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We present results of field-level inference of the baryon acoustic oscillation (BAO) scale rs on rest-frame
dark matter halo catalogs. Our field-level constraint on rs is obtained by explicitly sampling the initial
conditions along with the bias and noise parameters via the LEFTfield EFT-based forward model.
Comparing with a standard reconstruction pipeline applied to the same data and over the same scales, the
field-level constraint on the BAO scale improves by a factor of ∼1.2–1.4 over standard BAO reconstruction.
We point to a surprisingly simple source of additional information.
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Introduction. The baryon acoustic oscillation (BAO) feature
is currently one of the prime science targets of galaxy
redshift surveys. This feature is so important because it
allows us to measure the distance-redshift relation dAðzÞ as
well as the Hubble rate HðzÞ as a function of redshift, thus
probing the evolution of dark energy, as well as the mass of
neutrinos. The unique large-scale oscillatory pattern of the
BAO feature (of order 100 Mpc in comoving units) allows
for these robust measurements by avoiding significant
degeneracies with other cosmological parameters, as well
as the bias parameters describing the relation between
galaxies and matter on large scales. Conversely, the broad-
band shape of galaxy clustering as a function of scale probes
the evolution of the growth of structure in the Universe, as
well as the above-mentioned bias parameters. Importantly,
the BAO scale measurement is strictly relative to rs, the
sound horizon at the baryon drag epoch, which is well
constrained assuming standard early-Universe evolution,
but could bemodified in the presence of early dark energy or
additional relativistic degrees of freedom before recombi-
nation. So, keeping the late-time expansion history con-
strained, one can turn the BAO scale measurement around
into a constraint on rs and thus early-Universe physics. The
potential of BAOmeasurements is highlighted by the recent
DESI DR2 measurements, demonstrating distance con-
straints relative to rs at the level of 0.5%–1% [1].

While the BAO feature, thanks to its shape and large-
scale nature, is largely preserved in the late-time galaxy
distribution, it is both damped and slightly shifted by the
nonlinear evolution of large-scale structure. In particular,
the large-scale displacements of matter and galaxies under
gravity essentially smooth out the feature. The damping
effect leads to a loss in the statistical precision of the BAO
measurement from galaxy clustering, because it reduces the
contrast of the feature. Moreover, the small systematic shift
induced in the inferred scale is no longer negligible given
the substantial volume covered by current galaxy surveys.
In order to deal with these issues, the current state of the

art is to perform a so-called BAO reconstruction, where the
large-scale displacements responsible for the BAO damping
and shift are estimated from the galaxy distribution itself
[2–4]. Then, the observed galaxy positions aremoved by the
opposite of the estimated displacement, thus attempting to
reverse the damping effect on the BAO feature. Finally, the
BAO scale is estimated from the power spectrum of the
galaxy density field measured in terms of the displaced
positions. The detailed algorithm is described in Sec. B in
Supplemental Material (SM) [5]. While elegant and easy to
implement, the standard BAO reconstruction approach
suffers from several drawbacks. First, the displacement
estimate is necessarily based on assumptions of a fiducial
cosmology and a value for the linear galaxy bias parameter.
Second, standard BAO reconstruction does not remove the
effects of nonlinear galaxy formation (nonlinear bias),
which, as we will see, also play a role in the precision of
the BAO scale measurement. Finally, the displacement is
estimated from the galaxy density field only at linear order
(Zel’dovich approximation); improvements on this approxi-
mation have been suggested in the literature [6–17], but so
far have not been applied to large redshift surveys.
Here, we present an alternative approach toBAO inference

that addresses all of these shortcomings: field-level Bayesian
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inference (FLI). This approach jointly estimates the BAO
scale, large-scale displacements, and bias parameters in a
consistent Bayesian framework, by explicitly sampling the
initial conditions, i.e., the linear matter density field δð1ÞðkÞ,
where theBAOfeature is imprinted.More precisely, theBAO
scale enters the inference via the structure of the prior on the
initial conditions, which is determined by the linear power
spectrum PLðkjrsÞ which depends on rs [Eqs. (3) and (4)].
The accuracy of theBAO inference is then limited only by the
accuracy of the forward model for the observed galaxy
density field, δg½δð1Þ� (the results presented herewill be in fact
on simulated dark matter halo catalogs). The latter is in
fact likely to be the key challenge for field-level inference
[18–20]: sincewe cannot simulate realistic galaxy catalogs in
a cosmological volume, and certainly not at a computational
cost that would allow for field-level inference, model
misspecification is inherent in any forward model, and the
robustness of the results against such misspecification must
be validated. Unlike the standard reconstruction approach,
field-level inference uses the entire available dataset, and a
field-level inference of the BAO scale that is robust to model
misspecification is a nontrivial demand.
The forward model employed here, LEFTfield [21], is

based on a Lagrangian formulation of the effective field
theory (EFT) of large-scale structure [22–24]. This model
incorporates the dependence of the galaxy density on all
local observables of a comoving observer, while enforcing
Einstein’s equivalence principle, which ensures that matter
and galaxies comove on large scales [25]. Indeed, this
fact allows for the inference of large-scale displacements,
and thus is the basis also for the standard BAO
reconstruction. Unlike the model employed in standard
BAO reconstruction, our forward model includes all con-
tributions up to third order in perturbation theory, and is able
to predict the halo density field accurately up to wave
numbers of k ∼ 0.2 hMpc−1 [26–29].
We should highlight previous studies that performed

field-level inference of distances from large-scale structure.
Reference [30] presented an inference of cosmology via
Alcock-Paczyński distortions on mock data generated from
the forward model, demonstrating substantial improvement
over the power spectrum without reconstruction. Recently,
Ref. [31] demonstrated field-level BAO-scale inference
using LEFTfield on mock catalogs generated by the EFT
model at a higher scale than used in the inference, showing
robustness to model mismatch.
Here, we demonstrate for the first time that the model can

successfully perform field-level inference of the BAO scale
on fully nonlinear tracers: dark matter halos in N-body
simulations. Given that our forward model is agnostic to the
details of the tracer considered—and based only on the
equivalence principle—we expect that our results general-
ize to actual galaxies as well (see [32,33] for field-level
results on simulated galaxies) [5].

Data. We consider two halo samples. The SNG sample con-
sists of main halos in the log10M200m ¼ 12.5–14.0 h−1M⊙
mass range, identified with the ROCKSTAR halo finder [34]
at redshift z ¼ 0.50 in an N-body, gravity-only simulation.
This sample has a mean comoving number density of
n̄ ¼ 1.3 × 10−3 ðh−1 MpcÞ−3. The simulation assumes a
flat Lambda cold dark matter (ΛCDM) cosmology, encom-
passes a comoving volume L3 ¼ ð2000 h−1MpcÞ3 and
containsNparticle ¼ 15363 particles of massMparticle ¼ 1.8 ×
1011 h−1M⊙ [27]. The second, Uchuu halo sample, consists
of main halos in the log10M200m ¼ 12.0–13.5 h−1M⊙ mass
range, identified with ROCKSTAR at redshift z ¼ 1.03
(n̄¼3.6×10−3 ðh−1MpcÞ−3) in the Uchuu simulation [35],
which assumes a different flat ΛCDM cosmology. This
simulation spans the same volume L3 ¼ ð2000 h−1MpcÞ3
while offering a much higher mass resolution, Nparticle ¼
128003 particles of mass Mparticle ¼ 3.27 × 108 h−1M⊙.
Notice that the initial conditions for the Uchuu simulations
were not available to the authors. Throughout, the model is
evaluated at the fixed redshift of the respective sample, and
we drop time and redshift arguments for clarity in the
following.

Field-level EFT of biased tracers. The EFT of large-scale
structure provides a perturbative framework within which
the galaxy or halo density field δg can be systematically
expanded, order by order in perturbations, as

δg½δð1Þ�ðkÞ ¼
X
O

bOO½δð1Þ�ðkÞ þ ϵðkÞ: ð1Þ

At each given order, there is a finite number of galaxy
bias operators O½δð1Þ�, each associated with a coeffici-
ent bO. This includes bδδ½δð1Þ�ðkÞ, where δ½δð1Þ� is the
forward-evolved matter density, which is the well-known
linear relation that is employed in the standard BAO
reconstruction. Notably, Eq. (1) includes several additional
nonlinear bias terms, namely the complete set of six bias
operators at second and third order; see Sec. A1 (SM) [5]
for the detailed description. Note that the EFT counterterms
for matter itself are a subset of the bias terms and hence
already included in Eq. (1). The bias operators are jointly
computed with the nonlinear evolution, for which we adopt
second-order Lagrangian perturbation theory (2LPT).
The second term on the rhs of Eq. (1) is the stochastic

contribution encapsulating the random nature of small-
scale fluctuations and the discrete nature of galaxies. These
are described by the noise field ϵ, which to leading order is
Gaussian with rms

σϵðkÞ ¼ σϵ;0½1þ σϵ;k2k
2�; ð2Þ

where the subleading contribution ∝ k2 captures the finite
extent of galaxy-forming regions.
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Field-level forward model. We forward model the bias
fields O in Eq. (1) starting from Gaussian initial conditions
parametrized via a unit Gaussian random field ŝ ∼N ð0; 1Þ,
discretized on a grid of size Ngrid. The linear density field is
related to ŝ by

δð1Þðk; zjrsÞ ¼ fðk; rsÞ
�
N3

grid

L3
Pfid
L ðk; zÞ

�1=2
ŝðkÞ; ð3Þ

where L is the simulation box side length, Ngrid is the size
of the initial conditions grid, and Pfid

L ðk; zÞ is the linear
power spectrum in the fiducial (simulation) cosmology. We
implement a change in the BAO scale rs via the function
fðk; rsÞ defined by

fðk; rsÞ ¼
T2
BAOðkjrsÞ

T2
BAOðkjrs;fidÞ

;

T2
BAOðkjrsÞ ¼ 1þ A sinðkrs þ ϕÞ expð−k=kDÞ; ð4Þ

where rs;fid is the comoving sound horizon in the fiducial
cosmology (see Sec. A2 (SM) [5] for how we determine the
value of rs;fid and of the transfer function parameters A, ϕ
and kD). Thus, unlike what is done in BAO scale inferences
on actual data, where the angular diameter distance to a
given redshift is varied, we instead vary the BAO scale in
the linear density field. We adopt this approach, since it
enables a change in the BAO scale while retaining
the periodic boundary conditions within the simulation
volume, which is a significant technical simplification.
We stress that the exact same approach for varying the
BAO scale is used in both the field-level and standard
reconstruction analyses; thus the comparison is consistent,
and we expect it to be an accurate indicator for what would
be obtained when varying the distance instead.
Our forward model employs the Lagrangian, EFT-based

forward model of cosmological density fields, LEFTfield
[21]. Following the EFT principle, LEFTfield evolves all
cosmological (plus auxiliary) fields up to a finite EFT cutoff
Λ [24,26,36]. Specifically, we implement a cubic sharp-k
filter on the initial conditions. LEFTfield computes both
O ¼ OðŝÞ and ∂O=∂ŝ, the latter of which is essential for the
Hamiltonian Monte Carlo technique employed. We refer to
[20,21,26,29] for details on the implementation and vali-
dation. The forward model adopted here corresponds to the
third-order Lagrangian bias forward model presented as
alternative in Supplemental Material of [37], where compa-
rable posteriors on the parameter σ8 were reported from both
Eulerian and Lagrangian bias expansions. The Lagrangian
bias expansion avoids an additional cut on the evolved
density field, yielding improved numerical convergence
properties [29], and thus is preferred.

Field-level BAO inference. In the field-level Bayesian
inference pipeline, we evaluate and sample from an explicit
field-level likelihood LFLI. Following [38], our analyses

assume Gaussianity of galaxy stochasticity and analytically
marginalize over ϵ. This leads to a Gaussian log-likelihood
for an observed galaxy field δobsg of the following form
[36,39]:

LFLIðδobsg jŝ; rs; fbOg; fσϵ;igÞ ¼ −
1

2

Xjkj<kmax

k≠0

�
ln 2πσ2ϵðkÞ

þ 1

σ2ϵðkÞ
����δobsg ðkÞ −

X
O

bOO½ŝ; rs�ðkÞ
����
2
�
: ð5Þ

The
Pjkj<kmax

k≠0 amounts to a spherical sharp-k filter which
only includes Fourier modes of the data up to kmax. We also
exclude the k ¼ 0mode, as it is degenerate with the effective
mean density of the sample. For the analyses presented here,
we mostly adopt kmax ¼ Λ (we will also discuss results with
Λ > kmax), but note that the initial conditions filterΛ is cubic
and thus includesmodes up to

ffiffiffi
3

p
Λ. We expand

P
O bOO to

third order in the galaxy bias operators O, and further
analytically marginalize over all bias coefficients except
bδ (this is possible thanks to the simple dependence of Eq. (5)
on the bO [40]) assuming weakly informative Gaussian
priors (see Sec. C (SM) [5]).
The final explicitly sampled FLI parameter space

consists of frs; fŝg; bδ; σϵ;0; σϵ;k2g, where ŝ is a three-
dimensional grid of size N3

grid. To explore this high-
dimensional posterior, following [20,41], we employ
two Monte Carlo Markov chain sampling methods:
Hamiltonian Monte Carlo [42] for fŝg—leveraging the
differentiability of the LEFTfield forward models—and
slice sampling [43] for frs; bδ; σϵ;0; σϵ;k2g. The posterior
validation, effective sample size, and correlation lengths
are presented in Sec. D (SM) [5].

BAO inference from the postreconstruction power
spectrum. For comparison and benchmarking, we aim to
replicate a standard BAO reconstruction pipeline, taking
care not to include modes beyond the cutoff scale kmax
considered in the FLI analysis. For this purpose, we assign
the tracer catalog to a density grid using the same grid
resolution and assignment scheme used in the FLI analysis.
We then filter the assigned tracer density with a Gaussian
filter on the scale R ¼ Λ−1 before estimating the displace-
ment. After reassigning the tracer positions to their estimated
Lagrangian positions, we evaluate the postreconstruction
power spectrumPp-recðkÞ up to the same scale kmax ¼ Λ used
in the FLI. We fit a model including a broadband part
parametrized with five free parameters, and obtain the
best-fit and error bar on rs via Monte Carlo sampling using
a Gaussian power spectrum likelihood. The details are
described in Sec. B (SM) [5].
We note that we fix the linear bias b1 in the displacement

estimation, and any uncertainty on b1 is not propagated into
the error on rs. Further, the power spectrum likelihood
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assumes a Gaussian covariance, and as such ignores any
additional correlations induced by mode coupling (this
approximation has been validated for DESI in Ref. [44]). In
contrast, both of these sources of uncertainty are incorpo-
rated in the posterior on rs obtained in the FLI analysis. In
[31] we have validated both analyses on mock data, and
showed that standard reconstruction and FLI agree where
they should, namely in the case of a linearly biased tracer of
the 1LPT (Zel’dovich) density field with fixed linear bias.

Results. Our main results are shown in Fig. 1, where we
show, as a function of the maximum wave number included
in the analysis, the inferred posterior mean and RMS for rs
relative to the fiducial value rs;fid. Unbiased inference thus
corresponds to a value consistent with 1. While the standard
reconstruction approach yields unbiased BAO constraints,
FLI yields slightly biased results for the two higher cutoffs in
the SNGsample. This bias can be traced back to our choice of
Λ ¼ kmax. To ensure that the EFT bias terms can completely
absorb the Λ dependence of the model, one should ideally
choose Λ ≫ kmax [45,46], which however is numerically
costly.We have subsequently performed inferences choosing
Λ ¼ ð3=2Þkmax for the SNG sample. The results (Fig. 1)
indicate that this choice removes the systematic shift in rs
[47]. FLI results for the higher-redshiftUchuu sample show a
smaller systematic bias, which we expect will likewise be
improved when increasing Λ=kmax.
In Fig. 1 we also indicate the ratio of the 68% CL error on

rs between the postreconstruction power spectrum analysis
and the FLI result. Despite taking fully into account the
reconstruction uncertainties and marginalizing over all EFT
bias terms, FLI generally improves over the BAO scale
uncertainty in the standard reconstruction analysis, for both
halo samples, by 10%–40%. The only exception is the
intermediate cutoff for the SNG sample, where FLI is also
most significantly biased. This data point should be revisited
with the Λ > kmax inference in the future. Notice that the
absolute error bars depend sensitively on kmax, and current
analyses typically use larger kmax values than presented here.
However, we expect our conclusions to continue to hold, or
become even stronger, at higher kmax (see [37]), provided we
remain within the range of validity of the EFT approach.

Where does the additional information come from? The
information gain demonstrated in Fig. 1 can have several
causes. We investigate this analytically by considering the
limit of infinitely informative (zero-noise) data following
[46,48]. Section E (SM) [5] derives the Fisher informa-
tion on the BAO scale in both FLI and reconstruction
approaches in this simplified setting. The result is

FFLI
rsrs ¼ −

�
∂
2

∂r2s
lnPFLI½fbOg; rsjδg�

����
rs;fid

�
¼ 1

2

XΛ
k

1

½PLðkjrs;fidÞ�2
�
∂PLðkjrs;fidÞ

∂rs;fid

	
2

; ð6Þ

Frec−PðkÞ
rsrs ¼ −

�
∂
2

∂r2s
lnPrec−PðkÞ½rsjδg�

����
rs;fid

�
¼ 1

2

XΛ
k

1

½Pp-recðkjrs;fidÞ�2
�
∂Pp-recðkjrsÞ

∂rs

	
2

: ð7Þ

Comparing Eqs. (7) and (6) we can identify the follow-
ing factors that contribute to increased information on the
BAO scale at the field level:

(1) Improved reconstruction quality: in FLI, the inferred
initial density field δ−1g;det½δg; fbOg� is a representative
sample from the Gaussian distribution characterized

FIG. 1. Inferred BAO scale using FLI (blue circles) and
postreconstruction power spectrum (orange boxes) as a function
of kmax. The upper panel shows results for the SNG halo sample,
while the lower shows the Uchuu halo sample. We also indicate
the ratio in BAO scale uncertainties from both methods; FLI
increases the BAO scale precision by 10%–40%, with the
exception of the intermediate cutoff in the SNG case. The blue
stars show FLI results using the same scales of the data, but with
increased Λ (see text for discussion).
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by the linear power spectrum PLðkjrsÞ, provided that
the forward model correctly describes the data on the
range of scales considered. The inferred initial
density field thus carries the full BAO information
encoded in ð∂PL=∂rsÞ2. On the other hand, in the
standard reconstruction-based analysis, this is re-
placed by ð∂Pp-rec=∂rsÞ2, which could be suppressed
relative to ∂PL=∂rs, for example because the 1LPT-
based reconstruction does not restore the BAO
wiggles as well as the 2LPT forward model em-
ployed in FLI. To test this, we have also performed
an inference with the 1LPT forward model for
matter, keeping all aspects of the forward model
including the bias expansion the same. This case
yields very similar constraints on rs as the fiducial
inference using the 2LPT forward model, which
indicates that reconstruction quality is not the
dominant effect on the scales considered here.

(2) Reduced variance: the variance of each mode in the
FLI is controlled by PLðkjrsÞ. This is illustrated by
the maximum a posteriori (MAP) sample of the
initial conditions in the FLI analysis shown in Fig. 2,
which differs from the denominator PL;no-wiggle only
via the BAO oscillations. On the other hand, the
variance in the standard reconstruction analysis is
determined by Pp-recðkjrsÞ. Since the standard
reconstruction approach only reverts large-scale
displacements, Pp-rec is not close to PL, but has a
substantially increased broadband part due to con-
tributions from nonlinear evolution and nonlinear
bias (notice that the linear bias drops out of the zero-
noise Fisher information in both cases). This broad-
band contribution is clearly visible in Fig. 2 (shown
there for the SNG sample; the corresponding figure
for the Uchuu sample is shown in Sec. D (SM) [5]).
In fact, this increased variance, estimated from Fig. 2,
can by itself explain at least a significant part of the
observed information gain. The non-Gaussian con-
tributions to the covariance of Pp-rec neglected in
Eq. (7) generally work in the same direction.

The simplified Fisher analysis above did not consider that the
BAO feature in the postreconstruction power spectrum is
extracted via template fitting. The additional free parameters
in the template can in principle further reduce the information
over that in Eq. (7). Figure 1 in SM [5] indicates that this
should not be a dramatic degradation, but could be noticeable
at the ∼10% level. One might wonder then if it is possible
to improve the standard BAO reconstruction to also remove
the broadband contribution, i.e. to make Pp-rec as close as
possible to PL. However, this is not easy to do, since the
broadband shape arises fromnonlinearmode coupling across
a broad range of scales due to both nonlinear evolution and
nonlinear bias. It would thus not only require a full inverse
model of galaxy clustering, but also information on the
nonlinear bias parameters. FLI on theother hand jointly infers

the higher-order bias parameters (essentially using higher-
order n-point functions of the data [46]) with the BAO scale,
so that the power spectrum of the inferred initial density field
is indeed very close to PLðkjrsÞ (Fig. 2). This conclusion is
also supported by the test on linearly biased 1LPT mocks
presented in [31].

Summary and discussion. Field-level inference of the BAO
scale is the unique method that allows for a consistent
inference of cosmological distances and parameters while
reaping the benefits of BAO reconstruction. As such, it is
worth pursuing even if it yields comparable error bars to
standard reconstruction approaches, which keep cosmo-
logical parameters in the reconstruction step fixed. Here,
we have presented the first field-level BAO inference on
fully nonlinear tracers. We have found that, compared to a
standard BAO reconstruction pipeline using the same scales
of the data, an improvement on the BAO uncertainty by up
to 40% is achievable. The more accurate forward model
employed in FLI enables several sources of information
gain. The likely dominating factor for our results here is the
incorporation of nonlinear bias (coupled with nonlinear
evolution), which is responsible for a significant contribu-
tion to the postreconstruction broadband power spectrum
and hence error bar.
In this context, it is worth discussing the assumption

of a fixed broadband linear power spectrum shape in the
analysis here, which, it should be stressed, is assumed
consistently in both FLI and reconstruction analyses. In an
application to real data, one would exploit the fact that the
FLI analysis implements a consistent Bayesian inference

FIG. 2. Ratio of the pre- and postreconstruction halo power
spectrum of the SNG sample to the smooth, “no-wiggle” part of
the linear power spectrum multiplied by the best-fit b21. The BAO
feature is enhanced postreconstruction, but there is a significant
broadband enhancement over the linear power spectrum. On the
other hand, FLI reconstructs the linear density field and thus
“measures” the BAO scale without a broadband enhancement.
This is illustrated by the power spectrum of the maximum
a posteriori initial conditions sample from one of the SNG
FLI chains (green dotted).
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framework, and would thus jointly vary all cosmological
parameters that describe the linear power spectrum as well
as the distance-redshift relation in the analysis. Such an
inference would consistently combine BAO, broadband,
and growth-of-structure information.
One important constraint of the EFT-based FLI analysis

is that it is restricted to perturbative scales. On the other
hand, standard BAO analyses often fit the BAO feature to
smaller, nonlinear scales, which are no longer under
perturbative control. Still, we stress that we have not yet
fully exploited the range of scales accessible to the
perturbative treatment in the results presented here, espe-
cially at redshifts z≳ 1. Moreover, when pushing to smaller
yet perturbative scales, the improved BAO sharpening due
to the higher-order gravity forward model could lead to
additional improvements. It would further be interesting to
validate our analysis on simulated galaxy, rather than halo
catalogs. Even more importantly, the inclusion of redshift-
space distortions following [49] is not only essential for the

application to real data, but could lead to further gains of
field-level BAO constraints over standard reconstruction.
We will pursue this in upcoming work.
Our postprocessing pipeline is empowered by ROOT,

pyROOT, GetDist, NUMPY, EMCEE, and MATPLOTLIB.
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