ¼ −δ3ðx − x0Þ; ðA24Þ

ð∇2 −m2
s ÞGscalarðx; x0Þ ¼ −δ3ðx − x0Þ: ðA25Þ

Based on the above four equations, the solutions to
Eqs. (A20) and (A21) can be written as

h̃μνðt; xÞ ¼
Z

Gtensorðx; x0Þð−2κTμνðt; x0ÞÞd3x0; ðA26Þ

Rð1Þðt; xÞ ¼
Z

Gscalarðx; x0Þð−m2
sκTðt; x0ÞÞd3x0; ðA27Þ

and by further employing Eqs. (A18) and (A19), they can
be rewritten as

8>><
>>:

h̃00ðt; xÞ ¼ − 4G
c2
R T00ðt;x0Þ

c2jx−x0j d
3x0;

h̃0iðt; xÞ ¼ 0;

h̃ijðt; xÞ ¼ 0

ðA28Þ

and

Rð1Þðt; xÞ ¼ 2Gm2
s

c2

Z
T00ðt; x0Þe−msjx−x0j

c2jx − x0j d3x0: ðA29Þ

To present the metric in a neat form, the Coulomb-like and
Yukawa-like potentials are defined,

Uðt; xÞ ¼ G
Z

T00ðt; x0Þ
c2jx − x0j d

3x0; ðA30Þ

Yðt; xÞ ¼ G
3

Z
T00ðt; x0Þe−msjx−x0j

c2jx − x0j d3x0 ðA31Þ

and then, there are

h̃00ðt; xÞ ¼ −
4Uðt; xÞ

c2
; ðA32Þ

Rð1Þðt; xÞ ¼ 6m2
sYðt; xÞ
c2

: ðA33Þ

Thus, with them, from Eq. (A9), the gravitational field
amplitude hμν and its trace are expressed as

8>><
>>:

h00ðt; xÞ ¼ − 4Uðt;xÞ
c2 þ 2Yðt;xÞ

c2 ;

h0iðt; xÞ ¼ 0;

hijðt; xÞ ¼ −δij 2Yðt;xÞc2

ðA34Þ

and

hðt; xÞ ¼ 4Uðt; xÞ
c2

−
8Yðt; xÞ

c2
: ðA35Þ

After substituting the above results in Eqs. (A10) and
(A11), we finally achieve the metric, presented in the form
of Eq. (A15), for the external gravitational field of the
source, where the scalar and tensor potentials Φðt; xÞ and
Φijðt; xÞ are, respectively,

Φðt; xÞ ¼ Uðt; xÞ þ Yðt; xÞ; ðA36Þ

Φijðt; xÞ ¼ δij½Uðt; xÞ − Yðt; xÞ�: ðA37Þ

The above two equations explicitly demonstrate that the
temporal and spatial components of the metric are governed
by two distinct scalar potentials, namely U þ Y and U − Y,
respectively. This unequal treatment of spatial and temporal
metric perturbations is a well-known hallmark of the weak-
field limit in metric fðRÞ and scalar-tensor gravity, as has
been extensively discussed in the literature for general or
pointlike sources [27–29]. Our results explicitly realize and
generalize this classical feature for extended bodies.
Obviously, when fðRÞ ¼ R, Eqs. (2.13) and (A8) imply
that ms → þ∞, which results in that the Yukawa-like
potential Yðt; xÞ goes to zero. Consequently, the scalar
and tensor potentials Φðt; xÞ and Φijðt; xÞ reduce to

ΦGRðt; xÞ ¼ Uðt; xÞ; ðA38Þ

ΦGR
ij ðt; xÞ ¼ δijUðt; xÞ; ðA39Þ
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and the corresponding metric in this case recovers the one in GR. Equations (A15)–(A37) constitute the most fundamental
ingredient of the WFSM approximation framework for fðRÞ gravity, and within this framework, people can readily obtain
the metric for the gravitational field of a spatially compact-supported source up to 1=c2 order.
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