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Institute of Particle and Nuclear Physics, Faculty of Mathematics and Physics, Charles University,

V Holešovičkách 2, 180 00 Prague 8, Czech Republic

(Received 12 August 2025; accepted 9 January 2026; published 12 February 2026)

Using a variety of experimental results and lattice QCD calculations of ππ scattering lengths, while
employing dispersive representations of the amplitude based on Roy equations, we compute the
subthreshold parameters of this process. We use Monte Carlo sampling to numerically model the probability
distribution of the results based on all uncertainties in the inputs. We also investigate the dependence of the
results on a theoretical correlation between the ππ scattering lengths a00 and a20, which was previously
established in the framework of two-flavor χPT.
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I. INTRODUCTION

The ππ scattering amplitude can be constructed as a
general solution of unitarity, analyticity, and crossing sym-
metry up to and includingOðp6Þ by employing the so-called
reconstruction theorem [1,2]

Aππðs; t; uÞ ¼
αππ
3F2

π
M2

π þ
βππ
3F2

π
ð3s − 4M2

πÞ þ
λ1
F4
π
ðs − 2M2

πÞ2

þ λ2
F4
π
½ðt − 2MπÞ2 þ ðu − 2MπÞ2�

þ λ3
F6
π
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þ λ4
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π
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þ K̄ðsjt; uÞ þO

�
p8

Λ8
H

�
; ð1Þ

where K̄ðsjt; uÞ contains unitarity corrections, the explicit
form of which can be found in Appendix A. The coefficients
αππ , βππ , λ1…λ4 are called subthreshold parameters.
Such a representation of the amplitude is useful because

good convergence of αππ and βππ is expected within the
framework of 3-flavor chiral perturbation theory (χPT) [3].
As shown in [4], the sum of next-to-next-leading order
(NNLO) and all higher orders, written in a convenient form
of the chiral expansion of these parameters, is proportional to

δNNLOαππ ∼OðmudmsÞ; ð2Þ

δNNLOβππ
∼OðmudmsÞ; ð3Þ

instead of Oðm2
sÞ, as is generally expected in SUð3Þ χPT.

Here, mud denotes the average mass of the u and d quarks.
This feature was used by Descotes-Genon et al. [4] in an

effort to restrict the values of three-flavor χPT low-energy
constants (LECs) at the leading order. The analysis utilized
the extraction of the subthreshold parameters by Descotes
et al. (DFGS) [5], which was based on values of ππ
scattering lengths obtained primarily from experimental
data by the BNL-E865 Collaboration [6],

αππ ¼ 1.381� 0.242;

βππ ¼ 1.081� 0.02300 ðglobal fitÞ: ð4Þ

In comparison, the values of both parameters at leading
order (LO) are equal to one,

αLOππ ¼ 1; βLOππ ¼ 1; ð5Þ

which suggests a rather sizeable correction at next-to-
leading order (NLO) for αππ. This leads to a suppressed
pion mass at the leading order in the analysis by Descotes-
Genon et al. [4],

Yð3Þ ¼ ðMLO
π Þ2
M2

π
∼ 0; ð6Þ

although with a large uncertainty rooted in the substantial
error in the value of αππ (4). The square of the ratio of the
leading-order pion mass and its physical value is connected
to the leading-order LEC B0
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Yð3Þ ¼ 2B0mud

M2
π

: ð7Þ

On the other hand, Colangelo, Gasser, and Leutwyler
(CGL) [7] obtained a significantly lower estimate of αππ in
the framework of two-flavor χPT,

αππ ¼ 1.08� 0.07; βππ ¼ 1.12� 0.01: ð8Þ

Furthermore, a combined analysis by Kolesár and
Novotný [8] concluded that η → 3π data is in tension with
the results of DFGS [5]. In particular, the source of this
tension is the value of αππ (4)—they considered this value
suspicious in their investigation, as it prefers a very low
value for the chiral condensate and thus Yð3Þ, which is not
very consistent with current expectations from two-loop
χPT fits [9]. For comparison, the result they obtained for
Yð3Þ purely from the η → 3π data was the following:

Yð3Þ ¼ 1.44� 0.32: ð9Þ

The paper [8] concluded that a more precise determination
of the value of the ππ subthreshold parameters, especially
for αππ, is needed.
In fact, more recent information on the values of ππ

scattering lengths is available. In this paper, we will take
advantage of the experimental data published by the
NA48=2 Collaboration [10], which extracted the scattering
lengths from the Ke4 decay and K → 3π cusp measure-
ments. We will also employ the “Best values” fit-to-data
quoted by Pelaez et al. [11], which uses the parametrization
originally developed by Garcia-Martin et al. (GKPRY) [12].
In addition, the scattering lengths have also been calcu-

lated by several lattice QCD groups, e.g., ETM [13,14],
RBC/UKQCD [15], Mai et al. [16], Fu, Wang [17], and
others [18–20]. In the following, wewill utilize the results by
the ETM and RBC/UKQCD collaborations.
The goal of the paper is to extract the values of the

subthreshold parameters from the recent data on the scatter-
ing lengths discussed above. This is achieved by employing
dispersive representations of the amplitude based on Roy
equations [5,21], following the analysis by the NA48=2
experiment [10]. In the process, we also obtain new values of
coefficients b̄i, used in an alternative representation of the ππ
scattering amplitude [22,23]. In our analysis, we numerically
generate a large statistical ensemble in order to describe
probability distributions, including various inputs and all
uncertainties. Our best estimate combines both experimental
and lattice QCD inputs.
In addition, we investigate the dependence of the results

on a theoretical correlation between the ππ scattering lengths
a00 and a

2
0, employed by both the CGL analysis and the main

result by the NA48/2 Collaboration (model C), which can be
established in the framework of two-flavor χPT and requires
a phenomenological determination of the scalar radius of the
pion [24]. This correlation could be a potential source of a

1σ discrepancy in the scattering lengths, as discussed by
DFGS [5], also visible in the values of αππ mentioned above.
The paper is structured as follows. Section II introduces

the ππ scattering amplitude. Section III outlines the pro-
cedure, which employs the solutions of the Roy equations in
order to obtain the values of the subthreshold parameters and
the coefficients b̄i from the data on the scattering lengths. A
detailed description of our inputs is then provided in Sec. IV,
while Sec. V contains results and discussion. Finally, Sec. VI
summarizes the paper. Some of the explicit formulas and
tables containing numerical inputs are postponed to the
Appendixes.

II. ππ SCATTERING AMPLITUDE

Elastic scattering of ππ in the isospin limit, with the
EM interactions neglected, can be described by an ampli-
tude Aππðs; t; uÞ (for more details, see ACGL [21])

hπd4ðp4Þπc3ðp3Þjπa1ðp1Þπb2ðp2Þi
¼ δfi þ ð2πÞ4iδð4ÞðPf − PiÞ·
· ½δabδcdAππðs; t; uÞ þ δacδbdAππðt; u; sÞ
þ δadδbcAππðu; s; tÞ�: ð10Þ

with the s-channel isospin components defined as

T0ðs; tÞ ¼ 3Aππðs; t; uÞ þ Aππðt; u; sÞ þ Aππðu; s; tÞ; ð11Þ

T1ðs; tÞ ¼ Aππðt; u; sÞ − Aππðu; s; tÞ; ð12Þ

T2ðs; tÞ ¼ Aππðt; u; sÞ þ Aππðu; s; tÞ: ð13Þ

The partial-wave decomposition can be introduced in the
following way

TIðs; tÞ ¼ 32π
X
l

ð2lþ 1ÞPl

�
1þ 2t

s − 4M2
π

�
tIlðsÞ; ð14Þ

tIlðsÞ ¼
1

2iσðsÞ ðη
I
lðsÞe2iδ

I
l ðsÞ − 1Þ; ð15Þ

RetIlðsÞ ¼ q2lðaIl þ bIlq
2 þ cIlq

4 þ � � �Þ; ð16Þ

σðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
π

s

r
; ð17Þ

where q ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4M2

π

p
.

According to the Roy equations [25], which are a conse-
quence of analyticity, unitarity, crossing symmetry, and
asymptotic bounds, it is possible to represent the low-energy
ππ amplitude in terms of only two subtraction constants in a
suitable kinematical range (

ffiffiffi
s

p
<

ffiffiffiffiffi
s0

p ¼ 800 MeV). These
can be identified as the scattering lengths a00 and a20
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Aππðs; t; uÞ ¼ 16πa20 þ
4π

3M2
π
ð2a00 − 5a20Þsþ Pðs; t; uÞ

þ 32π

�
1

3
W̄0ðsÞ þ 3

2
ðs − uÞW̄1ðtÞ

þ 3

2
ðs − tÞW̄1ðuÞ þ 1

2
W̄2ðuÞ þ 1

2
W̄2ðuÞ

−
1

3
W̄2ðsÞ

�
þOðp8Þ: ð18Þ

The dispersion integrals are defined as

W̄0ðsÞ ¼ s4

π

Z
∞

4M2
π

Im t00ðs0Þ
s04ðs0 − sÞ ds

0; ð19Þ

W̄1ðsÞ ¼ s3

π

Z
∞

4M2
π

Im t11ðs0Þ
s03ðs0 −M2

πÞðs0 − sÞ ds
0; ð20Þ

W̄2ðsÞ ¼ s4

π

Z
∞

4M2
π

Im t02ðs0Þ
s04ðs0 − sÞ ds

0 ð21Þ

and the crossing symmetry polynomial Pðs; t; uÞ is

Pðs; t; uÞ ¼ p1 þ p2sþ p3s2 þ p4ðt − uÞ2 þ p5s3

þ p6sðt − uÞ2: ð22Þ

The coefficients pi can be expressed as

p1 ¼ −128πM4
πðĪ10 þ Ī20 þ 2M2

π Ī11 þ 2M2
π Ī21 þ 8M4

π Ī22Þ;

p2 ¼
−64πM2

π

3
ð2Ī00 − 6Ī10 − Ī20 − 15M2

=piĪ
1
1 − 3M2

π Ī21 − 36M4
π Ī22 þ 6M2

πHÞ;

p3 ¼
8π

3
ð4Ī00 − 9Ī10 − Ī20 − 16M2

π Ī01 − 42M2
π Ī11 þ 22M2

π Ī21 − 72M4
π Ī22 þ 24M2

πHÞ;
p4 ¼ 8πð4Ī10 þ Ī20 þ 2M2

π Ī11 þ 2M2
π Ī21 − 24M4

π Ī22Þ;

p5 ¼
4π

3
ð8Ī01 þ 9Ī11 − 11Ī21 − 32M2

π Ī02 þ 44M2
π Ī22 − 6HÞ;

p6 ¼ 4πðĪ11 − 3Ī21 þ 12M2
π Ī22 þ 2HÞ; ð23Þ

with the moments ĪIn and H being

ĪIn ¼
X∞
l¼0

2lþ 1

π

Z
∞

4M2
π

Im tIlðsÞ
snþ2ðs − 4M2

πÞ
ds; ð24Þ

H ¼
X∞
l¼2

ð2lþ 1Þlðlþ 1Þ
π

Z
∞

4M2
π

2 Im t0l ðsÞ þ 4 Im t2l ðsÞ
9s3ðs − 4M2

πÞ
ds:

ð25Þ

Following ACGL [21] and CGL [7], we decompose the
amplitude

Aππðs; t; uÞ ¼ ASP
ππ ðs; t; uÞ þ Ad

ππðs; t; uÞ; ð26Þ

where ASP
ππ ðs; t; uÞ describes the contributions generated

by the imaginary parts of the S and P waves belowffiffiffiffiffi
s2

p ¼ 2 GeV and Ad
ππðs; t; uÞ contains higher energies as

well as higher partial waves.

Corresponding to (26), the moments are split

Ī0n ¼ J0n þ I0n; Ī1n ¼ 3J1n þ I1n; Ī2n ¼ J2n þ I2n;

J0n ¼
1

π

Z
s2

4M2
π

Im t00ðsÞ
snþ2ðs − 4M2

πÞ
ds;

J1n ¼
1

π

Z
s2

4M2
π

Im t11ðsÞ
snþ2ðs − 4M2

πÞ
ds;

J2n ¼
1

π

Z
s2

4M2
π

Im t20ðsÞ
snþ2ðs − 4M2

πÞ
ds;

IIn ¼
X∞
l¼2

2lþ 1

π

Z
s2

4M2
π

Im tIlðsÞ
snþ2ðs − 4M2

πÞ
ds

þ
X∞
l¼0

2lþ 1

π

Z
∞

s2

Im tIlðsÞ
snþ2ðs − 4M2

πÞ
ds; ð27Þ

where the partial-wave amplitudes may be expressed in
terms of phase shifts δIlðsÞ

tIlðsÞ ¼
1

σðsÞ e
iδIl ðsÞ sinðδIlðsÞÞ: ð28Þ

We will compute JIn explicitly, using solutions of Roy
equations by ACGL [21] and DFGS [5], while we will use
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the numerical estimates for the moments of the background
amplitude IIn and H from ACGL [21].
These numerical solutions to the Roy equations ([5,21])

employ the so-called Schenk parametrization

tanðδIlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
π

s

r
q2lðAI

l þ BI
lq

2 þ CI
lq

4 þDI
lq

6Þ

×
4M2

π − sIl
s − sIl

; ð29Þ

where AI
l ; B

I
l ; C

I
l ; D

I
l ; s

I
l are the Schenk parameters, which

are approximated by a third-degree polynomial in scatter-
ing lengths. Using A0

0 as an example

A0
0 ¼ z1 þ z2vþ z4u2 þ z5v2 þ z6uvþ z7u3 þ z8u2v

þ z9uv2 þ z10v3; ð30Þ
where u and v are

u ¼ a00
p0

− 1 v ¼ a20
p2

− 1; ð31Þ

p0 ¼ 0.225 p2 ¼ −0.03706: ð32Þ
The extended solution by DFGS [5] also considers

the Schenk parameters to be explicitly dependent on
the uncertainty in the phase shift at the matching pointffiffiffiffiffi
s0

p ¼ 800 MeV, such that

zj ¼ aj þ δθ0bj þ δθ1cj ð33Þ
with

δθ0 ¼ θ0 − 82.3° θ0 ¼ 82.3°� 3.4°; ð34Þ

δθ1 ¼ θ1 − 108.9° θ1 ¼ 110.4°� 0.7°; ð35Þ
where for θ1 we use the improved determination by [26].
The values for θ0 and θ1 are compatible within uncer-
tainties with fits-to-data of the phase shifts in [11,12,27].
In this approach, the parameters s00, s

1
1 and s

2
0 are fixed by

the boundary conditions

δ00ðs0Þ≡ θ0; ð36Þ

δ11ðs0Þ≡ θ1; ð37Þ

δ20ðs0Þ≡ θ2; ð38Þ
instead of being given by fixed values, as in ACGL [21].
Here, θ2ða00; a20; θ0; θ1Þ is parametrized analogously to the
Schenk parameters by Eqs. (30) and (33). The explicit
solutions can be found in Appendix B.
This framework uniquely fixes the three relevant phase

shifts at low energies in terms of the two scattering lengths
a00 and a

2
0, and experimental data above s0. This allows for a

model-independent determination of the scattering lengths
from the phase shifts at energies s < s0, within the so-
called universal band allowed by the high-energy con-
straints [21]. Conversely, information about the two S-wave
scattering lengths makes it possible to determine any other
low-energy ππ scattering observable, for example, the
subthreshold parameters, the subject of interest in this
article.
The phenomenological representation introduced above

was used, for the purpose of extracting the scattering
lengths, by the NA48=2 Collaboration [10], which is our
main experimental input. As will be discussed later, our
calculations in this article will primarily use the extended
solution by DFGS [5].
It should be noted that a large amount of work regarding

the ππ scattering amplitude is available in the literature
[11,12,27–34]. As an example, Caprini et al. [29] adopted
Regge parametrization in order to describe the ππ ampli-
tude at higher energies. Cao et al. [33] extended the Roy
equations using unphysical pion masses. Pelaez et al. [27]
provide a global parametrization valid up to 2 GeV, while
Pelaez et al. [11] extend the parametrization to higher
partial waves. Recently, Guerrieri et al. [34] have claimed
to obtain the scattering lengths with high precision using a
bootstrap fit of the ππ scattering amplitude, but the work
has not been fully published yet.
One can ask if employing a more advanced representa-

tion, such as the one from [11], might not be advantageous
in our case in addition to directly using the results from the
NA48=2 Collaboration [10]. Such an application would be
very straightforward if it were possible to interpret the
subthreshold representation as an expansion of the ampli-
tude at a specific kinematic point under threshold.
Unfortunately, this is not really the case, as can be seen
from the definition (1). It would be necessary to develop a
matching of (1) to the considered extended representation,
which is beyond the scope of our current article. What we
can do, however, is to utilize the available matching of the
phenomenological and subthreshold representations, dis-
cussed in the following section, and use imaginary parts of
the partial waves and the extracted scattering lengths as
inputs. We will take the “Best values” fit quoted in [11],
which uses the parametrization originally developed by
Garcia-Martin et al. (GKPRY) [12] (CFD—constrained fit
to data).

III. EXTRACTION OF SUBTHRESHOLD
PARAMETERS FROM SCATTERING LENGTHS

As discussed in the Introduction, the amplitude can also
be constructed as a general solution of unitarity, analyticity,
and crossing symmetry [2,35]. Hence, the subthreshold
parameters αππ, βππ , λ1…λ4 can be introduced [2], which
we would like to extract from data for the scattering lengths.
Therefore, a way to relate the subthreshold representation (1)
with the phenomenological one (18) is needed.
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For this reason, we will briefly mention the chiral representation [7], utilizing coefficients ci (defined by the relations in
Appendix D), and b̄i representation, introduced by Bijnens et al. [22] and formulated as follows:

Aππðs; t; uÞ ¼
M2

π

F2
π
ðs − 1Þ þM4

π

F4
π
ðb̄1 þ b̄2sþ b̄3s2 þ b̄4ðt − uÞ2Þ þM4

π

F4
π
ðFð1ÞðsÞ þGð1Þðs; tÞ þ Gð1Þðs; uÞÞ

þM6
π

F6
π
ðb̄5s3 þ b̄6sðt − uÞ2Þ þM6

π

F6
π
ðFð2ÞðsÞ þGð2Þðs; tÞ þ Gð2Þðs; uÞÞ þO

��
M2

π

F2
π

�
4
�
; ð39Þ

where the nonpolynomial part can be found in Appendix C. This representation was used in the context of calculating two-
loop corrections to ππ scattering within two-flavor χPT [23].
The subthreshold parameters can be related to the b̄i–representation as [7]

αππ ¼ 1þ ξð3b̄1 þ 4b̄2 þ 4b̄3 − 4b̄4Þ −
11

36
π2ξ2 −

152

9
ξ2;

βππ ¼ 1þ ξðb̄2 þ 4b̄3 − 4b̄4Þ þ 4ξ2ð3b̄5 − b̄6Þ −
13

72
π2ξ2 þ 152

9
ξ2;

Nλ1 ¼ b̄3 − b̄4 þ 2ξð3b̄5 − b̄6Þ þ
π2

48
ξþ 38

3
ξ;

Nλ2 ¼ 2b̄4 −
1

3
ξ; N2λ3 ¼ b̄5 −

1

3
b̄6 þ

82

27
; N2λ4 ¼ −

4

3
b̄6 −

14

27
; ð40Þ

where ξ ¼ ð Mπ
4πFπ

Þ2 and N ¼ 16π2.
To calculate αππ , βππ and λi from known values of scattering lengths, we first need to compute the moments ĪIl in Eq. (27).

Then we obtain pi’s from the phenomenological representation using Eqs. (23) and transform them into ci’s from the chiral
representation by employing (D1) (see Appendix D). In the next step, we use the inverse of the formula (D2) to transform ci
into b̄i’s and subsequently into the subthreshold parameters using (40).
The procedure, adopted from DFGS [5], can be outlined as follows:

a00 and a
2
0 from exp :=lattice dataþ solutions to the Roy equations

↓

phase shifts

↓

imaginary parts of partial wave amplitudes

↓

moments of background amplitude ðĪji 0sÞ
↓

phenomenological representation ðpi’sÞ
↓

chiral representation ðci’sÞ
↓

b̄i’s

↓

αππ; βππ and λi:

We implement the procedure numerically, with all uncertainties being modeled by Monte Carlo sampling. We generate
105 entries for the inputs a00, a

2
0, θ0, θ1, Fπ , and the background moments IIn andH. The tiny experimental error in the value

of the pion mass is neglected. The procedure is followed for all entries from each set and we thus obtain a statistical
ensemble of values for the parameters b̄i, αππ, βππ , and λi, capturing the final uncertainty generated from the inputs.
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IV. DATA ON ππ SCATTERING LENGTHS

As mentioned in the Introduction, our inputs come from
experimental data and lattice QCD calculations. For the
experimental part, we will use the main result by the
NA48=2 Collaboration (model C) [10], which obtained
the scattering lengths by combining measurements of the
Ke4 decay and the cusp in K → 3π. Model C relies on a
correlation between a00 and a

2
0, which is based on the relation

between the scalar pion radius and the scattering lengths
[7,24],

a20 ¼ −0.0444þ 0.236ða00 − 0.22Þ − 0.61ða00 − 0.22Þ2
− 9.9ða00 − 0.22Þ3 � 0.0008: ð41Þ

This constraint can be established in the framework of
two-flavor χPT, which requires a phenomenological deter-
mination of the scalar radius of the pion [7]

hr2is ¼ 0.61� 0.04 fm2: ð42Þ

In addition, we will utilize the imaginary parts of the
partial waves and the scattering lengths extracted by
GKPRY [12], as discussed in Sec. II. This work developed
a representation of the ππ scattering amplitude up to
1.4 GeV. They fitted it to a range of experimental data,
including the phase shifts at low energies measured by the
NA48=2 Collaboration in the Ke4 decay mentioned above.
As our procedure explicitly depends on the scattering
lengths (see (D1), we have chosen the “Best values” fit,
because it has the smallest uncertainties for the scattering
lengths, as evaluated by [11].
Regarding the lattice QCD inputs, we will use the most

recent calculation by the RBC/UKQCD group [15] and
results by the ETM Collaboration [13,14]. The ETM
calculation of a20 [14] is highly rated by the Flavor
Lattice Averaging Group [36] and has a low associated
error bar. However, it has been argued [37] that ETM’s
twisted-mass lattice QCD calculations may have a large
systematic error in the case of a00, unaccounted for in the
paper [13].
We will also try to reproduce the results cited by CGL

[7], calculated in the framework of two-flavor χPT, and
DFGS [5], based primarily on phase shift data from the
BNL-E865 Collaboration. Table I contains all the published
data on the scattering lengths discussed above.
As can be seen, the systematic uncertainty in the case of

the ETM calculation of a20 [14] is highly asymmetric. In the
following, we modeled the combined distribution including
both the statistical and systematic uncertainties as a skewed
normal distribution with location μ ¼ −0.04420, scale
σ ¼ 0.00045, and shape α ¼ 2. This is numerically very
close to a combination of a normal distribution with mean
μ ¼ −0.0442 and standard deviation σ ¼ 0.0002, describ-
ing the statistical error, and a half-normal distribution with

σ ¼ 0.0004, corresponding to the reported systematic
uncertainty.
The articles [5,7] discuss the importance of the

assumption (41). The CGL paper [7] explicitly relies on
it, while DFGS [5] employ three different fits. The one
listed in Table I is the so-called “extended” fit, which is
based on the extended solution discussed in Sec. II and
does not use the assumption (41). The authors considered
their “global” fit as the main result, but this does not take
into account the uncertainty in the phase shifts at the
matching point s0. Furthermore, for comparison purposes,
the authors also developed a “scalar” fit, which employs
the CGL correlation (41).
One of the objectives of our paper is to test the sensitivity

of the results on the assumption (41). It should be stressed
that the numerical solutions to the Roy equations that we
employ in this paper [5,21] are not dependent on this
correlation, which is based on the determination of the
scalar radius of the pion. Therefore, we utilized the
independent determination of a20 by ETM [14] in addition
to the experimental measurement by the NA48=2
Collaboration. While it would be straightforward to use
the published S0-wave phase shifts from the Ke4 decay by
NA48=2, our aim is to take advantage of the enhanced
precision of the combined Ke4 and K → 3π cusp results,
which are only available for the scattering lengths. That is
the reason why we have to infer values of phase shifts at low
energies as an intermediary step.
Our procedure is the following: we used the measured

scattering lengths by NA48=2 (model C) to reconstruct
the phase shift δ00 at energies s ¼ f4.2; 5; 6; 7; 8gM2

π

(104 random generated entries for each energy) using the
ACGL Schenk parametrization (Appendix B). This low-
energy region of center-of-mass system energies (2Mπ–
400 MeV) is below the matching point s0 and corresponds
to the range probed in the Ke4 measurement by NA48/2.
Then Eq. (29) is solved for each of the entries using the
ETM distribution for a20 as input, thus obtaining an
ensemble of a00 values, now independent of the correlation
(41). The obtained statistical ensemble has the following
distribution

TABLE I. Inputs for scattering lengths used in this article in
comparison with CGL and DFGS. The values for DFGS are for
their extended fit, which includes input values for the phase shifts
θ0, θ1 at the matching point and a correlation matrix. Explicit
values can be found in [5].

a00 a20
NA48/2 [10] (model C) 0.2196� 0.0034 Eq. (41)
GKPRY [12] (Best values) 0.220� 0.008 −0.042� 0.004
RBC/UKQCD [15] 0.218� 0.034 −0.0477� 0.0048
ETM collaboration [13,14] 0.198� 0.011 −0.0442ð2Þðþ4

−0Þ
CGL [7] 0.220� 0.005 Eq. (41)
DFGS [5] (Extended fit) 0.228� 0.013 −0.0380� 0.0044

MARIÁN KOLESÁR and JAROSLAV ŘÍHA PHYS. REV. D 113, 034015 (2026)

034015-6



a00 ¼ 0.2203ð28Þ; a20 ¼ −0.0439ð3Þ;
ρ ¼ 0.13 ðNA48=2þ ETM refitÞ ð43Þ

a20 is shown as symmetric here for the sake of simplicity,
but the ensemble has the asymmetric distribution, as
described above.
Due to the aforementioned associated systematic error in

the ETM calculation of a00, we also use a combination of
the ETM input for a20 and the CGL correlation (44) as an
additional option,

a00 ¼ 0.2223ð37Þ; a20 ¼ −0.0439ð3Þ;
ρ ¼ 0.37 ðETMþ CGL corr:Þ: ð44Þ

In this paper, we use input from PDG [38] for the pion
decay constant,

Fπ ¼
1ffiffiffi
2

p ð130.56� 0.14Þ MeV: ð45Þ

As for the momentH, we use the value from ACGL [21],

H ¼ 0.32� 0.02 GeV−6:

V. RESULTS

Following the procedure outlined in Sec. III, we prepared
a numerical ensemble of 105 entries for the inputs a00, a

2
0,

θ0, θ1, Fπ and the background moments IIn and H. We first
calculated the phase shifts δ00, δ

1
1 and δ

2
0 using Eq. (29). The

dependence of the phase shifts and the imaginary parts of
the corresponding partial wave amplitude on energy is
illustrated in Fig. 1.
The procedure is slightly different in the case of employ-

ing the inputs by GKPRY [12]. In this case, we directly
calculate the imaginary parts of the partial wave amplitudes
from their representation, as given in [12].

Next, we perform the integrations in (27) numerically and
obtain the moments Ījk. Figure 2 showcases the dependence
of one of the moments on the scattering lengths. One can
observe a difference between the quadratic interpolation
used by CGL [7] and the explicit numerical integration that
we used. However, the difference in the physical region is
minimal.
Having calculated Ījk, we compute pi’s from Eqs. (23)

and match this representation with the chiral representation
(for more details see Appendix D). Finally, we get the
statistical ensemble of values for the b̄i coefficients and the
subthreshold parameters using Eq. (40).
For comparison purposes, we tried to reproduce the

results from CGL [21] and DFGS [5], using our method-
ology with their published inputs. In order to take into
account the uncertainty in the phase shifts at the matching
point s0, we used the extended solution as discussed in
Sec. II. Although we were unable to get an exact match, our
results were in general agreement with a few exceptions—
we obtained somewhat larger error bars for b̄1 in the case of
CGL and for b̄4 and λ2 in the case of DFGS.
Our results for the inputs in Table I can be found in

Table II. As can be seen, the obtained values are compatible
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FIG. 1. Illustration of reconstructed phase shifts and imaginary parts of the partial-wave amplitudes at a00 ¼ 0.2196, a20 ¼ −0.0444,
using the ACGL solution [21]. Blue—t00, orange—t11, green—t20.

FIG. 2. Moment Ī10: comparison of our numerical integration
and CGL’s [7] quadratic interpolation as a function of the
scattering lengths.
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with the two-flavor χPT predictions of CGL and, in the case
of NA48=2 and ETM, the uncertainties are competitive.
The error bars are significantly reduced for some of the
parameters in comparison with the DFGS extended fit. In
particular, this is the case for b̄1 and αππ , for which we can
also exclude the large mean values suggested by DFGS.
Although compatible, the results based on the GKPRY

CFD inputs exhibit larger uncertainties for the majority of
the parameters compared to the NA48=2 case. This can be
explained by the larger error bars in their determination of
the scattering lengths, as can be observed in Table I. The
NA48=2 Collaboration measured the threshold parameters
with unique precision using the experimental combination
of Ke4 decay and K → 3π cusp measurements, and the
theoretical constraint (41). As follows from their analysis
[10], results based solely on the phase shifts extracted from
the Ke4 decay do not seem to achieve such accuracy.
It should also be noted that the results of the scalar fit by

DFGS are much more compatible with our main results and

with the results by CGL. One might ask whether the
differences between the mean values of b̄1 and αππ in the
DFGS extended (and global) fit and their scalar fit, the CGL
results, and our NA48=2 results are caused by the CGL
correlation assumption (41) or whether they are driven by
the BNL-E865 data. Our ETM results, independent of (41),
would suggest that it is the latter, but as was previously
discussed, they might be potentially plagued by a large
systematic uncertainty stemming from the ETM calculation
of a00.
Therefore, we can turn to our NA48=2þ ETM refit (43)

in order to dispense with the assumption (41). In addition,
we can employ the combination of ETMþ CGL correla-
tion (44) to get a result independent of both the NA48=2
and BNL-E865 data, as well as the uncertain ETM
calculation of a00. The obtained values are listed in Table III.
As can be seen, our results are highly compatible with

each other, although we effectively removed the CGL
correlation (41) from the NA48=2þ ETM refit. Both of

TABLE II. Comparison of our results with literature.

NA48/2 GKPRY CFD RBC/UKQCD ETM DFGS [5] CGL [7]

b̄1 −12.30� 1.88 −8.49� 6.12 −17.77� 8.26 −10.58� 0.66 −1.51� 7.01 −12.4� 1.6
b̄2 11.21� 0.67 9.92� 3.33 12.72� 6.78 6.82� 2.09 8.93� 1.62 11.8� 0.6
b̄3 −0.26� 0.06 −0.35� 0.06 −0.23� 0.15 −0.34� 0.06 −0.36� 0.07 −0.33� 0.07
b̄4 0.73� 0.01 0.73� 0.02 0.75� 0.06 0.69� 0.02 0.71� 0.01 0.74� 0.01
b̄5 3.67� 0.42 3.75� 0.73 4.09� 1.45 2.88� 0.49 3.21� 0.44 3.58� 0.37
b̄6 2.31� 0.03 2.27� 0.16 2.38� 0.28 2.13� 0.08 2.2� 0.08 2.35� 0.02

αππ 1.053� 0.071 1.139� 0.167 0.905� 0.366 0.872� 0.107 1.384� 0.267 1.08� 0.07
βππ 1.115� 0.008 1.092� 0.047 1.139� 0.105 1.048� 0.032 1.077� 0.025 1.12� 0.01
ραβ −0.16 −0.14 0.56 0.97 −0.23

10−3λ1 −3.51� 0.66 −4.01� 0.71 −3.18� 1.35 −4.11� 0.63 −4.18� 0.63
10−3λ2 9.20� 0.11 9.24� 0.22 9.43� 0.81 8.65� 0.26 8.96� 0.12
10−4λ3 2.38� 0.17 2.42� 0.30 2.54� 0.55 2.09� 0.19 2.22� 0.16
10−4λ4 −1.44� 0.02 −1.42� 0.09 −1.48� 0.15 −1.35� 0.04 −1.38� 0.04

TABLE III. Our results with alternative inputs.

NA48=2þ ETM refit ETMþ CGL correlation NA48/2 (θ0;1 no error) DFGS [5] CGL [7]

b̄1 −11.24� 0.58 −11.30� 0.56 −12.30� 1.88 −1.51� 7.01 −12.4� 1.6
b̄2 10.95� 0.68 11.31� 0.76 11.23� 0.54 8.93� 1.62 11.8� 0.6
b̄3 −0.27� 0.06 −0.26� 0.06 −0.27� 0.01 −0.36� 0.07 −0.33� 0.07
b̄4 0.73� 0.01 0.73� 0.01 0.73� 0.01 0.71� 0.01 0.74� 0.01
b̄5 3.62� 0.42 3.69� 0.43 3.63� 0.10 3.21� 0.44 3.58� 0.37
b̄6 2.29� 0.03 2.31� 0.03 2.31� 0.03 2.2� 0.08 2.35� 0.02

αππ 1.084� 0.034 1.103� 0.043 1.054� 0.070 1.384� 0.267 1.08� 0.07
βππ 1.111� 0.008 1.117� 0.010 1.115� 0.008 1.077� 0.025 1.12� 0.01
ραβ 0.66 0.80 −0.19 −0.23

10−3λ1 −3.55� 0.65 −3.50� 0.66 −3.56� 0.10 −4.18� 0.63
10−3λ2 9.17� 0.11 9.21� 0.12 9.20� 0.09 8.96� 0.12
10−4λ3 2.36� 0.17 2.39� 0.17 2.37� 0.04 2.22� 0.16
10−4λ4 −1.43� 0.02 −1.44� 0.02 −1.44� 0.02 −1.38� 0.04
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these results, based on the ETM calculation of a20, are in
good agreement with CGL [7], while some tension remains
with DFGS [5]. It is notable that the error bars are reduced
compared to all the results in Table II and the low values of
αππ and b̄1 are confirmed with higher precision.
Table III also includes a check for the dependence of the

results on the uncertainty in the phase shifts at the matching
point s0. We have performed the calculation while setting
the errors of θ0 and θ1 to zero, highlighting the sensitivity
of the results to these uncertainties compared to the
NA48=2 values in Table II. Several of the parameters have
turned out to be highly sensitive (b̄3, b̄5, λ1 and λ3), so
improved precision for the phase-shift values could be
beneficial for their determination. However, the depend-
ence is negligible for αππ and βππ, which are the main focus
of our article.

VI. SUMMARY

In this article, we have extracted the subthreshold
parameters αππ , βππ , λi, and the coefficients b̄i of dispersive
representations of the ππ scattering amplitude. We have
used recent experimental data and lattice QCD calculations
of the ππ scattering lengths as our inputs, while employing
the solutions to the Roy equations developed in [5,21]. We
have numerically modeled the probability distribution of
the results based on all uncertainties in the inputs by
Monte Carlo sampling.
As our main result based on experimental data we have

utilized the analysis by the NA48=2 Collaboration (model
C) [10], which obtained the scattering lengths by combin-
ing measurements of the Ke4 decay and the cusp in
K → 3π. Their Model C relied on a theoretical correlation
between a00 and a20 (41), which is based on the relation
between the scalar pion radius and the scattering lengths
[7,24], established in the framework of two-flavor χPT.
We have obtained the following values for αππ and βππ:

αππ ¼ 1.053ð71Þ; βππ ¼ 1.115ð8Þ;
ραβ ¼ −0.16 ðNA48=2 ðmodel CÞÞ: ð46Þ

The full list of values for all parameters can be found in
Table II, as well as the results for alternative inputs, as
described in Sec. IV.
We have also performed the analysis with lattice QCD

inputs (see Table I). Our main result (NA48=2þ ETM refit)
uses the combination of NA48=2 data and the calculation of
the scattering length a20 by the ETM Collaboration [14], as
described in Sec. IV, which dispenses with the theoretical
assumption (41),

αππ ¼ 1.084ð34Þ; βππ ¼ 1.111ð8Þ;
ραβ ¼ 0.66 ðNA48=2þ ETM refitÞ; ð47Þ

The complete set can be found in Table III.

As can be seen, our results are highly compatible with
each other and with the two-flavor χPT results by CGL [7],
although we effectively removed the CGL correlation (41).
In addition, we can exclude high values of αππ and b̄1, as
suggested by the mean values of global/extended fits
obtained by DFGS [5], which used the BNL-E865 data
without employing the CGL correlation. Hence, we con-
clude that the theoretical assumption (41) is not the source
of this tension.
It should also be noted that our results for both αππ and

βππ are fairly close to unity, which is the leading order value
in the framework of three-flavor χPT, as discussed in the
Introduction. Thus, it is compatible with the expectation of
good convergence for these parameters. In particular, we
expect the lower value of αππ , compared to the one obtained
by DFGS [5], to be more compatible with the η → 3π data,
based on the analysis [8] and to not lead to a suppressed
pion mass at the leading order.
We intend to utilize the obtained results in order to

update the analysis [8], combining ππ and η → 3π data to
extract the value of the leading-order three-flavor χPT LEC
B0. Similarly, our analysis [39], which focused on NLO
LECs L4 and L5, can be extended by the inclusion of ππ
scattering lengths in a relatively straightforward way.
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APPENDIX A: UNITARITY
CORRECTIONS K̄ðsjt;uÞ

K̄ðsjt; uÞ ¼ 32π
X4
n¼0

�
1

3

h
wðnÞ
0 ðsÞ − wðnÞ

2 ðsÞ
i
K̄nðsÞ

þ 1

2

h
wðnÞ
2 ðtÞ þ 3ðs − uÞwðnÞ

1 ðtÞ
i
K̄nðtÞ

þ 1

2

h
wðnÞ
2 ðuÞ þ 3ðs − tÞwðnÞ

1 ðuÞ
i
K̄nðuÞ

�
;

ðA1Þ

where

K̄0ðsÞ ¼ J̄ðsÞ; ðA2Þ
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K̄1ðsÞ ¼
1

16π2
s

s − 4M2
π
ð16π2J̄ðsÞ − 2Þ2; ðA3Þ

K̄2ðsÞ ¼
s − 4M2

π

s
K̄1ðsÞ −

1

4π2
; ðA4Þ

K̄3ðsÞ ¼
1

16π2
M2

π

s − 4M2
π

�
s

s − 4M2
π
ð16π2J̄ðsÞ − 2Þ3

þ π2ð16π2J̄ðsÞ − 2Þ
�
−

1

32
; ðA5Þ

K̄4ðsÞ ¼
1

16π2
M2

π

s − 4M2
π

�
16π2J̄ðsÞ − 2þ 8π2K̄1ðsÞ

þ 16π2

3
K̄3ðsÞ þ

π2

3

�
−

1

32π2
þ 1

192
; ðA6Þ

J̄ðsÞ ¼ s
16π2

Z
∞

4M2
π

dx
x

1

x − s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x − 4M2

π

x

r
; ðA7Þ

wðnÞ
a ðsÞ ¼ 16πjϕaðsÞj2δn0 þ

2M4
π

F4
π
ϕaðsÞξðnÞa ðsÞ; ðA8Þ

ϕ0ðsÞ ¼
1

96πF2
π

�
6βππ

�
s −

4

3
M2

π

�
þ 5αππM2

π

�
; ðA9Þ

ϕ1ðsÞ ¼
1

96πF2
π
βππðs − 4M2

πÞ; ðA10Þ

ϕ2ðsÞ ¼
1

96πF2
π

�
−3βππ

�
s −

4

3
M2

π

�
þ 2α2ππ

�
: ðA11Þ

We will define

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4M2

π

4M2
π

s
; ðA12Þ

and thus

ξð0Þ0 ðsÞ¼ 1

144π2
ð35α2ππþ80αππβππþ134β2ππÞþ10ðλ1þ2λ2Þ

þ
�

1

72π2
ð60αππþ209βππÞβππþ16ð2λ1þ3λ2Þ

�
q2

þ
�

311

108π2
β2ππþ

8

3
ð11λ1þ14λ2Þ

�
q4; ðA13Þ

ξð1Þ0 ðsÞ ¼ 1

192π2
ð5α2ππ þ 4β2ππÞ þ

1

9π2
βππq2 þ

7

36π2
β2ππq4;

ðA14Þ

ξð2Þ0 ðsÞ ¼ 1

1152π2
ð5αππ þ 16βππ þ 24βππq2Þ2; ðA15Þ

ξð3Þ0 ðsÞ ¼ 1

288π2
ð−5α2ππ þ 4β2ππÞ þ

1

12π2
β2ππq2; ðA16Þ

ξð4Þ0 ðsÞ ¼ 0; ðA17Þ

ξð0Þ2 ðsÞ¼ 1

288π2
ð31α2ππ−122αππβππþ220β2ππÞþ4ðλ1þ2λ2Þ

þ
�

1

144π2
ð−69αππþ268βππÞβππþ8ðλ1þ3λ2Þ

�
q2

þ
�

265

216π2
β2ππþ

16

3
ðλ1þ4λ2Þ

�
q4; ðA18Þ

ξð1Þ2 ðsÞ ¼ 1

576π2
ð9α2ππ − 42αππβππ þ 60β2ππÞ

þ 1

144π2
ð−9αππ þ 37βππÞβππq2

þ 11

72π2
β2ππq4; ðA19Þ

ξð2Þ2 ðsÞ ¼ 1

288π2
ðαππ − 4βππ − 6βππq2Þ2; ðA20Þ

ξð3Þ2 ðsÞ ¼ 1

288π2
ð−3α2ππ þ 2αππβππ − 12β2ππÞ−

1

24π2
β2ππq2;

ðA21Þ

ξð4Þ2 ðsÞ ¼ 0; ðA22Þ

ξð0Þ1 ðsÞ ¼ 1

576π2
ð5α2ππ − 80αππβππ þ 10β2ππÞ

þ
�

1

432π2
ð55αππ − 68βππÞβππ −

8

3
ðλ1 − λ2Þ

�
q2

−
�

β2ππ
108π2

þ 8

3
ðλ1 − λ2Þ

�
q4; ðA23Þ

ξð1Þ1 ðsÞ ¼ 1

288π2
ð−5αππ þ 7βππÞβππ

þ 1

144π2
ð5αππ − 3βππÞβππq2 −

1

72π2
β2ππq4;

ðA24Þ

ξð2Þ1 ðsÞ ¼ 1

72π2
β2ππq4; ðA25Þ

ξð3Þ1 ðsÞ ¼ 1

864π2
ð−5α2ππ þ 10αππβππ þ 28β2ππÞ

þ 1

24π2
β2ππq2; ðA26Þ

ξð4Þ1 ðsÞ ¼ −
5

144π2
ðα2ππ þ 4αππβππ − 2β2ππÞ: ðA27Þ
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APPENDIX B: SOLUTIONS OF ROY EQUATIONS

In ACGL [21], the authors have calculated the solutions of
Roy equations. These solutions consider the three lowest
partial-wave amplitudes, valid in the range 2Mπ ≤

ffiffiffi
s

p
≤

0.8 GeV≡ ffiffiffiffiffi
s0

p
. As was mentioned in Sec. II, the ampli-

tudes are expressed as

tIlðsÞ ¼
1

σðsÞ e
iδIl ðsÞ sinðδIlðsÞÞ ðB1Þ

and use the parametrization proposed by Schenk [40]

tanðδIlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
π

s

r
q2lðAI

l þ BI
lq

2 þ CI
lq

4 þDI
lq

6Þ

×
4M2

π − sIl
s − sIl

; ðB2Þ

where q is

q ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4M2

π

q
: ðB3Þ

The Schenk parameters can be approximated by a third
degree polynomial in scattering lengths, using A0

0 as an
example

A0
0 ¼ z1 þ z2vþ z4u2 þ z5v2 þ z6uvþ z7u3 þ z8u2v

þ z9uv2 þ z10v3: ðB4Þ

Here u and v are

u ¼ a00
p0

− 1; v ¼ a20
p2

− 1; ðB5Þ

TABLE IV. Solutions the Schenk parametrization by ACGL [21].

A0
0 B0

0 C0
0 D0

0 s00

z1 0.225 0.2463 −0.1665 × 10−1 −0.6403 × 10−3 0.3672 × 102

z2 0.225 0.1985 0.3283 × 10−2 −0.4136 × 10−2 0.1339 × 10

z3 0 0.1289 0.1142 × 10−1 −0.3699 × 10−2 0.6504
z4 0 0.1426 × 10−1 0.14 × 10−1 −0.398 × 10−2 −0.3211 × 10

z5 0 0.8717 × 10−2 0.1613 × 10−1 −0.3152 × 10−2 −0.1396 × 10

z6 0 0.5058 × 10−1 0.3 × 10−1 −0.7354 × 10−2 −0.4114 × 10

z7 0 −0.4266 × 10−2 −0.4045 × 10−2 −0.1212 × 10−2 −0.3447 × 10
z8 0 −0.4658 × 10−2 0.211 × 10−2 −0.4544 × 10−2 −0.8428 × 10
z9 0 −0.5358 × 10−2 0.1095 × 10−1 −0.4558 × 10−2 −0.635 × 10

z10 0 −0.2555 × 10−2 0.4249 × 10−2 −0.1271 × 10−2 −0.1486 × 10

A1
1 B1

1 C1
1 D1

1 s11

z1 0.3626 × 10−1 0.1337 × 10−3 −0.6976 × 10−4 0.1408 × 10−5 0.3074 × 102

z2 0.1834 × 10−1 −0.2336 × 10−2 0.1965 × 10−3 −0.1974 × 10−4 −0.2459
z3 0.1081 × 10−1 −0.8563 × 10−3 0.3268 × 10−4 −0.8821 × 10−5 −0.1733
z4 −0.3195 × 10−2 0.1678 × 10−3 0.2173 × 10−4 −0.6047 × 10−6 0.6323 × 10−1

z5 0.167 × 10−3 0.4147 × 10−4 0.3267 × 10−5 −0.1617 × 10−5 −0.109 × 10−2

z6 −0.9543 × 10−3 0.8402 × 10−4 0.2059 × 10−4 −0.3125 × 10−5 0.2724 × 10−1

z7 0.5049 × 10−3 −0.9308 × 10−4 0.107 × 10−4 −0.1257 × 10−5 −0.7218 × 10−2

z8 0.4595 × 10−4 −0.2755 × 10−3 0.5554 × 10−4 −0.4432 × 10−5 0.1483 × 10−1

z9 −0.9 × 10−4 −0.2308 × 10−3 0.5307 × 10−4 −0.4415 × 10−5 0.1813 × 10−1

z10 −0.1198 × 10−4 −0.612 × 10−4 0.1519 × 10−4 −0.1344 × 10−5 0.5016 × 10−2

A2
0 B2

0 C2
0 D2

0 s20

z1 −0.3706 × 10−1 −0.8553 × 10−1 −0.7542 × 10−2 0.1987 × 10−3 −0.1192 × 102

z2 0 −0.1236 × 10−1 0.3466 × 10−1 −0.2524 × 10−2 −0.404 × 102

z3 −0.3706 × 10−1 −0.6673 × 10−2 0.2857 × 10−1 −0.1993 × 10−2 −0.3457 × 102

z4 0 0.4901 × 10−2 0.2674 × 10−2 0.1506 × 10−2 −0.9879 × 102

z5 0 0.281 × 10−1 0.1477 × 10−1 0.2915 × 10−3 −0.9856 × 102

z6 0 0.401 × 10−1 0.2458 × 10−1 0.1325 × 10−2 −0.2072 × 103

z7 0 −0.1663 × 10−1 −0.303 × 10−1 0.8759 × 10−3 −0.1589 × 103

z8 0 −0.6784 × 10−1 −0.9512 × 10−1 0.4713 × 10−2 −0.5259 × 103

z9 0 −0.5429 × 10−1 −0.8744 × 10−1 0.5313 × 10−2 −0.5366 × 103

z10 0 −0.1178 × 10−1 −0.2535 × 10−1 0.173 × 10−2 −0.1723 × 103
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TABLE V. Solutions for the Schenk parametrization by
DFGS [5].

zi ai bi ci

A1
1

1 0.3617 × 10−1 −0.1713 × 10−2 −0.3860 × 10−2

2 0.1574 × 10−1 −0.2448 × 10−2 −0.3384 × 10−3

3 0.1057 × 10−1 −0.1774 × 10−2 −0.2510 × 10−4

4 −0.1782 × 10−2 −0.1025 × 10−1 −0.4312 × 10−2

5 0.2572 × 10−3 −0.4649 × 10−2 −0.1705 × 10−2

6 −0.2872 × 10−3 0.1046 × 10−2 −0.3467 × 10−2

7 0.8311 × 10−2 −0.9152 × 10−2 −0.3637 × 10−2

8 −0.2603 × 10−2 −0.1489 × 10−1 0.2188 × 10−2

9 0.1247 × 10−2 0.7639 × 10−3 −0.1340 × 10−2

10 −0.1186 × 10−3 0.4371 × 10−2 0.1128 × 10−4

zi ai bi ci

B0
0

1 0.2482 0.4902 × 10−1 0.1282 × 10−1

2 0.1997 0.1630 −0.3179 × 10−3

3 0.1285 0.1137 0.1640 × 10−3

4 0.1831 × 10−1 −0.1185 0.6305 × 10−1

5 0.9970 × 10−2 −0.6395 × 10−2 0.1104 × 10−1

6 0.4846 × 10−1 0.3431 −0.1661 × 10−1

7 −0.3888 × 10−2 −0.1598 0.4322 × 10−1

8 −:8912 × 10−2 0.5183 −0.3067 × 10−1

9 −0.4265 × 10−2 0.4161 × 10−1 0.8623 × 10−2

10 −0.3232 × 10−2 −0.1073 0.2976 × 10−2

zi ai bi ci

B1
1

1 0.1135 × 10−3 −0.1685 × 10−3 −0.6043 × 10−3

2 −0.2094 × 10−2 −0.3429 × 10−3 −0.5583 × 10−4

3 −0.8626 × 10−3 −0.2467 × 10−3 −0.2205 × 10−4

4 0.2911 × 10−3 −0.8897 × 10−3 −0.5793 × 10−3

5 −0.5793 × 10−3 −0.4099 × 10−3 −0.2258 × 10−3

6 0.2063 × 10−3 −0.4832 × 10 − 3 −0.6376 × 10−3

7 0.5294 × 10−3 −0.6346 × 10−3 −0.3879 × 10−3

8 −0.3372 × 10−3 −0.2347 × 10−2 0.9292 × 10−5

9 −0.1564 × 10−3 0.1032 × 10−4 −0.1169 × 10−4

10 −0.1301 × 10−4 0.8137 × 10−3 −0.1051 × 10−3

zi ai bi ci

B2
0

1 −0.8567 × 10−1 −0.5496 × 10−2 0.1526 × 10−2

2 −0.1561 × 10−1 0.1510 × 10−2 −0.6254 × 10−3

3 −0.8722 × 10−2 0.9679 × 10−3 0.2538 × 10 − 3

4 0.9872 × 10−2 0.1001 × 10−1 0.2140 × 10−1

5 0.2176 × 10−1 0.3724 × 10−2 0.3595 × 10−2

6 0.3338 × 10−1 −0.1050 × 10−1 −0.5945 × 10−2

7 −0.2051 × 10−1 0.4012 × 10−1 0.1157 × 10−1

8 −0.5171 × 10−1 0.7078 × 10−2 0.1593 × 10−2

9 −0.5929 × 10−1 −0.6046 × 10−2 0.1382 × 10−2

10 −0.2247 × 10−1 0.4017 × 10−2 −0.1490 × 10−2

(Table continued)

TABLE V. (Continued)

zi ai bi ci

C0
0

1 −0.1652 × 10−1 0.2246 × 10−1 0.3320 × 10−2

2 0.3280 × 10−2 0.5387 × 10−1 0.9391 × 10−4

3 0.1127 × 10−1 0.2911 × 10−1 0.2303 × 10−3

4 0.1367 × 10−1 0.1198 0.9361 × 10−2

5 0.1606 × 10−1 0.5107 × 10−1 0.1440 × 10−3

6 0.2990 × 10−1 −0.1170 × 10−1 0.1345 × 10−2

7 −0.5982 × 10−2 0.9021 × 10−1 0.1428 × 10−1

8 0.1923 × 10−2 0.9601 × 10−1 −0.4036 × 10−2

9 0.1106 × 10−1 0.2148 × 10−1 −0.1501 × 10−2

10 0.3809 × 10−2 −0.2854 × 10−1 0.2780 × 10−2

zi ai bi ci

C1
1

1 −0.7257 × 10−4 −0.1076 × 10−4 −0.8750 × 10−4

2 0.2234 × 10−3 −0.4577 × 10−4 −0.8053 × 10−5

3 0.3718 × 10−4 −0.3531 × 10−4 −0.6497 × 10−5

4 0.2259 × 10−4 0.2031 × 10−4 −0.7306 × 10−4

5 0.1216 × 10−4 −0.2042 × 10−4 −0.2856 × 10−4

6 0.4075 × 10−4 −0.1625 × 10−3 −0.1121 × 10−3

7 −0.1238 × 10−4 −0.3676 × 10−4 −0.2568 × 10−4

8 0.1103 × 10−3 −0.3679 × 10−3 −0.5010 × 10−4

9 0.3813 × 10−4 −0.5706 × 10−5 0.3202 × 10−4

10 0.3531 × 10−4 0.1373 × 10−3 −0.3439 × 10−4

zi ai bi ci

C2
0

1 −0.7557 × 10−2 0.2648 × 10−2 −0.5166 × 10−3

2 0.3425 × 10−1 −0.2038 × 10−2 0.5412 × 10−3

3 0.2830 × 10−1 −0.9686 × 10−3 0.2995 × 10−3

4 0.3342 × 10−2 0.5536 × 10−2 −0.5538 × 10−2

5 0.1391 × 10−1 0.7956 × 10−3 −0.2012 × 10−2

6 0.2375 × 10−1 0.1775 × 10−2 0.2675 × 10−2

7 −0.3024 × 10−1 −0.1924 × 10−1 0.6680 × 10−4

8 −0.9323 × 10−1 −0.2108 × 10−2 0.2173 × 10−2

9 −0.8813 × 10−1 0.4251 × 10−2 −0.2462 × 10−2

10 −0.2679 × 10−1 −0.3504 × 10−2 0.1984 × 10−2

zi ai bi ci

D0
0

1 −0.6396 × 10−3 0.7978 × 10−3 0.6667 × 10−3

2 −0.4143 × 10−2 0.5649 × 10−2 −0.5508 × 10−4

3 −0.3708 × 10−2 0.5227 × 10−2 0.1462 × 10−3

4 −0.4016 × 10−2 −0.6414 × 10−2 −0.8673 × 10−3

5 −0.3159 × 10−2 −0.3022 × 10−2 −0.9427 × 10−3

6 −0.7352 × 10−2 0.1584 × 10−1 0.2274 × 10−2

7 −0.1305 × 10−2 −0.1363 × 10−1 0.3488 × 10−2

8 −0.4523 × 10−2 0.1960 × 10−1 0.1146 × 10−2

9 −0.4581 × 10−2 −0.2917 × 10−3 −0.1778 × 10−2

10 −0.1272 × 10−2 −0.4082 × 10−2 0.1184 × 10−2

(Table continued)
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p0 ¼ 0.225; p2 ¼ −0.03706; ðB6Þ

where the zi’s are the coefficients shown in Table IV, adopted
from ACGL [21], in M2n

π units.
In this article we also use the parametrization from

DFGS [5], which accounts for uncertainties in phase shift
measurements at the matching point

ffiffiffiffiffi
s0

p ¼ 0.8 GeV. It
does so by assuming

zj ¼ aj þ δθ0bj þ δθ1cj; ðB7Þ

where δθi are errors of the phase shifts at the boundary s0.
In this parametrization, parameters s00, s

1
1 and s20 are fixed

by boundary conditions

δ00ðs0Þ≡ θ0; δ11ðs0Þ≡ θ1; δ20ðs0Þ≡ θ2;

δθ0 ¼ θ0 − 82.3°; δθ1 ¼ θ1 − 108.9°;

θ0 ¼ 82.3°� 3.4°; θ1 ¼ 110.4°� 0.7° ðB8Þ

and θ2ða00; a20; θ0; θ1Þ is also given by Schenk parametriza-
tion. Here we use the improved determination for θ1
by [26]. The DFGS [5] results for zj’s are

A0
0∶ a1 ¼ a2 ¼ 0.225; ðB9Þ

A2
0∶ a1 ¼ a3 ¼ −0.03706 ðB10Þ

and the rest can be found in Table V.

APPENDIX C: b̄i REPRESENTATION

x2 ¼
M2

π

F2
π
; ðC1Þ

Fð1ÞðsÞ ¼ 1

2
JðsÞ½s2 − 1�; ðC2Þ

Gð1Þðs; tÞ ¼ 1

6
JðtÞ½14 − 4s − 10tþ stþ 2t2�; ðC3Þ

Fð2ÞðsÞ ¼ JðsÞ
�

1

16π2

�
503

108
s3 −

929

54
s2 þ 887

27
s −

140

9

�
þ b1ð4s − 3Þ þ b2ðs2 þ 4s − 4Þ

þ b3
3
ð8s3 − 21s2 þ 48s − 32Þ þ b4

3
ð16s3 − 71s2 þ 112s − 48Þ

�

þ 1

18
K1ðsÞ

�
20s3 − 119s2 þ 210s − 135 −

9

16
π2ðs − 4Þ

�
þ 1

32
K2ðsÞ½sπ2 − 24� þ 1

9
K3ðsÞ½s2 − 17sþ 9�; ðC4Þ

TABLE V. (Continued)

zi ai bi ci

D1
1

1 0.6607 × 10−7 −0.1767 × 10−6 −0.1271 × 10−4

2 −0.1750 × 10−4 −0.5895 × 10−5 −0.8847 × 10−6

3 −0.6507 × 10−5 −0.5144 × 10−5 −0.1517 × 10−5

4 −0.3851 × 10−5 0.1657 × 10−4 −0.7559 × 10−5

5 0.4987 × 10−6 0.2201 × 10−5 −0.3089 × 10−5

6 0.1953 × 10−6 −0.3159 × 10−4 −0.1827 × 10−4

7 −0.2797 × 10−4 0.3893 × 10−5 0.1194 × 10−5

8 0.1604 × 10−4 −0.5762 × 10−4 −0.1570 × 10−4

9 −0.1183 × 10−4 −0.9919 × 10−6 0.9930 × 10−5

10 −0.7835 × 10−5 0.2179 × 10−4 −0.7949 × 10−5

zi ai bi ci

D2
0

1 0.1980 × 10−3 0.1510 × 10−3 −0.2527 × 10−4

2 −0.2572 × 10−2 −0.5907 × 10−4 0.1149 × 10−4

3 −0.2024 × 10−2 −0.2137 × 10−4 0.1067 × 10−4

4 0.1600 × 10−2 0.5689 × 10−3 −0.2189 × 10−3

5 0.1790 × 10−3 0.1280 × 10−3 −0.7452 × 10−4

6 0.1228 × 10−2 −0.3551 × 10−4 0.9342 × 10−4

7 0.9168 × 10−3 −0.7961 × 10−3 −0.1405 × 10−3

8 0.4960 × 10−2 −0.1981 × 10−3 0.7174 × 10−4

9 0.5225 × 10−2 0.2966 × 10−3 −0.8173 × 10−4

10 0.1550 × 10−2 −0.1694 × 10−3 0.6938 × 10−4

zi ai bi ci

θ2 1 −0.3160 0.7038 × 10−1 −0.2480 × 10−1

2 −0.2355 0.2380 × 10−1 0.6701 × 10−2

3 −0.2021 0.1687 × 10−1 0.5869 × 10−2

4 0.4885 × 10−1 0.6057 × 10−1 −0.2094 × 10−1

5 −0.1106 × 10−1 0.2317 × 10−1 −0.1128 × 10−1

6 0.8406 × 10−2 0.7702 × 10−1 −0.2254 × 10−1

7 0.3569 × 10−2 0.1531 0.1103
8 0.3021 × 10−1 0.1027 × 10−2 −0.4945 × 10−2

9 0.2762 × 10−1 0.2859 × 10−2 −0.1297 × 10−1

10 0.7229 × 10−2 0.1513 × 10−1 0.1340 × 10−1
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Gð2Þðs; tÞ ¼ JðtÞ
�

1

16π2

�
412

27
−

s
54

ðt2 þ 5tþ 159Þ − t

�
267

216
t2 −

727

108
tþ 1571

108

��

þ b1ð2 − tÞ þ b3
3
ðt − 4Þð2tþ s − 5Þ − b3

6
ðt − 4Þ2ð3tþ 2s − 8Þ

þ b4
6
ð2sð3t − 4Þðt − 4Þ − 32tþ 40t2 − 11t3Þ

�

þ 1

36
K1ðtÞ

�
174þ 8s − 10t3 þ 72t2 − 185t −

π2

16
ðt − 4Þð3s − 8Þ

�
þ 1

9
K2ðtÞ

�
1þ 4sþ π2

64
tð3s − 8Þ

�

þ 1

9
K3ðtÞ½1þ 3st − sþ 3t2 − 9t� þ 5

3
K4ðtÞ½4 − 2s − t� ðC5Þ

and the J, K1, K2, K3, and K4 functions can be calculated as follows

hðsÞ ¼ 1

N
ffiffiffi
z

p log
ffiffiffi
z

p
− 1ffiffiffi

z
p þ 1

; z ¼ 1 −
4

s
; N ¼ 16π2 ðC6Þ

0
BBBB@

J

K1

K2

K3

1
CCCCA ¼

0
BBBB@

0 0 z −4N
0 z 0 0

0 z2 0 8

Nzs−1 0 π2ðNsÞ−1 π2

1
CCCCA

0
BBBB@

h3

h2

h
−1
2N2

1
CCCCA ðC7Þ

K4 ¼
1

sz

�
1

2
K1 þ

1

3
K3 þ

J
N
þ ðπ2 − 6Þs

12N2

�
: ðC8Þ

APPENDIX D: RELATIONS BETWEEN AMPLITUDE REPRESENTATIONS

As shown in CGL [7], the chiral and phenomenological representations’ nonpolynomial parts match up to Oðp6Þ if the
polynomial parts relate such that

c1 ¼ 16πa20 þ p1 þOðp8Þ; c2 ¼
4π

3M2
π
ð2a00 − 5a20Þ þ p2 þOðp6Þ;

c3 ¼ p3 þOðp4Þ; c4 ¼ p4 þOðp4Þ; c5 ¼ p5 þOðp2Þ; c6 ¼ p6 þOðp2Þ: ðD1Þ

Next are the transformations between ci and b̄i’s

c1 ¼ −
M2

π

F2
π

�
1þ ξ

�
−b̄1 −

68

315

�
þ ξ2

�
−
8b̄1
105

−
32b̄2
63

−
464b̄3
315

−
3824b̄4
315

þ 601π2

945
−
17947

2835

��
;

c2 ¼
1

F2
π

�
1þ ξ

�
b̄2 −

323

1260

�
þ ξ2

�
−
11b̄1
70

−
211b̄2
315

−
628b̄3
315

−
5164b̄4
315

−
3977

630
þ 5237π2

7560

��
;

c3 ¼
1

N2F4
π

�
b̄3 þ

1

42
þ ξ

�
18b̄1
35

þ 59b̄2
105

þ 731b̄3
315

þ 3601b̄4
315

−
5387π2

15120
−
19121

7560

��
;

c4 ¼
1

N2F4
π

�
b̄4 −

31

2520
þ ξ

�
−
43b̄1
420

−
8b̄2
63

þ 23b̄3
63

þ 997b̄4
315

þ 467π2

7560
−
63829

45360

��
;

c5 ¼
1

N2F6
π

�
137

1680ξ
þ b̄1
16

þ 379b̄2
1680

−
25b̄3
28

−
731b̄4
180

þ b̄5 þ
269π2

15120
þ 61673

18144

�
;

c6 ¼
1

N2F6
π

�
−

31

1680ξ
þ b̄1
112

−
47b̄2
1680

−
65b̄3
252

−
547b̄4
420

þ b̄6 þ
π2

15120
þ 44287

90720

�
; ðD2Þ

where ξ ¼ ð Mπ
4πFπ

Þ2 and N ¼ 16π2.
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